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§ 1. Introduction

This article deals only with finite groups. The symbol 7(G) standgdor the set of prime divisors of
the order of a group G and the symbol i, for the class of all supersolvable'groups.

Recall that a U-residual of G is the intersection of all normal subgroups N of G with G/N € ; the
$l-residual of G is denoted by G¥.

Fix some ordering ¢ of primes. The record p¢q means thatp precedes ¢ in ¢ and p # q. Recall that
a group G of order pi'ps?...po" is called ¢-dispersive whenever piépa¢ ... ¢py, and for every i there is
a normal subgroup of G of order p{'p5?...p:". Furthermere,if ¢ is such that ppq always implies p > ¢
then every ¢-dispersive group is called Ore dispersive.

Recall that a subgroup H of G is called a 2-mazimal(second mazimal) subgroup of G whenever H is
a maximal subgroup of some maximal subgroup M"of G. Similarly we can define 3-maximal subgroups,
and so on.

The interesting and substantial direction in' finite group theory consists in studying the relations
between the structure of the group and(its n=maximal subgroups (for n > 1). One of the earliest results
in this direction is the article of Huppert, [1] who established the supersolvability of the group whose
all second maximal subgroups are normal. In the same article Huppert proved that if all 3-maximal
subgroups of G are normal in G'then the commutator subgroup G’ of G is a nilpotent group and the
principal rank of GG is at mest, 2. These two results were developed by many authors. Among the
recent results on n-maximal subgroups (for n > 1) we can mention [2], where the solvability of groups
is established in whichall'2-maximal subgroups enjoy the cover-avoidance property, and [3-5], where
new characterizations of_supersolvable groups in terms of 2-maximal subgroups were obtained. The
classification of nennilpotent groups whose all 2-maximal subgroups are T'I-subgroups appeared in [6].
Description was, obtained in [7] of groups whose every 3-maximal subgroup permutes with all maximal
subgroups. The,nonnilpotent groups are described in [8] in which every two 3-maximal subgroups are
permutabplén, The groups are described in [9] whose all 3-maximal subgroups are S-quasinormal, that
is, permute with all Sylow subgroups. Subsequently this result was strengthened in [10] to provide
a description of the groups whose all 3-maximal subgroups are subnormal.

Despite of all these and many other known results about n-maximal subgroups, the fundamental
work/of Mann [11] still retains its value. It studied the structure of groups whose n-maximal subgroups
are subnormal. Mann proved that if all n-maximal subgroups of a solvable group G are subnormal and
I7(G)| > n+ 1 then G is nilpotent; but if [7(G)| > n — 1 then G is ¢-dispersive for some ordering ¢ of
the set of all primes. Finally, in the case |7(G)| = n Mann described G' completely.
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A supersolvable analog of a subnormal subgroup is the concept of il-subnormal subgroup. Recall
that a subgroup H of a solvable group G is called U-subnormal in G whenever either H = G or there is
a chain H = Hy < --- < H, = G such that |H;/H,_1| is a prime for each i = 1,2,...,n.

The main goal of this article is to prove the following supersolvable analogs of Mann’s theorems.

Theorem A. If every n-maximal subgroup of a solvable group G is {-subnormal in G and |7(G)| >
n + 2 then G is supersolvable.

Theorem B. Given a solvable group G with |7(G)| > n + 1, all n-maximal subgroups of G ‘are
$-subnormal in G if and only if G is a group of one of the following types:

I. G is supersolvable.

II. G = Ax B, where A = G* and B are Hall subgroups of G, while G is Ore dispersive/and satisfies
the following:

(1) A is either of the form Ny X --- x Ny with t > 2, where each N; is a minimalsnermal subgroup
of G, which is a Sylow subgroup of G fori =1,...,t or a Sylow p-subgroup of G=of exponent p for some
prime p; furthermore, the commutator subgroup, the Frattini subgroup, and'the lcenter of A coincide,
every chief factor of G below ®(A) is cyclic, while P/®(A) is a noncyclic chief factor of G;

(2) for every prime divisor p of the order of A every n-maximal subgréup H of G is supersolvable and
induces on the Sylow p-subgroup of A an automorphism group which is'‘an’'extension of some p-group by
an abelian group of exponent dividing p — 1.

