J. Group Theory 13 (2010), 841-850 Journal of Group Theory
DOI 10.1515/JGT.2010.027 © de Gruyter 2010

On two questions of L. A. Shemetkov concerning
hypercyclically embedded subgroups of finite groups

Alexander N. Skiba
(Communicated by E. I. Khukhro)

Abstract. Let G be a finite group. A subgroup A of G is said te _be S-quasinormal in G if
AP = PA for all Sylow subgroups P of G. The symbol H,;denotes the subgroup generated
by all those subgroups of H which are S-quasinormal in, G."A subgroup H is said to be
S-supplemented in G if G has a subgroup 7 such that TNH < Hyg and HT = G; see [24].

Theorem A. Let E be a normal subgroup of a finite group G. Suppose that for every non-cyclic
Sylow subgroup P of E, either all maximal subgroups\of P or all cyclic subgroups of P of prime
order and order 4 are S-supplemented in G. Then each G-chief factor below E is cyclic.

Theorem B. Let # be any formation and\G a finite group. If E <1 G and F*(E) < Z7(G), then

These theorems give positive answers to two questions of Shemetkov and strengthen results
of various authors.

1 Introduction

Throughout, this paper, all groups considered are finite.

An interesting question in finite group theory is to determine the influence of the
embedding properties of members of some distinguished families of subgroups on the
structure of the group. The present paper adds some results to this line of research.

Reeall that a subgroup A4 of a group G is said to be S-quasinormal, S-permutable,
orvt(G)-permutable in G (Kegel [17]) if AP = PA for all Sylow subgroups P of G;
the subgroup 4 is said to be c-normal in G (Wang [26]) if G has a normal subgroup
T such that AT = G and ANT < Ag; and A is said to be c-supplemented in G
(Ballester-Bolinches, Wang and Guo [7]) if G has a subgroup T such that AT = G
and ANT < Ag, where Ag is the largest normal subgroup of G contained in A.
Buckley [8] obtained a description of nilpotent groups of odd order all of whose sub-
groups of prime order are normal. As a consequence, he also proved that a group of
odd order is supersoluble if all subgroups of prime order are normal. Applying the
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description of minimal non-supersoluble groups due to Huppert [15] and Doerk [9],
we can go further and prove that a group is supersoluble if all cyclic subgroups of
prime order and order 4 are normal. Later, Srinivasan [25] proved that a group G is
supersoluble if every maximal subgroup of every Sylow subgroup of G is normal in
G. These results have been developed in various directions, especially in the frame-
work of formation theory.

Recall that a formation % is a class of groups which is closed under taking homo-
morphic images and such that each group G has a smallest normal subgroup®(de-
noted by G”) whose quotient is in #. A formation .Z is said to be saturated if
G € 7 for any group G with G/®(G) € 7. If F is a saturated formation.containing
all supersoluble groups and G is a group with a normal subgroup E, then the follow-
ing results are true.

(1) If G/E e Z and the cyclic subgroups of E of prime order and order 4 are
either all S-quasinormal (Ballester-Bolinches and Pedraza-Aguilera [5], Asaad
and Csorgd [2]), or all c-normal (Ballester-Bolinchéstand Wang [6]), or all c-
supplemented (Ballester-Bolinches, Wang and Guo,[7], Wang and Li [28]) in G,
then G € 7.

(2) If G/E € # and the cyclic subgroups of every Sylow subgroup of F*(E) of prime
order and order 4 are either all S-quasinermal (Li and Wang [18]), or all c-
normal (Wei, Wang and Li [31]), opall'ezsupplemented (Wang, Wei and Li [29],
Wei, Wang and Li [32]) in G, thenG &.7.

(3) If G/E € # and the maximal-subgroups of every Sylow subgroup of E are either
all S-quasinormal (Asaad-[l]) or all c-normal (Wei [30]) or all c-supplemented
(Ballester-Bolinches and Guo [4]) in G, then G € Z.

