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Abstract. A subgroup A of a group G is called seminormal in G if there existSéa sub-
group B such that G = AB and AX is a subgroup of G for every subgroup X of B. We
introduce the new concept that unites subnormality and seminormality. Assubgroup A of
a group G is called semisubnormal in G if A is subnormal in G or/seminormal in G.
A group G = AB with semisubnormal supersoluble subgroups A and ‘B“is studied. The
equality G = (G")% is established; moreover, if the indices of siibgroups 4 and B in G
are relatively prime, then G% = G% . Here M, U and N2 are the-férmations of all nilpo-
tent, supersoluble and metanilpotent groups, respectively; H¥ is the X-residual of H.
Also we prove the supersolubility of G = AB when all Sylow subgroups of A and of B
are semisubnormal in G.

1 Introduction

Throughout this paper, all groups, are‘finite, and G always denotes a finite group.
We use the standard notation and terminology of [13].

In 1953, Huppert [12].gave,an example of a non-supersoluble group with super-
soluble non-conjugate subgroups A and B of index 2. Since A and B are normal
in G, it follows that G is soluble and G = AB; see [13, Theorem I1.3.9]. Baer [3]
obtained the supersolubility of a group G = AB such that A and B are normal
supersolublelsubgroups and the derived subgroup G’ is nilpotent. Baer’s result was
extended by, weakening normality to subnormality in [20, Theorem 3]. Besides,
GW =«(G)Y for a group G = AB with supersoluble subnormal subgroups A
and“B;.see [20, Theorem 2]. Here Nt and U are the formations of all nilpotent and
supersoluble groups, respectively; G% and (G’ )SR are the corresponding residuals
of G.

It is well known that every normal subgroup permutes with any subgroup of
a group. Hence if A and B are normal subgroups of G = AB, then A permutes
with every subgroup of B and B permutes with every subgroup of A. In this case,
a group G = AB is called a mutually permutable product of A and B; see [4,
p- 149]. If any subgroups of A and of B are permutable, then a group G = AB is
called a totally permutable product of A and B; see [4, p. 149].
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Asaad and Shaalan in [2, Theorem 3.8] extended Baer’s theorem by considering
mutually permutable subgroups. They also proved in [2, Theorem 3.1] that if G
is a totally permutable product of supersoluble subgroups A and B, then G is
supersoluble.

Asaad and Shaalan’s results were developed by other authors; see, for instance,
the references in [4]. The result associated with total permutability was generalized
in works [1, 10, 16].

A subgroup A of a group G is called seminormal in G if there exists a,sub-
group B such that G = AB and AX is a subgroup of G for every subgroup X
of B; see [23]. It is obvious that any subgroup of prime index is semifniotmal. If
the subgroups A and B of G = AB are mutually permutable, then ‘A“and B are
seminormal in G.

Example 1.1. Let Z,, be a cyclic group of order n. A group
G=Z7Z7xAutZ;=27Z7x (Zz X Z3)

is the product of subgroups A >~ Z, x Z3 and B /5 % Z, that are seminormal
in G. But A and B are not mutually permutable’since A does not permute with
some order 2 subgroups of B.

Groups with some seminormal subgreups have been investigated by many au-
thors; see, for example, [7, 11, 15,17, 23]. In particular, the supersolubility of
a group with seminormal Sylow subgroups was obtained in [11, 17].

We introduce the following econcept that unites subnormality and seminormality.

Definition. A subgroup Avof a group G is called semisubnormal in G if A is
subnormal in G or,seminormal in G.

Let A and, B be semisubnormal subgroups of G = AB. In the present paper,
we prove that\G 1s supersoluble in the following cases:

e Aisnilpotent and B is supersoluble; see Theorem A;
* A and”B are supersoluble and G’ is nilpotent; see Theorem B;
¢ ‘all Sylow subgroups of A and of B are semisubnormal in G; see Theorem D.

In Theorem C, for a group G = AB with supersoluble semisubnormal sub-
groups A and B, we obtain the equality G = (G’)™. Besides, if the indices of
the subgroups 4 and B in G are relatively prime, then G% = G% . Here M2 is the
formation of all metanilpotent groups.

From these theorems, we deduce some corollaries that present independent in-
terest. The above-mentioned results of works [2,3] are covered by Theorems A-D.
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In Section 5, as an application, we localize previous results to the p-supersolu-
ble case.

2 Preliminary results

In this section, we give some definitions and basic results which are essential in
the sequel.

A group whose chief factors have prime order is called supersoluble. Recall that
a p-closed group is a group with a normal Sylow p-subgroup and a p-nilpotent
group is a group with a normal Hall p’-subgroup.

