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We derive an equation for perturbations of differential systems preserving the shift operator along
solutions of these systems on a symmetric time interval [—w,w]. In particular, such perturbations
preserve mappings for the period [—w,w] of a periodic differential system. This simplifies the
qualitative analysis of solution sets of differential systems.

Along with the original differential system

d
d—f:X(t,x), t e R, reDCR", (1)

we consider the set of perturbed systems

Z—f =X(t,z) + a(t)At, ), t € R, x€DCR", (2)

where «(t) is a continuous scalar odd function and A(t, z) is an arbitrary continuously differentiable

vector function. Let us study the equivalence of the differential systems (1) and (2) in the sense

of the coincidence of reflection functions [1, p. 11]. If the reflection functions of two systems

coincide, then their shift operators [2, pp. 11-12] also coincide on a symmetric interval of the form

[—7,7] [1, p. 12]; and, therefore, the mappings for the period [—w,w] coincide for periodic systems.
By [1, p. 11], a reflection function of system (1) satisfies the relation

oF OF
— 4+ —X(t X(—t,F)=0. 3
-+ S X (t,0) + X (4, F) 3)
If -
Vi(z) = (Vi(z), Va(2), ..., Via(z))
is a vector function and x = (xy, o, ... ,xn)T is a column vector, then, as usual, we set
oV oV;
— = i=1,... i=1,...,n.
83’: <6gj]> 9 1 9 7m7 ..7 ) 7n

Lemma 1. The identity

o ([0S o (08 oS [(0X aY
is valid for three arbitrary functions
S(t,z) = (Si(t,x), Sa(t, z),...,S.(t, x))T, X(t,x) = (Xy1(t,z), Xo(t, z), ..., X,(t, x))T,

T

Y(t,x) = (Yi(t,x),Ya(t, z),..., Y, (t,x)) ",

where S is twice continuously differentiable and X and Y are differentiable.
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1396 MIRONENKO

Proof. We transform the left-hand side of (4):
o (0S8 o (0S8 0 S 0 [~ 08
a_x(axX>Y_a_(EY>X:a_< X X)“%@aﬁ))(
“~ 0 88 a8
=25 ( ) S ( Y) =

RSNy 05 0X.., 98 ov;
:;;8308 (4, = ¥iX,) +;;8x oz; ;;cfhz&c ')
050X, 05OV _0S (8X _8YX>

Soror) aror "oz \arl @z

The proof of the lemma is complete.

Lemma 2. Let F(t,z) be a reflection function of system (1) with a continuously differentiable
right-hand side. Then, for each continuously differentiable vector function A(t,z), the function

Ult,z) = g—:(t,x)A(t,x) — A(—t,F(t,x)) (5)

satisfies the identity

ou oU 0X

_OF (0A 0A 0X 0A
:E<E+%X_8xA> at(tF) (6)
OA 0X
+ %(—t,F)X(—t,F) 5 —(=t, F)A(—t, F).

Proof. By taking account of relation (3) and by performing simple computations, we obtain
the identities

S X = A TR ) - e
4 ai; (gFA(t,x)) X - %(—t,F(t,x))g—i(t,x)X(t,x)
=5 () x - (Gex)a-FennGias 20
+%( L) — gi( t,F)%_f_%(A(_t,F))X

We apply identity (4) to the first term in the last part of this identity. Then, after simple formal
transformations, we obtain

oU OU . OF (A 9A. X .\ 9A oA
o or :a_<ﬁ Gra aA> B CH )+ g (L)X (=L F)
X X
- St )AG1,F) = S (1, F)U.

0X
By adding the expression e (—t, F)U to the left- and right-hand sides of this relation, we obtain
x
identity (6) and complete the proof of the lemma.
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Theorem 1. Let a vector function A(t,z) be a solution of the partial differential equation

OA OA 0X
5 —(t,x) + 8_x(t x)X(t,z) — 8—x(t,:c)A(t,x) =0. (7)

Then the perturbed differential system (2), where a(t) is an arbitrary continuous scalar odd function,
is equivalent to the differential system (1).