(4) If G/E € # and théumaximal subgroups of every Sylow subgroup of F*(E) are
either all S-quasinormal (Li and Wang [19]), or all c-normal (Wei, Wang and Li
[31]), or all c-supplemented (Wei, Wang and Li [29]) in G, then G € Z.

In these results F*(E) denotes the generalized Fitting subgroup of E, that is, the
product of“all normal quasinilpotent subgroups of E; see [16, Chapter X].

Bearing in mind the above results L. A. Shemetkov asked in 2004 at the Gomel
Algebraic'Seminar the following two questions:

(I) Can the above-mentioned results be strengthened to assert that every G-chief
factor below E is cyclic?

(II) Does the conclusion that G-chief factors below E are cyclic still hold if we omit
the hypothesis that G/E € 77?

A partial solution of these problems was obtained in [23, Theorem 1.4]. Our main
purpose here is to answer these questions completely.

We shall use the notion of S-quasinormal embedding introduced in [24]: a sub-
group H of a group G is said to be S-supplemented in G if G has a subgroup T
such that G = HT and TN H < Hy;, where Hy; is the subgroup generated by all
subgroups of H which are S-quasinormal in G.
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We prove:

Theorem A. Let E be a normal subgroup of a group G. Suppose that for every non-
cyclic Sylow subgroup P of E, either all maximal subgroups of P or all cyclic subgroups
of P of prime order and order 4 are S-supplemented in G. Then each G-chief factor
below E is cyclic.

Theorem B. Let F be any formation and G a group. If E<1 G and F*(E) < Zz(G);
then E < Z7(G).

Here Z7#(G) denotes the product of all normal subgroups N of G ‘such that
H/K % (G/Cg(H/K)) € # for each G-chief factor H/K of N; see [10, p. 389].

Corollary 1.1. Let E be a normal subgroup of a group G. If every~G-chief factor below
F*(E) is cyclic, then every G-chief factor below E is cyclic.

It is rather clear that if & is a saturated formation’containing all supersoluble
groups and G is a group with a cyclic normal subgroup E such that G/E € &, then
G € . Hence Theorem A and Corollary 1.1 allow us’to give affirmative answers to
Questions I and II. Finally, in view of Corollary. .1, Theorem A not only generalizes
the results in [1], [2], [4]-[8], [18], [19], [25]-[32] mentioned above but also gives
shorter proofs of many of them.

2\, Preliminaries

We write % to denote the (class of all supersoluble groups. The symbol «/(p — 1)
denotes the formation of all\abelian groups of exponent dividing p — 1; see [22].

The following lemma s well known (see, for example, [33, Chapter I, Theorem
1.4]).

Lemma 2.1.. Let, p be a prime, and H/K a p-chief factor of a group G. Then
|H/K| = pifand only if G/Ce(H/K) € o/(p — 1).

Lemma“22. Let E be a normal p-subgroup of a group G. If E < Zy(G), then
(6/€6(E) """ < 0,(G/Ca(E)).

Proof. Let 1 =Ey<E; < ---<E,=FE be a chief series of G below E. Let
Ci = CG(E;/E;-1) and C=CiNCyN---NC,. Then Cg(E) < C and by [12, Corol-
lary 5.3.3], C/Cg(E) is a p-group. On the other hand, since |E;/E;_i| = p, we have
G/Ce o/ (p—1). Hence (G/C4(E))”"™Y < 0,(G/C6(E)). O

Recall that the product .## of the formations .# and # is the class (G| G* € .).
It is well known that the product of any two formations is also a formation.
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Lemma 2.3 ([13, Lemma 3.1]). Let & = N, A, where K is some formation of nilpo-
tent groups and N, is the class of all p-groups for some prime p. Suppose that G = AB,
where A, B are normal in G. If A,Be F and (|G : A|,|G: B|) =1, then Ge F.

