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Finite groups with complemented subgroups of
prime orders

Victor S. Monakhov and Viktoryia N. Kniahina

Communicated by Robert M. Guralnick

Abstract. In this paper, we study finite groups with some complemented subgroups of
prime orders. We prove the p-supersolvability of a group with complemented subgroups
of order p, where p is the second smallest prime divisor of the group order.

1 Introduction

Let H be a subgroup of a group G. A subgroup K of G is a complement for H
inG ifG D HK andH\K D 1. In 1937, P. Hall [4] established that finite groups,
in which all subgroups are complemented, are exhausted by supersolvable groups
with elementary abelian Sylow subgroups. Later Gorchakov [5] showed that the
complementability of all subgroups is equivalent to the complementability of
prime order subgroups. Ballester-Bolinche and Guo [3] proved that a finite group
G is supersolvable if it contains a normal groupN such thatG=N is supersolvable
and all subgroups ofN of prime order are complemented inG. This subject matter
is still under development at present, e.g. see [2, 6, 12].

In this paper, we obtain a “p-local” analog of Gorchakov’s result [5], which
is used for describing groups with a lower number of complemented subgroups.
In particular, we prove the p-supersolvability of a group with complemented sub-
groups of order p, where p is the second smallest in ascending order prime divisor
of the group order.

2 Notation and preliminary results

We consider only finite groups. We use standard terminology and notation in finite
group theory which correspond to [8, 9].

Let � be a set of prime numbers. Denote by � 0 the complement to � in the set
of all prime numbers. The symbol � is also used to denote the function defined on
the set of positive integers as follows: �.a/ is the set of primes dividing a positive
integer a. For a group G, define �.G/ D �.jGj/. Cyclic and dihedral groups of
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order n are denoted by Zn and Dn respectively. An elementary abelian group of
order pm is denoted Epm . The notation G D ŒA�B stands for a semidirect product
of some subgroups A and B with the normal subgroup A. The Frattini and Fitting
subgroups of a group G are denoted by ˆ.G/ and F.G/ respectively, while An
and Sn stand for the alternating and symmetric groups of degree n respectively.
A group G is said to be A4-free if it does not have subgroups X and Y with the
following properties: Y is a normal subgroup of X and X=Y is isomorphic to A4.

Choose some set of primes � . If �.m/ � � , then a positive integer m is said
to be a �-number. A group G is called a �-group if �.G/ � � and a � 0-group if
�.G/ � � 0. A finite collection of normal subgroups Gi of a group G is a normal
series for G provided that

1 D G0 � G1 � G2 � � � � � Gm D G: (2.1)

The groups GiC1=Gi are called the quotient groups of the series (2.1).
Fix some set of prime numbers � . A group G is �-solvable if it has a nor-

mal series (2.1) where each factor is either a � 0-group or a solvable �-group.
If G is �-solvable, then the �-length of G, denoted by l�.G/, is the minimum
possible number of factors that are �-groups in any normal series of type (2.1)
forG. Since all �-factors of the series (2.1) for a �-solvable groupG are solvable,
every �-solvable group has a normal series where each �-factor is nilpotent. The
nilpotent �-length ln�.G/ of a �-solvable group G is defined as the least number
of nilpotent �-factors among all such normal series of G. For the case �.G/ � � ,
any �-solvable group G becomes solvable, and the nilpotent �-length ln�.G/

coincides with the nilpotent length n.G/. If each factor of the series (2.1) is either
a cyclic �-group or a � 0-group, then G is called a �-supersolvable group.

To prove the theorems we need the following lemmas.

Lemma 1. The following statements hold.

(1) Let A and H be subgroups of a group G with A � H . If A is complemented
in G, and all complements for A in H are complemented in G, then H is
complemented in G.

(2) Let H be a subgroup of a group G. If every prime order subgroup of H is
complemented in G, then H is complemented in G.

Proof. (1) Suppose that K complements A in G. We have

G D AK; A \K D 1; H D A.H \K/;

henceH\K is a complement forA inH . By hypothesis,G contains a subgroupL
such that

G D .H \K/L and H \K \ L D 1:
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We deduce that
jH.K \ L/j D jH jjK \ Lj

D jAjjH \KjjK \ Lj

D
jGj

jKj

jGj

jLj
jK \ Lj

D
jGj2

jKLj
� jGj:

Thus G D H.K \ L/, so K \ L complements H in G.
(2) Work by induction on jGj C jH j. Let A � H be a subgroup of prime order.

