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1. Introduction

Association schemes are one of the main fields of research in algebraic combinatorial 
analysis. This research is stimulated by applications of association schemes in coding theory, 
combinatorial designs and cryptography.

Let X  be a finite set. Elements of X  (of X  x X )  are called vertices (edges).
An association scheme C { X )  on X  is a partition of the Cartesian square X  x X  into 

1 +  m subsets R0, . . . ,  Rm (relations) satisfying the following conditions j 14,16]:

a R0 =  { (x,x)\x € X }.

b Let (x, y) £ X  x X.  The number i\j(:r, y) of pairs of edges (x, z), (z, у ) such that (x, z ) £
£ Ri, (z , y ) £ Rj, is the same for any (x,y)  £ Rk, i.e. the number ritj (x ,y )  =  rX  does
not depend on the choice of (x, y) in Rk.

с The reciprocal relation Щ  =  {(y,x)\(x,y)  £ Rj}  also belongs to the set i?0> • • • > Rm-. i-e- 
R j  =  Rj'  for some j '.

If, in addition to the items a, b and c, condition rX =  rX holds, then the association 
scheme is called commutative.

The well-known example is the Hamming association scheme with n +  1 relations 
where X, \X\ — q, q >  2,. The relation Rj consists of all pairs of vectors ( x , y )  £ X n x X n 
such that d{x, у ) =  j ,  where d is the Hamming distance.

For extended bibliography on association schemes the reader is referred to [8,14,16].
The usual item of study in the theory of association schemes is the Bose-Mesner 

algebra of an association scheme. This algebra has two basic bases: basis formed by incidence 
matrices of the relations Rj and the basis formed by its idempotents [16]. The theory 
concentrates on the interrelation of these two bases.

Another topic in the theory of commutative association schemes is the so-called 
Krein’s formal duality [8], [16].

One more direction of research is studying codes Y  С X  on an association scheme 
C (X ). The theory is developed for the general case, but for expository purposes we shall 
confine ourselves to the Hamming scheme H™. Let Nj be a number of pairs y,y'  £ Y  such 
that (y,y') £ Rj- One of the main results of the theory is the inequality Xjqk(j) >  0
where qk(j)  are entries of a matrix transforming the basis of idempotents into the basis 
of incidence matrices of Bose-Mesner algebra. This inequality is a base for deriving upper 
bounds on the code size using linear programming techniques.

It is convenient to treat the Hamming association scheme A™ as follows. First, consider 
an association scheme C (X ), |X| =  q >  2, which has two relations R0, Rj. All pairs ( /, / )  £ 
£ X  x X  are in R0, and Ry includes all other pairs ( / ,  g) £ X  x X . We define an association 
scheme C (X n) having n +  1 relations R(n-j,j) , j  =  0, . . . , n .  We put (sc,x f) £ Щп-jj ) ,  if and
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Association schemes and automorphisms of finite groups 5

only if the relation R[ holds for j  pairs of entries of vectors x,  x'  G X n, while Rq holds for 
n — j  remaining pairs, i.e. d[x,x' )  =  j.  It is obvious, that C ( X )  — H™.

In the present work we study composition association schemes C ( X n), generally 
noncommutative, which generalize the Hamming association scheme 'Я" treated as above. 
Namely, let C ( X ) be a scheme with m +  1 relations R0, , Rm С X  x A , which is called
a coordinate scheme. The relations Rc С  X n x X n, с — (c0, __ , em), c,, G { 0 , . . . ,  n}, c0 +
+  • • • +  cm =  n, of the composition scheme C ( X n), are defined as follows. Suppose, that 
the number of pairs of coordinates x s,x's,s  =  I , . . .  ,n, of vectors x , x 1 E X n such that the
relation Rj holds is equal to Cj, j  =  0, . . . , m .  Then ix ,x ' )  6  R(Co Cm)- Delsarte [6], [14]
shows that if C ( X )  is an association scheme then C ( X n) is also an association scheme.

Obviously, the number mn of classes of relations in the scheme C ( X n) is (n^m)-

1.1 Elementary properties of the scheme C # ( 0 n).

Let 0  be a finite group and H  be a subgroup of its automorphism group Aut(<&). 
We consider association schemes <S#(0) with relations Rj, j  — 0 , . . .  ,m , defined as follows. 
If € Cj, where Cj is a class of conjugate elements of 0  relative to a group H of
automorphisms of 0 , then (0,0 ') G Rj. The composition association scheme C ( 0 n) =  
=  С 'я (0 п) has the above mentioned structure (see also definition 2.2).

It should be noted that in the book [16] the association scheme 5 # (0 )  was considered 
in the case, when the group H  is the group of inner automorphisms of 0 , and in the paper [14] 
in the case, when 0  is an Abelian group and H  is the trivial group i.e. it consists of identity 
mapping only. For these cases there is (see [16], [14]) a series of brilliant and nontrivial results 
connecting properties of the scheme Sh with properties of linear representations of the group 
0  in the vector space C“ . The class of schemes Sh (see definition 2 .2) is somewhat wider 
than the class of schemes studied in the work [14].

We define a function X(x, x ’ ) over the scheme C ( X n) which assumes a value с =  
=  (cr ), if (x , x ' ) G R(Co....,cm)- Thus, с is just the vector с with the first coordinate
dropped. Note, that the function Л is constant on all edges (x , x')  belonging to the same 
relation of the scheme C ( X n), i.e. Л is a central function with respect to the relations of the 
scheme C ( X n).

The scheme C # (0 n) has the following distinguishing property. If (0 , 0' )  G Rc then 
(e, O'©-1 ) € Rc, where e is the unity of the group 0 n. Hence, the value of the function wt(g) — 
=  A(e,0 ) can be considered as a pseudo-weight of 0 . The function A which we call pseudo
distance, is defined using the pseudo-weight wt(g) in the usual way: A(g, g') =  tof(0 '0 -1) or 
if the group operation in 0 ” is written in additive form, it is defined as A(g, g') =  w t ( g ' - g ) .

We consider codes i ? C 0 "  and pseudo-distances A(t), X)'). t) , »)' e Я, defined on them. 
A code Я which is a subgroup St1 of the group 0 n is called a group code.

Enumerator of the set of pseudo-distances A(0 . g') of a group code Я is determined 
’uniquely by enumerator of the set of pseudo-weights wt(g) of elements of this code because 
the number А С(Я) of vectors of pseudo-weight с  of a group code Я is equal to the number 
Я[Л/с(Я) of pairs of vectors g,g',  for which A(0 .0 ') =  c. Thus, the situation is roughly the 

same as for linear codes.
Let Фп be a group of certain mappings ф : & l -> 0  and H  =  Hn be the group of 

automorphisms of the group Фп generated by the group of automorphisms H I Sn <  Aut(<5n). 
Definitions of Фп and Hn are given in section 1.2 . Note, that the group operation in is 
multiplication of functions instead of their superposition.

The association scheme С Фп) is called dual to
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6 V. M. Sidelnikov

Since the group Ф„ is defined in a nonunique way, there are generally multiple dual 
schemes С'^(ФП) for a given scheme of relations С я (0 п). Note, that for the Abelian group 
0 n its dual group Фп is isomorphic to a group that is dual to 0 ra under the commonly used 
definition of duality.

