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BBEJAEHUE

JIucKkpeTHas MaTeMaTuKa — 4YaCTh MAaTEMAaTUKH, KOTOpasi 3apOAWIIACh B TIIy-
Ookoii apeBHOCTH. ['NaBHOU €€ cneuuukoi ABIsIETCS AUCKPETHOCTD, T.€. aH-
THUIOJ HEMPEPHIBHOCTU. B MIMPOKOM CMBICIE TUCKPETHASI MaTEMaTHUKa BKIIFOYa-
€T B ce€0s U Takue CIOXKHUBIIUECS pa3/iesbl MATEMaTUKHU, KaK TEOPUsSl YUCEN, ajl-
reOpa, MaTeMaTUyecKas JIOTMKa, a TaKKe psJl pa3AesioB, KOTOpble Hanboee uH-
TEHCHUBHO CTaJM pa3BUBaThci B cepeauHe 20-ro Beka OJyiaromapsi Hay4HO-
TEXHUYECKOMY MPOrpecCy, NOCTABUBIIEMY M3YUYEHHE CIOKHBIX YIPaBIISIOIINX
cucteM. B y3KOM cMbICie JUCKpETHas MaTreMaTUKa OrpPaHUYMBAETCS TOJIBKO
ATUMU HOBBIMU pazgenamu. K ynmoMsHyTBIM HOBBIM pa3fielaM Mbl OTHOCUM:
TeOpuu (YHKIMOHAIBHBIX CUCTEM, TEOPHUIO AJITOPUTMOB, TEOPUIO KOHEUHBIX
aBTOMATOB U T.II. IMEHHO 3T pa3/Aenbl JIUCKPETHON MAaTEMATUKHU U pacCMaTpu-
BAIOTCS B TAHHOM KYypCE€.

JluckpeTHas MaTeMaTUKa CETOHS SIBJISIETCS HE TOJILKO (PyHIaMEHTOM MaTe-
MaTHYECKON KUOEPHETHUKH, HO Y BaXKHBIM 3B€HOM MAaTeMaTHYECKOro oOpa3oBa-
HUSL.

['maBHOM 3amadent Kypca JICKIHUM SIBJISIETCS OBJIAJICHUE CTYJCHTaMHU METOJa-
MU U MBIIUICHUEM, XapaKTEPHBIMHU JJIsI TUCKPETHOM MaTeMaTuku. Martepuadn,
BOILIEIIITNI B KypC, 3HAKOMUT CTYAEHTOB C Teopuei OyneBbIX PYHKIUN, TEOPH-
el KOHEYHBIX aBTOMATOB, TEOPHUEH AIITOPUTMOB U alITreOphl JOTUKH MPETUKATOB.
JlaHHBIN KypC JEKIUNA COCTaBIEH TaKUM 00pa3oM, YTOObI COKPATUTh YUCIIO He-
00XOAMMBIX MOHATHUH JO MUHUMyMa M, C IPYrod CTOPOHBI, JaTh HEOONBIIOE
KOJINYECTBO CEPHEZHBIX TEOPEM.

Pa3nen Teopun OyneBbIX (QYHKIMI SIBISETCS OCHOBONOJATAIOUIUM MIPHU U3Y-
YEHUU JTUCKPETHOW MATEMATUKH. B JIGKIMOHHOM Kypce M Ha MPAKTHYECKHUX 3a-
HATHUSIX €MY OTBOJIUTCSI OKOJIO YETBEPTHU BCero yueOHoro Bpemenu. Ha matepu-
ajie 3TOro pasjesna CTYAEHTHI MOJIyYalT IEPBOHAYAIBHOE NPEACTABIEHUE O Ta-
KHUX TMOHATHAX, KaK OyneBa (PyHKIMS, onepanus Cynepro3uiuy, GyHKIIHOHATb-

HO ITIOJIHas1 CHUCTCMaA. CTy,Z[eHTbI 3HAKOMATCA C pa3JIMYHbIMU crocobaMu 3ajaa-



HUMl OyneBbIX (YHKIMHA (TAaOJMYHBIN CcrOCO0, MPENCTaBIeHUE MOJIMHOMAMHU U
HOpPMaJIbHBIMHU (hOpMaMH, T€OMETPUUECKOE MPEICTABICHUE C UCIIOIb30BAHUEM
TPEXMEPHOro Ky0a); U3ydaroT MPUMEHEHHUE UCCIICIOBAHUS TOJHOTHI U 3aMKHY-
TOCTH cUCTEM (QYHKIMH, M3y4alOT OJHO U3 MPUIOKEHHN Teopuu OyJIeBbIX
GyHKIMI — peleHO-KOHTAKTHBIE U PEIEHHO-TOTMYECKHUE CXEMBI.

B paznene anreOpsl TOrMKH MPEANKATOB U3JIaratoTCs OCHOBHBIE CBEICHUS U3
TEOpUU TpeauKaToB. J[aHHas Teopus MpeCTaBiseT co00il Oojee TOYHBIA HH-
CTPYMEHT I10 CPABHEHUIO C TEOPHUEN BBICKA3bIBAaHUW, KOTOpas paCCMATPUBAETCS
B IIEPBOM pasee.

B pa3paene koHeuHbIE aBTOMATBI U3Y4YarOTCsl JETEPMUHUPOBAHHBIEC U OTPAHU-
YEHHO-JIETEPMUHUPOBAHHbBIE () YHKIIHH.

B paszgene snmeMeHThI TEOPUU aNTOPUTMOB M3YYaE€TCs CTPOroe€ MaTeMaTH4e-
CKO€ ONPEAECIECHUE TEOPUHU AITOPUTMOB, MIPEIJI0KEHHOE THIOPUHIOM — MalllMHA
ThlopUHra; TPUMUTUBHO-PEKYPCUBHBIE U YaCTUYHO-PEKYPCUBHBIC (DYHKIUH, a

TAKIKC YCTAHABJIIMBACTCA UX CBA3b C CI)YHKI_II/IHMI/I BBIYHMCJIIMMBIMU I10 TBIOpI/IHFy.



TEMA 1 ®YHKIUU AJITEBPBI JIOT' UK

1.1 Jlornueckue onepaiuu

1.2 byneBbl GyHKIMH

OCHOBHBIMH OOBEKTaMH JTUCKPETHOM MAaTEMAaTUKH SIBISIOTCS  OyJeBbI
dbynkuun. [IpennocbuIkoi UX BBEIECHHS CIIYXaT BbICKA3bIBaHMS, KOTOPHIE CO-

CTaBJISIIOT OCHOBHYIO 0a3y JIJIsl IOCTPOEHUS TEOpHUU OYIEBBIX (QYHKITUIL.

1.1 Jlornueckue onepanum.

Anre0pa JIOTUKU — CaMbIil IPOCTOM pa3zies MaTeMaTHYeCKON JTOTUKH. S3bIK
anreOpbl JOTUKU SIBISIETCS OJTHUM W3 MPOCTEUIUX SI3bIKOB MareMaTtuku. Oc-
HOBHBIMM OOBEKTaMM JIaHHOT'O pasjiefia sBIAIOTCS BbicKa3biBaHus. [loHsiThe
«BBICKA3bIBAHHUE» SIBJISIETCS] IEPBUYHBIM, OHO HE OIIPEAECIACTCS, a MOSCHSIETCS.
[Ton BhICKa3bIBAHUEM MMOHUMAIOT MPEIJIOKEHUE, O KOTOPOM MOKHO CKa3aTh OJI-
HO W3 JABYX: HICTHHHO OHO WJIX JIO’kHO. Hampumep, Bbicka3biBanue «2 + 3 = 5» —
HWCTUHHOE, BBICKA3bIBAHUE «CYLIECTBYET AEHWCTBUTEIBHOE YUCIO X TAKOE, YTO
x* = —1» — noxHoe. OUEBUIHO, HE KAKI0C MIPEJI0KEHUE SIBJISIETCS BBICKA3bIBA-
nueM. Hammpumep, npemnoxenust: «Korga Te1 001 1oma?», «lloimem co MHOM!»
HE SIBIIAIOTCS BBICKa3bIBaHUAMH. Bbicka3piBanus OyzemM 0003Ha4yaTh MajbIMH
JATUHCKUMH OyKBaMH X, ), Z,..., @ UX 3HAYCHUS, T.€. HICTHUHY U JIOKb, COOTBET-
cTtBeHHO | 1 0. M3 1ByX TaHHBIX BBICKA3bIBAHUI C TIOMOILBIO CBSI30K «HE», «H»,
U, «ECHU ... TO», «TOTJa U TOJBKO TOrJa, KOTJa ...» MOXHO 00pa3oBaTh
HOBBI€ BbICKa3biBaHWs. Hampumep, U3 BBICKa3bIBAaHUU «UHUCIO 2 TPOCTOEY,
«UHCJIO 2 YETHOE» C MOMOIIBK YKa3aHHBIX BBIIIE CBS30K MOJY4Yae€M BBICKA3bI-
BAHUS. «YHCIIO JIBAa MPOCTOE M YETHOE», KUUCIO 2 HEMPOCTOE», «UUCIIO 2 MpPOo-
CTOE€ WJIN YETHOE». BBICKa3bIBaHHE «ECIIM T UPPALHOHAIBHO, TO n° ToXKe uppa-
LAOHAIBHO» MOJYYa€TCs CBA3BIBAHUEM JBYX BBICKA3bIBAHHUU CBS3KOU «ECIH ...
TO». DTH ONEPAIMH COOTBETCTBYIOT YIOMSIHYTHIM BBIIIIE CBSI3KaM, YIOTpeOIsie-
MBIM B OOBIYHON PEYH.

PaccMmoTpum npuMepsl IOTHYECKUX ONIEpaLUi.



1 Jlormueckasi omepainus, COOTBETCTBYIOIIAs CBSI3KE «W», HA3BIBACTCS
KOHBbIOHKIMEN 1 0003HauaeTcsd &. B HEKOTOpBIX KHUTrax 3Ty omepanuro o0o-
3HaualT cUMBOJIOM A . [lycTh X U y — BbICKa3bIBaHUs. Bricka3biBaHUE X-Y HA30-

BCM KOHBIOHKHH@ﬁ XxXny. I[&HHOG BBICKA3bIBAHHMC MCTHHHO TOrga U TOJIBKO TO-

raa, Koraa HCTHHHBI 00a BBICKA3bIBAHUA X U Y.

CooTBeTcTBYIOIIEE ONMPEALSICHUE 3aUIIIEM B BUJIC TaOIUIIBI HCTUHHOCTH:

PP O OX
R OoORr o
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OHpCI[CJ]eHI/IC KOHBIOHKIONHN JIBYX BBICKA3bIBAHUM €CTECTBECHHBIM O6p8.30M

pacnpocTpaHsieTcsl Ha JIF000€ KOHEYHOE YUCIIO BbICKa3bIBAaHU .

KOHBIOHKIHSA X1X;...Xn, KOTOPYIO MBI KPaTKO 00O3HAYMM 4Yepe3 Ai ., X;, HC-
THHHA TOTAA Y TOJBKO TOTJa, KOT/1a UICTUHHBI BCE BBICKA3bIBAHUS.

2 Jlornueckasi orepaimusi, COOTBETCTBYIOIIAsl CBSI3KE «WJIW», HA3bIBACTCS
AU3bHOHKIMEH 1 0003HaYaeTcs V.

[Tycts X u Y — BbICKa3bIBaHUS. BBICKa3bIBaHUE XVY HA30BEM JTU3IBIOHKIIUEU X

ny. I[aHHOC BBICKA3bIBAHUEC NCTHUHHO TOr'Ja M TOJIBKO TOrjga, Koraga XoTs OBl on-

HO U3 BBICKa3bIBAHUM X U Y UCTHUHHO.

JlaHHOE onpeiesieHre 3alullieM B TaOJIHUIbl ICTUHHOCTH:

X y Xvy
0 0 0
0 1 1
1 0 1
1 1 1

OHpe,Z[eHCHI/Ie AU3BIOHKIOUHU OBYX BBICKA3bIBAHUM €CTECTBECHHBIM 06pa30M

pacrpocTpaHseTcs Ha JI000€ KOHEUYHOE YHCIO BBICKa3bIBaHWUU. J(M3BIOHKITUS



X1V X2 V ... V Xp, KOTOPYIO MBI KPaTKO 0003HAYHMM 4€pe3 Vi, X;, MICTUHHA TOT/1a

1 TOJBKO TOTJIa, KOT/a XOTs OBbI OJTHO M3 BBICKA3BIBAHUM X1, Xo, ..., X, HCTUHHO.
3 Jlormveckas omepanus, COOTBETCTBYIOIIAS CBSI3KE «HE», HA3BIBACTCS OT-
pPHLIAHHEM.
Ortpuiianre BbICKa3bIBaHUS X 3alIMCHIBAETCS Tak: X W OMpEAeNseTcs cleny-

FOLIEN TaOIUIeil HCTUHHOCTH:

o
O x

4 Jloruveckasi onepaius, COOTBETCTBYIOIIAS CBS3KE «ECIH ... TO», HA3bIBa-
eTcs MMILUTMKanueii. DTy omeparuio Oynem o0o3HayaTh cuMBoiioM =. [lpu
3TOM BBICKA3bIBAHUE «ECIIU X, TO Y» 3alKChIBACTCS B BUJE X=Y. Bricka3biBaHUEe
X Ha3bIBAaeTCS MOCBUIKON HMMIUIMKAIMK, Y — €€ 3aKidcHueM. MMIumkanus

JIBYX BBICKA3bIBAHUM X U Y 3aJ1a€TCs CIAEAYIONIEeH Ta0auIle HICTUHHOCTH:

X y X=y
0 0 1
0 1 1
1 0 0
1 1 1

N3 onpenenenust UMIUTUKAIIUN BBITEKAET, YTO:

® MIUIMKAIMSA C JIOXKHOM MOCBUIKOM BCEerjia NCTUHHA;

® WMIUIMKAIIMSI C UCTUHHBIM 3aKJII0YCHHUEM BCET/ia HCTHHHA,

® UMIUIMKAIMS JIOKHA TOTrJa M TOJILKO TOIJAa, KOrJa MOCHIJIKAa MCTUHHA, a
3aKJIIOYCHHUE JT0XKHO.

5 Jlornueckas omnepanus, COOTBETCTBYIOIIAs CBSI3KE «TOTA U TOJIBKO TOTAA,
KOT'/a ...» Ha3bIBAe€TCS IKBHBAJIEHTHOCTBLIO 1 0003HAYACTCSI CUMBOJIOM €.

ITycth X 1 Y — BbICKa3bIBaHMS. BhICKa3bIBaHUE X €Y HA30BEM IKBHUBAJIECHTHO-

CTBIO X 1 Y. ﬂaHHOG BBICKa3bIBAHWC NCTHUHHO TOI'Ia U TOJBKO TOraa, Koraa oba



BBICKA3bIBAHUA X U Y MJIM HCTUHHBI MJIN JIOJKHBI.

)_IaHHOC OIIPCACICHUC 3aIINIIICM B BUIC T8.6J'II/IHBI HNCTHNHHOCTU:

X Y X(_)y
0 0 1
0 1 0
1 0 0
1 1 1
1.2 ByJjieBbl (pyHKIUM.
[IycTs ){l,yl,zl,xz,yz,zz,...,xn,yn,zn,...: MCXOIHBIN al(aBUT IepeMeH-

HBIX.

dyukuueii anredpnl Jgoruku f €, X, ..., X, :OT MepeMeHHbIX X, X,,..., X,
Ha3bIBaeTCad (yHKUMSA, NpUHUMaronias 3HadyeHus 1, 0 U aprymMeHTbl KOTOpOW
TaK)Ke MPUHUMAIOT 3HaYeHus 1, 0.

OO6pyHO (QyHKUMU anreOpbl JIOTMKWA Ha3bIBAIOT OYJIEBBIMU (DYHKIUSMHU.
Ha3Banue «0yneBbl (yHKIIUMY» BOSHUKIIO B CBSI3U C HCIIOJIB30BAaHUEM (DYHKITHIA
paccMaTpuBaEeMoOro TUIa B ajiredpe JOrMKu, Hayauo KOTOPOW OBLIO MOJO0KEHO
Tpynamu upiasjackoro ydeHoro 19 Beka J[x. Byms. OGnacTtwhio ompeneneHus
OyneBoll (hPyHKUMU OT N MEPEMEHHBIX CIYXHUT COBOKYIMHOCTb BCEBO3MOMXHBIX
N-MEPHBIX YIOpsA0YeHHBIX HAO0POB €, X, ..., X, :, rae X; €{01}.

Cnenyer oTMETUTh, YTO JIOOOH Takoil HAOOp MOXKHO paccMaTpUBaTh Kak
MpeCTaBICHUE HEKOTOPOIO IEJIOr0 HEOTPULIATEIBHOIO YHUCa B TBOMUHOMN CH-
cteme cuucnenus. Hampumep, na6opy (0,1,0,1) cooTBeTcTByeT uHMCIO
1-2°40-2*+0-2% =5, amabopy (1,1,1) —umemo 1-2° +1-2' +1.2* =7,

Bce HaGophl pasMepHOCTH N HyMepyroTcs LenbiMu uucaamu oT 0,2"-1. Ot-
CI0JIa HETPY/IHO 3aMETUTh, YTO YHCIIO TAKHX HAOOPOB paBHO 2",

Bcesikas OyneBa ¢yHKIHS OT N MEPEMEHHBIX MOXKET OBITH 3a7jaHa C ITOMOIIIBIO

Ta6J'II/II_H>I HNCTHUHHOCTU:



X1 X2 Xn-1 Xn f(X1,X2, . - ., Xn-1,Xn)
0 0 0 0 f(0,0,...,0,0)
0 0 0 1 f(0,0,...,0,1)
0 0 1 0 (0,0,...,1,0)
1 1 1 1 f(1,1,...,1,1)

Jlannas Ttabmuna coctout u3 2" CTPOK, HpHYeM B Hell Bce HAOOpBI

€. %, X, : pacIoNIOKEeHBI B TIOPSAKE BO3PACTAHUS X HOMEPOB.

OueBuHO, 4TO OyNneBbl PYHKIMHA OT N MEPEMEHHBIX OJHO3HAYHO OMpe[e-
JISIIOTCSL CBOMMM TOCJIETHUMU CTOJOLAMU U3 3TOM TaOJuIbl, T.€. HabopamMu H3
2" nyneit u equaunn. CleI0BaTeIbHO, Pa3IMYHBIX OyleBbIX (QYHKIHMiL OT N Iie-
PEMEHHBIX OYJET CTONBKO, CKOJILKO MMEETCS Pa3IHYHBIX HAOOpOoB MIuHBL 2", a

UX YHCJIO PABHO 22" Vtax, Mbl 1oKa3aim CIICAYIOIILYIO TEOPEMY:

Teopema 1 Hmeemcsa mouno 2% Oynesvix QyHKyuii om N nepemeHHbIX.

B anre0pe noruku oco0oe 3HaUEHUE UMEIOT CIeAyrolue OyieBbl QyHKLINU,
KOTOPBIC HA3bIBAIOT JIEMEHTAPHBIMU OYJACBHIMU (HYHKIIUSIMHU

1) f,(X) =0 — xoncranra 0;

2) f,(X)=1-xoncranra 1;

3) f,(X) =X — roxnecrBenHas GpyHKIu;

4) f,(x)= X — OTpHIIAHUE X;

5 f.(X,y)=X:Yy — KOHBIOHKIHSA X U Y;

6) f.(X,¥)=XVY — IU3BIOHKINA X U Y;

7)  f,(X,y)=X=Yy — uMIUHKays X 1 y;

8) fy(X,y)=X< Yy — 9KBUBAICHTHOCTH X U Y;

9) fy(X,y)=X+Yy — croxenue X 1 y mo modz;

10) f,(X,y)=x]|y — oynkuus lepdepa;

11) f, (X, y)=x4 y — crpenka Iupca.




[Tocneguue Tpu GYHKITUU 3a1aFOTCS CICAYIOMIUMH TaOJIMIIaMU HCTUHHOCTH:

XY X4y x|y xlly

PR lolo
==
ol |rlo
Ol |k
olo|o|r

BBenenHoe noHsATve OysieBOM (DYHKIIMM HECOBEPLIEHHO TEM, YTO OHO HE
MO3BOJISIET paccMaTpuBaTh (PYHKLHMIO OT MEHBIIEr0 YHUCJIa apryMEHTOB Kak
(yHKIMIO OT OOJIBIIETO YKciia apryMeHToB. i1 yCTpaHEeHUsl 3TOro HeloCcTaTKa
BBEJIEM IMOHATHE (PUKTUBHOMN MEepeMEHHOM.

~

ITepemennast X; B ¢ynxiun f €, X,,..., Xi_1, X, X1, X, _ HasbiBaeTcst HK-

i+11
TuBHOI, eciu T €, X,,..., X 4,0, X,1, X, = T &, X5,y Xi_g,L X1, X,y TIPHL JTEO-
OBIX 3HAUCHHSAX OCTAIBHBIX IIEPEMEHHBIX. B 3TOM ciydae QyHKIuUS

f €, X,,..., X, , IO CyIIECTBY, 3aBUCHUT OT (N-1) — mepeMeHHO, T.e. IpecTaB-

nser co60it GyHKIo g €, Xy, Xi 1, X115 X, OT (N-1) mepemennoii. Tosops,
4yT0 yHKIUS § Toaydaercs u3 GyHkuuu f ynaneHrneM GUKTUBHON TIEPEMEHHOIA,
a pynkuus f momyyaercs u3 g BBeZieHHeM (QUKTUBHOM ITepEMEHHOM, IPUYEM TH
(YHKLIMHU ABISIOTCA PAaBHBIMU.

bnaronaps BBeA€HHIO (PUKTUBHBIX MEPEMEHHBIX JHO0YI0 OyiaeBy (pyHKLHIO
OT NIEpPEeMEHHBIX MOXKHO CUMTATh (PYHKIMEH OT JIF0OOro OOJNbILIEro yucia rme-
pemeHHBIX. [loaTOMy n100YI0 KOHEYHYIO COBOKYMHOCTH OYJ€BbIX (DYHKIMI
MO’KHO CUUTATh 3aBUCSIIMMH OT OJHOTO U TOTO XK€ YUCIIa IEPEMEHHBIX.

Bomnpocsl Aj1s1 CAMOKOHTPOJISE

1 Haiite onpeneieHe OCHOBHBIX JIOTMUECKUX OMepaluii 0yseBoii anreopsl.
2 JlatiTe onpenenenne OyneBon (DyHKITHH.
3 Urto Takoe TabauIbl MICTUHHOCTH OyneBor (yHKIUN?

4 KakoBo 4nciio OyneBbIX (PYHKIMM OT N MEpEMEHHBIX ?



5 Kakue O0yneBbl (PYHKIIMM HA3bIBAIOTCS dJIEMEHTAPHBIMHU ?



TEMA 2 ®OPMYIJIbI AJITEBPBI JIOTUKHN

2.1 PaBHOCUIIBHBIE (hOPMYIIBI AJIT€OPBI JTOTUKU

2.2 3aKoHbI aNreOphl JOTUKH

Kak u B anemeHTapHON MaTeMaTHKE U3 «AJIEMEHTAPHBIX» OyJIEBbIX (YHKIHIMA
C MOMOILBIO JIOTHYECKUX ONEepalrii MOXKHO CTpouTh Gopmyiibl. B HacTosiem

paszene u3ydarorcs (popMyssl anreOpsl JIOTUKH.

2.1 PaBHocuibHbIe GOpMYJIbI AJreOpbl JTOTHKH.
[IpuBenem onpenenenre GopMyIibl anredpsbl JOTHKU.

1) kasicoas «anemenmapuasny oynresa QyHkyus — popmyna,

2) ecnu nekomopoe svipaxcerue N ecmo popmyna, mo N moorce Gopmyna;

3) eciu nekomopwie svipadicenuss M u N ecms gpopmynvl, mo evipasicenus
NvM, N-M, N=>M, N M mooce popmynsi,

4) opyeux ¢hopmyn, kpome nocmpoennvix no n.n.1), 2), 3), nem.

dopmynbl anredpsl JOTUKU MbI OyaeT o0o3Hauarh Oonbimumu N, M, ...