We say a group G has a Sylow tower if there is a normal series stch-that each
quotient is isomorphic to a Sylow subgroup. Let G have order p‘ll1 pgz e pzk,
where p; > p» > ... > pr. Wesay G has an ordered Sylow towerof supersoluble

type if there exists a series
1=Gop<G1 <Gy <+ <Gr1 <G =G

of normal subgroups of G such that G;/G;_; is\isomorphic to a Sylow p;-sub-
group of G foreachi = 1,2,... k.

Denote by G', Z(G), F(G) and ®(G).the\derived subgroup, center, Fitting
and Frattini subgroups of G, respectively;'O»(G) and O,/ (G) the greatest normal
p-and p’-subgroups of G, respectively. We use E,: to denote an elementary abel-
ian group of order p’ and Z,, to,dénete a cyclic group of order m. The semidirect
product of a normal subgroup”A“and a subgroup B is written as follows: A x B.
Denote by 7(G) the set of all prime divisors of the order of G. A group G is called
primary if |7 (G)| = 1.

Let X be non-empty formation. Then G¥ denotes the X-residual of G, that is
the intersection of‘all' those normal subgroups N of G for which G/N € X.

Lemma 2.1([65Theorems 1.2, 1.4, 1.6—-1.8, Corollary 3.2]). The following state-
ments hold:

(1) The-=elass U is a hereditary saturated formation.

(2). Every minimal normal subgroup of a supersoluble group has prime order.

(3)" Let N be a normal subgroup of G, and assume that G/ N is supersoluble. If
N is either cyclic, or N < Z(G), or N < ®(G), then G is supersoluble.

(4) Each supersoluble group has an ordered Sylow tower of supersoluble type.
(5) The derived subgroup of a supersoluble group is nilpotent.

(6) A group G is supersoluble if and only if every maximal subgroup of G has
prime index.
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If H is a subgroup of G, then Hg = (), cq H” is called the core of H in G.
If a group G contains a maximal subgroup M with trivial core, then G is said to
be primitive and M is its primitivator.

Lemma 2.2 ([20, Lemma 6]). Let G be a soluble group. Assume that G & U, but
G/ K € U for every non-trivial normal subgroup K of G. Then

(1) G contains a unique minimal normal subgroup N,
N = F(G) =0,(G) = Cg(N) for some p € n(G),

(2) Z(G) = 0y(G) = (G) = 1,
(3) G is primitive, G = N x M, where M is maximal in G with\trivial core,

(4) N is an elementary abelian subgroup of order p", n >4,

(5) if V is a subgroup G and G = VN, then V.= M™ for some x € G.

Lemma 2.3 ([5, Propositions 2.2.8, 2.2.11]). Let,§and S be formations, and let
K be normal in G. Then

(1) (G/K)8 = GBK/K,

(2) GB% = (G®)F,

3) if$ C &, then G& < G

Recall that a group G.is|said to be siding if every subgroup of the derived sub-
group G’ is normal in|G;" see [22, Definition 2.1]. Metacyclic groups, t-groups
(groups in which€very subnormal subgroup is normal) are siding. The group
G = (Ze X Zyy»Zy ([24], IdGroup(G) = [24,8]) is siding, but it is not meta-
cyclic and isthot.a-t-group.

Lemma 2.4. Let G be siding. Then the following statements hold.
(1) IAN is normal in G, then G/ N is siding.
) If H is a subgroup of G, then H is siding.

(3) G is supersoluble.

Proof. (1) By [18, Lemma 4.6], (G/N) = G’'N/N. Let A/N be an arbitrary
subgroup of (G/N)'. Then

A<G'N, A=ANG'N=(ANG)N.
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Since AN G’ < G’, we have AN G’ is normal in G. Hence (AN G')N/N is
normal in G/N.

(2) Since H < @G, it follows that H' < G’. Let A be an arbitrary subgroup
of H'. Then A < G’, and A is normal in G. Therefore, A is normal in H.

(3) We proceed by induction on the order of G. Let N < G' and |N| = p,
where p is prime. By the hypothesis, N is normal in G. By induction, G/N is
supersoluble and G is supersoluble by Lemma 2.1 (3). |

Remark 2.5. By Lemma 2.4, the class of all siding groups is a hereditdry ho-
momorph. The supersoluble group G = S3 x S3 ([24], IdGroup(G) = [36310])) is
not siding. Really, the derived subgroup G’ = {a) x {b) is an elementary-abelian
group of order 9, but the subgroup (ab) of G’ is not normal in G Moreover, all
primitive quotients of G are isomorphic to either a cyclic group of.erder 2, or S3,
hence are siding. Thus the class of all siding groups is net a Schunck class and
formation.

3 Properties of semisubnormal subgroups

Lemma 3.1. The following statements hold.

(1) If H is a semisubnormal subgroup of G'and H < X < G, then H is semisub-
normal in X.

(2) If H is a semisubnormal subgroup of G and N is normal in G, then HN/N
is semisubnormal in G/ N .

(3) If H is a semisubnavmal subgroup of G and Y is a non-empty set of elements
from G, then HX= (H” | y € Y) is semisubnormal in G. In particular, H®
is semisubnormal in G for any g € G.

