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3AMEYAHUA O PAHTE KOHEYHOW
PA3PELLINMOW TPYMMbI
JI. Uxkan, B. I'o, A. H. Ckuba

Ansoranus. Ilycrs G — xoneunas rpynna u o = {0;|¢ € [} — Hexoropoe pasbuenne
MHOXKecTBa IpocTeix dnces P. Torma G HasbiBaeTcsa o-nuavnomenmmol, ecid G = A X
<+ X A, roe A; — 0;;~TPYIila Jylsl HEKOTOPOTo i; = i, (A;). Muoxectso J¢ mOmIpyIII
u3 G Ha3BIBAETCH NOAHBLM TOAAOGHIM O -MHOHCECTNEoM B G, eCiii KaxKApli dieH 7# 1 u3
JE sBngercsa XoJoBoit o;-moarpynmoit B G aisa Hekoroporo i € ImJ% comepxur B
TOYHOCTH OZHY XOJIJIOBY 0;-HOArpyny u3 G jjist KaskKJoro Takoro i, 4xe o; N (G) # 2.
Ioarpynna A uz G Ha3BIBAETCH 0-KGA3UHOPMAALHOT WU o-nepecmanosounot [1] B G,
ecim G COMEPYKUT TaKoe TOJTHOE XOJIJIOBO O-MHOXKecTBO 7¢, aro AH® = H® A nns Bcex
H € A u Besxkoro z € G. Cumson 7(G) (coorsercTBerHo 7'p(G)) obosHauaeT pame
(coorBercrBenHO p-pane) G.

[Iycts #% — mnosmoe XoIoBO o-MHOXKecTBO 13 &. Ylokaszano, uro: (i) ecimn G
paspemmma, r(H) < r € N qya scex H € J€ Wkaskknasd n-MakcuMasbHas HOJTPYIIIa
u3 G (n > 1) o-kBasunopMmasibHa B G, 10 7(G) <\n' r — 2; (ii) ecam KaxKAbliA wiieH U3
J€ paspemuM U KazKasl n-MUHAMAaJbHas foArpyma n3 G o-KBasumHOpMasbHa B G, TO
G paspemmuma u 7p(G) < n+ rp(H) — Lys Beex H € F7 u nevernwvix p € w(H).

DOI10.17377/smzh.2017.58.519

Kuaro4geBble cjioBa: KoHedHasyTPYIITA, p-PAHT pa3PENINMOil IPYIIIbI, 0-KBA3SHHOPMAaJIb-
Hagd MOArpyIIa, N-MakKCuMaJibHas MOATPyIIa, N-MUHUMaJIbHAadA IOATPyIIIa.

1. BBegenue

Bee pacCMaTpuBaeMbI€ B pa60Te I'PYIIIbI KOHEYHBI, CUMBOJI G obosHavgaeT Ko-

HEYHYI TPyIufy,) P\-— MHOXKeCTBO BCex npocThix umced, u o = {o; | ¢ € I} —
HeKOTOpoe pasduemnne MHOokecTBa P, T. e. P = |J 0; u 0, N0; = & nua Beex @ # j.
i€l

Ipynua G nasbiBaerca [1| o-npumapnoti, eciu G — o;-rpynna jijisi HEKOTOPOTO i 0 -
HuaBnomermmol, ecim G = Ay X --- X A, rtne A; — o-upuMapHasi I'PyIIIa JJisi BCeX

1=\, ..,7r; o-paspewumoti, €Cin KaxKIbIil TyIaBHLIN hakTop u3 (G o-IIPUMAPHLIIA.
IIycts 1 = Gog < Gy < -+ < Gr_1 < Gy = G — Mmaxcumanrvhai yens, T. €.
)
Gy 1 — MakcuMasibHag noarpynma B Gy g Bcex ¢ = 1,...,7. Ecm n < r, To

wien G, naszbiBaercd (r — n)-makcumarvhol nodepynnot B G; ecou n > 0, 10
(G, Ha3BIBAETCH M-MUHUMAALHOU nodepynnot B G. 1-MakcumasibHasi TOArPyIIIa
HA3BIBACTCS MAKCUMAALHOT nodepynnot, 1-MUHUMAJIbHAS TOATPYIIIa HA3BIBAETCS
MUHUMAALHOT nodepynnot 6 G.

Ecan G paspermmma, To pane G (obo3nadaercs cumsosioM r(G)) — 310 Han-
GosbIree Tesoe uncao k Taxkoe, uTo G COMEPIKUT TJIABHLIN bakTop nopamka pF s
HEKOTOPOI'o MPOCTOro 4ucia p; ecian G p-paspemmma, 10 p-pane G (oboznavaercs
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cuMBoJIoM 75, (G)) — 910 HamboJIbIIee TesI0e IUCIo k Takoe, 9T0 G CONEPIKUT IVIaB-
HBI (bakTOp Hopsiika pF (em. [2, VI, onpenesnenne 5.2]).

Xynmepr ycraroBUI [3], 9TO ecam Kaxkaasi 2-MaKcuMaJsbHas moiarpynna u3 G
HopMmasbHa B GG, To G cBepxpasperninma; eciu Kaxaas 3-MakCuMaJbHash TOrPyIIna
u3 G nopmasibia B G, To G — paspemmMasi Ipyiiia, paar Koropoi r(G) He npeBbi-
mraer AByX. IlepBbiii u3 aTUX pe3ynbraros ObL1 0600men Arpasasem [4] (cMm. Takxke
teopeMy 6.5 B [5, mur. 1]|): ecim kaxgas 2-maxcumasesHast nogrpymmna L nz G S#
kBasuopmasibHa B G (1. e. LP = PL st Beex cusockux noarpynn P us G_[6y
7]), To G cBepxpaspemuma. B MHOXKeCTBe BCeX pa3peruMbIX TPYIII OTMEUEHHBIE Hax
6unoienns Xymepra 1 HEeKOTOPBIE [OXOXKUE Pe3YJILTATH U3 [8] mpeacraBigior ceboftt
JacTHBIE CJlydan ciemyomiero obmero pesyibrara (Manu [9]): ecin G.paspenmma
" Kaxkjas n-MakcuMaJgibHast noqrpynna L uz G (n > 1) xBasurOpMagbHa)(T. e. L
IlepecTaHOBOYHA €O BeeMu moarpynnamu u3 G), ro r(G) <n — 1.

