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Abstract. Let G be a finite group. A subgroup A of G is said to be S-quasinormal in G if
AP ¼ PA for all Sylow subgroups P of G. The symbol HsG denotes the subgroup generated
by all those subgroups of H which are S-quasinormal in G. A subgroup H is said to be
S-supplemented in G if G has a subgroup T such that T VHcHsG and HT ¼ G; see [24].

Theorem A. Let E be a normal subgroup of a finite group G. Suppose that for every non-cyclic

Sylow subgroup P of E, either all maximal subgroups of P or all cyclic subgroups of P of prime

order and order 4 are S-supplemented in G. Then each G-chief factor below E is cyclic.

Theorem B. Let F be any formation and G a finite group. If EpG and F �ðEÞcZFðGÞ, then
EcZFðGÞ.

These theorems give positive answers to two questions of Shemetkov and strengthen results
of various authors.

1 Introduction

Throughout this paper, all groups considered are finite.
An interesting question in finite group theory is to determine the influence of the

embedding properties of members of some distinguished families of subgroups on the
structure of the group. The present paper adds some results to this line of research.

Recall that a subgroup A of a group G is said to be S-quasinormal, S-permutable,
or pðGÞ-permutable in G (Kegel [17]) if AP ¼ PA for all Sylow subgroups P of G;
the subgroup A is said to be c-normal in G (Wang [26]) if G has a normal subgroup
T such that AT ¼ G and AVT cAG; and A is said to be c-supplemented in G

(Ballester-Bolinches, Wang and Guo [7]) if G has a subgroup T such that AT ¼ G

and AVT cAG, where AG is the largest normal subgroup of G contained in A.
Buckley [8] obtained a description of nilpotent groups of odd order all of whose sub-
groups of prime order are normal. As a consequence, he also proved that a group of
odd order is supersoluble if all subgroups of prime order are normal. Applying the
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description of minimal non-supersoluble groups due to Huppert [15] and Doerk [9],
we can go further and prove that a group is supersoluble if all cyclic subgroups of
prime order and order 4 are normal. Later, Srinivasan [25] proved that a group G is
supersoluble if every maximal subgroup of every Sylow subgroup of G is normal in
G. These results have been developed in various directions, especially in the frame-
work of formation theory.

Recall that a formation F is a class of groups which is closed under taking homo-
morphic images and such that each group G has a smallest normal subgroup (de-
noted by GF) whose quotient is in F. A formation F is said to be saturated if
G A F for any group G with G=FðGÞ A F. If F is a saturated formation containing
all supersoluble groups and G is a group with a normal subgroup E, then the follow-
ing results are true.

(1) If G=E A F and the cyclic subgroups of E of prime order and order 4 are
either all S-quasinormal (Ballester-Bolinches and Pedraza-Aguilera [5], Asaad
and Csörgő [2]), or all c-normal (Ballester-Bolinches and Wang [6]), or all c-
supplemented (Ballester-Bolinches, Wang and Guo [7], Wang and Li [28]) in G,
then G A F.

(2) If G=E A F and the cyclic subgroups of every Sylow subgroup of F �ðEÞ of prime
order and order 4 are either all S-quasinormal (Li and Wang [18]), or all c-
normal (Wei, Wang and Li [31]), or all c-supplemented (Wang, Wei and Li [29],
Wei, Wang and Li [32]) in G, then G A F.

(3) If G=E A F and the maximal subgroups of every Sylow subgroup of E are either
all S-quasinormal (Asaad [1]) or all c-normal (Wei [30]) or all c-supplemented
(Ballester-Bolinches and Guo [4]) in G, then G A F.

(4) If G=E A F and the maximal subgroups of every Sylow subgroup of F �ðEÞ are
either all S-quasinormal (Li and Wang [19]), or all c-normal (Wei, Wang and Li
[31]), or all c-supplemented (Wei, Wang and Li [29]) in G, then G A F.

In these results F �ðEÞ denotes the generalized Fitting subgroup of E, that is, the
product of all normal quasinilpotent subgroups of E; see [16, Chapter X].

