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Association schemes and automorphisms of finite groups

V. M. SIDELNIKOV1

1. Introduction

Association schemes are one of the main fields of research in algebraic combinatorial
analysis. This research is stimulated by applications of association schemes in‘coding theory,
combinatorial designs and cryptography.

Let X be a finite set. Elements of X (of X x X) are called vertices (edges).

An association scheme C{X) on X is a partition of the Cartesian square X x X into
1+ m subsets RO, ..., Rm (relations) satisfying the following conditions j14,16]:

a RO= {(x,x)\x € X}.

b Let (x,y) £ X x X. The number i\j(:r,y) of pairs of edges(x, z), (z, y)suchthat(x,z)E
£ Ri, (z,y)E Rj, is the same for any (x,y) £ ’Rk,i.e. the numberrif(x,y) = rX des
not dependon the choice of (x, y) in RK.

¢ The reciprocal relation W, = {(y,x)\(x,y£ Rj} also belongs to the set i?0>eee>Rnt-. i-e-
Rj = Rj" for some j "

If, in addition to the items a; b“and c, condition rX = rX holds, then the association
scheme is called commutative.

The well-known example.is the Hamming association scheme with n + 1 relations
where X, NX\ —q, g > 2,. The'relation Rj consists of all pairs of vectors (x,y) £ Xnx Xn
such that d{x, y) = j, where d is the Hamming distance.

For extended bibliography on association schemes the reader is referred to [8,14,16].

The usual _item. of study in the theory of association schemes is the Bose-Mesner
algebra of an association scheme. This algebra has two basic bases: basis formed by incidence
matrices of the_relations Rj and the basis formed by its idempotents [16]. The theory
concentrates\on the interrelation of these two bases.

Another topic in the theory of commutative association schemes is the so-called
Krein's formal duality [8], [16].

One more direction of research is studying codes Y C X on an association scheme
C (X). The theory is developed for the general case, but for expository purposes we shall
confine ourselves to the Hamming scheme H™ Let Nj be a number of pairs y,y' £ Y such
that (y,y') £ Rj- One of the main results of the theory is the inequality Xjgk(j) > 0
where gk(j) are entries of a matrix transforming the basis of idempotents into the basis
of incidence matrices of Bose-Mesner algebra. This inequality is a base for deriving upper
bounds on the code size using linear programming techniques.

It is convenient to treat the Hamming association scheme A™ as follows. First, consider
an association scheme C(X), |X] = > 2, which has two relations RO,Rj. All pairs (/,/) £
£ X x X are in RO, and Ry includes all other pairs (/, g) £ X x X. We define an association
scheme C (X n) having n + 1relations R(n-j,j),j = 0,...,n. We put (sc,xf) £ Wpn-jj), if and
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only if the relation R[ holds for j pairs of entries of vectors x, X' G X n, while Rg holds for
n —j remaining pairs, i.e. d[x,x') = j. It is obvious, that C(X) —H™

In the present work we study composition association schemes C(Xn), generally
noncommutative, which generalize the Hamming association scheme 'A" treated as above.
Namely, let C (X ) be a scheme with m + 1 relations RO, ,Rm C X x A, which is called
a coordinate scheme. The relations Rc ¢ Xnx Xn,c — (cO,__ ,em), ¢, G {0,..., n}, cO+
+ eee+ cm = n, of the composition scheme C (X n), are defined as follows. Suppose, that
the number of pairs of coordinates xs,x's,s = 1,... ,n, of vectors x,x1E X n such that the
relation Rj holds is equal to §,j = 0,...,m. Then ix,x") 6 R(@ Q- Delsarte [6], [14]
shows that if C(X) is an association scheme then C (X n) is also an association scheme.

Obviously, the number mn of classes of relations in the scheme C (X n) is (n"m)-

1.1 Elementary properties of the scheme C# (0n).

Let O be a finite group and H be a subgroup of its automorphism’ group Aut(<&).
We consider association schemes <S#(0) with relations Rj, j —O0,... ,m, defined as follows.
If € Cj, where Cj is a class of conjugate elements of 0 relative to a group H of
automorphisms of 0, then (0,0') ¢ Rj. The composition association scheme C (0n) =
= C'a(0n) has the above mentioned structure (see also definition .2.2).

It should be noted that in the book [16] the association scheme 5#(0) was considered
in the case, when the group H is the group of inner automorphisms of 0, and in the paper [14]
in the case, when 0 is an Abelian group and H is the trivial group i.e. it consists of identity
mapping only. For these cases there is (see [16], [14]) @ Series of brilliant and nontrivial results
connecting properties of the scheme Sh with properties of linear representations of the group
0 in the vector space C“. The class of schemes\Sh (see definition 2.2) is somewhat wider
than the class of schemes studied in the work-[14].

We define a function X(x, x') over the scheme C (X n) which assumes a value ¢ =
= (cr ), if (x,x') G R(Q...am) Thus, c is just the vector ¢ with the first coordinate
dropped. Note, that the function JT\s'constant on all edges (x,x"') belonging to the same
relation of the scheme C (X n), i€.)JTis a central function with respect to the relations of the
scheme C (X n).

The scheme C # (0.n)»has the following distinguishing property. If (0,0') ¢ Rc then
(e, O©-1) € Rc,where e‘is'the unity of the group 0 n. Hence, the value of the function wt(g) —
= A(e,0) can be considered as a pseudo-weight of 0. The function A which we call pseudo-
distance, is defined, using the pseudo-weight wt(g) in the usual way: A(g, g") = tof(0'0-1) or
if the group operation in 0” is written in additive form, it is defined as A(g, g') = wt(g'-g).

We consider codes i?C 0" and pseudo-distances A(t), X"). 9,»)' e 4, defined on them.
A code A which is a subgroup S1of the group 0 n is called a group code.

Enumerator of the set of pseudo-distances A(0.g') of a group code 4 is determined
uniquely by enumerator of the set of pseudo-weights wt(g) of elements of this code because
the number AQA) of vectors of pseudo-weight ¢ of a group code 4 is equal to the number
A[N/c(A) of pairs of vectors g,g*, for which A(0.0') = c¢. Thus, the situation is roughly the
same as for linear codes.

Let ®n be a group of certain mappings ¢ : &1 -> 0 and H = Hn be the group of
automorphisms of the group ®ngenerated by the group of automorphisms H 1Sn < Aut(<5n).
Definitions of ®n and Hn are given in section 1.2. Note, that the group operation in is
multiplication of functions instead of their superposition.