Proof. Let F(t,z) be a reflection function of system (1). Consequently, this function satisfies
the differential equation (3). We claim that it satisfies the identity
OF

X

as well. To prove this, we introduce the function U (¢, z) by formula (5). By Lemma 2, this function
satisfies identity (6). By virtue of (7), under the assumptions of the theorem, this identity can be

represented in the form

ou ou 0X

t X+ —(-t,F)U =0.
Wty + D, apx + 25 1.y
Moreover, since the identity F'(0,z) = z [1, p. 11] is valid for any reflection function F', we have
oF
U0,z) = %(O,x)A(O,x) — A0, F(0,7z)) =0.
Therefore, U is a solution of the Cauchy problem
8U ou 0X

There exists a unique solution of this problem [3, p. 66]. Consequently, we have the identity

Ul(t,z) = 0, which implies identity (8).

Now we show that a reflection function F(t,z) of system (1) is also a reflection function of
system (2). To this end, we should verify the basic relation (3), which, in our case, should be
rewritten in the form

OF 6F
ot 3:1:

Indeed, by successively transforming the left-hand side of the last relation and by taking account
of the fact that a(t) is odd, we obtain the chain of identities

(X +a®)A) + X(~t, F) + a(—t)A(~t, F) = 0. 9)

OF OF
I Ol (X 4 a()d) + X(~1.F) + a(~DA(-1,F)
8F oF oF
oF OF oF
= E‘F%X-FX( t,F):|-|—Oé(t) [%A—A(—t,F)

Both the terms in brackets identically vanish: the first is zero since identity (3) is valid for

a reflection function of system (1), and the other vanishes since identity (8) is valid under the
assumptions of the theorem. Consequently, identity (9) holds, and F(¢,x) is a reflection function
of system (2). The proof of the theorem is complete.

Corollary. Let functions A (t,x) be solutions of the partial differential equation (6). Then all
differential systems of the form

dx

on Xt:l:—i—Zak VAL (L, ), (10)

k=1
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1398 MIRONENKO

where the oy (t) are odd scalar continuous functions and the series occurring on the right-hand side
converges to a continuously differentiable function, are equivalent to each other in the semse of
coincidence of reflection functions, and all of them are equivalent to system (1).

Proof. The assertion is obvious.

Remark. It was shown in [1, p. 24] that if there exists a stationary system equivalent to
system (1), then the right-hand side of the former can be found by the formula Y (z) = X (0, z).
This, together with the corollary, implies the importance of conditions under which the vector
function A(t,x) := X (t,x) — X(0,z) can be represented in the form

A(t,z) == AO(t, ) Zak (t)Ag(t,z) (11)

where the Ay, are solutions of Eq. (7). Forthcoming considerations are aimed at solving this problem.
By solving it, one can reduce the analysis of properties of solutions of nonautonomous systems to
the investigation of properties of solutions of autonomous systems of the form dx/dt = X (0, z).

Lemma 3. Let A(t,x) be the function given by (11), where the oy (t) are s times differentiable

functions and the A, are differentiable functions satisfying Eq. (7). Let AW (t,x) be the functions
given by the formulas

, OAD (t,z)  OAD(t ) X (t,x)
AT (¢ ) = ’ 2L X (ta) — A0t 12
(t,2) = S22 4 S (g, ) - SR AO 1, ) (12
foreachi=1,...,s—1. Then
AD(t, x) i dow(?) k(t,x) i=0,...,s. (13)
dt?] ) ) )
k=1
Proof. We successively find the values of the expressions (12) for each i =1,...,s:

m
A = Z o A,
k=1

u RN N> ¢ d ay
A =% <ozk [—’“ + X - —Ak] + ﬂAk) =3 kA,
k=1

pt ot ox ox dt dt

" (doy, [OA OA 0X d?a U
A® — il et} TRy 22N ZkEAL ) = kA

;( a | ot " or oz =kt e o ;; ez —"

m s—1 s mo s
A(S) _ Z (d Q. |:8Ak 8AkX . 6—XA]€:| d OékAk> _ d (673 Ak,
k

dts—1 ot ox 3) dts

k=1

which implies relation (13) and completes the proof of the lemma.

