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On transitivity of normality and related topics

L.A. KURDACHENKOl, l.YA. SUBBOTIN?

A group G is said to be a T-group if the property «to be a normal subgroup» is transitive in G. If every
subgroup of G is a T-group, then G is called a T -group. The authors consider some new developments in
the infinite group theory related to the transitivity of normality.
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I'pynna G HaswiBaetcs T-rpymioi, eciiv B G CBOWCTBO «ObITh HOPMAIILHOM MMOIIPYIIION» SBISIETCS TPaH-
sutuBHEIM B G. Ecin kaxmas moarpynma u3 G seisiercst T-rpymmoit, To G HassBaeTcst T -rpymmoi. O6-
CYXKJIAaIOTCSI HEKOTOPBIC HOBBIE PE3YIbTAaThl B TCOPUU OCCKOHCUHBIX TPYII, CBS3aHHBIC C TPAH3UTHBHO-
CTBbIO HOPMAJIbHOCTH.

KioueBble cioBa: T-rpynma, T -TpyNna, JOKAIbHO HIIBIOTEHTHBIA KOpaIUKall, TPAaH3UTUBHO HOPMAJh-
Has moArpymmna, (cnabo) npoHopmansHas noarpynna, NE-moarpynma, cnabo HopMaisHast MOATPYINA, TH-
TIEPIMKITIYECKAs TPYIIa, 000OMCHHBIN pamukal, (crabo) abHOpManbHas TMOATPYIIA, YACTUIHO TPOHOP-
MaJibHas NOArPyIIa

There are two frequently used kinds of subgroup properties-the properties that are external
to the group, i.e. the properties stating that a subgroup belongs to some class X of groups (for ex-
ample, to be an abelian subgroup, nilpotent subgroup and so on), and the properties that are internal
to the group, i.e. the properties which define the place of the subgroup in the arrangement of sub-
groups in a group. These properties based on the relationships and mutual arrangement of sub-
groups. The examples of such properties are «to be a normal subgroup», «to be a subnormal sub-
group», «to be conjugates», «to be a permutable subgroup” and so on. The property «to be a normal
subgroup» is one of the most fundamental properties. There are many interesting generalizations of
normality and the properties which have their roots in normality. In this survey, we want to consider
some of these properties and to show their influence on the structure of a group. These properties do
not include the condition «to be a finite group», however most of them first have appeared and stud-
ied in finite groups. It seems very natural since finite group theory is very well developed. The situ-
ation is much more complicated in infinite groups.

Note at once, that the property «to be a normal subgroup» is not transitive. Therefore it was
very natural to study the groups, in which this property is transitive. Such groups are called
T-groups, while a group G is said to be a T-group if every subgroup of G is a T-group. It should be
noted that T-groups have been investigating for a quite long period of time. The structure of finite sol-
uble T-groups has been described by W. Gaschitz [6]. In particular, he proved that every finite solu-
ble T-group is aT-group. We note that every finite T-group is metabelian. The general structure of
infinite soluble T- and T-groups have been investigated by D.J.S. Robinson [19]. In particular, he has
obtained the following most completed yet result regarding structure of locally soluble T-groups.

Theorem 1. (D.J.S. Robinson [19]). Let G be a locally soluble T-group.

(1) If G is not periodic, then G is abelian.

(i) If G is periodic and L is the locally nilpotent residual of G, then satisfies the following
conditions:

(a) G/L is a Dedekind group;

(b) 7K(L) N TIGIL) = 2,

(€) 2 £ IKL);

(d) every subgroup of L is G-invariant.
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Let G be a group and Ren be a family of all normal subgroups H of G such that G/H is locally
nilpotent. Then the intersection N Rin = Gin is called a locally nilpotent residual of G. It is not difficult to
prove that if G is a locally finite, then G/Gun is locally nilpotent. Note that if G is a finite or countable
group, then the locally nilpotent residual has a complement, but in general case this is not true.

Consideration of the T-groups naturally leads to the following type of subgroups.

A subgroup H of a group G is said to be transitively normal in G, if H is normal in every
subgroup K > H such that H is subnormal in K. (L.A. Kurdachenko, 1.Ya. Subbotin, [11]).

This property is quite strong, and therefore the transitively normal subgroups exert big influ-
ence on the structure of a group. There are many important types of subgroups, which are transitive-
ly normal. We illustrate this statement by the following well-known examples. First consider the
pronormal subgroups.

