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The Frattini subgroup #(G) of a group G is defined to be the intersection of Q&d its
maximal subgroups. The following result for finite groups is well known:

Theorem A. If G is a finite group, then ¢(G) is nilpotent and the follows ditions are
pairwise equivalent:

(i) G is nilpotent. Q

(ii) G/¢(Q) is nilpotent, Cj&'

(i1) G' < ¢(G).

(iv) Every mazimal subgroup of G is normal in G. & .
The situation is not longer true in infinite groups, mai due to the fact of G having
insufficient maximal subgroups or even none at all. Tt iﬁ that in these cases, condition
(iii) in Theorem A is a, very weak property. Let G be andard wreath product of Priifer
groups of type p>® and ¢™. It is easy to show t@? = ¢(G). However G is not locally
nilpotent if p # ¢. Thus G’ < #(G) does not irq% ncal nilpotence and hence nilpotence.

In the first part of this survey we usethe Prattini-like subgroup #(G) introduced by
Tomkinson in 1973 [9] to extend the aboveTesult to a class of locally finite-soluble groups.

On the other hand, the concepts ormations and Fitting classes were introduced in
finite soluble groups by Gaschiitz a y Fischer, Gaschiitz and Hartley. Both theories form
an important and a well-establi part of the theory of finite soluble groups (see [6]).

Probably one of the most e ted results connecting these two theories is a theorem
i that a subgroup-closed Fitting formation of finite soluble

groups is saturated ([4]).

The above theorie een successfully extended to various classes of infinite groups,
specially locally ﬁy% ble, and there is a vast literature on the subject (see [5]). The
definition of sa ed"formation has usually been done in a local way, mainly due to the
fact that an infini group may have a few maximal subgroups while in the case of Fitting
classes, angd %ng on a fixed class of infinite groups, it is possible to use several definitions.
This is uthe fact that subnormality condition can be replaced by seriality, ascendancy
or des%y\cy.

note we study saturated formations and Fitting classes based on certain infinite
Q; . These groups are elements of the class c£ of radical locally finite groups satisfying
muw — p for every prime p. Dixon has developed in this class a satisfactory formation theory
and interesting results on Fitting classes (see [5]). He uses the more general definition of
Fitting classes, depending on the concept of serial subgroup, although in this universe serial
subgroups are in fact ascendant.

We use standard notation and terminology. It was taken from [5], [7].

Let M be a subgroup of a group G and consider the properly ascending chains

M=MO<M1<...<MazG

from M to G. Define m(M ) to be the least upper bound of the types « of all such chains.
Clearly m(M) = 1 if and only if M is a maximal subgroup of G.
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A proper subgroup M of G is said to be a major subgroup of G if m(U) = m(M)
whenever M < U < G.

The intersection of all major subgroups of G is denoted by #(G), which coincides with the
Frattini subgroup of @G, ¢(G), if G is finitely generated. In [9, Proposition 2.1] Tomkinson
shows that every proper subgroup is contained in a major subgroup of the group . Hence
p(G) is always a proper subgroup of G.

Following [11], a group G is semiprimitive if it is the semidirect product G = [D]M,
where M is a finite soluble group with trivial core and D is a divisible abelian group suc 1&
that every proper M-invariant subgroup of D is finite. lQ

The next result concerning major subgroups and semiprimitive groups appear@
crucial in the proof of one of our main theorems.

Theorem B [I; Theorem 1]. Let G be a c€-group and let M be magjor {@30}’ G.
Then.:
(a) If M is a mazimal subgroup of G, then G/Coreg(M) is a finit ble primitive

group. .
(b) If M is not a mazimal subgroup of G, then G/Coreg(M) is a@niprimitive group.

Let B be the class of groups in which each proper subgroup has“a ’proper normal closure.
Then we have the following result: ' é’

Lemma 1 [2]. Let G be a semaprimitive B-group. The abelian.
As a consequence of the lemma 1 and Theorem tain:

Theorem 1 [2]. Let G be a cC-group in the ¢

Then:

(i) If M is a mazimal subgroup of G, t G /CoreM) ~ Cyp for some prime p.

(it) If M is not a mazimal subgro-up%fi, then G /Corec(M) =~ Cyeo for some prime p.
Now we can formulate one of our m$j sults. It shows that in the class cg, B-groups
are to infinite groups as nilpoter s to finite groups. Moreover we obtain a complete

characterization of the B-gro through the Frattini-like subgroup u(@), analogously
@tent groups and the Frattini subgroup.

to the one of Theorem A fo
Theorem 2 ([2], [3]) (& be a group in the class c€. The following statements are
parrwise equivalent:

(i) G is a B-, :

(it) G/ u(GQ)i -group.

(v) ocally nilpotent group and each Sylow subgroup of G is nilpotent.
(vi) G locally nilpotent and G° < Z(Q).
(vii) Every subgroup of G is descendant.

. Let M be a major subgroup of G.

Notice that in the above theorem, condition (v) cannot be weakened to the one G is a locally
nilpotent group as the following example shows. Let (7 — Dy [Ca](ar) the dihedral group,
where « acts on Cy~ such that 2¢ = 2! for each z € Co. Then G is a locally nilpotent
group in the class c£. However G does not belong to the class ®8. Notice that for instance
() is a major subgroup of the group G' which is not normal in G

As a consequence of the theorem we obtain the following result:

Theorem 3 [2]. B is a subgroup-closed cL-formation.
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The above theorem will allow us to show the existence of the B-radical in every group G in
the class cC.