Hamnpumep, cneayroiine BoIpaXeHUs SABISIOTCS GOPMYyIaMH alreOphl JIOTUKU:

XV )X x), (x+y) v (x] ).

C uenpto ymporieHuss GopMys, YCIOBUMCS, YTO Omepainus KOHBIOHKIIMU
«CUJIbHEEe» OIepanuil AU3ZbIOHKIIMY, UMIUTUKAIMA U SKBUBAJIEHTHOCTH, T.€. €C-
JIX HET CKOOOK, TO BHAuaje BHITIOIHSAETCS ONepalusi KOHbIOHKIIUY.

®opmysia anreOpbl JOTUKHU ONpeEeNsieT HEKOTopyto OyieBy GyHKIIUIO, 3HA-
YEHUE KOTOPOU COBMAIAET CO 3HAYCHUSIMHU JTAHHOH (OPMYIIBI ISl BCEX HAOOPOB
3HAYEHUM IEPEMEHHBIX.

JIBe hopmynel N 1 M Ha3pIBarOTCS paBHOCHJIBbHBIMHM, €CIIH OHU ONPE/IeIs-
I0T OAHY U Ty ke OyneBy ¢ynkiuio (3armuck N = M Oyner o3Hadath, 4To (Hop-

Myibl N 1 M paBHOCWIIBHBI).
Mpuvep 1 QopMynbl XY U XV Y PABHOCWIBHBL, T.e. Xy = XV Y .

HeﬁCTBHTGHBHO, IMOCTPOUM Ta6J'II/IHI>I HCTHHHOCTH I JaHHBIX (I)OpMy.TI.



>
<<
R
= |
k(l
> |
< |
> |
<
< |

PR olo
N P N P
=l=l=)
Ok |k|k
ook
ol ol
Ok |k,

W3 TaGmui BHAHO, 9T0 GOPMYNEI Xy H XV Y ONPENEISIOT OXHY W TY JKe
OyneBy (QYHKIUIO U, CJIEA0BATEIBHO, SIBISIOTCS PABHOCUIIBHBIMHU.

Od4eBHIHO, YTO OTHOIIEHHE PABHOCWIBHOCTH (POPMYI anredpbl JIOTUKH SB-
JSeTCS:

1) peduexcuBnbiM, T.€. N = N 15 1r000ii hopmynst N;

2) cumMmeTpudHbIM, T.€. eciii N = M, To M = N mns mo6s1x dopmyn N u M;

3) tpam3utuBHBIM, T.¢. eclii N = M u M = J, To N = J ans 1r0061X popmyt
N,M,J.

Taxum 00pa3oM, OTHOILIEHUE PABHOCUIBHOCTH SIBJISIETCS] OTHOIIEHUEM 3KBU-
BaJICHTHOCTH.

Ecnu xakyro-audynp dhopmyny Ni, sBistomryrocs yactbio popmyssl N 3ame-
HUTh (opmynonr N, paBHOocwiIbHOM Nj, TO TodyueHHas (GopMmysa OKaKeTcs
paBHOCWIBHOW N. DTO CBOWCTBO JIEKUT B OCHOBE IpeoOpazoBaHus (Gopmyn ¢
IENTBbI0 UX YIPOUIEHMSI MITU TIPUBECHUS K ONpeAeTeHHoM hopme.

[Ipu nmpeoOpazoBanuu (Gopmyn anreOpbl JOTMKU HCIONb3YIOTCS CBOWCTBA

JIOTUYECKUX OTMepaluii, KOTOpble OYAYT pacCMOTPEHBI HUXKE.

2.2 3akoHbI aare0psbl JOTUKH.

[TpuBeneM mepevyeHb BAKHEUITUX PaBHOCHIBHOCTEH (3aKOHOB) aJireOphI JIO-
THKU. DTH PaBHOCHIBLHOCTH BBIPAXKAIOT CBOWCTBA JIOTHUECKHUX OIEepaIfil.

1) X=X — 3aKOH TOXKJIECTBa,;

2) X- X =0 — 3aKoH IPOTUBOPEUHS;

3) XV X=1—3aKOH UCKIIOYHUTEIBHOTO TPETHETO;



4) X=X —3aKOH JBOMHOI0 OTPHUIIAHHS,
5) XX =X, XV X=X — 3aKOHBI HJEMIIOTEHTHOCTH;

6) Xy=YyX, XV Y=YV X —3aKOHbl KOMMyTaTUBHOCTH;
7)) Xvyz=(XXvy)(xvz), x(yvX)=XyvVvXZ — 3aKOHBI JUCTPUOYTUBHO-
CTH,

8) x(yz)=(xy)z, xv(yvz)=(XVYy)VZ—3aKoHbl aCCOIHATUBHOCTH;

9) Xy=XVY, XVY=X-Yy —3aKonsl 1¢ Moprasa;

10) x-1=x, xv0=x

11) x-0=0, xvl1=1

12) x(XVYy)=X, XV Xy =X — 3aKOHBI TIOTJIONICHHSI;

13) (XVv Y)(XVY) =Y, Xy V Xy = Y — 3aKOHBI CKJICHBAHUSL.

HCpC‘II/ICHCHHBIC 3aKOHBI aJIF€6pBI JJOTMKHN JOKAa3bIBAKOTCA C ITOMOIIBIO Ta0-
JIUI, HMCTHUHHOCTH. B kauectBe IMpuMepa MOKaXKEM CIIPABCAJIIMBOCTb 3dKOHA

Xvyz=(Xvy)(Xvz).

X y Vi yz XV Yz Xvy Xvz|(Xvy)(xvz)
0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0
0 1 1 1 1 1 1 1
1 0 0 0 1 1 1 1
1 0 1 0 1 1 1 1
1 1 0 0 1 1 1 1
1 1 1 1 1 1 1 1

W3 tabmnun BuaHO, 9TO hopMynbl XV YZ u (X Vv Y)(XV Z) onpeaensioT oaHy
U Ty e OyneBy ¢yukuuio. CiieoBaTebHO, OHU PABHOCHJIBHBI.

Jlorudeckue oneparui — KOHbIOHKIUS, IU3bIOHKIUS, UMILTHKAINSA U DKBH-
BAJICHTHOCTh, BOOOIIE TOBOPSI, HE SBJISAIOTCS HE3aBUCHMBIMH JPYr OT Jpyra.
B camom gene,

XS Y=XVY, XS Y=XYVXY;

Xy =XV Y, XVYy=X-y.




HepBLIG ABC PAaBHOCHUJIBHOCTH JICTKO JOKA3bIBAIOTCA C IIOMOIIBIO Ta6JII/III HC-
THUHHOCTH. I[Be MOCJIICAHUC PABHOCHUIIBHOCTHU JOKAKEM C ITIOMOIIBIO 3aKOHOB JI€

Moprasa 1 1BOMHOIO OTPULIAHUSL:

>=<vy:xvy.

XVY=X-y=Xy; Xy

Nrak, cripaBeJIMBBI CIAEAYIOLIME YTBEPKIACHUSA:

1) UMILTUKAIMIO U SKBUBAJIEHTHOCTh MOKHO BBIPA3UTh Ye€pe3 KOHBIOHKIIUIO,
JT3BIOHKIIUIO U OTPUIIAHUE;

2) KOHBIOHKIIUIO MOKHO BBIPA3UTh Yepe3 TU3BIOHKIIUIO U OTPUIIAHUE;

3) IU3BIOHKIIMIO MOKHO BBIPA3UTh Yepe3 KOHBIOHKIUIO U OTPUIIAHHUE;

4) Bce omepamyy MOCPEICTBOM PABHOCHIIBHBIX BBIPAXKEHHIA MOYKHO 3aMe-
HUTH ABYMSI: KOHBIOHKIIMEN U OTPULIAHUEM WIN AU3BIOHKIIUEN U OTPUIIAHUEM.

EctrecTBeHHO BO3HMKAET clienyrouui Bonpoc. s 4ero BBOAUTH IATH JIO-
TUYECKHUX OIllepalnii, Korjaa MOXHO OOOWTHCH AByMs? lcmonp3oBaHUE JIHIIb
JIBYX OIepaluii CyleCTBEHHbIM 00pa30M YCIOKHWIO Obl 3aMUCh, YTO MPUBEIIO
061 K TpoMO3aAKUM (dopmyrnam. OJIHAKO B HEKOTOPHIX MPUIOKEHUSIX MaTeMaTH-
YECKOW JIOTUKH YAO0OHO OTrpaHUYUTHCS JIBYMS ONEpalysMu. AHAJIOTUYHasl CU-
Tyalusi UMeeT MecTO B apudmeTuke. Besikoe HaTypallbHOE YUCIIO MOXKHO 3aru-
catb ¢ nomoibio 1udp 0 u 1. OnHaKO 3aMUCH YKCEN U BHIKIAIKU B TBOUYHOU
cucteme rpomo3aku. K aToil cucreme npuOeraroT JIMIIb B HEKOTOPBIX CIIydasX.

MHuoxecTBO OyJIeBbIX (DYHKIIHI, pacCMaTpuBaeMOe BMECTE C OIepaIusMu
OTPUIIAHMS, KOHBIOHKIIUN U JU3BIOHKIIMH, Ha3bIBAIOT OyJieBOM ajredpoi. 3a-
KOHBI 1-13 SBIAIOTCA OCHOBHBIMH 3aKOHAMM 0yJIeBOM aJredpbl.

OO6paTrM BHUMaHHE HA XapaKTep COOTBETCTBUN MEXKY PaBHOCHILHOCTSIMH,
00BEAMHEHHBIMU B Mapy moja Homepamu (5-13). B aTux cooTBETCTBUSIX MPOSB-

JISIETCS TaK Ha3bIBa€MbIM 3aKOH ,HBOfICTBeHHOCTI/I.

Haszosem Qopmyny amre6psl norukd N (X, X, ..., X ) IBOHCTBEHHOI K

dopmyae N(X,,X,,..., X ), eca N (X, X, o0, X. ) =N (X, X5 1o, X))



bynem roBopuTbh, 4YTO oOIllepanus KOHBIOHKIMU JIBOWCTBEHHA OIEpanuu
JIU3BIOHKLIAN U HA000POT.

Kax nokazano B nyHkre 2.2, Bcsikas (popmysia anredpbl J0rMKH MOXKET ObITh
MpUBEJEHA PABHOCWIBHBIMHU MPEOOpPa3OBAHUSAMHU K (QopMylie, conaepxkKallei
TOJIBKO ONEpalyy KOHbIOHKIINH, JU3BIOHKINUN U OTpulianus. [1o3ToMy, yauTsi-
Basl 3aKOHBI ¢ MopraHa u JBOMHOrO OTpULIaHHUs, 1BE (POPMYJIbI alNreOphl JIOT U-
ku N 1 M, copepxariue ToJIbKO orepaluy KOHBIOHKLINH, TU3bIOHKIIUA U OTPH-
1aHus, OyayT ABOMCTBEHHBIMH, €CJIM OJHA IOJIy4aeTCs W3 JPYrol 3aMeHOM

Ka)X/10M onepaiui Ha JBOMCTBEHHYIO U 1 3aMensiercs Ha 0, a 0 Ha 1.

Hanpumep, GopMyna Xy v Z xBoiictBerHas K gopmyie (Xv Y)z, a hopmy-
na X(Y Vv Z) ABoiicTBeHHas K hopMyne XV YZ.

Teneps copMynupyeM 3aKOH ABOMCTBEHHOCTH.

Teopema 1 Eciu gopmynvr aneeopor nocuxu N u M pasnocunvuwvl, mo u
dsoticmeentvie um popmynvt N u M pagrocunvhoi.

JoxkaxkeM nanublid 3akoH. [TycTh N(X1,X2,...,Xn) = M(Xg,Xa,...,X,). CoriacHo

OIPEAEIICHHUIO IBOMCTBEHHON (POPMYJIbI
N (X X s X) = N, XK X)) 1M (X Xg s X, ) = M (K X X,).
Tak xak N(X1,Xa,....Xn) © M(X1,Xp,...,X,) IPUHAMAIOT OJMHAKOBBIC 3HAYCHHSI
Y JIIOOBIX 3HAYCHHSIX TIEPEMEHHBIX X1,X7, ..., Xn, TO
N (X5 Xy peeey X, ) =M (X5 Xy 5y X)) -
Orcrona cienyer, 4Tto

N (X, Xy ey X, ) = M (X, X 1000 X,
M

HBI MEXTY COOOI.
[TpuHIMTT TBOMCTBEHHOCTH MO3BOJISIET COKPATUTh YCUIIMNE HA BBIBOJ PaBHO-

CUJIbHOCTEMN.



Ipumep 2 U3 paBHOCHMIBHOCTH XY = XV Y BBITEKAET PABHOCUILHOCTD

XvYy=X-Yy. U3 paBHOCHIBHOCTH XV YZ =(XV Y)(XV Z) BbITEKaeT paBHO-

CHIIBHOCTD X(Y V Z) =Xy V XZ .

Bonpocel 111 caMOKOHTPOJISA

1 HMaiite onpenenenue GopMysbl anreOpbl JIOTUKH.

2 Kakue ¢hopmysbl anreOphl TOTUKU Ha3bIBAIOTCS] PABHOCUIILHBIMU?

3 ChopmynupyiTe 3aKOHBI aIreOphl JIOTUKH.

4 Kakas ¢opmysna anreOpbl JOTMKM HAa3bIBAETCS JBOMCTBEHHOW K JaHHOU
dbopmyiie anreOpbl JTOTUKHU?

5 ChopmynupyiTe NpUHIMI IBOWCTBEHHOCTH.



TEMA 3 HOPMAJIbBHBIE ®OPMbI
3.1 Paznoxxenue OyneBbIX PYHKIUHN MO MEPEMEHHBIM

3.2 Anrebpa XKerankuna

Brimie mMpl mokazanm, 4To mro0as OyineBa (pyHKIMS MOXKET OBITh 3a/laHa C
MOMOIIBI0 TAOJIMUIIBI UICTUHHOCTU. B HacTosiiem pasnene u3iaraercs Nepexon

OT TaOJIMYHOTO nepexoaa 3aaaHusa (I)YHKLII/II/I K aHAJIMTHYCCKOMY.

3.1 Paznoxenue 0yJjieBbIX QPyHKIHMH IO NEPEMEHHbIM.

[lycts G — nmapamertp, paBubiii O i 1. BBenem o6o3HaueHue:

6 X,ecmu G =1
B )_(,eC]ZuG=O

. G
[IpoBepkoi J€rk0 yCTaHOBHTB, UTO X = l, TOrga u TOJIBKO TOrha, Koraa

X = G. OTcrozia cienyer, KOHBIOHKIMS X, X - ...Xs~ paBHa 1 (3meck G pasen 0

win 1) Toraa u ToneKo Toraa, koraa X, =G,,1=12,..., n. Hanpumep, KOHBIOHK-
Ut X_1X_2X3X4 (B kotopoit G, = G; =0, G3= G, = 1) paBHa | TonbkO B cilyuae,
Korma X1 =Xo =0, X3=X4= 1.

Teopema 1 Bcesaxas b6ynesa ¢pynxyust 1(X1,Xy, ..., Xn) Modicem 6vimv npedcmas-

JieHa 6 cneoyrouetli popme.

F (X0 X1 X0) = Vg 6,69 X0 1 X5 2 reens Xt £(G1, Gy Gy Xyigrovr X, ), (3:1)

20e 1 <k <n, 6 ousvionkyuu bepemcsi no 6cem HAbOpam 3HAYEHULl NepPeMeHt-
HbIX.
DTO MpeICTaBICHUE HOCHUT Ha3BaHUE Pa3JIOKEHUS (DYHKIIUH IO TEPEMEH-
HBIM X, X,,..., X, . Harpumep, pu n = 4, kK = 2 pasnoxenue (3.1) nmeer Bua:
f (X%, X0 X, ) = XX, T(0,0,%,%,) v XX, F(0.1,%,,X,) v X X, f (1,0,X;,X,) v
v XX, F@Lx,, X,



Jlokaxkem crpaBenuBOCTh pazioxenus (3.1). Jns aToro Bo3bMeM IpouU3-

BOJIbHBIN HAOOp 3HAUEHWH MEpeMeHHbIX (¢, d,,..., &, ) . [lokaxem, 4TO eBas U

npaBasi 4aCTU COOTHOIIeHUs (3.1) MpUHUMAIOT MPU HEM OJHO M TO K€ 3HaYe-
. G
Hue. JleficTBuTeNbHO, Tak Kak X = 1 Torga U ToibKo Toraa, koraa X = G, To

G1,,G2

cpenn 2" koubronkuu X°'XS2.. X% npagoii wactu (3.1) B exuHuILy OOpaIaeTcs

TONBKO OfHA, B KoTopoi «; =G;,1=12,.,K. Bce ocranbHble KOHBIOHKIINU

G1l,,G2 Gk
X, X, ...X, PpaBHBI HYJIO.

[ToaTomy
flay, o a,) =, 05% . a f(ay, 0 ) = Ty, 0y t,). B Kaue-
CTBE CIEACTBHS U3 pasnoxkenus (3.1) momydaeM cieayromiie JBa CrielualbHbIX

PasIoKEHHS.

Pa3zjio:xxeHue no nmepeMeHHOM Xp!
F (X0 Xy ey Xy X ) = X0 F (X X ey X g D) v X T (X X 4,0) (3.2)
Ecnu OyneBa gynkius He ecTh KoHCTaHTa ), TO CTIpaBeIMBO Pa3yIoKEHNE

Paszyiokenue 1o BceM nepeMeHHbIM:

f (X0 Xg 0 %) =Visrozom X Xz o Xoy F(GLG,,, G ) =1 (3.3)

rae IU3bIoHKIMA Oepercs o BceM Habopam (G,,G,,...,G,), Ipu KOTOpHIX 3HA-
yerne pynkouu f (X, X,,..., X,) paBHo 1.

Pasnoxenue (3.3) Ha3bpIBaeTCS COBEPIICHHON JU3bIOHKTUBHOW HOPMAJIbHOM
dopmoii (cokpaiennas 3anuch CIH®) ¢pynkuun.

Paznoxenue (3.3) maer crnocod nocrpoenuss CAH®. Jlns storo B Tabmuie
UCTHHHOCTH  OoTMedaeM Bce crpoku  (G,G,,...,G,), B  KOTOpBIX

f(G,,G,,...G,)=1. na kaxmoil Takol CTPOKH 0OpazyeM KOHBIOHKIIHIO

G1,,G2 Gn

Xl X2 ...Xn H 3aTCM BCC IMOJYYCHHBIC KOHBIOHKIIMK COCANMHACM 3HAKOM AU3b-

FOHKIIHUH.



Takum 06pa30M, CymeCTBYCT B3aMMHO OJHO3HAYHOC COOTBCTCTBHUC MCIKIAY

tabmunelt ucruaaocty QyHKmmu f (X, X,,...,X.) u ee CAH®. A 310 3Hauwr,

yro CJIH® nyst 6yneBoit PyHKIIMU €AMHCTBEHHA.
Enunas Oynesa pyukius, He umeromas CAH®D, ectb korcTanTa 0.

IIpumep 1 HaiiTu coBepiieHHYIO TU3BIOHKTUBHYIO (opMy it (yHKIIUH
x=y)=>z.

CocTtaBuM Ta0IUIly UICTUHHOCTH JJIsl JAHHOW (DYHKITUU:

X y z y | X2y | (X=>y)>12
0 0 0 1 1 0
0 0 1 1 1 1
0 1 0 0 1 0
0 1 1 0 1 1
1 0 0 1 1 0
1 0 1 1 1 1
1 1 0 0 0 1
1 1 1 0 0 1

Ortcroza nosyyaem:
(x=y) = z2=x°y°2 v XOyizt v XYzt v xtytz0 v Xty =
= XYZ\V XYZ V XYZ\V XYZ V XYyZ .
Baxxayio pois B anredpe JOrMKH UTPACT CIEAYIOIICE pa3IoKeHnue OyIeBhIX

(GyHKIIHIA.

Teopema 2 Bcaxas oynesa @ynxyus f(X,X,,...,X,) Mmooxcem 6vimv npeo-

cmasnena 8 cieoyioweti popme:

k .
rae 1<k<n, a KOHBIOHKIIUS OepeTCst 1o 6cem 2° HAOOPAM 3HAYEHUL NepPeMeH-
HbIX.

HeiictBurensHo, nyctb (¢, ,,...,&,) — TPOH3BOJILHBIA HA0Op 3HAYCHUI

nepeMeHHbIX. [lokakem, 9TO JieBast W TpaBas 9acTu cooTHomeHus (3.4) mpu-



G
HUMAIOT IIpXU HCM OJHO M TO K€ 3HAYCHHUC. Tak kak Xi ' =0 TOJBKO TOorga, Koraa

x, =G., T0 cpeu 2 TU3BIOHKIMIT X% V... v X mpagoit wactu (3.4) B 0 0Gpa-
mmaercss TOJIbKO onHa, B Kotopol «; =G, ,i=12,.,K. Bce ocranbHble au3b-
IOHKIIMHU PaBHBHI 1.

[ToaTomy
fla, )= vai v va v o, a0 a,)= (o, ay,. ;).

HenocpencrBenno u3 pasnoxkenus (3.4) cleayloT pas3ioKeHHS OYJICBBIX
GyHKIUHI:

F (X Xy X, ) = (X Vv F(0, %,y X D)X Vv T X0y X)) (3.5

[locnennee pasimokeHWEe HOCHT Ha3BAaHUE COBEPIICHHOW KOHBIOHKTHBHOM
HopMastbHOM (opmbl (CKH®). Paznoxenue (3.6) maer cmocod MOCTpOEHUS

CKH®. [lns sToro B Tabnaume HCTUHHOCTH oTMedaeM Bce cTpoku (G,,...,G, ), B

xoropeix f(G,G,,...,G,)=0. [Ins xaxmoil Takoi CTPOKU 00pa3yeM TU3bIOHK-

Gl G2 Gn
M0 X'V X52 V.. v XS" ¥ 3aTeM BCe MOJyYeHHBIE KOHBIOHKIMU COEIMHSIEM

3HAaKOM KOHBIOHKIIMH. Takum 06pa30M, CyYIICCTBYCT B3dUMHO OJHO3HAYHOC CO-

OTBETCTBHE MeXAy Tabmunedl uctuHHOCTH ¢yHKImmu f (X, X,,...,X,) # ee

CKH®. A 310 31auut, uto CKH® 151 6yneBoit pyHKIIMU €MHCTBEHHA.
Enuncreennas 0ynesa ¢pynkuus, He umeromas CKH®, ects koncTanra 1.
Ilpumep 2 HaiiTu COBEpIICHHYI0O KOHBIOHKTUBHYIO HOPMaTbHYIO (opMy

s pyakmun (X = y)(y = 2).

CocTtaBUM TaOIUIy UCTUHHOCTH JJI JAHHOW (PyHKIUU.
XY V=7 x=>y)y=>17)

== ==
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Orcrona nonyyaem CKH®
(Xvyvz)(Xvyvz)(XvyvI)(Xvyvz).

®opmyna Buma A=K, vK,v..vK,  (kparkas s3amuce V. K.), rae

G1l,,G2
i1 X;

22 X'G, € 81 nasbiBaeTC AU3HIOHKTHB-

K,,i=12,..,t — KOHBIOHKIUH X
HOil HopMaJbLHOU popmoii (JTHD).

B cuny npusenennoro omnpenenenus JJH® Oyayr, Hanpumep, BBIpaKEHUS:
XYZ\V XZ, XYV Z.

Kak ormeueHo B myHKTe 2.2, BCE JOTMYECKHE OMEpaldd MOXHO CBECTU K
TpeM: KOHBIOHKIIMM, IU3BIOHKIMM W oTpuuanusa. [lpudem, BBuAYy 3aKoHa
ne MopraHa, 3HaK OTPHUIIAHUS MOXHO MPEATNOIaraTh OTHECEHHBIM TOJIBKO K ITe-
PEMEHHBIM.