Beuay mocsieHero OTMEYEHHOTO BBIIIE PE3YJIbTaTa €CTECTBEOH, CJICIYIONUil Bo-
poC: 9YTO MOXKHO CKa3aTh O paHre paspernmumoii rpymnmsr G BN\c/Iydae, Korjga n-
MaKcHMaJIbHbIe MOArpyNbl u3 G IepecTaAaHOBOYHBI CO BCEMH YUJIEHAMH HEKOTOPBIX
crienuaJabHbIX cucreM nogrpymr u3 G7

[Ipesk e 9eMm IpOoOIKUTH, HAIOMHAM HEKOTOPBIE OIPEICTICHNUS.

MuoxkecTBO S noarpymnn u3 G HA3BIBACTCINOMHLM TOALOBHIM T -MHONHCECTI-
som B G [10], ecin kaxkplii wieH # 1 u3 S aBufeTes XOI0BOMH 0;-IIOIrPy IOl B
G jist Hekoroporo ¢ € I u S coepKuUT B TOTHOCTH OJIHY XOJUIOBY 0;-TIOJTPYIIILY
u3 G s Kaxkoro tTakoro i, uro o; N7 (G) % @ [oarpynna A uz G HasbiBaercs o-
K68a3UHOPMaAbHOU WA O -nepecmanosounods G [1], eciu G cogepKuT Takoe HOJIHOEe
XOJLJIOBO 0-MHOXKeCTBO ., uro AH? = H* A nyna scex H € .77 un Beakoro x € G.

Teopema 1.1. Ilycrs G paspeniuva u KaxKjas n-MaKCHMaJbHAasl TMOATPYIIA
m3 G (n > 1) o-kBasunopmambaa B G. Ecom S — mosmHoe XoJmoBo o-MHOXKECTBO
w3 G ur(H) <reN msBeex He #, ror(G) <n-+r—2.

B cayuae, xorma gv= {{2},{3},...}, u3 reopemsr 1.1 momyuaem ciencrsue,
KOTOpOe 0000I1IaeT @ TMEUeHHbBII BhIlle pe3yabraT u3 [9)].

CaexnctBue 1.2. Tlycrs G pa3peninma u Kaxkgas N-MaKCHMAJIbHAS TOJTDYIIIA
m3 G (n > 1)(S-kBasunopmansaa B G. Torgar(G) <n — 1.

Ilpenmoxenne 1.3. Eciau Kaxkjgass 2-mMaxcuMaJjibHass mogrpynna uz G wim
Kaxkgas 3-MakcuMaJsibHas noarpynna u3 G o-kBazuHopMasbia B G, To G o-pa3pe-
A,

OTMeueHHBI BbIe pe3yabTarT paboThl [4] siBisieTcst ceacTBHEM NIpeJIoXKe-
"yt 1.3 u caencrBus 1.2.

Teopema 1.4. ITycts G cofep:KUT TaKoe MOJHOE XOJLJIOBO 0-MHOXKECTBO JE
4TO Kaxkablil wien u3 J paspemmnM. Ecin kaxkmas n-MUHEMAJIbHAS TOAIPYIIIA U3
G o-kBasunopmaiabHa B G, 10 G paspemmma u 17,(G) < n+ rp(H) — 1 a1 Beex
H € # w vevernwix p € 7w(H).

Bamerum, uro ecau G p-paspemmma u 7,(G) = 1, To G p-cBepxpaspennma,
cremoBarenbio, G p-ambnorenTtHa. [losTomy B cyqae, korma o = {{2},{3},...},
13 TeopeMbl 1.4 moyyaeM cleayonmit ¢pakr.

CanencrBue 1.5 (Tamrorn, Uro [2, IV, 5.7]). Ecin kakgas MHHEMAJIBHAS
moarpynna n3 G mopmaasna B G, To G paspemmma u komMmyrtanr G rpymmer G
2-3aMKHYTO.
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CaencrBue 1.6 (Bakuu [11]). Ecinm G umeer HedeTHBIH IOPSIOK U KaXKIast
MuHEMAaJAbHAS noarpynna u3 G HopMmasbaa B G, To G cBepxXpa3peninMa.

B cayuae, korma o = {m, 7'}, u3 reopembl 1.4 TakzKe MOJyUaEM CJIEIYFOIIIH
Pe3y/IbTaT.

Caencreue 1.7. Ilycre G = AB — npowusBejieHHe CBEpXPa3pPEelIHMbIX I'DYIIT
A u B, rne A — xomnoBa m-noarpynna u B — xommosa n'-moarpynna usz G.

(i) Ecoin kazk1ast MUHMMAJIbHAS TOArPYyTIa u3 G IepecTaHOBOYHA CO BCEMU XOJi
JIOBBIMHU T-HOATPYIIIIAMU M CO BCEMHU XOJUIOBLIMU 7' -moarpynmnamu u3 G u G fimeer
HEYETHBII TOPSIOK, TO (G CBepXpa3perinma.

(il) Ecan kaxxmas 2-MunumasbHas noArpynmna u3 G epecTaHoBOYHA ¢O"BeeMU
XOJUIOBBIMH T-TIOATPYIIIAMU U CO BCEMH XOJLIOBBIMHU 7/-moarpynnami us Gy to G
paspemuma u 7,(G) < 2 1yIs BCeX HEYETHBIX IPOCTBIX UHCET P.

2. JlokazareabcTBO TeopeMbl 1.1
Crenyromas JeMMa XOPOIIIO U3BECTHA.

JIemma 2.1. IIycte @ # 7 CPu E QG. Ecim BLBO ®(G) w-3aMKHYTas, TO
FE rakxxe m-3aMKHYyTasl.