By hypothesis, H has a subgroup B such that G D AB and A \ B D 1. By
Dedekind’s identity, H D A.H \ B/. If H \ B D 1, then H D A, and so H is
complemented in G. Now let H \ B ¤ 1. By assumption, every prime order sub-
group of H \ B is complemented in G. Since jGj C jH \ Bj < jGj C jH j, we
can apply the inductive hypothesis to H \ B , so H \ B is complemented in G.
Now assertion (1) of the lemma implies that H is complemented in G. Thus the
lemma is proved.

Lemma 2. Let G be a group, p 2 �.G/. Suppose that every subgroup of G of
order p is complemented in G. Then:

(1) If H is a subgroup of G, then every subgroup of H of order p is comple-
mented in H ; in particular, a Sylow p-subgroup of G is elementary abelian
and complemented in G.

(2) If N is a normal p0-subgroup of G, then every subgroup of G=N of order p is
complemented in G=N .

(3) If N is a normal subgroup of G and N � ˆ.G/, then every subgroup of G=N
of order p is complemented in G=N .

(4) If N is a normal subgroup of G and G is p-solvable, then every subgroup of
G=N of order p is complemented in G=N .

Proof. It is clear that only the proofs for (3) and (4) are required.
(3) All nonidentity subgroups ofˆ.G/ are not complemented in G. Soˆ.G/ is

a p0-subgroup. Then (3) follows from (2).
(4) It suffices to prove this claim in the case when N is a minimal normal sub-

group of G. By (2), we can assume that N is an elementary abelian p-subgroup.
Since N 6� ˆ.G/, it follows that G contains a maximal subgroup M such that
G D ŒN �M . By (1), every subgroup of M of order p is complemented. Since
M Š G=N , this is (4). The proof of the lemma is complete.
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Lemma 3. Suppose that a simple group G is the product of a biprimary sub-
group A with a p-subgroup B for some prime p. Then G is isomorphic to one
of the following groups:

(1) PSL.2; 5/ D A4Z5,

(2) PSL.2; 7/ D S4Z7 D .ŒZ7�Z3/D8,

(3) SL.2; 8/ D .ŒE23 �Z7/Z9,

(4) PSL.3; 3/ D AZ13, jAj D 24 � 33.

Proof. This lemma follows from Guralnick’s theorem ([7], [10, Theorem 2]).

3 Main results

Theorem 1. The following statements hold.

(1) Let G be a group, p 2 �.G/. Every subgroup of order p is complemented
in a p-solvable group G if and only if G is a p-supersolvable group with
elementary abelian Sylow p-subgroups.

(2) Let G be a group, p 2 �.G/. Suppose that every subgroup of order p is
complemented in G. If G is not p-solvable, then nonabelian composition
pd -factors are isomorphic to one of the following groups:

(a) PSL.2; 7/, and p D 7,

(b) PSL.2; 11/, and p D 11,

(c) PSL.2; 2t /, and p D 2t C 1 > 3 is a Fermat prime, M11, and p D 11,

(d) M23, and p D 23,

(e) Ap, and p � 5,

(f) PSL.n; q/, n � 3 is prime, .n; q � 1/ D 1, and p D .qn � 1/=.q � 1/.

(3) Let G be a group with �.G/ D ¹p1; p2; : : : ; pnº, p1 < p2 < � � � < pn. Fix
p 2 ¹p1; p2º. Every subgroup of order p is complemented in G if and only if
G is p-supersolvable and every Sylow p-subgroup ofG is elementary abelian.

Proof. (1) By Lemma 2 (1), every Sylow p-subgroup of G is elementary abelian
and complemented inG. Let us verify thatG is p-supersolvable. We use induction
on the order of G. By Lemma 2 (4), the conditions of the theorem hold for all
quotient groups, so we may assume that

Op0.G/ D ˆ.G/ D 1; N D F.G/ D Op.G/ D CG.F.G//;
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and that N is a minimal normal subgroup of G. It follows that G has a maximal
subgroup M with G D ŒN �M . Let X be a subgroup of N of prime order p. By
the hypotheses of the theorem, there is a subgroup Y of G such that G D XY and
Y \X D 1. The subgroup N1 D N \ Y is normal in Y and centralized by X .
Hence N1 is normal in G. But N is a minimal normal subgroup of G. Therefore,
N1 D 1, N has prime order p, so G is p-supersolvable. Thus necessity is proved.