Bearing in mind the above results L. A. Shemetkov asked in 2004 at the Gomel
Algebraic Seminar the following two questions:

(I) Can the above-mentioned results be strengthened to assert that every G-chief
factor below E is cyclic?

(II) Does the conclusion that G-chief factors below E are cyclic still hold if we omit
the hypothesis that G=E A F?

A partial solution of these problems was obtained in [23, Theorem 1.4]. Our main
purpose here is to answer these questions completely.

We shall use the notion of S-quasinormal embedding introduced in [24]: a sub-
group H of a group G is said to be S-supplemented in G if G has a subgroup T

such that G ¼ HT and T VHcHsG, where HsG is the subgroup generated by all
subgroups of H which are S-quasinormal in G.
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We prove:

Theorem A. Let E be a normal subgroup of a group G. Suppose that for every non-

cyclic Sylow subgroup P of E, either all maximal subgroups of P or all cyclic subgroups

of P of prime order and order 4 are S-supplemented in G. Then each G-chief factor

below E is cyclic.

Theorem B. Let F be any formation and G a group. If EpG and F �ðEÞcZFðGÞ,
then EcZFðGÞ.

Here ZFðGÞ denotes the product of all normal subgroups N of G such that
H=Kz ðG=CGðH=KÞÞ A F for each G-chief factor H=K of N; see [10, p. 389].

Corollary 1.1. Let E be a normal subgroup of a group G. If every G-chief factor below

F �ðEÞ is cyclic, then every G-chief factor below E is cyclic.

It is rather clear that if F is a saturated formation containing all supersoluble
groups and G is a group with a cyclic normal subgroup E such that G=E A F, then
G A F. Hence Theorem A and Corollary 1.1 allow us to give a‰rmative answers to
Questions I and II. Finally, in view of Corollary 1.1, Theorem A not only generalizes
the results in [1], [2], [4]–[8], [18], [19], [25]–[32] mentioned above but also gives
shorter proofs of many of them.

2 Preliminaries

We write U to denote the class of all supersoluble groups. The symbol Aðp� 1Þ
denotes the formation of all abelian groups of exponent dividing p� 1; see [22].

The following lemma is well known (see, for example, [33, Chapter I, Theorem
1.4]).

Lemma 2.1. Let p be a prime, and H=K a p-chief factor of a group G. Then

jH=K j ¼ p if and only if G=CGðH=KÞ A Aðp� 1Þ.

Lemma 2.2. Let E be a normal p-subgroup of a group G. If EcZUðGÞ, then

ðG=CGðEÞÞAðp�1Þ
cOpðG=CGðEÞÞ.

Proof. Let 1 ¼ E0 < E1 < � � � < Et ¼ E be a chief series of G below E. Let
Ci ¼ CGðEi=Ei�1Þ and C ¼ C1 VC2 V � � �VCt. Then CGðEÞcC and by [12, Corol-
lary 5.3.3], C=CGðEÞ is a p-group. On the other hand, since jEi=Ei�1j ¼ p, we have
G=C A Aðp� 1Þ. Hence ðG=CGðEÞÞAðp�1Þ

cOpðG=CGðEÞÞ. r

Recall that the product MH of the formations M and H is the class ðG jGH A MÞ.
It is well known that the product of any two formations is also a formation.
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Lemma 2.3 ([13, Lemma 3.1]). Let F ¼ NpH, where H is some formation of nilpo-

tent groups and Np is the class of all p-groups for some prime p. Suppose that G ¼ AB,
where A, B are normal in G. If A;B A F and ðjG : Aj; jG : BjÞ ¼ 1, then G A F.

Lemma 2.4. Let A, B, E be normal subgroups of a group G. Suppose that G ¼ AB. If

EcZUðAÞVZUðBÞ and ðjG : Aj; jG : BjÞ ¼ 1, then EcZUðGÞ.