In this paper we obtain novel results in the following lines of research.

i For non-Abelian group © we construct an association scheme С  я(21n) dual to C # (0 n).

ii We derive identities which express the number Nc{8) — G A. V}t{g) =  c }  (element
of a weight spectrum of a code A) by means of a weight spectrum of its dual code
Ax С 2tn.

1.2 Dual schemes of relations С ^(Ф П)
Let Ф® be the set of all maps /  : 0  —► 0 . On the set Ф® we define a group operation

to be pointwise multiplication of functions. Thus, Ф® becomes, a finite group. Obviously,
|Ф©| =  |0|,e!. In what follows, we consider subgroups of the group Ф®, which act identically 
on a unity e of the group 0 .

Definition 1.1. A subgroup Ф of the group Ф® is called on ambivalent group of the 
group 0  if for any f  G Ф, /(c) =  e.

As an example of ambivalent group Ф consider a group 0 , defined as follows.
Definition 1.2. Denote by 0  the subgroup of Ф® consisting of all ''linear "functions 

of the form
fit) = fai,-,Bk,goit) e i m f ’ 9k№, k =  0,1 ,. . .  , у G 0,  (1.1)

defined on the group 0 , such that / ( c )  — e, where g0, Si, • • •, ilк G 0.
It is easy to show, that if 0  is a cyclic group of order u, then 0  is composed by all 

the functions f ( j )  =  ys, у G 0 , s =  0 , . . . ,  и — 1. It is obvious, that 0  and 0  are isomorphic. 
If 0  =  S)i x • • • x f jn is a direct product of cyclic groups Sjit then 0  is composed by various 
products of functions Д 3(ух - - h i )  =  ??> s =  0 , . . . ,  иг -  1, у,- £ |/L| =  щ, г — 1, . . .  ,п.
Therefore the groups 0  and 0  are also isomorphic. Thus, if 0  is an Abelian group then the 
groups 0  and 0  are isomorphic .

One more example of a nontrivial ambivalent group is the group Флы{<8) generated 
by all functions a G Aut{(3), i.e Фд„{(«) =  (.Aut{f&)). Recall, that the group operation • in 
Фди^©) is defined to be pointwise multiplication of automorphisms.

If 0  is noncommutative, then the function a ■ o' G Фди#(0), с, o' G Aut(<8), in general 
is not an automorphism. Therefore in this case ^Autps) contains also elements that are not 
automorphism.

It should be noted that one could also define another operation о in the group ФAUt(e) 
namely superposition of functions. It is easy to prove that Фди4(©) is closed under the 
operation o. Thus, ФAut(&) is a near-ring with a group operation • ( usually denoted as 
-f) and a multiplicative semigroup operation o.

We denote by T 01,...i0fc a normal subgroup of the group Ф, composed by all functions 
/  G Ф such that / ( ^ )  =  e, j  =  1 , . . . ,  к. If { gb . . . ,  =  TZ is a subgroup of 0 , then we
denote by Фте the subgroup Ф01 0fc.

Consider a linear representation Г of an ambivalent ^roup Ф in the vector space 
V  -  Cr.

A special case of Г is a representation of the form Tt: =  Г® — (Ф(/(д)), f  G Ф}, 
where ф =  (0(f)), t) G 0 }  is the representation of the group 0  in the space W  — C* and g
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Association schemes and automorphisms of finite groups 7

is a fixed element of 0 . In particular, Fe is the trivial representation formed by the identity
t x t—matrix It where t — x(t)  and x  is a character of ф.

Definition 1.3. Let 'A be a subgroup of the group 0 . A subgroup 7ZX of an ambivalent 
group Ф, composed by all functions /(y ) G Ф such that jf(p) — e for all 6 p G TZ, is called 
dual to TZ in the group Ф.

It is easy to show that TZ1- is a normal subgroup of the group Ф.
Let r,^x be a restriction of the representation Г9 to the subgroup TZX. We denote by lg 

a multiplicity factor of the principal representation (equal to 1 in TZX) фо in the representation 
Г^х . In particular, l g =  x(e) for g G 7Z.

For simplicity, we take the following assumption.

A  If g TZ, then lg =  G, i.e. for  g 0 7Z the representation Г^х does not contain the
principal representation.

If the assumption A  holds then the characteristic function of a subgroup TZ is as 
stated in the next lemma.

Lem m a 1.1. Let lg -- 0 for g 0 TZ.. Then

(L2)

where x  is a character of a representation ф of the group 0 .
Proof. Obvious.
Let cr be an automorphism of the group 0 . The transformation a : /(p ) —» / ( t y 1) is 

an automorphism of the group Ф if /(p <7~1) € Ф for all /  G Ф. We assume that this property 
always holds for all a € H.

We call a automorphism induced by the automorphism о . Thus, to a subgroup of 
automorphisms H  С Aut(f2>) there corresponds a subgroup II =  ({o\a G H} )  С Aut(T) 
generated by all automorphisms a .

The preimage {cr} -1 С H of an automorphism о  is a set of automorphisms a such 
that / a(p) =  /(p CT ). In general, cardinalities of these preimages may differ for different d. 
I.e., generally the transformation о — > a  is not a homomorphism from the group H  to the 
group H.

The interrelation of classes Сг of conjugate elements of the group Ф with respect to a 
group of automorphisms II and classes C3 of conjugate elements of the group 0  with respect 
to a group of automorphisms H, depends on the structure of the group Ф and in general 
case is unknown. In particular, the relation between the numbers 1 +  m and 1 +  I (amounts 
of classes of the conjugate elements of the groups 0  and Ф respectively) is unknown. We can 
answer these questions only in the case when 0  and, hence, Ф are Abelian groups.

Definition 1.4. We denote by Фп the group formed by all functions / ( j o , . . . , pn) : 
0 "  — » 0  of the following form

f  (?1) • • ■ i tn) fllh-i )02^2 (jA)03 ‘ ‘ ' (tifc )0fc+l j
is G { I , к =  0... ,  hj G Ф, / ( e , . . . ,  c) =  e.

(1.3)

It is easy to show, that if Ф is an Abelian group, then Фп coincides with Фп.
Let r  be a permutation of the tuple of indices { 1 , . . . ,  n} and cr =  (cq, . . . ,  an) be an 

automorphism of the group 0 n. A group II l Sn (Sn is the symmetric group) is the group of 
automorphisms of the group 0 n. It is formed by all transformations
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8 V. M. Sideinikov

( ^ г ) : 0  =  ( 0 1>. . . , 0 п ) - - > ( С * - - С ) . ° ' е Я л , г = (  ,L ’ •••’ Г  ) g S „ .

It is easy to see, that the scheme of relations Smsn(^ n) coincides with the composition 
scheme С н{& п)- The group H I Sn is called a wreath product of groups H  and Sn.

Definition 1.5. We define the group of automorphisms Hn of the group Фп as the 
group formed by all transformations

fill,  ■■■, hi) - »  / ( $  , • • •, f£ *), where <x € t fn, r G Sn. (1.4)

Definition 1.6. Relation scheme 6'^(Ф П) is called dual to the scheme С Я(0 П). To 
simplify notation we denote it by C g (Ф„).