Proof. 1f H 1is_subnormal in G, then statements (1)—(3) are true; see [14, Chap-
ter 2]. If A is seminormal, then these statements were proved in [15, Lemmas 2
and 57.‘Thus statements (1)—(3) are true. O

Lemma 3.2. The following statements hold.

(1) Let p be the greatest prime in w(G), and let P be a Sylow p-subgroup of G.
If P is semisubnormal in G, then P is normal in G.

(2) If any Sylow subgroup of G is semisubnormal in G, then G is supersoluble.

(3) Let H be a maximal subgroup of G. If H is semisubnormal in G, then the
index of H in G is prime.



898 V. S. Monakhov and A. A. Trofimuk

(4) If every maximal subgroup of G is semisubnormal in G, then G is supersol-
uble.

(5) Ifthe index of H in G is prime, then H is semisubnormal in G.

Proof. (1) It is clear that if P is subnormal in G, then P is normal in G. If P is
seminormal in G and p is maximal in 7(G), then by [17, Lemma 4], P is normal
inG.

(2) Suppose that G has at least one subnormal Sylow subgroup P. Then*“Pis
normal in G and therefore seminormal in G. Hence any Sylow subgroup‘of G is
seminormal in G. By [17, Corollary 6], G is supersoluble.

(3) If H is subnormal in G, then H is normal in G and |G : H.is.prime. Let
H be seminormal in G, and let K be a subgroup of G such that HK = G and
HK; is a subgroup of G for every subgroup K; of K. Let r be"a prime which
divides the index |G : H|, and let R be a Sylow r-subgroupof K. Then HR = G
and G = H (x) for x € R\ H. We choose an element.x of minimal order. Then
H{(x"y=(x"YH=Hand |G : H|=r.

(4) Let M be a maximal subgroup of G. By (3)sithe index of M in G is prime.
By Lemma 2.1 (6), G is supersoluble.

(5) Let |G : H| = r, and let R be a Sylow‘r-subgroup of G. Then R is not
contained in H and there exists an elementw'e R \ H. Let

|x| =r¢/and |{(x)N H|=r%.

It is obvious that a > a;hence

alGl
[(x) ) = &S‘))!% =216l WH=G.

Now x” belongsste H and H is seminormal in G, and therefore is semisubnormal
inG. O

Example 3.3. A group with seminormal 2-maximal subgroups is supersoluble;
see[23]. A group with subnormal 2-maximal subgroups can be non-supersolvable.
Any non-supersoluble Schmidt group (a non-nilpotent group whose proper sub-
groups are all nilpotent) confirms this fact. Such a group G = P x Q, where
|P| = p™, |Q| =¢q and m > 1, is the order of p modulo ¢, for example, A4.
Since P is a minimal normal subgroup of G, it follows that P and Q”, y € P,
are all maximal subgroups of G. It is clear that all 2-maximal subgroups are sub-
normal in G. Hence a group with semisubnormal 2-maximal subgroups can be
non-supersolvable.
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Recall that A9 = (4% | g € G) is the smallest normal subgroup of G contain-
ing A.

Lemma 3.4. The following statements hold.
(1) If A is a semisubnormal 2-nilpotent subgroup of G, then AS is soluble.

(2) Let p be the smallest prime divisor of order of G. If A is semisubnormal in G
and p does not divide the order of A, then p does not divide the order of AR

Proof. (1) If A is subnormal in G, then by [18, Theorem 5.31], AC is soluble. If
A is seminormal in G, then A is soluble by [15, Lemma 10].

(2) If A4 is a subnormal p’-subgroup of G, then by [18, Theorem 5.317, AG s
a p/-subgroup. If A is a seminormal p’-subgroup of G, then A%(is a p’-subgroup
by [15, Lemma 11]. O

Lemma 3.5. Let G be soluble. If G has a subgroup H of prime index, then G/Hg
is supersoluble.

Proof. Suppose that H is not normal in G. Then Hg # H and G/Hg is primitive
with primitivator H/Hg. By [18, Theorem 4.42],

G/Hg = (P/Hg) x (H/Hg), “P/Hc = Cg/n;(P/Hg).
Let |G : H| = p, where p is prime. Then
|G/Hg : H/Hg| = |G : H| = p, |P/Hg|= p.

The subgroup H/Hg is\cyclic, as the automorphism group of P/Hg of prime
order. Hence G/Hg)is supersoluble. If H is normal in G, then H = Hg and
G/Hg is supersoluble. ]

Let X bé seminormal in G. Then there exists a subgroup Y such that G = XY
and X Y4, is“a proper subgroup in G for every proper subgroup Y; of Y. Here
a subgroup Y is called a supersupplement to X in G.

Lemma 3.6. Let A be a seminormal subgroup of a soluble group G, and let r be
the greatest prime in w(G). If A is r-closed, then A, is subnormal in G.