Huke monatoburcs caeayromnas MoIuMUKATNS OJIHOTO U3 HAOJIIOIeHN T PAOOThHI
Baepa [12].

JIemma 2.2. Ilycrs G — p-paspemumasrpynna u R < O,(G) — MunumaipHast
ropMmasbHast noarpynmna nz G. Torma BG Hainercs rakas noarpynmna U, uro G =
Ce(R\UuRNU =1.

JIOKABATEJILCTBO. IlpeafioyioaxumM, 94TO JeMMa HEBEPHA, U IIycTh G — KOHTP-
IpHMep MUHHMAJIbHOTO mopsgaka. CHadasa mpenmosoxnyM, ato O (G) # 1. Torma
BBy Bebopa G B G/O, (G) cymecrByer takas noarpynma U/Oy (G), 1ro

G/0p (G) = Ca/0y 0y (G) /Oy (G))(U/ Oy (G))
= (Ca(R)/Op (G))(U/Op (G)

u (RO, (G)/@, (GNN(U/O, (@) = 1. Crenosarensuo, G = Cq(R)U u RO, (G)N
U = Op@(RNU) < Opy(G), orkyza RN U = 1, 4T0 IPOTUBOPEUUT BHIGOPY
G. Ilostomy O, (G) = 1. Creposarensro, O,(G) £ ®(G) no aemme 2.1. Ho
torgad Co(R)Y £ ®(G). Ilycrs U — muanmansuoe gobasienne k Cg(R) B G. Tem
cantbiv Uh< G R — muaMMasibHast HopMaabaas moarpynna B RU. Tlostomy ecom
RNUNA 1, to R < U, orkyna BBuy BbiOOpa G mnoJiydaem, uro B U cylmecTByer
rakas noarpynma Ug, aro U = Cy(R)Up u RN Uy = 1. Ho rorma G = Cg(R)Uy,
wro mporuBopednt BeiOOPY G. Jlemma mokazaHa.

Jlemma 2.3. Ilycts H, K uw R — moarpynmst u3 G, roe H o-kBasumHOpMAJIHHA
B G u R HopmaspHa B G.

(1) HR/R o-xBasunopmasba B G/R.

(2) Ecim H siBasiercst o;-ioarpynmor 8 G, To 0% (G) < Ng(H).

(3) Ecim H < K u G o-paspemmma, To H o-xBasuHOopMasbHa B K.

(4) H N R o-kBasuHOpMaJIbHA B R.

(5) Ecim A # 1 sBasercsa xosutooil o;-moarpynmnoii B G u H He sBisercs
ol-rpynmoi, To AN H saBjsercs Xom10Boi o;-moarpynnoi B H.

JIOKA3ATEJILCTBO. Yteepxkaenus (1)—(3) caexyror u3 semm 2.8 u 3.1 B [1].
Yreepxaenne (5) BoITekaeT U3 TeopeMbl B u gemmer 2.6 B [1].
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(4) Iycrs 7 = {Hy, ..., H;} — nojHoe X0JI7I0B0 0-MHOXKeCTBO u3 (G Takoe, 4To
HA* = A®H nns Bcex A € S u Beskoro x € G. Torma {H1NR,...,H N R} —
IIOJIHOE XOJJIOBO 0-MHOXKeCTBO U3 R, u eciim H; — xoinosa o;, -noarpynna B G, To
H; N R — xomoBa o;, -nonrpynmna B R. Bosee Toro,

HH!NR=(HNR)(HfNR) = (HNR)(H;NR)" = (H;NR)*(HNR)

s Becex x € R. Cnemosarenbao, H N R o-kBasuHopMasibHa B R.
JlemMma mokazaHa.

JIemma 2.4 (cM. teopemy B B [13]). Ilycrs G — o-paspemnmvas rpynmna. \Ecin
H — o;-mogrpynma ns G u E — xo/uioBa o;-noarpynia 3 G, To H coaépKurcs B
HEKOTOpOM conpsizkennd K E.

Jlemma 2.5. Ilycrs G — o-paspemnmas rpynmna. Iycrs # = {Hyye!. Hp} —
TIOJTHOE XOJIJTOBO o-MHOYXKecTBo n3 G. Ecmm kazkmas MmakcnvasibHasioarpymnma M u3

GcG= MH1 o-KBasuHoOpMaJbHa B (, TO H1 COIEep2KHUT HOpMAaJIbHOE JIOIIOJIHEHHE
’
B G.

JOKABATEJIBLCTBO. Ecimm t = 1, to G = Hi, u yTBepXJIEHNE JIEMMBI CIIPa-
BegyiuBo. Ilpemmonoxkum, aro ¢ > 1. Ilycrs 7 = w(H;) u R — MuHUMAJIbHAS
HOpMaJIbHasl HOpMaJibHast oarpymnmna u3 G. Ilo mémme,2.3(1) yeaoBue geMMBbI cripa-
BemmBo st G/ R, nostromy G/R 7'-3aMKHYTa WO MHAYKIMA. TeM caMbIM MOYKHO
MpeJnoaraTh, 9To R — eMHCTBeHHAs MUHAMAMbHAS HOpMaJibHas noAarpynmna B G,
R £ Ox/(G) u BBy nemmet 2.1 R £ ®(@G). ‘Iloexonbky G sBIsIeTCst 0-pa3pemumMoii
rpymmoit, R — w-rpymmna, nosromy R £ Hi N\ Ilycte M — makcumaabHAs TOATPYII-
na B G takas, uro RM = G. Torja mo ‘yciaoBuio geMMbl M o-KBa3WHOPMAJIbHA B
G. Makcumanbsnocts M Brederys<zo H7 < M nns Bcex © € G. CienoBaTesbHO,
Hy; < Mg = 1, a 3To nporupopeunt Tomy, uto t > 1. [lomydyennoe nporuBopedne
3aBEPIIAeT JI0KA3aTeIHCTBE JIEMMBbI.