Lemma 2.4. Let A, B, E be normal subgroups of a group G. Suppose that G = AB. If.
E<Zy(A)NZy(B) and (|G : A|,|G: B|) =1, then E < Zy4(G).

Proof. Assume that (G, E) is a counter-example with |G| |E| minimal. ThenpE 1.
Let L be a minimal normal subgroup of G contained in E. Since Zy(A)Nis solu-
ble, L is a p-group for some prime p. Let C = C¢(L), C; = CN A4, C; = €N B. Since
E < Zy(A), Lemma 2.2 implies that 4 has a normal subgroup ¥ such that C; < 7,
V1/Cy is a p-group and A/ V| € o/(p — 1). Similarly, B has a normal Subgroup V>
such that C, < V3, V2/Cy is a p-group and B/V, € o/ (p — 1). SineevCA/C ~ A/ Cy,
CB/C ~ B/Cy and (|G : A],|G : B|) = 1, it follows that G/C € »#(p — 1) by Lemma
2.3 and [33, Appendices, Corollary 6.4]. Hence |L| = p bydemma 2.1. It is clear also
that the hypothesis is still true for G/L. Thus E/L < Zy(G/L) = Z4(G)/L by the
choice of (G, E). Therefore E < Z4(G). This contradiction completes the proof. [

Lemma 2.5 (11, Theorem 2.4|). Let P be a pzgroup. and o. a p’-automorphism of P.
(1) If [a,Q2(P)] = 1, then o = 1.
(2) If o, Q1(P)] = 1 and either p is odd or-P is abelian, then o = 1.

Lemma 2.6. Let F be a saturated formation containing all nilpotent groups and let
G be a group with soluble F-residual) P = G”. Suppose that every maximal subgroup
of G not containing P belongs'to %. Then P is a p-group for some prime p. In addition,
if all cyclic subgroups ofi P.of prime order and order 4 are S-supplemented in G, then
|P/®(P)| = p. In particiar, p is not the smallest prime dividing |G|.

Proof. See the proof’of 24, Lemma 2.12]. [

Lemma 2.7,([2,"Lemma 4]). Let P be a p-subgroup of a group G, where p > 2. Suppose
that all subgroups of P of order p are S-quasinormal in G. If a is a p'-element of
NG(PA\Cg(P), then a induces in P a fixed-point free automorphism.

Lemma 2.8 ([17]). Let G be a group and H < K < G.
(1) If H is S-quasinormal in G, then H is S-quasinormal in K.
(2) Suppose that H is normal in G. Then K/H is S-quasinormal in G/H if and only
if K is S-quasinormal in G.
(3) If H is S-quasinormal in G, then H is subnormal in G.
(4) If A and B are S-quasinormal subgroups of G, then so is AN B.

The following observation is well known (see, for example, [20, Lemma A]).

Lemma 2.9. If H is S-quasinormal in G and H is a p-group for some prime p, then
07(G) < Ng(H).
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Lemma 2.10. Let P be a Sylow p-subgroup of a group G and E a normal subgroup of
P. Then EsG = EG.

Proof. By Lemma 2.9 we have O”(G) < Ng(E,z). On the other hand, for any
x € P we have (Ei)" < E. Moreover (Ey,g)" is S-quasinormal in G since Eyg is
S-quasinormal in G. Hence (E;g)* = Ejg, s0 Ey is normal in G. [

The following lemma is a corollary of Shemetkov’s general results on radicals (see
[21], [22, Theorem 15.11]). For the reader’s convenience, we give a direct proof.

Lemma 2.11. F*(G) < Cg(H/K) for any abelian chief factor H /K of thé group G.