Theorem C. If every n-maximal subgroup of a solvable group\G'is {-subnormal in G and |7(G)| > n
then G is ¢-dispersive for some ordering ¢ of the set of all primes.

We use the standard notation which can be found in\{12] if need be.

§ 2. Preliminary.Results

Recall that a maximal subgroup H of a group G is called U-normal in G whenever G/Hg € i,
otherwise H is called U-abnormal in G. A subgroup H of a group G is called U-subnormal in G whenever
either H = G or there is a chain H =sHy < -- < H, = G such that H;_; is a maximal {-normal
subgroup of H; for each i =1,2,...,n.

We use the following results.

Lemma 2.1. Let G be a group.with a {-subnormal subgroup H.

(1) If K < G then H N K is a Y-subnormal subgroup of K [13, Lemma 6.1.7(2)].

(2) If N is a normal‘subgroup of G then HN/N is a {-subnormal subgroup of G/N [13, Lem-
ma 6.1.6(3)].

(3) If K < G isMl-subnormal in H then K is $l-subnormal in G [13, Lemma 6.1.6(1)].

(4) If K is a subgroup of G with G < K then K is 4-subnormal in G [13, Lemma 6.1.7(1)].

Lemma.2.2,[12] Theorem 15.10]. Let G be a group with supersolvable nilpotent residual. Let H
and M be subgroups of G such that H € {, H < M, and HF(G) = G. If H is $-subnormal in M then
M e sl

Lemma 2.3 [12, Corollary 4.14.1]. If a group G has four supersolvable subgroups of coprime indices
i G then G is supersolvable.

Lemma 2.4 [12, Chapter VI, Theorem 24.2]. Let G be a solvable group. If G* # 1 and every
maximal {-abnormal subgroup of G belongs to i then the following hold:

(1) G¥ is a p-group for some prime p;

(2) G*/®(G") is a noncyclic chief factor of G;

(3) if GY is nonabelian then the center, commutator subgroup, and Frattini subgroup of G are of
exponent p and coincide with one another;

(4) if GM is abelian then G* is elementary;

65



(5) if p > 2 then G* is of exponent p; for p = 2 the exponent of G* is at most 4;
(6) every pair of maximal {-abnormal subgroups of G are conjugate in G.

Recall that a minimal nonsupersolvable group is a nonsupersolvable group whose all proper subgroups
are supersolvable.

Lemma 2.5 [12, Chapter VI, Theorems 26.3 and 26.5]. The following claims hold for every minimal
nonsupersolvable group G:

(1) G is solvable and |7(G)| < 3;

(2) if G is not a Schmidt group then G is Ore dispersive;

(3) G¥ is a unique normal Sylow subgroup of G;

(4) If S is a complement to G* in G then S/S N ®(G) is either a primary cyclic,group or the
Miller—Moreno group.

8§ 3. Groups with All Second Maximal Subgroups {-Subnormal

The proofs of Theorems A, B, and C rest on the properties of groups whose all*2-maximal subgroups
are i-subnormal. In this section we describe these groups.
Recall that a mazimal chain of length n (or an n-mazimal chain) of G\is a chain of the form

E,<E,1<--<FE < Ey=0G,

where F; is a maximal subgroup of E; 1 fori =1,...,n. A subgroup H of G is called a strictly n-mazximal
subgroup of G whenever H is an n-maximal subgroup of G but net an n-maximal subgroup of each proper
subgroup of G. A maximal chain F,, < F,_1 < --- < E; <\Eg'= G is called strictly n-mazimal whenever
FE; is a strictly i-maximal subgroup of G for all i = Iy, n.

Asaad [14], strengthening Huppert’s results [1]jstudied the influence of strictly n-maximal subgroups
on the structure of the group for n = 2,3,4.% In particular, he proved that if all strictly 2-maximal
subgroups are normal then the group is supersolvable. Spencer studied [15] the groups G whose every
n-maximal chain includes at least one subnormal subgroup of GG. In particular, he proved that if every
maximal chain of length 2 in G includes a subnormal subgroup of G then G is a Schmidt group with
abelian Sylow subgroups. In this section” we study the groups whose every strictly 2-maximal chain
includes a proper U-subnormal subgroup.