Theorem 2. Let the following conditions be satisfied:

(1) the functions ay(t) are odd, scalar, linearly independent on R, and m times differentiable;
(2) each of the m times differentiable vector functions Ax(t,z) is a solution of Eq. (7).

Then there exist scalar continuous functions as(t), s =0,...,m, such that

t,x
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TIME SYMMETRY PRESERVING PERTURBATIONS OF DIFFERENTIAL SYSTEMS 1399

where the A®(t,x) are the functions given by (12). Moreover, the functions a.(t) can be found by
the formulas

dog /dt  d*oy/dt* ... d™aq/dt™
ap = (_1)(m) dag/dt dQOéQ/dtQ . dmOéQ/dtm ’
day, /dt  d*a,,/dt* ... d"ay,/dt
(631 dQOél/dtQ . dmOél/dtm
ay = (_1)(m71) (65 dQOéQ/dtQ . dmOéQ/dtm
. . . ’ (15)
A 2o, /dt? o d™ay,/dE™
a;  doy/dt ... d™Trag/dtmH
Q= Q9 dOég/dt . dm_lag/dtm’_l
O doy,/dt . d™ o, /dEm
Proof. Formulas (15) define solutions of the system of algebraic equations
" dSOék
s—— =0, E=1,...,m, 16
Z 0 m (16)

for the variables ay, as, ..., a,, with given (¢,z).
We successively transform the left-hand side of (14). By Lemma 3, we have

m . m m ds mom ds
;CLSA“ Esz:;as %Akzkz;é <a5%> JAVSS

k=1

By using (16), we find that the resulting expression identically vanishes; therefore, identity (14)
is valid. The proof of the theorem is complete.

Theorem 3. Suppose that for some m times differentiable vector function A(t,x), there exist

scalar functions as(t), s =0,...,m, for which identity (14) is valid, where the Ay are given by (12).
If the linear differential equation

da(t d"a(t
ao(t)a(t) + al(t)ﬂ + -t an(t) a(t) =0 (17)
dt dtm
has m odd solutions o, (t), as(t), ..., am(t) for which the Wronskian vanishes only at isolated points,
then the system
d
d—fzx(t,xHA(t,x), teR,  zeDCR"

is equivalent to system (1) [in which, unlike (2), the function A is not multiplied by «(t)].

Proof. We write out a system of linear algebraic equations for the unknowns Ay, Ag, ..., A,
with given (t,x):

d'aq dias dia . ‘
A+ —Ag -+ —2A,, =AW =0,...,m—1. 18
dti 1 + dtt 2 + + dtz 2 ] ? 9 7m ( )
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1400 MIRONENKO

From this system, we find Ay, A,,...,A,,, which, by the assumptions of the theorem, can
always be performed everywhere possibly except for isolated points ¢ = t,. Therefore, from the
first equation in system (18), one can express the function A©® in the form

A(O) = OélAl =+ OéQAQ R OémAm/.

Let us show that

d™oy d™ oy d™ o,
it 1 NI 2y R I
am SV g B2

To this end, from identity (14), we express the function

A, =AM,

1
A = —— (6pAD + 0, AV + - 4 a, ATV
am

We find the functions A® i =0,...,m —1, from Eqs. (18) and substitute them into the left-hand
side of the resulting identity:

1
A = —— [al (1A 4+ a2Do + - - + o Ayy)
Am
dO[l da2 dam
— A+ —A, —A
+a0(dt g ettt g )
d'mfloé1 d'mfloé2 d'mfloém
+am< — At ———F Aot —— A )|,
dt 1 dt 1 dt 1 (19)
1 do d™ o
AM — _ _— -1 m——— A
am (aoal Ty T G e ) S
1 4 da Qo NI dm71a2
— — | aga + a1 —— 1 ———— —
. 002 "t L g1 2
1 N da,, - d™ oy, A
- — | agam +a ot Oy ———— | A
m \ Lt Y dtm1
The functions ay, as, ..., o, are solutions of Eq. (17). Consequently,
+ d + 4 dmilOéj dmOéj . 1
apey; + a Q] ——— = —CQpyy——>, =1,...,m.
0% T Va1 dtm J