Proof. Assume that ðG;EÞ is a counter-example with jGj jEj minimal. Then E0 1.
Let L be a minimal normal subgroup of G contained in E. Since ZUðAÞ is solu-
ble, L is a p-group for some prime p. Let C ¼ CGðLÞ, C1 ¼ C VA, C2 ¼ C VB. Since
EcZUðAÞ, Lemma 2.2 implies that A has a normal subgroup V1 such that C1 cV1,
V1=C1 is a p-group and A=V1 A Aðp� 1Þ. Similarly, B has a normal subgroup V2

such that C2 cV2, V2=C2 is a p-group and B=V2 A Aðp� 1Þ. Since CA=CFA=C1,
CB=CFB=C2 and ðjG : Aj; jG : BjÞ ¼ 1, it follows that G=C A Aðp� 1Þ by Lemma
2.3 and [33, Appendices, Corollary 6.4]. Hence jLj ¼ p by Lemma 2.1. It is clear also
that the hypothesis is still true for G=L. Thus E=LcZUðG=LÞ ¼ ZUðGÞ=L by the
choice of ðG;EÞ. Therefore EcZUðGÞ. This contradiction completes the proof. r

Lemma 2.5 ([11, Theorem 2.4]). Let P be a p-group and a a p 0-automorphism of P.
(1) If ½a;W2ðPÞ� ¼ 1, then a ¼ 1.
(2) If ½a;W1ðPÞ� ¼ 1 and either p is odd or P is abelian, then a ¼ 1.

Lemma 2.6. Let F be a saturated formation containing all nilpotent groups and let

G be a group with soluble F-residual P ¼ GF. Suppose that every maximal subgroup

of G not containing P belongs to F. Then P is a p-group for some prime p. In addition,
if all cyclic subgroups of P of prime order and order 4 are S-supplemented in G, then
jP=FðPÞj ¼ p. In particular, p is not the smallest prime dividing jGj.

Proof. See the proof of [24, Lemma 2.12]. r

Lemma 2.7 ([2, Lemma 4]). Let P be a p-subgroup of a group G, where p > 2. Suppose
that all subgroups of P of order p are S-quasinormal in G. If a is a p 0-element of

NGðPÞnCGðPÞ, then a induces in P a fixed-point free automorphism.

Lemma 2.8 ([17]). Let G be a group and HcKcG.
(1) If H is S-quasinormal in G, then H is S-quasinormal in K.
(2) Suppose that H is normal in G. Then K=H is S-quasinormal in G=H if and only

if K is S-quasinormal in G.
(3) If H is S-quasinormal in G, then H is subnormal in G.
(4) If A and B are S-quasinormal subgroups of G, then so is AVB.

The following observation is well known (see, for example, [20, Lemma A]).

Lemma 2.9. If H is S-quasinormal in G and H is a p-group for some prime p, then
OpðGÞcNGðHÞ.
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Lemma 2.10. Let P be a Sylow p-subgroup of a group G and E a normal subgroup of

P. Then EsG ¼ EG.

Proof. By Lemma 2.9 we have OpðGÞcNGðEsGÞ. On the other hand, for any
x A P we have ðEsGÞx cE. Moreover ðEsGÞx is S-quasinormal in G since EsG is
S-quasinormal in G. Hence ðEsGÞx ¼ EsG, so EsG is normal in G. r

The following lemma is a corollary of Shemetkov’s general results on radicals (see
[21], [22, Theorem 15.11]). For the reader’s convenience, we give a direct proof.

Lemma 2.11. F �ðGÞcCGðH=KÞ for any abelian chief factor H=K of the group G.

Proof. By the Jordan–Hölder theorem, we may suppose that HcF ðGÞ. Then by
[33, Appendices, Theorem 2.5], we have F ðGÞcCGðH=KÞ. On the other hand,
F �ðGÞ ¼ EðGÞFðGÞ and ½EðGÞ;FðGÞ� ¼ 1, where EðGÞ is the layer of G; see [16,
p. 128]. Hence F �ðGÞcCGðH=KÞ. r

3 Proofs of Theorems A and B

Proof of Theorem A. Suppose that the theorem is false and consider a counter-
example ðG;EÞ for which jGj jEj is minimal. Let P be a Sylow p-subgroup of E,
where p is the smallest prime dividing jEj and C ¼ CGðPÞ. If P is not a non-abelian
2-group we use W to denote the subgroup W1ðPÞ. Otherwise, W ¼ W2ðPÞ.