A subgroup H of a group G is said to be pronormal in G if for every g € G the subgroups H
and H® are conjugate in the subgroup < H, H® > (See for example, the book of L.A Shemetkov [22,
p.179]. Such important subgroups of finite soluble groups as Sylow subgroups, Hall subgroups, sys-
tem normalizers, and Carter subgroups are pronormal subgroups. Every pronormal subgroup is tran-
sitively normal. But converse is not true. For example, for each set = of primes, every maximal n-
subgroup is transitively normal. In particular, every Sylow p-subgroup is transitively normal for
each prime p. But in an infinite group a Sylow p-subgroup in general is not pronormal. Every max-
imal locally nilpotent subgroup is also transitively normal.

T.A. Peng [18] has obtained the first characterization of T-group via pronormal subgroups.

Theoerm 2 (T.A. Peng [18]). Let G be a finite group. Then every subgroup of G is pronormal
if and only if G is a T-group. Every cyclic subgroup of G is pronormal if and only if G isa T —group.

The infinite case is much more complicated here.

Recall that a group is called locally graded, if every it’s non-identity finitely generated sub-
group has a proper subgroup of finite index.

Theorem 3 (N.F. Kuzennyj, I.Ya. Subbotin, [13]). Let G be a locally soluble group or a pe-
riodic locally graded group. Then the following conditions are equivalent:

(i) every cyclic subgroup of G is pronormal in G;

(ii) G is a soluble T-group.

The infinite groups whose subgroups are pronormal firstly have been considered by N.F.
Kuzennyj, I.Ya. Subbotin in [12].

Theorem 4 (N.F. Kuzennyj, l.Ya. Subbotin, [12]). Let G be a group whose subgroups are
pronormal, and L be the locally nilpotent residual of G.

(i) If G is periodic and locally graded, then G is a soluble T-group, in which L is a comple-
ment to every Sylow /7(G/L)-subgroup.

(i1) If G is not periodic and locally soluble, then G is abelian.

The next characterization of T-groups was connected with a following property.

A subgroup H of a group G is called an NE-subgroup if Ne(H) N H® = H. (Shirong Li, [23]).

Theorem 5 (Li, Y. [16]) If every subgroup of a finite group G is NE-subgroups, then G is
a T-groups.

If every primary subgroup of a finite group G is NE-subgroups, then G is a T-group.

M. Bianchi, A.G.B. Mauri, M. Herzog and L. Verardi [3] have offered the following genera-
lization of NE-subgroups.

A subgroup H of a group G is called an Z#&ubgroup if Ng(H) n H? < H for all elements g € G.

Theorem 6. (M, Bianchi, A.G.B. Mauri, M. Herzog and L. Verardi, [3]). If every subgroup
of a finite group G is H -subgroups: then G is a T-groups. If every primary subgroup of a finite

group G is H -subgroups: then G is @ T-groups. K H. Miiller [17] has introduced the following gen-
eralization of pronormal subgroups. A subgroup H of a group G is called weakly normal in G if
for each element g such that H® < Ng(H) we have g € Ng(H).
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In [2] A. Ballester-Bolinches and R. Esteban-Romero have proved that every pronormal
subgroup is weakly normal. They also have proved the following result.

Theorem 7 (A. Ballester-Bolinches and R. Esteban-Romero [2]). If every subgroup of a fi-
nite group G is weakly normal in G, then G is a T-groups. If every primary subgroup of a finite
group G is weakly normal in G, then G isa T-group.

Each of these subgroups is transitively normal. Our goal is to consider the widest possible
generalization of these results. We start from following criteria of hypercyclicity of a group.

Theorem 8 (P. Csorga and M. Herzog [5]) Let G be a finite group, whose cyclic subgroup
of order 4 and of all prime orders are _~-subgroups. Then G is supersoluble.

Yangming Li proved a similar result for NE-subgroups. More precisely

Theorem 9 (Li, Y. [16]) Let G be a finite group, whose cyclic subgroup of order 4 and of all
prime orders, are NE-subgroups. Then G is supersoluble.

The following generalization of these results for finite and infinite groups has been obtained by L.A.
Kurdachenko and J. Otal, 2013.

Let X be a class of groups. Recall that a group G is said to be a hyper-X-group if G has an
ascending series of normal subgroups whose factors belong to the class X. In particular, a group is
hypercyclic, if it has an ascending series of normal subgroups whose factors are cyclic.

Theorem 10 (L.A. Kurdachenko, J. Otal, [8]). Let G be a locally finite group. If every cyclic
subgroup of order 4 and of all prime orders is transitively normal in G, then G is hypercyclic.
Moreover, if L is a locally nilpotent residual of G, then L is hypercentral, 2 ¢ 7KL) and /(L) »
T1(G/L) = .