Jlemma 2.6. EcimG — p-paspemmmast rpymmna # r,(G) > n+ 1 — 2 m1s Heko-
Topbix resbix wuces | >N uwr > 0, o G COHEPXKUT TaKyIO N-MAKCHMAJIBHYIO
noarpymmy L u taxyte (n — 1)-maxcumansHyro noarpymmny R, uro p gemur |G : L| u
p aemr |G : R

JIOKA3ATEIIBCTBO. OueBugno, uro p geaur |G|. Caemosarensuo, G comep-

JKHUT TaKyI0 MakcnMmaJsbHyto noarpynmy M, uro |G : M| — cremens uncaa p. Ilo-
CKOJIBKY Tp(G) > 7 + n — 2, KaxKAblil KOMIOSUIMOHHBIH pag 1 = Gy < Gy < --- <
Gpp= G u3 G comepkuT 1o KpaiiHeil Mepe n Pa3andHbIX (PAKTOPOB MOPSIKA P.

Hosromy eciu M = G,,—1, TO 3aKII0YEHIE JIEMMBI CIIPABEIJINBO.

ITpemosnoxum, aro OP(G) = G, u uycrs O = Op,(G). Torma O < G, u ec-
s O/V — upocrag rpyuna, To |O/V| = p. Iosromy ecim O — k-MakcumasbHAs
norpymnna n3 G s Hekoroporo k < n — 1, TO It HEKOTOPOH 1-MaKCHMAJIbHOM
noxrpynnsl L w3 G u Hekoropoit (n — 1)-makcuManbHON noarpynnel R u3 G no-
aydaem L, R < V| uro m TpeboBasoch. lIpeamnomoxmm, HAKOHEI, YTO JIJIsT BCIKOM
MarcuMaabuoi menu O = My < My < --- < M,, = G umeem n — 1 < m. Torma
BBuy uzomopbuzma G/O = OM/O ~ M/M N O noiydaem, 9To Jjisi HEKOTOPOIi
N-MaKCUMAJbHON ToArpynnsl L u HeKoTopoii (n — 1)-mMakcumanbHO# moarpynnst R
u3 G umeem L, R < M, garo u Tpebosajock. Jlemma nokaszana.

Teopema 1.1 BbITEKAET U3 CJIEIYIONMIETO OOIIETO Pe3yabTaTa.

Teopema 2.7. Ilycrb o-paspermumast rpymmna G COAepKUT TaKOE ITOJHOE XOJI-
J10BO o-MHOXKectBO ' = {H1,...,H}, uro p € w(Hy) u Hy p-paspemmma. Ecou
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Kaxkgas n-MakcumagabHas nogrpynmna H nz G (n > 1) ¢ n(|G : H|) Nw(Hy) £ @
o-kBasuHopMaibHa B G, To G p-paspemmma u 7p(G) < n +rp(Hy) — 2.

JIOKABATEJIbCTBO. IIpeanosno:kum, 9To TeopeMa HeBepHa, U IycTh G — KOHTP-
npuMep MUHUMAJLHOTO mopsika. Torma t > 1. Takxke oueBmaHo, uro G p-paspe-
muma. Ilyers r = rp(Hy) u m = w(H;p). Ilycrs R — MuHEMaIbHAs HOpMaJbHAL
noarpymnmna u3 G.

(1) 7, (G/R) <n+r—2.

IIpepnonoxkum, aro r,(G/R) > n +r — 2. Torma p memur |G/R|, moaromy
{H1R/R,...,H,R/R} — nounoe xom10Bo o-MHoxkectBo u3 G/R takoe, gro p &
7(H1R/R), H1R/R — p-paspemumas rpynna u ssuny [2, VI, 5.3(a)] rp,(HiR/R) <
r. Bomee rtoro, G/R sBigercs o-paspeimuMoil rpymioil u mo Jemyme 2.6%¢comep-
JKUT TaKylo n-MakcuMaiabHyto noarpyuny L, uro 7(|G : L|) N7 # '@. Ilosromy
o aemme 2.3(1) yciosue Teopemnl cupaseyuso st G/R. Boibop G Bieuer, 4ro
rp(G/R) < n+r,(HiR/R) — 2 < n+ r — 2; nporusopeune. CleA0BATE/ILHO, IPH-
xomuM K (1).

(2) Op(G) = 1. Tax xak |R| = p™ — cremenm, umcia p, nmeem R < H;
(mockonbky 1, (G/Op (G)) = 1, (G), KaHHOE YyTBEPXKACHHE ‘CIIE/YeT U3 yTBEPIK ICHUS
(1) u BoiGOpa G).

(3) m > n+r—2. Boaroum ciyyae R siBjisiefcs, e IUHCTBEHHOH MHHUMAJIBHOH
HOpMaJIbHOH noarpymnmoii B G.

BameruM, 9o BBULY Teopembl 2Kopaana = [éibnepa, yreepxkaenus (1) u Bbi-
6opa G umeem m > n + r — 2. Eciu G €ONEpKAT MUHUMAJIBHYIO HOPMAJBHYIO
nogrpynny N # R, to ,(G/N) < m + = 2 no yrBepxkuenuio (1), mosromy BBHIY
G-uzomopdusma R ~ RN/N noamydaem m < n + r — 2; nporusopeune. Cremosa-
TeJIbHO, R sBJIsieTcs e IMHCTBEHHON MMHUMAJIBHONW HOPMaJIbHON mnoarpymmnoit B G.

(4) Ecau M — cobersénnassmonrpynmna B G, o rp(M) <n+1 —2.