The association scheme C  &n) is called dual to
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Since the group @, is defined in a nonunique way, there are generally multiple dual
schemes C'A(®d ) for a given scheme of relations C 51 (0 n). Note, that for the Abelian group
0 n its dual group @n is isomorphic to a group that is dual to 0 munder the commonly used

definition of duality.
In this paper we obtain novel results in the following lines of research.

i For non-Abelian group © we construct an association scheme C £(21n) dual to C # (0 n).

ii We derive identities which express the number Nc{8) — GA. Vit{g) = c} (element
of a weight spectrum of a code A) by means of a weight spectrum of_its dual code
Ax C 2tn.

1.2 Dual schemes of relations C”N(®T)

Let @® be the set of all maps / : 0 —»0. On the set ®® we define a group operation
to be pointwise multiplication of functions. Thus, ®® becomes;. a finite group. Obviously,
|[g€] = |0].e!. In what follows, we consider subgroups of the group ®®, which act identically
on a unity e of the group O.

Definition 1.1. A subgroup @ of the group ®®_ is called on ambivalent group of the
group O ifforany f G @, /(c) = e

As an example of ambivalent group ® cansider a group 0, defined as follows.

Definition 1.2. Denote by 0 the subgroup of ®® consisting of all "linear "functions
of the form

fit) = fai,-,Bkgoit) eiim f’'9kNe, k= 0,1,... ,yGO, (1.1

defined on the group 0, such that /{c)—e, where g0, Si, ®==,ilkG 0.

It is easy to show, that-if'Q is a cyclic group of order u, then 0 is composed by all
the functions f(j) = ys,y G 0,'s< o0,..., n — 1 It is obvious, that 0 and 0 are isomorphic.
If0 = S)i x e==x fjnis a direct product of cyclic groups Sjit then 0 is composed by various
products of functions A 3(yX--hi) = ?>s = 0,...,ur- 1 y- £ I = w, r—1,... ,n
Therefore the groups Ovand 0 are also isomorphic. Thus, if 0 is an Abelian group then the
groups 0 and 0 «are'isomorphic .

One more,example of a nontrivial ambivalent group is the group ®/B{<8) generated
by all functions~a G Aut{(3), i.e ®a.{(«) = (Aut{f&)). Recall, that the group operation «in
don©) is defined to be pointwise multiplication of automorphisms.

If 0" is noncommutative, then the function a o' G dau#0), c, o' G Aut(<8), in general
is not an automorphism. Therefore in this case MAutps) contains also elements that are not
automorphism.

It should be noted that one could also define another operation o in the group ®Alt(e)
namely superposition of functions. It is easy to prove that ®a©) is closed under the
operation o. Thus, ®AUWK) is a near-ring with a group operation < ( usually denoted as
-f) and a multiplicative semigroup operation o.

We denote by T QL..idc a normal subgroup of the group @, composed by all functions
/ G ®such that /() = ej = 1,..., k If{gb..., = TZis a subgroup of 0, then we
denote by ®T the subgroup ®01 Ok

Consider a linear representation I of an ambivalent ~roup @ in the vector space
V- Cr.

A special case of I is a representation of the form Tt = T® — (®(/(g)), f G P},
where = (0(f)), ® G 0} is the representation of the group 0 in the space W —C* and g
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is a fixed element of 0. In particular, Feis the trivial representationformed by the identity
t X t—matrix It where t —x(t) and x is a character of b

Definition 1.3. Let'A be asubgroup of the group 0. A subgroup 72X of an ambivalent
group @, composed by all functions /(y) G @ such that jf(p) — e for all 6 p G TZ is called
dual to TZ in the group .

It is easy to show that TZl- is a normal subgroup of the group .

Let r,~x be a restriction of the representation N'9to the subgroup TZX. We denote by Ig
a multiplicity factor of the principal representation (equal to 1in T2ZX) do in the representation
F~x. In particular, Ig= x(e) forg G7Z

For simplicity, we take the following assumption.

A Ifg TZ thenlg= G ie. for g 0 7Z the representation F*x does not contain the
principal representation.

If the assumption A holds then the characteristic function of a&ubgroup TZ is as
stated in the next lemma.
Lemma 1.1. Letlg-- 0 for g O TZ Then

(L2)

where x is a character of a representation ¢ of the group.O.

Proof. Obvious.

Let o be an automorphism of the group. 0\ The transformation a : /(p) —/(ty 1) is
an automorphism of the group ® if /(p<1) €@ for all / ¢ ®. We assume that this property
always holds for all a € H.

We call a automorphism induced\ by the automorphism 0. Thus, to a subgroup of
automorphisms H C Aut(f2>) there «corresponds a subgroup Il = ({fo\a G H}) C Aut(T)
generated by all automorphisms a:

The preimage {cr} -1 C_H/of an automorphism o is a set of automorphisms a such
that /a(p) = /(pT ). In general, cardinalities of these preimages may differ for different d.
l.e., generally the transformation 0 —. a is not a homomorphism from the group H to the
group H.

The interrelation~of classes Cr of conjugate elements of the group @® with respect to a
group of automorphisms Il and classes C3 of conjugate elements of the group 0 with respect
to a group of ‘@atomorphisms H, depends on the structure of the group ® and in general
case is unknewn. In particular, the relation between the numbers 1+ m and 1+ | (amounts
of classes of the conjugate elements of the groups 0 and @ respectively) is unknown. We can
answer these questions only in the case when 0 and, hence, ® are Abelian groups.

Definition 1.4. We denote by ®n the group formed by all functions /(jo,...,pn) :
0" — »0 of the following form

f (?21) =-mitn)  fllhi  )0272(JA)03 **'  (tifc)OfcH

; . (1.3)
is G{ I , K=20.,hjGo, /(e,..., c) = e

It is easy to show, that if ® is an Abelian group, then @®n coincides with ®n.

Let r be a permutation of the tuple of indices {1,..., n} and cr = (cq,..., an) be an
automorphism of the group 0 n. A group Il ISn (Sn is the symmetric group) is the group of
automorphisms of the group 0 n. It is formed by all transformations
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(~r):0 = (01>...,0n)-->(C*--C).°'eddn, r=( ,L 'eee' [ ) g S,.

It is easy to see, that the scheme of relations Smsn(” n) coincides with the composition
scheme CH{&n)- The group H ISn is called a wreath product of groups H and Sn.

