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QUASI-FREE DOUBLE-TIME GREEN’S FUNCTION  

FOR Θ+-PENTAQUARK  
 

The lightest pentaquark Θ+ is a relativistic bound system of antiquark �̅�𝑎 
and four quarks u, u, d and d. Its experimental observation [1] is actively 
discussed, which confirms the importance of such systems for the physics 
of elementary particles [2]. There is no doubt the importance of their theo-
retical description in the framework of quantum field representations. 
Since the spin of Θ+ is equal to ½, it can be modeled as a bound state of 
one spinor antiquark and two scalar diquarks (uu) and (dd). And such an 
approximation greatly simplifies the description problem. 

In the theory of relativistic bound systems, the generally accepted re-
search method is the covariant single-time approach in quantum field theo-
ry [3]. Its most consistent version is based on the application of covariant 
double-time Green's functions (GF) 𝐺𝐺� [4]. The inverse free double-times 
GF {𝐺𝐺�(0)}-1 plays an important role in the construction of integral equations 
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for relativistic wave functions. When studying systems in an external elec-
tromagnetic field Аμ, such a role is played by the inverse quasi-free double-
time GF {𝐺𝐺�(0)

qf}-1 [5]. The inversion procedure assumes knowledge of the 
type of non-inversed GF, so let's start finding them. We note here that for a 
system with a spin structure (0; 0; 1/2), which includes two scalar diquarks 
and one spinor antiquark, the inversion procedure does not lead to a singu-
larity and is possible without projecting the GF on Dirac’s bispinors with 
preservation their matrix structure.  

Let’s concider such a three-particle system. Let the first and second 
particles in it be scalar diquarks with zero spins, masses m1 and m2, and 
electric charges Q1=4/3 and Q2=-2/3. Their initial 4-momenta will be de-
noted by p1= (p10, �⃗�𝑒1) and p2=(p20, �⃗�𝑒2). The third particle is an antiquark 
with characteristics S3=1/2, m3, p3=(p30, �⃗�𝑒3), Q3=1/3. 

Placing the system in an external electromagnetic field leads to a three-
component 𝐺𝐺�(0)

qf of the form: 
 

𝐺𝐺�(0)
qf = 𝐺𝐺�(0)

[1] + 𝐺𝐺�(0)
[2] + 𝐺𝐺�(0)

[3] ,                                  (1) 
 

where 𝐺𝐺�(0)
[j] (j = 1,2,3) – quasi-free double-time GF, taking into account the 

fact of interaction of the field Аμ with the j-th particle in the so-called mo-
mentum approximation [6]. The terms of formula (1) are obtained from 
four-time free GF G(0)

[j], defined as the vacuum mathematical expectations 
of the chronological product of the Heisenberg fields of the particles of the 
system, and the field Аμ in momentum space by integral equating the times 
in the initial and final states [4].  

In this case, the parametrization of the GF by the total energy of the 
system P0, which is characteristic of this version of the approach, arises. 
For the first and second diquarks, the structure of G(0)

[j] is similar and they 
have the form 
 

G(0)
[1] = Q1· 𝑖𝑖3+ 𝑝𝑝�3 

𝑝𝑝3 
2 − 𝑖𝑖3  

2 + 𝑖𝑖0
 ·  Г1𝜇𝜇𝐴𝐴𝜇𝜇(𝑞𝑞�⃗ 1)

𝑘𝑘1 
2 − 𝑖𝑖1  

2 + 𝑖𝑖0
 ∙  1

𝑝𝑝1 
2 − 𝑖𝑖1  

2 + 𝑖𝑖0
 ∙  1

𝑝𝑝2 
2 − 𝑖𝑖2  

2 + 𝑖𝑖0
 ,    (2) 

 
G(0)

[2] = Q2· 𝑖𝑖3+ 𝑝𝑝�3 
𝑝𝑝3 
2 − 𝑖𝑖3  

2 + 𝑖𝑖0
 ·  Г2𝜇𝜇𝐴𝐴𝜇𝜇(𝑞𝑞�⃗ 2)