We now prove sufficiency. Let G be a p-supersolvable group with elemen-
tary abelian Sylow p-subgroups. Fix an arbitrary subgroup A of prime order p.
Suppose that there exists a normal subgroup N ¤ 1 such that A is not contained
in N . Then A \N D 1 and by induction, the subgroup AN=N is complemented
in G=N . Suppose that B=N is a complement for AN=N in G=N . Then

G=N D .AN=N/B=N; AN=N \ B=N D N=N; G D .AN/B D AB;

andA \ B D 1 since jG W Bj D p. So we may assume that every normal subgroup
of the group G contains A. Since every minimal normal subgroup of a p-super-
solvable group either has order p or is a p0-subgroup, it follows that A is the only
minimal normal subgroup of G. But A is complemented in the Sylow p-subgroup
since the latter is elementary abelian. Gaschutz’s theorem [8, Theorem I.17.4]
implies that the subgroup A is complemented in G. Thus (1) of Theorem 1 is
established.

(2) By hypothesis, the group G is not p-solvable, so there is a nonabelian
composition pd -factor H=K. Lemma 2 (1) implies that in the subgroup H , all
subgroups of order p are complemented. Hence H=K has a subgroup of index p.
Thus, H=K is a simple nonabelian group and it has a subgroup of index p. Using
the classification of finite simple groups, the authors in [7] and [1, Corollary 5.3]
listed all simple groups with subgroups of prime power index. By choosing the
groups with a subgroup of prime index, we obtain the required list.

(3) By (1), it suffices to prove the p-solvability of G with complemented sub-
groups of order p. Applying Lemma 2 (1) and the inductive hypothesis, we infer
that all proper subgroups of G are p-solvable. Take a maximal subgroup M of G
and a minimal normal subgroup N of G. Suppose that N ¤ G. Then MN ¤ G
since the subgroup MN is p-solvable. Hence MN DM and N �M . Since M
is an arbitrarily selected subgroup, we have N � ˆ.G/. By Lemma 2 (3) and the
inductive hypothesis, the quotient group G=N is p-solvable. So the group G is
p-solvable. Hence, the assumption is false, N D G, so G is a simple group. Now
let P be a subgroup of prime order p, and let H be a complement for P in G.
Then jG W H j D p. If p D p1, then the subgroup H is normal in G. If p D p2,
then, by considering the representation of G on the cosets ofH , we deduce that G
has order pa1p2, so again G is not simple. Thus the theorem is proved.
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Example 1. For the third smallest prime divisor of the order of G the comple-
mentability of subgroups of order p does not imply the p-supersolvability of G.
The example is a simple group of order 60, all of whose subgroups of order 5 are
complemented.

Example 2. In the group G D A5 � A5, all subgroups of order 5 are comple-
mented.

Theorem 2. Let G be a group, r 2 �.G/, � D �.G/ n ¹rº. Suppose that every
subgroup of order p is complemented in G for each prime p 2 � . Then the fol-
lowing holds:

(1) G is solvable and �-supersolvable.

(2) l�.G/ � 1, ln�.G/ � 2, lr.G/ � 2, and n.G/ � 4.

Proof. (1) Let q 2 � be the smallest integer. By Theorem 1 (2), the group G is
q-supersolvable. Thus there is a q0-Hall subgroup H D Gq0 . By Lemma 1 (1), the
subgroup H inherits the hypothesis of the theorem. By induction the subgroup H
is solvable and �-supersolvable. Therefore, G is solvable and �-supersolvable.

(2) Let us verify that l�.G/ � 1. By induction and using [8, Theorems VI.6.4
and VI.6.9], we have

O� 0.G/ D ˆ.G/ D 1; N D F.G/ D CG.N / D Op.G/; p 2 �;

and N is the only minimal normal subgroup of G. Since G is �-supersolvable, it
implies that the subgroup N has prime order p. So G=N is a cyclic group of order
dividing p � 1, and we conclude that l�.G/ � 1.

