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PROPAGATION OF LIGHT ALONG ELLIPTIC 

SINGULAR DIRECTIONS OF ABSORBING 

GYROTROPIC CRYSTALS 

B. V. Bokut' and S. S. Girgel' UDC 535.5+538.61  

In [ 1] an inva r i an t  method  [ 1, 2] was used  to inves t iga te  the p ropaga t ion  of  l ight  a long c i r c u l a r  axes  of 
n o n g y r o t r o p i c  abso rb ing  c r y s t a l s .  Fol lowing the me thod  used  in [1] ,  we will c o n s i d e r  c e r t a i n  f ea tu re s  of the 
p ropaga t ion  of  r ad ia t ion  along el l ipt ic  axes  [31 in abso rb ing  g y r o t r o p i c  c r y s t a l s .  We will  a s s u m e  that  t h e r e  
a r e  no m a e r o s c o p i e  c u r r e n t s  and c h a r g e s  in the c r y s t a l ,  and that  the m e d i u m  i t se l f  p o s s e s s e s  a magne t i c  
s t r u c t u r e  o r  is in an ex te rna l  magne t i c  field. Then,  in the opt ica l  band, i ts  opt ica l  p r o p e r t i e s  can be d e s c r i b e d  
by one eomplex  u n s y m m e t r i c a l  t e n s o r  of  the r e c i p r o c a l  of  the pe rmi t t i v i t y  ~-1 a s suming ,  as in [4] ,  that  t~ = 1. 
The t e n s o r  ~-1 can be r e p r e s e n t e d  in the inva r i an t  f o r m  [2] 

e- '  = % + / f i x ,  (1) 

where  X is a complex  s y m m e t r i c a l  t e n s o r  of the s econd  rank,  and G is the complex  g y r a t i o n  vec to r .  

Maxwel l ' s  equat ions fo r  nonun i fo rm plane h a r m o n i c  waves  of  the f o r m  [ 1] 

E = E(~)  e a~ H :  H ( ~ )  e i~ (2) 

where  ~ = conr/c, and n is the cons tan t  unit  ve c to r ,  l ead  to a s e c o n d - o r d e r  l i n e a r  d i f f e ren t i a l  equat ion  

02H (~)/0~ 2 = ~H (~), • = nXn x ~-l/ne':~n. (3) 

F r o m  the equat ion of the n o r m a l s  [2] 

1/n ~ + n (e -1 - I  - - e c  ) n / n Z +  n~Zin = 0, (4) 

which can a l so  be wr i t ten  in the f o r m  [4] 

(1 /n  z _ l/n2) ( 1 /n  z _ 1/t~2_) = (nG)Z, (4a) 

it follows that when the refractive indices of the natural waves coincide 

n~ = l /n~-ln,  (5 )  

as in n o n g y r o t r o p i c  c r y s t a l s  [11. 

In [3] the l imi ta t ions  i m pose d  on the componen t s  e~} were  found, in o r d e r  that  s i ngu la r  el l ipt ic  axes 1j 
should ex i s t  in g y r o t r o p i e  abso rb ing  c r y s t a l s ,  which, taking (4a) into account ,  r e d u c e  to the condi t ion 

2 i n G  = 4- (1/r~z~_ - -  1/n$). (6) 

In this case ,  both the na tu ra l  un i fo rm  waves  d e g e n e r a t e  into one, i .e . ,  

h+ = h_ --~ (t~+ 7_+. t~ )./1/2-, (7 )  

where  h2 a r e  the o r t h o n o r m a l i z e d  (l~ = 1, [nil+_] = 4- ft.=) complex  e i g e n v e e t o r s  of  the magne t i c  f ield of  the c o r -  
r e spond ing  wave equat ion ignor ing  g y r o t r o p y  

n•215 . . . .  ~ •  (8) 
the expl ic i t  f o r m  of which is  well known [2] .  Since B = H, we have n H =  0 and the g e n e r a l  solut ion of Eq. (3) 
will be sought  in the f o r m  
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H (~) --  fi (~) di ~- f~ (~) dz, d~ - -  [din],  ( 9 )  

where dl = hi is the normalized elliptic polarization vector of the natural uniform wave (7), which can be ex- 

cited along the elliptic axes [3]. We will assume, to be specific, that the vector d I has a right direction of ro- 
tation. Unlike the axes investigated in [ 1, 5], the elliptic axes we are considering can only exist when there is 
gyrotropy. In addition, individual directions n cannot satisfy condition (6), but only a cone of directions. 