Definition 1.5. We define the group of automorphisms Hn of the group ®n as the
group formed by all transformations

fill, mm hi) -» /($ ,e=e f£ *), where « € tfn,r ¢ Sn. (1.4)

Definition 1.6. Relation scheme 6'A(® ) is called dual to the scheme C A(0T). To
simplify notation we denote it by C g(®,,).
Generally the scheme Cp(H/n) is not composition in the sense of definition 3.2. If0 is

an Abelian group and, hence, H ~ H, then the group Hn s isomorphic to the group HnlISn. In
particular, the association scheme (7p(® n) is composite. In this case the association schemes
Ch(&) and C p(®,,) are isomorphic in the commonly accepted sense. All the above claims
are easy to prove.

We denote by wtff), / € ®n the index w of a'relation Rw of the scheme C  ®n) to
which the pair (e, /) belongs. This notation agrees/with the above defined function (pseudo-
weight) wt(g), g c 0 n, of the composition scheme C # (0 n).

1.3 The main theorem.

The next theorem underlie all the claims about MacWilliams identities for the schemes
C4d(orn and Cjj{on).

Theorem 1.1. Let &yp(Pdn) be the association scheme dual to the scheme
and Nc(& be a numberof,elements 0 in a subgroup (code) A < 0n with pseudo-weight
wt(g) equal to c = (cish. em). Let Mw{dr) be a number of elements f in a subgroup (code)
Ax < ®n with pseudo=weight wt(f) equal to w.

Suppose ,_thatfor the subgroup A of the group 0" assumption A holds, i.e. for g 0 1Z

the representation does not contain the principal representation.
Then
i The sum
P(f,c)= x (/(f1)) (1.5)
wt(g)=c

depends only on the value w of the pseudo-weight wt(f), i.e. P(f,c) — P(f',c) if
wt{f) = wt(f").

x{t)Nc{/l) Mw(&x)p(W, ¢), 6)

w

where p(w, ¢) = P(f, ¢), ifwt(f) = w. and x is the character of a representation of

the group 0 .
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Note, that the right-hand side of equality (1.6) (more precisely the function p(w, c))
depends also on a choice of representation ¢ of the group 0, i.e. the number Nc(T2) has in
general nonunique representation in terms of numbers Mw(s1).

It should be noted, that Camion [14] proved an identity, formulated in terms of a
group algebra, somewhat weaker than (1.6) in the case, when 0 is an Abelian group and H
is the trivial group of automorphisms.

We can show that if ® is an Abelian group then the function p(z, ¢) is an orthogonal
polynomial pc(z) in m integer-valued variables z = (zq,..., zm). As a consequence, we
obtain an identity for association schemes which is analogous to the well-known MacWilliams
identity. In the case of non-Abelian group @ evaluation of the function p(w,c) is more
complicated.

1.4 Extension of the theorem 1.1.

We substantially generalize definitions 1.4, 1.5, 1.6 and theorem 1.1 (See theorem 5.1).

Consider a homomorphism ir of the group 0 into some group_0; = #(0). The
homomorphism 7 induces a homomorphism n' of the group @ intosthe.group 21 (see section
4). The elements of 21 are functions / = n'(f) mapping the group 0" to the group #(0 ). A
group operation in 21 is multiplication of values of the functions/in the group (0 ).

On the group 21 act automorphisms a’, induced by, automorphisms d of the group ®
(see section 4).

We shall omit primes (') in notation for the”automorphisms o' of the group 2,
homomorphism #' and the group of automorphisms* H' of i.e. we shall use the same
symbols, as for corresponding objects for the group ®. This could not cause confusion since
the object being considered, ® or 2i will always be clear from the context.

By 2In we denote a group, formed“by all functions / = 7 (/), f G ®r1L (see (1.4))
which map the group 0 ninto the group 7(0 ).

Accordingly, by Hn we denate.a subgroup of the group Aut(2In) comprised by all
automorphisms of the form .T{(?1,..., ?n)) r(/(JE ... ), a, G #, (b ... ,rN) G
G Sn.

To simplify notation we denote the scheme <Sp, (2fn) by C ™ {2tn).

Definition 1.7, \The association scheme Cp(2In) is called dual to the scheme
cson.

Definition1:8. Let 1Z be a subgroup of the group 0 4 and let TZL be a subgroup of
the group 2In,formed by all elements n(f) C 2In such that tr(/(g)) = 7(e) for all0 G 72
The group 7Z+ is called dual to TZ in the group 2In.

Thus, TZA-is formed by all elements n(/) for which /(j) G ker (Pl A x), if g G 71,
where 7Z” is a group dual to TZ in the group ®n. To simplify notation we shall omit primes
() in 7Z'L.

Theorem 5.1 (see section 5) is a straightforward generalization of the theorem 1.1
with the group ®n replaced by 2In

15 MacWilliams identity for association schemes and orthogonal
polynomials

In the case when 2Lis an Abelian group, the function p{w,c) is determined by a matrix
A of structural constants (see identity 1.7). In this case the association scheme Cp(2In) is
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composition (2In = 21"). Therefore the indices w of its relations Rw can be considered as
vectors w = (wo, mmm 1), where Wj is a number of coordinates of the vector / G 21" which
belong to a class Cj of conjugate elements of 21 with respect to its group of automorphisms
H.

For agroup code TZ< 0" and its dual code 7Zx < 21" we derive an identity (see (5.4))
which relates a number Nc(£) to numbers MLL{#AX) in a similar fashion as the MacWilliains
identity does in the case of the Hamming space.

If 0 is an Abelian group and T is an isomorphism, then the number NC(R) can be
expressed as a sum of the numbers MW(RX) multiplied by values of a polynomial pc(w, J1) =
= p(w. c), w —(wo, =.., wm), (see (1.6)), which is an orthogonal (with some weight function)
polynomial in 1+ ra integer variables Wj such that Wg+ ee=+ wm —n. A polynomial pc(z;A)
is determined by a matrix A = Ax(Cjj((5), Cp(2l)) of structural constants’of the group 2L
with respect to the group 0. The entries of /1= |ry |i=ol.mj=o,...,t are as follows.

Let Ri and Rj be relations of schemes Ca(0) and C ™ (21) respectively. Then

rj= xWii))) = xWW)))> i) tr(/(a)) 6 Hi, (1.7)

teCi aeH

where St(g) is the stabilizer of g in the group H fand x is a character of the linear
representation ¢ of the group O.