Tenepb, UCTIONB3ysT AUCTPUOYTUBHBIN 3aKOH, PACKPHIBAEM CKOOKH W TIONTY-
yaeM JU3bIOHKTUBHYIO HOpMallbHYIO Qopmy. WTak, crpaBemyivBa cieayromast
Teopema.

Teopema 3 /s 10601 hopmynst aneedbpwl 102uku cyujecmeyem paeHOCULb-
Has el OU3bIOHKIMUBHASL HOPMANbHAS hopma.

Jloka3aTeabCTBO JTAaHHOW TEOPEMBI JIae€T CIOCO0 MOCTPOCHUS TU3BIOHKTHUB-
HOM HOpMaJIbHOM (pOpMBI JJ1s1 TH000H (hOpMYJIBI aareOphl JOTHKH.

IIpumep 3 HailiTu AU3BIOHKTUBHYIO HOPMaJbHYIO (HOpMY ISl CIEAyIOIIeH
dopmynsr: (X = y)? v uv.
Vickmrouasi 3HAK = 110 3aKOHY X=> Y =XV Y H IPHMEHss 3aKOHbI 1¢ Mop-
raHa U JBOMHOIO OTPULAHUSA, I0JTYyYaAEM:
(xvy)yvz)vuvyv
3areM, IPUMEHSA 3aKOH AUCTPUOYTUBHOCTH, PACKPOEM CKOOKH
XYV XZVYVYZvUVV

[TocnenHee BeIpakeHHE €CTh MU3BIOHKTUBHAS HOpMasbHas (hopma.



t
@opma Buna K=/ JI,.../], (kpaTkas 3anucp _/_\1ﬂi), rne [A.,i=12,..,t -

JMBBIOHKIUU X5 V X5 V...V XoX Ha3bIBAETCS KOHBIOHKTHBHOH HOPMAJILHOI
dopmoii (KHD).

Takumu SBIISIFOTCS, HAIPUMED, BBIPAKCHHUS:

(Xvyvz)(xvy), (xvy)z.

Kak moxazano Beie, aig 1000 GopMyIibl aireOpbl JIOTUKU CYIIECTBYET
paBHOCWIbHAS €l NU3BbIOHKTUBHAsA (opma. Mcnonb3yst AMCTpUOYTUBHBIN 3aKOH
Xvyz=(xvYy)Xvz),ns gauaoi JJH® nerxo momyunrs KHO.

Wrak, cipaBeyinBa cienyromas TeopemMa.

Teopema 4 /[na n1060ii popmynvl aneebpol 102UKU Cyujecmeayem pagHoCUulb-
Has eli KOHBIOHKMUBHAS HOPMAIbHAS (hopma.

Jloka3zaTeabCTBO JIaHHOM TEOPEMBI JAET CIOCOO0 MOCTPOCHHS] KOHBbIOHKTHB-
HOUM HOpMaJIbHOU PopMBI J1s1 JTH000# hopMyJibl anreOphl JIOTUKH.

Ipumep 4 Haiitn TU3BIOHKTUBHYIO U KOHBIOHKTUBHYIO HOpMaJIbHBIE (HOp-

MBI JIJIs1 clenyromend GopMymbel: Xy <> Z.

Ucnonb3ys 3akoH X< Y = XY Vv Xy, UCKIIIoUaeM 3Hak <. [lomyuaem ¢op-
MYILy @ Vv XYyZ.

Ucnons3ys 3akoH ae Moprasa, monydaem dopmyay (Xv Y)z v xyz. Pac-
KpbIBasi CKOOKH, MOJIy4aeM IU3bIOHKTUBHYIO HOPMaJIbHYIO (hopMy
XZ\V YZV XYZ.

YToObl MOMYyYUTh KOHBIOHKTHUBHYIO HOpPMalbHYI0 (OpMy, HPHUMEHUM K
hopmyie (XV Y)Z Vv XyZ JUCTPUOYTHBHBIH 3aKOH, [IOIydacM:

(zvxyz2)(xvyvxyz)=(zvX)(zvy)zv)EvyvX)Xvyvy)Xvyyz).

[Tocnennee BbIpakeHUE SIBISETCS KOHBIOHKTUBHOW HOpMaibHOU dopmoid. Tak

kak XVv X=1 m Xv1=1l, Tto momyuennas KH® paBHOCHIbHA cleayrome

KH®:



(zvx)(zvy)(xvyvi).

Cpean Bcex HOpMalIbHBIX (DOPMYJ JTaHHON (HOPMYJIBI BBIAECIUM COBEPILIEH-
HYI0 HOpMaJIbHYI0 (DOPMY KaK JTU3bIOHKTUBHYIO, TAK U KOHBbIOHKTUBHYIO. Y 4H-
ThIBas paszjoxkeHue (3), HETPYJHO 3aMETUTh, YTO COBEPIICHHAs JU3bIOHKTHB-
Hasi HopMasbHast popma GopMyIIbl anredpsl TOTUKH, COEpIKaIeil poBHO N pa3-
JIMYHBIX IEPEMEHHBIX, €CTh €€ AU3bIOHKTUBHAS HOpMasbHast (popma, B KOTOPOil:

1) Bce KOHBIOHKIIMY NTONIAPHO PA3IUYHBI;

2) Kaxaasi KOHbIOHKIIUS COEPKUT POBHO N EPEMEHHBIX;

3) B Kax/10i1 KOHBIOHKI[UM BCTPEYAIOTCS BCE N NEPEMEHHBIX.

Ha npumepe 1 Mb1 paccMoTpenu oauH u3 criocooo noctpoerust CIAHD, oc-
HOBAHHBII Ha COCTAaBJIIEHWU TaONMIbl UCTUHHOCTU. Creayromui crnocod mo-
ctpoenusi CJIH® ocHoBaH Ha MPUMEHEHUH 3aKOHOB alnreopbl JTOTUKH.

Ilpumep 5 HaiiTu coBepuIeHHYIO AM3BIOHKTUBHYIO (GopMy (OpMYIIbI

Xx=y)=>z.

Hcnonb3ys, 410 X=>Yy=XVYy, noiaydaeM XV YV Z. BBugy 3akoHOB
ne Moprasa ¥ JBOWHOIO OTPHULAHUSA MMEEM IOJIIYYMIIM IU3bIOHKTUBHYIO HOP-

MalbHyIO  (opmy Xglvz. HNannas JIH® paBHOocwibHa  (dopmyiie

Xy(zvZ) v z(xv X)(y V).

PackpbiBast CKOOKH, [IONy4aeM: XYZ Vv XYZ\V XYZ V XYZ V XYZ V XVZ.

Ucnonw3yst 3aK0H UIeMIIOTEHTHOCTH, nostydaeM Tpedyemyto CIIHD:

XYZ V XYZ V XYZ v XYZ V XYZ \V/ XYZ .

YuutsiBas paznoxenne (3.6), HETPYIHO 3aMETUTh, YTO COBEPIICHHAS KOHb-
IOHKTUBHAS HOpMalibHas ¢opma GopMysIbl anreOpsl JIOTHKH, COAEpIKaIIEH poB-
HO N pa3IuYHbBIX MEPEMEHHBIX, €CTh €€ KOHBIOHKTUBHAA HOpMalibHasA (opma, B
KOTOPOU:

1) Bce MU3BIOHKIIUM NTONAPHO PA3IUYHbL;

2) KaxkJast TU3bIOHKIMUS COAEPKUT POBHO N UJICHOB;



3) B Kax/1011 IU3bIOHKIIUN BCTPEUYAOTCS BCE N NEPEMEHHBIX.

Ha npumepe 2 mbl paccmoTtpenu oauH u3 crnocodos noctpoenuss CKH®, oc-
HOBAaHHBIA HA COCTABJIEHUU TAOJMIBI MCTUHHOCTHU. ClEeNyIomuil cnocod mo-
ctpoenuss CKH® ocHoBaH Ha MPUMEHEHUH 3aKOHOB alIreOpbl JOTHUKH.

IIpumep 6 HaiiTu coBepuieHHYI0 KOHBIOHKTHBHYIO HOPMAalbHYIO (GopmMy
bopmynel (X = Y)z.

Vcrone3yst, X= y =XV Yy, monydaem (X v y)zZ.

Jannas ¢opmyna sBIS€TCS KOHBIOHKTHUBHOM HOpMaibHOU (Gopmoi. Ona
paBHOCHIBHA popmyite (XV YV 2Z)(Z v XXV YY).

Hcnonb3ys 3aK0H JUCTPUOYTUBHOCTH, TIOJTyYaeM:

(XvyvZ)(XvyvzNzvxvy)zvxyvy) zvxvy)

[IpumeHsist 3aKOH UJIEMIOTEHTHOCTH, MOJIydaeM TpeOyeMyl0 COBEpPLICHHYIO

KOHBIOHKTUBHYIO HOPMAJIbHYIO (OpMY
(Xvyvz)(Xvyvz)(Xvyvz)(xvyvz(Xvyvz).

®opMmyna anreOpbl JIOTMKU Ha3bIBAETCS TOMAECTBEHHO MCTHMHHOM, €cCiiu
OHA TMpPHU BCEX 3HAYEHUAX BXOJAILIMX B HEE MEPEMEHHBIX MPUHUMAET 3HaYEHUE
HCTUHHO.

[Ipumepamu TOXKAECTBEHHO HCTUHHBIX (DOPMYIT SBISAIOTCA (HOPMYIIBI:

X=(y=X), XvX, Xvyvl

®opmyna anreOpsl JJOTUKU Ha3bIBAE€TCS TOKAECTBEHHO JIOJKHOM, €Clii OHA
IPY BCEX 3HAYCHHUAX, BXOIAIIMX B HEEC IEPEMEHHBIX, IIPUHUMAET 3HAYCHUE
JI0XKb.

[Ipumepamu TOXIECTBEHHO JIOKHBIX (hOPMYJI SBIISAIOTCA (HOPMYIIBIL:

XX, (X Vv y)Xy

®opMyia anredpsl JIOTUKK Ha3bIBAE€TCS BBINOJHUMOM, €CJIM OHA NIPU HEKO-
TOPBIX 3HAYEHUSX, BXOISAIIMX B HEE MEPEMEHHBIX, IPUHUMAET 3HAUYECHHE HC-

THUHHO.



[Tpumepamu BEITOJTHUMBIX (POPMYJT SBIISFOTCS CIIEAyIONIE (POPMYIIBI:

X=>Y, XVVYZ.

B anre6pe moruku MOXXKHO TIOCTaBUTH CIICAYIONIYIO 3a7ady: yKa3aTh CIIOCO0
(asiropuT™), TTO3BOJISIFONTUN IS KaXKI0M (hOPMYJIBI alireOphl JIOTUKH BBISICHUT,
SIBJIICTCS. OHA TOXKJICCTBEHHO MCTHUHHOM miau HeT. IlocTaBieHHas 3agavya HOCUT
Ha3BaHUE MPO0JIeMbI pa3penieHus.

Paccmotpum crenyromue aBa criocoda peieHus 3Ton 3a1aqm.

Cnoco6 1 (tabauunblii) J[J1st TOro, 4TO0BI ONPEAETUTD, ABJISETCS JU JaHHAS
dbopmysia TOXKACCTBEHHO UCTUHHOW WM HET, JOCTAaTOYHO COCTaBUTh €€ TalJu-
Iy UICTUHHOCTH.

OnHako JaHHBIA CTIOCO0, XOTSA W JTa€T MPUHIUIHAAIBLHOE PEIICHUE MpooIie-
MBI Pa3pelIuMOCTH, OH JIOBOJILHO T'POMO3IKHUH.

Cnoco06 2 ocHOBaH Ha IpUBEACHUU (GOPMYI K HOpMAIBHOU Gopme.

Teopema 4 Dopmyna ancebpvl n102uxku moeoa u MoabkKO mMo20a AGNAEmcs
MOoAHCOeCMBEHHO UCMUHHOM, K020a KadicOask OU3bIOHKUUSL 8 ee KOHBIOHKMUGHOU
HOPMANbHOU (hopMe COOepIHCUM HEKOMOPYI0 NePeMeHHYI0 eMecme C ee Ompu-
YaHuem.

JIeWCTBUTENBHO, €CITU KaXK1asi U3BbIOHKIUSA B KOHBIOHKTUBHON HOPMaJbHOM
dbopme CoepKUT MEPEMEHHYIO BMECTE C €€ OTPHUI[aHUEM, TO BCE AU3BIOHKIIUU
paBHBI 1, H60 XV X =1, xv1=1. Orcrona cienyet, uro KH® sBnsercs Toxe-
CTBECHHO MCTHUHHOM.

[Tyctb Teneps nanHas popMyia sBISIETCS TOXAECTBEHHO UCTUHHOM, U TTyCTh
XV X2 Vv X ecTh HexoTopas ausbionkius B KH® nanmoi (GopMyssL.
JlonmycTMm, 4TO JaHHAs JU3BIOHKIUS HE COAEPKUT MEPEMEHHON BMECTE C €€
OTpULIaHHEM. B TakoM ciaydae Mbl MOXKEM Ka)XIAOM NEPEMEHHOM, HE CTOSLIEH
Mo/ 3HAKOM OTpHIIaHMs, J1aTh 3HadeHue 0, a Kaxjaoi MepeMEHHOM, CTOSIIEH

Imoa 3HAKOM OTPpHIAHUA — 3HAYCHHC 1. ITocne YKaSaHHOﬁ IIOACTAHOBKH BCC



IU3BIOHKLIUN CTaHYT paBHbI 0, cieaoBaTenbHO, (hOpMya HE SIBISETCS TOXKIIE-
CTBEHHO UCTMHHOU. [lomy4unin npoTusopeyue.

IIpumep 7 BoisicHuTh, OyJ€T JIM TOXKIECTBEHHO UCTUHHOM (opMyria

X=(y=>xy).

Hcnone3ys, uto X=> Yy = XV Y, HoJay4aem XV ;1 Vv XY.

[Ipumensisa 3akoH AucTpuOyTUBHOCTH, Nostydaem KH®:
(XvyVvX)(XvYyvy). Tak Kak Kaxiaas AU3bIOHKIHUS COACPKHT HEKOTOPYIO

MePEMEHHYIO BMECTE C €€ OTPHUIlaHuEeM, TO (popMyJia TOKIEeCTBEHHO NCTUHHA.
AHQJIOIrMYHO NMPEABIAYIIEN TEOPEME TOKA3BIBAETCA TEOPEMA:
Teopema 5 @opmyna aneebpvl nocuxu moeoa u MoaAbLKO mo20d s6IAemcs
MONCOECMBEHHO IONHCHOU, K020A KaxCOas KOHBLIOHKYUS 6 ee OU3BIOHKMUBHOLU

Gopme codepaircum HeKOMOopPYIo NnepemMeHHyI0 Mecme ¢ ee OMPUYAHUEM.

3.2 Auredpa KeraJjkuHa.

Mnooicecmso 6ynegvix ¢ynxyutl, paccmampusaemoe emecme ¢ Onepayusmu
KOHBIOHKYUU U CAONCEHUsL (N0 MOOYIt0 08a), Oydem Hazvieamwv aneedopoul Ke-
2ANKUHA.

HenocpencTteenHo npoBepkoi (¢ MOMOIIbIO Ta0JIWIl UCTUHHOCTH) YCTaHAB-
JIMBAIOTCS CIICAYIONTUE 3aKOHBI:

1) X+ Y=Y+ X —3aKOH KOMMYTaTHBHOCTH;

2) X+ (y+2z)=(X+Y)+ 2z —3aK0oH aCCOI[HATUBHOCTH;

3) X(Yy +Z)=Xy + XZ — 3aKOH TUCTPUOYTUBHOCTH;

4) x+x=0;

5) x+0=x.

B anre6pe JKerajakuHa poiib COBEpPIICHHBIX HOPMAJIBHBIX (hopM OyiieBoi aji-
reOpBl UTParoT MOJMHOMEI JKeraJikuHa.

IHomuomom 7KerajnkuHa Ha3pIBacTCA MOJIMHOM BUIA 2X;; X;,...X;, +a



npudeM B Kaxgom Hadope (i, i,,...,1,) BCe KOOPIMHATHI pa3INdHbI, 3 CyMMHPO-

BaHUE BEJIETCS] IO HEKOTOPOMY MHOXKECTBY TaKMX HE COBIMAJAOIIUX HAOOPOB,
a — xoucraura 0 vwwm 1.

Hamnpumep, Boipaxenue Xy + X+ Y +1 saBngerca nonuHomom JKerankuHa, a
BbIpaXKeHUs YY+Y+Z U XY+ Z+ XY — HET, TaK Kak B IEPBOM BBIPAXKECHUU

HMMECTCA KOHBIOHKIIWS, COoACpKallasl ABC ICPEMCHHBIC Y, 4 BTOPOC BBIPAKCHUC

COACPIKMUT JIBA OAWHAKOBBIX CJlaracMbIX XY U YX.

Ecnu B mpousBonbsHO# ¢dopme anreOpsr JKerankuHa pacKpbiTh CKOOKH H
IPOU3BECTU BCE BO3MOXKHBIE YNPOIIEHHUS M0 YKa3aHHBIM BbIIIE 3aKOHAM M 3a-
KOHY HWJEMIIOTEHTHOCTH, TO MOJIy4uTCs (hOopMyJia, SIBISIOMIASICS MOJIMHOMOM
KerankuHa.

PaccMoTpuM Tenepp B3aMMOCBS3b, CYHIECTBYIOLIYI0 MEXKAY OIEpalUsIMU
OyneBoil anreOpsl u anredopsl KerankunHa. HemocpencTBeHHOM NpoBepKOM

YCTaHABJINBACTCA

X=x+1
XVY=Xy+X+Yy (3.7)

X+ Y=XyVXY
Panee mbl mokazanu, yto Jro6as OyneBa QyHKIMS MOXKET ObITh BHIpAKEHA B

BUE (hOpPMYJIBI UEpE3 OTPUIIAHUE, KOHBIOHKIIMIO U Ju3bIOHKINIO. CoriacHo 3a-
KoHaMm (3.7) momydaem, 4To Jarobas OyneBa QyHKIMS MOXKET ObITh BBHIpa)KEHA B
Buae popmyibl anreOpsl XKerankuna. CiaenoBaTenbHO, CYIIECTBOBAHUE IMOJIU-
Homa JKeramkuHa ToKa3aHo I JIF000H OyeBol (yHKITHN.

Uucno pa3nuyHbIX cllaraeMbiX (KOHBIOHKIMK) moinHoMa JKerajikuHa oT N
TIEPEMEHHBIX PABHO YUCITy BCEX MOAMHOMKECTB M3 N 3J1€MEHTOB, T.¢. 2". Uncio

Pa3INYHbIX ITOJIMHOMOB, KOTOPBIC MOXKHO O6paSOBaTI) N3 3THUX KOHT;IOHKHPIﬁ,

pPaBHO 4YHCIY BCCX IMOAMHOXCCTB MHOKCCTBA JAaHHBIX KOHLIOHKI_II/II\/'I, T.C. 22 .
CJ'IGI[OB&TCJ'IBHO, YHCJIO BCEX MOJMHOMOB JKeramkuHa oT N INEPEMCHHLBIX PaBHO

yuciay Bcex OyieBbix GyHKIUN OT N mepemeHHbIX. OTCIOa CIeayeT eauH-



CTBEHHOE IpeJCTaBlieHue OyiIeBoi (yHKIIMHM MOCPEACTBOM IMONMHOMaA JKerai-
kuHa. MTak, cripaBeaiinBa Cileayrolas TeopemMa.

Teopema 6 Kaowcoas b6ynesa ¢hynkyus modxcem oOvims eOUHCMBEHHBIM 00pa-
30M 8blpadiceHa npu nomowju noaunoma Keeanxkuna.

IIpumep 8 Bripazuth X = Y B Buje noauHoma JKeraakuHa.

Cnoco6 1 (Tabauunbiii) Miem TpeOyemblii TOJIMHOM METOJOM Heompese-
JICHHBIX KO(h(DHUIIMEHTOB: X = Y =axy +bx+cy +d.

1) mpu X =y = 0 umeem: d = 1;

2) mpu X =0,y =1 umeem: a =0;

3) mpux =1,y =0 umeem: b = 1;

4) npux=1,y=0wumeem: 1 =a+b+c+d=a+1+0+1=a1e.a=1
Otcroma X = y =XV y:x_)_/:x(y+1)=x(y+1)+1:>w+x+1

Cnoco6 2 X=y=xv y=xy=x(y+)=x(y+1) +1=xy + x +1

Bonpocel 111 CaMOKOHTPOJISA

1 Chopmynupyiite TEOpEMY O pa3I0KEHUHU U CIECICTBHE U3 HEE.

2 Javite onpenenenune CJIHD.

3 IlpuBenure anropurmsl nocrpoenust CJJHD.

4 Jlaitte onpenenenne CKHO.

5 Ilpuegure anroput™Mbl moctpoeruss CKHO.

6 [aiire onpenenenue JJHO.

7/ Kak naittu JIH®?

8 Jlaiite onpenenenne KHO.

9 Kak natitu KH®?

10 Kakas dopmya anreOpsl JIOTUKU HA3bIBAETCS TOKIECTBEHHO UCTUHHOM ?
11 Kakas ¢opMyia anreOpbl IOTUKU HA3bIBAETCS TOXKIECTBEHHO JIOKHOM ?
12 Kakas dopMyia anreOpsl JIOTUKU HA3bIBAETCS BBHITTOJTHUMOM ?

13 Yro Ha3wIBaeTCs MPOOIEMON pa3pelImMOCTH ?



14 CpopmynupyiiTe METOABI pelIeHUs MPOOIEMbI pa3pelIeHus.
15 Yro HaswiBaeTcs anredbpoit XKerankuna?

16 Chopmynupyiite 3aKkoHbI anredpsl JKerankuHa.

17 Yro na3siBaercst monuHoMoM JKerankuna?

18 CopmynupyiiTe aaropuTMbI TOCTPOCHUS IMTOTHHOMOB JKerankuHa.



TEMA 4 ITIOJTHOTA U 3AMKHYTOCTb
4.1 Baxkneilume 3aMKHYTbI€ KIaCChl

4.2 Teopema o nosHOTE

Panee MbI moka3zanm, 4yTo Besikas OysieBa (DYHKITMSI ¢ TOMOINBIO ONepanui

CYMEpIO3UIIUY MOXKET OBbITh BBIpAXKEHA Yepe3 dJeMeHTapHble (GYHKIUU
)%v Y, Xy, X . Ilostomy nnst moOoit cucteMbl OyneBbix QyHKIM [ BOZHUKaET

€CTECTBEHHBIN BOMPOC: JUIsl BCAKOW JIM OyneBOM (DYHKIMH CYLIECTBYET PaBHO-

CuJIbHas eil cynepno3uuusa pyHkui u3 J1?

4.1 BaxxHeiilue 3aMKHYThI€ KJIACChI.

. Ha3bIBAETCs MOJIHOM, €CiIH

Cucrema Gynebix Qynkmuit J= 4, f,,.., f
7r00y10 OyieBy (DYHKIMIO MOYKHO MPEICTABUTH B BUIC CYNEPITO3UIIMN (YHKITHI

u3 [.

[IpuBenem npumep MOJHBIX CUCTEM.
Ipumep 1 Kak ormedeHo Bbime, cucrema /[ = gxy,va SIBIIAETCS

MOJIHOM.

IIpumep 2 MHoxxecTBO Bcex OyneBbix GyHKIUNA P, siBIsieTcs MOMHON CH-
CTEMOHM.

B Bompoce 0 moaHOTE BaXKHYIO pOJIb UTPAET CIEAYIOIIAs TEOpeEMa.

Iyemo 1, = 4, 1,,..., fr,...: u M,= gl,gz,...,gk,...: cucmemsl 0)1€8bIX
Gdyukyuii. Ecnu J[1 — noanas cucmema u Kaxcoas ee (YyHKYuUsi 8blpajicaemcsi 8
sude cynepnosuyuu yukyui uz /{, mo cucmema /{, maxoice a611emcs noiHol.