Proof. Let Y be a supersupplement to A in G, and let X be a maximal subgroup
of Y of prime index. By hypothesis, A permutes with X. Then by induction, A4,
is subnormal in AX. Since AX is a subgroup of G of prime index, it follows
that, by Lemma 3.5, G/(AX)¢ is supersoluble. Let |G : AX| =1t.1ft = r, then
AX/(AX)g is a r’-group. Hence A, < (AX)g. Since A, is subnormal in AX,
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we have A, is subnormal in (AX)g and therefore is subnormal in G. If ¢ # r,
thent < r and G/(AX)g is a r’-group. Thus A, < (AX)g and A, is subnormal
inG. H

Lemma 3.7. Let A and B be semisubnormal in G and G = AB. If A and B have
an ordered Sylow tower of supersoluble type, then G has an ordered Sylow tower
of supersoluble type.

Proof. We proceed by induction on |G|. Since A is 2-nilpotent, it followsy by
Lemma 3.4 (1), that AC is soluble and G = A% B is soluble. Let r € 7(G) with
r maximal. It is clear that a Sylow r-subgroup A, is normal in A. Let'4 be semi-
normal in G. Then by Lemma 3.6, A, is subnormal in G. If A4 is subnetmal in G,
then A, is subnormal in G. Similarly, a Sylow r-subgroup B, of Blis subnormal
in G. Since R = A, B, is a Sylow subgroup of G, we have that G is r-closed.
The subgroups AR/R >~ A/AN R and BR/R >~ B/B M R/ are semisubnormal
in G/R = (AR/R)(BR/R) and have an ordered Sylow tower of supersoluble
type. By induction, G/ R has an ordered Sylow tower of supersoluble type; hence
G has an ordered Sylow tower of supersoluble type. o

4 On the supersolubility of a factorizeéd group with semisubnormal
factors

Theorem A. Let A and B be seinisubnormal subgroups of G and G = AB. If A
is nilpotent and B is supersoluble,'then G is supersoluble.

Proof. If A is subnormahin G, then A€ is the nilpotent normal subgroup of G.
Hence, in the factorizationnG = A B, we can replace the subgroup A by the nilpo-
tent normal subgroup A€ . Further, we assume that A is seminormal in G. Let Y be
a supersupplementjto 4 in G.

Assume-that the claim is false, and let G be a minimal counterexample. If N is
a non-trivialnormal subgroup of G, then the subgroups AN/N and BN/N are
semisubnormal in G/N by Lemma 3.1(2), AN/N >~ A/A N N is nilpotent and
BN/N™> B/B N N is supersoluble. Then by induction,

G/N = (AN/N)(BN/N)

is supersoluble. By Lemmas 2.1 (4) and 3.7, G has an ordered Sylow tower of
supersoluble type, and therefore we apply Lemma 2.2. We keep for G the nota-
tion of this lemma; in particular, N = G, is the Sylow p-subgroup for the great-
est p € m(G). Since G = AB, it follows that N = A, B, where A, and B, are
Sylow p-subgroups of A and B, respectively; see [13, Theorem VI1.4.6].
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Suppose that A, = 1. Then N = B, < B. We choose a minimal normal sub-
group Nj of B such that Ny < N. Since B is supersoluble, we have |[Ni| = p
by Lemma 2.1 (2). Since N; < N <Y, it follows that there exists a subgroup
AN1 = [N1]A and Nj is normal in G; this contradicts Lemma 2.2 (4). Thus the
assumption A, = 1 is false and 4, # 1.

Assume that B, = 1. Hence N = A, < Aand N = AbyLemma2.2(1). Then
BN N =1and B is maximal in G. Since B is semisubnormal in G, we have, by
Lemma 3.2 (3), the index of B in G is prime; this contradicts Lemma 2.2 (4).

Let Y7 be a Hall p’-subgroup of Y. Then AY; is a subgroup of G #nd A,
is normal in AY7. Since N is abelian, a Sylow p-subgroup Y, of & “central-
izes Ap and Ap is normal in G; hence A, = N. Because A is nilpotent‘and by
Lemma 2.2 (1), it follows that A = N. Since B is supersoluble, wé€have B), is nor-
mal in B. In this case, By, is normalin N = A and therefore is nosmal in G. Thus
By, = N and G = AB = NB = B is supersoluble, a contradiction. The theorem
is proved. o

Corollary 4.1. Let A and B be subgroups of G and G = AB. Suppose that A is
nilpotent and B is supersoluble. Then G is supersoluble in each of the following
cases.

(1) A and B are mutually permutable see |2, Theorem 3.2].

(2) A and B are subnormal in G5 see [20, Lemma 10].

(3) A and B are seminormal‘in G

(4) One of the subgroups\A or B is seminormal in G; the other is subnormal in G.
(5) The indices of Axand B in G are prime; see [21, Theorem Al].