Observe that if G is supersolvable then every subgroup of G is {-subnormal.

Theorem 3.1. The following conditions on a nonsupersolvable group G are equivalent:

(1) G = P x M, where\P*= G" is a minimal normal subgroup of G with |P| = p* and M is a group
of one of the following types:

(i) M is a cyélic group of order q* for some prime q and ¢*~! divides p — 1;

(ii) M = Qx| Ry where |Q| = ¢ divides p — 1 and |R| = r? divides p — 1 for some primes ¢ and r,
while R is alcyelic group, and Q % Cg(P).

(2) every 2=maximal subgroup of G is {-subnormal in G;

(3)every strictly maximal chain of length 2 in G includes a proper $-subnormal subgroup of G.

PROOF. (1) = (2) Suppose that G = P x M, where P = G* is a minimal normal subgroup of G
with |[P| = p® and M is a group of the form (i). Then G includes precisely two classes of maximal
conjugate subgroups, whose representatives are M and PM;j, where M; is a maximal subgroup of M.
Since M is a cyclic group of order ¢® and ¢*~! divides p— 1, it follows that M and PM; are supersolvable.
Therefore, G is a minimal nonsupersolvable group and all subgroups of PM; are {-subnormal in PMj.
Since |G : PM;| = ¢, it follows that PM; is Y-normal in G. Therefore, by Lemma 2.1(3) all subgroups
of PM; are $l-subnormal in G. Take a maximal subgroup T of M. Then PT is a maximal normal
subgroup of G; moreover, PT is supersolvable and |G : PT| = q. Consequently, all subgroups of PT are
$l-subnormal in G. Thus, T is U-subnormal in G.
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Suppose now that M is a group of the form (ii). Then G includes precisely three classes of maximal
conjugate subgroups, whose representatives are M, PR, and PQ Ry, where R; is a maximal subgroup of R.
It is clear that M, PR, and PQR; are supersolvable groups. Since |G : PR| = g and |G : PQR;| =, it
follows that PR and PQR; are i-normal in G. Therefore, all their maximal subgroups are {-subnormal
in G. In addition, we infer as above that every maximal subgroup of M is {-subnormal in G.

The implication (2) = (3) is obvious.

(3) = (1) To start with, verify that all maximal subgroups of nonprime index in G are supersolvable.
Take a maximal subgroup M of G whose index |G : M| is not a prime, and a maximal subgroup Z' of ‘W/"
Suppose that 7' is not a strictly 2-maximal subgroup of G. This means that there exists at least, one
maximal chain of subgroups G; of G (with 0 < i < n) such that T'= G, for r > 3 and thessubgroup G;
is maximal in GG;_1. Among all these chains in G choose one of the greatest length:

T=G<--<Gy <G <Gy=0G.

In this case G4 is a strictly 2-maximal subgroup of G. Since T' < M and &~ < G35, it follows that
T<GeNM.IfGoNM=1then T =1 and |M| = p for some prime p. Consequently, in this case we
infer that M is a supersolvable group.

Suppose now that Go N M # 1 and Gy is U-normal in G. If T' < G310 M «then the maximality of T’
in M yields Gt "M = M, whence G; = M. Since according to the ‘assumption the subgroup Gj is
{-normal in G, it follows that the index |G : M| is a prime, which contradicts the choice of M. Hence,
T = G1 N M. Consequently, T is {-subnormal in M by Lemma*2.1(1), so that |M : T'| is a prime. But
if G1 is not a YU-normal subgroup of GG then according to the cendition the subgroup Gs is U-subnormal
in G. T < GaN M then GoN M = M by the maximality of T in M; therefore, Go = M, which
contradicts the maximality of M. Hence, T' = G2 N M; moreover, T is U-normal in M by Lemma 2.1(1)
and |M : T| is a prime. Since T is arbitrary, we infer that all maximal subgroups of M are of prime
indices in M; thus, M is a supersolvable group. Gonsequently, all maximal subgroups of G of nonprime
index are supersolvable.