JleiicTBuTeNnbHO, Tak Kak Jl; — monHast cucrema, To Jtobast OyneBa QyHKIIUS
npeacTaBUMa B BUJE cyreprio3uiiuu GyHkiui u3 Jl;. A Tak kak nro6as GyHK-
s u3 [{; mpeacraBuma B Buje cyneprnosunuii pysakiuid u3 [, To Jl, — momHas

CHUCTCMaA.

IIpumep 3 Cucrema ;Q’ XV'Yy — monHasi.



DTO cieayer U3 MpeablayIle TeopeMbl U U3 npumepa 1, ubo Xy =XV Sl

AHanoruyHeIM 00pa30M TOJy4aeM IOJHOTY CHCTEMBI ;Q’xy . IIpuBenennrie

IPUMEPHI TOBOPST O TOM, YTO CYIIECTBYIOT Pa3IMYHbIC MOJHBIE CUCTEMBI OyIIe-
BbIX ¢QyHKuuUA. Kaxknas u3 Takux cUCTeM MOXKET ObITh NMPUHATA B KauyecTBE
HaOopa «OJEeMEHTapHBIX» (DYHKIWN, U Jro0as OyneBa (yHKIUS MOXET OBITh
BBIpa)K€Ha B BUJIC CYIIEPIIO3UIIMH Yepe3 «dJIeMEHTapHbIe» QYHKIIUU MPUHSITOTO
Habopa.

C noHsATHEM MOJHOTHI TECHO CBSI3aHO MOHSTHUE 3aMKHYTOI'0 KJiacca U 3aMbl-
KaHUsl.

MuoxectBo T OyneBbIX (yHKIUI Ha3bIBAETCS 3aMKHYTBIM KJIACCOM, €CITU
mobas cynepriozunus GyHkimi u3 T cHoBa mpuHaaIexuT T.

Besikas cucrema M OysieBbIX (QyHKIIUN MOPOXKIAAET HEKOTOPHIN 3aMKHYTHIN
KJIacc. DTOT KJIACC COCTOUT U3 BCeX OYJEBBIX (PYHKINI, KOTOPHIE MOXKHO TONY-
YuTh cyrnepnosunusaMu u3 M. Takou knacc HasblBaeTcs 3aMblKaHueM M u
ob6o3Havaercst [M]. Hns 3amkHyTOoro kiacca M ciuenyer, uro [M] = M. Oue-
BHUJIHO, 4TO €ciii M — noJiHas cucrema, uro [M] = Ps.

[Ipu ycraHOBIEHUU HEOOXOAUMOTO M JOCTATOUHOT'O YCJIOBHUS TOJHOTHI
BAXKHYIO POJIb UTPAIOT MSATh 3aMEYaTENIbHBIX KJIACCOB OYNIEBbIX (PYHKIIUM, KOTO-
pble OyIyT pacCMOTPEHBI HUXKE.

IlepBblii 3aMeuaTeJIbHbIH KJace — Kiacc OyIeBbIX (DYHKITUN, COXpaHSIO-
mux koHeranty C, 1.e. pynkuuit f (X, X,,...,X,), Wit xoropeix f(0,0,...,0)=0.

IToacunTaeM yncio Takux OyaeBbIX PYHKIIUMN OT N mepeMeHHbIX. [lockonbky

Ha HyJeBOM HaOope 3HaueHue QpyHkuuid u3 Ty ¢pukcupoBano, To B Ty coaep-

KUTCS POBHO 522 OyneBbIX (QYHKIMI OT N IEPEMEHHBIX.

SAcHo, uto pyHKUMH X, XY,X\V Y OpuHamiexar kiaccy To, a X He IIpUHA-

nexur To. CnenoBarensHo, Ty C P,.



Bropoii 3ameuaTesibHBIN Kjacc — Kiacc OyJeBBIX (YHKIIHMM, COXpaHSIO-
mux KoHcTaHty 1, T.e. pynkouit f (X, X,,..., X, ), a1 koropeix f(11...,1) =1.

Kax u BbIII1€, JIETKO MOACUNUTATH YUCIIO TAaKUX (YHKIMA OT IepeMeHHbIX. X

POBHO Lo

ScHo, uto QyHKIIMH X, XY,X Vv Y TpHHAUIeKAT Kiaccy Ti, a yHKIus X + Y
— Het. CiienoBarensHo, T, C P,.

Tperunii 3aMedaTeJIbHBIX KJIACC — KJIACC BCEX CaMOJBOMCTBEHHBIX (YHK-
i S.

bynesa ¢pynkuns f (X, X,,..., X,) Ha3bpIBaeTCAI caMOABONCTBEHHOIi, €CIT OHA
COBIMAAeT CO CBOGHT TBOHCTBEHHOM, T.e. f (X, Xy X, )= T (X0, Xy X, ) -

Ipumep 4 Jlokazath, 4To GYHKIUSA XY V YZ \VV XZ SIBJISETCS CaMOJIBOMCTBEH-
HOI.

JIBoiicTBEHHAas AJi1 JaHHOW (DYHKIMH €CTh (QyHKIIHS >_<§/ \% )_/E V XZ. Teneps,

NPUMEHSIS 3aKOH Jie MopraHa, mojyJaem:
xy-yz-xz=(xvy)(yv 2)(xv 2)-(xv y)(y v 2)(x v 2)
HMcronp3yst 3aKOHbI JUCTPUOYTHBHOCTH U HAEMIIOTEHTHOCTH, HMEEM:
(yvXx2)(xvz)=xyvyzvxz

CrnenoBarenbHO, HCKOMasi (PYHKIIHS CaMOJIBOMCTBEHHA.

OueBHHO, 9TO X M X NPHHAIIEKAT Kimaccy S, a Xy, X\ Y He MpuHaIe-
Kar knaccy S. CnenoBarensHo, S C P,.

[TogcunTaeM YKCIIO BCeX CaMOBOMCTBEHHBIX (QYHKIMI OT N MepEeMEHHbIX.

Tak xak camoxBoiictBeHHas ¢ynkmust f(X,X,,..,X,) Ha Habopax
(0, 0ypoyt)) ¥ (@, 0y,eny @) TPUHEMAET MPOTHBONIONOXKHBIC 3HAUCHHS, TO

OHA ITIOJIHOCTBIO OIpCACIIACTCA CBOMMHU 3HAYCHWAMH, IIPUHHMACMBIMU CHO Ha

MOJIOBUHE BCeX HAOOpoB mnepeMeHHbIX. ClieoBaTENbHO, YHCIO CaMOJBOIi-
1,0
. 52 \/7
CTBEHHBIX (PYHKIIMU OT MMEPEMEHHBIX paBHO 2° =vV2° .



YeTBepThlii 3aMedaTesIbHBI KJIAacC — KJIacC BCEX JIMHEHHBIX OYJEeBBIX

byHKIH.

n
byneBbl QpyHKIMK BHIa Zai X; +8,, TIe &, U @, paBHBI HYJIO WIH CIUHH-
i=1

e, Ha3pIBAOT JIMHEeHHBIMH.

Herpynno mojmcuuTaTh 4MCIIO BCEX JUHEHHBIX OyNeBbIX (YHKIIUNA OT Tepe-
MeHHBIX. WX uncino pasHo 2",

OueBuaHO, yTO GYHKIUU X, X+ Y mpuHaziexar L, a pyHkius Xy He npu-
Hajuexur L. Cnenoarensno L P,.

Jlyist Toro, 4TOOBI OMPENENNTh, ABISETCS JaHHas OyneBa GyHKIUS JTUHEHHOM
WIN HET, €e HaJI0 TIPEJICTaBUTh B BUJIC TToJTMHOMA JKeraikuHa.

IIpumep 5 BeisicHuth, sBigercd au QyHKUMS X V'Y JUHEHHOW. 3amuiuem
naHHYyI0 QYHKINIO B BUE oduHOoMa JKerankuHa:

XV y=xy=(x+D)(y+D) = (X +D)(y+ ) +1=xy + X+ y+1+1=xy + X+ V.
CnenoBaTenbHO, PYHKIMA X V' Y HE SBISETCS JIMHEHHOM.

IIaTeiii 3aMedaTeabHbIH KJIace — ki1acc M BceX MOHOTOHHBIX OYJEBBIX
byHKIM.

HBa Habopa a = (o, &,,...,x,) H b= (s Byye-y B,) HA3BIBAIOTCS CPaBHM-
MbIMH, ecii ;< f5,,1=12,...,.n.

3ammch A<b osmauaer, uTo HaGop 3 npesuectsyer Habopy b . Hanpumep,
(0,11) <(0,1,1), a ma6opsr (0,1,0) u (1,0,0) HecpaBHUMEL.

bynesa dynkuust f(X,X,,...,X,) Ha3bpIBaeTCSI MOHOTOHHOM, €CIIM VIS JIFO-

Obix HabopoB @ W b Takmx, uyro a<b, wWMeer MeCTO HEpPaBEHCTBO
f@)<f(b).

OueBuaHO, 4TO KOHCTAHTHI 0,1 ¥ QYyHKIUSA X — MOHOTOHHbIE (DYHKIIMH.



OyHKIMHU X= y,>=( — MOHOTOHHBIE (DYHKIIMU (HOKa3aTEIbCTBO OCYILECTBIISA-
SICTCSI IPOBEPKOM).

OYHKIMA X = Y,X He sBIsoTcs MoHoToHHBIMH, Tak kak (0,0)< (L0), a
1=0=0>1=0=0,(0) < (1),0>1.

Cnenosarensno, M c P,.

JIns pacro3HaBaHUS MOHOTOHHOCTH (DYHKITUM ITOJIC3HOM SIBIISICTCS CIICTYFO-
Ias TeopemMa.

Teopema 1 byresa pyuxyus, umerowas OU3BIOHKMUBHYIO HOPMALbHYIO
popmy, e codeprcaugyio Ompuyanull, A6IsLemcsi MOHOMOHHOU (pyHKYUell, om-
auynot om 0 u 1.

Hoxaxkem nannayro teopemy. ITycts OyneBa dynkuums f (X, X,,...,X,) umeer
JIM3BIOHKTHBHYIO HOpMajbHy ¢Gopmy JI, He comepkailyl0 OTpPHIIAHWH, U
mycTh Ha Habope a =(y,&,,...&,), H(@)=1. Toraa /| coaepXUT KOHBIOHK-

mo X, X,,...X, paBHyl exuHuIe Ha Habope a. CrenoBaTenbHo,

~

o, =0, =...=a, =1. BosbmeM mo60ii Habop b Takoii, 4ro a<b. B Hem
obs3arensHo B, = f, =...= B, =1. Ilostomy kowbroHkuus X, X,,..X, Ipu
3TOM Habope paBHa 1, a 3HauuT /[ (5) =1. Urtak, ycioBue MOHOTOHHOCTH JIS
JAH® /I BeimonHeHo. A 3710 3Ha4uT, uTo QyHKmus f (X, X,,..., X,) MOHOTOHHA.

Ucnons3yst mgaHHyrO TeopeMy, cpa3dy MojydaeMm, 4To  (QYHKIUHU

XYV YZV XZ, Xy V Z SBISAIOTCI MOHOTOHHBIMHU.
Knacebr OyaeBbix ¢ynkmmii T,,T,,S,M,L saBIA0TCA 3aMKHYTBIMH

KJIacCaMM.

JokaxkeM, uto T, — 3aMKHYTBIi Kiacc. JIs 9TOro Hajgo IOKas3arh, YTO
bynxkmus @ = f(f, f,,..., f,) npunagnexur T,, ecnmm dynkmmsa f, f,f,,.., f,
NPUHAUISKUT T,. DTO ClIEAyeT U3 CIeAyIONel eOYKN HePaBEHCTB!

®(0,0,...,0) = f (f,(0,...,0),..., . (0,...,0)) = £ (0,0,...,0) =0.



AHaJIOTHYHBIM 00pa30M J0Ka3bIBACTCs 3AMKHYTOCTb Kiacca T, .

Ecm @=f1(f,f,,..., ) f,f,,.., f, camoxBoiicTBeHHBIC QYHKINH, TO
@ =f(f,f, ., f)=1(f,f,,..f)=d. Urak, S - 3amkHyThIil KI1acc.

ITycts @=f(f, f,,..., ), rne f,f,f,,.., f —mMoHoTOHHBIE QyHKIINH, 1
MyCTh X = (Xyyeery X3 )y X' = (X gees Xy )y X = (X rerr Xy) MX HAGOPHI HEPEMEH-
HbIX. 311ech nepeMenHble Gpynkuun O cocrosat u3 pyakuuit f, f,,..., f, . [IycTs
a=(a,a,,.,a,)un b = (b.,b,,...,b,) nBa Takux Habopa, uto a< b. Kaxnplii us

HabopoB @ u b omHO3HAUHO ompenenseT ciexyromue Habopsr a°,bt,..., 8%, b*

~

3HAYCHHI IEPEMEHHBIX X ..., X *. [Ipruem a* < 61,..., akjgk. Tax kak f,,..., f,
— MOHOTOHHBIC QyHKIHH, TO f, (@)= f; (Ei) . CnenmoBarenbpHO,
(f,@),.... f @)D= (f,(0Y),..., f. (b ™)) . U3 MonOTOHHOCTH yHKIMH f HIOTY-
gaem, uto @(3) = f (f(@Y),..., f, (@¥)=< F(f,(b).... f, (0*)) =D(b).

Nrak, M — 3aMKHYTBIN KJ1acc.

3aMKHYTOCTbh Kiacca L crnegyer HemocpeACTBEHHO U3 OMpE/EeNICHUs JIMHEN-

HBIX (QYHKIIHA.

Kax noka3zano Bbite, pyHKITHS X He npuHaIeKUT kinaccy M. Crenyromast
TeOpeMa IMOKa3bIBAET, YTO BCSAKAsI HEMOHOTOHHAS! (DYHKIUS COJIEPKUT, B HEKO-
TOPOM CMBICIIE, B CBOEM COCTaBE (PYyHKITUIO OTPHUIIAHUS.

Teopema 2 Ecnu f(X,,X,,...,X,) — HemMoOHOmMOHHAA DYHKYUA, MO 8 pe3Vilb-

mame ee cynepnosuyuu ¢ koncmaumamu 0 u I modxcem Ovimo nonyuena Qhynk-

yus ompuyanusi X; 00Ho2o u3 apeymenmos @yuxyuu f (X, %, ,...,X.).
JokaxxeM nanHyto Teopemy. Tak kak ¢ynkuust f(X,X,,..., X,) HOMOHOTOH-
Has, TO HalixyTcs aBa Habopa d u b 3HaueHMi EpEMEHHBIX TaKUX, 4To a<Db ,

u f(@)> f(b). IIpuuem, B kauecTBe >THX HAGOPOB A M b MOXHO BEIOpATH CO-

CCIHHUC Ha60p1>1, T.C. Ha60pbl, OT/IMYAOMHCCA 3HAYCHUAMU TOJIBKO I10 OI[HOﬁ 3



KOOpJAHHAT. J[eHCTBUTEIBHO, €CIIH A H b He sBImIOTCS COCeHUMHU Habopamu,
TO HabOp b ormmuaercs ot Habopa a Bt koopamHarax, rjae t > 1. [Ipuuem, otu
KoopauHaTel B Habope a pasubl 0, a B Habope b paBHbl 1. 13 3Toro caenyer,
4TO MEXKIY HabopaMu a M b MoHO BcTaBuTh t — 1 HaGopoB A%,...,a"", Takux,
9TO
d<al<..<a''<bh. (4.1)

Tak kak f(a)> f (6) , TO 0053aTeTbHO HAWJETCA Takas IMmapa COCETHHUX
naGopos m3 memouku (4.1) @' u 3™, uro f(3')> f(8""). He orpannunpas
OOIL[HOCTH, MBI MOXKEM CYHTATh, 4TO A = (8,,..., & ;,0,8,1,...,8,) ;

b =(a,,..,a,0,a,,,..,a.).

HoncraBum B pynkumio f (X, X,,..., X;) BMECTO IIEPEMEHHON X; KOHCTaHTY

a,rme j=12,..,i-1i+1..,n. B pesynbrate Mbl moay4nM GpyHKIUIO OT OJ-

HOW MEPEMEHHOM:
a(x)=f(a,.,a,04a,,.,a,)=f@> f(B): f(a,.a La,,...a)=9)

A oto 3HaunT, yro §(0)=1,9(1) =0. CnenoBarensro, g(X )= Z :

4.2 Teopema o nmoJHoTe.

Ilens nanHoro maparpada AaTh OTBET Ha OJUH U3 OCHOBHBIX BOIPOCOB aj-
reOphl JIOTUKU — BOMPOC O HEOOXOAMMOM M JOCTATOYHOM YCIIOBUSAX MOTHOTHI
cucteMbl OyieBbIX GyHKIMH. OTBET HA ATOT BOIIPOC JAeT CIeAYOIIas TeopemMa,
J0Ka3aTeabCTBO KOTOpod Oynmer Bectuch mo Mmerony A. B. Kysnemosa u
C. K. S6nonckoro.

Teopema 3 (0 mostHOTE) /[151 Moeo, umobwl cucmema Oynesvix Qynxyuii J{
ObLIa NOHOU, HEOOX0OUMO U OOCMAMOYHO, YMOObl OHA YETUKOM He CO0epiHCa-
JIACH HU 8 OOHOM U3 NAMU 3AMKHYmMubIX kaaccos To, T1, S, M, L.

Jlokazamenvcmeo. Heoboxooumocmy. Ilycts Jl — monHas cucrema, 1EIHUKOM

cozeprKamiascs B OJJTHOM U3 KiaccoB Tg, T1, S, M, L. He orpanuuuBas oOG1mHO-



ctu, Oynem cuutats, uro /[ < T,. Torna P, =[/J]<[T,]=T,. CaenoBarensHo,
T, = P,, 4T0 HEBO3MOXXHO.

Hocmamounocms. Ilycth cuctema OyneBbix (yHKuui J[ menmkoM He co-

JIEPKUTCSL HU B OAHOM M3 KiaccoB To, T1, S, M, L. Torna B cucreme /I 00s13a-
TeNbHO HalayTcs cnenytomue pynkuun: f,, He coxpanstomas 0; f,, He coxpa-
Hsromias 1; He camonBoiicTBeHHas GyHkuus f,; Henmueiinas ¢ynkuus f,; He
MOHOTOHHast QyHKuus f.. YuureiBas moHsTHE (UKTUBHOM NEPEMEHHOU, MBI
MOJKEM CUHTATh, YTO 3TH (YHKIIMH 3aBUCAT OT OJHHUX U TEX XKE MEPEMEHHBIX.

Buauane noctpoum u3 cuctembl pyHkiuil J[ konctanter O u 1.

Paccmorpum dyrkmmio g(x) = f (X, X,..., %) . OTa GYHKIMS ecTh cymepIio-
summsas  ¢ynkmmii f, mw X, Tak xaxk f, He mpumammexut kmaccy T,
g(0)=f(0,0,...,0) =1. Ecmu Tenepsr g(1) = 1, To g(X,) - xoncranra 1. Ilox-
craBisis KoHcTanty | B ¢ynkmmro f,, Mel momyuaem koncranty 0, n6o
f,(1L..,1)=0.

ITycts Temepp g(1) =0. U3 paBenctsa g(0) = 1 u g(1) = 0 3akmoyaem, 4To
g(Xi):Z. Bospmem HecamozBoiicTBeHHYI0 ¢(yHKImoo f,. OueBnaHO, 4TO B
3TOM Cly4ae Haiimercs Takod Habop mepeMeHHbIX (&,,d,,...,d,), YTO
fo(a,,8,,8,)= f5(8,,8,,,8,)

Paccmorpum dynkmuro ¢, (X) =X",i=12,...,N U DOCTPOUM C IIOMOLILIO
oneparuu cynepnosunuu ¢ynkouio h(X) = f (¢, (X),...,¢,(X)). Torna momyua-
eM:

h(0) = (9,00, (0) = F(0%...0") = f (a,....a,) 42)
= f(a,...a,) = f(1*,...1°") = h() '

Urak, h(0)=h(1). A 310 3HauuT, uro h(X) ectb koHcTanTa 0 W 1. Tak Kak

MBI TocTporiy QyHKIHIO g(X,) =X, , TO CYIepIo3HIHs 3TOH QyHKIUH C OJHOM



N3 KOHCTAHT OJAaCT APYI'YIO KOHCTAHTY. CJ'IGI[OB&TCJILHO, KoHCTaHTHI 0 1 1 Hamu
IMOCTPOCHEI.

Tenepb, UCNOJIB3YA NPEIBIAYIIYIO TEOPEMY, MBI MOKEM C MOMOIIBIO CYTIEP-

nosunuu Gysknun f, u xoncrant 0,1 mocTpouts QyHKOHIO X, a ClenoBa-

TENbHO M BCE (PYHKIUH x_l,...,x_n. Panee mbl mokazamm, uyto droOas OyneBa
¢ynkuus f(X,..., X,) MOXeT ObITh HpEICTaBICHA B BHUJE CYIEPIIO3HLUH YXKE
HOCTPOCHHBIX (QyHKUMH U (QyHKIMH X.X,. CienoBaTenpHO, Ui 3aBEpUICHUS
J0Ka3aTeabCTBA TEOPEMbl HAM OCTaJ0Ch IIOCTPOUTH (QYHKLUIO X X, . st 3TOro0
Bo3bMeM (QyHkmo f, ¥ moctpoum s 3Tol GYHKIMHM MOTUHOM JKeraiakuHa.

Tak kak 3Ta q)YHKHI/I}I HGHHHCﬁHaﬂ, TO B 3TOM IIOJIMHOMC Haﬁ,HCTC}I cJiaracmoc,
CoACpKaeC HEC MCHCC IBYX MHOXUTEIEH. be3 OrpaHUYCHUA O6HIHOCTI/I MOKHO
CUMTAaThb, YTO OTHUMH MHOXUTCIAMU SABIAIOTCA X1 )41 X2 . Torz[a MBI MOKEM 3alln-

catb noiauHoM JKerankuna st Gynkuun f, B cnegyromem Bune:

f, (X Xy ey X ) = X XN (K500, X, ) + X0, (Xg e X ) + X0 (X500 X, ) + 0, (X550 X))
B cuny emmnctBeHHOCTH MonmHOMA, (yHkuus h (X,...,X,) HEe paBHA TOXIe-

CTBEHHO HyJt0. BpiOepeM Takue 3HA4YCHHS IEPEMEHHBIX 8,,8,,...,8,, YTO
h(a,,...,a,) =1. BBuxy 3T0r0, MBI IPUXOANM K (DYHKIIH
(X, X,) = XX, + 0% + X, + ],
rae «,f, ] xoncrantsl 0 wim 1. [Toctpoum dyrkmuro ¢(X;,X,) clrexyrommm
o0Opazom:
P(%, %) = (X + B, X, +a)+af+ | =
=X, +B) X, +B)+a(x +B)+ (X, +a)+ J+of + J=XX, .
HWTak, Teopema 0 MOJHOTE MOJTHOCTHIO JIOKa3aHa.

B tex 3ajgadax, rac Tpe6yeTc;1 BBIAACHUTD, SABJIACTCA JIM JaHHasA CHUCTCMaA 6y-

neBbIX GyHKIUN J] = {1, | P _ TIOJIHOM, MBI OyJIEeM COCTaBIIATH TAOJIMLIEL,

KOTOpBI€ HasbiBaroTcsl Tabiuuamu Ilocra. J[aHHbBIE TAOJINIBI UMEIOT CIENYIO-

AN BUJ.



B knerkax nanHoOW TaOaMIBI MBI OyJI€M MUCATh TUIIOC WM MUHYC, B 3aBUCH-
MOCTHU OT TOTr'0, BXOJUT (DYHKIIMS, CTOSIIIAs B JAHHON CTPOKE B KJIacC, CTOSLIUN
B JIaHHOM CTOJI01Ie, MM HE BXOAUT. Vcnonb3ys TeopemMy O MOJTHOTE, MBI MOJY-
yaeM, 4YTO JJi MOJIHOTHl JAHHOM cUCTeMbl OyleBbIX (PYHKUMNA HEOOXOIUMO M
JOCTATOYHO, YTOOBI B KaXKJAOM CTOJIOLIE CTOSIT XOTs ObI OJJUH MUHYC.