The group G has a normal series 1 � G1 � G2 � G such that G2=G1 is iso-
morphic to a �-Hall subgroup of G, while G1 and G=G2 are r-subgroups. So
lr.G/ � 2. Since a �-Hall subgroup of G is a supersolvable subgroup with ele-
mentary abelian Sylow subgroups, it follows that n.G2=G1/ � 2 and ln�.G/ � 2.

The factors G1 and G=G2 of the normal series 1 � G1 � G2 � G are nilpo-
tent, whileG2=G1 is supersolvable. Since the derived subgroup of a supersolvable
group is nilpotent, we have n.G/ � 4. Thus Theorem 2 is proved.

Theorem 3. Let G be a group, and let r; t 2 �.G/, � D �.G/ n ¹r; tº. Suppose
that every subgroup of order p is complemented in G for each prime p 2 � . Then
the following hold:

(1) If ¹r; tº ¤ ¹2; 3º, then G is solvable.

(2) If G is a nonsolvable group, then its nonabelian composition factors are iso-
morphic to one of the following groups: PSL.2; 5/, PSL.2; 7/, PSL.3; 3/.

(3) If G is A4-free, then G is solvable.
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Proof. (1) If r D t , then the group G is solvable by Theorem 2. If 2 2 � , then the
group G is solvable by Theorem 1. Therefore, we can assume that r D 2, t > 2.
Suppose that G is a nonsolvable group. By induction on jGj, we see that every
proper subgroup of G is solvable. So G=ˆ.G/ is a simple group. Lemma 1 (3)
implies that the quotient group G=ˆ.G/ satisfies the hypothesis of the theorem,
thus we obtain ˆ.G/ D 1, so G is a simple group isomorphic by Thompson’s
theorem [8, Theorem II.7.5] to one of the groups Sz.2p/, PSL.2; p/, PSL.2; 2p/,
PSL.2; 3p/, PSL.3; 3/ for some prime p. By [11, Theorem 1.3], the group Sz.2p/
cannot be a product of two of its own subgroups, so it is excluded. The orders of the
other groups are divisible by 3. If 3 2 � , then G is not simple by Theorem 1 (2),
a contradiction. Thus, 3 2 ¹r; tº, and ¹r; tº D ¹2; 3º. However, this is impossible
by the hypothesis of the theorem.

(2) By assumption, the group G is nonsolvable, so G has some simple nonabel-
ian composition factor H=K. By Lemma 2 (1), in the nonsolvable subgroup H ,
all subgroups of order p are complemented for each prime p 2 � \ �.H/. If the
set ¹r; tº is not contained in �.H/, then j�.H/ \ ¹r; tºj � 1, Theorem 1 applies
to H , and we conclude that H is solvable; this is a contradiction. Thus ¹r; tº is
contained in �.H/ and ¹r; tº D ¹2; 3º by claim 1. Since H is nonsolvable, we
have j�.H/j � 3, and j� \ �.H/j � 1. So H contains a subgroup of index p
for each prime p 2 � \ �.H/, and thus H=K also has a subgroup of index p.
Therefore, the group H=K is simple nonabelian, and it has a subgroup of index p
for every p 2 � \ �.H=K/. Since a simple group cannot contain two subgroups
of distinct prime indices, we have � \ �.H=K/ D ¹pº. Lemma 1 (2) implies that
any Sylow p-subgroup of H=K is complemented in H=K, and by Lemma 3, we
have H=K 2 ¹PSL.2; 5/;PSL.2; 7/;PSL.3; 3/º.

(3) If G is nonsolvable, then by (2) of the theorem there is a factor isomor-
phic to PSL.2; 5/, PSL.2; 7/ or PSL.3; 3/. But these groups contain a subgroup
isomorphic to A4, a contradiction. Thus Theorem 3 is proved.

Example 3. In G D PSL.2; 5/ � PSL.2; 7/ � PSL.3; 3/, all subgroups of order p
are complemented for each prime p 2 ¹5; 7; 13º, and �.G/ D ¹2; 3; 5; 7; 13º.
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