Generally the scheme Ср(Я/п) is not composition in the sense of definition 3.2. If 0  is 
an Abelian group and, hence, H  ~  H, then the group Hn is isomorphic to the group HnlSn. In 
particular, the association scheme (7р(Фп) is composite. In this case the association schemes 
C h (& 1) and С р(Ф„) are isomorphic in the commonly accepted sense. All the above claims 
are easy to prove.

We denote by wtff ), /  € Фп the index w of a relation Rw of the scheme С Фи) to 
which the pair (e, / )  belongs. This notation agrees with the above defined function (pseudo
weight) wt(g), g G 0 n, of the composition scheme C # (0 n).

1.3 The main theorem.

The next theorem underlie all the claims about Mac Williams identities for the schemes 
С Я(0 П) and C jj{Фп).

Theorem 1.1. Let С р(Фп) be the association scheme dual to the scheme 
and Nc(&) be a number of elements 0 in a subgroup (code) A <  0 n with pseudo-weight 
wt(g) equal to с =  ( c i , . . .  ,cm). Let Mw{dr) be a number of elements f  in a subgroup (code) 
Ях < Фп with pseudo-weight wt ( f )  equal to w.

Suppose , that for the subgroup Я of the group 0 "  assumption A holds, i.e. for g 0 1Z 
the representation does not contain the principal representation.

Then

i The sum
P ( f , c ) =  x ( /( f l ) )  (1.5)

w t(g)=c

depends only on the value w of the pseudo-weight wt ( f ) ,  i.e. P ( f , c ) — P(f' ,c)  if 
w t { f ) =  wt(f ' ) .

ii

x{t)Nc{'/l) =  Mw(&x)p(w, c), 6)
’ W

where p(w, с) =  P(f ,  c), if wt ( f )  =  w. and x  is the character of a representation of 
the group 0 .
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Association schemes and automorphisms of finite groups 9

Note, that the right-hand side of equality (1.6) (more precisely the function p(w, c)) 
depends also on a choice of representation ф of the group 0 , i.e. the number Nc(TZ) has in 
general nonunique representation in terms of numbers Mw(Я 1).

It should be noted, that Camion [14] proved an identity, formulated in terms of a 
group algebra, somewhat weaker than (1.6) in the case, when 0  is an Abelian group and H 
is the trivial group of automorphisms.

We can show that if Ф is an Abelian group then the function p(z, с ) is an orthogonal 
polynomial pc(z) in m integer-valued variables z  =  (zq, . . . ,  zm). As a consequence, we 
obtain an identity for association schemes which is analogous to the well-known MacWilliams 
identity. In the case of non-Abelian group Ф evaluation of the function p (w ,c ) is more 
complicated.

1.4 Extension of the theorem 1.1.

We substantially generalize definitions 1.4, 1.5, 1.6 and theorem 1.1 (see theorem 5.1). 
Consider a homomorphism ir of the group 0  into some group 0 ; =  7r(0 ). The 

homomorphism 7r induces a homomorphism n' of the group Ф into the group 21 (see section 
4). The elements of 21 are functions /  =  n '(f) mapping the group 0  to the group 7r(0 ). A 
group operation in 21 is multiplication of values of the functions in the group 7r(0 ).

On the group 21 act automorphisms a', induced by automorphisms d of the group Ф 
(see section 4).

We shall omit primes ( ') in notation for the automorphisms o' of the group 21, 
homomorphism 7r' and the group of automorphisms H' of i.e. we shall use the same 
symbols, as for corresponding objects for the group Ф. This could not cause confusion since 
the object being considered, Ф or 2i will always be clear from the context.

By 2ln we denote a group, formed by all functions /  -= 7r ( /) ,  f  G ФП1 (see (1.4)) 
which map the group 0 n into the group 7t(0 ).

Accordingly, by H'n we denote a subgroup of the group Aut(2ln) comprised by all
automorphisms of the form .т ( /(?1, . . . ,  ?n)) 7r ( / ( j£  , . . .  ' )), a, G # ,  (гь  . . .  ,гп) G
G Sn.

To simplify notation we denote the scheme <Sp, (2fn) by C ^ {2tn).
Definition 1.7. The association scheme Cp(2lri) is called dual to the scheme

СЯ(0П).
Definition 1.8. Let 1Z be a subgroup of the group 0 71 and let TZ'L be a subgroup of 

the group 21n, formed by all elements n( f )  С 2ln such that тг(/ (g ) )  =  7i(e) for all 0 G 7Z. 
The group 7Z,± is called dual to TZ in the group 2ln.

Thus, TZ'A~ is formed by all elements n ( / )  for which / ( j )  G ker 7г(ФП// Я х), if g G 71, 
where 7Z  ̂ is a group dual to TZ in the group Фп. To simplify notation we shall omit primes 
(') in 7Z'L.

Theorem 5.1 (see section 5) is a straightforward generalization of the theorem 1.1 
with the group Фп replaced by 2ln

1.5 MacWilliams identity for association schemes and orthogonal 
polynomials

In the case when 21 is an Abelian group, the function p { w , c) is determined by a matrix 
A of structural constants (see identity 1.7). In this case the association scheme C p(2ln) is
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10 V. M. Sidelnikov

composition (2ln =  21"). Therefore the indices w  of its relations Rw can be considered as 
vectors w  =  (wo, ■ ■ ■ ,щ),  where Wj is a number of coordinates of the vector /  G 21" which 
belong to a class Cj of conjugate elements of 21 with respect to its group of automorphisms 
H.

For a group code TZ < 0 "  and its dual code 7Zx <  21" we derive an identity (see (5.4)) 
which relates a number Nc(£)  to numbers МШ(ЯХ) in a similar fashion as the MacWilliains 
identity does in the case of the Hamming space.

If 0  is an Abelian group and 7Г is an isomorphism, then the number NC(R) can be 
expressed as a sum of the numbers MW(RX) multiplied by values of a polynomial pc(w, Л) =  
=  p(w.  c ) ,  w — (wo, •.., wm), (see (1 .6)), wrhich is an orthogonal (with some weight function) 
polynomial in 1 +  ra integer variables Wj such that Wq +  • • • +  wm — n. A polynomial pc( z ; A) 
is determined by a matrix A =  Ax (Cjj((5), Cp(2l)) of structural constants of the group 21 
with respect to the group 0 . The entries of Л =  |гу |i=o1...,m,j=o,...,t are as follows.

Let Ri and Rj be relations of schemes С я ( 0 )  and С  ̂(21) respectively. Then

ri,j =  xWii))) = xWW)))>  (71(e), т г ( / (д ) ) )  G Rj, (1.7)
teC i ' аен

where St(g) is the stabilizer of g in the group H and x  is a character of the linear 
representation ф of the group 0 .

If we put Z\ =  • ■ ■ — Zi =  z, zo =  n — z, then the polynomial Y2c +-+cm=sPc(n ~  
— z, z , . . . ,  z; A) =  ps(z) turns out to be Krawtchuok polynomial iv0в^(г) of degree s.

We propose several nontrivial examples, illustrating all the above concepts. Some of 
these examples are of independent interest.

