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A description of finite groups with
$-abnormal or F-subnormal subgroups

V.N.SEMENCHUK

Dedicated to Professor Wolfgang Gaschiitz on the occasion of his 80th birthday

In the paper we consider only finite groups. Let § be a non-empty hereditarycfermation. A
subgroup H of a group G is said to be:
1) F-subnormal if there exists a maximal chain of subgroups

G:H()DHlD...:)I{n—"—'H

such that for each 7 > 1, H; is F-normal in H;_;;
2) F-abnormal if in any maximal chain of subgroups

Gl HiD...3H,=H

H; is §-abnormal in H;_; for each 7 > 1
In the paper we obtain the description of groups in which any proper subgroup is either
§-subnormal or §-abnormal where § is an arbitrary soluble superradical formation. As a
consequence of the obtained theorem, in-hé-case when § is the formation of all nilpotent
groups, all soluble p-nilpotent groups, every soluble S-formation, we have the results of [1-3]
We use standard notations [5¢7]. 7{F) is the set of all prime divisors of groups in §. Ii

§ = LF(F) then o(§) = {p € 2(3)%F(p) # §}. (8) = P\ T(5)-

Lemma 1. Let § be a nenémpty hereditary formation. Then the following assertions hold:
1) if H is a subgroup of\G’and G¥ C H, then H is §-subnormal in G; |
2) if His an §-sdbnormal subgroup of G and K is a subgroup of G, then H N K .J
S-subnormal in K
3) if Hy and(H,\are §-subnormal subgroups of a group G, then H, N Hy 1s §- subnormal
in G
4) if Has $*¥subnormal in K and K is §-subnormal in G, then H is an F-subnorm
subgroup, ofithe group G.

A férmation § is said to be superradical if it satisfies the following requirements:
19-F is a normally hereditary formation;
2) G = AB, where A and B are §-subnormal F-subgroups of G, always implies G € §

Lemma 2. Let § # @ be a soluble hereditary superradical formation. Then § is a loc
formation.

Proof. Let G = AB, where A and B are normal §-subgroups of G. Since
G/A = AB/A o A/A NBeg,

it follows that G¥ C A and G¥ C B. Then, by lemma 1, A and B are §-subnorm
subgroups of G. Since § is a superradical formation, it follows that G € §. Thus, § is
radical formation. By theorem 1 of [4] § is a local formation. Lemma is proved.

Theorem. Let § # @ be a soluble hereditary superradical formation. Then any prope
subgroup of a group G is either §-subnormal or F-abnormal if and only if G is a 7(F)
soluble group of one of the following types:
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1)Geg; '

2) G = [Gy]G,, where Gy € §, Gy is an F-projector of G, Gy is a cyclic group, m(G¥) C

s, Gy x Gy is the unique normal mazimal subgroup of the group G, Gy is a mazimal

migroup in G,;

3) G is a 7'(F)-group;

4G = Gy Gy, where p € n(F), m(Gy) C 7'(F), |Gyl = p, G, is an F-projector of the
p G, No(K) is a p'-group, where K is any p'-subgroup from G.

P

W Necessity. According to Lemma, 2, § is a local formation. We consider the follo®
B1) G° C G. Since G% is an F-subnormal subgroup, every subgroup from4§§ is §-
#eormal in G¥. By Lemma 1, any subgroup from G% is F-subnormal in G:Qit ce § is
“cal formation, we have G¥ ¢ §. In view of the fact that § is a solubl @n ion and

. A

€ §, we obtain that @ is a soluble group.
~ Let H be an F-projector of the group G. Let H; and H, be nomco jugate maximal
Beroups of H. Then .
, G =G¥H,G%H,.
ously, GSH; and GSH, are F-subnormal subgroups of t;&boup G. Since F is a local

het ation and any subgroup in G3H; (i = 1, 2) is a F-sub 1 subgroup of the group G,

. - ma 1 in G¥H, it follows that GS’H, € F,i = 1,2. Si § is a superradical formation,
-~ thave G € §, a contradiction. Thus, H is a cyclic ¢g-giomy. Obviously, G, is an F-abnormal
3.