Therefore, relation (19) can be rewritten as follows:

1 d"o 1 d™o 1 d™o
A — _ — [ _ LY A e — 2V Ay — e — g, A
Q, ( 4 ggm > o, ( 4 ggm 2 Q, 4= ggm "
d™ay d™ oy d™ oy,
= A A e —LA,,.
aen ST g B2 g B

We have thereby obtained the relations

d°oy d*as d® oy,
SN LT P2A L
g Tt

A, =AM, s=0,...,m.

Let us now express A® via oy with regard to these relations:

DAO  9AD)  px (0 oA oX
A= 120 x A0 =AM PR - 22N
ot " ox oz +Zo‘k ( ot o oz
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- 0A,  0A, 0X
X —-—A;) =0
;ak ( ot * Oz Oz k) 0

Hence we obtain

In a similar way, by computing A®), we obtain the relation

" dOék 8Ak 8Ak 0X .
20 <—8t o X %“) =0.

k=1
By continuing this procedure, we obtain the equations

m

d”ak 8Ak 8Ak 8X . .
> — <8t + aIX—%Ak)_o, p=0,...,m—1,

k=1

which can be rewritten in the form

dP o dP oy dP o,
where LA, = 0A, /0t + (0A/0x) X — (0X/0x)Ay,.

These relations imply that the functions LA, LA,, ..., LA,, with given (¢,z) are solutions of
the system of linear algebraic equations

LA, =0, p=0,...,m—1,

deél deéQ dpam
==yt

] G, 0, —0,....m—1.
dr T e dir 7 p m

The zero solution is the unique solution of this system for ¢ # t;. Therefore, if ¢ # t;, then we have

0N 9N, OX B

We have represented the perturbation A(¢,z) in the form A =Y a,Ak(t, z), where the A, are
solutions of Eq. (7), i.e., we have reduced the perturbed system to the form (10). An application
of Theorem 1 (more precisely, of its corollary) completes the proof of the theorem.

Lemma 4. Let a 2w-periodic differential system (1) with a solution x(t) and a reflection func-
tion F(t,x) be equivalent (in the sense of the coincidence of reflection functions) to some differential
system with a solution y(t) and a reflection function ®(t,x); moreover, suppose that

z(-w) = y(-w) (20)
and x(t) and y(t) can be continued to [—w,o0). Then
z(2kw — w) = y(2kw — w) (21)
for each positive integer k.

Proof. We prove the desired assertion by induction. First, we show that the assertion of the
lemma is valid for £ = 1. Indeed, by the basic property of a reflection function, we have

2(w) = F(-w,z(-w)),  yw)=2(-w,y(-w)). (22)

Since the differential systems mentioned in the statement of the lemma are equivalent, we also
have F(—w,z(—w)) = ®(—w, z(—w)). It follows from (20) that the right-hand side of this relation
can be represented in the form ®(—w,z(—w)) = ®(—w,y(—w)); therefore, the right-hand side of
equations (22) coincide. Therefore, the assertion of the lemma is valid for k£ = 1.
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1402 MIRONENKO

Now we suppose that the assertion of the lemma holds for some k. This implies that relation (21)
is valid for that k. Let us show that the assertion of the lemma is valid for k + 1 as well, i.e.,

z(2kw + w) = y(2kw 4+ w). (23)

We introduce the function z(t) = z(2kw + t), which is a solution of the differential system (1),
since this system is 2w-periodic. Likewise, the function u(t) = y(2kw+t) is a solution of the system
with the solution y(¢). Both functions can be continued to [—w,w], which follows from the fact that
the solutions z(t) and y(t) can be continued to [—w, c0). By our assumption, we have the chain of
relations z(—w) = z(2kw — w) = y(2kw — w) = u(—w).

Consequently, z(w) = u(w), which, together with the definition of the functions z and u, im-
plies (23) and completes the proof of the lemma.

