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Jloka3bIBaeTcst CIENYIONMIT pe3yNbTaT: nycms F — maxas HAcnedcmeeHHas HAClUeHHas GopmMayus p-paspeuiumplx pynn,

codeporcawas éce p-ceepxpaspeutumvie epynnol, umo F =G, F. Iyemo G = AT, 20e A —xonnoea m-nodepynna usz G, p¢n

u T — p-ceéepxpaspewumas nooepynna uz G. Ilpeononosicum, umo ons cunogckoi p-nooepynnvt P uz T mul umeem | P[> p. Ecnu

A nepecmanosouna ¢ xonnosoi p'-noozpynnoi uz T u co écemu makumu MaKcumaibHeimu noozpynnamu V uz P, umo

GTNPLV, mo GeF.

Knrouesvie cnosa: xoneunas epynna, Hacvlujennas opmayusi, p-paspeuumas epynna, p-c6epxpaspewumas epynnd, Xouioea

nooepynna.

We prove the following result: Let F be a hereditary saturated formation of p-soluble groups containing all p-supersoluble

groups such that F =G, F. Let G=AT, where A is a Hall n-subgroup of G, p¢n and T is a p-supersoluble subgroup of

G. Suppose that for a Sylow p-subgroup P of T we have |P|> p. If A permutes with a Hall p'-subgroup of T and with all

maximal subgroups V of P such that G NP £V, then Ge F.
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Introduction

Throughout this paper, all groups are finite and
G always denotes a finite group. Moreover, p is al-
ways supposed to be a prime and 7 is a non-empty
subset of the set P of all primes; p’ denotes the set
of all primes g # p. A subgroup H of G is said to
permute with a subgroup K of G if HK = KH.

By the well known Hall theorem [1], G is solu-
ble if every Sylow subgroup P of G has a comple-
ment 7 in G, that is, a subgroup of G such that
PT =G and PNT =1. The example of the alter-
nating group A; shows that such a result is incorrect
in general if we consider only the Sylow p-sub-
groups for some fixed p. Nevertheless, B. Huppert
[2] proved that if a Sylow p-subgroup P of G has a
complement 7 in G, |P|> p and T permutes with
every maximal subgroup of P, then G is p-soluble.
This result was improved in some directions. V. Ser-
gienko [3] on the base of this result proved that if a
Sylow p-subgroup P of G has a complement 7 in G,
there is a number p* such that 1< p* <|P| and T

permutes with all subgroups of P of order p* and
P is abelian in the case p" =2, then G is p-so-luble

and the p-length of G is equal to 1. Further,
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M. Borovikov [4] proved that under these condi-
tions, G is even p-supersoluble. In [5] W. Guo,
K.P. Shum and A.N. Skiba proved that if G = AT,
where A is a Hall m-subgroup of G, T is nilpotent,
and 4 permutes with all Sylow subgroups of 7" and
with all maximal subgroups of any Sylow subgroup
of T, then G is p-supersoluble, for each prime p ¢ nt

such that |7, [> p for a Sylow p-subgroup T, of 7.

See also papers [6], [7].

In this paper we prove the following result in
this line researches.

Theorem. Let F be a hereditary saturated
formation of p-soluble groups containing all p-
supersoluble groups such that F =G,F. Let

G = AT, where A is a Hall m-subgroup of G,
p¢en and T is a p-supersoluble subgroup of G.

Suppose that for a Sylow p-subgroup P of T we have
| P[> p. If A permutes with a Hall p'-subgroup of
T and with all maximal subgroups V of P such that
G" "\PLV, then Ge F.

All unexplained notation and terminology are
standard. The reader is referred to [8]-[10] or [11] if
necessary.
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1 Preliminaries
Lemma 1.1. Let F be a hereditary formation.

Let HSE<G and E,<G,, where E, and G,
are Sylow p-subgroups of E and G, respectively.
Suppose also that H < E,,.

(1) If N is a normal subgroup of G and
(G/NY  n"(PN/N)% HN /N, then G" "P £ H.
() If EX NE, £ H, then G" NG, £ H.

Proof. (1) Assume that G "P<H. Then
N(G” nP)< NH, so

(G/N)" n(PN/N)=
=(G"N/N)N(PN/N)=N(G"NnP)/N =
=N(G" "PYNNP)/N =
=N(G" nP)/N<NH/N,
a contradiction. Hence we have G* N P £H.

(2) Since the formation JF is hereditary,
E/ENnG” =EG” /G” € F. Hence this assertion
directly follows from the inclusion
ETNE, <G" nG,. O

Lemma 1.2. If G is p-supersoluble and
0,(G)=1, then G is supersoluble and F(G)=
=0,(G) is normal Sylow p-subgroup of G, where
p is the largest prime dividing |G |.

Lemma 1.3. Let F be a saturated formation
containing supersoluble groups and E a minimal
normal subgroup of G such that G/ Ee F. If E is
abelian and F -central, then G € F.