If we put A = e-sm— 7 = z, z0 = n —Z, then the polynomial Y2c +-+cnmesPc(n ~
—2Z,Z,..., Z; A) = ps(z) turns out to be Krawtchuok polynomial ivOB~(r) of degree s.

We propose several nontrivial examples, illustrating all the above concepts. Some of
these examples are of independent interest.

1.6 Example

Let 0 = Zp2be an-additive group of residues modulo p2. As a group @ we take a group
of functions /(y) = w«0</un < p2 with the group operation + being addition of functions
modulo p2. As a group, of automorphisms H we take all transformations x —ax.p \a. The
group operation in-H' is superposition of two transformations. The order of H is equal to
p(p —1) and it(is isomorphic to the group Z*2.

Obviously, the association scheme Cs1(0) has three relations (i = 2): RO =
= {(9,9)\g6-0}, Rp = {(g,9 + ph)\g,h e ®,ph ® O}, Rx= {(g,9 + h)\g,he <3,p\h}. we
take as n_an isomorphism mapping 0 into multiplicative group of characters 21 = {pa(®) —

= exp pj laGO0}, and finally, as a group of automorphisms H of the group 21 induced
by H we choose the group, formed by all transformations gb(x) —gab(x),p\a.

As 0= Ta,a G Zp2, we take one-dimensional representation gy(a) — ga(y) of the
group &.

The group 2In = 21" is formed by all functions Qa(x) = exp meEXP )
a = (ai,...,an),x = (xx>.., xn) G Z"2. We consider as a subgroup TZ< 0" a group 7Z—
= ®ai [ eeeD where ®a = ker sa(x) is the kernel of homomorphism oa(x) of the group
0" into the group of roots of unity.

In this case the group TZ~ < 2I,, is a linear space spanned by gar(x),..., ga, (X). Note

that group operation in 7Z1- is multiplication. Obviously, this space coincides with a linear
code, which is dual to the linear code TZ< 0" under the commonly used definition of duality.
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Collection [ai,..., ar] can be treated as the set of the rows of the parity-check matrix of the
code 1Z
The matrix of structural constants in the example being considered looks as follows

1 p-1p{p~-1
A= 1 p—1 —p (1.8)
1 -1 0

and the derived identity is

E =

Co+Cp+Cl=n

% i20+ (p- DLyze A pip - N)A)™0 (1.9)

WQ+Wp+WIl—n

(z0+ (p- 1)zp - pz\)W (20« ZP)W ,

where MCIQQ)(£) is the number of vectors g in the code HA,~which contain G zero
coordinates, cp nonzero coordinates which are multiples of p;and Q\ coordinates coprime
with p. Accordingly, M(WOMWW){&X) is the number of functions (vectors) pa(;c), a = (a\,...

.., an), in the code C such that a has wo zero coordinates, up nonzero coordinates
which are multiples of p. and up coordinates coprime’with p.

2. Background

Let I' be an exact (one-to-one) representation of a finite group 0 in the unitary space
C f Aut(<&) be the group of all automorphisms of 0, H — {a0,...,at} be a subgroup of
Aut(<&), Cf —{b°\c » H}, j = 0,», m, Cqg —{e}, be the classes of conjugate elements
relative to the subgroup A, and be the representative of C f. We use Latin letters for
elements (matrices) of I'. We assume implicitly, that to an element g £ 0 there corresponds a
matrix g. We suppose, that K _does not contain a principal representation, i.e. that X)eG9 ~
= 0. For simplicity we_omit the superscript H in Cf.

2.1 The association scheme

To any subgroup H of Aut{<5) there corresponds a scheme 67/(0), which, as will
be shown later, is a noncommutative association scheme (association scheme) under the
commonly accepted definition.

Definition 2.1 (The scheme S). . A scheme S is a pair {X, R}, where X is a
finite set of vertices of S, and R = {RO, ,Rm} is a partition on the set X x X (X x

x X = UjLORj), Ro = {(s,0]0 e 0}. The elements of the set X x X are called edges of the
scheme S.

Definition 2.2 (The scheme 64(0)).

The set of vertices X of a scheme 6A(0) is the set of elements of the group 0 i.e.
X = 0.

The set 0 x 0 is partitioned into classes Rj, j = 0,..., m (8x 0 = U'LORj), defined
as follows: Rd = {(g, fig)l H e Cj,ge 0).
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Thus, Rj consists of edges f°r which g'g-1 6 Cj. Obviously, |9] — IG]IC]. We
assume, that the edge (e, fjj) is a representative of the class Rj is , where f)j is a representative
of the class of conjugate elements Cj.

Sometimes we use <S# as a shorthand for <h (0).

Lemma 2.1. . For the scheme Sh{&) the following holds:

i The scheme 5#(0) is an association scheme.

ii If edges (g,g9') and (g'_ ,0_1) belong to the same class of relations for any g, then the
association scheme Sh (@) is a commutative association scheme.

iii Let (e, fjj) be a representative of the class Rj. The reciprocal relation Rj —{(y, x)1(x, y) €
6 Rj} is a relation Rj> of the scheme <S#(0) such that (e, fnl) € Rj’:

Proof, (i.) We need to show that the number r~(g,a') of those<1)6 0, for which
(g9, fj) € Rj, (f),g8 6 RIi is the same for all (g,9") 6 Rk, he. the number ry(g,g') = rC is
determined uniquely by a class Rk, to which the edge (0,0') belongs.

If (0,3 6 Rj, (b,g) 6 Ri, then {gLl'\LLL") 6 Rj, (fi)'»aljY 6 Ri for any 1y 6 O.
Therefore the numbers r.;j(g, g? and r~gf/, g'f)") are equal for all N'6 0. Ifwe put fi'= g _1
then 747(9,jj") = rij(e, g'0_1).

Obviously, ritj(g, g") = r™~(aa,g/a) for any a 6. H._If fie is a representative of a class
of conjugate elements Ck and (0,0") 6 Rk, then there“exists a 6 H, such that (g/0“ )T =
= fifc. Therefore ritj(g,g") = ry (e,g9'g-1) = I'y(c,.Hf), ‘be. the number r~(g,4') is determined
uniquely by a class of relations Rk, to which he edge (g, g') belongs.

To finish the proof of item i it suffices:to show that reciprocal relationsRj belong to
the scheme <S#(0). This is follows from_ item 'iii.

(ii.) We need to show that if the-edge (0,0") belongs to the same class of relations as
(a™.4'-1) then r~ (0,00 = rdti(g, g") for all (g,g") 6 0 x O .