IIpumep 6 BbIsICHUTD, SBIAIOTCS JIM CIEAYIOIIME CUCTEMBbl OyNeBbIX (YHK-

I TTOJTHBIMH.

To=Rly ., J,= R+y+2,x,01;

.= =YXy, I, = RyvXzvyz.

Cocraum Tabauity [locta ayist cuctemsr Jl;:

To T, S L M
Xy - | - | - | -

HeTpy/IHO 3aMeTHTb, 9T0 X|y =XV Y.

ScHo, uyTo XV Yy He mpuHamiexkur Ty m T;. JIBoiicTBeHHas (yHKIus K

byHKIMU >_<v§/ MMEET BUJ: Xv?/: X-y.

CnenoBaTenbHO, X v)_/ HEe MpUHAIISKUT Kiaccy S. Halimem momunom XKe-
rajkuHa ;s QYHKIMHA XV Y XV Y =Xy =Xy +1.

CrnenoBaTenbHO, (QYHKITHS XV S/ He npuHamnexutr kiaccy L. Tak kak
(0,00<(11),a 0v0>T v1,To XV Y He IPUHALIEKAT Kiaccy M.

Uraxk, cuctema [, = Ry :SIBJBICTCSI IIOJTHOM.

CocraBum Tabauny Ilocta ayst cuctemsr 1!



Ty T, S L M
X+y+12 + + + + -
Xy + + — — +
0 + - + +
1 — + — + +

Hccnenyem GyHKIMIO X+ Y + 2. JIerko mpoBEepUTh, YTO OHA MPUHAICIKUAT
knaccam Ty, Ty, L. IToxaxkem, 9T0 OHA SIBJISETCS CAMOJIBOMCTBESHHOM.

>_(+§/+Z:X+1+ Y+1+z+1+1l=x+y+2z.

Odyukiuss  X+Y+2Z He MoHoTtoHHa, Tak kak (1,0,0)0<(11,0), a
1+0+0>1+1+0. B kaxxgom cronbie tadbmmna Ilocra gus cucremsr I, cTout

MHHYC. CJICI[OB&TGJIBHO, CHUCTCMa I[g SIBIISICTCS. IIOJTHOM.

CocraBum Tabuity [locta st cuctemsr [ls:

To T, S L M
X=Y — + — — —

X — — + + —

W3 Tabmumnpl BUIHO, YTO cucTeMa 3 SABIISICTCS MOJTHOM.
CocraBum Tabnuiy [locta s cucremsr Jl4:

To T, S L M
XYV XZvYyzZ - - + - -

Uccnenyem pyHkimo )_(9 v XZV 92 :

Jlerko mpoBepuTh, uTO AaHHAA QYHKIMSA HE MpUHAIICKUT HU To, HU Ty, Tak
kak (0,0,0) <(L11), a 3snauenue ¢pyukuuu npu Hadope (0,0,0) Gosbiire, yeM mpu
Ha6ope (1,1,1), To dyukms )_(Sl v XZV 92 HE MOHOTOHHA. OYEBHUJIHO, YTO BCE
nepeMeHHbIe JaHHOW (DYHKIIUU SIBISIOTCS CYIIECTBEHHBIMU. A TaK Kak JIaHHas

(GyHKIHST HE MOKET COBMagaTh HU ¢ X+ Y+Z, HU ¢ X+ Y+Z+1, TO OHa He-

muHeiHas. Kak u B mpuMepe 6, MOKHO TTOKa3aTh, 9T0 QYHKIHS XYV XZV YZ



ABJISIETCS caMOABOMCTBEHHOM. CrienoBaTenbHO, cucteMa [l He SBIAETCS MOJI-
HOM.

Ha3osewm cuctemy OyneBbIX (QYHKIMI HECOKPATUMOM, €CIM U3 HEE HEb3s
UCKJIIOUYNUTh HU OJHOM (DYHKIMH TaK, 4TOOBI OCTABIIASICS MOCIE UCKIIOUYEHUS
CUCTEMA CHOBA ObLi1a MOJHOM.

O4eBHIHO, UTO JIIOOYIO MOJIIHYIO CUCTEMY OyJIEeBBIX (PYHKIIHI MOXHO CBECTH
K HecokpaTuMoi. Kak cieyer u3 TeopeMbl O MOTHOTE, B 1000 HECOKPATUMOM
MIOJIHOW CHCTEME CoAepKUTCS He Ooiee 5 dynkiuid. Crenyromas Teopema 1o-
Ka3bIBaeT, YTO B JCUCTBUTEIBHOCTH MX YMCIIO BCErJla MOXKET ObITh COKpAIIEHO
10 4.

Teopema 4 Makcumanvroe 603M0OdCHOE YUCIO DYHKYUL 8 HECOKPAMUMOU
NoOHOU cucmeme 0Y1eblx YYHKYUL pasHo 4.

JleficTBUTENBbHO, MIPU 10KA3aTENBCTBE TEOPEMBI O MOJHOTE MBI BUAEIHU, YTO
u3 000N TNOJHOM CUCTEMBbI OyJNeBBIX (DYHKIMII MOKHO BBIAEIUTH IOJHYIO

MOJICHICTEMY, COAEpIKallylo He Oonee matd yHkuuid. [Ipuaem, yakuus f,, ve
coxpanstomas 0, 6o He coxpanser 1, mo6o ecmu f(L1,...,1) =1 sBnsercs ca-

MoBoOMCTBeHHOW. CiemoBaTenbHO, KpoMe 3TOW (YHKIMH TOCTATOYHO OCTa-
BUTh B CHUCTEME€ JHIIb TpU (YHKIMH: HEIUHEWHYI0, HEMOHOTOHHYIO JHOO
GyHKIMIO, HE COXpaHAIOIIYIO 1, 1100 HECAaMOIBOMCTBEHHYIO (DYHKITHIO.
Crnenyromuii mpuMep MOKa3bIBa€T, YTO KOHCTaHTa 4 HE MOXKET OBITh MOHU-
KeHa.
Ipumep 7 Paccmorpum cuctemy Gyrkmuit JJ = % ,X,,0L % + X, + X,

CocraBum Tabnuny I[locta aiist JaHHOW CUCTEMBI:

To T, S L M
X, X, + + — — +
0 + — — + +
1 — + — + +
X +X, +X, + + + + -




N3 Tabauiel BUIHO, YTO JaHHAS CHCTEMa SBJISICTCS IOJTHOW W HECOKpaTH-
MOM, H00

BLx +% +X &L R%LX +X% +X ¢ T #£%.0% +X, +X, &g
%%,,01 &M

Bomnpocs! 1j1s1 cCaMOKOHTPOJIS

1 Kaxkas cucrema OyneBbIX (PYHKIIMI Ha3bIBAETCS MTOJTHOM ?

2 Yto Ha3bIBaETCS 3aMbIKAHUEM MHOXKECTBA OyneBbIX QyHKIINN?

3 Kakoii kimacc OyneBbIX (pyHKIMI HA3bIBACTCS 3aMKHYTHIM?

4 JlaitTe onpeneneHue MaTH BaXXHEUIIINX 3aMKHYTBIX KJIaCCOB.

5 ChopmynupyiiTe TeOpeMy O MOJTHOTE.

6 Chopmynupyiite anroputm [locra.

7 Kakas cucrema OyneBbIX (GyHKIIMNA HA3bIBAETCS HECOKPATUMOM ?

8 KakoBo MakcuMallbHOE€ BO3MOXKHOE 4HUCIO (YHKUMA B HECOKPATUMOMN

MIOJIHOU cUcTeMe OYyeBbIX (PYHKITHUN?



TEMA 5 KOHTAKTHBIE U JIOTHYECKHUE CXEMbI
5.1 AHanu3 U CUHTE3 KOHTAKTHBIX CXEM.
5.2 Jloruueckue 3J€MEHThI 3JIEMEHTAPHBIX OYJIEBbIX (PYHKIIHIA.

5.3 JIBOMYHBII CyMMAaTOp.

5.1 AHA/IM3 U CHHTEe3 KOHTAKTHBIX CXeM.

B Havane npomioro Bexa uzBecTHbli ¢pusuk 1. Ipendect BrnepBbie ykazaml
Ha BO3MOKHOCTh IMPUMEHEHHUS armapara ajareOpsl JIOTUKU B TEXHUKE. JTa ujes
HalllJla CBOE BOIUIOIIeHHE B padorax coBerckoro ¢usuka B. U. lllecrakona,
amepukanckoro matemaruka K. IllenHoHa u simoHckoro unxkenepa A. Kakacu-
Ma. [lepBbiMU 00BEKTaMU MPUMEHEHUS aNreOphl JJOTUKHU ISl pELIEHUs] TEXHU-
YECKUX 3aJ1ay ObLJIM KOHTaKTHbIE cXeMbl. 11071 KOHTaKTHBIMU CXeMaMHu Mbl Oy-
JIEM TTOHUMATh JIEKTPUUYECKHE LEMH, COAEPKAIIUE TOIbKO KOHTAKThI. Kaxkablii
KOHTAKT MOXET HAaXOAUThCA B JIBYX COCTOSHHUSX — Pa3oMKHYT (0) v 3aMKHYT
(1). Takue nenu MbI OyaeM H300paXkaTh JUarpaMMoM, Ha KOTOPOM BO3Ji€ KOH-
TaKTOB IHUILETCSA X, WU X_I [Ipuyem 3HaueHue | 3TUX NMEPEMEHHBIX COOTBET-
CTBYET MPOXOXKJACHUIO Yepe3 JAHHBIN KOHTAKT, a 3HaueHus 0 Her.

Ecau KOHTaKThI X ¥ Y COEAMHEHBI MOCIEA0BATENbHO, TO LIEMb 3aMKHYTa, KO-
raa o0a KOHTAaKTa 3aMKHYTBl U Pa30MKHYTAa, KOTr/1a XOTs Obl OJIUH U3 KOHTAKTOB

Pa30OMKHYT. SICHO, UTO TaKOW CXeMe

COOTBETCTBYET OyyieBa yHKIUS XY .

Ecny KOHTakTHl X M Y COEIMHEHBI NApPAJUIENbHO, TO LENb 3aMKHYyTa, KOrJa
XOTS1 OB OIMH KOHTAKT 3aMKHYT M Pa30MKHYTa, KOrja 00a KOHTaKkTa pPa3oMKHY-

ThI. SICHO, UTO TaKOM CXeMe



COOTBETCTBYET OyseBa QyHKIHS XV Y.

VYka3aHHOE COOTBETCTBHE MO3BOJISIET JIIO0YI0 OyNieBy (PYHKIIHIO PEACTABUTh
B BHUJI€ KOHTAaKTHOM cxembl. C Apyroi CTOpPOHBI, JIt0Oasi KOHTAKTHAsI CXeMa C
IIOCJIEA0BATENBHO WIM NApAJUIEIbHO COSIUHEHHBIMU KOHTAKTaMU PEAIU3yeTCs
OyneBoil ¢pyHKIMeH. 3a7aya aHaIM3a KOHTAKTHOM CXeMbl B COCTOUT B TIOCTpOE-
HUM COOTBETCTBYIOIIEH el OyneBoi (yHKIIUU.

Hanpumep, koHTakTHas cxema

x|

—— y
peanusyercs GymeBoii GyHKImeir X(X v Y)Z Vv Xy .
OnHako, TOCKOJIBKY O/THA U Ta ke OyneBa (GyHKIIUS MOXKET OBITh BBIPAXKECHA
pasnTUYHBIMA (POPMYJIAMH, TO €€ peaan3alvs KOHTAKTHBIMU CXeMaMH HEOJIHO-
3HauHa. Bcerya Mo)KHO MOCTPOUTH MHOT'O Pa3JIMYHBIX KOHTAKTHBIX CXEM, COOT-
BETCTBYIOIMX JaHHOW (yHKuHM. Takue cXembl Ha3bIBAIOT HKBUBAJIECHTHBIMH.
3amavya CHHTE3a KOHTAKTHON CXEMBI COCTOUT B IMMOCTPOCHUN KOHTAKTHON CXEMBI
1o 3a7aHHON OyneBod (YHKITMH, KOTOpasi MOXET OBITh 3aJlaHa Kak (hOpMYIIOH,
Tak U Tabiuie. B oboux ciydasx HEOOXOIMMO BBIPa3uTh (DYHKIIUIO yepes
orepalnyy KOHBIOHKIINY, JU3BIOHKIIMU U oTpullanus. Kakmas omeparus KOHb-
IOHKITUH COOTBETCTBYET MOCIICOBATEIFHOMY COCIWHEHHI0O KOHTAaKTOB. B pe-
3yJIbTaTe MApaUICIIEHOTO COSNMHEHUS TOJTy9aeM KOHTAKTHYIO cxemy. M3 MHO-
KECTBA DKBUBAJICHTHBIX CXEM, ITyTEM YIPOITeHUsT (hOPMYJT BBIACISIOT Hanbomee

mpoctyto cxemy. LleHTpanbHO# TpoOIeMOoil CHHTE3a KOHTAKTHBIX CXEM SIBIISICT-



Csl IOCTPOCHHUE NIJIsi TaHHOM OyneBod QyHKIuu Oosee mpocToil cxembl. YacTto
3Ta npodieMa CBOAUTCS K MUHUMHU3AIMUUA OYyJeBbIX (PYHKIUH, T.€. K TAKOMY UX
NpPE/ICTaBIIEHNI0, B KOTOPOM COOTBETCTBYIOLIME (POPMYJbl COAEpPKAT MHUHU-
MaJbHOE KOJIMYECTBO BXOKIECHUMN NIEPEMEHHBIX.

Paccmorpum cxemy

X
— y —— y
y
z

JlaHHas cxema peanusyercs ciaeayrouiei GopMyInoi:
xv(xvy)yvzvyvz
Yupoctum ganHyto Gopmyny. Mcnomab3ys 3aKoH TUCTPUOYTUBHOCTH, IMOJTY-
qaeM:
XVXYVXZVYYvYyzZvyvz=xAvyvz)vy(yvyvl)vz=xvyvz
CrnenoBaTenbHO, TaHHYIO CXEMY MOYKHO YIPOCTHTbh, 3aMEHUB €€ CIIeTyIoIei

JKBUBAJIEHTHON CXEMOW;

Pemum TCOCph CICAYIOMYHO 3adady. M3 KOHTAKTOB X,Y,Z COCTAaBUTH IIO

BO3MOXXHOCTH 0oJiee MPOCTYI0 CXEMy Tak, 4TOObl OHAa 3aMKHYJIAach TOTJa |
TOJIKO TOT'/1a, KOT/1a 3aMKHYThI HE MEHEE IBYX KOHTAKTOB.
CocTtaBuM TabJIMIy UICTUHHOCTU JJI OyJeBON (PYyHKIIMU, COOTBETCTBYIOIIEH

TpeOyeMoil KOHTAaKTHOU CXeMe



f(x,y.z)

R R R oo oo x
R R OO OO

RO RO oo N
R o ooo

Haitnem nns nannoii OyneBoit ¢pynkiuu cosepuiennyto JJHO:
f(X,Y,Z) =XyZ Vv XYZV XYyZ V XyZ.
YnpoctuMm gaHuyto Gopmyny
XYZ v XYZ NV XYZ Vv XyZ=Yz(X Vv X) v xz(y v Y) v Xy(Z Vv Z)=YZ v X2 v Xy .

JlanHoii (popmyJie COOTBETCTBYET CIAEAYIONIasi KOHTAKTHAs CXeMa:

Yy Y4
X Y4
X y

KoHTakTHBIE CXEMBl UCTOPHUYECKH OBUIM TEPBBIMH TEXHHUYECKHUMH CpE/I-
CTBaMH peanu3alnuu 0yJieBbIX (GyHKIMA. B qanpHEHIIIeM mosSBHUIOCH MHOT'O pa3-
JUYHBIX YCTPONCTB, pEeaTUu3yIOMUX OyJIeBbl PYHKIIUHA OJTHON W HECKOJIBKUX ITC-
PEMEHHBIX.

IlycTh WMeeTcs HEKOTOpOE YCTPOMCTBO, HMeEIIee N  yImopsa0odeHHBIX
«BXOOB» M OJWH «BBIXO», IPUYEM BHYTPECHHSISI CTPYKTypa 3TOI0 YCTPOHCTBA
Hac He MHTepecyeT. Ha KaXplii M3 BXOJOB MOTYT MOJABaThCs JIBa CHUTHAJA,
KOTOpble MbI Oynem o0Oo3HauaTh cumBosiamu 0 u 1. I[lpum kaxmom nHabope
CUTHAJIOB Ha BXOJIaX U BBIXO/I€ BO3HHUKAET OAWH u3 curHaioB O wiu 1. [Tpuuem
HAOOp CHUTHAJIOB HAa BXOJaxX OJIHO3HAYHO OTMPEIEISeT CUTHAJI Ha BBIXOJE.

O4eBUAHO, YTO KAKIOE TAKOE YCTPOUCTBO pealiu3yeT OyieBy QyHKIIHIO.

Y




5.2 Jlornyeckue 3j1eMeHThI 3JIeMEHTAPHBIX 0yJeBbIX QyHKIMH.

YcrpoiicTBa, peanusyrolye 1eMeHTapHble 0yaeBbl (YHKIUH, HAa3bIBAIOTCS
JIOTUYECKMMHU 3JjieMeHTaMu. Jlornyeckue 3JIeMEHThl M300pa’karoTCs B BHUJE
MPSAMOYTOJIBHUKOB, BHYTPHU KOTOPBIX MOMEIIAIOTCS YCJIOBHBIE HA3BAHUS WIIH

CHMBOJIBI COOTBETCTBYIOIMX QYHKIUH f (X, X,,...,; X,):

Oynkuums | 'paduueckoe nzobpaxe- | Oynknusa | ['paduueckoe uzobpaxke-
HUE HUU
X X XX, X4 X2
A 4 A\ 4 A4
HE 4
v
Xl Vv X2 Xl Xg Xl =X X1 X2
A\ 4 A\ 4 A\ 4 A\ 4
N =
y y
Xl < X2 X]_ X2 Xl + X2 X1 X2
A 4 A 4 A 4 A 4
«— +
\4 y
Xl X2 X]_ X2
A 4 A 4
HE NJIN
A\ 4

W3 naHHBIX JIOTMYECKUX 3JIEMEHTOB IMYTEM COEIMHEHMs BXOJla OAHOrO W3
HUX C BBIXOJIOM JPYroro MO>XHO CTPOUTH BCE O0JI€e CIIOKHBIE JIOTHYECKUE CXe-
MbI. J{J1 MOMy4eHHBIX TaKUM 00pa3oM CXEM JIETKO 3alUCBhIBAIOT COOTBETCTBY-

Io1re UM OyJeBbl yHKIINH.




Hampumep, cxema

X1 l Xs l X3
X4
NI HE
4 4
+—>
4 v
+

!

peanuzyercs OyneBor PpyHKIHEH
OG0 X0 X5, %,) = (X v X,) + (X3 = X,)
Herpynno nns nro6oit OyneBoil PyHKIUKM HOCTPOUTH PEATU3YIONIYIO €€ JIO-

TMUYECKYIO CXEMY.

Hanpumep, 6ynea QyHKIMS f(X,,X,,X;) = X, X, v (X3 +X,) peaqu3yercs JIOru-

le le X lX4

" HE

YeCKOM CXEMOU

NJIN

5.3 /IBou4HbBI cymmaTop.
Paccmotpum mocTpoeHue JIOrM4ecKor CXeMbl Ha MPUMEPE OHOPA3PSTHOTO

CyMMATOopa, BBIITOJIHAIOIICTO apH(l)MeTI/ILICCKOG CJIOKCHHUC ABOMYHBIX YHCCII Xk

u Y,, k-ro paspsaa u nepenoca u3z miagmero paspsga P, . [lycte S, — momy-



yaeMasi CymMMa, a P, — mepeHoc B cTaplliuil pa3psij, TOrAa MOIy4aeM Clelylo-

HIYIO TaOJIUIly HCTUHHOCTH TaKOTO CyMMaTopa.

X, Yk P Sy P
0 0 0 0 0
0 0 1 1 0
0 1 0 1 0
0 1 1 0 1
1 0 0 1 0
1 0 1 0 1
1 1 0 0 1
1 1 1 1 1

Orciona monydaeM S, = XyP, v X Y, P, V X Y, Py V X Vi P
R = X_kyk Pe1 Vv X y_kPk—l v X ykEk VXY B =X Y v (% v Y )P
[ToctpouMm cxeMy, COOTBETCTBYIOLIYIO JaHHOMY cyMmmaropy. st 3toro
BHauaJle YIPOCTUM BblpaskeHue 11 S, . Kak jierko 3aMeTutrh, BhIpaXeHUE I
S, He ymporaercs, Ipy UCIOIb30BaHUM MPEABIAYIUX MeTon0B. s yrnpole-
HUS BBIpaXKEeHUS QYHKIMM S, HCIIOIb3yeM BblpaxeHue pyHkuuu P, .
ITosToMy Oynem paccMaTpuBaTh P, Kak MEpEeMEHHYIO BElIMUYUHY. B pe3yib-

TaTe NOJIy4aeM CIEAYIOLIYIO TabauIly, KOTOpask COIEPKUT U30BITOUHbIE HAOOPHI

IIEPEMEHHBIX

~U
|

L=,

R R R R R RRO O OO0 OO OX

R R ROOOOR R KRR OOOON

PR OO R FOORFOOR KOO

RO O RO RO OO RO R oY
o




Orcrona S, =X, Y, P 1B v X ¥ B Pa vV X Vi BB v % Y BB
Hcnons3yss MeTOJbI, KOTOpbIe OyAyT pacCMOTPEHbI B TeMe 6, HETPYIHO

YIPOCTHUTH BBIPAXKECHHE LIS S,
Sy = XkEk Vv ykEk Vv Pk—lsk VX YiRa= (X VY, v Pk—l)Ek vV X Y P
re B =Xy, v (X VvY)B..

Tenepb cTpOUM JIOTHYECKYIO CXEMY:

Poa X Yk Xk | Yk Py1 Pr1
NJIN "
\ 4 \ 4 \ 4 \ 4
%1 NJIN
\4 \4
A\ 4 \ 4
NJIN HE "
Pk v ‘VI/I \ 4
\4
NI

S v

Bonpocsl aj1s1 CAaMOKOHTPOJISA

1 Yo Takoe peneifHO-KOHTAKTHAs cxema?

2 Tlouemy mt00yr0 OyleBy (YyHKIIMIO MOXKHO M300pa3uTh B BUJE PENCTHO-
KOHTAaKTHOM CXEMBbI?

3 B uem cocTout npobiema aHanu3a peieiHO-KOHTAKTHBIX cXeM?

4 B yeMm coCTOUT mpobiieMa CUHTE3a PeleiHO-KOHTAKTHBIX CXeM?

5 Uro Takoe JIOru4ecKue 3J1eMeHThI?

6 [IpuBenuTe reoMeTpuueckoe N300paKEHUE JIOTMUECKUX IJIEMEHTOB.

7 Uto Takoe JIoru4eckasi cxema u JBOUYHBIN CyMMaTop?



TEMA 6 MUHUMM3ALIUS BYJEBBIX ® YHKIIUIA

6.1 Cokpaiiennas u tynukonas JJHD

6.2 MeTo UMITJIMKAHTHBIX MaTPUIL

Llens naHHOro pasaena — M3JI0KEHUE OCHOBHBIX METOAOB IMOCTPOEHUS MH-

HUMAJIbHBIX AU3BbIOHKTUBHO HOPMAJIbHBIX (l)OpM

6.1 Coxpamennas u tynukoBas JJH®D.

B teme 3 Ob110 mokazaHo, 4yTO Jt00ast OyneBa GyHKIHUS MOXKET OBITH Tpe/I-
CTaBJ€Ha JU3BIOHKTUBHOW HOpManbHON (opmoil. Creayer OTMETHTh, YTO
JTU3BIOHKTUBHASL HOpMasibHasi (hopma 4acTo JommyckaeT ympoiuenue. [Ipu stom
NyTEeM Pa3IMYHBIX TOXKJIECTBEHHBIX MPEeOOpPa30BAHUM MOTYUUTCS TU3BIOHKTHB-
Hasi HopMajbHas (opma, SKBUBAJICHTHAS UCXOMAHOM, HO COAEpIKalllas MEHbIIee
YHCJI0 BXOXJICHUN CUMBOJIOB.