1.6 Example

Let 0  =  Zp2 be an additive group of residues modulo p2. As a group Ф we take a group 
of functions /(у ) =  щ,  0 < и < p2 with the group operation +  being addition of functions 
modulo p2. As a group of automorphisms H  we take all transformations x  —> ax.p \ a. The 
group operation in H  is superposition of two transformations. The order of H  is equal to 
p(p — 1) and it is isomorphic to the group Z*2.

Obviously, the association scheme Ся(0) has three relations (rri = 2): R0 =  
=  {(g ,9)\g  6 0}, Rp =  {(g ,g  +  ph)\g,h e  ®,ph Ф 0}, Rx = { (g ,g  +  h )\g ,he  <3,p\h}. We 
take as n an isomorphism mapping 0  into multiplicative group of characters 21 =  {pa(^) —
=  exp p j  | a G 0 } ,  and finally, as a group of automorphisms H of the group 21 induced 
by H we choose the group, formed by all transformations gb(x) —> даъ(х),р\а.

As Г0 =  Ta, a G Zp2, we take one-dimensional representation gy(a) — ga(y) of the 
group Ф.

The group 2ln =  21" is formed by all functions Qa(x) =  exp ■ • ■ exp )
a =  (ai , . . . ,  an), x  =  (xx>. . . ,  xn) G Z"2. We consider as a subgroup TZ <  0 "  a group 7Z — 
=  ®ai П • • • D where ®a =  ker ва(х)  is the kernel of homomorphism oa(x)  of the group 
0 "  into the group of roots of unity.

In this case the group TZ~ < 2l„ is a linear space spanned by gar( x ) , ..., ga, (x) . Note 
that group operation in 7Z1- is multiplication. Obviously, this space coincides with a linear 
code, which is dual to the linear code TZ <  0 "  under the commonly used definition of duality.
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Association schemes and automorphisms of finite groups 11

Collection [a i , . . . ,  a r ] can be treated as the set of the rows of the parity-check matrix of the 
code 1Z.

The matrix of structural constants in the example being considered looks as follows

A =

and the derived identity is

1 p -  1 p {p ~  1) 
1 p — 1 —p
1 - 1  0

E  =
C o + C p + C l = n

( 1.8 )

Y  iz0 +  (p -  1 )Zp  A  pip -  l)^)™0 (1.9)
W Q + W p + W l — n

(z0 +  (p -  1 )zp -  pz\)Wp (z0 -  zp)Wl ,

where fV(COiCp>Cl)(£ ) is the number of vectors g in the code Я, which contain Cq zero 
coordinates, cp nonzero coordinates which are multiples of p, and C\ coordinates coprime 
with p. Accordingly, M(WOtWp>Wl){&x ) is the number of functions (vectors) pa.(;c), a  =  (a\,.. .  
. . . ,  an), in the code С such that a  has wo zero coordinates, u>p nonzero coordinates 
which are multiples of p. and up coordinates coprime with p.

2. Background

Let Г be an exact (one-to-one) representation of a finite group 0  in the unitary space 
C f  Aut(<&) be the group of all automorphisms of 0 , H  — {a 0, . . . , a t}  be a subgroup of 
Aut(<&), C f  — {Ь°\с ^ H }, j  =  0 , . . . ,  m, Cq — {e}, be the classes of conjugate elements 
relative to the subgroup Я , and be the representative of C f . We use Latin letters for 
elements (matrices) of Г. We assume implicitly, that to an element g £ 0  there corresponds a 
matrix g. We suppose, that Г does not contain a principal representation, i.e. that X)0eG 9 ~  
=  0. For simplicity we omit the superscript H  in C f .

2.1 The association scheme

To any subgroup H  of Aut{<5) there corresponds a scheme 67/(0), which, as will 
be shown later, is a noncommutative association scheme (association scheme) under the 
commonly accepted definition.

Definition 2.1 (The scheme S ). . A scheme S is a pair {X,  R} ,  where X  is a 
finite set of vertices of S, and R  = { R0, , Rm} is a partition on the set X  x X  (X x 
x X  = UjL0Rj), Ro =  { (s, 0)|0 e 0} .  The elements of the set X  x X  are called edges of the 
scheme S.

Definition 2.2 (The scheme 6 д ( 0 ) ) .  .
The set of vertices X  of a scheme 6 Я(0 ) is the set of elements of the group 0  i.e. 

X  =  0 .
The set 0 x 0  is partitioned into classes Rj, j  =  0 , . . . ,  m (<8 x 0  =  U"L0Rj), defined 

as follows: Rd =  {(g, fjg)| f) e  Cj, g e 0 ) .
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12 V. M. Sidelnikov

Thus, Rj  consists of edges f°r which g'g-1 6  Cj.  Obviously, |Я,| — |G||Cj|. We
assume, that the edge (e, fjj) is a representative of the class Rj  is , where f)j is a representative 
of the class of conjugate elements Cj.

Sometimes we use <S# as a shorthand for <Sh (0 ).
Lemma 2.1. . For the scheme Sh{&) the following holds:

i The scheme 5 # (0 )  is an association scheme.

ii If edges (g,g') and (g'_ , 0 _1) belong to the same class of relations for any g, then the
association scheme Sh (<3) is a commutative association scheme.

iii Let (e, fjj) be a representative of the class Rj. The reciprocal relation R j  — {(у ,  х)|(ж, у)  €

6  R j} is a relation Rj> of the scheme <S# (0 )  such that (e, fn 1) € R j’ .

P roof, (i.) We need to show that the number г^ (д ,д ')  of those 1)6 0 , for which 
(g, fj) € Rj, (f),g#) 6  Ri is the same for all (g,g') 6  Rk, he. the number ry (g ,g ')  =  rC is 
determined uniquely by a class Rk, to which the edge (0 , 0 ') belongs.

If (0 , 1)) 6  Rj,  (b,g') 6  Ri, then {дЦ',Щ') 6  Rj,  (fjf)', g'lj') 6  Ri for any 1)' 6  0 . 
Therefore the numbers r.;j(g, g?) and r ^ g f / ,  g'f)') are equal for all \]' 6  0 . If we put fi' =  g _1 
then 74̂ (9 , jj') =  rij(e, g'0 _1).

Obviously, ritj(g, g') =  г^ (да, g/a) for any a 6  H. If fqc is a representative of a class 
of conjugate elements Ck and (0 , 0 ') 6  Rk, then there exists a 6  H , such that (g/0“ 1)CT =  
=  f)fc. Therefore ritj(g,g') =  гу (е, g'g-1) =  Гу(с, f)fc), be. the number г^ (д ,д ')  is determined 
uniquely by a class of relations Rk, to which the edge (g, g') belongs.

To finish the proof of item i it suffices to show that reciprocal relations R j  belong to
the scheme <S#(0 ). This is follows from item iii.

(ii.) We need to show that if the edge (0 , 0 ') belongs to the same class of relations as
(д ^ .д '-1 ) then г ^ (0 ,00 =  rJti(g, g') for all (g,g') 6  0 x 0 .