Proof. Clearly, we can suppose that E £ ®(G).
Let M be a maximal subgroup of G such that
G=ExM andlet C=C,;(E). Then M; =CnM
and so

G/M,=(EM,/IMH)X(M/M;)eF
since M /M, =G/CeF. Thus
G=G/EnM eF. O

Lemma 1.4 (O.H. Kegel [12]). Let A and B be
subgroups of G such that G # AB and AB* =B*A
for all xeG. Then G has a proper normal sub-
group N such that either A< N or B<N.

Lemma 1.5 (V.N. Knyagina and V.S. Monak-
hov [13]). Let H, K and N be subgroups of G. If
H is a Hall subgroup of G and H permutes with
K, then

NNHK =(NnH)(NnK).

2 Proof of Theorem

Assume that this theorem is false and let G be
a counterexample of minimal order. Then G” #1.
We proceed our proof by proving the following
claims:

(1) 0,(G)=1.
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In view of Lemma 1.1(1), the hypothesis still
holds for G/ D and so G/D € F by the choice of

G. But then GeF since 7 =G, F, a contradic-
tion. Thus we have (1).

() G"nP=1.

Indeed, if G" NP =1, then G" isa p'-group.
Hence G” =1 by Claim (1), a contradiction.

(3) T is supersoluble, O,(T)=1 and P is
normalin T.

Since O, (T) is normal in 7,

(0,(T)° =(0,)"" =(0,)" < AT, =T, 4,
where 7, is a Hall p’-subgroup of 7. Hence
o, (T))° < 0,(G)=1, so O,(T)=1. Hence, since
T is p-supersoluble by hypothesis, T’ is supersolu-
ble and P is normal in 7" by Lemma 1.2.

(4) G is not p-soluble. Hence G” is not p-so-
luble.

Assume that G is p-soluble. Let L be a mini-
mal normal subgroup of G. Then by Claim (1), L
is a p-group and so L < P. Nextnote that G/ L € F.
Indeed, if |P/L|< p, then the assertion follows
from Lemma 1.3. On the other hand, if | P/ L[> p,
the hypothesis is true for G/L by Lemma 1.1 (1).
Hence G/LeF by the choice of G. Therefore
LL£®(G). Hence |L|>p and LLO(T). Let M
be a maximal subgroup of T such that LM =T.
Then every Hall p’ -subgroup of M is a Hall p'-sub-
group of 7. Since T is soluble, any two Hall p’ -sub-
groups are conjugate in 7. Hence without loss of
generality we may suppose that M =M M ,, where

M, is a Sylow p-subgroup of M and M, is a Hall

p

p' -subgroup of M such that M 4= AM ,. Since
T is supersoluble, |T:M |= p, so M, is a maxi-

mal subgroup of P. Note also that L <G”. Indeed,
if L<G”, then from the G-isomorphism
G'LIG" =L/LNG”
we deduce that L is F -central in G and hence
G € F by Lemma 1.3, contrary to the choice of G.
Hence 4 permutes with M ,. Therefore
MA=M M, A=AM =M M ,

is a subgroup of G with |G:MA|=p and with
L £ MA. Butthen | L|= p, a contradiction. Thus we
have (4).

(5) If H is a minimal normal subgroup of G
and | H |= p, then | P|= p*.

Indeed, if | P|> p>, the hypothesis is still true

for G/H and so G/H € F by the choice of G.
Hence G € 7 by Lemma 1.3, contrary to the choice
of G.
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(6) If H is a normal subgroup of G and
HNA+# A, then H is p-soluble.

It is clear that H=(ANH)TNH). Let
E=(HNAT. Let V be a maximal subgroup of
P. Suppose that E” "P£V. Then, by Lemma

1.1(2), G" nP£V. Hence AV =VA is a sub-
group of G. Therefore
AVN(ANH)P=
=(ANH)Y AV "P)=(ANnHYW(ANT) =
=(ANnHY =V(AnH).
Thus the hypothesis is still true for E. If E=G,
then
A=AN(HNAP=(HNA(ANT)=HNA,

a contradiction. Hence, £ # G and so E € F by the
choice of G. Since every group in F 1is p-soluble
by hypothesis, we conclude that H < E is p-soluble.

(7) 0”(G)=G.

Suppose that O” (G) # G. Since the hypothesis
holds for O, (G) by Lemma 1.1 (2), O0,(G) e F by
the choice of G. But then G is p-soluble, contrary
to Claim (4).

(8) If H is a p-soluble minimal normal sub-
group of G, then |H |=p and H < Z(G).