Verify now that G is a solvable groups~Assuming the contrary, consider a counterexample G of
minimal order. Take a minimal normal subgroup' N of G and a strictly 2-maximal chain H/N < T/N <
G/N in G/N. Then H < T < G is a strictly 2-maximal chain in G; therefore, according to the condition
either H or T is {-subnormal in Gt €onsequently, by Lemma 2.1(2) either H/N or T'/N is {-subnormal
in G/N. Hence, G/N is a solvable group by the choice of G. Therefore, N is the unique minimal
normal subgroup of G; moreover, N £ ®(G), and N is not abelian. Consequently, by Burnside’s theorem
on the solvability of biprimary\groups there is a prime divisor p of the order of N with p > 5. Take
an arbitrary Sylow p-subgreup IV, of N. Then some Sylow p-subgroup P of G satisfies N, < P, which
yields N, = PN N. (Henge, P < Ng(Np). Since N is a nonabelian group, G includes a maximal
subgroup M with Ng(Np)< M and N, < P < M, whence G = NNg(N,) = NM, and so N £ M.

Suppose thattV (WM & ®(M). Then there is a maximal subgroup T of M with (N N M)T = M.
Therefore,

G=NM=N(NNM)T = NT.

Suppose( that) T" is not a strictly 2-maximal subgroup of G. Then G includes a maximal subgroup V'
distinctyrom M such that T is a proper nonmaximal subgroup of V. Take a maximal subgroup L of V
such that 7' < L and L is a strictly 2-maximal subgroup of G. Suppose that V is Y-normal in G. Then
G/Vg.< U, whence Vi # 1. Therefore, N < Vi and G = NV <V, which contradicts the choice of V.
Hence, L is U-subnormal in GG, which, as above, leads to a contradiction. Consequently, T' is a strictly
2-maximal subgroup of G.

By the hypotheses of the theorem either T or M is i-subnormal in G. In both cases, as above, we
arrive at a contradiction. Hence, NNM < ®(M); therefore, NNM is a nilpotent subgroup. Consequently,
Nn(Np) = Ng(Np) "N < M N N, which implies the nilpotency of Ny(N,). But then OP(N) # N by
Theorem 8.13 of [16, Chapter X]. Consequently, N has an abelian composition factor, and so N is
an abelian group. The resulting contradiction completes the proof of the solvability of G.
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Since G is a solvable group, Lemma 2.4 implies the following:

(a) P = G" is an s-group for some prime divisor s of the order of G;

(b) P/®(P) is a chief factor of G and |P/®(P)| > s;

(c) all maximal subgroups of nonprime index of G are conjugate in G.

Take a maximal subgroup M of G of nonprime index. Then M is not -subnormal in G. Therefore,
P £ M by Lemma 2.1(4), which yields G = PM. Since |G : M| = |P/®(P)| is not a prime, it follows, as
we showed above, that M is a supersolvable group. Suppose that ®(P) # 1. Since M is supersolvableydit
includes a maximal subgroup 7" with |M : T| = s. As in the proof of the solvability of G, we can_show
that T is a strictly 2-maximal subgroup of G. By the hypotheses of the theorem T is {-subnormal‘in G.
Consequently, G includes a maximal subgroup L with T' < L and G/Lg € 4. But then P="G" < Lg,
which yields G = PT = L. The resulting contradiction shows that ®(P) = 1; therefore, amsing (b) we
infer that P is a minimal normal subgroup of G and G = P x M. Take a maximal subgroup D of G with
P < D. Then D =P x (DNM), where D N M is a maximal subgroup of M. As abeve, we can show
that D N M is a strictly 2-maximal subgroup of G; therefore, D N M is i-subnermal*in G. Since M is
supersolvable, so is D N M, and Lemma 2.2 implies that so is D. Consequently, all maximal subgroups
of G are supersolvable. Hence, G is a minimal nonsupersolvable group. Thus, claims (1)(i) and (1)(ii)
follow from Lemma 2.5.

The proof of the theorem is complete.