Let (e, 1)) 6  Ri and (1). f)*.) 6  Rj. Then (e, bfcb""1) G Rj- tVe show, that if the condition
of item ii. holds, then ( f ) f c l ) ~ \  l ) f c )  6  R , . Indeed, the condition of ii. implies, that edges

\ (fjfcf)-1) ” 1) and (c, t)) belong to the same class of relations Ri. This implies the claim 
being proved.

Thus, substituting f^f) " 1 for f) in (c, 1)) 6  Ri and (fj, bfc) -  Rj we in fact permute 
indices of classes Ri and Rj. Therefore 7V.j(0, д') =  т -̂Дд, д') for all (д, g').

(iii.) It is easy to show that the set R f  =  {(f)j0>Q)\bj £ Cj,g  £ 0} coincides with 
the class of relations Rji which has a representative (e, b j 1)- И

It is easy to show, that <S# is an commutative association scheme provided that 0  is 
an Abelian group, or H is a group of inner automorphisms.

If edges (0 , 0 '), (g',g) belong to the same class of relations, then the scheme SH is 
called symmetric association scheme.

It is easy to see, that the association scheme Sn is symmetric association scheme, 
provided that elements д,д -1 belong to the same class of conjugate elements of the group 
0 .

Higman [10], Bannai [16] and Delsarte [8] considered association schemes with orbits 
Rj =  {(xc ,y c )\o' 6  H) playing the role of classes Rj, where H  is a group of substitution 
automorphisms of the set X  and (,x , y) 6  X  x X.  Our association scheme SH{<&) is a special 
case of this, since we may take X  to be the group 0  and H to be the the semidirect product 
of H  with 0 .

The scheme SH(<&) with Abelian group 0  and H  formed by trivial homomorphism 
only is usually called Hecke scheme. Such schemes were studied by Camion [14].
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Association schemes and automorphisms of finite groups 13

R em ark 2.1. It is possible to prove (mathematical folklore), that only an elementary 
Abelian group 0  can have two classes o f conjugate elements relative to a group Aut(05). All 
other groups 0  are partitioned into three or more classes of conjugate elements.

3. Relation schemes on 0 n

We assume, that elements of a group H n act coordinate-wise on 0 n. A class of 
conjugate elements Cj,  where j  =  (j\ ,. . .  , j n), is formed by all vectors jj =  (0 i , . . . , 0n) 
such that 05 G Cjs.

D efinition 3.1 (D efinition o f  scheme <_S#n(0n)). .
A set of the vertices X  of the scheme 5 я п(Фп) is defined to be a group 0 n.
A set 05n x 0 n is partitioned into (1 +rn )n classes {Rj\j =  ( j\,. . . ,  j n): 0 <  j s <  rn}, 

where (0 , 0 ') € Щ, if g 'g -1 G Cj.
We call the scheme <S//n(0” ) an nth degree of the scheme <S#(0).
>From the lemma 2.1 follows
T heorem  3.1. The scheme $нп(05п) is a association scheme.

The composition association scheme C H(Q5n), defined below, is obtained from 
Snn(05n) by taking unions of some of its classes Rj. For n — 1 the schemes C b /(0 n) and 
SHn (0 n) are identical.

Define Cj(g)  to be a number of coordinates gs of a vector 0 =  (0 i , . . . ,  0n) such, that 
0s 6  Cj. Vector c (0 ) =  (<’0(0 ) , . . .  ,cm(0)), where 1 +  m is a number of classes of conjugate 
elements in G relative to a group of automorphisms H, is called composition of the vector 
S -

D efinition 3.2 (D efinition o f  the com position  scheme C # ( 0 ri)).
A set of vertices X  of the scheme С  я ( 0 n) is the set of all elements of the group 0 " .
A set 0 n x 0 n is partitioned into classes {R c\c =  (со,. . . ,  cm); cq +  • • • +  cn =  n}, 

where (0 , 0 ') G Rc, i f c f g 'g -1) =  c.
Thus, a class Rc consists of all edges (0 , 0 /) which have identical compositions 

c (0 /0 - 1) =  c. As it was mentioned above, С я ( 0 )  =  5 я (0 )-
The scheme С я ( 0 п) was defined by Delsarte [6]. Camion [14] (p. 1506) defined 

С я ( 0 п) in a different way as compared to the definition 3.2. In the same paper Camion 
suggested to call it a Delsarte expansion of the scheme С я (0).

D efinition 3.3 (D efinition o f  the schem e <Snu.sn(0 ,n) from  the paper [14]).
The group H n I Sn of automorphisms o f& 1 is defined as follows. Let r  =  (i\,. . . ,  in) be

a permutation of the tuple (1 ____ n) and <r =  (оу, . . . ,  an) be an automorphism of the group
0 " . A group H n I Sn is formed by all transformations (cr, r) : g ~  (01, ■ • • ■ 0n) —* (0^ , • • •
..., gff),  cr g  H n, т G ,Sn.

The scheme 5 я̂ |5п(0 и) is defined according to the definition 2.2.
It is easy to see, that the association scheme <Sn»;s„(0n) coincides with the 

composition association scheme С я (0 п) (definition 3.2).
Theorem  3.2. The composition scheme С я (0 п) is a association scheme.

P ro o f follows from definition 3.3 and lemma 2.1.

4. Relation scheme C^(2ln), dual to С Я( 0 Г|)

Consider a homomorphism n of the group 0  to a group 0 ' =  7r(0 ). We call functions 
/ ,  / '  G Ф where Ф is an ambivalent group of the group 0 , equivalent with respect to the
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14 V. M. Sidelnikov

homomorphism 7Г, if 7г(/(д)) =  7г(/'(д)) for all д G 0 . Obviously, a set of functions /  6 Ф 
such that 7r(/(g )) =  7г(с) for all g G 0 , is a normal subgroup Ф*. of the group Ф.

We consider the group 21 =  Ф /Ф ^. Its elements can be considered as classes of 
equivalent functions /  G Ф. The group Ф as well as 21 is called an ambivalent group of the 
group 0.

A homomorphism n' mapping Ф to 21 is determined as follows тг' : /  —> тт(/). An image 
of an element /  G Ф under the homomorphism 7r' is denoted by /  =  7Г'( / ) .  An element f  
of 21 can be considered as a function mapping elements of the group 0  into elements of the 
group 7r(0). Group operation in 21 is a product of functions (in 7r(0)).

On the group 21 act automorphisms cr' =  <?'(cr), induced by automorphisms a of the 
group Ф. Namely, f  a' =  n '{f)a' — n' ( / cr) =  7г'(/(у(Т)), The group formed by automorphisms 
a', a G II, is denoted by Я'.

In notation for automorphisms of the group 21, homomorphism 7Г'( / )  and group of 
automorphisms Я ' we shall omit the symbol ' i.e. we shall use the same symbols, as for 
corresponding objects defined for the group Ф. It should not cause any confusion for it will 
always be clear what object, Ф or 21 we deal with.