Theorem 4. Let a 2w-periodic differential system (1) with a solution x(t) be equivalent (in the
sense of the coincidence of reflection functions) to the stationary system

dy/dt = X(0,y) (24)

with a solution y(t), and let the following conditions be satisfied:
(A) relation (20) is valid;
(B) the solution y(t) is bounded on [—w,0);
(C) there exists a number a such that Hy(2/€w —3w)|| < a for each positive integer k;
(D) all solutions z(t) of system (1) satisfying the inequality ||z(—w)|| < a can be continued
[—w

w].

Then the solution x(t) can be continued to [—w,o0) and is bounded there.

to

Proof. First, let us show that the solution z(¢) can be continued to [—w,c0). This solution
can be continued to [—w,w], which follows from condition (D), relation (20), and condition (C)

(for K = 1): ||lz(—w)| = |ly(—w)|]| < a. Let us show that the solution z(t) can be continued
to [w, 3w] as well. Note that the function z(t) = x(t + 2w) is a solution of system (1) and satisfies
the relations ||z(—w)|| = ||z(w)] = ||ly(w)] < a, whose validity follows from the basic property of

a reflection function. Then, by the assumption of the theorem, z(t) can be continued to [—w,w],
i.e., z(t) can actually be continued to [w,3w]. By induction over k, one can show that z(t) can be
continued to [—w, 2kw + w]. Since k is arbitrary, it follows that x(¢) can be continued to [—w, 00).

Now we show that z(t) is bounded on [—w,o0). Since all solutions z(¢) of system (1) such
that ||z(—w)|| < a can be continued to [—w,w], it follows that there exists a number M such that
|z(t)|| < M for each t € [~w,w]. Lemma 4 implies that z(2kw — 3w) = y(2kw — 3w) for each
positive integer k. Therefore, ||z(—w)|| = ||z (2kw — w)|| = |ly(2kw — w)]|| < a for z(t) := z(t + 2wk);
consequently, |z(t + 2wk)|| = 2(t) < M for t € [~w,w]. Therefore, for each positive integer k,
we have an inequality that implies that the solution x(t) is bounded on [~w, c0). The proof of the
theorem is complete.

Theorem 5. Let conditions (A), (C), and (D) in Theorem 4 be satisfied, and let a solution
y(t) of system (24) be 2w-periodic and asymptotically stable (respectively, asymptotically unstable).

Then the solution x(t) of system (1) is also 2w-periodic and asymptotically stable (respectively,
asymptotically unstable).

Proof. Let the solution y(t) be 2w-periodic. Then
2(w) = F(-w,2(—w)) = ®(—w, z(-w)) = ®(—w, y(-w))
=yw) =y(-w) = z(-w),

i.e., z(w) = z(—w). This implies that z(—w) is a fixed point of the mapping for the period [—w,w],
whence we obtain the 2w-periodicity of the solution z(t).
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The subsequent proof follows from the coincidence of the mappings F'(—w,z) and ®(—w, ) for
the period [—w,w] for the two systems. The proof of the theorem is complete.

Example. Consider the system

dx/dt = a(t)z + b(t)y — a(t)z (2* + ¢*),
dy/dt = —b(t)x + a(t)y — a(t)y (z*> +y°) ,

where a(t) and b(t) are continuous 27-periodic functions such that oy (t) := a(t) — 1 and as(t) :=
b(t) — 1 are odd functions.
This system is equivalent to the stationary system

defdt =z +y—z(2® +y2),  dy/dt=—x+y—y(=*+1°).

Here .
A=A+ wd,, A= -z@+y7),y—y@@®+v7)

AQ - (ya _x)Ta X = (Q? + Yy — x(xQ + y2)7 —T + Yy — y(xQ + y2))T'

Since the stationary system has an asymptotically stable limit cycle 2% + y? = 1 corresponding
to 2m-periodic solutions, it follows that both solutions z(t) and y(¢) of the system issuing from the
circle 2?(—m) + y*(—m) = 1 for t = — are 2m-periodic and each of the remaining solutions except
for the zero solution tends to one of the above-mentioned periodic solutions as t — oo.
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