JlocTaTouHO paccMETPeTh, Crydail, Korjaa M aBIseTcs MaKCUMAJIbHOM MOATpyTI-
moit B G. Ilpemmomoxum, uro rp(M) > n +r — 2. Torma p memur |[M| u M
HEe MMeeT HOPMAJIBHOIO 7m-pononnenus (ecium M, — xojuioBa w-uoarpymna B M
n M, — sHOpMambHOe» T-nonosHenue M, To no nemme 2.4 M, < HY, orkyna
rp(Myz) < rg(HE) < n+r—2 (em. [2, VI, 6.4(3)]). Iockonbky My < M, To
M/My ~Mgnosromy r,(M) < n + r — 2; nporusopeune. Tem cambim n > 2
BBuy giemM 2.3(3) u 2.5. Bosee Toro, no gemme 2.4 M COmEp:KUT TaKoe IIOJHOE
X0JUIoBO o-Muoxectso {Mji, ..., My}, uro M; = H; N M pgus Beex © = 1,...,t.
Crenosarensro, mp(Mi) < r o [2, VI, 5.3(b)]. B cury semm 2.2(3) u 2.6 M ymo-
BJIETBEOPSIET YCJIOBHIO TEOPEMBI € 1 — 1 BMeCTO n, mosTomy BBUY BbiGopa G Oyuer
rp(M) < n—1+r,(M1) —2 < n+r — 2; uporusopeune. CienosaressHo, (4)
MOKAZAHO.

(5) R £ &(G).

Ipemnonoxkum, yro R < ®(G). Torma ayst munumasabHoro pobasiedust H
K Cg(R) B G umeem HN R = 1 mo nemme 2.2, tem cambim RH # G u R —
MUHUMAJbHas HOpMasbHas noarpynia B RH. Ho us yreepxienns (4) BeiTekaer,
uro rp(RH) < n-+r — 2, nostoMy m < n+ 1 — 2, 4TO IPOTHBOPEYUT yTBEPXKICHUIO
(3). CuemoBarenbHo, moxydaeM (5).

SAK/IIOUYUTEIBHOE TIPOTUBOPEYUE. Ilockonbky G o-paspemnMa, u3 yTBep-
kuenus (5) m semmbl 2.4 caenyer, uro B G Hafijiercst Takask MaKCHMAJIbHAsI IO/
rpymma M, auro G = RM u Hy < M. Torma Mg = 1 mo yreepxaesusm (3) u
(5), mosromy Cg(R) = Cqa(R) N RM = R(Cg(R) N M) = R. Tlycts Hy = M, —
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wieH MakcuMaJbHO#l memn 1 = M; < M1 < -+ < My < My = M u3s M. To-
rma R — [-makcumasbaas noarpynna B G. Ilpenmonoxum, ato [ > n — 1. Ilycrs
rakxke Hy < M, 1. Ilo ycaosuto teopembr M, 1 o-xkBazumopmaabHa B G. Cra-
g0 6eite, HY < M,_1 nast Beskoro x € G mo semme 2.3(5). CueoBaresibHo,
(Hy)¢ < Mg = 1, nostomy Ho = 1; nporusopeune. Toryma n < s, T. e. s n-
MakcuMaJbHOI noarpymmel H = M, _1 u3 G, conepxameiics B Hy, umeem H # 1.
CuoBa upumenss jemmy 2.3(5), nomyuaem H® N Hy = H* < H,. Tem cambiM
H < (H2)e < O,y (G). Ho RN Or,)(G) = 1, mockomsky R < Hy, creopas
tempHo, 1 < H < Or(p,)(G) < Cg(R) = R; npotusopeme.

Suagnt, n — 1 < [, mosromy M COHEp:KUAT MAKCUMAJBHYIO menb 1 == My <
Mp 1 < -~ < My < Myg= M, rne k < n. Torma R sBisiercst k-MakKCUMAaTBHOMN
noarpynmnoit B G. Takum obpaszoM, KaxKjaasi [-MakcUMaJibHas MoArpylmna u3 R sB-
asieres (k + 1)-makcnmanbHo# noarpynmoit 8 G. Ilyers Ry — MuUHMMamBHasi HOD-
MaJbHag noArpyumna uz Hy, conepxamascs B R, u |Ro| = p®. Uycrs L — (n — k)-
MaKcHMadbHas moAarpymma ms R ¢ |L| = pb takas, ato L < Ry B ciydae, ecin
b<a,uRy<L,ecmua<b Torma L siBiasercs: n-MakKCUMAJbHON TOArpymmoii B G,
mo3ToMy L sIBJIsieTcsl 0-KBa3uHOPMAJIbHON moArpymmnoii 8. GG

IIpeanonoxum, aro L < Ry. Torma

LG = p"Ne() — Ly <{Ro)e= R

o jemme 2.3(2). Caenosarensho, Ry = R. Torma m'=a < r, orkynam < r+n—2,
HOCKOJIBKY 1 > 1, 910 mporuBopeunT yTBepRuennio (3). 3uauur, Ry < L, mosTomy

R(? _ RgIlNG(L) _ R(])VG(L) < L7

orkyna L = R; nporuBopeune. Teopema moka3ana.

3. JlokKazaTeqbCcTBO mpeJjioxKeHud 1.3

Hanomuum, uro uoarpynna A nz G HasbiBaercs o-cybhopmaaviotd B G [1],
€CJIM CyLIeCTByeT Takas nenb moarpyun A = Ag < A; < --- < A, = G, gro mbo
Ai—1 S A;, mubo A;(AiL1) 4, o-ipumapHa Juis Beex @ = 1,...,n.

JIemma 3.1 (em. smemmy 2.6 B [1]). IIycre A, K u N — moarpymmsr u3 G.
IIpemmonozgumy uro A o-cybropmassHa B G u N HOpMmasibHa B G. Torna

(1) AN K o-cy6ropmasbHa B K,

(2) AN/N o-cybrOpMassHa B G/N,

(3)‘ecotn A — o;-rpynma, To A < O, (G).

ITockoubKy Kazkaas o-KBa3uHOPMaJlbHAs NOArPyIIIa o-cyOHopMasibaa [1], mpes-
JiozkerHue 1.3 sBJIsIeTCd YaCTHBIM CJIyYaeM CJIELyIOIEro Pe3yJIbTaTa.