= G. According to Theorem 15.3 of [5], weshave H = G,
Sy induction on the order of the group ﬁ an show that |G¥| is not divisible by g¢.
‘L&t N be a minimal normal subgroup@;ﬁ group G'and N C G%. Let N be a p-group

gzoup of the group @ and G, € §. By Theorem W1 of [5], G, is an §-projector of the
If "‘%
c

ld: ). TG/N € §, then N = G, Assuthe now that G/N ¢ §. By induction, |GS/N]| is
. { &visible by ¢. But then IG3| i tvisible by ¢. Assume now that N is a g-group. If
L. = = 1, then, by induction, | S 1 @(G)| is not divisible by q. If G¥ is divisible by q,

] by Lemma 4.4 of [5], G¥ , where @) is a Sylow g-subgroup from G¥, contained in

G 5

; i' (SQG/K)G = QK/K C 3(G/K).
() .
¥ is saturated @v G/K € §. But then G% C K » & contradiction. Thus, ®(G) = 1.
‘ 0) G=NxM=NMM,.
= N C e have G = M, a contradiction. Thus, G = Gy.
W shewnthat the maximal subgroup G from G is normal in G. As above, it is easy to
al ¥ ZNG)H G € §. Obviously, Gy Gy is a normal subgroup in G. We consider the subgroup
,’ here p # ¢. Obviously, G is normal in GG we assume that Ne(G}) # G. Since
= =%, we have
GPG;/FP(GPG;) & f(p),
[ is the maximal integrated local screen of the formation §. From this it follows that
al f{p)). Since § is an superradical formation, by Theorem 1 of [6] we have
4 :
8= ) S [ )G
pen(F)
er: |
)- S 2 local screen h such that h(p) = Sr(f(p))- From this it is easy to show that GGy € §.

G, is §~abnormal in G, it follows that G,G, is F-abnormal in G. By Theorem 15.1
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of [5], G,G, is a F-projector of the group G, a contradiction. Thus, G is normal in GGy,
where p is any prime number in 7(G). From this it follows that G; is a normal subgroup of
G.

We show that m(G¥) C 0(F). We assume the opposite. Then there exists a prime number

p € m(G3) such that f(p) = §. We consider the subgroup G,G,. Obviously, G, is normal in
G,Gy. Since G, € § and

GPGQ/F})(Gqu) g figh Gqu/'Fq(GPGq) € f(a),

O’

it follows that G,G, € §. As above, it is easy to show that this is impossible.S\We have 3
contradaction, i.e., 7(G%) C o(F). \

Assume now that G¥ = . We show that (7 is a 7(§F)-soluble groups’ Let p be any
prime number from 7(G) such that p € 7(§). Obviously, any praper sttbgroup of G is F-
abnormal in G. In view of the fact that G\ € §, we obtain Gyl ::"p. F¥om this we have the
7(§)-solubility of G. -

We consider a subgroup G, where p is any prime numbgrrom 7(G) N 7 (F). We have
proved above that |G,| = p. By Theorem 15.1 of [5] G, is an §-projector of the group G. By
Theorem 15.5 of [5] F-projectors of the group (& are conjugate. This means that (¢ = Gy Gyl
where p € 7(F), 7(Gy) C 7'(F). Since all proper subgréups of the group G are F-abnormal
in G, it follows that Ng(K ) is a p’-group, where K is=a p/-subgroup.

Sufficiency. Let G be a group from 1). Since 8,15 a hereditary formation, it follows that
every proper subgroup in G is §-subnormal in .

Let G be a group from 2). Let K be a proper subgroup of the group G. If |K| is not
divisible by ¢, then K C GFS. Sigee\GS is §-subnormal in G, G¥ € F and §F is a local
formation, it follows that K is an §-subnormal subgroup of the group G. Assume that |K]|
is divisible by ¢. If G, C K, thenMrom the fact G, is an F-projector of G it follows that K
is §-abnormal in G. Let G, & AN Obviously, K C G% x H*. Since G% x H* is §-subnormal
in G and G¥ x H* € §, itfollows that K is §-subnormal in G.

Let G be a group from 3).” Obviously, every subgroup in G is F-abnormal in .

Let G be a group from 4). Let K be a proper subgroup of the group G. If | K| is divisible
by g, then G, C 4%, Since Gy is §-abnormal in G, it follows that K is §-abnormal in G.

Assume that [K|Ng not divisible by g. Then K is a 7’ (§)-group. Since Ng(K) is a 7' (F)-

group, it is £88y™Mo prove that K is an §-abnormal subgroup of the group G. The theorem
is proved:

Peswomey Ilycts § — PA3peNINMas HACTeICTBEHNAs CBEPXPAINKaTbHAS dopmanusa. [Moxry-

1eHO" OIMCaHne KOHeWHOH rpymmsr (7, Yy KOTOpo#l Kaxknasg cobCTBeHHAS NOArpymnna Jm6o F-
CY6HODMabHA, HG0 F-abHOpMasbHA.
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