It is not difficult to verify that the results of Asaad and Spencer follow from Theorem 3.1.
§4. Proofs of Theorems Ay Bj and C

PRrROOF OF THEOREM A. Assume the theorem false and consider some counterexample G of minimal
order. Take a maximal subgroup M of G. Then by the hypothéses all (n—1)-maximal subgroups of M are
{I-subnormal in G, and so they are {-subnormal in M\by, lemma 2.1(1). Since the solvability of G implies
that either |7(M)| = |7(GQ)| or |7(M)| = |7(G)|* 1,"it follows that M is supersolvable by the choice
of G. Hence, G is a minimal nonsupersolvable group: Then Lemma 2.5 yields |7(G)| = 3. Consequently,
all maximal subgroups of G are {-normal; therefore, G is a supersolvable group, which contradicts our
choice of it.

The proof of the theorem is compléte.

PrROOF OF THEOREM B. Necessity. To start with, we verify that the hypotheses of the theorem are
preserved for G/N, where N is a, minimal normal subgroup of G. Indeed, if N is not a Sylow subgroup
of G then |7(G/N)| = |7 (G)p Moreover, if H/N is an n-maximal subgroup of G/N then H is an n-
maximal subgroup of G; therefore, H is i-subnormal in G. Consequently, H/N is {-subnormal in G/N
by Lemma 2.1(2). But if*G/IN includes no n-maximal subgroups then by the solvability of G the trivial
subgroup of G/N is Al~subnormal in G/N and is a unique i-maximal subgroup of G/N for some i < n
with ¢ < |7(G/N)|#Thus, in this case as well the hypotheses of the theorem are fulfilled for G/N. Finally,
consider the case|that ‘N is a Sylow p-subgroup of G. Then by the Schur—Zassenhaus theorem G has
a Hall p’-subgroup E. It is clear that |7(E)| = |7(G)| — 1 and E is a maximal subgroup of G. Therefore,
all (n — 1)-maximal subgroups of E are {-subnormal in £ by Lemma 2.1(1). Thus, by induction on |G|
we may assume that G/N is either a supersolvable group or a group satisfying condition II.

Suppose’ that G is not supersolvable and verify that in this case G is a group satisfying condi-
tion IL. Assume the contrary and consider a counterexample G of minimal order. Observe aforehand that
|m(G)) > 2. Indeed, if |7(G)| = 2 then by assumption all maximal subgroups of G are i-normal, which
implies the supersolvability of G.

Put A = GY.

(a) G is an Ore dispersive group and A is a nilpotent group.

Take a minimal normal subgroup N of G. Then G/N is an Ore dispersive group and (G/N)* is
a nilpotent group. It is known that the class of all Ore dispersive groups is a saturated formation;
therefore, N is a unique minimal normal subgroup of G and N £ ®(G). Consequently, G includes
a maximal subgroup L with G = N x L and Lg = 1. Therefore, Cq(N) = N.
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Verify firstly that GG is an Ore dispersive group. Since G is solvable, G includes a maximal normal
subgroup M with |G : M| = p for some prime p and either |7(M)| = |7(G)| or |7(M)| = |x(G)| — 1.
Since all (n — 1)-maximal subgroups of M are il-subnormal in M by Lemma 2.1(1), the hypotheses of
the theorem hold for M. Therefore, M is an Ore dispersive group by the choice of G. Denote by ¢ the
greatest number in 7(M). Take a Sylow g-subgroup M, of M and a Sylow p-subgroup P of G. Since M,
is a characteristic subgroup of M, it follows that M, is normal in G. Consider the case |7(M)| = |7(G)|
first. Then ¢ is the greatest prime divisor of the order of G and M, # 1. Therefore, G/M, is an Ore
dispersive group, and by the maximality of ¢ so is G. Suppose now that |7(M)| = |7(G)| — 1. i ¢ > p
then, as above, we conclude that G is an Ore dispersive group as well. Consequently, p > ¢, and sop'is the
greatest prime divisor of the order of G. Since M, # 1, it follows that NV < M,. Consequently; N is a g-
group. In addition, since |7(G)| > 2 as we have established already, ¢ # r # p for some prime divisor r of
the order of G. Take a Hall r’-subgroup W of G. Then PN < W. Moreover, |7(W)[ = lr(G)| — 1 and
every (n — 1)-maximal subgroup of W is {-subnormal in W. Consequently, W is an Ore.dispersive group
by the choice of G. Hence, P is normal in G, and so P < Cg(N) < N. The resulting contradiction shows
that G is an Ore dispersive group.

