Q

Uzgectua ['oOMenbCKOro rocyapCTrBEHHOIO YHHUBEPCUTETA
nmenu @.Cxopunsl, 3(36), 2006

UDC 512.542
On one-generated X-local formations of finite groups
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Dedicated to the memory of Sergey Antonovich Chunikhin (1905-1 !A)@‘

In this paper, all groups considered are supposed to be finite. «2»
Recall that a formation is a class of groups satisfying the fo]lo two conditions:

1. If G € F and N is a normal subgroup of G, then G/N %

2. If N and M are normal subgroups of G such that G /My G N € F, then G/(MNN) €

Given a formation § and a group G, the §-residual G¥, of G'is the smallest normal subgrou
N of G such that G/N belongs to §. A formation § | to be saturated when G/®(G) €
implies that G € §, where ®(G) denotes the Fr@subgroup of G.
Gaschiitz [7] introduced the concept o ormation, which enabled him to constru
a rich family of saturated formations. é
Definition 1. e A formatian zow f assigns to every p € P a (perhaps empty
formation f(p) A

e If f is a formation functi ge :n the local formation LF(f) defined by f is the clas
of all groups G such/that M-H /K is a chief factor of G, then G/ Ca(H/K) € f(p) fo
all p e n(H/K).

° A fozmatlon 1d to be local if there exists a formation function f such tha
Theo (Gaschutz -Lubeseder-Schmid [5, IV,4.6]). The family of loc
/‘ormatzon /des with the family of saturated formations.
ult was proved by Gaschiitz and Lubeseder in the soluble universe and late
gener Schmld to the general finite universe.

T followed another approach to extend way the theorem of Gaschiitz and Lubeseder

finite universe. He used a different notion of local formation, in which non-abelian

factors were treated with more flexibility than abelian ones. This led him to find a new

Pamily of formations, the Baer-local formations, containing the local ones.

Definition 3. o A Baer function assigns to every simple group J a class of groups
f(J) such that f(C,) is a formation for every p € P.

o If f is a Baer function, then the Baer-local formation or Baer formation BLF(f)
defined by f is the class of all groups G such that if H/K is a chief factor of G, then
G/ Ce(H/K) € f(J), where J is the composition factor of H/K.

e A formation ¥ is said to be Baer-local if there exists a Baer function f such that
5 = BLF(f).
Shemetkov introduced in [11] the concept of composition formation. This notion is
equivalent to the one of Baer-local formation.
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Definition 4. A formation § is said to be solubly saturated when, for every group (7,
the condition G/®(Gs) € F implies that G € §, where s denotes the soluble radical of (.
Theorem 5 (Baer, [5, IV, 4.17)). A formation F is solubly saturated if and only
if § is Baer-local.
With the aim of presenting a common generalisation of the Gaschiitz-Lubeseder-
Schmid and Baer theorems, Férster introduced in [6] the concept of X-local formation,
~ where X is a class of simple groups such that (%) = char %, where (X)) ={peP:
there exists G' € X such that p € 7(G)} and char X := {peP:C, € %x}.
Here we explain the concept of X-local formation. Let J denote the class of all si w
groups. For any subclass ) of J, we write 2" = J\ 2. Denote by E9) the class of %
- whose composition factors belong to 9). It is clear that EY is a Fitting class, and=gd.éach
zroup G has a largest normal EQ)-subgroup, the £Q)-radical Oy(G). A chief f@g which
Selongs to £9) is called a 9)-chief factor. If p is a prime, we write ), to d «)Q% e class of
&l simple groups S € 9) such that p € 7(S5). The class of all T-groups, @ is a set of
primes, is denoted by &,

Definition 6 ([6]). e An X-formation function f assigns@ac.h X € char(X)uU
X" a (possibly empty) formation f(X).

o If fis an X-formation function, then LFx(f) is the clas®$2§ﬂi groups (' satisfying the

following two conditions:
1. If H/K is an X,-chief factor of G, then /G@{) e f(p).

2. If G/L is a monolithic quotient of ¢ that Soc(G//L) is an ¥'-chief factor of
G, then G/L € f(E), where E is composition factor of Soc(G/L).

