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of injectors of finite soluble groups

I.V.DUDKIN

Dedicated to Professor Wolfgang Gaschiitz on the occasion of his 80th birthday

Throughout this paper, we will assume without mentioning that all groups considered belong,
to the class & of finite soluble groups. The subgroup R covers (avoids) a section A/B0f &
group G if RB > A (respectively RNA < B). Recall that a class § of groups is a Fitting¢lass
if § is closed under taking normal subgroups and in each group G' there is a unigue'mormal
subgroup that is maximal with respect to being in §; that subgroup, the F-radicalpwill be
denoted by G. If § is a Fitting class, then an F-injector of a group G is a'sabgroup V of G
such that, for any subnormal subgroup N of G, V N N is a maximal §-subgroup of N. It is
not difficult to see that a §-injector of a group covers or avoids each ¢hiéf factor of the group
(see VII.2.14 [1], for example). For the first time the problem of deseription of chief factors
covered or avoided by F-injectors was considered by Hartley [2]. ]\t is well-known that an
- F-normalizer of a group covers every §-central chief factor and avoids every §-eccentric chief
factor of that group where § is a local formation. This result in a soluble case was obtained
by Carter and Hawkes [3] and further was developed in“the*work of L.A.Shemetkov [4].
- In this paper, using Hartley’s idea [2], we dualizé\the above mentioned Carter-Hawkes
result for a Fitting class § that is semilocally defined by a full constant Hartley function. It is
- proved, that a §-injector of G covers every §-gentral chief factor and avoids every §-eccentric
chief factor of the group G. The notion of(f-cemtrality we define following [5].

A map P — {Fitting classes} is called a Hartley function or an H-function (proposed by
L.A. Shemetkov).

Let f be some H-function, 7 = s-upp( )={p € n| f(p) # 2} We denote by LR(f) a

Fitting class _
6 () f@)9%6y).

peT

A Fitting class § is called local [6] if § = LR(f) for some H-function f.
Let X be some F;tmng class. We denote by SLR(z) a Fitting class

m z(p)Sy

pem(X)

where-m 18, ah H-function. According to [7, 8] we say that a Fitting class § is semilocally
defined by a H-function f if § = SLR(f) for some H-function f.

We use the classification of H-functions offered in [7, 8].

An H-function f is called:

1) constant if f(p) = f(q) for any p and ¢ from ;

2) integrated if f(p) C § for all prime p € P;

3) full if f(p)N, = f(p) for all p € P.

Other definitions can be found in [1, 9].

According to Hartley [2], we introduce the following.

_i Definition 1. Let § = LR(f) where f is an H-function and p € w(F). A chief p-factor
. H/K of a group G will be called f(p)-covered if H = K(Vyp) N H) for some §-injector V of
G, and f(p)-avoided if Vi NH < K.
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We quote some well-known properties of -injectors which we will sumarized below.

Lemma 1. [2, 10]. Let § be a Fitting class, and V an S-injector of G.

(1) Any two F-injectors of the group G are conjugate in G

(2) If H < G then V N H is F-injector of H and all F-injectors of H are of this
and G = HNg(V N H);

(8) V covers or avoids each chief factor of G.

Lemma 2. Let § = LR(f) and p be a prime from 7(F). Then a ny chief p-fattor of &
either f(p)-covered or f(p)-avoided. \

Proof. Let H/K be a p-chief factor of a group G and V be an S—injectbr ‘of G.
VNHJV, we have :

(VN H) gy = Vi) 0 (VN H) = Vi) o B

By Lemma 1, VN H is an §-injector of H. Hence, any subgroui) conjugated with (V1
in G is conjugated in H. Therefore G = HNg((V N H)eyy and hence K(V N H) s
Hence every chief p-factor H/K is either f(p)-coveredr f(p)-avoided

Definition 3. Let f be an H-function and p € 7 = Supp(f). A chief p-factor of a
is called f-central in G if it is covered by the f (@) -radical of G, and f-eccentric o

Lemma 3. Let § = SLR(f) # @ for some full H-function f. Then G € § if and
all chief factors of G are f-central.

Proof. Let G € § and H/K be a_chief p-factor of G. Since H is a normal subgroup
H is a §-group and consequently pv& 7(F). But § is local. Hence H e f(p)N, G
obtain H/Hpm, € Gy. Let Pibe a Sylow p-subgroup of H, then PH toym,/ Himm
Sylow p-subgroup of H/Hg\m,. Since H/H f(p)ym, is p'-group, we have PHppym, = H,
and therefore P < H fpm,- > Thus P is a Sylow p-subgroup of H f)m,, and Syl{
Syly(Hppym,). Furthermore, if PK/K is a Sylow p-subgroup of H/K, then H/K = PR
Hppyn, K/K < H/ NHence H = Hypym K = (G pm, NH)K, ie. G spym, covers H/
the chief factor-H/K)is f-central.

Assume thath\G' ¢ §. We will show, that there exists a chief factor in G which is not
ered by Gy, Since G ¢ §, there exists p € 7(§F), such that G ¢ f(p)M,S,. Cons
there exists, a-chief p-factor over G'y,)m,. Obviously that factor is avoided by G F(p) -
therg¢ exist-chief factors in G which are not f-central.

Qorellary 1. Let § = LR(f) D M for some H-function f. Then G € § if and only
chief factors of group G are f-central.