Ilpeanoxenune 3.2. Ecam gas Besakoit nemn Gy < G < Go < Gz = G, rae
G,; — makcumasbHast nojarpymnna B G; 1 st Bcex i@ = 0, 1,2, onra u3 noarpymnm Gy,
smbo Gy, 6o Go, o-cybHOpMasibHA B G, To G 0-pa3peniuma.

JIOKABATEJILCTBO. IlpeanosioxkumM, 4TO IIpeJIoXKeHne HeBEpHO, u Iycrb (G
— KOHTPIPUMEP MUHUMAJBHOTO IOpsiaka. lIpexkmde 3amernm, 9ro ecomm R — mu-
HUMaJIbHAsT HOpMaJibHas noarpymma B G, 1o G/R o-paspemuma. [leiicrBuresbHO,
ecn R — makcumasibHast Wian 2-MakKCcuMaJbHas moAarpymnma B (G, 910 odeBugHO. B
[POTUBHOM CJIydae yCJIOBUE MPeJIoxKeHusl cipasenBo 1t G/ R no memme 3.1(2),
nosromy BeIGOp G Bieder, uro G/R o-paspemmma. CrenoBaresnbHo, R sBisieTcst
€JIMHCTBEHHON MUHMMAJIbHONW HOpMaJIbHOI moarpymmnoit B G. 3Havur, Cg(R) =1,
R we o-mpumapsa.
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ITycte p — HedeTHOE mpOCTOE “MCIO, Aensmee |R|, u R, — cuiosckas p-
noarpymnmna u3 R. Beuny jgemmbr @partuan B G CyIeCcTByeT Takas MaKCUMAaJbHAS
noxgrpynmna M, aro Ng(R,) < M u G = RM. Ouesuzmo, 1ro Mg = 1, mostomy M
He o-cyOHOpMaubHA B G, mockonbky G/Mq ~ G we o-npumapsa. Ilycte D = M NR.
Torna R, — cunoBckas p-nogrpynmna B D.

(1) D me mmmsnorentna. CrenoBaremsno, D %« ®(M) u D me smsercs p-
I'DYIIIOH.

ITpennomnoykuM, uro D munbnorentHa. Torma R, nHopmanbha B M. Ciregosa~
renbHo, Z(J(R,)) nopmansua B M. Ilockonsky Mg = 1, to Na(Z(J(Ry))) = M,
nosromy Ngr(Z(J(Rp))) = D munbnorentHa. 3HatuT, R p-HANTBIOTEHTHA, IO TEOPE-
me ['maybepmana — Tomricona o HOpMAaIbHBIX p-IonoaHeHusX. Ho Torga-R sBisteTcs
p-rpyunoii; uporusopeune. CrenoBareabHo, npuxoaumM K (1).

(2) R<G.

I[Iycte R = G — mpocras meabeseBa rpynmna. [Ipenmomokung 9ro HEKOTOPast
cobcTBeHHAsT HeeuHUYHAS ToArpynmna A 3 G o-cybHopmasibia B8 G. Torma naii-
Jercst Takast menb moarpymn A = Ag < Ay < --- < A, =G, gro ymbo A;_1 < A;,
60 A;/(Ai—1)a, o-upuMapHa Juisi Beex ¢ = 1,. .., t. Hexaapytas obumocTr n0Ka-
3aTeIbCTBA, MOYKHO Ipejnoiarath, uro M = A,,_1 < G.¥Iorna Mg = 1, TOCKOIBKY
G = R — npocras rpymma, nosromy G ~ G/1 g-fipumapua; nuporusopeune. Ciezno-
BaTEJIbHO, KaXKJasl COOCTBEeHHAs 0-CyOHOpMAa/bHAS monrpyna u3 G TpuBHAJIbHA.

[Iycts P — cuoBckas p-nofrpynna u3.G, Tie p — HaNMeHbIIee IPOCTOe YUCIIO,
nensiee |G|, n nyers L — makcuMasbHaghIoarpymma us G, conepxkamas P. Torna
euny [2, IV, 2.8] |P| > p. Iycrs VA MakcumasbHas noarpymmna u3 P. Ecim
|V| = p, To P abenesa, nosromy P < L 1o [2, IV, 7.4]. Caenosarensno, B G cyuie-
cTByeT Takas 3-MakcuMmasbHas sogrpynma W, aro V < W. Ho rorna mekoropas
cOOCTBeHHAST HeeIMHUIHAS IOArpyna u3 G o-cybHOpMaJibHa B G 110 YCJIOBHIO TIPE/I-
Joxkenust; mpotusopeune. osromy |V| > p, uro cHOBa BiI€UeT 0-CyGHOPMAIBHOCTD
HEKOTOPO# cOOCTBEeHHOHee TuHIIHOI moArpybl u3 G. IlosydyenHoe npoTuBopedne
OKA3BIBACT, YTO BHIHOTHEHO (2).

(3) M o-paspernunia.

IIycre L <. T < M, rne L — makcumasnbHag noiarpynma w3 1' n T — Mak-
cumvasbaasg noarpyma u3 M. Ilockomsky M ne o-cybHOpmasnbna B GG, smbo L,
smbo T gfCybuopmasibaa B (G, TO3TOMY OJIHA M3 STUX HOJAIPYII 0-CyOHOPMAaJbHA B
M 1o _semme 3.1(1). CienoBarenbHO, yCJIOBUE IPEJJIOKEHUS CLIPABEIIUBO 1yt M,
mo3romy. M o-paspeniuma BBuiy Boibopa G.

(4) M = D x T, rge T — mMakcumaJibHAsI HOATPYIIIA IPOCTOrO MOpsaKa u3 M.