(6) One of the(subgroups A or B is semisubnormal in G; the index of the other
in G isprime.

Recall\that if every subnormal subgroup of a group G is normal in G, then
G ssecalled a r-group. In 1957, Gaschiitz [9] proved that the soluble t-groups
can be represented as a semidirect product of a normal abelian Hall subgroup of
odd order and a Dedekind subgroup. In [8, Theorem 2], Cossey obtained that if
G = AB, where A and B are the normal soluble t-subgroups of G, then G is
supersoluble. If A and B are subnormal in G, then G can be non-supersoluble;
see [8].

Corollary 4.2. If G = AB, A is a supersoluble semisubnormal subgroup of G and
B is a normal siding subgroup of G, then G is supersoluble.
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Proof. We use induction on the order of G. If N is a non-trivial normal subgroup
of G, then AN/ N is semisubnormal in G/N by Lemma 3.1 (2) and is supersol-
uble, BN/ N is a normal siding subgroup of G/ N by Lemma 2.4 (1). By induction,
G/N = (AN/N)(BN/N) is supersoluble.

Let A be seminormal in G, and let U be a supersupplement to 4 in G. Since
G is soluble, then U has a subgroup U; of prime index, and hence M = AU is
a subgroup of prime index in G. If A4 is subnormal in G, then the segment of a sub-
normal series between the subgroups A and G can be compacted to a composition
series. Because G 1is soluble, it follows that there exists a maximal subgroup "M
of G of prime index such that A < M. By Dedekind’s identity, M = A(M 0 B).
Since A is semisubnormal in M by Lemma 3.1 (1) and M N B is a normal siding
subgroup of M, we have that M is supersoluble by induction. }f*B"is nilpotent,
then by Theorem A, G is supersoluble. Hence B is non-nilpotent'and B” # 1.

Let N be a minimal normal subgroup of G such that N4=<+B’. If N is not con-
tained in M, then G = N x M and |N| is prime. By Lemma 2.1 (3), G is super-
soluble. Suppose that N is contained in M and Ny is ‘a subgroup of N of prime
order such that Nj is normal in M . Then N7 is normalin' B and therefore is normal
in G. By Lemma 2.1 (3), G is supersoluble. |

Example 4.3. The non-supersoluble group
G = Z3 X ((53 x §3) X Z2)

([24], 1dGroup = [216,157]) 4s the product of a normal supersoluble subgroup
A ~ S3 x S3 and a subnormal‘siding subgroup

BZZ3XZ3XS3, B/ZZ3.

A subgroup that issiSsomorphic to Z4 is a supplement to B. Therefore, in Corol-
lary 4.2, the condition of normality of the siding factor cannot be weakened to
subnormalityrand seminormality.

Corollaryd.4. Let A and B be subgroups of G, and let G = AB. Suppose that A
is Supersoluble and that B is normal and siding. Then G is supersoluble in each
of.the'following cases.

(1) A is subnormal in G; see [22, Corollary 3.3].

(2) AisnormalinG.

(3) Ais normal in G, and B is a soluble t-group; see [19, Theorem 3].
(4) A is seminormal in G.

(5) The indices of A and B in G are prime; see [21, Theorem B].
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Theorem B. Let A and B be semisubnormal supersoluble subgroups of G, and let
G = AB. If the derived subgroup G’ is nilpotent, then G is supersoluble.

Proof. Assume that the claim is false, and let G be a minimal counterexample. If
N is a non-trivial normal subgroup of G, then the subgroups AN/N and BN/N
are semisubnormal in G/N by Lemma 3.1 (2) and are supersoluble. Since

(G/NY =G'N/N ~G'/G'nN,

it follows that the derived subgroup (G/N)’ is nilpotent. Consequently, GJ N sat-
isfies the hypothesis of the theorem, and by induction, G/N is supersoluble. By
Lemmas 2.1 (4) and 3.7, G has an ordered Sylow tower of supersoluble‘type, and
therefore we apply Lemma 2.2. We keep for G the notation of this lemma; in
particular, N = G, is the Sylow p-subgroup for the greatest p & (G). By hy-
pothesis, G’ is nilpotent; hence N = G’ and G/ N is abelian.

Suppose that AN = G. Then AN N = 1, and A4 is@ maximal subgroup of G.
Since A is semisubnormal in G, then by Lemma 3.2,(3), the index of A4 in G is
prime; this contradicts Lemma 2.2 (4). Thus the assumption is false, and AN < G.
By Lemma 3.1 (1), A4 is semisubnormal in A N.anhd AN is supersoluble by induc-
tion. Similarly, we have BN < G and BN.is supersoluble. Now G = (AN)(BN)
is the product of normal supersoluble subgroups AN and BN, and G’ is nilpotent.
By Baer’s theorem [3], G is supersoluble. The theorem is proved. |

Corollary 4.5. Let A and B be supersoluble subgroups of G, and let G = AB. If
G’ is nilpotent, then G is supersoluble in each of the following cases.

