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J O N E S  AND M U E L L E R  M A T R I C E S  FOR A P L A N E - P A R A L L E L  

P L A T E  OF M A G N E T I C A L L Y  O R D E R E D  M A T E R I A L  

S. S. G i r g e l '  UDC 535.5 

Jones and Mueller matr ices  are  frequently used to describe the interaction of light with optical sys-  
tems [1-4]. 

The Mueller and Jones matr ices  are  now known for nongyrotropic crystals  [1, 2] and for gyrotropic 
ones (crystals with natural optical activity and magnetically ordered ones} [5, 6]. Much less is known about 
semiinfinite media, evidently because the calculations are  very complicated. A rigorous solution to the bound- 
ary-value problem of reflection and t ransmission of radiation by a nongyrotropic plate in normal incidence 
was given only in 1963 [7], where the Jones matr ix was actually determined. In [8] we find Jones and Mueller 
matr ices  for  a uniaxial nongyrotropic plate in normal incidence. 

The Mueller matr ix for  an unbounded gyrotropic magnetically ordered crysta l  has been derived [9, 10] 
and the Mueller matr ix  for  a uniaxlal plate made of crys ta l  with natural optical activity has been computed [6]. 

Later ,  Jones matr ices  were derived [5, 10-13] for  coherent light and Mueller matr ices  for  incoherent 
light for  the l inear and quadratic magnetooptic effects in some important cases; the parameters  of the plate 
that describe the anisotropy and gyrotropy were introduced purely formally and were not related to the di- 
e lectr ic-constant  tensor  e. Therefore ,  the resulting expressions did not contain explicitly the components of 
that tensor ,  which hinders the use of the formulas. In the calculations of [5] it was assumed fo r  simplicity 
that the reflection and t ransmission coefficients of both isonormal waves in the crysta l  are identical, which 
is not true. Consequently, the expressions for  the Jones matr ix  and the Mueller matr ix  for  a plane-parallel  
magnetically ordered plate are  not co r rec t  for  the general  case. 

It is usual to employ much s impler  matr ices  derived for  infinite media instead of the rigorous Jones 
and Mueller matr ices in experiments and in calculations on optical instruments and devices. It is assumed 
[6] that the maximum e r r o r s  for  most crystals  will not be more than 5%. Here we show that this is notalways so. 

We derive explicit general expressions for  the Jones and Mueller matr ices for a plate cut in any fashion 
from a t ransparent  magnetically ordered crysta l  of any symmetry.  The following is the matr ix that describes 
the normal transformation of polarization by a t ransparent  crystall ine plate with a hermitian tensor  for  the 
dielectric constant, which incorporates multiple reflection at the boundaries [7, 14, 15]: 

cz = D+h§ + D_h_-h*-. (1) 

Translated f rom Zhurnal Prikladnoi Spektroskopii, Vol. 32, No. 3, pp. 532-535, March, 1980. Original 
ar t icle  submitted March 5, 1979. 
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Here D~ a r e  known [15] amplitude t r ansmis s ion  coefficients for  the eigenwaves h+ of the c rys ta l ,  while h~ 
a r e  normal ized  magnet ic-f ie ld  vec tors  that descr ibe  the polar izat ion of the eigenwaves excited in the plate. 

The matr ix  of (1) is applicable a lso to magnetical ly ordered c rys t a l s ,  for  which h~ can be put in the 
following fo rm [16]: 

h~ = (h'~ + ivh~)/V~ + v ~, (2) 

where  h~  a re  or thonormal ized vec tors  that define the pr incipal  semiaxes  of the ell ipses of polar izat ion for  
the vec tors  h~,  while y iS the ell ipticity of these.  

Matrix a in fact  is a Jones mat r ix  ff it is writ ten in the more  usual  2 x 2 form. We set  the z axis no r -  
mal  to the plate,  with the x and y axes along the pr incipal  semiaxes  of the ell ipses of polar izat ion for  the 
eigenwaves in the c rys t a l  h~ and h~ which gives us a natural  coordinate sys tem in which the Jones matr ix  
takes the fo rm 

b = D+eiA/2 [ e-ia/2 § keiA/~; iv (kd a/2-e- la/~)  ] 
1 + V z L ~  i? [kev'/2 --e-iat2); V 2e-ial2 + keia/2J" (3) 

We have explicitly isolated the modulus k of the rat io of the amplitude t r ansmis s ion  coefficients and the 
phase shift A for  the eigenwaves i n  D _ / D +  = ke iA. 