We will write Eq. (3) in the matrix form 

fi = ~ d J ,  (IO) 

where x~j = d~xdj, i, ] = I, 2 . For arbitrary vectors a and b lying in the phase plane of the wave ([nal - b), 

b (n • n• --') a -- [na] n x s -1 n • [nb]. (1I)  

C a l c u l a t i n g  the  c o m p o n e n t s  Y~ij, t ak ing  (3 ) - (11 )  into accoun t ,  we ob ta in  

c 0 1') (12) 
x = - - n Z ( l _ n 2 2 i n G p ) ,  P =  ~'0 0 ' 

f o r  the c a s e  c o r r e s p o n d i n g  to the  u p p e r  s ign  in (6) and (7) ,  The  g e n e r a l  so lu t i on  of d i f f e r e n t i a l  equa t ion  (10) i s  

f = eiv~ f§ § e-iv~ f_, (13) 

w h e r e  f+ and f -  a r e  a r b i t r a r y  l i n e a r l y  i n d e p e n d e n t  t w o - d i m e n s i o n a l  v e c t o r s ,  o r t h o g o n a l  to the n o r m a l  n, and 
c o r r e s p o n d s  to two w a v e s  t r a v e l i n g  in o p p o s i t e  d i r e c t i o n s ,  w h e r e  4, ,=V-~ as  in [ 1, 2] .  Then,  fo r  one of the  
waves  mov ing  in  the  p o s i t i v e  d i r e c t i o n  of n, we o b t a i n  

f : e i?~ f+ - -  e -i("mr/c (1 q- nGn3~9) ~+, (14) 

w h e r e  }+ = (f~, [~) , whence  we can  w r i t e  f o r  the  v e c t o r  H 

H = eiw [f, dx q- ~ (d 2 q- nG n3~d~)l, (15) 

w h e r e  ~ = :ot - n~. We can  f ind the  p o l a r i z a t i o n  of the  ren~a in ing  v e c t o r s  of the  f i e ld  f r o m  M a x w e l l ' s  equa t ions  
f o r  waves  of the  f o r m  (2a) 

D = e ~w n { - -  [~d.2 + f2 [d~ - -  inG (1 - -  in~) d~.]}, E = a-JD. ( 1 6 )  

Equations (15) and (16) are formally identical with the corresponding expressions obtained in if, 2] for circu- 
lar axes in nongyrotropic media. However, for circular directions, the vectors d I and d 2 are circular, with 
opposite directions of rotation, whereas in (15) and (16) d I and d 2 are elliptical, with the same direction of ro- 
tation. In certain cases they may also be linear [3]. 

Hence, according to (15), together with the usual uniform elliptic wave f~d~ along the singular directions 
investigated there can also be a Voigt-type wave, the elliptic polarization of the latter (with respect to the vec- 
tor H) i ~ ( d 2 + i n G n 3 ~ d O  continually changes with the distance traversed. Of course, in addition to this because 
of the usual absorption the amplitudes of both waves (the uniform and the Voigt) v.411 decay exponentially with 
distance, which is taken into account by the factor e igv. As is well known [I, 2], as the Voigt wave propagates 

along the circular axes in nongyrotropic crystals a gradual transformation of its polarization from circular to 
circular with opposite direction of rotation occurs. Unlike the usual case, when light propagates along an ellip- 
tic axis the polarization of the Voigt wave will gradually change from the vector d 2 to the vector dr, i.e., in the 
final analysis there will be a rotation of its principal axis of the ellipse by 7r/2, but the direction of rotation 
will not change. A similar consideration can also be applied to the left elliptic axis. The conditions for it to 
exist correspondto the lower sign in (6) and (7). In this case d I becomes a left elliptic vector, and expression 
(12) reduces to x = -n 2 (1 - 2inGn2fi'). The right singular directions become left singular directions, according 
to (6), with the substitutions n ~(-n) or G ~(-G), i.e., when the direction of propagation of the light is re- 
versed or the crystal is remagnetized. 
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