The class LFx(f) is a formation .

o A formation § is said to be X0t there exists an X-formation function f such that
§ = LFx(f). In this case ayythat f is an X-local definition of § or that f defines

5.
If X = J, the class o Igple groups, an X-formation function is simply a formation
anction and the ¥-loc &ations are exactly the local formations. If ¥ — P, the class
all abelian simple , an X-formation function is a Baer function and the X-local
wmations are exactl Baer-local ones (see [5, IV, 4.9]). Moreover, every formation is
an be checked that if ¥ and ¥ are two classes of simple groups such
>7(X) = char X, and ¥ C X, then every X-local formation is X-local.
For 0 introduced in (6] an X-Frattini subgroup &3 (G) for every group (. He
ed %ﬂaﬁon in the obvious way and he proved that the X-saturated formations
exactly the X-local ones. From this one can deduce at once the theorems of Gaschiitz-
woeseder-Schmid and Baer. However, Férster’s definition of ¥-saturation is not the natural
if our aim is to generalise the concepts of saturation and soluble saturation. Since
5(G) = G and Op(G) = G, we would expect the X-Frattini subgroup of a group G
%0 e defined as o Ox(G)). In general $p(G) does not coincide with ®(Gg), as we can see

- 2. Example 2.4]. Hence the proof of Baer’s theorem does not follow immediately from
er’s result.

In (3] another %-Frattini subgroup ®x(G) in every group G is introduced. It is smaller
Forster’s one. The definition of this subgroup has been modified in [4, Chapter 1I1] in
following way.
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Definition 7. 1. Let p be a prime number. We say that a group G belongs to the
class Ax,(B2) provided that G is monolithic and there exists an elementary abelian
normal p-subgroup N of G such that

(a) N < ®(G) and G /N is a primitive group with a unique non-abelian minimal
normal subgroup, i.e., G/N is a primitive group of type 2,

(b) Soc(G/N) € BX\ &y, and

(¢) Ch(N) < N, where

o
Oh(N) = ﬂ{Cg(H/K) | H/K is a chief factor of G @N}

2. The X-Fmttim subgroup of a group G is the subgroup ®x(G) @'%d as

by {B(OXO) G A5 B il € char X
BT e(6) otherwise. .

The following theorem is proved in [3, Theore@] and (4, 3.2.14].
Theorem 8. Let X be a class of simple gro ¢h that =(X) = char X. A formation

Moreover, since ®p(G) = ®(Gs), Baers @ '
At the moment of writing, it is hown whether or not there exist groups in
Ay, (B2) such that @(Ox(G)) + ®(G).\Hente the following question remains open:

Let § be a formation contaging all groups G with G/@(0x(G)) € §. Is x-
local? g

¥ is X-saturated if and only if § is X-local.

A different appL

the notion of local formation is the concept of w-local
formation, where w i ‘

Yempty set of primes.
w be a non-empty set of prime numbers.

Deﬁnitiong
o Anw-| @D lite f assigns to every element of wU{w'} a (perhaps empty) formation.

o The ol G4 is used to denote the largest normal subgroup N of G such that
(—B /K) # 0 for every composition factor H/K of N (ifwn 7(Soc(G)) = 0, then
et (3o = 1)

following two conditions:

Q)Q& If fis an w-local satellite, then LF,(f) denotes the class of groups G satisfying the

2, 1. if H/K is a chief factor of G, then G/ Ca(H/K) € f(p) for every p € n(H/K)Nw,
and

2. G/Gus € FW).

e A formation § is w-local when there exists an w-local satellite f such that § = LFL(f)-
In this case, f is called an w-local satellite of §.

Definition 10. e Let p be a prime number. A formation g is said to be p-saturatec
if G € § whenever G/(0,(G) N d(@)) €53

e If w is a set of primes, we say that § is w-saturated if § is p-saturated for every prime
pEw.
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In [13], Skiba and Shemetkov proved the following theorem:

Theorem 11. A formation § is w-saturated of and only if § is w-local.

These formations appear in a natural way when the saturation of formation products
s considered.