𝑘𝑘2 
2 − 𝑖𝑖2  

2 + 𝑖𝑖0
 ∙  1

𝑝𝑝1 
2 − 𝑖𝑖1  

2 + 𝑖𝑖0
 ∙  1

𝑝𝑝2 
2 − 𝑖𝑖2  

2 + 𝑖𝑖0
 ,    (3) 

 
where kj – final 4-momenta of diquarks, �⃗�𝑞𝑖𝑖 = � 𝑘𝑘�⃗ 𝑖𝑖 −  �⃗�𝑒𝑖𝑖� − 3-momenta of 
photons, Гjμ=(kj+pj)μ – vertex functions. For antiquark in similar symbols 
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G(0)
[3] = Q3· 𝑖𝑖3+ 𝑘𝑘�3 

𝑘𝑘3
2 − 𝑖𝑖3  

2 + 𝑖𝑖0
 · �̂�𝐴(�⃗�𝑞3)  · 𝑖𝑖3+ 𝑝𝑝�3

𝑝𝑝3 
2 − 𝑖𝑖3  

2 + 𝑖𝑖0
 ∙  1

𝑝𝑝1 
2 − 𝑖𝑖1  

2 + 𝑖𝑖0
 ∙  1

𝑝𝑝2 
2 − 𝑖𝑖2  

2 + 𝑖𝑖0
 . (4) 

The formulas (2) – (4) lead to the following form of GF appearing in 
(1)  

 
                                                      𝐺𝐺�(0)

[1] = 1
12 𝜔𝜔1𝑝𝑝 𝜔𝜔2𝑝𝑝𝜔𝜔3𝑝𝑝 𝜔𝜔1𝑘𝑘 

 𝐴𝐴𝜀𝜀(�⃗�𝑞1) [(𝐼𝐼3  +  𝑒𝑒�̂3) ×   

 

× �
Г𝜇𝜇

(−)𝑅𝑅𝑝𝑝
𝑅𝑅0− 𝜔𝜔1𝑘𝑘 − 𝜔𝜔2𝑝𝑝 − 𝜔𝜔3𝑝𝑝 + 𝑖𝑖0

−
�Г(𝑝𝑝)

(+)�
𝜇𝜇

 𝑅𝑅𝑝𝑝

 𝜔𝜔1𝑝𝑝 + 𝜔𝜔1𝑘𝑘 
−

�Г(𝑘𝑘)
(+)�

𝜇𝜇

(𝑅𝑅0− 𝜔𝜔1𝑘𝑘 − 𝜔𝜔2𝑝𝑝 − 𝜔𝜔3𝑝𝑝 + 𝑖𝑖0)(𝜔𝜔1𝑝𝑝 + 𝜔𝜔1𝑘𝑘 )
� 

+ 
 

+ �
Г𝜇𝜇

(+)𝐴𝐴𝑝𝑝
𝑅𝑅0+ 𝜔𝜔1𝑘𝑘 + 𝜔𝜔2𝑝𝑝 + 𝜔𝜔3𝑝𝑝 − 𝑖𝑖0

+
�Г(𝑝𝑝)

(−)�
𝜇𝜇

 𝐴𝐴𝑝𝑝

 𝜔𝜔1𝑝𝑝 + 𝜔𝜔1𝑘𝑘 
+

�Г(𝑘𝑘)
(−)�

𝜇𝜇

(𝑅𝑅0+ 𝜔𝜔1𝑘𝑘 + 𝜔𝜔2𝑝𝑝 + 𝜔𝜔3𝑝𝑝 − 𝑖𝑖0)(𝜔𝜔1𝑝𝑝 + 𝜔𝜔1𝑘𝑘 )
� 

×  
 

× (𝐼𝐼3 −  𝑒𝑒�̂3′ )],                                   (5) 
 
                           𝐺𝐺�(0)

[2] = − 1
24 𝜔𝜔1𝑝𝑝 𝜔𝜔2𝑝𝑝𝜔𝜔3𝑝𝑝 𝜔𝜔2𝑘𝑘 

 𝐴𝐴𝜀𝜀(�⃗�𝑞2) [(𝐼𝐼3  +  𝑒𝑒�̂3) ×   

 