On standard rules  [2], the Jones mat r ix  can be t r ans fo rmed  to the Mueller  matr ix;  we then get the fol-  
lowing Mueller  mat r ix :  

M~ --- (ID+I z + ID_I ~) aJ2 ,  (4) 

where the components aij  a r e  

atz = azt = cos ~] cos qk, al~ ~ a~l --- sill ~l COS qk, 

a ~ .  = - -  a 2 s  = sin q~ sin q sin A, at~ --= a~t = 0, 

a~ = a~z = sin rl cos ~! (1 - -  sin rth cos A), a~l. = 1, (4~) 

a~a = ~ as~ = sin ~1~ cos ~l sin A, a~ = sin ~ls, cos A, 

a4~ = sin rl~ cos 2 rl cos A + sin 2 I], az2 = sin 2 ~1 sin rh cos A + cosZq. 

Here  we have introduced the t r igonomet r ic  functions cos ~ and sin ~ in the usual  way, which descr ibe  the e l -  
l ipticity T of the eigenwaves excited in the c rys ta l :  

sin ~l = 2v/~l + Vz), cos ~1 = (1 - -  Vz)/(1 + 7z). (5) 

Express ions  for  sin ~k and cos ~k a re  der ived f rom (5) by the substitution T-~k. 

We thus have genera l  express ions  (3)-(5) fo r  the Mucller  mat r ix  that descr ibe  the t r ansmiss ion  in n o r -  
mal  incidence fo r  polar ized light in a p lane-para l le l  plate cut f rom a t r ansparen t  magnetical ly ordered  c r y s -  
ta l  of any symmet ry . .  

The same express ions  can be used to descr ibe  the t ransformat ion  of polar ized light ref lected at r ight  
angles;  it is sufficient to replace  D ,  by R~ in (3)-(5), which a re  the amplitude coefficients for  normal  r e f l ec -  
tion of the eigenwaves f rom the plate. 

Here we have R_ /R+  = k 'e  iA, k '  = ] R _ / R + [ .  

The following conclusions a re  drawn. 

If we put k = 1 in (3)-(4'),  these express ions  become the corresponding Mueller  and Jones ma t r i ces  for  
unbounded gyrot ropic  and nongyrotropic  media [1-3, 5,  6, 8, 11]. 

The phase shift h and the modulus of the ra t io  of the amplitude t r ansmis s ion  coefficients k = ID- /D+I  
appearing in the e lements  of the Mueller  and Jones ma t r i ces  oscil late as the thickness of the c rys t a l  va r ies ,  
and the oscil lat ions a re  dependent in the  main on the ra t io  of the re f rac t ive  indices n• of the c rys t a l  to the 
re f rac t ive  index n of the isot ropic  medium, and they may be considerable .  For  example,  k var ies  over  the 
range f r o m  1.08 to 0.92 for  n ~ / n  = 1.5, and the maximum deviation of k f rom 1 i s  as much as 20% for  
n ~ / n  = 2. 
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If the pla tes  a r e  not ve ry  thin (l >> X) one can neglect  such osci l la t ions,  and in that case  the mean values 
and A a r e  dependent in the main on the anisotropy.  If the anisotropy is small ,  o r  if the cut of the c rys t a l  

has  low b i re f r ingence ,  one can take k ~ 1 as an approximation and u s e  the s imple r  Jones and Muel le r  ma t r i c e s  
f o r  unbounded media.  

The phase shift  is A' = A for  the light re f lec ted  f rom a plate ,  whereas  even the average  value k'  = 
I R - / R + ]  may d i f fe r  considerably  f r o m  1 when n+ ~ n, n_ ~ n in con t ras t  to k, and then it  is obligatory to 
cons ider  the ef fec ts  of the plate boundar ies .  
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