Beuny yreepxkuenus (1) B M maiinerca Takas MakcuMajbHas moarpynma 1
a0 M = DT. Torna G = RM = R(DT) = RT, nosromy BBUIY yTBep:KjaeHUs (2)
T # 1. TIpexnonoxum, uro |T'| He sIBJIsIETCS] TPOCTHIM IUCJIOM, U MYCTh V — Mak-
cumvasbaas moarpynmna n3 1. Ilockombky M He o-cybHOpMasbhaa B (G, IO KpaitHeii
Mepe oxHa u3 noarpymi 1 win V o-cybnopMmasibia B (G 110 YCIOBUIO MTPEJJIOZKEHUS.
Vreepxkaenue (3) ieder, uro rpyuusl V u T o-paspermumbl. Pacemorpum, Hanpu-
Mep, ciydaii, korga V' o-cybHopmasibia B G. Tak kak V' # 1 u V' o-paspemnuma,
Juist HekoToporo ¢ uMeeM Oy, (V) # 1. Ho Oy, (V) < Oy, (G) no nemme 3.1(3), mosro-
My R o-npumapsa; nporusopeure. Crenosarenbho, |T'| — mpocroe 9ucsio, oTKyxa
M=DxT.

SAK/IIOUYUTEJIBHOE IMPOTUBOPEYME. Ilockosnbky 1 — MakcuMaJsibHAsl IO/I-
rpymma B M u T nukimdeckasi, M paspemmma (em. [2, TV, 7.4]), nosromy |D)|
SIBJIFIETCS TIPOCTBIM YUCa0M, 4To porusopednt (1). Ilpemnoxenue mokazano.
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4. Hoka3aTeJbCTBO TeopeMbl 1.4

Jlemma 4.1. Ilycrs P # 1 — mHopmasbHast p-ioarpynia u3 G 9KCIIOHEeHTHI pe,
e p — HedeTHoe rpocToe ducsio. IIpearnooxxmumM, 9To KaK1as1 HoATrPYIIa IOPsIKa
p u3 P mopmasbraa B G. Torga xa>kapiii 9ieH psiga

1=Qo(P) < (P) < <Q(P)=P

mopmagied B G, Q;41(P)/Q;(P) — saemenraprasi abesieBa rpyma H KaxkKaas IO
rpymma u3 11 (P)/Q;(P) vHopmaasna B G/Q;(P) mst Beex i = 0,1,...,e — I

JIOKA3ATEJIBCTBO. CM. JIOKa3aTeabeTBO TeopeMbl 2 u3 [11].

JIemma 4.2 (cm. Teopemy B(i) u3 [1]). Ecam moarpynna H n3 Gl o-kBasuHop-
masbaa B G, To H o-cybropMmassaa B G.

Teopema 1.4 BbITEKAET U3 CJIEYIONIETO OOIIETO PE3yJIbTATA.

Teopema 4.3. Ilycrs G cofiepKAT TaKOe TOJHOE XOJLIOBOW=MHOXKECTBO J =
{Hi,...,H}, uro p € w(Hy) \ {2} u Hy — p-paspemmumasicpynmna. Ecin kaxxmast
n-MUHHUMAaJIbHas p-rioarpymnna u3 G o-gBasuHopMmasibaa B.G, To G p-pasperuva u
rp(G) <n+ry(Hy) — 1.

HOKABATEJIBLCTBO. IIpemnosoxkum, 9To T€0pE€Ma HeBepHA, U IyCcTb (G — KOHTP-
IpUMep MUHUMAJBLHOTO nopsaxa. Ilycrs Hi'\s oyfpyuna u r = 7,(Hy). Ilycrs
D = 0°%(G). Tycrp P — cwiosckas p-Homrpynmna u3 D u R — MuHUMAaJbHAs
HOpMaJIbHas mo/rpymmna u3 G.

(1) Oy (G) = 1. B rarom cayqae Op (D) = 1 (mockomsky 7, (H10,y (G)/Op (G))
=1p(H1/H1 N Oy (G)), yrepxaenne cieayer u3 jgeMmsl 2.3(1) u Bebopa G).

(2) n > 1.

Ipeamomnoxkum, aro ni= 1., Torma mo semme 2.3(4) yciaoBue Teopembl Clpa-
BEJJINBO ISl KaxKJI0# TaxoihHopMasbHO# moarpymnsl F u3 G, uro p aemmr |E|.
CirenoBaTesibHO, KaXK1asg cOOCTBEHHAsT HOPMAJIbHAA HOArpymma u3 G p-pa3permma.

(a) D p-paspemmya. B srom ciydae G p-paspemmma u Cp (O, (D)) < O,(D).

[Ipeamonosxum, ato 1o He Tak. Torga D e p-umibnoreatna u D = G. Caeno-
BaTeIbHO, BCAKAS MOArpya nopaaka p u3 G nopmasbaa B G o jgemme 2.3(2). U3
[2, IV, 5.4] crenyer, uro G umeer p-3amxyTyio noarpyumny vuara H = H, x Hy,
rae Hy— cugosckas p-noarpynna u3 H sxcrnonenTsl p u H, — HauMeHbIIas HOP-
MajIbHAg noArpynna u3 H ¢ HuibnoreHTHBIM (hakTopom. Ilycrs L = (a) — noarpyn-
ma nopsanxa p us H,, roe a € H,\®(H)p). Torna L nopmanbua B G, mostomy H, = L
u L'< Cq(L) # G. 3uaunr, ycnosue Teopembl cupaseyuso st Ca (L), TeM cambim
Ca (L) p-paspemmma. Cnenosarennuo, G p-paspemuma, nockoibky G/Ca(L) muk-
muana. Hakoner, u3 yrsepxaenns (1) u [14, . 6, 3.2] nmeem Cp(O,(D)) < O,(D).

(b) P = Op(D) u maiinercs rakoi rmapupii pag 1l = Pp < PL < --- < P_; <
P, = P uz G umxke P, uro kaxnas noarpymua u3 P;/P;_1 wopmaabna B D/ P;_1
Juist Beex © = 1,...,1.