First note that if |H|=p and C=C.(H),
then G/C, as a group of automorphisms of H, is a
cyclic group of order dividing p—1. Hence in this
case we have H < Z(G) by Claim (6). Therefore we
need only show that | H |= p. Clearly, H is either
p' -group or p-group. But the former case is impos-

sible by Claim (1), so | H |= p“ for some natural a.
If either H=P or |P/H > p, then G is clearly

p-soluble, contrary to Claim (4). Hence H is a
maximal subgroup of P. Suppose that @ >1. Then
P is not cyclic. Therefore for some maximal sub-
group V' of P we have P=HV. Suppose that

G" N"P<V. Then G #G and H £ G”. Thus, in
view of Claims (1) and (6), G=G”H. Since
G/G” is p-soluble and O” (G) =G, there is a nor-
mal maximal subgroup of G such that G* <M and
|G:M |= p. Since | H |> p, it follows that H < M.
Hence G=G H<M, a contradiction. Then
G" NP £V, which implies that 4 permutes with

V. Now, as in the proof of Claim (4), it may be
proved that there is a subgroup W of G such that
|G:W|=p and H £W. But then | H |= p, a con-
tradiction. Hence we have (8).

(9) P is not cyclic.

Suppose on the contrary that P is cyclic. First
we show that in this case G does not have a proper
normal subgroup E with EP=G. Indeed, if
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EP =G, where E isnormal in G and E # G, then
for any Sylow g-subgroup O of A4 we have
G=EN;(Q) by the Frattini argument. Hence
P=D,N, for some Sylow p-subgroups D, of D
and N, of N, (Q). But P is cyclic and so
P<N,(Q). Now let W be the Hall p'-subgroup
of T such that AW = AW. Then
QG =QAWP :QAW < QAW = AW,

where AW =WA is a p'-subgroup of G. Hence
0° <0,(G), which contradicts Claim (1). Now

suppose that G # G and let G* <M <G, where

M is a normal subgroup of G with simple quotient
G/M. In view of Claim (7), p divides |G/ M |.

But then, since F consists of p-soluble groups,

G/M is a p-group and hence MP =G. This con-

tradiction shows that G* =G, so 4 permutes with

the maximal subgroup Z of P. Since T is super-

soluble by Claim (3), Z is normal in 7. Hence
D=27°=7"=7"<74.

By Lemma 1.4, D=(AND)(T N D). Assume that

either D# AT of T=#P. Then D is p-soluble.
Indeed, in the former case we have DA # A and
so, by Claim (6), D is soluble. On the other hand, if
A<D and T # P, then the hypothesis still holds on
DP. Since |DP|<|G|, DP is p-supersoluble by

the choice of G. Now, let H be a minimal normal
subgroup of G contained in D. Then since D is
p-soluble, |H|=p and H <Z(G) by Claim (8).
Let N =N (P). If P<Z(N), then G is p-nilpotent
by the Burnside theorem [14], which contradicts the
choice of G. Hence N = C, (P). Let xe N\C,(P)

with (| x|,| P)=1 and E = Px(x). By [8,1II, 13.4],
P=[E,P]x(PNZ(E)). Since H<PnNnZ(E) and
P is cyclic, it follows that P=PNZ(E) and so
x € C;(P). This contradiction shows that 7 =P
and D=M. Let g# p be a prime dividing | 4|

and Q be any Sylow g-subgroup of A. Let
N =N,;(Q). Clearly, QO is a Sylow subgroup of D

and so by the Frattini argument we have G = DN
and so P=D, N, for some Sylow subgroup D, of

D and Sylow subgroup N, of N. But P is cyclic

andso P=N,. Hence

QG:QAP:QA SA,
which contradicts Claim (1). Hence we have (9).
(10) | P|= p°.

Suppose on the contrary that |P|=p>. By
Claim (9), P is not cyclic.

If Z is a maximal subgroup of P, then
Z% < AZ, so p>2 by Claim (3). Therefore T has
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at least three different subgroups Z,,Z,,Z, of order
p such that G" NP« Z,. Let N,=Z° be the
normal closure of Z, in G. Then N, < AZ;, and so
N; "N, is contained in O, (G) =1 for any different
i,je€{,2,3}. Hence P<C, =C,(N,) for all i
Assume that for some i, C, #G. Then C, is p-so-
luble by Claim (6), and so G is p-soluble since
G/C, is a p'-group. This contradiction shows that
C, =G for all i. It follows N,, N, and N, are
abelian groups and so N, =Z, forall i and so P is
normal in G. It follows that G is p-soluble, which
contradicts Claim (4). Thus we have (10).

(11) 0,(G)=1.

Let D= Op (G)#1 and H a minimal normal
subgroup of G contained in D. Then |H |=p by
Claim (8) and so | P|= p* by Claim (5), which con-
tradicts Claim (10).

Final contradiction.
Let ¥ be a maximal subgroup of P and

N =V° be the normal closure of ¥ in G. Suppose
that G "P£V. Then N<AM. If NnA# 4,
then N is p-soluble by Claim (5) and hence
0,(G) #1, which contradicts Claim (11). Therefore
NnA=A4. Hence N=AV and |G/N|=p, so

G” < N. Therefore
G""P<NANP=AVAP=V.
Thus G© NP < ®(P). But then G” is p-nilpotent

by Tate’s theorem [8]. It follows that G is p-soluble,
contrary to Claim (4). O
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