× �
П𝜇𝜇

(−)𝑅𝑅𝑝𝑝
𝑅𝑅0− 𝜔𝜔1𝑝𝑝 − 𝜔𝜔2𝑘𝑘 − 𝜔𝜔3𝑝𝑝 + 𝑖𝑖0

−
�П(𝑝𝑝)

(+)�
𝜇𝜇

 𝑅𝑅𝑝𝑝

 𝜔𝜔2𝑝𝑝 + 𝜔𝜔2𝑘𝑘 
–

�П(𝑘𝑘)
(+)�

𝜇𝜇

(𝑅𝑅0− 𝜔𝜔1𝑝𝑝 − 𝜔𝜔2𝑘𝑘 − 𝜔𝜔3𝑝𝑝 + 𝑖𝑖0)(𝜔𝜔2𝑝𝑝 + 𝜔𝜔2𝑘𝑘 )
� 

+ 
 

+ �
П𝜇𝜇

(+)𝐴𝐴𝑝𝑝
𝑅𝑅0+ 𝜔𝜔1𝑝𝑝 + 𝜔𝜔2𝑘𝑘 + 𝜔𝜔3𝑝𝑝 − 𝑖𝑖0

+
�П(𝑝𝑝)

(−)�
𝜇𝜇

 𝐴𝐴𝑝𝑝

 𝜔𝜔2𝑝𝑝 + 𝜔𝜔2𝑘𝑘 
+

�П(𝑘𝑘)
(−)�

𝜇𝜇

(𝑅𝑅0+ 𝜔𝜔1𝑝𝑝 + 𝜔𝜔2𝑘𝑘 + 𝜔𝜔3𝑝𝑝 − 𝑖𝑖0)(𝜔𝜔2𝑝𝑝 + 𝜔𝜔2𝑘𝑘 )
� 

×  
                                                      × (𝐼𝐼3 −  𝑒𝑒�̂3′ )],                           (6) 

 
𝐺𝐺�(0)

[3] = 1
48 𝜔𝜔1𝑝𝑝 𝜔𝜔2𝑝𝑝𝜔𝜔3𝑝𝑝 𝜔𝜔3𝑘𝑘 

 × 

 

×  �
�𝐼𝐼3  +  𝑘𝑘��3�  �̂�𝐴(�⃗�𝑞3)�𝐼𝐼3  +  𝑒𝑒�̂3�𝜋𝜋𝑝𝑝
𝑃𝑃0 −  𝜔𝜔1𝑝𝑝 – 𝜔𝜔2𝑝𝑝 – 𝜔𝜔3𝑘𝑘 +  𝑖𝑖0

+
�𝐼𝐼3 −  𝑘𝑘��3′ �  �̂�𝐴(�⃗�𝑞3)�𝐼𝐼3 −  𝑒𝑒�̂3′ �𝐴𝐴𝑝𝑝
𝑃𝑃0 +  𝜔𝜔1𝑝𝑝 +  𝜔𝜔2𝑝𝑝 +  𝜔𝜔3𝑘𝑘 −  𝑖𝑖0 

+  
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                      +
�𝑖𝑖3− 𝑘𝑘��3′ � 𝐴𝐴�(𝑞𝑞�⃗ 3)�𝑖𝑖3 + 𝑝𝑝��3�

�𝜔𝜔3𝑝𝑝 + 𝜔𝜔3𝑘𝑘 �  
 � 1
𝑅𝑅0+ 𝜔𝜔1𝑝𝑝 + 𝜔𝜔2𝑝𝑝 + 𝜔𝜔3𝑘𝑘 − 𝑖𝑖0 

− 𝜋𝜋𝑝𝑝� +

                      +
�𝑖𝑖3 + 𝑘𝑘��3� 𝐴𝐴�(𝑞𝑞�⃗ 3)�𝑖𝑖3− 𝑝𝑝��3′ �

�𝜔𝜔3𝑝𝑝 + 𝜔𝜔3𝑘𝑘 �  
 �𝐴𝐴𝑝𝑝 −

1
 𝑅𝑅0− 𝜔𝜔1𝑝𝑝 – 𝜔𝜔2𝑝𝑝 – 𝜔𝜔3𝑘𝑘 + 𝑖𝑖0

��    (7) 