Accordingly, by 21n we denote a group, formed by all functions

/ ( ?  ь- .- .Уп) =тг ( / )  =  7r(gi)7r(^1(j:il))7r(g2)---7r(gA)7r(/ifc(j:iJ)7r(gA:+1), 
hj G Ф, g* G 0 , 7r ( / (e ) )  =  тг(е),

which map the group 0 n to the group тг(0).
Let т — (*i,. . . ,  in) be a permutation of the tuple (1,. . . ,  n) and let cr — (оу,. . . ,  an) 

be an automorphism of the group 0 n. Group H n I Sn of automorphisms of the group 0 n is 
formed by all transformations (cr, r) : g =  (дь . . . ,  д„) -> (д"1, . . . ,  gf"), д G Нп, т G Sn. As 
it was already mentioned, the association scheme S#;sn(0 n) cc>incides with the composition 
association scheme C # ( 0 n)-

Definition 4.1. A group of all mappings

? ( ? i ,  •••,?>..) f  ( & > ■ ■ ■  A t ) ,  (cru . . . , a n )  G H n, ( i i , . . in) G Sn. (4 .2 )

is called a group of automorphisms of the group 2l„, induced by automorphisms H nlSn of the 
group 0 n. It is denoted by Hn. The group operation in Hn is a superposition of mappings.

In other words, Hn is a group of automorphisms of the group 2ln, induced by the 
group of automorphisms IIй ? Sn of the group 0 n.

Definition 4.2 (Definition of dual scheme C jj(2in)). The association scheme 
*■*Hnisn ™ catted dual to the scheme and is denoted by С 2ln).

The scheme С р(21п) generally speaking is not a composition scheme according to 
the definition 3.2. The number of its relations Rw and its structure in general case remain 
unknown.

If 21 is an Abelian group, then Hn is a composition scheme according to the definition 
3.2, i.e it is isomorphic to Hn where H is the group of automorphisms of 21 induced by the 
group II. Furthermore if in this case 0  and 21 are isomorphic, then the groups H  and H as 
well as 0 n and 2ln are pairwise isomorphic. These claims are easy to prove.

5. Main identity

Let П  be a subgroup of the group 0 T  Subgroup l i L <  21n of the group 2ln, composed 
by all elements /  =  тг( / ) ,  such that тг(/(д)) =  тг(е) for all д G П, is called dual to П  in the
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Association schemes arid automorphisms of finite groups 15

group Qln. Thus, 7ZX is composed by all elements /  =  71 '( f ) ,  such that / ( g )  G ker Tr(A/n//7Z±) 
for all 0 G 7Z, where 7Z1 is a group, dual to TZ in the group Фп. It is easy to see, that TZ1- is 
a normal subgroup of the group 2tn.

Let ф be a representation of the group 7r(0), \ be a character of the representation ф 
and Г0 =  {0(7г(/(д)))|7г(/(у)) G 21}, where g is a fixed element of 0 , be a representation of 
the group 21. As above, by T lx we denote restriction of the representation Г0 to the subgroup
fz± .

We denote by ls multiplicity of the main representation ф0 in T(~± . In particular,

0̂ = XMO) for 0 ^ ^
We require that for ambivalent group 2ln, a subgroup TZ С 0 n and representation ф 

of the group 7г(0) the following assumption holds

A n If Q 0  1Z, then lg =  0, i.e. for 0 0  7Z the main representation does not enter into
Г®тг-L

The next lemma follows from the well-known claim about orthogonality of distinct 
characters of a finite group (see, for example, [15], pp. 12).

Lem m a 5.1. Let lg — 0 for  g 0  TZ. Then

Mf) = -IrE - {f> (»)
' 1 Tr(/)e7t-L t y

To simplify notation, we use for pseudo-weight wt(n( f ) )  and pseudo-distance
on the association scheme C p(2ln) the same symbols wt and A, 

as for the scheme С я (0 п)- Thus, wt(n( f ) )  is an index of the class Cw of conjugate elements 
of the group 2l„ to which function f  — n( f )  belongs.

Next theorem generalizes the theorem 1.1.
Theorem 5.1. Let C7p(2fn) be the association scheme dual to the scheme С 'я (0 71)> 

7VC(£) be a number of elements g of a subgroup (code) Я < 0 n such that wt(g) =  
=  с — ( c i , . . . ,  Cm), and MwiR-1) be a number of elements f  -- 7r ( / )  of a subgroup (code) 

E 2ln such that wt { f )  =  w.
Suppose, that for a subgroup Я of the group 0 "  assumption A n holds.
Then

ia the value of the function

p G , c )  =  E  (5.2)
K J t ( f l ) = C

where the sum is taken over all g, such that wt(g) =  c, is determined unambiguously by 
the value of the pseudo-weight w =  wt ( f ) ,  i.e. P ( f , c) =  P ( / ' ,  c), if w t(f )  =  w t(J').

io the value of the function

Q ( w , g ) =  x ( f  (fl))> (5.3)
w t ( f ) = w

is determined unambiguously by the value of the pseudo-weight с  =  wt(g), i.e. 
Q{w , q) =  Q(w 1q/), if wt(g) =  wt(g').
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16 V. M. Sidelnikov

ii

x(c)Nc{n) = J — Y  Л/ш(Д±)р(г«) с), (5.4)
1Л"'1 w

where p(w, с ) =  P ( f ,  c.), w — wt( f ) ,  and x  is a character of the representation ф.

iii

| Rw\p(w,c) =  \Rc\q(w,c), (5.5)

where q (w ,c ) =  Q(w.  g j if wt(g) =  c, a,nd Rc (Rw) is the subset of <5n (21n) formed 
by elements q (f) such that wt(g) =  с (w t ( f ) =  w).

Proof of item ia. If w t ( f )) — w t ( f '), then there is Э € Hn such that / ' — f  a . Let 
cr be a preimage of the automorphism <r, i.e. f ar =  7г(/(у  °’)). This implies that

p ( f ,  c) =  Y  x W f i s f ) ) )  =  Y  =  P ( f ' , c ) .  (5.6)
u>t(g)~-c u>i(g)=c

Thus, the function P ( f ,  с ) — p(w, c) depends only on the relation Rw, to which the 
pair (e, / )  belongs, where e is the unity of the group 2ln, and /  G 2l.n.

Proof of item î . is analogous to the proof of item ia.
Proof of item ii follows from the lemma 5.1, item ia and the following obvious 

identities

x{t)Nc(K )=  Y  Wfl) = jt̂ Ti Z  Z  Х(?(В)) =
w t(g )= c  V  ' f e 7 J x  w t (B )= c

1 1 (5.7)
= L £ l|Z  Z  Z  Ш )  = |д17Е М«'(й1)Р(,">с)- D

w feM-LScwt(f)=w w t(g)=c w

Proof of item iii. follows from the definitions of functions P(f ,c)  and Q(w, g), items ia, 
iь and the following obvious identities

\Rw\p(w,c )=  Y  p G-.c ) =  Y  Q(w >&) =: \Rc\q(w,c). □  (5.8)
w l(f)= w  w t(g)=c

In the next section we evaluate the function p(w, c) explicitly in the case, when 21 is 
an Abelian group. Explicit evaluation of p(w, с ) in the case of noncommutative group 21 is 
also possible but postponed to the forthcoming paper.