Let (e, 1)) 6 Ri and (3. H*)\6 Rj. Then (e, bfch™1) G Rj- tVe show, that if the condition
of item ii. holds, then (f)fcl)<\)fc) 6 R,. Indeed, the condition of ii.implies, that edges

\ (fjfcf)-1)” 1) and (c, t))"belong to the same class of relations Ri. This implies the claim
being proved.

Thus, substituting fA)"1 for f) in (c, 3) 6 Ri and (fj, bfc) - Rj we in fact permute
indices of classes Ri\and Rj. Therefore 7V.j(O, &) = ™-Ag, 4" for all (g, g').

(iii.) It.is easy to show that the set Rf = {(f)jO>Q\bj £ Cj,g £ O} coincides with
the class of relations Rji which has a representative (e, bj1)- LN

It/s easy to show, that <S# is an commutative association scheme provided that O is
an Abelian/group, or H is a group of inner automorphisms.

If edges (0,0", (g'.9) belong to the same class of relations, then the scheme SH is
called symmetric association scheme.

It is easy to see, that the association scheme Sn is symmetric association scheme,
provided that elements a,4-1 belong to the same class of conjugate elements of the group
0.

Higman [10], Bannai [16] and Delsarte [8] considered association schemes with orbits
Rj = {(xc,yc)\o‘ 6 H) playing the role of classes Rj, where H is a group of substitution
automorphisms of the set X and (x,y) 6 X x X. Our association scheme SH{<& is a special
case of this, since we may take X to be the group 0 and H to be the the semidirect product
of H with 0.

The scheme SH(<® with Abelian group 0 and H formed by trivial homomorphism
only is usually called Hecke scheme. Such schemes were studied by Camion [14].
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Remark 2.1. It is possible to prove (mathematical folklore), that only an elementary
Abelian group 0 can have two classes of conjugate elements relative to a group Aut(05). All
other groups 0 are partitioned into three or more classes of conjugate elements.

3. Relation schemes on 0 n

We assume, that elements of a group Hn act coordinate-wise on 0n. A class of
conjugate elements Cj, where j = (j\,... ,jn), is formed by all vectors jj = (0i,...,0n)
such that 05 G Cjs.

Definition 3.1 (Definition of scheme < S#n(0n)). .

A set of the vertices X of the scheme 5an(®dn) is defined to be a group 0 n.

A set Bn X 0 n is partitioned into (1 +rn)n classes {Rj\J = (j\,..., jn): 0°<%js < rn},
where (0,0') € W, ifg'g-1 G Cj.

We call the scheme <S//n(0”) an nth degree of the scheme <S#(0).

>From the lemma 2.1 follows

Theorem 3.1. The scheme $HN(05N) is a association scheme.

The composition association scheme C H(Qn), defined below, is obtained from
Snn(05n) by taking unions of some of its classes Rj. For n —-1 the schemes Cb/(0n) and
SHN(0 n) are identical.

Define cj(g) to be a number of coordinates gs of a‘vector O = (0Qi,..., On) such, that
0s 6 Cj. Vector c¢(0) = (0(0),... ,cm(0)), where 1+ _m\is a number of classes of conjugate
elements in G relative to a group of automorphisms, Hy is called composition of the vector
s-

Definition 3.2 (Definition of the composition scheme C #(0n)).

A set of vertices X of the scheme Ca(0n) is the set of all elements of the group 0".

A set On x 0 n is partitioned into classes {Rc\c = (co,..., cm); aq+ *=*=+ cn = n},
where (0,0") G R, ifcfg'g-1 = c.

Thus, a class Rc consists, of ‘all edges (0,0/) which have identical compositions
c(0/0-1) = c. As it was mentioned above, Ca(0) = 54a(0)-

The scheme CA(0n)(was' defined by Delsarte [6]. Camion [14] (p. 1506) defined
Ca(0n) in a different way“as compared to the definition 3.2. In the same paper Camion
suggested to call it a Delsarte expansion of the scheme C 4(0).

Definition 3-8 (Definition of the scheme <Snusn(0,n) from the paper [14]).

The groupHnSn of automorphisms of& 1is defined as follows. Letr = (i\,..., in) be
a permutationof the tuple (1___ n) and <= (oy,..., an) be an automorphism of the group
0". A group Hn'l Sn is formed by all transformations (cr,r) : g ~ (01, meemOn) —* (0" , ®==
wony gff), Crg*HN, TG S.

The scheme 5™ 5n0(0 1) is defined according to the definition 2.2.

It is easy to see, that the association scheme <Sn»;s,(0n) coincides with the
composition association scheme C g (0n) (definition 3.2).

Theorem 3.2. The composition scheme C s (0n) is a association scheme.

Proof follows from definition 3.3 and lemma 2.1.

4. Relation scheme C~(2In), dual to CA(O0I)

Consider a homomorphism n of the group 0 to agroup 0' = #(0 ). We call functions
[, 1" G ® where ® is an ambivalent group of the group 0, equivalent with respect to the
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homomorphism 7, if 7r(/(g)) = 7r(/'(a)) for all g ¢ 0. Obviously, a set of functions / 6 ®
such that #(/(g)) = 7r(c) for all g G 0, is a normal subgroup @* of the group &.

We consider the group 21 = ®/d . Its elements can be considered as classes of
equivalent functions / G ®. The group ® as well as 21 is called an ambivalent group of the
group O.

A homomorphism n' mapping ® to 21 is determined as follows ' :/ —TT1(/). An image
of an element / G ® under the homomorphism 7 is denoted by / = T(/). An element f
of 21 can be considered as a function mapping elements of the group 0 into elements of the
group 7r(0). Group operation in 21 is a product of functions (in 7r(0)).

On the group 21 act automorphisms cr = <?(cr), induced by automorphisms a of the

group @. Namely, f a' = n'{f)a’ —n'(/a) = 7r'(/(y(T)), The group formed by autemorphisms

a', a G Il, is denoted by A"
In notation for automorphisms of the group 2, homomorphism, T(/) and group of
automorphisms A' we shall omit the symbol ' i.e. we shall use the\same symbols, as for

corresponding objects defined for the group ®. It should not cause any confusion for it will
always be clear what object, ® or 21 we deal with.
Accordingly, by 2In we denote a group, formed by all functions

[(?b-.-.¥Yn) =t (/) = 7r(@)7r(™1(:i1)7r(92)--- 7T e(g A7r(/if(j:id) 7r (g A+,
hj G &, gcG 0, T(/(e)) =-Tr(e),

which map the group 0 n to the group Tr(0).