(1) A and B are mutuallypermutable; see [2, Theorem 3.8].

(2) A and B are siibnovrmal in G, see [20, Theorem 3].

(3) A and B are seminormal in G.

(4) One ofthessubgroups A or B is seminormal in G, the other is subnormal in G.
(5) The.indices of A and B in G are prime; see [21, Corollary 3.6].

(6) Ome of the subgroups A or B is semisubnormal in G; the index of the other

in G is prime.

Corollary 4.6. Let A and B be semisubnormal supersoluble subgroups of G with
relatively prime indices in G. If G is metanilpotent, then G is supersoluble.

Proof. Since (|G : A|,|G : B]) = 1, we have G = AB. We use induction on the
order of G. From the proof of Theorem B, we obtain that G = N x M is a primi-
tive group, where M is a maximal subgroup of G and N = F(G) = G, is a unique
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minimal normal subgroup of G, where p is the greatest in 7 (G ). Besides, AN and
BN are proper subgroups of G. The subgroups A and N are semisubnormal in AN
and supersoluble; moreover, (|AN : A|,|AN : N|) = 1. Since AN is metanilpo-
tent, by induction, AN is supersoluble. Similarly, BN is supersoluble. Since G/ N
is nilpotent, AN and BN are subnormal in G. Now G = (AN)(BN) is the prod-
uct of subnormal supersoluble subgroups AN and BN such that its indices in G
are relatively prime. By [20, Corollary 3.1], G is supersoluble. |

Corollary 4.7. Let A and B be semisubnormal supersoluble subgroups of Gywith
relatively prime indices in G. If |7 (G)| < 2, then G is supersoluble.

Proof. By Lemma 3.7, G has an ordered Sylow tower of supersoluble type. By
hypothesis, |7(G)| < 2; hence G is metanilpotent. By Corollary 4.6, G is super-
soluble. o

Example 4.8. Huppert [12] and Baer [3] gave the first @xamples of non-supersol-
uble groups that are products of two normal superseluble’subgroups. The groups
in these examples are metanilpotent and have ordérg2* - 52 and 23 - p2. Hence we
cannot omit the condition (|G : A|, |G : B|) =i Corollaries 4.6 and 4.7.

Let p.q be primes, and let &, ;1 be the, formation of all {p, g}-groups. For
a group G, we introduce the following netation:

B(G)'= ﬂ G®iv.ar
V{p,q}cm(G)

It is clear that B(G) is normal in G, and if G is {p, g}-nilpotent, then

7(B(G)) N{p.q} = 0.
In particulaplif G-is non-primary and has a Sylow tower, then
BG)| < 7(G)| -2,
Theorem C. Let A and B be semisubnormal supersoluble subgroups of G and
G = AB. Then
() 6% =(GH%,
) if (|G : A|,|G : B|) = 1, then G% = GT* N B(G) = (G"*.

Proof. (1)If G is supersoluble, then G¥ = 1 and G’ is nilpotent by Lemma 2.1 (5).
Consequently, (G’ )SR =1 = GY, and the statement is true. Further, we assume
that G is non-supersoluble. By Lemmas 2.1 (4) and 3.7, G has an ordered Sylow
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tower of supersoluble type. Since U € N2A, we have

by Lemma 2.3 (2) and (3). Next we check the reverse inclusion. For this, we prove
that G/(G")® is supersoluble. The derived subgroup

(G/(GH?Y = G6'(GH* /(G =6 /(GH?
is nilpotent. The quotients

G/(G)" = (AGH?/(GHM(BWGH?/(GH),
AGH /(G ~ 4/AnGH", BGH!/(G)Y? ~ B/BT (G,

hence the subgroups A(G")%/(G")® and B(G")®/(G’)® are supersoluble, and by
Lemma 3.1 (2), these subgroups are semisubnormal,in G)*(G')®. By Theorem B,
G/(G")* is supersoluble. Thus G < (G")%, apd\(1)\is proved.

(2) First we prove that G% = G* n B(G,)Ntis,obvious that all quotients of G
satisfy the hypothesis of the theorem. Since-GY/ 6 ¢ N2, it follows that G/ G
is supersoluble by Corollary 4.6. Hence < G*. Since G/GG"’-W € G
we have G/G®r.a} is supersoluble, by Corollary 4.7. By Remak’s lemma [18,
Lemma 2.33], G/B(G) is isomorphic to a subgroup of direct product

1_[ G/G@{p,q}‘
Y{p.q}<n(G)

Thus G/B(G) is stipersoluble, and G¥ < G% n B(G).