Given two classes 9) and 3 of groups, a product class can be defined by setting

23 = (G € €| there is a normal subgroup N of G
such that N € 9 and G/N € 3), Q

. where € denotes the class of all finite groups. This product class turns out to be usef; %e
: theory of classes of groups, especially when certain formations are considered. H T this
| dass product is not in general a formation when 2) and 3 are formations. Fort 0@, there
- = a way of modifying the above definition to ensure that the class product-ef formations
- = again a formation. If § and & are formations, the formation product @schdtz product
of § and & is the class § o & defined by

Fob:=(Xe€|X®cy). $

& is known that §F o & is again a formation and if § is @ under taking subnormal
sabgroups, then & = Fo & (see [5, IV, 1.7 and 1.8]). &
1 Definition 12. e A formation § is sa.i% be a one-generated Baer-local

formation if there exists a group G such thét the smallest Baer-local formation
containing (.

® Let X be a class of simple groups sue t&w(%) = char X. A formation § is said to be

a one-generated X-local formatioh4f thére exists a group G such that § is the smallest
X-local formation containing

In [9], Skiba posed the foll

If 9 =Fo® is a one Qted Baer-local formation, where § and & are non-
trivial formations, 1 aer-local formation?

It is announce%he 1999 edition of the same book [10] that Skiba has answered
‘8he question negatiﬁi? n example can be found in (8, page 224]: Let G be a group with a
‘mmique non—abe mal subgroup R = O?(G). Let A = G0, § = form(A) (the smallest
wmation ¢ g A), and & = &, form(G). By |5, A, 18.5], A has a unique minimal
baSe group RY. By [12, 18.2], every simple group in § has order p. Hence by
*§ o & is a one-generated Baer-local formation and, since 6, Z §, § is not a
| formation.

e note that in the known examples of that situation, the equalities § = & and
B = 6,9 for a prime p hold, where 6, denotes the class of all p-groups. Consequently the
Sollowing question arises naturally: .

Assume that $ = § o & is a one-generated Baer-local formation, where § and
& are non-trivial formations. Is § a Baer formation provided that § #+ & or
9 # 6,9 for every prime p?

The authors gave in [2, Theorem 1] an affirmative answer to a more general question
- = the context of X-local formations.
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Theorem 13. Let X be a class of simple groups such that m(X) = char X. Let 9
§ o & be an X-saturated formation generated by a group G. If § and & are non-trivial an
either  # & or &,9 # § for all primes p € char X, then § is X-saturated.

Moreover, in [1], it has been proved that the formation § in Theorem 13 is 7-loca
where m = char X. It should be remarked that, in general, X-local formations are no
necessarily 7-local for # = char X.

Example 14. Let us consider the formation § := £%), where Q) := (4, [ n > 5), i. e.
the formation of all finite groups whose composition factors are isomorphic to an alternatin
group of degree n > 5. It is clear that § is a Baer formation. In particular, F«s<¥-saturate
for every X C P.

Assume that § is p-saturated for a prime p. If p > 5, set k t‘%; otherwise, se
k:=3. As p | |Ag|, by [5, B,11.8] there exists a group F with a nor elementary abelia
p-subgroup A # 1 such that A < ®(F) and E/A = A;. We have (O,,(E) N CI>(E))
E/(OP(E) NA)=FE/A€g. Therefore E € §, a contradictiﬁﬂ)

Therefore § is not w-saturated for any set w of primes. 1 eover, by setting X := (Cy)
and w = {2}, we have that § is ¥-saturated, but not 2@&%@1.

Note that an analogous result to Theorem 13 v oved by Vishnevskaya in |14] for
p-saturated formations. She shows that the p-sat formation §) generated by a finite
group cannot be the Gaschiitz product § o & non-p-saturated formations provided
$ # &. Although in general there does not exi class of simple groups X(w) such that th
X(w)-saturated formations are exactly the@esdturated formations (see [2, Section 3]), the
arguments used in the proof of The&l ill hold for w-saturated formations. It leads to

a

esult.

an alternative proof of Vishnevska
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Abstract. J%; survey, some generalisations of local formations are presented and
characteriséd, in”terms of Frattini-like subgroups. Some results on factorisations of one-
genera{% r-local and X-local formations are also shown.
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