Proof. By the Jordan—Holder theorem, we may suppose that H <\E(G). Then by
[33, Appendices, Theorem 2.5], we have F(G) < Cg(H/K)..On the other hand,
F*(G) = E(G)F(G) and [E(G),F(G)] =1, where E(G) is the layer of G; see [16,
p. 128]. Hence F*(G) < Cq(H/K). O

3 Proofs of TheoremsA. and B

Proof of Theorem A. Suppose that the theorem is false and consider a counter-
example (G, E) for which |G||E| is minimal: Let P be a Sylow p-subgroup of E,
where p is the smallest prime dividing+}E} and C = Cg(P). If P is not a non-abelian
2-group we use Q to denote the subgroup’Q; (P). Otherwise, Q = Q, (P).

(1) If X is a Hall subgroup of E, the hypothesis is still true for (X, X). If, in addition,
X is normal in G, then the hypothesis also holds for (G, X ) and for (G/X,E/X).
This follows directly from [24, Lemma 2.10].

(2) If X is a non-identity normal Hall subgroup of E, then X = E.

Since X is a characteristic subgroup of E, it is normal in G and by (1) the hypoth-
esis is still true“for (G/X,E/X) and for (G, X). If X # E, the minimal choice of
(G, E) implies that E/X < Z4(G/X) and X < Z4(G). Hence E < Z4(G), a contra-
diction.

(3). If E % P, then E is not p-nilpotent.
Indeed, if E is p-nilpotent, then by (2), p does not divide | E|, contrary to the choice
of p.

(4) P is not cyclic.
This follows from (3) and [12, Theorem 7.6.1].

(5) If E # P, then every maximal subgroup of P is S-supplemented in G.

Suppose that this is false. Then for all x € G all cyclic subgroups of P* of prime
order and order 4 are S-supplemented in G. By (3), E is not p-nilpotent, so it
has a p-closed Schmidt subgroup by [14, Chapter IV, Satz 5.4], which in view of
[24, Lemma 2.10] contradicts Lemma 2.6.
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(6) If E = G, then Pg # 1.

Suppose that E = G and Pg = 1. Then by [24, Lemma 2.5(6)] and Lemma 2.8(3),
we have Pz = 1. Hence by (5) every maximal subgroup of P has a complement 7 in
G. Since for a Sylow p-subgroup T, of T we have |T,| = p, the hypothesis is true for
(T, T). Therefore T is supersoluble, and so by [24, Lemma 2.2], G is g-closed, where
q is the largest prime divisor of |G|. But this contradicts (2).

(7) E#QG.

Suppose that E = G. Then Pg # 1 by (6). Moreover E # P. Hence by (5) and [24,
Lemma 2.10] the hypothesis holds for G/N for every minimal normal subgroup N
of G contained in P. Therefore G/N is supersoluble by the choice of (G E). Thus
N &£ ®(G) and N is the only minimal normal subgroup of G contained.in P. Let M
be a maximal subgroup of G such that G =N X M.

For every maximal subgroup A of P containing N we have AM = G,so M ~ G/N
is a supersoluble supplement of 4 in G. Thus by (2) and [24, Lemma 2.2] some max-
imal subgroup V' of P neither contains N nor has a supersoluble supplement in G.
Let L = Vy; and let T be a subgroup of G such that\}VT = G and TNV < L. By
Lemma 2.10, L = V. Suppose that L = 1. Then T is supersoluble (see the proof of
(6)), contrary to the choice of V. Thus L # 1,60 N < L < V. This contradiction
completes the proof of (7).

(8) E = P is not a minimal normal subgroup of G.

Suppose that E # P. By (1) the hypothesis holds for (E, E), so E is supersoluble by
(7) and the choice of (G, E). Hence,a Hall p’-subgroup H of E is normal in E and
H # E, which contradicts (2). Therefore £ = P. Suppose that P is a minimal normal
subgroup of G. Suppose also that some proper subgroup V' # 1 of P has a proper
supplement 7" in G. Thene? =W (PNT),1# PNT # P and PN T <1 G, which con-
tradicts the minimality, of P."Hence either every minimal subgroup or every maximal
subgroup of P is S-quasinormal in G, which in view of [24, Lemma 2.11] contradicts
the minimality of P,

(9) Every cyclicisubgroup of P of prime order and order 4 is S-supplemented in G.