Sometimes when a finiteness restriction is placed upon a locally nilpotent group, the
group is forced to become nilpotent. For instance, it easy to see that a finite B-group is a
nilpotent group. Here is a less trivial result of the same kind.

Theorem 4 [2]. Let G be g group in the class cC. Assume G satisfies the minimal %dition

on subgroups. Then: &Q
G is a B-group if and only if G is a nilpotent group. «2»
Our aim now is to continue the study of the class 9 in the universe of cl it enjoys very

interesting properties of nilpotent type.
It is a well-known result that in a finite group G, the Frattini su #(G) is nilpotent. .
This result can be generalized in the class ¢C. i

Lemma 2 [2]. Let G be o locally soluble group satisfying mig= p for every prime p. Then
u(G) is a residually finite subgroup of G whose Sylow subgr are finite.

Theorem 5 [2]. Let G be q group in the class cg. Thm@G) is a B-group.

oups is nilpotent -this is Fitting’s |

Recall that the product of two normal nilpotent g
theorem |[7; 5.2.8]. The corresponding statemen s for locally nilpotent groups and is
of great importance. Moreover in any group Githere is a unique maximal normal locally
nilpotent subgroup (called the Hirsch-Plot}in ra ical) containing all normal locally nilpotent
subgroups of G. In this sense we obtaj gous results in the class B (in the universe cg)
defining the corresponding radical s oup in this class, the subgroup §(G). Furthermore _
using the characterization of Theofem 2, we can conclude that in fact, 6(G) is the Fitting
subgroup of G. This fact is of iderable interest. Note that in general the Fitting subgroup
in an infinite group gives li ormation about the structure of the group. However in
this case it plays an impo le as it inherits the properties of the B-radical.

Theorem 6 [2]. L
B-subgroups of G.

Lemma 3 [2]. € a group in the class c. If G is a Chernikoy group with G = J,_, G;,
such that G; each i € I and {G;,i € I} is a totally ordered set, then G is a B-group.

a group in the class c€. Assume H and K are two normal
he product HK is q B-group.

Theore s [8])- In any group G ¢ cL, there is a unique mazimal normal B-subgroup,
G), containing all normal B-subgroups of G. In fact, a subgroup H of G is

denot
des '@Y if and only if H < i(G).
@eorem yields that the arbitrary product of normal B-subgroups of a group also
%ongs to the class B. In particular, that the subgroup §(G) is the product of all normal
B-subgroups of the group G, that is, it is the B-radical of &
This fact will allow us to prove that the class B is in fact a Fitting class in the universe
cL.
A cC Fitting class, is a subclass & of ¢¢ satisfying the properties:
() fGeFand His a normal subgroup of G, then H ¢ 5.
() IfG=(H |iel ) € c€ and for each i € I the subgroup H; is a normal §-subgroup
of G, then G € §.
Notice that applying Theorem 3 the class B (in the universe c£) clearly satisfies condition
(i) of the definition above. Moreover by Theorem 7 also condition (ii) is true. Therefore B
is a cL-Fitting class.
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Consequently ¢€ is a subgroup-closed c£-Fitting formation.

Bryce and Cossey show that a subgroup-closed Fitting formation of finite soluble groups
is saturated (see [4]). Thus we can formulate the following question: Does the Bryce and
Cossey’s theorem hold in the class c£?

The answer to this question is negative as the class 9 shows.

In [1] the following definition is introduced.

A cL-formation § is said to be E,-closed if § enjoys the following properties:

(a) A cC-group G is in § if and only if G/u(G) is in §.

(b) A semiprimitive group G is an F-group if and only if it is the union of an ascendmg‘
chain {Gi : i € V} of finite §-subgroups.

Moreover the following is true. N

Theorem C [l; Theorem A]. Let ¥ be a c&-formation. Then § is E, closed zj’aﬁd’ only if
T is a saturated cL-formation. .

Applying this result, to see the class B is not saturated, it will be enough t6 prove that in
¢g, the class B is not E,-closed. (

Example Consider G = Dyeo = [Gow]{c) the aforementioned difledral group and the sub-
groups of Cae, . ALY
Qi(Ch) = {g € Ca= : 0(g) | 2'} Gy

for every natural number i. Then the group G can bé\espressed as G = |J;», Gi, where
G; = Q(Cayx){a), for each i > 1 and {G;;1 > 1} islan @scending chain. Notice that G; is a
finite 2-group for every i > 1. Hence G; is a nilpotent group and then a B-group for each
@ 2 1. However G is not a B-group. Thereforewe have a semiprimitive group which is the
union of an ascending chain of finite B- subq{oups but it is not in the class B. This proves
that in ¢ the class B is not By, -closed dnd s it is not a saturated formation.

We finish by giving a criteria for agubgroup-closed Fitting formation to be a Fitting class.

Theorem 8 [3] Let § be a subgroup- -closed cE—Fitting formation. Then § s saturated if and
only § satisfies the following| (property:

(o) If G is a Chernikou _grotup which is the union of an ascending chain {G; | i > 0} of
finite subgroups, then G\elongs to § if and only if G; belongs to § for all 4.
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