(1) If X is a Hall subgroup of E, the hypothesis is still true for ðX ;XÞ. If, in addition,
X is normal in G, then the hypothesis also holds for ðG;XÞ and for ðG=X ;E=XÞ.

This follows directly from [24, Lemma 2.10].

(2) If X is a non-identity normal Hall subgroup of E, then X ¼ E.
Since X is a characteristic subgroup of E, it is normal in G and by (1) the hypoth-

esis is still true for ðG=X ;E=XÞ and for ðG;XÞ. If X 0E, the minimal choice of
ðG;EÞ implies that E=X cZUðG=XÞ and X cZUðGÞ. Hence EcZUðGÞ, a contra-
diction.

(3) If E0P, then E is not p-nilpotent.
Indeed, if E is p-nilpotent, then by (2), p does not divide jEj, contrary to the choice

of p.

(4) P is not cyclic.
This follows from (3) and [12, Theorem 7.6.1].

(5) If E0P, then every maximal subgroup of P is S-supplemented in G.
Suppose that this is false. Then for all x A G all cyclic subgroups of Px of prime

order and order 4 are S-supplemented in G. By (3), E is not p-nilpotent, so it
has a p-closed Schmidt subgroup by [14, Chapter IV, Satz 5.4], which in view of
[24, Lemma 2.10] contradicts Lemma 2.6.
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(6) If E ¼ G, then PG 0 1.
Suppose that E ¼ G and PG ¼ 1. Then by [24, Lemma 2.5 (6)] and Lemma 2.8 (3),

we have PsG ¼ 1. Hence by (5) every maximal subgroup of P has a complement T in
G. Since for a Sylow p-subgroup Tp of T we have jTpj ¼ p, the hypothesis is true for
ðT ;TÞ. Therefore T is supersoluble, and so by [24, Lemma 2.2], G is q-closed, where
q is the largest prime divisor of jGj. But this contradicts (2).

(7) E0G.
Suppose that E ¼ G. Then PG 0 1 by (6). Moreover E0P. Hence by (5) and [24,

Lemma 2.10] the hypothesis holds for G=N for every minimal normal subgroup N

of G contained in P. Therefore G=N is supersoluble by the choice of ðG;EÞ. Thus
NGFðGÞ and N is the only minimal normal subgroup of G contained in P. Let M
be a maximal subgroup of G such that G ¼ NzM.

For every maximal subgroup A of P containing N we have AM ¼ G, so MFG=N
is a supersoluble supplement of A in G. Thus by (2) and [24, Lemma 2.2] some max-
imal subgroup V of P neither contains N nor has a supersoluble supplement in G.
Let L ¼ VsG and let T be a subgroup of G such that VT ¼ G and T VV cL. By
Lemma 2.10, L ¼ VG. Suppose that L ¼ 1. Then T is supersoluble (see the proof of
(6)), contrary to the choice of V . Thus L0 1, so NcLcV . This contradiction
completes the proof of (7).

(8) E ¼ P is not a minimal normal subgroup of G.
Suppose that E0P. By (1) the hypothesis holds for ðE;EÞ, so E is supersoluble by

(7) and the choice of ðG;EÞ. Hence a Hall p 0-subgroup H of E is normal in E and
H0E, which contradicts (2). Therefore E ¼ P. Suppose that P is a minimal normal
subgroup of G. Suppose also that some proper subgroup V 0 1 of P has a proper
supplement T in G. Then P ¼ VðPVTÞ, 10PVT 0P and PVT pG, which con-
tradicts the minimality of P. Hence either every minimal subgroup or every maximal
subgroup of P is S-quasinormal in G, which in view of [24, Lemma 2.11] contradicts
the minimality of P.