JIM3bIOHKTUBHASI HOpMasibHasl (hOpMa Ha3bIBAETCSI MUHUMAJIBLHOM, €CITU OHA
BKJIFOYAET MUHHMAJIBHOE YHCJIO CUMBOJIOB MO CPABHEHUIO CO BCEMU JAPYTHUMU
SKBUBAJICHTAMU €Il TU3BIOHKTUBHBIMU HOPMATHHBIMH (JOPMaAMHU.

3aMeTHM, YTO €CIIM HEKOTOPBIM CUMBOJI B JOpMYJIe, CKakeM X,, BCTpedaeT-

csl, HAapUMep, J1Ba pasa, TO MPH MOACUYETE YMCIa CUMBOJIOB B (popMyIie OH y4u-
THIBAETCS JBa pasa.

OCHOBHOIi BOMPOC JTaHHOTO maparpada — Kak sl TPOU3BOJIbLHOU OyieBoi
(GYHKIIUY TOCTPOUTH €l MUHUMAJIbHYIO TU3BIOHKTUBHYIO HOPMAIBHYIO (hOpMY.
DTa 3aja4ya Ha3bIBaeTCs MP00JaIeMOoii MUHUMH3AalUN 0yJ1eBbIX PyHKUIMI.

CymiecTByeT TpUBUAIBHBIA aITOPUTM MOCTpOoeHUs MuHUManbHOU [TH® s

npousBoibHON OyneBoit pynkuuu f(X,X,,...,X,). duag storo Bce JHD, co-

CTABJICHHBIE U3 CUMBOJIOB X ,..., X, X{.r, X, YHIOPSAOYMBAIOTCS IO YUCIY OYKB

n 1o mnopaaky g kaxaou JHD /I mpoBepsiercss  COOTHOLICHHE

M = f(X,%,,...,X,). [lepBas mo nopsaaxy AH®, a1t KoTOpoii 3T0 COOTHOIIEHHE

BBITTOJIHACTCS, €CTh, 0O4eBHAHO, MuHMManbHast JJHD ynkmmm f (X, X,,..., X,) .



YUucnao pasamunpix JTH®, cocTaBjaeHHBIX H3 NEPEMEHHBIX X, X,,..., X

n
2
paBHO 2° .
[Ipexxne ueM noka3zath JaHHOE YTBEPKICHHUE, MIPUBEAEM CIEeIyIolee omnpe-
JICJICHHUE.

G1,,G2 Gr

KonbroHKIMS XX, "...X;” Ha3bIBAacTCsl JIEMEHTaAPHOM, ecinu X; # X; IpH

1#].
Uwcio r Ha3pIBa€TCS PAHTOM 3JIeMEeHTAPHOM KOHbIOHKIUM. B cnydae r =0

KOHBIOHKIIMSI HA3bIBAETCS IyCTOM U moJiaraercs pasHoi 1.

Tak xak kaxnas U3 N NEPEMEHHBIX X, X,,..., X, JNOO HE BXOAUT B JJIEMEH-
TapHYI0, MO0 BXOJUT B HEE C OTPUIIAHUEM, WIIK O€3 OTPULIAHUSI, TO YUCIIO dJIe-
MEHTapHBIX KOHBIOHKI[HH, COCTABICHHBIX U3 X, X,,..., X. paBHo 3". SIcHO, 4TO
yuciio pasnuuHbiX JIH®, cocTaBileHHBIX U3 IEPEMEHHOM X, X,,..., X, PaBHO
YHCITy OAMHOXECTB MHOXKECTBA, U3 3" 3JIeMEHTOB, T.e. 2° .

PaccMmoTpuM reoMeTprdecKyr0 MHTEPIPETANUIO 33a9d MUHUMHU3AIUHA OY-

JIEBBIX (DYHKITUH.

O6o3naunm uyepes E" mHOxecTBo Bcex Ttouek (o4,a,,...,,), THe

a; € d1 321,2,..., Nn. Slcuo, uto E" — MHOXECTBO BCEX BEPINUH €AMHUYHOIO N-

MEpHOro Kyoa.

ConocraBuM Kaxmoil Oyneoit ¢ynknmm f (X, X,,..., X, ) IOAMHOXECTBO

N, u3 E", onpeneneHHoe cieayromnmmM oopazom:

N, = ., fla,d.a)=1.



Hanpumep, QyHkiium, 3aqanHol cieayromiei Tabiumneit MCTHHHOCTHU

X y Z f(x,y,2)
0 0 0 0
0 0 1 1
0 1 0 0
0 1 1 1
1 0 0 0
1 0 1 1
1 1 0 1
1 1 1 1

COOTBETCTBYET MOAMHOKECTBO N, = %,0,0),(0,11,),(1,1,0),(1,0,1),(111)
BEPIIMH TPEXMEPHOT0 €INHUYHOTO KyOa
Y

A

Z

LD (1,1,1)

(0,0,1)

(1,0,1)

(1,1,0)

» X

)_—[aHHOC COOTBCTCTBHUC ABJIACTCA B3aMMHO OJHO3HAYHBIM H 06J1anaeT ciacay-

IOIIIMMH CBOMCTBAMMU:

1) 6ynesoit pynkmuu f coorBercTByer mogmuoxectso E, \ N, ;

2) 6yneBoit pynkuuu f, - f, coorBercTByeT mommuoxxectBo N, NN, ;
3) O6ynesoii pynkun fVf, coorBercTByet mommuoxectso N, U N,,.
Hokaxem cBoiictBo 2. Ilycth (¢, &y, ) € Ny,

Orcrona f (o, ,,....a,) f, (... ,) =1.

Torma f (o, @,,...,)=f,(a,,,....x,) =1.



A 3T0 3HAYWT, 9TO (&, cy,...,a,) € N, (), yyes,) €N
Orciona (o, a,) €Ny NN .
[Mycts f =K, vK,v..vK JH®, rre K. — snemeHTapHbIC KOHBIOHKIIUH.

HOI[MHO)KGCTBO NK Ha3bIBACTCsI MHTCPBAJIOM I-TO paHra, €Cjiu OHO COOTBET-

CTBYET DJJIEMEHTAPHOM KOHBIOHKIMU K r-ro panra. Kak moka3aHO BbIIIIE,

N, =N, UN, U..UN, . Hrak, ¢ xaxmnoi JIH® pynkuuu f cea3ano mokpeirue

N; rakumu unrepBanamu N, ,..,N, , 970 N, < N;.

m
ITycts I, — panr narepBana N,;. Torma r= Zl‘i COBIIAJIA€T C YUCIOM OYKB B
i=1

JH® K, v K, v..vK, ¢dyskoun f.

Teneps sicHO, 4TO 3ajaya NOCTpoeHUs MuHHMalbHOM JIH® cBogutcs k

OTBICKAHWIO TAKOI'0 IIOKPBITHUA ITOAMHOXKCCTBA Nf HHTCPBAaJIaMU NK, c Nf,

m
4TOOBI YUCIIO I = Z I OBLIO HAUMEHBIINM.
i1

WurepBan N, , cogepxkamuii N, Ha3pIBaeTCs MAKCHUMAJIBHBIM JJ1s OyJie-
BOM (QyHKOMH, eciu He cymecTByer wuHTepBana N,, Takoro, 4To
Ny =N < Ny.

3ameTnM, 4T0 cooTHOImEHNE N, < N . BBIIOJHAETCS TOrJa U TOJLKO TOT/a,

KOTJIa DJIEMEHTapHass KOHBIOHKIHMS K~ TOIy4aeTcss W3 DJIEMEHTAPHOW KOHBb-
10OHKIIMK K myTem BBIYEpKHUBaHUS HEMYCTOIO YHACIIA COMHOXKHUTEIIEH.

OueBuHO, uTO Kaxkabli uHTEepBaI N, U3 N, COOEpKUTCA B HEKOTOPOM
MakcumaibHoM uHTepBane. Ecim N, N, ,..,N — CIHMCOK BCEX MaKcHMasb-
HBIX MHTEpBaJOB MOAMHOXecTBa N,, TO HETpPyIHO BHJIETb, YTO
N¢ =N UN UL UN .

JH® K, v K, v..v K_ Oynesoii pynkunu f, cooTBeTCTBYIONIas HOKPHITHIO

IIOAMHOXECTBA N ¢ BCEMHU MAKCUMAJIbHBIMHU NHTCPBAJIAMHU, HA3bIBACTCA COKPaA-



mennoi JTH® ¢pynxuun f.
ScHo, uro cokparieHnas JJH® mis moboit OyneBoii ¢pyukiuu f onpenensier-

Cs OAHO3HA4YHO.

Mpumep 1 Tycts (X, %,,%,) =X, X V X, X, V X,. O603HaunmM K, =X, X; ,
K, = xlx_z, K, =x,. HalimeM cooTBeTCTBYIOIIME 3TUM KOHBIOHKIUSM UHTEPBAJIBI
Ny, = €.00),100,) , N = 400101 , N = €0,0),(L0L(LLO)1LLI) .

N300pa3uM 3TH UHTEpBAJIbI

[~
[~
[~

A

Z
A
(N}

v

NKl

OueBunHO, uTo N, U N, — BCE€ MakCUMallbHble UHTEpBaJIbI. IHTEpBan N,
1 3 2
HE SIBJIETCS MaKCHUMAaJIbHBIM, H0O N, © Ny, < Ny CrienoBaTenbHO, MOKPBITHIO
noamuoxkectBa N, =N, UN, coorserctByer cokpamennas JJH® ¢ynkuun
f (X, X,,X;), paBHAST X, X3 V X, .
JIaHHBIN reOMETPUYECKUN MOAXO JAaeT U METO ITIOCTPOEHUS COKPALLIEHHOM
JAHO.

TenepL PacCMOTpUM aHAJIMTUYECKUM MCTOA IIOCTPOCHUA COKpaIHGHHOI}JI

JIH® — meTox brelika. 9TOT METOJI OCHOBAH Ha CIIEAYIOIIEH TEOpEME.



Teopema 1 Eciu 6 npoussonvroi JJHD Oynesoti hynxyuu f npouzseecmu ece
803MOJICHbIe 0000WeHUs CKIIeUBAHUS U YCMPAHUMb 3ameM 6ce dleMeHmapHble
noznoujenust, mo 6 pesyavmame noayuumcs cokpawennas JJH® ¢ynxyuu f.

CrnenoBarenbHO, 4TOOBI HaliTH cokpanieHHyo JJH®, Hano k npousBosibHON
JNH® naHHOM (QYHKIUMM NPUMEHHUTHh MPaBUIO OOOOIIEHHOIO CKJIEHUBAaHHUS

XK; v XK, =xK, v XK, v KK, 1o Ttex nmop, oka 3o BO3MOXHO, a 3aTe€M Ipa-

BUJIO TIOTJIOIICHMS.

IIpumep 2 Haiitu cokpamennyto [JH® mis pynkimm

F (X X0 %) =X %, v X_1X3 v sz-

[Ipumensia npaBuao 0600UIEHHOTO CKIEUBAHUS, MTOJIYYaeM:
XX, V X X5 V XXy V XXy V Xy V X; X5, @ 38TEM MPABHIO TIOMIOMEHAS M HAXOTHM
cokpauienuyro JHD: X X, Vv X,.

Paccmorpum eme onuH Meron moctpoeHus: cokpamieHHon JIH® — meron
Henbcona. DToT MeTO OCHOBAH Ha CIENYIOLIEH TEopeMe.

Teopema 2 Eciu 6 npoussonvroi KH® 6ynesoil pynkyuu packpvims 8ce
CKOOKU 8 COOMEEemcmeuy ¢ OUCMpPUOYMUBHBIM 3AKOHOM U YCMPAHUmMb 6ce dJle-
MeHmapmuvle no2iowjenusl, mo 6 pesyibmame noxyuyumcs cokpawennas J{HD

amou hynKyuu.

Ipumep 3 Haiitu cokpamennyio JH® st dyHKimn
f(xy,2)=(xXvy)(xvyvz).

[Tocne packpbITHsI CKOOOK C TOMOIIBIO AUCTPUOYTUBHOTO 3aKOHA, MOJy4a-
eM:
XXV XYV XZV YXV VYV VZ.
Tak kak XX=0, yy =Y, TO ©MeeM:
Xy V XZV YXV YV VzZ.
Jlanee, npumeHsst IpaBWiIo MOIJIOLIEHUs, TToJIydyaeM cokpamieHnyo JJHO:

VAVA'S



PaccmoTpum TabiauuHbIi MeTo ocTpoeHus cokpamieHHon JJHD. Itot me-
TOJI OCHOBAaH Ha COCTAaBJIEHUU MPSMOYTOJIbHOW TaOIUIbl (MUHUMHU3UPYIOIIEH
KapThl).

MuHUMU3HPYIOMIUE KApPThl i1 OyJieBbIX (YHKIIUH OT TPEX M OT YEThIpex

MEPEMEHHBIX NU300PAKEHBI B CIEIYIOIUX TaOIUIaX:

I o 1
X
00
01
11
10
X4 0 0 1 1
X3
X1 Xo 0 1 1 0
00
01
11
10

OObenuHssl COCEHUE KJIETKH, COOTBETCTBYIOIINE CAMHWYHBIM 3HAUYCHHSIM
OyneBoll ¢pyHKIMY f B MaKCHMalIbHBIC WHTEPBAJIbI, U COITOCTABJISSI UM DJIEMEH-
TapHble KOHBIOHKIUU, NOIYyYUM cokpaieHHyro [JH®. OtMmerum, 4TO KIETKH,
PacIoIOKEHHBIE TT0 KpasiM TaOJUIIbI, TAKXKE CUUTAIOTCS coceqHUMU. [lokaxem
paboTy 3TOro MeTo/ia Ha CIEAYIOIIEM PUMEpE.

Ipumep 4 Haiitu cokpamennyro JH® nns yHkimu, 3aaHHON CEIYIO-

e Ta0aIuLen.

X4 0 0 1 1
X3 0 1 1 0
X1 Xo
00 1 1 0 1
01 0 1 1 0
11 1 1 1 0
10 0 1 0 0




B ,Z[aHHOﬁ Ta6JII/IHC O6’I>GIII/IH€HBI KJICTKH B MAKCUMAJIbHBIC HHTCPBAJIbI
N, = ¢101),(110,0)
Ny, = §111),(0111),(11,0,0),(0.10,1)
N, = €,0,0,1),(0101),(1,0,01),(110,1)
N,,= €,0,0,0),(0,010)
N,, = €.,0,0,0),(0,0,01) .
3TI/IM HHTCPBAJIaM COOTBCTCTBYIOT 3JICMCHTAPHBIC KOHBIOHKIIUH

K, =XXX;3, K, =X,X,, Ky =XX,, K, =X X, X, , Ko =X X,X;.

CrnenoBarenbHo, cokpamiennas JIH® pis qaHHOM QyHKIIMU UMEET BU:

X Xy Xy V XXy V XgXg V X Xy Xy V X Xy X

[Toctpoenue cokpamennon JJH® ects TOIBKO MEPBBIM 3Tall pELICHUS 3a1a-
4y MUHUMU3auu OyneBoil GpyHkuuu. B oOmiem cinydae cokpamiennas JJH® ne
ABJISETCS MUHMManbHOM. Crenyronias TEOpEMa YCTAaHABIMBAET CBA3b MEXKIY
MHHUMAJIBHOM U cokpanieHHou JJHO.

Teopema 3 Munumanvnas JJH® oOynesou (hynxyuu nonyyaemcs uz cokpa-
wennou /J[H® oannou ynkyuu nymem yoaneHusi HEKOMOPHIX 2NeMEHMAPHbIX
KOHBIOHKYUIL.

JloKka3aTenbCTBO 3TOI0 YTBEPKACHUS CIEAYET U3 TOrO (akTa, 4YTO MOKPHITHE

noagMHoxkectBa N, orBewaromee MuHHManbHOW JIH®D, cocTouT TOIBKO M3

MaKCUMaJIbHBIX MHTEPBAJIOB. J[€MCTBUTENBbHO, €Clu Obl MOKPBHITHE COJIEPHKAIO
HE MaKCUMaJbHBI UHTEPBA, TO €T0 MOXXHO OBUTO OBl 3aMEHUTH 00BEMITIOIIUM
MaKCUMaJIbHBIM MHTEpBAJIOM. B pe3ymnbpTaTe 3TOro cymMma paHroB MHTEPBAJIOB
JAHHOTO TOKPBITHS YMEHBIIMIACH Obl, YTO MPOTUBOPEUYHUT MPEIMOTOKEHUIO O
MuHUMaabHOCTH JTHO.

[Tokakem, 4TO B KjlacC€ MOHOTOHHBIX (DYHKIIMM TOHSATHS MHUHUMAaJIbLHOU U
cokpauienHou JJTH® coBmagaror.

Teopema 4 Coxpawennas J[H® monomonnou 6ynesoi ¢hynkyuu He cooep-

JHCUM OMPUYAHUL NEPEMEHHBIX U A8semcs MuHumanvHou J[H® smoii ¢hynkyuu.



[Tycts K — nneMeHTapHasi KOHBIOHKIIUS, BXOAs1as B cokpanieHnyw JJHO.
[Ipennonoxum, 4to K COACPKUT OTpHUIlaHUE NepeMeHHbIX. O003HaYMM uepes
K, mpousBeneHHe BCEX NMEPEMEHHBIX, BXomimux B K 0e3 orpuuanud. IlycTs
a — Habop MepeMeHHBIX, B KOTOPBIX BCEM MEPEMEHHBIM, BXOAAIMM B K, , pu-
IMCaHo 3HadyeHue |, a BceM ocTanbHbIM — 3HadeHue 0. fIcHO, 4TO mpu 3TOM

HaOope 3HaueHue QyHkuu f paBHO 1. DnemeHTapHas KoHbIOHKIMS K, oOpa-

maercs B 1 mpu Bcex Habopax b>3. OueBHIHO, YTO MPH ITHUX HaOOpax 3HaUe-
Hue ¢pynkiuu f takxe paBHo 1. CinenosarensHo, N, < N, < N, .

[Tonyynnu mpoTuBopeure ¢ MakcUMaiabHOCThIO MHTepBana N, . Wrak, co-
kpamienHast JIH® OyneBoit pyHkimuu f HE COAEPKUT OTPUIIAHUN TEPEMEHHBIX.

ITycte K =X X,...X, — 1100ast 31eMeHTapHasi KOHBIOHKLIUS U3 COKpPAIEHHOM
JIH®. KonbroHkuust K sABISETCA €AWHCTBEHHOW KOHBIOHKIIMEW COKpPAaICHHOU
JNH®, xoropas oOpamiaercs B €IMHUILY B BEpPIIMHE C KOOPJAUHATAMHU
X =X,=..X, =1 X, =X.,,=..=X,=0. JeiictBurensHo, eciu Obl B COKpa-
nienHoit JIH® kakas-HuOyab apyras sjueMeHTapHas Konblonkmms K’ oOparia-
Jach B OTOM BepIIMHE B 1, TO HE cojepikana Obl, BO-IIEPBBIX, OYKB X_l,...,X_n, H,

BO-BTOPBIX, OYKB X ., X,. I1o3TOMY B KOHBIOHKIHIO K~ MOTTH OBl BXOJUTH

r+10

b OYKBBIL Xp,..., X,, mpudeM He Bce. Ho Torma N, < N.. < N, . Tlomyunnm
IIPOTUBOpPEYME C MAKCUMaIbHOCTBIO HHTEpBana N, . CinenoBarenbHO, IS JIIO-
6oro makcumanpHOro nHTEpBana N, cymecTByer BepmuHa Kyba E”, koropas

IMOKPBIBACTCA TOJIBKO 3TUM HMHTCPBAJIOM. HOC—)TOMY N3 ITOKPLITUA Nf COOTBCT-

cTBytomero cokpameHaon JJH®, Henb3s yaanuTe HA OAUH U3 UHTEPBAIOB. Te-
nepb, IPUMEHSS PEAbIIYIIYIO TEOpEeMY, MoTydyaeM TpeOyeMbIi pe3yibTar.
Cnenyer ormeTuTh, uTo cokpaimieHHas [IH® B OonbIIMHCTBE Cily4aeB J10-
MMyCKaeT JAJIbHEUIIINE YIPOUICHHS 3a CUET TOTO, YTO HEKOTOPBIE JIIEMEHTAPHBIE
KOHBIOHKIIMM MOTYT TOMVIOIIATHCA JUIBIOHKIUSIMU JIPYTUX JJIEMEHTapPHBIX

KOHBIOHKIHH. [[eMCTBUTENBHO, B cOKpaleHHon JJH®



f(X,y,2)=XyVvXyVvXzZvyz
9JICMCHTAPHAsd KOHBIOHKIIHA yZ IIOTJIOIACTCA I[HSLIOHKHHGIZ OCTaJIBHBIX J3JIC-

MEHTApHBIX KOHBIOHKIHIL, T.. XYV XYV XZV YZ =Xy V XYV XZ.

BBuay 3T0Or0 BBEIEM CIIEYIOLIEE ONPEAECIEHUE.

[TokpeiTHe 001aCT UCTUHHOCTH OyneBOM (YHKIMM MaKCUMalbHBIMU WH-
TepBajlaMH HA3bIBACTCSI HEMPUBOAMMBIM, €CIIU MTOCIIE YaJIEHUS U3 HEro JIF00o-
ro MHTEpBaJa OHO mepecTaeT ObITh mokpbiTueM. JIH® OyneBoit dpynkumm f
COOTBETCTBYIOIIAS] HEMPUBOAUMOMY MTOKPBITHIO, HA3bIBAETCSI TYNIHKOBOM.

Teopema 5 Beakasa munumanvrnas J[H® s6ns1emcsi mynukogoul.

Jloka3aTenbCTBO 3TOr0 YTBEPXKACHUS CIEAYET U3 TOTO, YTO MOKPBITHE, COOT-
BETCTBYIOIIeC MUHUMAIbHOU [IH®, siBIISIETCS HEMPUBOAUMBIM.

3ameTuM, uTo OyseBa PyHKIUS MOXKET 001aaTh HECKOJIbKUMHU Pa3TUYHbIMU
MuHuManbHbIiMU JIH®. CymectByroT Takke Tynukosbie JIHD, He sBastomumecs
muHuMansHbIMU JTH®. CooTBeTcTBYIONUE TPUMEPHI OYIyT pa3o0paHbl HUXKE.

N3 Toro, uro munumanbHas JIH® sBusgercss TyNmHKOBOH, ciaeayer oOras
CXeMa pelieHus 3a/1ayd MUHUMU3AIUN OYyJIeBhIX (QYHKIIHA.

1 BeiaensroTcsi Bceé MaKCUMallbHbIE MHTEPBAJIbI, U CTPOUTCS COKpalleHHas
JTHO.

2 Ctpositcs Bce TynukoBbie JJHD.

3 Cpenu Bcex TynukoBbix JIH® BeienstoTcs Bce MuHuMalnbabie JJHD.

Paccmorpum anroputm noctpoenust Bcex TynukoBbix JIH®. Cyrs nanHOrO
AITOPUTMA COCTOUT B CIEAYIOLIEM:

1) nnst Gymesoit pynkuuu f (X, X,,..., X,) crpoum cokpamennyto JJHD;

2) ans kaxno# BepmmEbl d; u3 Ny, j=12,...,K BbImenseM B COKpAICHHOI

JH® ¢yakuum f Bce Takue 3JI€MEHTApHBIC KOHBIOHKIIUH Klj,...,K 4TOo

>

K;(@,)=1i=12,.,t;

3) cocTaBisieM BbIpakeHUE BUAA



(Ky VKL Ve vK K, VK, Vi v K, ) (K, VK, Ve VK (6.1)

4) mpuMeHseM K BbIpakeHHI0 Buja (6.1) 3aK0HBI TUCTPHUOYTUBHOCTH U TIO-

rinomenus. B pesynbrare nonydaem VK, K.,...K, .