Verify that A is a nilpotent group. If |7(G)| = 3 then by assumption either all maximal subgroups of G
or all its 2-maximal subgroups are i-subnormal in G. In the first case we infer that G is a supersolvable
group, which contradicts our assumption concerning GG. Hence, all 2-maximal subgroups of G are -
subnormal, and so Theorem 3.1 implies that GG is a minimal nonsupersolvable group with supersolvable
abelian residual A. Thus, since |7(G)| > 2, it only remains to consider the case |7(G)| > 4. Assume that
N is a p-group, and take a Sylow p-subgroup P of G. Observesthat if N # P then by Theorem A the
subgroup L is supersolvable, and so A is nilpotent. Hencey No="P.

Suppose that |7(G)| = 4. Since G is not supersolvables either all 2-maximal subgroups of G or
all its 3-maximal subgroups are {-subnormal in G., Therefore, all second maximal subgroups of G are
supersolvable. Consequently, L is either a supersolvable group or a minimal nonsupersolvable group.
But in the first case the U-residual of G is nilpetent: Therefore, it suffices to consider the case that L is
a minimal nonsupersolvable group.

In this case L = Q x (R x T), wheré Q ='L* is a noncyclic g-group which is a minimal normal
subgroup of L, while R is a group of primevorder r dividing ¢ — 1, and @ £ Cg(P). Put V = PQR.
Theorem 3.1 implies that V' cannet,be ayminimal nonsupersolvable group. Hence, V' is supersolvable.
Observe that F(V) is a characteristic 'subgroup of V' and V is a normal subgroup of G. Consequently,
F(V) is a normal subgroup of Giand so every Sylow subgroup of F(V) is normal in G. But N is the
unique minimal normal subgroup of G. Therefore, F(V) = N = P. Hence, V/P ~ QR is an abelian
group, and so R < Cr(Q).“This contradiction shows that for |7(G)| = 4 the subgroup G* is nilpotent.

Consider, finally, the case |7(G)| > 4. If 7(L) = {p1,...,p+} then ¢t > 3. Denote a Hall p}-subgroup
of G by E;. Then Ejis either a supersolvable group or a minimal nonsupersolvable group. In the second
case |m(E;)| < 3,@and'so Lemma 2.5 yields |7(G)| < 4, which contradicts the case under consideration.
Hence, E; is a supersolvable group, and Lemma 2.3 implies that so is G.

(b) A is(a_Hall subgroup of G.

According.to claim (a) the group G is Ore dispersive. Consequently, for the greatest prime divisor r
of theorder of G the Sylow r-subgroup R is normal in G.

Since,by claim (a) A is nilpotent, A < F(G). Suppose that G includes two minimal normal subgroups
H andvK such that H is a p-group and K is a g-group, where p # gq. Without loss of generality we may
assumie that H < A. As we showed above, the hypotheses of the theorem are preserved for G/K and

(G/K) = G*K/K = AK/K;

therefore, AK/K is a Hall subgroup of G/K. Denote by A, a Sylow p-subgroup of A. Then KA,/K
is a Sylow p-subgroup of AK/K; therefore, KA,/K is a Sylow p-subgroup of G/K. Consequently, A,
is a Sylow p-subgroup of G. Suppose that A, # A and take a Sylow t-subgroup A; of A with ¢t # p.
Considering the quotient G/H, we see that A; is a Sylow ¢t-subgroup of G. Therefore, A is a Hall subgroup
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of G. Consider now the case that all minimal normal subgroups of G are p-groups and p = r. Then
F(G) = P is a Sylow p-subgroup of G, and so A < P. If H # A then, using the same arguments,
we see that A is a Sylow p-subgroup of G. Consequently, we can put H = A. If & = ®(P) # 1 then
PA/P =G /P = (G/P)¥ is a Hall subgroup of G/®. If H < ® then G/® is a nilpotent group. But P
is normal in G, and so ® < ®(G). This shows that G is a nilpotent group; therefore, H = A = G% =1,
which contradicts our assumption concerning G. Consequently, H £ ®, and so H®/® is a nontrivial p-
group. Hence, H® = P, and so H = P. The resulting contradiction shows that ®(P) = 1. By Masehke’s
theorem P = Nj x --- X N is the direct product of minimal normal subgroups of G. If N; #«Psthen
G/N; and G /N, are supersolvable groups. Consequently, so is G. This contradiction shows that'd = G
is a Hall subgroup of G.