(9) Every cyclic subgroup of P of prime order and order 4 is S-supplemented in G.
Suppose that this is false. By hypothesis every maximal subgroup of P is S-

supplemented in G. Hence by [24, Lemma 2.10] the hypothesis holds for G=N for
any minimal normal subgroup N of G contained in P, so P=NcZUðG=NÞ by the
choice of ðG;EÞ ¼ ðG;PÞ. Therefore N is the only minimal normal subgroup of G

contained in P and jNj > p.
We show that FðPÞ0 1. Indeed, suppose that FðPÞ ¼ 1. Then P is an elementary

abelian p-group. Let N1 be any maximal subgroup of N. We show that N1 is S-
quasinormal in G. Let B be a complement of N in P and V ¼ N1B. Then V is S-
supplemented in G. Let T be a subgroup of G such that G ¼ TV and T VV cVsG.
If T ¼ G, then V ¼ VsG is S-quasinormal in G and hence the subgroup

V VN ¼ VsG VN ¼ N1BVN ¼ N1ðBVNÞ ¼ N1

is S-quasinormal in G by Lemma 2.8 (4). Let T 0G. Then 10T VP < P. Since
G ¼ PT and P is abelian, T VP is normal in G and hence NcT VP. Therefore
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N1 cT , which implies N1 cV VT cVsG. Obviously N VV ¼ N1, so N VVsG ¼ N1

is S-quasinormal in G. Therefore every maximal subgroup of N is S-quasinormal
in G. Hence some maximal subgroup of N is normal in G by [24, Lemma 2.11], a
contradiction. Therefore FðPÞ0 1.

Since P=NcZUðG=NÞ we have P=FðPÞcZUðG=FðPÞÞ. Therefore by Lemma

2.2, ðG=CGðP=FðPÞÞÞAðp�1Þ is a p-group. Hence ðG=CÞAðp�1Þ is a p-group by [12,
Theorem 5.1.4]. Thus G=CGðNÞ A Aðp� 1Þ since OpðG=CGðNÞÞ ¼ 1 by [33, Appen-
dices, Corollary 6.4]. Therefore jNj ¼ p by Lemma 2.1, a contradiction.

(10) G has a normal subgroup 10RcP such that P=R is a non-cyclic chief fac-

tor of G, RcZUðGÞ and V cR for any normal subgroup V 0P of G con-

tained in P.
Let P=R be a chief factor of G. Then R0 1 by (8). Moreover by (9) the hy-

pothesis holds for ðG;RÞ, so RcZUðGÞ and P=R is not cyclic by the choice of
ðG;PÞ ¼ ðG;EÞ. Now let V be any normal subgroup of G with V < P. Then
V cZUðGÞ. If V GR, then from the G-isomorphism P=R ¼ VR=RFV=ðV VRÞ
we deduce that PcZUðGÞ, contrary to the choice of ðG;PÞ. Hence V cR.

(11) PcOpðGÞ.
Suppose that PGOpðGÞ. Then in view of the G-isomorphism

OpðGÞP=OpðGÞFP=ðOpðGÞVPÞ;

G has a cyclic chief factor of the form P=V , where OpðGÞVPcV , which contradicts
(10).

(12) G has no normal maximal subgroup M such that jG : Mj ¼ p and MP ¼ G.
Otherwise, from the G-isomorphism G=MFP=ðM VPÞ we deduce that P=ðM VPÞ

is a cyclic chief factor of G, contrary to (10).

(13) If L is a cyclic subgroup of P and either jLj is a prime or jLj ¼ 4, then L is

S-quasinormal in G.
Suppose that L is not S-quasinormal in G. Then by (9), G has a subgroup T

such that LT ¼ G and LVT cLsG 0L. Therefore T 0G and either jG : T j ¼ p or
LVT ¼ 1 and jG : T j ¼ 4. Obviously T < NGðPVTÞ, so in view of (12), we have
PVT pG. But P ¼ PVLT ¼ LðPVTÞ and P=ðPVTÞFL=ðLVPVTÞ, so G has
a cyclic chief factor of the form P=R. This contradicts (10) and completes the proof
of (13).

(14) If OpðGÞ ¼ G, then WcZUðGÞ.
In view of (10) we may suppose that W ¼ P. Therefore for some cyclic subgroup L

of P of prime order or order 4 we have LGR. But from OpðGÞ ¼ G, Claim (13) and
Lemma 2.9 we deduce that LpG, so LcR by (10). This contradiction shows that
WcZUðGÞ.