Let T— (*i,..., in) be a permutation_of.the tuple (1,. .., n) and let cr —(oy,..., an)
be an automorphism of the group 0 n. Group*Hn I Sn of automorphisms of the group On s
formed by all transformations (cr,r) :g.= (ab ..., 4.,) -> (4"1,..., gf"), 4 G HA, TG Sn. As
it was already mentioned, the association‘scheme S#;sn(0n) cc>incides with the composition
association scheme C # (0 n)-

Definition 4.1. A group~aftall mappings

2(2i, *=e?>) f(a>umm Aat), (ru...,an) GHnN, (ii,.. in) G Sn. (4.2)

is called a group of auteamerphisms of the group 21,,, induced by automorphisms HnlISn of the
group O n. It is denoted by Hn. The group operation in Hn is a superposition of mappings.

In other words, Hn is a group of automorphisms of the group 2In, induced by the
group of automorphisms 1114 ?Sn of the group 0 n.

Definition 4.2 (Definition of dual scheme Cjj(2in)). The association scheme
“wHnisn ™ catted dual to the scheme and is denoted by C  2In).

The scheme C p(21n) generally speaking is not a composition scheme according to
the definition 3.2. The number of its relations Rw and its structure in general case remain
unknown.

If 21 is an Abelian group, then Hn is a composition scheme according to the definition
3.2, i.e it is isomorphic to Hn where H is the group of automorphisms of 21 induced by the
group Il. Furthermore if in this case 0 and 21 are isomorphic, then the groups H and H as
well as 0 n and 2In are pairwise isomorphic. These claims are easy to prove.

5. Main identity

Let M be a subgroup of the group 0T Subgroup liL < 2In of the group 2In, composed
by all elements / = 1r(/), such that Tr(/(g)) = T1r(e) for all g G M, is called dual to I in the
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group Qn. Thus, 72X is composed by all elements / = 7Y(f), such that /(g) G ker WA/ 7Z%)
for all 0 G 7Z, where 7Z1 is a group, dual to TZin the group ®n. It is easy to see, that TZl- is
a normal subgroup of the group 2tn.

Let ¢ be a representation of the group 7r(0), \ be a character of the representation ¢

and Fo= {0(7r(/(n))17r(/(y)) G 21}, where g is a fixed element of 0, be a representation of
the group 21 As above, by T Ix we denote restriction of the representation "'0to the subgroup

fzt.
We denote by Is multiplicity of the main representation d¢0 in T(~t. In particular,

0= XMO) far0 ™"
We require that for ambivalent group 2In, a subgroup TZ C 0 n and representation ¢
of the group 7r(0) the following assumption holds

An IfQO0 17 then Ig = 0, i.e. for 0 0 7Z the main representation does{not enter into

r@rL

The next lemma follows from the well-known claim about orthogonality of distinct
characters of a finite group (see, for example, [15], pp. 12).
Lemma 5.1. Let lg—0 for g 0 TZ Then

M=k -{> (»)

1Tr(/)e7t-L t y

To simplify notation, we use for pseudo-weight wt(n(f)) and pseudo-distance
on the association\scheme Cp(2In) the same symbols wt and A

as for the scheme C s (0 n)- Thus, wt(n(f))\is an index of the class Cw of conjugate elements
of the group 2I, to which function f’4-n(f) belongs.

Next theorem generalizes the.theorem 1.1.

Theorem 5.1. Let C7p(2fn) be the association scheme dual to the scheme C'a(07)>
NJE) be a number of elements g of a subgroup (code) A < O0n such that wt(g) =
= ¢ —(ci,..., Cm), and MwiR-1) be a number of elements f -- @ (/) of a subgroup (code)

E 2In such that wt{f) = w.

Suppose, thatfor.a subgroup A of the group 0" assumption A n holds.
Then

ia the value of‘thé function

pG,c)= E (5.2)

KJt(fl)=C
where the sum is taken over all g, such that wt(g) = c, is determined unambiguously by
the value of the pseudo-weight w = wt(f), i.e. P (f,c) = P(/', ¢), ifwt(f) = wt(J").

io the value of the function
Q(w,q9)= x (f (f1)> (5.3)
wt(f)=w

is determined unambiguously by the value of the pseudo-weight ¢ = wt(g), i.e.
Qf{w ., a) = Q(w 1a4, if wt(g) = wt(g’).
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X(c)Nc{n) =3 — Y J1/w(O+)p(r«)c), (5.4)
1w

where p(w, ¢c) = P(f, ¢), w —wt(f), and x is a character of the representation ¢
i
Rw\p(w,c) = \Rc\q(w,c), (5.5)

where g(w,c) = Q(w. gj ifwt(g) = ¢, and Rc (Rw) is the subset of <Gn_(21n) formed
by elements g (f) such that wt(g) = ¢ (Wt(f) = w).

Proof of item ia. Ifwt(f)) —wt(f"), then there is 3 € Hnsuchthat 7 * — f a. Let
cr be a preimage of the automorphism <r, i.e. f a= 7 (/(y ©)). This_implies that

p(f,c)= Y xWfisf))) = Y = P(f',c). (5.6)
u>t(g)~-c u>i(g)=c
Thus, the function P (f, ¢) —p(w, c) depends only_en the relation Rw, to which the
pair (e, /) belongs, where e is the unity of the.group 2In, and / G 2In.
Proof of item i™ is analogous to the proofofiitem ia.
Proof of item ii follows from the lemma~5.1, item ia and the following obvious
identities

x{ONC(K)E Y WIF) = jt’Ti Z Z X((B)) =

wt(g)=c vV ' fe7dx wt(B)=c
1 1 (5.7)
= LElIZ Z Z W ) =|g17E MK(ALP(">C D
w feM-LSewt(f)=w wt(g)=c w
Proof of item iii. follows from the definitions of functions P (f,c) and Q(w, g), items ia,

ib and the following.obvious identities

\RW\p(w,c)= Y pG-.c)= Y Q(w>& = \Rc\q(w,c). O (5.8)
wl(f)=w wt(g)=c

In*the next section we evaluate the function p(w, c) explicitly in the case, when 21 is
an Abelian group. Explicit evaluation of p(w, c) in the case of noncommutative group 21 is
also possible but postponed to the forthcoming paper.