Next we prove ‘the reverse inclusion. By Lemma 2.1 (5), every supersoluble
group is metanilpotent. Hence U € N2 and G?® < gt by Lemma 2.3 (3). There-
fore,

G Nv(G) < W <Gl

Soithe equality GY = G* n B(G) is proved. By (1), we have
G% = G N BG) = (GH™.
The theorem is proved. m|

Theorem D. Let A and B be subgroups of G and G = AB. If all Sylow subgroup
of A and of B are semisubnormal in G, then G is supersoluble.
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Proof. We use induction on the order of G. Let ¢ be the smallest in 7(G). We
consider r # t. By Lemma 3.4 (2), ¢t does not divide the order of ArG. Similarly,
t does not divide the order of BrG , and the subgroup

H =[] A¢ B
r#t

is a normal ¢’-subgroup of G, i.e. H = Gy. In particular, G is soluble. By [13,
Theorem V1.4.6], G;» = Ay By. By induction, G is supersoluble; hence G, has
an ordered Sylow tower of supersoluble type.

Let N be a non-trivial proper normal subgroup of G. Then

G/N = (AN/N)(BN/N).

Let S/N be a Sylow s-subgroup of AN/N, and let T be a Sylow s-subgroup
of SN A. Then TN/N = S/N,and T is a Sylow s-subgroup of A.

Since T is semisubnormal in G, by Lemma 3.1 (2), T /N = S/N is semisub-
normal in G/N. Similarly, if K/N is a Sylow subgroup of BN/N, then K/N is
semisubnormal in G/N . By induction, G/ N issupérsoluble. By Lemma 2.2, G is
primitive, and we use for G the notation of{this Jémma. In particular, N = G,
and p is the greatest in 7(G).

Let N1 < N and |[Ni| = p. Since*M, is ‘a Hall p’-subgroup of G, we have
M = Ay By.

Let m(Ap) = my U mp. If r € 7y, then A, is seminormal in G, and if r € 72,
then A, is subnormal in G. 1t is ebvious that 71 and 7, can be chosen so that
w1 Ny = @. Suppose that,r € ;. Then A, is seminormal in G, and there is
a subgroup U such that.\G\= A,U and A, permutes with every subgroups of U.
Because N < U, it~follows that A, permutes with Np. Since it is true for any
r € w1, we have.d%, permutes with N1. Let r € m>. Then A, is subnormal in G,
and (A4,)¢ isa'r-group. Hence N < (4,)¢. It is impossible because p # r. Thus
my = ¥ and m(Ap/) = m1. Therefore, A, permutes with Ny.

Similarly,~B,’ permutes with Ni. Hence M permutes with Ni. Now M N7 is
a subgroup of G, and Nj is normal in M N;. Since N is abelian, then N; is normal
inlNM = G; this contradicts | N| > p. The theorem is proved. o

Let G be a product of two subgroups. The following example shows that if all
maximal subgroups of these subgroups are semisubnormal in G, then G can be
non-supersoluble.

Example 4.9. The alternating group G = A4 of degree 4 is a product of subgroups
A = Zzand B = Z, x Z;. It is clear that all maximal subgroups of 4 and of B
are semisubnormal in G. But G is non-supersoluble.
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5 Applications to p-supersoluble groups

A group is said to be p-soluble if the order of each of its chief factors is either
a p-power or coprime to p. A group is said to be p-supersoluble if the order of
each of its factors is either equal to p or coprime to p. We write p® for the class
of all p-soluble groups and pU for the class of all p-supersoluble groups. The
classes of all p-closed and p-nilpotent groups are equal to the products Jt, €,
and €,/ respectively, where I, is the class of all p-groups and €, is the
class of all p’-groups. The classes p&, N, €, and €, N, are radical hereditary
saturated formations and 1, €, U €N, C pG.

Lemma 5.1 ([13, Theorem V1.9.1]). The following statements hold.

(1) The class pW is a hereditary saturated formation.

(2) Each minimal normal subgroup of a p-supersoluble group is either a p’-sub-
group or a group of order p. In particular, the p=rank of a p-supersoluble
group is equal to 1.

(3) Let N be a normal subgroup of G and G/N €pU. If N is cyclic or
N € {Z(G)Op(G), 2(G)],

then G € pU.
(4) The derived subgroup of a.p=supersoluble group is p-nilpotent.
Lemma 5.2 ([19, Lemma 4)). Let G be a p-supersoluble group, let P be a Sylow

p-subgroup of G, and let H be a Hall p'-subgroup of G. If Op/(G) = 1, then the
following statemengs-hold.

(1) P is normal in,G and F(G) = P.

(2) If (@)= 1, then P = Py x Py X ... X Py, where P; is a normal subgroup
of G\of prime order for any i. In particular, P is elementary abelian.

(3)~H is/abelian of exponent dividing p — 1.
(4)~G is supersoluble.
Lemma 5.3 ([19, Lemma 5]). Suppose that a p-soluble group G does not belong

to pU, but G/K € pU for every non-trivial normal subgroup K of G. Then the
following hold.