Lemma 4. Let f, and f, be different integrated H-functions of a local F: iting class §-
the following statements are equivalent:
(1) a chief p-factor H/K is fi-central in G;
(2) a chief p-factor H/K is fa-central in G.

Proof. Without loss of generality we suppose that f, < f,. This is because LRI
LR(fi N f2) and an H-function f; N f, is integrated. If the chief p-factor H /K of
covered by Gy, ()m,, then it is covered by a Sylow p-subgroup P of G f1(p)on,- We assume
H/K is covered by G,pym,. Since f, is an integrated H-function, by Lemma 3 (8], we
J2(p)?, C §. We obtain the following:

G/ (Ghem) nem = Grem,/ (Grhennem,) = Grom, /G apmn, € Cy-
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Hence Sylp(Gfl(p)mp) = Syl’p(sz(p)mp). Therefore fl/K = (Gf:a(p)‘ﬂp N H)K/K = (P M
H)K/K = (Ggpm, N H)K/K. Thus if Grypym, covers H/K, then Gy, covers H/K.
The reverse inclusion is obvious because Gy, pym, < G falp) M, -

In view of lemma 3, if f is an integrated H-function locally defining a Fitting class §, then
a f-central (f-eccentric) chief factor of G will be called F-central in G (§-eccentric in G,
respectively).

Lemma 5. Let § = SLR(f) # @ where f is a full H-function. Then for any Fitting closs
X C Myen@) f(p) we have Cq(Gz/Gx) < Gs.

Proof. We assume by contradiction, that C = Cg(G5/Gx) is not equal to_Gig.y Since
- CNG<C, we can construct a series 14C0NG3< K <C <G such that K /CNGy is dchief factor.
If K = C then obviously KNGy = CNGy. If K < C, then K NGy = CNGy whereasthe factor
K/CNGy is chief. Therefore K/CNGy = K/ KNGy KG3/Gs and K /KNG5 is a nontrivial
elementary abelian p-group. Since (K/K NGz)* = 1 by lemma 1.2%£]9], we have that
K*(KNGy)/(KNGj) is an identity group. Hence, K* C KNGy. Stace K C Ce(G3/Gx), we
have K C Cg((KNG35)/Gx). But K* C KNGy, and so [K%, K| CHNGy, K] C Gx. Hence
K/Gx is a nilpotent group of class at most 2. Let P/Gx be @ non-identity normal Sylow
p-subgroup of K/Gy. Since a Sylow p-subgroup covers K/ K. MGz we have P(KNGy) D K.
Hence, PGy = KGg. We show, that P € §. We ngtéthat Gx = PN Gy = Py and
P/Py € M,. Let r € 7 and r # p, then P/Py € Sgand P € X6, C f(r)G,. If r = p,
then P € f(p)0, = f(p) C f(p)S,. Hence P € (e (p)Sy = §. Thus KGy = PGy is a
normal §-subgroup of the group G. Hence KGg\= Gg. This contradicts to nontriviality of
the factor K/K N G;. T

Corollary 2. Let § = SLR(f) # @ Where’f is a constant full H-function. If V is an
S-injector of a group G, then Vi) 2 {i’fg,)'for all prime p € .

Proof. Since Gz <4V we have G o) 'z\(‘Gs) fw) = Gz N V). Consequently Viw), G3] < Gy
and therefore Vi) < Co(G3/Gypy). Since the function f is constant, Ca(Gg/Grp) < Gs,
by lemma 4. Hence Vy(,) =Gy for all primes p € 7(F).

Theorem 1. Let § =“SLR(f) # @ where f is a full constant H-function and p € n(5).
Then the following statements hold:

1) f(p)-covered, chief factors of a group G are exactly the chief factors which are covered
by the f(p)-radieal of G;

2) f(p)~injectors of a group G cover every f(p)-covered chief factor of G.

Proof. Statement 1 follows immediately from the definition of f(p)-covered chief factor and
corolary, 2.

Lt V' be a F-injector of G and Vi(p) cover a chief p-factor H/K of G. By corollary 2,
Vi) = Grp) and Gy <V for some f(p)-injector V; of G. Hence V; covers H /K.

- Theorem 2. Let § = SLR(f) # @ where f is a full constant H-function. Then an §-
mjector of a group G covers each F-central chief factor of G and avoids each F-eccentric
chief factor of G.

- Proof. Let H/K be an F-central chief factor and V be an §-injector of a group G. Then
Gr(p) covers H/K. But inclusions G s,y < G5 < V hold, and consequently V covers H /K.
We assume that the F-injector V of the group G covers some chief p-factor H/K of G.
Then a Sylow p-subgroup P of V also covers H/K. If p does not belong to 7(F) then V € 3.
So we obtain P = (1). Consequently in this case H/K is trivial and we have a contradiction.
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Let p € 7(§). Then V € f(p)M,6, = f(p)S,. Hence, V/Vy,) € G,. Consequently
Syl,(V) = Sylp(Vi(p). Therefore P < V(. By corollary 2, Viw) = Gy = Gpym,. Hence
the chief p-factor H/K is covered by the subgroup G fo)m,, 1.e. it is F-central.

Pestome. [okazaro, 4To ecim § — MOJYIOKATHHEIH KIIACC DUTTHHTA, TO F-UHBEKTOP KO-
HETHOU Pa3PEITMON IPYNTB MOKPHBAET e€ §-IEeHTPATbHBIE ¥ H30JUPYET S-3KCIEHTPANLHEIE
T71aBHBIE (DAKTOPHI. :
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