Tenepr kaxmas JH® K, vK,v..vK, sasrgerca tynukoson JIH®D
dyaxuun (X, X, ..., X)) -

PaccmoTpuM paboTy JaHHOIO aJlrOpUTMa Ha CIEYIOIEM IpUMepe.

IIpumep 5 Paccmorpum OyneBy GyHKIHIO, 3aJaHHYIO CIEAYIOUICH Tabiu-

neu:

f(x.y,2)

R PRPRRO OO O X
R OO RO O

RO RO OFRON

O R R R R R RFRO

Haiinem cokpamennyo JIH® nannoit Gpynknum mo merony Henbcona. s
storo cocraum KH® nanHoi Gpyrkman (X v Y v Z)(XV Y v Z).
[TpuMeHsist 3aKOHBI TUCTPUOYTHUBHOCTH, MOTYYIaeM:
XYV XZV XYV YZV ZXV ZY.
OGosmaunm K, =xy, K, =xz, K, =xy, K, =yz, K, =zx, K, =zy.
N, = €,0),(010),(0,11)(10,0),(10,1)(110)
CocrasiisieM Beipakenue (6.1)
(Ks v Kg)(K; v K )(K; v K (K, v K )(K, v K (K, vK,).
[Tpeobpa3yem gaHHOE BhIpAKEHUE K BUILY
(Ks v KK (K, v KK )(K; v K, Kg) =
K. K,K; v K K, KK, v K KKK, v K KKK, v
v KK KK v K KKK v KKK K v KKK =
K K,Ks v K KKK, v K KKK v K KKK v KK KK VKKK
Takum obpazom, f(X;,X,,...,X,) UMeer mecTs TynukoBeIx JTH®:
1) 4,=K,vK,vK,=xyvyzvix;
2) I,=K, vK,vK,vK =XyvXzVvXyvzx;
3) J,=K,vK,vK,vK,=XyvXxyvyzvzy;
4) 1,=K vK,vK,vK, = XYV XZV XYV ZY;



5) ﬂssz\/K4vK5vKG:XE\/yEvZ)_(vZ)_/;
6) J,=K,vK,vK,=xzvxyvzy.

HBe w3 Hux /[, u /[, ABJIAIOTCA MUHUMAIbHBIMHU.

6.2 MeToa MMIUIMKAHTHBIX MATPHUI
Hns OyneBoit ¢ynkumn  f (X, X,,...,X,) Haxomum cokpameHuyto JJHO
f =K, vK,v..vK,. IToctpoum 111 370 QyHKIUN HUMIUIMKAHTHYIO MaTpH-

1Ty, TIPEICTABIISIONIYI0 COOOM TabIUITy, B BEPTUKAILHBIE BXOIBI KOTOPOH 3aru-

ceBatorcs K, K, ,..., K, a B ropusonTanpnsie N, = a,az,...,ap :
a, a, a; a,
Kl
K,
K, +
Kk

Jist kaxnoit K, Haxomum Habop @ ; TaKoi, uTo Ki(ﬁj) =1.

KiteTky IMIUTMKaHTHOW MaTpHIlhl, 00pa30BaHHYIO NIEPECCUCHHEM I-CTPOKHU U
J-cToNOIIa OTMETUM KPECTHKOM.
Uro6sl monyunth MuHUMaNbHYIO JIH® 3amanHoi (QyHKIHUU, TOCTATOYHO

HaiiTh MuHEManbHOe ymcino K,,i=12,.,1, KoTopoe COBMECTHO HAaKpPBIBAIOT

KpECTUKaMH BCC CTOJ'I6I_U:I UMILUIMKAHTHOU MaTpHIlblL.

IIpumep 6 Haiitu muanmansasie JHO mas pynkumu

f(x,y,2)=(Xvyvz)(Xvyvz).

N3 npenpiayiiero npumMepa cieayer, uro cokpamenHas JH® mis nanHou
GyHKIMH XS/ v XZV )_(y Vv yE v ZXV Z)_/ . OueBuaHO, YTO

N, = §,01),(0,10),(0,11),(10,0),(1,0,),(LL0) .

CTporM MMIUIMKAHTHYIO MaTPHILY B BU/IE€ TaOIHIIbI



(0,0, 0,1 0,1 (1,0,0) (1,0,2) (1,10
| 0 | 1) )
Xy + +
Xz + +
Xy + +
yz + +
yz + +
zy + +

Otcroaa BUIHO, UTO JaHHAs PYHKIIMS UMeeT B¢ MuHuManbHbie [JHD:

XYV VYZVIX;, XZVXYyVZY.
Bonpocsl 1151 CAMOKOHTPOJISA

Kakas [IH® na3zpiBaeTCsi MUHUMAJIBHOM ?

Uemy paBHO uncio Bcex JJH® oT n nepeMeHHbIX?
ChopmynupyiiTe TpUBUATBHBIN aIrOpUTM mtocTpoenus MIHD?
UTto Takoe 35eMeHTapHasi KOHbIOHKIUS?

UTo Takoe paHr 31EMEHTAPHON KOHBIOHKIIUN?

UTto Ha3pIBaETCA MHTEPBAIOM JIEMEHTAPHOW KOHBIOHKIIAN?
Kaxkol nHTepBan Ha3bIBa€TCA MaKCUMaJIbHBIM ?

Uro Ha3bIBaeTCsA 00J1aCThI0 HCTHHHOCTU OyeBON GyHKUMN?

© 00 ~N oo O B~ W N P

Chopmynupyiite Teopemy 00 001acCTH HICTUHHOCTHU OYI1eBOM (yHKITHU.

10 Yrto Ha3wIBaeTCS MOKPHITHEM 00JIaCTH HCTUHHOCTH OyineBOor (hyHKIUN?

11 Kakoe 4MCii0 3JIEMEHTOB COJIEPKUTCS B HHTEpBajie?

12 Kaxkas JIH® Ha3piBaeTcs COKpaIieHHOM ?

13 B ueM cocTouT reomMeTpuuecKkas MHTEpIpeTalus 3a1a4d MUHUMHU3AIUN
OyneBoi pyHKIIUM?

14 CdopmynupyiiTe TE€OMETPUYECKHN METOJ TOCTPOCHMSI COKpaIeHHOU
JIHD.

15 Chopmynupyiite meroa Henbcona noctpoenus cokpamiennon JJHD.



16 Copmynupyiite meros bieiika nmoctpoenus cokpamienHon JJHO.

17 Chopmynupyiite meron kapt Kapao moctpoenus cokpaimerntoi JJHD.

18 Kakas cBs3p mexiy MJIH® u coxpamennoi JJIHD?

19 Kakoe mokpsiTHe 001acTH UCTUHHOCTU OyreBOM (yHKIIMM Ha3bIBAETCS
HEMPUBOIUMBIM?

20 Kakas JIH® Ha3piBaeTCs TYNMUKOBOM?

21 Kakas cBs3p Mmesxxny MJIH® u tynukoBoit JIHD?

22 ChopmymupyiTe aaropuT™ IMOCTPOSHUS BCeX TYNMUKOBBIX JTHD.

23 Kak cTpouTcsi UMIUTMKaHTHAsE MaTpuIiia?

24 Chopmynupyiite anroputm HaxoxaeHuss MIAH® MeTrogoM MMILUIUKAHT-

HBIX MAaTpHII.



TEMA 7 AJITEBPA JIOI'HKHU ITPEIUKATOB

7.1. OCHOBHbIE TOHATHS U ONPEIEICHHS AreOphl JIOTUKU MPEIUKATOB.
7.2 KBaHTOpHBIE Onepalyy HaJ IPEIUKATAMHU.

7.3 @OpMyIIbI TOTUKH MPEAUKATOB.

7.4 PaBHOCWIBbHBIE PeOOpa3zoBaHus (popmyil.

HanomHuM, 4TO noj BbICKa3bIBAHUEM Mbl [IOHUMAEM IMPEATIOKEHUE, O KOTO-
POM MOXHO CKa3aTh OAHO U3 JABYX: UCTUHHO OHO WJIM JIOXkHO. [loHsTHE IIpenu-
KaTa 0000IIaeT TMOHATHE BBICKA3bIBAHMS. 1€OpHsS MPEANKATOB MPEICTABISCT
co0oi1 6oee TOHKUI UHCTPYMEHT, IO CPAaBHEHUIO C TEOpHel BhiCKa3biBaHMil. B
HACTOSIIIIEN TJ1aB€ pacCMATPUBAETCS OCHOBHBIE IOJIOKEHHS TEOPUHU alreOpbl

IIPEIUKATOB.

7.1 OcHOBHBIE MOHSAITHUS U OTIpe/ieJIeHNs] AJTreOpbl JOTHKH NMPeIUKATOB

Omnpenenenne 1 N-MECTHBIM MPEIUKATOM, ONPEAEIEHHBIM Ha MHOXKECTBAX
My, M,,...,M,, Ha3bIBaeTCid TIPEIJIOKEHUE, COJIEpKAIIEe N TEPEMEHHBIX
X1,X2, ..., Xn TPEBpAIIAIONICECS] B BhICKa3bIBAHUE IPU MOACTAHOBKE BMECTO ATHUX
MIEPEMEHHBIX JTIOOBIX KOHKPETHBIX 3JIEMEHTOB U3 MHOXECTB M1, Mo, ...,M, cooT-
BETCTBEHHO.

O06o3HayaTh N-MECTHBIC Mpeaukatrbl OymeM A (Xi,Xp,...,X,), IPUUEM TIepe-
MEHHBIE X1,X2, ...,Xn HA3BIBAKOTCS MPEIMETHBIMH.

Besikuit n-mectHBI nipeaukaT A (X1,X,...,Xn), ONPEACIEHHBIA HAa MHOXKE-
ctBax M, M,,...,M, ecTb QpyHKIUS OT N apryMEHTOB, 3a/IaHHAs] HA YKa3aHHBIX
MHOKECTBaX M MpuHUMaromas 3HaueHue 0(J10)kHO) uiar 1(MCTUHHO).

Bynem roBoputh, 4T0 N-MECTHBIN npeauKar A (Xi,X, ..., Xn) 3aJaH Ha MHOYXe-
cTBE M, eciu X1,Xy, ..., Xn IPUHUMAIOT 3HaUeHUs U3 M.

[Ipumepamu TIpeUKATOB SBIISIIOTCS JIOOBIC YPaBHEHHS U HEPABEHCTBA U3

IOKOJIBHOT'O KypCa MAaTCMATUKHU.



Hanpumep, Xx+y>2, rae X,y u3 R ecTh IByXMECTHBIN MpPEIUKAT 3aJJaHHBIA Ha
MHOKECTBE BCEX JEHCTBUTEIBHBIX uncel R.

Onpenenenne 2 [Ipeaukar 4 (X1,Xy, ...,Xn), 38JaHHBIA HA MHOXKECTBAX

My, M, ...,M, Ha3BIBaeTCA:

1) TOXKIeCTBEHHO MCTHHHBIM, €CIIM TPHU JIIO00H MOJACTAHOBKE BMECTO Iie-
PEMEHHBIX X1,Xp,...,Xn JIIOOBIX KOHKPETHBIX 3HAUYEHUN W3 MHOXECTB M,
M,, ...,M, oH IpeBpaIllacTCs B UCTUHHOE BBHICKA3bIBAHUE;

2) TOKIAECTBEHHO JIOKHBIM, €CJIM IpU JI000H MOACTAHOBKE BMECTO TIepe-
MEHHBIX X1,Xy, ...,Xn JTIOOBIX KOHKPETHBIX 3HAYEHUW M3 MHOXECTB My, M, ..., M,
COOTBETCTBEHHO OH MPEBPAIIACTCS B JI0’KHOE BHICKA3bIBAHHUE;

3) BBINOJIHHMBIM, €CJIH CYIIECTBYET 110 KpaliHel Mepe oauH Habop 3Haye-
HUW TIEPEMEHHBIX U3 My, M, ..., M, Tp1 KOTOPBIX €0 3HAYEHUE UCTUHHO.

O0603HaYaOT: TOKACCTBEHHO UCTUHHBIN — A (X1,X, ..., Xy) = I; TOXKIECTBEHHO
TOXKHBIA — A (X1,Xa, ..., Xn) = 0.

JIByxmecTHBIN mpeaukaT X’+Yy? > 0, 3amaHHblii HA MHOXeCTBe R sBIsieTcs
TOXKECTBEHHO NCTUHHBIM.

OpHomecTHBIN TpeaukaT SiNX > 1, 3amaHHBI HA MHOXKECTBE R sBisieTcs
TOXJIECTBEHHO JIOKHBIM.

[TprmepoM BBITIOJTHUMOTO MPEIUKATa 3aJJAHHOIO Ha MHOXKECTBE R sBIsercs
npeaukar X+y = Z.

Onpenesienne 3 MHOXKECTBOM HCTHHHOCTH mpeaukara A (Xy,Xp,...,Xn) 3a-
JAHHOT'O Ha MHOXecTBaxX My, My, ..., M, Ha3pIBaeTCs COBOKYIIHOCTb BCEX YIIOPSI-
JOYCHHBIX HAa00poB (81,8, ...,8n), r©Ae & € M, i=1,2,..,n nph KOTOPBIX
A(aay,...,a,) =1.

MHOX€ECTBO MCTHHHOCTH Tpeaukara A (X1,Xp,...,X,) Mbl OyaeM 00O3HayYaTh
Na.

ITycte A(X)=(x?*+3X - 4=0) — oqHOMECTHBIN MPEANUKAT, 3aJaHHBIH Ha MHOXKE-
ctBe R. fcno, uro Npo={1,-4}. OnHako, eciu JaHHBIA MPEIUKAT 3aaH Ha MHO-

’KECTBE HATYPAIBHBIX YHCEII, TO €ro MHOKECTBO UcTHHHOCTH N'A={1}.



[Tycts X?+Yy?=4 — nBYXMECTHBIN NpEAUKaT, 3aJaHHbIA Ha MHOXXECTBE JCH-
cTBUTEIBHBIX yncen R. Torga MHOKECTBOM MCTHHHOCTH €TI0 SBJISIOTCS MHOMXe€-
CTBa BCEX TAKHUX Map JIEUCTBUTEIBHBIX YUCEN, KOTOPHIC SBIISIIOTCS KOOpAUHATA-
MH TOYEK IIOCKOCTH, JIEKAIIUX HA OKPYKHOCTH C LEHTPOM B Hayajae KOOp.Iu-
HaT U PaguycoM 2.

HenocpeacTtsenHo u3 onpeaeneHus 2 cleayeT CnpaBeIInBOCTh CIEIYIOIIEC-
IO YTBEPKICHHUS.

ITyctb A (X1,Xp, ...,Xn) N-MECTHBIN MpPEAUKAT, 3aaHHBII Ha MHOKECTBAX

My, My, ...,M, Torna cupaBeyIuBbl CACAYIOIINE YTBEPKICHHUS :

1) A (X1,X2, ...,Xn) SABISETCS TOXIESCTBEHHO HCTUHHBIM TOLJA M TOJbKO TOT/IA,
korna Na= My x Mo x... XM,

2) A (X1,Xy, ..., Xn) SABISCTCS TOKIACCTBEHHO JIOXKHBIM TOI'/Ia U TOJIBKO TOI'/IA,
xorga Na=0;

3) A (X1,X2, ...,Xn) ABIAETCS BBIOJHUMBIM TOTJA U TOJIBKO TOra, KOraa
Na#d.

Onpenenenne 4 J[Ba N-mecTHBIX mpeaukaTa A(Xy,Xp,...,Xn) ¥ B(Xy,Xa,...,Xn)

3aJJaHHBIX HA OJIHUX W TEX K€ MHOXKeCTBaxX My, My, ...,M, Ha3bIBalOTCA paBHO-
CWJIBHBIMH, €CJIH JIJIs JTFOOBIX HaOOpOB MEPEMEHHBIX (81,dy,...,an), TAC &M,
I=1,2,...,N OHU IPUHUMAIOT OJMHAKOBBIC TOTHUCCKUE 3HAUCHH.

HemnocpencTBeHHO U3 JaHHOTO OIpeeeHUs CIEAyeT, UYTO MIPETUKATHI

A(X1,X2, ..., Xn) ¥ B(X1,X, ...,Xn) PABHOCHIIBHBI TOTJa U TOJIBKO TOT/Ia, KOrJa UX
MHOKE€CTBa HICTHHHOCTH COBITaAaroT, TO ecTb Na=Nj3.

Tot dakT, 9yT0 npeauKaTsl A(Xy,Xo,...,Xn) H B(X1,Xs,...,Xn) PABHOCHIBHBI OY-
neM obo3HayaTh Tak: A=B.

Onpenenenne 5 I[lpeguxatr A(Xy,Xy,...,X,) OIPEACIEHHBIH Ha MHOXKECTBaX
My, M,,...,M, Ha3pIBaeTcs cieacTBUeM mnpeaukara B(Xy,Xo,...,X,) onpeacaéHHOM
HaJl TEMH K€ MHOXXECTBaMHU, €CJIM OH NMIPUHUMAET UCTUHHBIC 3HAUCHHUS Ha BCEX
TeX Habopax 3HaYCHHI MTePEMEHHBIX, Ha KOTOPBIX UCTUHHO 3HAUYCHHE MPEeIuKa-
Ta A(X1,X2, ..., Xn).

JlpyruMu c0BaMH MOXKHO CKaszaTh, 4TO MpeauKaT A(Xy,Xp,...,Xn) SBIIETCS

CIIEZICTBUEM MpeauKaTa B(Xy,Xy, ..., X,) TOraa U TOJIbKO Toraa, koraa Nz < Na.



ITyctb Ay(x)=x:2 (X gemutcs Ha 2), Ap(x)= x4 (X meautcs Ha 4) ABa OIXHO-
MECTHBIX MpeIUKaTa 3aJJaHHbIX Ha MHOKECTBE HaTypaJbHBIX Yuce. SICHO, 4TO
npeaukar A, ABISETCS CIAEACTBUEM Npeaukara A,.

Tak kak n000¥ mpeaukar npu (GUKCUPOBAHHBIX 3HAYEHUAX MEPEMEHHBIX
MpeBpalaeTcsi B BLICKa3bIBAHUE, TO HaJ HUMHU MOXXHO MPOAENIBIBAThH TE XK€ JIO-
TUYECKUE OIEpaIMM, YTO U HAJ BHICKA3bIBAHUSIMH.

Onpenesenne 6 OTpunianueM N-MecTHOTO npeaukaTa 4 (Xi,Xz, ..., X, ), Onpe-

NEeIEHHOTO Ha MHOXecTBax M, M, ...,M, Ha3bIBaeTCa N-MECTHBIN MPEAUKAT,

omnpene’éHHBIA HA TeX K€ MHOXecTBaX, obo3HauaeMbii A(X,,X,,...,X ), 3Ha-
YCHUE KOTOPOI'0 HCTHHHO MPHU BCEX TEX 3HAUCHHUAX NEPEMCHHBIX, ITPH KOTOPHIX
3HAUCHHUE MIPEIMKATA JIOXKHO.

Hampumep, oTpuIlanueM IBYXMECTHOTO Mpeaukara X+y > 2, onpeneaéHHo-
ro Ha MHOXeCTBe R sBisercs mpemukar X+y < 2, onpeneia€HHbIA Ha TOM JKe
MHOXkecTBe R.

Teopema 1 Ilycmo A(X,, X,,...,X ) — N-mecmmuwiil npeouxam, onpeoerénubiil
Ha mHodxcecmeax My, M, ...,M,. Tocoa cnpaseonuso ciedyrouee morcoecmaeo:

N, =(M,xM, x...xM )\N,.

Jokazamenscmeo. Ilycts (a,,a,,...,8,) — IPOU3BOJIBHBIA HA0Op IEPEMEH-

HBIX W3 NZ\. Torma A(X,,X,,...,X,)=1. DT0 BO3MOXHO TOJBKO TOrJa, KOrJa

A(X,, X,,...,X )=0. A 910 3HaYHT, YTO
(a,a,,..,a)e (M, xM,x...xM )\N,.
OTcroa cieayer ChpaBeIMBOCTh YKa3aHHOTO TOXAecTBa. HemocpemacTBeHHO
U3 JAHHON TEOPEMBI CIIEAYET:
CanencrBue. OTpuiianye npeaukara OyaeT TOKISCTBEHHO UCTHHHBIM TOIIa
U TOJIBKO TOTJa, KOIr1a HCXOIHBIN MPEIUKAT TOXKIECTBEHHO JIOKEH.

Omnpenenenne 7 KOHBIOHKIMEN N-MECTHBIX NPEOUKATOB A(X,, X,,...,X,) H

B(X,,X,,...,X_ ), onpenenéHHpIx Ha MHOXXecTBaXx M,,M,,...,M  Ha3pBaercs n-



MECTHBIM MpeIUKaT, ONpeAeNEHHBI Ha TeX K€ MHOXKECTBaX, 0003HayaeMbIH
A(X,, X, 5. X ) B(X,, X,,..., X, ), 3HAUCHHUE KOTOPOTO UCTHHHO NPH T€X U TOJb-
KO Tex Habopax IHEepEeMEeHHBIX, NPH KOTOPbIX MCTHHHO 3HA4YEHHE HCXOIHBIX
MPEIUKATOB.

Teopema 2 [Iycms A(X,X,,...,X,) u B(X,,X,,...,X ) 06a N-mecmmuvix npe-
ouxama onpeoenénnvie nHa mHoxcecmeéax M ,M,,...,M . Toeoa cnpaseonuso
credyrouee moacoecmeo: N, . =N, (TN;.

Hokazamenscmeo. Ilycts (a,,a,,...,8,) - IPOU3BOJIBHBII HAOOP MEpEMEH-
Heix u3 N, ., torna A(X;,X,,...,X, ) B(X,X,,...,X,)=1. DT0 BO3MOXXHO TOIBKO
Toraa, Korga opHoBpeMeHHO A(X,X,,...,X,)=1 u B(X,X,,...,X,)=1. A 210
3Ha4wuT, 4to (&,,a,,...,a )€ N, [1N,.Teopema nokazana.

HenocpencTBeHHO U3 JaHHOHM TEOPEMBI CIEIYET:

CaencrBue. KOHBIOHKIUS IBYX NPEIMKATOB TOXKAECTBEHHO HCTUHHA TOTAA
M TOJIBKO TOTJIa, KOT/1a 00a TaHHBIX MPEIUKaTa TOXKIESCTBEHHO NCTHHHBI.

Teopema 2 ucnonb3yercs B WIKOJIBHOM Kypce€ MaTEMAaTHKW NPU PELICHUH

CUCTEM YpaBHEHUI M HepaBeHCTB. Hampumep, TpeOyeTcst peluTh CucTeMy He-

PaBEHCTB ‘X‘ <5, x > 3. Jlus 370r0 HY)KHO HAWTH MHOXKECTBO MCTUHHOCTH Ipe-
JuKaTa (‘X‘ <5)(x > 3), onpenenénnoro Ha MHOXKecTBe R. Ucmonb3ys Teopemy

2, TIONy4aeM:
N(\x\<5).(Xz3) = N\x\<5 Ny, = l‘5,5:ﬂ ""'OO:: "5:

Onpenesienne 8 J[M3bIOHKIMECH N-MECTHBIX MpeaukaToB A(Xy, Xp, ..., X,) H
B(X1, X, ..., Xn), OIpeaeneHHbIX Ha MHOKeCTBaX My, M,, ..., M, Ha3bIBaeTCs
N-MECTHBIN MPEAUKAT, OTIPEACICHHBIM Ha ’TUX MHOXECTBAX, 0003HAUCHHBIN
A(X1, X2, ..., Xn) V B(Xq, X2, ..., Xp), 3HQUEHHE KOTOPOI'0 MCTUHHO MPU TEX U
TOJIBKO T€X HaOopax MEPEMEHHBIX, P KOTOPHIX HCTHHHO 3HAYCHHUE IO MEHB-

e MCPC OJHOI'0 U3 NCXOAHBIX ITPCIUKATOB.



Teopema 3 Ilycmo A(Xy, Xo, ..., Xo) u B(X1, Xo, ..., Xp) 06a N-mecmuvix npe-
ouxama, onpeoenennvle Ha mHodcecmeax M1,M,, ... ,M,. Toeoa cnpaseoruso

cneoyrougee moxcoecmso Nayg = Na U Np.