 
Here additional symbols are used:  

 
𝑒𝑒�𝑖𝑖 = (𝜔𝜔𝑖𝑖𝑝𝑝, �⃗�𝑒𝑖𝑖), 𝑒𝑒�𝑖𝑖′  = (𝜔𝜔𝑖𝑖𝑝𝑝,− �⃗�𝑒𝑖𝑖), 

 

𝜔𝜔𝑖𝑖𝑝𝑝 =  �𝐼𝐼𝑖𝑖
2 + �⃗�𝑒𝑖𝑖2  (j = 1,2,3) 

 
and similar parameters by replacing (p ↔ k), as well as 

 
𝜋𝜋𝑝𝑝 = (𝑃𝑃0 −  𝜔𝜔1𝑝𝑝 –  𝜔𝜔2𝑝𝑝 –  𝜔𝜔3𝑝𝑝 +  𝑖𝑖0)-1, 

 
𝐴𝐴𝑝𝑝 = (𝑃𝑃0 +  𝜔𝜔1𝑝𝑝 +  𝜔𝜔2𝑝𝑝 +  𝜔𝜔3𝑝𝑝 −  𝑖𝑖0)-1; 

 
Г𝜀𝜀

(±) = {2[P0 ± (𝜔𝜔2𝑝𝑝 +  𝜔𝜔3𝑝𝑝 )], �⃗�𝑒1 + 𝑘𝑘�⃗ 1}, 
 

�Г(𝑝𝑝)
(±)�

𝜀𝜀
= �±2𝜔𝜔1𝑝𝑝 , �⃗�𝑒1 +  𝑘𝑘�⃗ 1�,        �Г(𝑘𝑘)

(±)�
𝜀𝜀

= �±2𝜔𝜔1𝑘𝑘 , �⃗�𝑒1 +  𝑘𝑘�⃗ 1�; 

 
П𝜀𝜀

(±) = {2[P0 ± (𝜔𝜔1𝑝𝑝 +  𝜔𝜔3𝑝𝑝 )], �⃗�𝑒2 + 𝑘𝑘�⃗ 2}, 
 

�П(𝑝𝑝)
(±)�

𝜀𝜀
= �±2𝜔𝜔2𝑝𝑝 , �⃗�𝑒2 + 𝑘𝑘�⃗ 2�,       �П(𝑘𝑘)

(±)�
𝜀𝜀

= �±2𝜔𝜔2𝑘𝑘 , �⃗�𝑒2 +  𝑘𝑘�⃗ 2�. 

  
The problem can be simplified by replacement of two scalar diquarks 

with one scalar tetraquark. In this case, formula (1) loses one term and 
takes the form 

 
𝐺𝐺�(0)

qf = 𝐺𝐺�(0)
[1] + 𝐺𝐺�(0)

[3].                                           (8) 
 
GF (3) and (6) vanish, and in formulas (2), (4), (5) and (7) all parame-

ters with index j = 2 are deleted. 
Then, for convenience, the index 3 is replaced by 2, that is, the spinor 

quark becomes the second particle.  
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The bulkiness of quasi-free double-time GF (1), (8) does not interfere 
with the procedure for their nonsingular inversion using well-known soft-
ware packages for analytical calculations.  

The Green's function 𝐺𝐺�(0)
qf can include a term 𝐺𝐺�(0) without interaction 

with the external field. For a three-particle system, 𝐺𝐺�(0) has the form 
 

𝐺𝐺�(0) = 1
8 𝜔𝜔1𝑝𝑝 𝜔𝜔2𝑝𝑝𝜔𝜔3𝑝𝑝  

 � �𝑖𝑖3 + 𝑝𝑝��3�
𝑅𝑅0− 𝜔𝜔1𝑝𝑝 − 𝜔𝜔2𝑝𝑝 − 𝜔𝜔3𝑝𝑝 + 𝑖𝑖0 

−  �𝑖𝑖3− 𝑝𝑝��3′ �
𝑅𝑅0+ 𝜔𝜔1𝑝𝑝 + 𝜔𝜔2𝑝𝑝 + 𝜔𝜔3𝑝𝑝 − 𝑖𝑖0 

�  (9) 

