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Colorings of groups without big monochrome symmetric subsets

I.V.PROTASOV

Let G be a group, g € G. A mapping s, : G - G, s,(z) = gz~ lg is called a symmetry. A
subset A C G is called symmetric if s4(A) = A for some element g € G.

Let G be an Abelian group of cardinality v > ®y. Suppose that the subgrou;iﬁ,

= 0} is of cardinality < . By [1, Theorem 3}, there exists a coloring £ : G } such
that every é-monochrome symmetric subset of G is of cardinality < ~.

We prove the following non-abelian version of the above statement.

Theorem. Let G be a group of cardinality v > Ro. Suppose t %ere exists a cardinal
d < such that

card{g € G:g* =a} < ¢
for every element a € G. Then there exists a coloring § : 0, 1} without £&-monochrome
symmetric subsets of cardinality .
We shall extract the proof from three Lemmas. *2»

Lemma 1. Let G be a group and let {Ga @} be a family of its subgroups with the

following properties
(i) G=U{Ga: a <~} $
(it) Go C Goty for every ordin
(1i1) G,g =U{G,: o« < G} for% imit ordinal £ <y,

(iv) g* ¢ G, for every ord} v and for every element g ¢ G,.

Then there erists a c% YG — {0,1} such that
£lg) # &(ag™ 'b)

whenever a, b E&Q Gao, a0 < 7.

Proof. Fix’ dinal @ < 7 and take any double coset K = G4 X G of Gap1 by Ga,
v), K~' # K. Hence, we can partition Gqy1 \ G, into the pairs K*, K~ of

1 K # G, ;
| doub s such that

note by G} and G, the unions of the positive and negative double cosets respectively.

(K*) " =K~

’QP t
Gt=U{G} :a<~}, G =U{G; :a<}.

By (i), (i), (iii}, for every element € G'\ Gy, there exists an ordinal o < <y such that
T € Gay1 \ Go- Thus G =GoU G+ U G~. Define the coloring ¢ as follows

L[ 1, if 1€ GoUGH,
f(z)—{ 0, if v € G

Lemma 2. Let G be a group, X C G and let ¢ be a cardinal such that

card{g€ G:g°=a} <6
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every element a € G. Then there exists a subgroup S of G' such that
cardS < max{&, 4, cardX '}
& €S for every element g ¢ S.

Denote by Sy the subgroup generated by X. Suppose that we have chosen the
zroups Sp, ..., Sp. Denote by Sy,4; the subgroup generated by the subset S,U{g € @\

=5} Put S = U{S, : n<w). «2»

Lemma 3. Let G be a group of cardinality v > R, Suppose that there exists %dinal
® <~ such that

‘.t‘:: cardg € G g* =4} <6 @

every element a € G. Then there ezists a family {Ga : a < v} of subgroups satisfying
ma 1 and having the additional property & .
(v cardG, < vy for every ordinal o < .

; - Fix a minimal well-ordering {g, : a < v} of G. Put @9@} and use Lemma 2 to

#ind 2 subgroup Gy such that cardGy = max{Ry,d} and @f Gy implies g € Gy. Suppose

we have constructed the family {G, : o < B} foresgme ordinal 8 < . If 8 is a limit

put Gg = U{Ga : @ < B}. If B = a + 1.42% a minimal element gu ¢ G, and

Pt X = G,U{g,}. By Lemma 2, there exists 2 sub roup Ggy; such that X C G, and
é a=cardG,, ;.

e

wef of Theorem. By Lemma 3, thege e)& a family {Gq : o < 7} of subgroups of G' with
‘pEoperties (i)-(v). Apply Lemma 1 %{c out the desired coloring £ : G — {0,1}.

work also in some countable cases. Let G be a count-
an element of order 2. Choose an increasing sequence of
= U{Gy : n < w}. By Lemma 1, there exists a coloring
ite monochrome symmetric subsets.

saberoups {G, : n < w}
£:-C — {0,1} with on

Remark 2. Sup t a group G satisfies the assumptions of Theorem. Let {Go <}

B 2 family of ps of G with properties (i)-(v). Consider the coloring £ : G — {0,1}
{@ven by L - Put Dy = £71(0), Dy = ¢'(1). Then the subsets Dyg, Dy are dense in
L ewery to n G such that the mappings z — 7!, &+ gz, g € G are continuous and

ty open subset of G has cardinality .

- A subset A of group G is called symmetric if A = gA~'g for some element
# = G. For a wide class of groups, we construct the colorings £ : G — {0, 1} such that every
- £-monochrome symmetric subset of G is of cardinality < cardG
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