Bauay jemmbr 2.3(2) kaxkgas noarpyina nopsaiaka p usz D sopmasuasaa 8 D. o
aemmMe 4.1 mafinercs Takoit raaBubii pag 1l = Py < Py < --- < Py < P, = 0p,(D) u3
G nmke Op(D), 1r0 Kaxknasg noarpynmna u3 P;/P;_1 mopMasnbua B D/P;_ s Bcex
i=1,...,0l. lIyere C = C1N---NCy, tne C; = Cp(P;/P;—1) mast Beex i = 1,...,1.
Ouesnno, uro D/C; — abeseBa rpyiia 9KCIOHEHTHI, nesimeii p— 1, nosromy D/C
— abesieBa rpylma 3KCIOHEHTHI, gessimei p — 1. C apyroit croponsl, Beumy [14,
ri1. 5, 3.2] C/Cp(Op(D)) — p-rpynna. Ilostomy C = Op,(G) no yrBepkaenuio (a),
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caenosarensio, D/0,(D) — abenesa rpynmna 9KCIOHEHTHI, messieit p — 1. 13 [5,
ri. 1, 1.9] cienyer, uro D cBepxpaspemuma. Ilockombky mpu stom O, (D) = 1 mo
yreepxzaenmio (1), P = Op(D).

ITycrs H/K — rnasustit dakrop u3 G ¢ |[H/K| =p™. Tormam <r <n+r—1.
HeitcrBuresnbro, eciu D < K, a1o caenyer uz uzomopbusma G/D ~ Hy/H; N D.
IIpeamonoxum Temepb, utro H < D. Bsuny teopembr 2Kopmana — ['énpiepa, ne
HapyIIas o0IMHOCTH JOKA3aTeJIbCTBA, MOXKHO IIperoararh, uro P_1 < K < H £
P, nyis mekoroporo 4, nockoibky P = O,(D). Ilostomy eciu T/L — rnaBHb
dakrop u3 H; takoit, uto K < L < T < H, to L u T nopmajbubl B (G, TOCKOJIBKY
G = H1D u L, T wopmageust B D. Crajo obite, L = K u T = H, oTkyda CHOBa
nosrygaeM, 9ro m < r. 3uaunt, r,(G) < n +r — 1; nporusopeune. CiigHoBaTENBHO,
BBIIIOJIHEHO (2).

(3) |R| = p*, tme k <n +r—1.

[ycts R, — cuiosckas p-noarpymnma us R u |R,| = p% Tomma k > 0 mo
yreepxkaernio (1). Tloaromy st HEKOTOPOH N-MUHUMAJBHOH p=uofrpynnsl H u3z G
umeem RNH # 1. Beuny nemmbl 4.2 H o-cybnopmasibia B\@&, nosromy H < O, (G)
o siemme 3.1(3). Tem cambim R < O, (G) < H;y. 3uauut, R p-paspernma, OTKya

R =R, mo (1).
[Ipeamonoxum, aro k > n +r — 1. Tormask > n u k > r. Ilosromy ecou L
— MEHEMAaJIbHAs HOPMaJbHas TOArpynma us¢H 1y cofepkamasca 8 R, u |L| = p,

to [ < k. BoJjee Toro, mockonbKy n < k,® G\CyllecTByeT Takasl n-MUHUMAJIbHAS
p-onrpynna H, ato H < R u qubo U <WH) oo H < L. B mepBom ciyuae
TMOJTyIaeM, ITO

LG _ LO‘”(G)Hl _ LOU‘L'(G) S HG S R

no semme 2.3(2), nosromy Hg = R,Jorkyna H = R. TlomyueHHOe TpoTHBOpEUne
nokaseiBaeT, uro H < L. Torma HG — O (G)H1 < [H1 < Lq, mosromy Lg = R.
Ho rorma L = R, otkyna | =v. CaenosaresbHo, nmeer Mecto (3).

(4) R He uuk/IHIeCKasL,

Ipeanonoxnm, uro. |R| = p. IIyers R < H, tne |H| = p™. Torma R < H 1o
yreepxkaernio (2)\Ilo gemme 2.3(1) moarpynna H/ R sieasiercst (n—1)-MuHRMAIBHOM
o-KBaszuHopMaJsisHoit noarpynnoit B G/R. Crenosaresnsho, G/ R BBuiy Boibopa G p-
paspemmnya m,(G) = 7,(G/R) < n—1+r,(Hi/R)—1,tne rp(H1/R) = rp(H1) = 1.
Tem camen G p-paspenmma u 7,(G) < n +r — 1, uro nmporusopeunr Bedopy G.
IToatomy R He siBJsSIeTCS MUKJINIECKOHN TPYIIION.

3AKIIOUYUTE/BHOE TPOTUBOPEYME. TToKaxkeM, 9TO YCIOBHE TEOPEMBI CIIPa-
Bemaueo st G/R. Ecmm k < n, sro ouesnpno. Ilyere n < k. VYreepxie-
nue (3) Bieder, yro R He sBisiercd CUIIOBCKOI p-nioarpymmnoil B Hi. Ilosromy
{H1R/R,...,HR/R} — nosnoe xomioBo o-muoxkectBo n3 G/R takoe, 9ro p €
7(HiR/R) \ {2} uw HiR/R p-paspemmuma. Ilycte R < K < G, tie |K : R| = p.
Iyctb a € K\ Ru H = {(a). Torna |H| < p?, nockonbKy R He HUKIHYecKast MO
yrBepxkennio (4). CiuenosaresnsHo, BBULY yTBepKaeHust (2) B K Hafimercs Taxkas
n-MuHEMaJIbHag p-noarpymia V, auro H < V', nosromy K/R = HR/R = VR/R
o-kBazuHopMasbHa B G/R mo jsemme 2.3(1). Tem cambiM Kaxkjasi HOATPYIIa HO-
panka p uz G/R o-xBasunopmasbaa B G/R niua n = 1. CrenoBaresibHo, yeiio-
BHE TeopeMbl crupasemanso juist G/R, tak uro G/R p-paspemmma u r,(G/R) <
1+r,(HiR/R) —1 <n+r —1 seuny Buibopa G. B cuny yrBepxenus (3) u teo-
pembl 2Kopnana — I'énpaepa G p-paspermnma u 7,(G) < n + r — 1; nporusopeyne.
Teopema mokaszana.
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