 
and reverse form  
 

{𝐺𝐺�(0)}-1 = 4 𝜔𝜔1𝑝𝑝 𝜔𝜔2𝑝𝑝 �𝑃𝑃0𝛾𝛾0 −  𝜔𝜔1𝑝𝑝 + 𝜔𝜔2𝑘𝑘 + 𝜔𝜔3𝑝𝑝 

𝜔𝜔3𝑝𝑝 
 (�⃗�𝑒3�⃗�𝛾 + 𝐼𝐼3)�,      (10) 

 
what is shown in [4].   

Thus, in this work, we have obtained an explicit form for the quasi-free 
double-time Green's functions for the Θ+ pentaquark, considered as a  
3-particle quark–diquark system. The obtained FGs admit nonsingular in-
version and further use in constructing integral equations for finding wave 
functions in the presence of an external electromagnetic field. 
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РАСПАДЫ СТРАННЫХ МЕЗОНОВ ПРИ НИЗКИХ ЭНЕРГИЯХ 
 
Введение 
Задача изучения низкоэнергетических взаимодействий каонов 

остается акктуальной на протяжении многих десятилетий. Изучение 
распадов -мезонов позволяет получить информацию о возможных 
проявлениях новой физики за рамками Стандартной Модели (СМ). 
Их можно назвать окном в мир «новой» физики. С этой точки зрения 
представляется крайне важным получение достоверных количествен-
ных оценок параметров данных распадов в рамках СМ. Каонные рас-
пады рассматриваются в целом ряде обзоров, например, [1, 2]. Экспе-
риментальное изучение этих распадов ведется рядом эксперимен-
тальных групп (BNL KEK - JAEA IHEP, Protvino INFN, Frascati) [3]. В 
данной работе изучаются распады 𝐾𝐾 → 𝜋𝜋𝑙𝑙𝜈𝜈𝑖𝑖 (𝐾𝐾𝑖𝑖3- распады). Для них 
получены параметры наклона  𝜆𝜆′+;  𝜆𝜆′−;  𝜆𝜆′0 , а также воспроизведено 
соотношение Каллана-Треймана-Матура-Окубо-Пандита (КТМОП) 
[4, 5]. Все рассмотрение проводилось в рамках Модели Конфайнми-
рованных Кварков (МКК) [6].  

 
1. Получение параметров 𝑲𝑲𝒍𝒍𝒍𝒍 распадов  
Матричный элемент распада 𝐾𝐾 → 𝜋𝜋𝑒𝑒𝑒𝑒 определяется диаграммами, 

приведенными на рисунке 1, и может быть записан в виде: 
 

𝑀𝑀𝜀𝜀(𝑒𝑒1,𝑒𝑒2) = 𝐹𝐹+(𝑡𝑡)(𝑒𝑒1 + 𝑒𝑒2)𝜀𝜀 + 𝐹𝐹−(𝑡𝑡)(𝑒𝑒1 − 𝑒𝑒2)𝜀𝜀, 
где 

𝐹𝐹+(𝑡𝑡) = 𝐹𝐹+
(𝑎𝑎)(𝑡𝑡) + 𝐹𝐹+

(𝑏𝑏)(𝑡𝑡)
𝐹𝐹−(𝑡𝑡) = 𝐹𝐹−(𝑎𝑎)(𝑡𝑡) + 𝐹𝐹−(𝑏𝑏)(𝑡𝑡)

. 

 
Импульсы 𝑒𝑒1,𝑒𝑒2 – импульсы каона и -мезона, 𝑡𝑡 = (𝑒𝑒1 − 𝑒𝑒2)2. Ин-

дексы 𝑎𝑎 и 𝑏𝑏 означают вклады диаграмм 1𝑎𝑎 и  1𝑏𝑏 соответственно. Ука-
занные вклады в МКК имеют вид: 
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