(¢) The subgroup A is either of the form Ny x --- x Ny with t > 2, where Nj; is a minimal normal
subgroup of G, which amounts to a Sylow subgroup of G for i = 1,...,t, or a Sylow p-subgroup of G
of exponent p for some prime divisor p of the order of G. Furthermore, the commutator'subgroup, the
Frattini subgroup, and the center of A coincide, every chief factor of G below ®(A) is cyclic, and P/®(A)
is a noncyclic chief factor of G.

Take a Sylow p-subgroup P of A, where p divides |A|. Claims (a) and (b) imply that P is a normal
Sylow subgroup of G. Suppose that N is a minimal normal subgroup’of G with N < P. Suppose
firstly that N < ®(G), and take a maximal subgroup M of G with P £"M¥ Then M is supersolvable by
Theorem A. Therefore, G/P ~ M /M NP is a supersolvable group. In this case A = P and every maximal
subgroup of G which fails to include P is supersolvable. Observésalso that every maximal subgroup of G
which includes P is {-normal. Thus, by Lemma 2.4 the subgfoup A4 = G* satisfies condition II(1).

Suppose that every minimal normal subgroup of G iicluded into A is not included into ®(G). If
N # P then G/N is supersolvable by Theorem A. Therefore, A < N, which contradicts claim (b).
Consequently, all Sylow subgroups of A are minimal normal subgroups of G. Therefore, A = Ny x--- X N;
with ¢ > 2, where NN; is a minimal normal subgroup of\G*for i =1, ...,t.

(d) For every prime divisor p of the order of Avevery n-maximal subgroup H of G is supersolvable
and induces on the Sylow p-subgroup of A an.automorphism group which is an extension of a p-group
by an abelian group of exponent dividing® — 1.

Take an n-maximal subgroup H ofdG. Suppose that H is a maximal subgroup of a subgroup V of G
such that V' is an (n — 1)-maximal subgroup of G. Then all maximal subgroups of V' are {-subnormal
in G. Consequently, V is a superselvable group. Thus, so is H.

There exist maximal subgroupstM; and Ms of G such that H < M;j N Ms, while M is U-normal
in G and H is an (n — 1)-maximal subgroup of M. It is clear that the claims of the theorem hold for M;
and M. Consequently, if ¥;4s an (n — 1)-maximal subgroup of M; and P is a Sylow p-subgroup of Mf’l
then V;/Cy,(P) is an extension of a p-group by an abelian group of exponent dividing p — 1.

Suppose that M, is.a’supersolvable group. Then Ms/Cyy,(P) is an extension of a p-group by
an abelian group ©f exponent dividing p — 1. Consequently,

H/Cy(P)=H/Cy,(P)NH ~ Ch, (P)H/Chr, (P)

is an extension of a p-group by an abelian group of exponent dividing p — 1 (for i = 1, 2).

Suppose that M is not a supersolvable group. By Theorem A this means that Ms is a Hall ¢'-
subgroup of G, where |G : Ms| = q. Consequently, |M; : My N Ms| = g, which yields M} < M; N Mo.

Suppose that ®(A) = 1. In this case A is an abelian group. Put F = M{'H and take a chief factor
TYL of E, where T < Mj' N H and |T/L| = p® Take a Sylow p-subgroup P of M}'. Then T < P
and H/Cp(P) is an extension of a p-group by an abelian group of exponent dividing p — 1. Therefore,
H/Cy(T/L) is an extension of a p-group by an abelian group of exponent dividing p—1. The isomorphism
AM; /A ~ My /My N A yields

M} <G" =4,

and so M}{! is an abelian group. Consequently,
Cp(T/L) = MY'(Cp(T/L) N H) = My'Cp(T/L).
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Therefore,
E/Cy(T/L) = M{H/MECy(T/L) = H/Cy(T/L)(H 1 M)

is an extension of a p-group by an abelian group of exponent dividing p — 1. Therefore, |T/L| = p.
Furthermore, since H is a supersolvable group, so is E. It is clear that so is E/Mj'. Thus, H is
an (aj +- - -+ a;)-maximal subgroup of M; N Ma, where pi* ... p{* is the prime decomposition of the index
|My N My : H|. Thus,

n < ‘MlﬂMz:H’+1.