(15) There is a prime q0 p such that q divides jG : Cj.
Otherwise, any Gp-chief factor of P, where Gp is a Sylow p-subgroup of G, is a

chief factor of G, which implies PcZUðGÞ.
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(16) CGðWÞ=C is a p-group.
This follows from Lemma 2.5.

(17) There is a prime q0 p such that OqðGÞ0G.
Assume that OqðGÞ ¼ G for all primes q0 p. Then for every G-chief factors H=K

of order p we have CGðH=KÞ ¼ G. In particular, for a minimal normal subgroup L

of G contained in R we have LcZðGÞ.
If W < P then WcRcZUðGÞ by (10). Hence WcZyðGÞ and by [12, Corollary

5.3.3], G=CGðWÞ is a p-group. Therefore by (16), G=C is a p-group, which contradicts
(15).

Hence W ¼ P. Thus P=R ¼ ðV1R=RÞðV2R=RÞ . . . ðVtR=RÞ, where Vi is a cyclic
group of order p or order 4 and ViR=R is a cyclic group of order p. By (13), Vi is
S-quasinormal in G, so if Q is a Sylow subgroup of G, then Vi is subnormal in ViQ

by Lemma 2.8 (3). Suppose that p ¼ 2. Then ViQ is nilpotent, so QcCGðViÞ. There-
fore OpðGÞcCGðP=VÞ, which implies that CGðP=VÞ ¼ G, a contradiction. Thus
p > 2. But in this case G=C is a p-group by Lemma 2.7 and (13), which contradicts
(15). Hence we have (17).

(18) OpðGÞ ¼ G.
By (11), PcOpðGÞ. Hence the hypothesis holds for ðOpðGÞ;PÞ. Suppose that

OpðGÞ0G. Then PcZUðOpðGÞÞ by the choice of ðG;PÞ. On the other hand, there
is a prime q0 p such that OqðGÞ0G, which implies that PcZUðOqðGÞÞ. Hence
PcZUðGÞ by Lemma 2.4, a contradiction.

The final contradiction. By (14) and (18), WcZUðGÞ. Hence by Lemma 2.2,
ðG=CGðWÞÞAðp�1Þ is a p-group. Thus G=CGðP=RÞ A Aðp� 1Þ by (16), so jP=Rj ¼ p.
This contradiction completes the proof of Theorem A. r

Proof of Theorem B. Suppose that the theorem is false and consider a counter-
example ðG;EÞ for which jGj jEj is minimal.

Let F � ¼ F �ðEÞ and F ¼ F ðEÞ. First suppose that F 0 1. Let L be a minimal
normal subgroup of G contained in F and C ¼ CGðLÞVE. We shall show that the
hypothesis is still true for ðG=L;C=LÞ. Indeed, clearly LcZðCÞ. Moreover F � cC

by Lemma 2.11. Therefore F �ðC=LÞ ¼ F �=L by [16, Chapter X, (13.6)]. Hence the
hypothesis is still true for ðG=L;C=LÞ, so C=LcZFðG=LÞ by the choice of ðG;EÞ.
Since LcF cF � cZFðGÞ, it follows that CcZFðGÞ. On the other hand, it fol-
lows from the G-isomorphism E=CFCGðLÞE=CGðLÞ and [10, Chapter IV, Proposi-
tion 1.5] that E=CcZFðG=CÞ. Thus EcZFðGÞ, a contradiction. Hence F ¼ 1, so
in view of [16, Chapter X, (13.6)], F � ¼ N1 �N2 � � � � �Nt, where Ni is a minimal
normal subgroup of G. Therefore CGðF �Þ ¼ CGðN1ÞVCGðN2ÞV � � �VCGðNtÞ. But
G=CGðNiÞ A F for i ¼ 1; 2; . . . ; t and hence G=CGðF �Þ A F. On the other hand, by
[16, Chapter X, (13.12)] we have CGðF �ÞVEcF ¼ 1. Therefore from the G-
isomorphism ECGðF �Þ=CGðF �ÞFE=ðCGðF �ÞVEÞ we deduce that EcZFðGÞ.
This contradiction completes the proof. r
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