6. An analogue of the MacWilliams identity

If 21 is an Abelian group, then the identity (4.1) can be rewritten as follows

? ( f  1, ••■,?„) -  7г(/1; Ы ) - - - 7г(йп(гп)),/г.,- G Ф, / ( с )  =  7Г ( / ( c ) )  -  7г(с). (6.1)

This implies, that 2In =  2ln i.e. the association scheme C p ( 2in) is composite. Therefore its 
relations Rw can be indexed by tuples w =  (w0, w t), iy0 -f b wt =  n, where tUj is a
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Association schemes and automorphisms of finite groups 17

number of pairs ( f s, / ' )  of coordinates of vectors ( / ,  f )  £ Rw which belong to the relation 
Rj, and 1 +  I is the number of relations in the coordinate association scheme «% (21).

Let Л =  A(H )  — I!Tjj | | i = o , . . . , i b e  a matrix of structural constants of the group 
21 with respect to the group 0  where i\j are determined by the equality (1.7), Using notation 
defined above, constant rtj  can be expressed as follows

rij=J2*(n(f (0 )))> (6 .2)
geCj

where 7Г( /( f ) )  =  /  is a representative of a class Cf of conjugate elements of the group 21 and 
H  is its group of automorphisms induced by the group of automorphisms H .

Lemma 6.1. Let 21 be an Abelian group, f  £ 2L =  21", w t( f )  — w =  (w0, . . .  ,u>i) 
and P ( f , c) be the function, defined by (5.2).

Then

P ( f , c )  =  pc(w, Л) =
\  /  \  /  m \  I m \  (а  Q\

E L .  U  - L .  h MIL-" 1" ill r ,/ -J
vs=0 /  \ s=0

where sum is over all tuples {c0,o, • • •, cm>o } , . . . ,  {c0li , . . . ,  cmj }  such that c0j- +  • • • +  cmj  —
=  wj, j  =  0,. • •, I, and cs.o 4 b c3>l =  cs, s =  0 , . . . ,  m.

Proof. Since 21 is an Abelian group, the function / ,  determined by the equality (4.1), 
can be written as

П
A?1, • • • ,?n) =  fj  € ф- (6.4)

3=1

Let w t ( f ) — wt(ir(f)) ----- w and let Af  =  U j=o M j , \Mfi =  Wj, be a partition of the
set of indices Af  =  {1 , . . .  ,n\ such that if s £ Mj then 7r (/s( js)) £ Cj. In this notation the 
equality (6.4) can be written as follows

? ( ? i ,  =  П  - П  n U ' s ( h ) ) -
seM0 seMt

(6.5)

Let wf(g) =  с and A  =  UyLo A , A il =  ci> be a partition of the set of indices Af. 
Denote by S(N0, . . . ,  Nm) the set of all elements $ =  (gb . . . ,  gn) £ 0 n such that £ Cj for 
i e N j .

Put Cij — \Mif^\Nj\. Obviously,
l rn I m

E ?(п.-.ь)=ППП П E*tf*w) = n i l r«- (e-е)
(n,---,{n)eS(N0,...,Nm) i=i j=i seMi seNj fseCj i=i j=i

Taking the sum of the identity (6.6) over all partitions Af -  (Jjlo N h A t I =  ci> of 
the set of indices Af  we get the equation (6.3). □

Let z0, . . .  ,zm be formal variables. It is easy to see, that
l f  m \ wi

pc{w) =  pc(w, A) =  coefF2=o...zcm Д  I 7sdzs ) • (6.7)
j—0 \s=0 /

>From (6.3) it follows that the function pc(x )  is a polynomial of total degree at most 
ci +  b ci in variables x0, . . . ,  xm where x0 =  n — x x — • • • — xm.

Установа адукзцьн 
Гомельсга д зя р ж эун ы  ун 1верс)тэт 

\мя Ф р анц ы ска  С кары ны ”

Б ГБЛ 1Я ТЭ КА

РЕПОЗИТОРИЙ ГГ
У И

МЕНИ Ф
. С

КО
РИНЫ



18 V. M. Sidelnikov

Theorem 6.1. Let '?! be an Abelian group, Cg(%Ln) be the association scheme dual 
to С я (0 п). Let A be a subgroup (group code) of the group &n and Ях be a subgroup (the 
dual code) of the group 2ln dual to A.

The numbers NC(A) (an amount of elements g £ A of pseudo-weight wt(g) — 
=  с — ( cq, . . .  , 0m)), and Ми,(Лх ) (an amount of elements ; r ( / ) £ of pseudo-weight 
W t(ir(f)) =  w  =  (w0, . Wi)), satisfy

E лг„ «.(*)«?•••«•-
CoH hCm = n

1 ‘ (6'8) 
74?_l I ^  , A'lVJQt __>Wi (Я ) П К , * )  T ri,e«i T  ■ • • rm,sZrn)
' ' wo4-■■ivi=n s= 0

Proof follows directly from theorem 5.1, lemma 6.1 and equality (6.7). □
Mizukawa and Tanaka have shown that polynomials pc(w) could be to expressed in 

term of hypergeometric functions. They also printed out orthogonality of these polynomials.
In our opinion some particular cases of equality (6.8) deserve special attention. Below 

we consider some of them.

7. Theorem 6.1 for dihedral group with eight elements

Consider a set of matrices with rational entries

£ = ( o ? ) ’ T= ( o - i ) '

* - ( ? ; ) ■  “ ( - i  о) • <7л>
The set of matrices

£  =  {± E , ±T , ±S, ± S T }  (7.2)

is a finite non-Abelian group of order 8, which is called extraspecial 2—group or a dihedral 
group (more precisely, its irreducible two-dimensional representation).

The group £  has 4 inner automorphisms aD : X  —> D X D ~ l , D  =  E ,T ,S ,T S , 
and 4 external automorphisms aaD each being a product of all inner automorphisms aD 
and the external homomorphism a generated by the following mapping a : ± S  —■» ±T, ±  
± T  —* ±S, ± S T  —> ± T S  =  t ST, dzE —* ±E . Obviously, cf2 is the identity mapping. Thus, 
\Aut(£)\ =  8.

The group £ has one irreducible two-dimensional representation and 4 one
dimensional representations. Nontrivial one-dimensional representations ф,ф\,фч are 
summarized in the following table

Е Т S S T - Е -т - S - S T
ф 1 - 1 - 1 1 1 - 1 - 1 1
Фг 1 - 1 1 - 1 1 -1 1 - 1  :
Ф2 1 1 - 1 - 1 1 1 - 1 -1

(7.3)

Obviously, ф — Ф1Ф2 and ф ,(з?) =  ф?(х), ф(х") =  ф(х).
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Association schemes and automorphisms of finite groups 19

The group £ has four (to — 3) classes of conjugate elements with respect to the 
group Aut(£): C 0 =  { £ } ,  C\ =  { - E } ,  C 2 =  { ± T , ± S }, C 3 =  { ± S T } .  It has five classes of 
conjugate elements with respect to the group of inner automorphisms Inn(£).

Let £ be an isomorphism of the four-element Abelian group £/{dzE} into a group of 
characters which is isomorphic to £ / {± E ] ,  and let S be a homomorphism of £ into £ / {± E ) .  
Put 7Г =  <5£. As a group 21 we take a group тг(Ф) =  {ф0, ф\, ф2, Ф1Ф2}  of one-dimensional 
representations of the group £.

The group 21 is an elementary Abelian group of order 4, isomorphic to the additive 
group of the finite field F4.