Consequently, Mj includes an (n — 1)-maximal subgroup of V' with H < V. Thus, if P is'a Sylow
p-subgroup of Mj3' then V/Cy(P) is an extension of a p-group by an abelian group of exponent dividing
p — 1. But if ®(A) # 1 then M; is a supersolvable group, and in this case we can prove the required
claim in the same fashion.

Sufficiency. It is obvious that if G is a supersolvable group then every subgroup ‘of G.is 4-subnormal.
Suppose that G is a group of type II. Take an n-maximal subgroup H of G. Sinee by the hypotheses of
the theorem every n-maximal subgroup H of G is supersolvable and, for each p € 7(G*), induces on the
Sylow p-subgroup of G an automorphism group which is an extension of a p-group by an abelian group
of exponent dividing p — 1, it follows that G*H is supersolvable (see claim (d)+in the proof of necessity).
Therefore, H is {-subnormal in G*H. In addition, since G* < GYH, Lemma 2.1(4) implies that G*H is
$-subnormal in G.

Therefore, Lemma 2.1(3) implies that H is {-subnormal in Gi The proof of the theorem is complete.

ProOOF OF THEOREM C. Suppose that |7(G)| = 2. Then by assumption either all maximal sub-
groups of G or all its 2-maximal subgroups are i-subnormal in, G. Therefore, every maximal subgroup
of G is supersolvable. Consequently, G is either a superselvable group or a minimal nonsupersolvable
group. Therefore, Lemma 2.5 implies that G is ¢-dispersive for some ordering ¢ of the set of all primes.
Thus, we may assume that |7(G)| > 2.

The hypotheses of the theorem hold for G/N, where N is a minimal normal subgroup of G (see
claim (a) in the proof of Theorem B). Consequently, by induction G/N is ¢-dispersive for some ordering ¢
of the set of all primes. We may assumethat N is not a Sylow subgroup of G. Moreover, since the class
of all ¢-dispersive groups is a saturated‘formation (see [12, p. 35]), it follows that N £ ®(G). Therefore
(see claim (a) in the proof of Theorem B), G includes a maximal subgroup M such that G = N x M,
all (n — 1)-maximal subgroups of M ‘are {-subnormal in M, and |7(M)| = |7(G)|. But then Theorem B
implies that G/N ~ M is an Qre dispersive group. Thus, we may assume that N is the unique minimal
normal subgroup of G, whichimplies Cq(N) = N.

Suppose that N is a«p-group, and take a prime divisor ¢ of the order of G distinct from p. Take
a Hall ¢’-subgroup E.of G. Then N < E and the hypotheses of the theorem hold for E. Consequently,
by induction a Sylew, subgroup R of E is normal in E. Furthermore, if N £ R then R < Cg(N) = N.
Hence, R is a Sylow p-subgroup of E. It is clear also that R is a Sylow p-subgroup of G and (|G :
Ng(R)|,r) =«l for every prime r # ¢q. Since we consider the case |7(G)| > 2, this implies that R is
normal in G

The(proof of the theorem is complete.

In elosing note that the restrictions on |7(G)| in Theorems A, B, and C cannot be weakened. For
Theorem A this follows from the description of minimal nonsupersolvable groups (see Lemma 2.5). This
als6 applies to Theorem C, as we can see from the example of the symmetric group of degree 4. Now
take primes p, q, and r with p > q > r such that r divides ¢ — 1, while both ¢ and r divide p — 1. Take
a nonabelian group @ x R of order gr, and a simple faithful F,QR-module P;. Finally, put

G:(Plx(QxR))ng,

where P, is a group of order p. Then the supersolvable residual G¥ = P; of G is not a Hall subgroup
of G. Furthermore, it is easy to verify that all 3-maximal subgroups of G are i-subnormal in G.
The authors are grateful to the referee for useful remarks.
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