Theorem 11 (L.A. Kurdachenko, J. Otal, [8]). Let G be a locally finite group and L be the
locally nilpotent residual of G. If every primary cyclic subgroup of G is transitively normal in G,
then G isa T-groups.

We note that this result cannot be extended on an arbitrary periodic group. Indeed, A.Yu.
Olshanskij has constructed an example of an infinite p-group G, where p is big enough prime,
whose all proper subgroups have order p. Clearly every subgroup of such group G is transitively
normal. For the non-periodic case we also need some restriction: A.Yu. Olshanskij has constructed
an example of an infinite torsion-free group G, whose proper subgroups are cyclic. Clearly every
subgroup of such group G is transitively normal.

Recall that a group G is called a generalized radical, if G has an ascending series whose fac-
tors are locally nilpotent or locally finite. We will consider locally generalized radical group.

Theorem 12 (L.A. Kurdachenko, J. Otal, [8]). Let G be a non-periodic locally generalized
radical group. If every cyclic subgroup of G is transitively normal in G, then either G is abelian or
G = R< b > where R is abelian, b*> € R and a” = a™* for each element a e R. Moreover, in the se-
cond case the following conditions holds: (i) if b? = 1, then the Sylow 2-subgroup D of R is elemen-
tary abelian; (ii) if b? =1, then either D is elementary abelian or D = E x < v > where E is elemen-
tary abelian and < b, v > is a quaternion group. Conversely, if a group G has the above structure,
then every cyclic subgroup is transitively normal

Consider now some other kinds of transitively normal subgroups.

A subgroup H of a group G is called abnormal in G if g € < H, H® > for each element g of
G. The notion of an abnormal subgroup belongs to P. Hall (1937), while the term "abnormal sub-
group™ itself belongs to R. Carter ([4]).

By its meaning, the abnormality is an antagonist to the normality: a subgroup of a group is
simultaneously normal and abnormal only if it coincides with the group. All maximal non-normal
subgroups are trivial examples of abnormal subgroups. More interesting here is the well-known J.
Tits example: the subgroup T,(K) of all triangular matrices is abnormal in the general linear group

GLn(F) over a field F. Every Carter subgroup of a finite soluble group is abnormal. The next type of
subgroup appears from the following characterization of abnormal subgroups. But first we need the
following simple concept.
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Let G be a group and H be a subgroup of G. A subgroup K is called intermediate for H, H< K< G.

The following criterion of abnormality is well-known (see for example the survey [1].

Let G be a group and H a subgroup of G. Then H is abnormal in G if and only if the follow-
ing two conditions hold:

(i) If K'is an intermediate subgroup for H, then K is self-normalizing.

(i) If K, L are two intermediate subgroup for H such that K and L are conjugate, then K = L.

Let G be a group. A subgroup H is called weakly abnormal in G if every intermediate sub-
group for H is self-normalizing (M.S. Ba, Z.1. Borevich, [1]).

Note the following characterization of the weakly abnormal subgroups.

A subgroup H of a group G is weakly abnormal in G if and only if x e H
ment x € G (M.S. Ba, Z.1. Borevich, [1]).

In general, not every weakly abnormal subgroup is abnormal. There are examples of weakly
abnormal subgroups in some finite groups which is not abnormal. But, the following interesting re-
sult has been obtained by D. Taunt.

Theorem 13 [21]. If G is a finite soluble groups, then every weakly abnormal subgroup is
abnormal.

The widest generalization of this statement to infinite groups has been obtained by L.A.
Kurdachenko, A. A. Pypka and l.Ya. Subbotin [14].

A group G is called an N-group if G satisfies the following condition:

If M, L are subgroup of G such that M is maximal in L, then M is normal in L.

We remark that the property “to be an N-group” is local. In particular, every locally nilpo-
tent group is an N-group, but converse is not true (J. S. Wilson, [24]).

Theorem 14 (L.A. Kurdachenko, A.A. Pypka and I.Ya. Subbotin, [14]). Let G be a hyper-
N-group and H be a subgroup of G. If H is weakly abnormal in G, then G is abnormal in G.

Corollary 15. (L.A. Kurdachenko and I.Ya. Subbotin, [10]). Let G be a radical group and H
be a subgroup of G. If H is weakly abnormal in G, then G is abnormal in G.

Corollary 16. ( F. de Giovanni, G. Vincenzi, [7] ). Let G be a hyperabelian group and H be
a subgroup of G. If H is weakly abnormal in G, then G is abnormal in G.

Corollary 17 (M.S. Ba, Z.1. Borevich, [1]). Let G be a soluble group and H be a subgroup
of G. If H is weakly abnormal in G, then G is abnormal in G.