(1) Z(G) = 0y(G) = B(G) = 1.
(2) G has a unique minimal normal subgroup N, N = F(G) = 0,(G) = Cg(N).
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(3) G is aprimitiveand G = N x M, where M is a maximal subgroup of G with
trivial core.

(4) N is an elementary abelian group of order p", n > 1.

(5) If M is abelian, then M is cyclic of order dividing p"™ — 1, and n is the small-
est positive integer such that p" =1 (mod |M|).

Lemma 5.4 ([19, Corollary 1.1]). Let A and B be normal p-supersoluble.sub-
groups of G, and let G = AB. If G’ is p-nilpotent, then G is p-supersoluble.

Theorem E. Let A and B be semisubnormal subgroups of a p-soluble=group G
and G = AB. If A is p-nilpotent and B is p-supersoluble, thén G\is p-super-
soluble.

Proof. We use induction on the order of G. Let N be a nen-trivial normal sub-
group of G. The quotients

G/N = (AN/N)(BN/N),
AN/N ~ A/ANN, BN/N~ B/BNN,

hence AN/N is p-nilpotent and BN /N, is p-supersoluble. By Lemma 3.1 (2),
these subgroups are semisubnormalin G/N. Consequently, G/ N satisfies the hy-
pothesis of the theorem, and by’induction, G/ N is p-supersoluble. By Lemma 5.3,
G has a unique minimal, normal subgroup N, N = F(G) = 0,(G) = Cg(N)
and N is an elementary, abelian group of order p”, n > 1.

Suppose that AN =G~ Then AN N =1, and A is a maximal subgroup of G.
By hypothesis, A 4s semisubnormal in G, and by Lemma 3.2 (3), the index of M
in G is prime; this contradicts | N | > p. Thus the assumption is false, and AN < G.
Similarly, BN <-G.

The subgroups A and N are semisubnormal in AN, A is p-nilpotent, and N is
p-supersoluble. By induction, AN is p-supersoluble. Similarly, BN is p-super-
soluble=since N and B are semisubnormal in BN, N is p-nilpotent and B is
p=supersoluble.

Since Op/(G) = land N = Cg(N) = O,(G), we have

0,/ (AN) = 1 = 0,/ (BN).

By Lemma 5.2, AN and BN are supersoluble and p-closed; besides, its Hall
p’-subgroups are abelian. Hence A is nilpotent, and B is supersoluble. By The-
orem A, G is supersoluble. |
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Theorem F. Let A and B be semisubnormal p-supersoluble subgroups of a p-sol-
uble group G and G = AB. If G’ is p-nilpotent, then G is p-supersoluble.

Proof. By induction and by Lemma 5.3, we obtain that G = N x M is a prim-
itive group, where M is a maximal subgroup of G and N = F(G) = O,(G) is
a unique minimal normal subgroup of G for some prime p € 7(G). By hypoth-
esis, the derived subgroup of G is p-nilpotent. Since O,/(G) = 1, it follows that
G’ is a p-group. Thus N = G’ and G/ N is abelian.

Besides, AN and BN are proper subgroups of G. The subgroups A.and\V
are semisubnormal in AN and p-supersoluble. Since (AN)’ is p-nilpotent, by
induction, AN is p-supersoluble. Similarly, BN is p-supersoluble{ Since G/N
is abelian, we have AN and BN are normal in G. Now G = (AN)(BN) is the
product of normal p-supersoluble subgroups AN and BN. By Lhemma 5.4, G is
p-supersoluble, a contradiction. o

Theorem G. Let G = AB be a p-soluble group, and let A and B be semisub-
normal p-supersoluble subgroups of G. Then GP* = (G")Er %

Proof. If G is p-supersoluble, then we havé\G2¥ = 1 and G’ is p-nilpotent by
Lemma 5.1 (4). Consequently, GP% = 15=(G")€»' %> and the statement is true.
Further, we assume that G is non- p-supersoluble.

Since pU C €,/ N, A, we have

G(G‘plmp?l) £ (G?I)(E‘p/mp — (G/)Gp/i]?p < Gpu

by Lemma 2.3 (2) and (3)~Next we check the reverse inclusion. For this, we prove
that G/(G")€» M is p-supersoluble. The derived subgroup

(G/(G/)@p/mp)/ — G/(G/)prinp/(G/)@P/mp — G//(G/)prinp
is p-nilpotent. The quotients
GHG ) Er T = (G &P [(GHEr ) (B(G) Er P (G S ),
AGHE P (G Er P = A/ AN (GHEr P,
B(G/)@‘p/mp/(Gl)@p/mp ~ B/B N (G/)@‘p/mp,

hence the subgroups A(G’)€»% /(G")Er' M and B(G')Er' % /(G")ErPr are
p-supersoluble, and by Lemma 3.1(2), these subgroups are semisubnormal in
G/(G")®»% By Theorem F, G/(G')€»? is p-supersoluble. The theorem is
proved. |
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