Suppose” that this is false. By hypothesis every maximal subgroup of P is S-
supplemented in G. Hence by [24, Lemma 2.10] the hypothesis holds for G/N for
any minimal normal subgroup N of G contained in P, so P/N < Z4(G/N) by the
choice ‘of (G, E) = (G, P). Therefore N is the only minimal normal subgroup of G
eontained in P and |N| > p.

We show that ®(P) # 1. Indeed, suppose that ®(P) = 1. Then P is an elementary
abelian p-group. Let N} be any maximal subgroup of N. We show that N; is S-
quasinormal in G. Let B be a complement of N in P and V' = N;B. Then V is S-
supplemented in G. Let T be a subgroup of G such that G =TV and TNV < V.
If T = G, then V = Vs is S-quasinormal in G' and hence the subgroup

VAN =V,cNN=NBNN=N;(BNN)=N,
is S-quasinormal in G by Lemma 2.8(4). Let T # G. Then 1 # T'N P < P. Since
G = PT and P is abelian, TN P is normal in G and hence N < TN P. Therefore
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N1 < T, which implies Ny < VN T < V. Obviously NNV = Ny, so NN Vg = Ny
is S-quasinormal in G. Therefore every maximal subgroup of N is S-quasinormal
in G. Hence some maximal subgroup of N is normal in G by [24, Lemma 2.11], a
contradiction. Therefore ®(P) # 1.

Since P/N < Z4#(G/N) we have P/®(P) < Zy4(G/®(P)). Therefore by Lemma
2.2, (G/C(P/®(P)))??™V is a p-group. Hence (G/C)”""V is a p-group by [12,
Theorem 5.1.4]. Thus G/Cg(N) € o/(p — 1) since 0,(G/Cg(N)) =1 by [33, Appen-
dices, Corollary 6.4]. Therefore |N| = p by Lemma 2.1, a contradiction.

(10) G has a normal subgroup 1 # R < P such that P/R is a non-cyclic chief’ fae-
tor of G, R < Zyx(G) and V < R for any normal subgroup V # Pgof"\Gcon-
tained in P.

Let P/R be a chief factor of G. Then R # 1 by (8). Moreover~by\(9) the hy-
pothesis holds for (G, R), so R < Zy(G) and P/R is not cyclic by _the choice of
(G,P) = (G,E). Now let ¥V be any normal subgroup of G.with V < P. Then
V < Zy(G). If V£ R, then from the G-isomorphism P/R<WR/R~ V/(VNR)
we deduce that P < Z4(G), contrary to the choice of (G, R, Hence V' < R.

(11) P < O7(G).
Suppose that P £ O?(G). Then in view of the Gfisomorphism

0’(G)P/0"(G) ~ B/(OXG)N P),

G has a cyclic chief factor of the form P/V, where O”(G) N P < V, which contradicts
(10).

(12) G has no normal maximal subgroup M such that |G : M| = p and MP = G.
Otherwise, from the G-isomorphism G/M ~ P/(M N P) we deduce that P/(M N P)
is a cyclic chief factor of G,leontrary to (10).

(13) If L is a cyclicésubgroup of P and either |L| is a prime or |L| =4, then L is
S-quasinormal’in'G.

Suppose that L is.not S-quasinormal in G. Then by (9), G has a subgroup T
such that LT & Gand LNT < Ly # L. Therefore T # G and either |G : T| = p or
LNT =1,and||G: T| =4. Obviously T < Ng(PNT), so in view of (12), we have
PNT <.G.But P=PNLT =L(PNT) and P/(PNT)~L/(LNPNT), so G has
a cyclic chief factor of the form P/R. This contradicts (10) and completes the proof
of (13):

(14) If OF(G) = G, then Q < Zy4(G).