6. An analogue of the MacWilliams identity
If 21 is an Abelian group, then the identity (4.1) can be rewritten as follows
?2(f1, e=m?,) - (/L bl)---7@An(rn)/r.,- G®d, /(c) = A/ (c)) - m(c). (6.1)

This implies, that 2In = 2In i.e. the association scheme C p(2in) is composite. Therefore its
relations Rw can be indexed by tuples w = (w0, w t), iyo-f b wt= n, where ty is a
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number of pairs (fs,/') of coordinates of vectors (/, f) £ Rw which belong to the relation
Rj, and 1+ | is the number of relations in the coordinate association scheme «% (21).

Let 1= A(H) —IITjj] li=o0,...,ibe a matrix of structural constants of the group
21 with respect to the group 0 where i\j are determined by the equality (1.7), Using notation
defined above, constant rtj can be expressed as follows

nj=Jd2*(n(fo))> (6.2)
1=J2 (n(

where A{/(f)) = / is a representative of a class Cf of conjugate elements of the group 21 and
H is its group of automorphisms induced by the group of automorphisms H.

Lemma 6.1. Let 21 be an Abelian group, f £ 2L = 21", wt(f) —w = (w0,... ,u>i)
and P (f,c) be the function, defined by (5.2).

Then
P(f,c) = pc(w, /) =
\ / \' 7/ m \ I m \ (a o\
EL. U -L. h MIL-" 1"4llr7-3
vs=0 / \s=0
where sum is over all tuples {c00, ®== cm¥0},..., {c0i,..., cmj}\such that cOj-+ eee+ cmj —
=wj,j =0, == and cs.04 becH=cs,s=0,..., m.

Proof. Since 21 is an Abelian group, the function /; determined by the equality (4.1),

can be written as
-

A'?l’ .o.,?n) = fJ € q:)— (64)
3F1
Let wt(f) —wt(ir(f)) — w anddethAf = Uj=0Mj, \Mfi = Wj, be a partition of the

set of indices Af = {1,... ,n\ such that if s £ Mj then #(/s(js)) £ Cj. In this notation the
equality (6.4) can be written as follows

2?04 = n -M nU's(h))- (6.5)
seMO seMt
Let wf(g) = c'and A = UylLo A , Ail = ci> be a partition of the set of indices Af.

Denote by S(NO, ..., Nm) the set of all elements $ = (gb ..., gn) £ 0 nsuch that £ Cj for
ieNj.
Put Cij*<AMif"\Nj\. Obviously,

? - = * = nNni -
(n,---,{n)eISE(I\D,--.,NW ?(n.-.b) Ii_zlijlz! EeIMisD\ljfgqtf*W) i:ri1 j!il I« €9

Taking the sum of the identity (6.6) over all partitions Af - (Jjlo Nh Atl= ci> of
the set of indices Af we get the equation (6.3). O

Let z0,... ,zm be formal variables. It is easy to see, that
I f m \wi
pc{w) = pc(w, A) = coefF2n.zan, | 7sdzs) - (6.7)
j—0 \s=0 /

>From (6.3) it follows that the function pc(x) is a polynomial of total degree at most
ci + b ci in variables x0, ..., xmwhere X0 = N —XX —e®e—xm.

YcTaHosa afyk3ubH
Fomenbcra 43apXayHbl yHBepc)TaT
\Mst @ paHibicka CKapbiHbl”

BIB/11ATIKA
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Theorem 6.1. Let ! be an Abelian group, Cg(%Ln) be the association scheme dual
to Ca(0n). Let A be a subgroup (group code) of the group &n and Ax be a subgroup (the
dual code) of the group 2In dual to A.

The numbers NCA) (an amount of elements g £ A of pseudo-weight wt(g) —
= ¢ —(cq,... ,0m)), and Mwu,(JZ1x) (an amount of elements ;r(/) £ of pseudo-weight

Wt@ir(f)) = w = (w0,. W), satisfy

E T, «(Peees-
CoH hCm=n
1 o o (6'8)
N A, ANQWEA )T K, *) Tried T mes  mszm)

' wo4-mmivi=n s=0

Proof follows directly from theorem 5.1, lemma 6.1 and equality.(6.7). O

Mizukawa and Tanaka have shown that polynomials pc(w)_ eould be to expressed in
term of hypergeometric functions. They also printed out orthogonality of these polynomials.

In our opinion some particular cases of equality (6.8) deserve special attention. Below
we consider some of them.

7. Theorem 6.1 for dihedral group with eight elements

Consider a set of matrices with rationaltentries
£=(0?2)’ T=(o0-1)'

*(?2:)m “(., 0)e e

The set of matrices
£={xE, T, S, ST} (7.2)

is a finite non-Abelian.group of order 8, which is called extraspecial 2—group or a dihedral
group (more precisely, its irreducible two-dimensional representation).

The group’ £ has 4 inner automorphisms ab: X —-=DXD~I,D = E,T,S,TS,
and 4 external“automorphisms aaD each being a product of all inner automorphisms aD
and the-external homomorphism a generated by the following mapping a : +S =T, +
+T —*+S, +ST —+TS = ST, &E —*+E. Obviously, cf2 is the identity mapping. Thus,
\AUt(E)\ = 8.

The group £ has one irreducible two-dimensional representation and 4 one-
dimensional representations. Nontrivial one-dimensional representations o,p\,qpu are
summarized in the following table

E T S ST -E -1 -S -ST
® 1 -1 -1 1 1 -1 -1 1
e 1 -1 1 -1 1 -1 1 -1 (7:3)
»@ 1 1 -1 -1 1 1 -1 -1

Obviously, ¢ —®1d2 and ,(3?) = H(x), P(x") = D(x).
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The group £ has four (to — 3) classes of conjugate elements with respect to the
group Aut(£): co= {£}, C\ = {-E}, c2= {£T,+S}, c3= {£ST}. It has five classes of
conjugate elements with respect to the group of inner automorphisms Inn(£).

Let £ be an isomorphism of the four-element Abelian group £/{dzE} into a group of
characters which is isomorphic to £/{£E], and let Sbe a homomorphism of £ into £/{+E).
Put 7= <& As a group 21 we take a group Tr(®) = {0, &\, 2, P1d2} of one-dimensional
representations of the group £.

The group 21 is an elementary Abelian group of order 4, isomorphic to the additive
group of the finite field F4.