The group H  of automorphisms of 21 induced, by H — Aut(£ ), consists of trivial 
homomorphism and a homomorphism a : фг —> ф2 for which the element Ф1Ф2 is a 
fixed point. Thus, 21 has three classes (I =  2) of conjugate elements: Co — {Фо}, C'i =
=  {Ф1Ф2}, C 2 =  {фиф2}.

Consider an isomorphism of the group 21 into an additive group of the field F4 which 
maps the element ф\Ф2 to an element 1 G F2 С  F4. The group of automorphisms H  is 
transformed by this isomorphism into Galois group of the field F4. The automorphism a of 
the group 0  induces automorphism a of 21, which we call Frobenius automorphism of the 
group 21.

The association scheme St{ (21) with three relations is dual to the association scheme 
Sh(£), H  =  Aut(£),  with four relations.

Further we shall consider the association scheme С н {£п), H =  Aut(£),  and its dual 
scheme C g(2 l„). Note, that С н {£п) and C g ( 2tn) are composition association schemes for 
21 n =  2ln.

The elements of 21 -•= {фо,ф\,ф\,ф =  Ф1Ф2 } are indexed by elements of the 2- 
dimensional space Fj in such a manner that ф0 =  L(o,o),?/ i  =  Ф{1,о),Фч =  Ф{o,i)> and 
■0 (1,1) =  Ф- The elements of will also be considered as element of the field F4. Thus.
21 =  {фа\а e  F j}.

We denote by фа , a  =  (a b . . . ,  ay,.) € F|n, the function фа — фа1 (рг) • - • фап(yn), (? i , . . .  
• G 0 n, which maps 0 n into 21.

As a code 7Z С £n we consider a subgroup of £ n of the following form

П  =  kerфац П - П к е г ^ , ,  1 <  r <  2n, (7.4)

where vectors a.j 6  FfA j  =  1 , . . .  ,r, are linear-independent over F2. An r x 2n—matrix A 
with the rows ctj ,  j  =  1, . .  . ,r, can be considered as a parity-check matrix of the code 71.
A 4-ary code 7ZL С 2l„ with generator matrix A  is composed by all functions (characters of 
the group £ n) фа whose indices a  are vectors of r-dimensional space over F2 spanned by 
the rows of A.

The matrix of structural constants is as follows

1 1 4 2
A = 1 1 - 4 2

1 1 0 _ 2

A pseudo weight of an element фа G 21n, a. =  ( cp, . . . ,  an), of the association scheme 
х'й№п)  a three-dimensional vector w -  (wq, w\,w2), Wo +  w -\ -Ь ш2 =  n, whose coordinate 
Wj is a number of characters in the product фа , belonging to the class Cj of conjugate 
elements. As it has been noticed above, classes Cj, j  =  0,1,2. and the classes of conjugate 
elements relative to the Galois group of the field F4 are in a one-on-one correspondence.
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20 V. M. Sidelnikov

Note, that a pseudo-weight wt(g) of an element g G £n is a three-dimensional vector 
(ci, c2,c3), Ci +  c2 +  c3 < n with integer entries (see section 1.1).

Note, that it is possible to specify by a homogeneous system of linear equations (7.4) 
only those subgroups of 0 " which contain the direct product of n copies of the commutator of
0 . Therefore the considered example of Abelian group 21 is included for illustrative purposes 
only.

The results would be stronger if one takes as 2ln a non-Abelian group of mappings. 
In particular, as 2in we can consider the group Флга(о4) (see section (12)). I.V. Filimonov 
showed using computer |Фл^(о4)| =  32 and |Фяп<г(г>4)| =  256, where ФEnd(D4) =  (End(D4)}. 
The group ФAut{DA) has 14 classes of conjugate elements with respect to the group of its 
automorphisms Aut{Di) (see Definition 1.5) induced by Aut(Di) (two classes of cardinality 
eight, four classes of cardinality two and eight classes of cardinality one). In the case being 
considered, the structure of the group Фп, n > 1, and the number |ФП| are unknown.

One can prove that Фли<(г>4) =  (To(?),7i(y ),r2(y)) where т0(у) =  у is the identity 
automorphism (identity function) and

У ± E ± T S ± S ± T
u E E E - E
T"2 E E TS TS
73 E - E E E
74 E E - E E

Note, that [r0, r2] — r3 fy E  where the function r3 belongs to the center С(ФAut{D4)) =
— (Ti, r3, ta) of T.4ut(D4)- Thus, the group Фд^(д4) is non-Abelian. Moreover a function
(commutator) [y,r>], y, l) 6  Фли*(о4), in two variables y, t) commutes with any function /  G
£ ФAut{Di)-

It easy to see that each element / ( y i , . . . , y ra) of the ambivalent group Фп (see 
Definition 1.4) has the following form

П

/(?  1, • ■ ■ , h i )  =  П  fsST! S ( h ) Tt  (?b) r t  (ys) Y l  [Уг, Ь ']Чt=i ( 7 .7 )
> f y  Jsi ks> Is fc J-s 6  E)\.

In what follows we consider functions / ( y i , . . .  ,y„) G Ф„ such that is =  0, s =  1, . . .
. . .  ,n. All such functions form an Abelian group Фп. Note, that Фп Ф Ф".

The following statements are easy to prove.

i. If j  =  1,2,3,4, then rfyay) =  а'тад(у)т;-(у), a G T>4, a' G {i-E 1, iT S 1}, raj-(y) G
^ C(^>Aut(Di))- All functions Tj(y), j  — 1,2,3, 4 commute with constant functions
r(y) =  c, c e  {± E . ,±T S } :

ii. [ay, bt)] =  [a,6K ,6(y )r;fc(t))[y,t)], a,b G D4, re,b(y), rfy,fy) G C(4>Aut,D4)), [a, 61 G 
G C(Di).

This implies, that the functions /(ay), /(by), a, 6 G 0 n, commute. Therefore

A(y) = J J  /(ay) (7.8)
ae n

is a correctly defined function, because different orders of the sequence of factors in (7.8) 
give the same function.
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Obviously, F(y) is constant on all right cosets IZb of 1Z. Note, that this function is 
similar to the invariant polynomials relative 1Z in classic algebra. vVe assume that F(e) =  e. 
Otherwise one can to take as F(y) the function F (y )F (c)_1.

Suppose that £  =  {I?i (x ) , . . . ,  F*,(a;)}, Fs(c) =  c, s =  1, . . . ,  k, is a set of functions 
which are a constant on each right coset of 1Z. If for every b 1Z there exists an index s 
(depending on b) such that Fs(b) ф e then 5 is called 1Z—set. The group (5) < Фп generated 
by a set I? which is a 1Z—set, is a dual subgroup (code) 'TZL (see Definition 1.3) to the group 
R.

It is natural to specify the subgroup F.(5) < Д" using; the above set i.e 7Z($) — 
=  {fl|Fj(fl) =  e, j  — 1, . . . ,  к}. It is similar to the well-known definition a linear code using 
its parity-check matrix (see 7.4).
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Abtract. The paper presents noncommutative association schemes <S#(0) defined 
by a pair 0 , Я, where 0  is a finite group and H is a subgroup of its automorphism group.
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