In view of (10) we may suppose that Q = P. Therefore for some cyclic subgroup L
of P of prime order or order 4 we have L £ R. But from O?(G) = G, Claim (13) and
Lemma 2.9 we deduce that L < G, so L < R by (10). This contradiction shows that
Q< Zu]/(G)

(15) There is a prime q # p such that q divides |G : C]|.
Otherwise, any G,-chief factor of P, where G, is a Sylow p-subgroup of G, is a
chief factor of G, which implies P < Z4(G).
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(16) Cs(Q)/C is a p-group.
This follows from Lemma 2.5.

(17) There is a prime q # p such that 01(G) # G.

Assume that O%(G) = G for all primes ¢ # p. Then for every G-chief factors H/K
of order p we have C¢(H/K) = G. In particular, for a minimal normal subgroup, L
of G contained in R we have L < Z(G).

If Q < P then Q < R < Zy4(G) by (10). Hence Q < Z,,(G) and by [12, Caorollary
5.3.3], G/Cs(Q) is a p-group. Therefore by (16), G/C is a p-group, which.eontradicts
(15).

Hence Q = P. Thus P/R = (V1R/R)(VaR/R)...(V:R/R), where V; is a cyclic
group of order p or order 4 and V;R/R is a cyclic group of ordéc'p..By (13), V; is
S-quasinormal in G, so if Q is a Sylow subgroup of G, then Vj is subnormal in V;Q
by Lemma 2.8 (3). Suppose that p = 2. Then V;Q is nilpotent, so @ < Cg(V;). There-
fore O?(G) < Cg(P/V), which implies that Cg(P/V) =G, a contradiction. Thus
p > 2. But in this case G/C is a p-group by Lemma 2.7 and (13), which contradicts
(15). Hence we have (17).

(18) 0r(G) =G.

By (11), P < O?(G). Hence the hypothesis ‘*holds for (O”(G), P). Suppose that
O?(G) # G. Then P < Z4(0?(G)) by the choice of (G, P). On the other hand, there
is a prime ¢ # p such that O%(G) # G, which implies that P < Z;(0%(G)). Hence
P < Z4(G) by Lemma 2.4, a contradiction.

The final contradiction. By, (14) and (18), Q < Z4(G). Hence by Lemma 2.2,
(G/C(R))“"~V is a p-group. Thus G/Cs(P/R) € o/ (p — 1) by (16), so |P/R| = p.
This contradiction completes the proof of Theorem A. []

Proof of Theotem "B. Suppose that the theorem is false and consider a counter-
example (G{E)for which |G| |E| is minimal.

Let F*{= F¥(E) and F = F(E). First suppose that F # 1. Let L be a minimal
normal subgroup of G contained in F and C = Cg(L) N E. We shall show that the
hypothesis is still true for (G/L, C/L). Indeed, clearly L < Z(C). Moreover F* < C
by Lemma 2.11. Therefore F*(C/L) = F*/L by [16, Chapter X, (13.6)]. Hence the
hypothesis is still true for (G/L,C/L), so C/L < Z#(G/L) by the choice of (G, E).
Since L < F < F* < Z#(G), it follows that C < Z#(G). On the other hand, it fol-
lows from the G-isomorphism E/C ~ Cg(L)E/Cg(L) and [10, Chapter IV, Proposi-
tion 1.5] that E/C < Z#(G/C). Thus E < Z#(G), a contradiction. Hence F = 1, so
in view of [16, Chapter X, (13.6)], F* = N; X N3 x --- x N, where N; is a minimal
normal subgroup of G. Therefore Cg(F*) = Cq(N1)N Cg(N2)N---NCq(N;). But
G/Cg(N;)e 7 for i=1,2,...,t and hence G/Cg(F*) € Z. On the other hand, by
[16, Chapter X, (13.12)] we have Cg(F*)NE < F = 1. Therefore from the G-
isomorphism ECg(F*)/Cg(F*) ~ E/(Cc(F*)NE) we deduce that E < Z#(G).
This contradiction completes the proof. [J
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