The group H of automorphisms of 21 induced, by H — Aut(£), consists of trivial
homomorphism and a homomorphism a : dr — g2 for which the element ®1d2 is a
fixed point. Thus, 21 has three classes (I = 2) of conjugate elements: Co — {®o}, C'i =
= {®d1d2}, c2= {pud2}.

Consider an isomorphism of the group 21 into an additive group of the field F4 which
maps the element d\®2 to an element 1 ¢ F2 ¢ F4. The group of automorphisms H is
transformed by this isomorphism into Galois group of the field F4. The automorphism a of
the group 0 induces automorphism a of 21, which we call Frobenius-automorphism of the
group 21.

The association scheme St{(21) with three relations is dual.to the association scheme
Sh(£), H = Aut(£), with four relations.

Further we shall consider the association scheme<«CwH {£n), H = Aut(£), and its dual
scheme Cg(21,). Note, that CH{£n) and Cg(2tn) are, composition association schemes for
2In = 2In.

The elements of 21 = {tho,p\,p\,cp = Prd2} are indexed by elements of the 2-
dimensional space Fj in such a manner that '¢0 = L(0,0),7i = &{1,0,d4 = Poji)> and
8(11) = & The elements of will alsosbe’jconsidered as element of the field F4. Thus.
21 = {pa\ae Fj}.

We denote by cpa, a = (ab ..., ay,.) € F|n, the function ca — cpal (pr) =- =pan(yn), (?i,...
- G 0 n, which maps 0 ninto 21.

As a code 7Z C £n we consider a subgroup of £n of the following form

M= kergay N -Mker”™,, 1<r<2n, (7.4)
where vectors a.j 6 _EfA)j = 1,...,r, are linear-independent over F2. An r x 2n—matrix A
with the rows ctjsJ.= 1,.. .,r, can be considered as a parity-check matrix of the code 71

A 4-ary code 7ZI.C 21, with generator matrix A is composed by all functions (characters of
the group £n) ¢a whose indices a are vectors of r-dimensional space over F2 spanned by
the rows of A.

The matrix of structural constants is as follows

11 4 2
A= 1 1 -4 2
11 0 _2
A pseudo weight of an element da G 2In, a. = (¢p,..., an), of the association scheme

X1"Nen)  a three-dimensional vector w - (wqg,w\,w2), Wo+ w\-b uR = n, whose coordinate
W is a number of characters in the product ¢a, belonging to the class Cj of conjugate

elements. As it has been noticed above, classes Cj,j = 0,1,2. and the classes of conjugate
elements relative to the Galois group of the field F4 are in a one-on-one correspondence.
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Note, that a pseudo-weight wt(g) of an element g G £n is a three-dimensional vector
(ci, c2,c3), G + c2+ ¢3 < n with integer entries (see section 1.1).

Note, that it is possible to specify by a homogeneous system of linear equations (7.4)
only those subgroups of 0 " which contain the direct product of n copies of the commutator of
0. Therefore the considered example of Abelian group 21 is included for illustrative purposes
only.

The results would be stronger if one takes as 2Iln a non-Abelian group of mappings.
In particular, as 2in we can consider the group ®nra(o4) (see section (12)). L.V. Filimonov
showed using computer |®n™N04)] = 32 and |Pana()] = 256, where ®End(D4) = (End(D4)}.
The group ®AUt{DA has 14 classes of conjugate elements with respect to the group of its
automorphisms Aut{Di) (see Definition 1.5) induced by Aut(Di) (two classes of\cardinality
eight, four classes of cardinality two and eight classes of cardinality one).«Iln‘the case being
considered, the structure of the group ®n, n > 1, and the number |d}are.unknown.

One can prove that o) = (To(?),7i(y),r2(y)) where 10(y) = vy is the identity
automorphism (identity function) and

y *E TS %S =T
u

E E E -E
™m E E TS TS
73 E -E E E
72 E E -E E

Note, that [rO,r2] —r3 fy E where the function r3 belongsto the center C(® Aut{D4)) =
— (T, r3,wa) of T.4ut(D4- Thus, the group ' ®a”(a4) is non-Abelian. Moreover a function
(commutator) [y,r>], v, ) 6 ®nu*(04), in.two variables y, t) commutes with any function / G
£ PAUt{Di)-

It easy to see that each .element /(yi,...,yd of the ambivalent group ®n (see
Definition 1.4) has the following\form

n

/(? L(ommhi) = {l-fsST!S(h Tt Poyrt () v I Prob "4
=| (1.7
>fy Jsi ks> Is fc J-s 6 E)\.
In what follows we consider functions /(yi,... ,y,) G ®,such that is= 0, s= 1,...

,n. All such*functions form an Abelian group ®n. Note, that®n ® ®".
Thedollowing statements are easy to prove.

i. If j=1,2,3,4, then rfyay)= a'taa(y)ti-(y), a ¢ THa G{i-E1 iTS1, raj-(y) G
N C(™>Aut(Di))-Allfunctions  Tj(y), ] — 1,2,3, 4commute withconstant functions
r(y) =c ce {tE.,xTS}:

i [ay,oop = [,6K,6(y)rTt)y0], ab o Da, repy), fyfy) e ce>anbay), 3,8

G C(Di).

This implies, that the functions /(ay), /(by), a, 6 G On, commute. Therefore

Aly) = JJ /(ay) (7.8)
aen

is a correctly defined function, because different orders of the sequence of factors in (7.8)
give the same function.
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Obviously, F(y) is constant on all right cosets I1Zb of 1Z Note, that this function is
similar to the invariant polynomials relative 1Z in classic algebra. wWe assume that F(e) = e
Otherwise one can to take as F(y) the function F(y)F(c)_1.

Suppose that £ = {I7%(x),..., F*(@)}, Fs(c) = ¢, S= 1,..., k, is a set of functions
which are a constant on each right coset of 1Z If for every b 1Z there exists an index s
(depending on b) such that Fs(b) ¢ e then 5 is called 1Z—set. The group (5) < ®n generated
by a set I? which is a 1Z—set, is a dual subgroup (code) TA. (see Definition 1.3) to the group
R.

It is natural to specify the subgroup F.(5) < A" using; the above set ie 72(%$) —
= {fl]Fj(fl) = e,j —1,..., K}. It is similar to the well-known definition a linear code using
its parity-check matrix (see 7.4).
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Abtract. The paper presents noncommutative association schemes <S#(0) defined
by a pair 0, A, where 0 is a finite group and H is a subgroup-of its automorphism group.
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