As for abnormality we can consider the following weak variation of pronormality (see [1])

Let G be a group. A subgroup H is called weakly pronormal in G (or has the Frattini prop-
erty ) if for every subgroups K, L such that H < K and K is normal in L we have L = N (H)K.

There is the following characterization of the weakly abnormal subgroups.

Theorem 17 (M.S. Ba, Z.1. Borevich, [1]). Let G be a group and H be a subgroup of G.
Then H is weakly pronormal in G if and only if the subgroups H and H* conjugate in H=*~ for each
element x € G.

The inclusion < H, H*> < H shows that every pronormal subgroup is weakly pronormal.
The converse statement is not true. In particular, every pronormal subgroup has the Frattini property.
We note the following two properties of pronormal subgroups (see, for example, [1]).

Let G be a group and H be a pronormal subgroup of G. Then H is abnormal in G if and
only if H = Ng(H). Let G be a group and H be a subgroup of G. If H is pronormal in G, then
Ng(H) is abnormal in G.

For finite soluble groups, T.A. Peng obtained the following characterization of pronormal
subgroups.

Theorem 18 (T.A. Peng, [18]). Let G be a finite soluble group and D be a subgroup of G.
Then D is pronormal in G if and only if D has the Frattini property.

This characterization of pronormal subgroups of finite groups could be extended on infinite
groups in the following way.

We recall that a group G is called an N-group or group with normalizing condition, if
Ng(H) # H for every subgroup H of G.

We note that a group G is an N-group if and only if every subgroup of G is ascendant.

<X>

for each ele-

< X>
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Theorem 19 (L.A. Kurdachenko and I.Ya. Subbotin, [10]). Let G be a hyper-N-group and D
be a subgroup of G. Then D is pronormal in G if and only if D has the Frattini property.

Corollary 20 (F. de Giovanni, G. Vincenzi, [7]). Let G be a hyperabelian group and D be a
subgroup of G. Then D is pronormal in G if and only if D has the Frattini property.

Corollary 21 (see, for example, [1]). Let G be a soluble group and D be a subgroup of G.
Then D is pronormal in G if and only if D has the Frattini property.

If H is a pronormal subgroup of a group G and L is an intermediate subgroup for H, then H
is pronormal in L. So N (H) is abnormal in L.

J.S. Rose in [20] had introduced the following important class of subgroups which are an-
tipodes to normal subgroups and are natural generalization of abnormal subgroups.

A subgroup H of a group G is called contranormal in G if H® = G.

Abnormal subgroups are contranormal. However not every contranormal subgroup is abnormal.

A subgroup H of a group G is called nearly pronormal if N_(H) is contranormal in every
subgroup L, which includes H.

As we can observe, every pronormal subgroup is nearly pronormal but the converse state-
ment is not true. Nevertheless, for some classes of generalized soluble groups the nearly pronormal-
lity coincides with pronormality.

Theorem 22 (L.A. Kurdachenko, A.A. Pypka, l.Ya. Subbotin, [14]). Le G be a hyper-N-
group. Then every nearly pronormal subgroup of G is pronormal in G.

Corollary 23 (G.J. Wood, [25]). Let G be a finite soluble group. Suppose that a subgroup H
satisfies the following condition: If K is a subgroup, including H, then Nk(H) is abnormal in K.
Then K is pronormal in G.

With the help of nearly pronormal subgroups the following characterization of T-groups
has been obtained.

Theorem 24 (L.A. Kurdachenko, A. Russo, G. Vincenzi, [9]). Let G be a locally radical
group. (i) If every cyclic subgroup of G is nearly pronormal, then G is a soluble T-group.(ii) If eve-
ry subgroup of G is nearly pronormal, then every subgroup of G is pronormal in G.

Theorem 25 (L. Kurdachenko, N.Semko (Jr.), and I. Subbotin, [15]). Let G be a locally sol-
uble periodic group all of whose non-finitely generated subgroups are transitively normal. If G is a
non- Chernikov group, then G is a T-group. If G is a Chernikov group, then either G is a Dedekind
group or the divisible part Y of G is a quasicyclic group and G/Y is a finite T-group.

We observe that the conditions of this theorem are also sufficient.

Corollary 26 (L. Kurdachenko, N. Semko (Jr.), and 1. Subbotin, [15]). Let G be a locally
nilpotent group all of whose non-finitely generated subgroups are transitively normal. Then every
non-finitely generated subgroup of G is normal in G.

Corollary 27 (L. Kurdachenko, N.Semko (Jr.), and I. Subbotin, [15]). Let G be a radical
group all of whose non-finitely generated subgroups are transitively normal. Suppose that G is not
periodic. If the locally nilpotent radical of G is not a minimax group, then G is abelian.
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