Jlokazamenvcmeo. Ilyctob (21,8, ... ,a,) — MPOU3BOJLHBIN HAOOp MEPEMEH-
HbIX U3 Nayg. Torma A(Xy, Xo, ..., Xn) V B(Xy, Xo, ..., Xp) = 1. DTO BO3MOKHO
TOJIBKO Toraa, koraa mim A(Xy, Xo, ..., Xp)=1 wmu B(Xy, Xp, ..., X)=1. A 3T0 3Ha-

quT, 910 (81 @y, ... ,an) € Na U Ng. Teopema nokazana.

CaencrBue. /[U3bIOHKIUS BYX NPEIUKATOB TOXKISCTBEHHO JIOXKHA TOTJA U
TOJILKO TOT/Ia, KOTJla 00a JaHHBIX MPeIUKaTa TOXISCTBEHHO JIOJKHBI.

Teopema 4 IIycmob A(Xy, Xo, ..., Xn), B(X1, X2, ..., Xp) u C(Xg, Xo, ..., Xp) —
N-mecmuvie npeduxamsl, onpeoeneHnvle Ha mHoxcecmeax Mq,M,,....M,, mozcoa
Cnpaseonusbl credyoujue pagHoOCUIbHOCIU:

A-B=B-A, AVB=BVA, A-(B-C)=(A-B)-C, AV(BVC)=(AVB)VC,
A-(BVC)=A-BVA-C, AVB-C=(AVB):(AVC), AB=AVB, AV B=A"B.

Joxazamenvcmeo. JlokaxxeMm CHpaBeIJIMBOCTh CIEAYIONICH PaBHOCHIBHO-

crt AB=AVB. Jlis 9TOro HyXHO IOKa3aTh CIIPABELINBOCTD CICIYIOLIETO

toxkaectBa Nzg=N;, 5. edictBuTenbHo, mycth (a;,ay,...,8n) — MPOU3BOIBHBIN

Habop mepemennbix w3 N,g. Torma A(@,,a,,...,a )-B(@,,a,,...,a, )=1. Or-

crofa moiydaem, uro A(ay,ay,...,an) B(ay,a, ...,a,)=0. 3T0 BO3MOXHO TOJBKO B

TOM ciydae, korga auoo A(ay, a,, ... , a,)=0, mmbo B(ay, a, ... , a,)=0. A st0

3HauWT, 9ro Jubo A@@,,a,,...,a,)=1, mbo B(,,a,,...,a )=1. CnenoBarens-

HO, (31,82, ....an) € N5 Urak, Nz5=N;,; Orcrona AB=AVB. Ananoruu-
HBIM 00pa30oM MOXKHO J0Ka3aTh CIPaBEIJIMBOCTh JIPYIHX PAaBHOCHUIBLHOCTCH.
Teopema qoka3aHa.

Onpenenenne 9 [Tycts A(Xy,Xs, ..., Xn) 1 B(X1,Xo, ..., Xn) N-MECTHBIE PEIUKATHI
Ha MHOXecTBax Mi,M,,...,M,. Ux ummiukamueil Ha3pIBaeTCsl MpeauKaT, ornpe-
JICIICHHBIN Ha TEX K€ MHOXKECTBax, 0003HauaeMbiii A(Xy, X, ..., Xn) => B(Xy, Xo,

..., Xn), 3HAUEHUE KOTOPOTO JIOKHO TOJILKO TIPU TeX HAOOpax MEePEeMEHHBIX, TIPU



KOTOPBIX 3HaueHue npeaukara A UCTHHHO, a B — mokno. [Ipenukar A Ha3biBa-
€TCsI ITOCHUIKOM U B — 3akimouenuem.

HenocpencTBeHHO U3 onpeieiieHus CaeayeT, YTO UMIUTUKAIUS IBYX TPeu-
KaTOB, 3aBUCSIINX OT OJHUX U TEX XK MEPEMEHHBIX, €CTh TOXJICCTBEHHO HC-
TUHHBIN TPEIUKAT TOTJa U TOJBKO TOTa, KOTJa €€ 3aKIF0UCHUE SABIISCTCS CIIe/I-
CTBHEM IOCBIIKH.

Onpenesienne 10 DKBUBAJICHTHOCTh JIBYX N-MECTHBIX MpeaukaTtoB A(Xi, Xo,
., Xn) ¥ B(Xy, Xo, ..., Xp), OIpEAEICHHBIX Ha MHOXKecTBaX My, My, ..., M,
Ha3bIBaeTCsA N-MECTHBIM NpEIUKaT, ONPEACICHHBIH Ha TeX ¢ MHOXKECTBax,
ob6o3nauaeMbiii A(Xy, Xp, ..., Xp) <=> B(Xy, X2, ... , Xp), 3HAUEHHE KOTOPOT'O HC-
TUHHO TP BCEX TeX HAOOpax MEepPEeMEHHBIX, IMPU KOTOPBIX Mpeaukatel A u B
HNPUHAMAIOT OJIMHAKOBBIC TOTHYECKUE 3HAUCHUSI.

Henocpeacteenno u3 onpeaenenus 10 cienyer, 4TO SJKBUBAJIEHTHOCTD JABYX
MPEINKATOB, 3aBUCSIINUX OT OJHUX U TEX XK€ MEePEMEHHBIX, €CTh TOXICCTBEHHO
WCTUHHBIN MPEAUKAT TOT/Ia U TOJIBKO TOIa, KOTa OHM PaBHOCHIIBHEI.

B crnenyromeid TeopemMe qOKa3aHbl BAKHBIC PABHOCHMIIBHOCTH, BBIPAKAIOIIUE
OJTHY JIOTHIECKHUE OIIePAIMH HaJl PEJUKATAMHK Yepe3 IPYTHE.

Teopema 5 ITycmo A(Xy, Xo, ..., Xn) u B(Xq, Xo, ..., Xn) N-mecmusvie npeduka-
mul, onpeodenennvie Ha Muodxcecmeax My,M,, ... ,M,. Tocoa cnpaseonuswvl cie-
oyouue pasHoOCUIbHOCTII.

A=>B=AVB, AB=AV B, A<=>B=(A=>B)-(B=>A).

Jokazamenvcmeo JlokaxxeM CipaBelJIMBOCTh CIEAYIOMIEH PaBHOCHIBHOCTH
A<=>B=(A=>B)-(B=>A). Jlsi1 3TOro HY>KHO JI0OKa3aTh CIIPaBEIJIMBOCTH CJic-
nyromiero ToxaecTBa Na<=>g=N=>p).@=>p). IlycTb (81,8, ... ,an) — MIPONU3BOIB-
Helid Ha00p M3 Na<=sg. OtTcroma cienmyer, uto A(ai,d,, ... ,a,)<=>B(a; a,...
...,apn)=1. DTO BO3MOKHO TOJBKO B TOM CiIy4ae, Koraa Jin0o 3HaucHus A(ay,ay,..
... ,an) u B(ay,ay, ... ,a,) uctuHHLI, 1M00 JT0KHBI OAHOBpeMeHHO. Ho B m000oM 13
sTux ciydaeB 3HaucHue (A(ai, ap, ..., an)=>B(ai, a, ..., @) ( B(ag,ay, ...,

..an)=>A(ay, @ ..., an))=1, T.e. (a1, Az, ..., an) € Ny=>p)B->4). WTaK, TpeOye-



MOC TOXKACCTBO JOKA3aHO. OTCIOIIa CICaAycCT CIIpaBCAJINBOCTDb OTMEUEHHOM BbI-
¢ PaBHOCUJIBHOCTH. OcTanbHbIC PaBHOCWIIBHOCTH OOKA3bIBAIOTCS dHAJIOTHUYIHO.

Teopema okasaHa.

7.2 KBaHTOpHBIE ONepaAlMU HA/l IPeIUKATAMH

Omnepanuy OTpUIlAaHUE, KOHBIOHKITUS, JU3BIOHKIUSA, UMIUTAKAIIHS, SKBUBA-
JICHTHOCTH ONPEIEIIAIOTCS aHAJIOTMYHO KaK JUIsl TPEIUKATOB, TaK U JIJIS BHICKA-
3piBaHuil. OJHAKO B TEOPUU MPEIUKATOB CYIIECTBYIOT ONEPAINH, ISl KOTOPBIX
HET aHaJOroB B TEOPUH BBICKA3bIBaHWW. TakuMU orepanusMu Hal MpeanKara-
MU SIBJITFOTCS BE KBAHTOPHBIC OTIEPAlMU — KBAHTOP OONTHOCTH W KBAHTOP CY-
IIeCTBOBaHUsA. VI3BECTHO, YTO €CJIM B OJTHOMECTHOM TPEAUKaTe 3aQKCUPOBATH
3HAYCHHE ITEPEMEHHOM, TO MbI ITOJy4YHM BBICKa3bIBAHHUE.

Nmeertcs emie oauH crnocod. OH OCHOBaH Ha MPUMEHEHUH K MPEAUKATy OIle-
panuii CBSI3bIBAHUS KBAHTOPOM OOIIHOCTH WJIM KBAaHTOPOM CYIIECTBOBAHUS.
Takue omnepanuu CTaBIT B COOTBETCTBHE OJHOMECTHOMY MPEIUKATY BBICKA3bI-
BaHUE, 3HAUCHUE KOTOPOT'O 3aBHCHT OT CTPOCHUS UCXOJHOTO IIPEIUKATA.

Onpenenenne 11 I[Tycts A(X) — OTHOMECTHBIN MTPEIUKAT, OMPECIICHHBIN Ha

mHoxkecTBe M. O0o3Hauum yepe3 VX A(X) BbICKa3bIBaHHE, KOTOPOE YHUTACTCS:

«mis Besikoro X m3 M cmpaBemymuBo A(X)», JaHHOE BBICKA3bIBAaHHE HCTUHHO
TOJIBKO B TOM cliyuae, korna npeaukar A(X) TOXKIeCTBEHHO HCTUHHBIN.
CumMBon VX Ha3bIBaeTCsl KBAHTOPOM OOIIHOCTH MO NMEPEMEHHOM X.
(2 . .
Hampumep, mycts A(X)=(X">0) omHOMECTHBIN MpeauKar, OnpeAeICHHbIN Ha
2
mHoxectBe R. Torga VX (X° >0) — ucTHHHOE BBICKa3bIBAaHHE, KOTOPOE YUTACT-

Csl: «KBaJpaT JIF0OO0Tr0 ACHCTBUTEIBHO YHCIa HeoTpuuaTeneny. [ycts
A(X)=(x > 2). Torma VX(X >2) — JIOXHOE BBICKa3bIBaHHE, KOTOPOE YMTACTC:
«TI000€ TEUCTBUTEIBHOE YUCIIO OOTBIIIE 2.

Crnenyromasi TeopeMa IOKa3bIBaeT, YTO KBAHTOP OOIIMHOCTH MOYKHO pac-

CMaTpUuBaATh KakK 0606H1€HI/I€ KOHBIOHKIIHMH.



Teopema 6 IIycmo A(X) — oonomecmubiii npeoukam, onpeoesienHblll Ha KO-
neunom mroxcecmee M={ a,ay, ... ,an}, mozoa Vx A(X) = A(ay)-A(ay)...-A(an).
Jokazamenvcmeo. Ilycts VX A(X) = 1, torma A(x)=1. Orcroga A(aj))=1 mus

mob6oro a;eM. Ho Torma A(ay)-A(ay)-...-A(a,)=1. ITycte VX A(X) = 0, Torma

A(X)#1. A 5710 3HauuT, 4ro cymiecTByer @ u3 M, uro A(a)=0. Ho rtorma
A(ay)-A(ay)-...-A(an)=0. Teopema moka3aHa.

KBaHTOp OOIIHOCTH MOYHO MPHUMEHSATh M K MHOTOMECTHBIM IPEIUKATaM.
OHOKpaTHOE MPUMEHEHUE KBaHTOpa K OJHOH M3 N MEPEMEHHBIX N-MECTHOI'O
npeaukara nopoxjaet (N-1) — MecTHbBIN NpeuKar.

[Tycth, Hampumep, Mbl UMEEM JIBYXMECTHbBIH mnpemukatr A(X,Y)=(X > V),
onpeneneHHbii Ha MHOKecTBe R. Torma VX (X > y) 3amaer 0JHOMECTHBIN Ipe-
mukat B(y), 3aBucsimuii ot nmepeMeHHo Y. ONpeaenuM THIT 3TOro MpeauKaTa.
Bo3bmeM npon3BOSIBHOE AEHCTBUTEIBHOE YUCIO Yo. JICHO, UTO
B(yo)= VX(X > Yy)=0. CnenoBatenbno, B(y) — TOXXIECTBEHHO JIOKHBIN MpeIu-
KaT.

3amerumM, uto K (N-1)-mectHOMY nipeaukary VX; A(Xy,Xp, ... ,Xn), 3aBHUCSIIE-
My OT HEPEMEHHBIX X1, X2,X3, ... ,Xn, MOYXHO CHOBA NMPHMEHSATH OIEPAIUIO CBSI-
3bIBaHHMSI KBAHTOPOM OOIIHOCTH IO OJHOM M3 CBOOOTHBIX NMEPEeMEHHBIX. B pe-
3yJIbTaTe MOAY4YHTCs (N-2)-MECTHBIN MPEAUKAT U T. 1.

[Tycts, HampuMep, Mbl UMeeM ABYXMecTHbIM mpeaukar A(X,y)=(x+y > 2),
onpenencuubiii Ha R. Torma V XVy (X+y > 2) — 10XKHOE BBICKa3bIBaHHE, KOTO-
pO€ YUTACTCA: «CyMMa JTFOOBIX ABYX ACHCTBUTEIBHBIX YHUCEN OONBIIE IBYX).

Onpenenenue 12 [Tycte A(X) — 0OJTHOMECTHBII TIPEAUKAT, ONPEICICHHBIN HA
MHO)kecTBe M. O603HaumM IX A(X) — BBICKa3bIBaHUE, KOTOPOE YUTACTCS: «CY-
mecTByeT X u3 M, uyto crnpaBemmuBo A(X)», JaHHOE BBICKAa3bIBAHHE JIOKHO
TOJIBKO B TOM cllyuae, korja npeaukar A(X) TOXIeCTBEHHO JIOKHBIM.

CumBoJ1 X Ha3BIBAIOT KBAHTOPOM CYHICCTBOBAHMUA 110 HGpGMGHHOﬁ X.



Hanpumep, nycrs npemuxar A(X)=(x’<0) onpenerner Ha R. Torma 3x (x*<0)
— JIO)KHOE BBICKAa3bIBaHUE, KOTOPOE UMTAETCS: «CYIIECTBYET NEHCTBUTEIHHOE
YHCIIO0, KBaJIpaT KOTOPOro MeHbIme Oy.

Crnenyrommasi TeopeMa IMOKa3bIBAET, YTO KBAHTOP CYIIIECTBOBAHUS MOXKHO
paccMaTpuBaTh Kak 000011eHHE TU3BIOHKIIUU.

Teopema 7 Ilycmov A(X) — oonomecmublii npedukam, onpeoenenHblll Ha KO-
neunom muoxcecmee M={a,,a,, ... ,an!. Toeoa IAx A(X)=A(a;)VA(ay) V...VA(ay,).

Jokazamenvcmeo. Ilycte IX A(X)=0. Torma cormacHo ompeneneHuto 12
A(X) — TOXXIIECTBEHHO JIOKHBIN TIpenukar, a 3Haunt A(a;)=0 ms moboro a; M,
Ho Torna A(a;)VA(ay) V...VA(a,)=0. ITycts VX A(X)=1. Torma A(x) — HE TOXK-
JIECTBEHHO JIOXKHBIWA MPEAUKAT. A 3TO 3HAYUT, YTO HAMAETCA 3HaUYE€HUE aj u3 M,
yro A(aj)=1. Ho torma A(a;)V A(az)V...VA(an)=1. Teopema noka3aHa.

KBanTop cymiecTBOBaHUS MOKHO MPUMEHSTh K MHOTOMEPHBIM MPEAUKATAM.
OnHOKpaTHOE MPUMEHEHHWE KBAHTOpPa K OJHON W3 N MEPEMEHHBIX a-MEPHOTO
npearkara nopoxaaet (N-1)-MepHbIi MpeauKarT.

[lycTh, Hanmpumep, Mbl MUMEEM IABYXMECTHBIA mpenukar A(x,y)=(xx > y)
ornpenenéupiii Ha MHOXKecTBe R. Torma Jx(x >Y) 3amaeT 0HOMECTHBIHN IIpe-
nukar B(y), 3aBucsaumui or nepeMeHHou y. JlaHHbIA mpeaukaT OyJeT ToxKie-
CTBEHHO WCTHUHHBIM. JIEHCTBUTENBHO, IMYCTh )y — MPOU3BOJIbLHOE (DUKCHPOBAH-
HOE JeicTBUTEIbHOE YKcio. Torma B(ye)= 3 x(x > Yo)=1.

3aMeTuM, 4TO €CIi B MHOT'OMEPHOM TIPEIUKATE BCE TIEPEMEHHBIC CBSI3aHBI
KBaHTOPaMH, TO OH OYJIET BRICKA3bIBAHUECM.

ITycte A(x,y)=(x+y > 1) nByXMeCTHBIA TPEIUKAT ONPEISIEHHBII HA MHO-
xectBe R.

Torga u3 Hero CBSI3bIBAHUEM IMEPEMEHHBIX X U y MOXHO TOJYYHUTh BOCEMb
BBICKa3bIBaHUIA:

1 VxVy(x + y > 2) — “Jlns BCAKUX AEHCTBUTCIBHBIX YUCE X M Y HX CyMMa

Oonblie IByX.



2 VyVx(x + y > 2) — “Jlns BCAKUX NEHCTBUTEIBHBIX YACE Y U X WX CyMMa
Oonblie IBYX.

3 dxIy(x + y > 2) — “CymecTBylOT JEHCTBUTEIbHBIC YHCIA X U ), CyMMa
KOTOPBIX OOJIbIIIE IBYX .

4 Fydx(x + y > 2) — “CyiecTByIOT JHCTBUTEIbHBIC YHCIA ) U X, CyMMa
KOTOPBIX OOJbIIe ABYX .

5 Vxdy(x + y > 2) — “Jlns BCSIKOTO NEHCTBUTEIHHOTO YUCIIA X CYHIECTBYET
JEUCTBUTEIBHOE YUCIIO Y, UTO UX CymMMa OO0JIbIIe IBYX .

6 Vydx(x +y > 2) — “Jlns BCAKOro ACHCTBUTEIHLHOIO YKCIA ) CYHIECCTBYET
JNEUCTBUTEIBHOE YHCIIO X, YTO UX CyMMa OOJIbIIIE IBYX .

7 IxVy (x+y>2) — “CyuiectByeT AEHUCTBUTEIBHOE YHUCIIO X, YTO JIJISI BCAKOTO
JEHUCTBUTENBHOrO YKCa Y X CyMMa OOJIbIIe IBYX .

8 x (x+y>2) — “CymiecTByeT J1eUCTBUTEILHOE YUCIIO Y, UTO JJISI BCAKOTO
JIEUCTBUTEIILHOTO YUCJIa X MX CyMMa OoJbIIe AByX .

Hy>xHO 3aMeTHTh, 4TO BhICKa3bIBaHMS 1 1 2 00a JI0)KHBI 1 UMEIOT OJUH U TOT
K€ CMBICIT, BRICKa3bIBaHM 3 U 4 002 UCTUHHBI M UMEIOT OJIUH M TOT JK€ CMBICII.
Kakx BugHO, M3MeHeHWE TOps/IKa OJHOWMMEHHBIX KBAHTOPOB HE BIMSICT HA
CMBICIT M 3HAYEHUE WCTUHHOCTU BBICKA3bIBaHUA. BBICKa3bIBaHWE 5 MCTUHHO, a
BBICKAa3bIBAHUE 8 JIOXKHO.

Bricka3piBanue 7 JI05KHO, a BhICKa3bIBaHUE 6 MCTHMHHO. Kak BUIHO, U3MEHe-
HUE TOPAJIKOB PAa3HOMMEHHBIX KBAHTOPOB MPUBOJIUT K U3MEHEHHMIO CMBICIA M,

BO3MOXHO, 3HAYCHHUA HCTHHHOCTH BbICKA3bIBAHUSI.

7.3 ®opMy.Jibl JIOTUKHU NMPEIUKATOB

[TonsiTue popmybl anreOpsl JOTMKU NPEIUKATOB OMPENETUM UHIYKTUBHO.

Brauane 3agaercs andaBUT CUMBOJIOB, U3 KOTOPBIX OYAYT COCTaBISTHCA
dbopMyIbL.

1) mpenuKaTHBIC TIEPEMEHHEBIE: X, Y, Z, Xi, Yi, Zi (1eN);



2) HylIbMECTHBIE npeAauKkaTHbie nepeMmennbic: 4,B,C, A4, B, Ci (ieN);
3) n-mepubie (N > =1) npeauKaTHBIE TIEPEMEHHbBIE:
A(...), B(...), Ai(...), Bi(...) (1eN);

4) CHMBOJIBI JIOTUYECKUX ONepaui: — , *, v, = &)

9) KBaHTOPHI: V, .

Onpenenenne 13

1. Kaxxnast HynbMecTHast mpeiuKaTHasl IepeMeHHas eCTh hopMyia.

2. Ecmu A(...) — N-MecTHas TpeuKaTHas IepeMeHHas, TO A(X1,Xy, ...,Xn) €CTh
dbopMyIa, B KOTOPOI BCe MPEANKATHBIC IEPEMEHHBIE X1,X, ..., Xy CBOOOTHBI.

3. Ecmu F — dopmymna, To F — raxxe dopmymna. CBoOoaHbBIC (CBSI3aHHBIC)
IpeMETHBIE IepeMeHHbIC B (OpMylIe F Te M TONBKO Te, KOTOPBIE SIBISIOTCS
CBOOOIHBIMU (CBSI3aHHBIMU B F).

4. Ecmu F, u F, — ¢bopMyIibl, U IPEMETHBIC TTIEPEMEHHBIE, BXO/SIINE OJ1-
HOBPEMEHHO B 00€ 3TH (OpMYIIbl, CBOOOIHBI B KaXKIOH M3 HHUX, TO BBIPAKCHHUSI
FF,,FVvF, F =F, F< F, Takke SBIsA0TCS POpMyJIaMHU.

5. Eciiu F — dpopmyna u x — npenmerHasi nepeMeHHas, Bxojsue B F cBo-
00aHbI, TO BbipakeHus VxF m IxF taxxe sBnstorcs popmynamu, B KOTOPBIX
MepeMeHHasl X CBSI3aHHAsI M BCE OCTAJbHBIC MPEIMETHBIC TIEPEMEHHBIC, BXOS-
e B Gopmyny F cBOOOIHO WiTH CBSI3aHHO OCTAIOTCS M B HOBBIX (hOpMYyIIax Co-
OTBETCTBEHHO TAKHUMHU KE.

6. pyrux ¢bopmys JIOTUKH TPEIUKATOB, KPOME MOJYYAIOIIMXCS COTJIACHO
nyHKTaMm 1-5, HeT.

Hampumep, A(x,y) B(z) — snemenTapubie GopmyJsl, 1

VxAxy), (VxB(x)) v; v(Ix A(x,y)), ¥V x A(x,y) = B(y) — cocraBHbIe DHop-
MYJTBI.

®dopMyIbl, B KOTOPBIX BCE MEPEMEHHBIC CBSI3aHbI, HA3bIBAIOTCS 3aMKHYTBI-
MU, a GOPMYJIBI, COIEpPKAITNE CBOOOTHBIE TTPEAMETHBIC IEPEMEHHBIE, — OTKPBI-

ThIMH.



[Tpumepamu 3aMKHYTBIX POPMYIT SABIISIFOTCS
VxVyAixy), Vx B(x) = 3y A(y).

Ecnu B popMyity anreGpsl JOrMKH BMECTO KaKIOM MpeIUKaTHOW MepeMeH-
HOM ITOACTAaBUTh KOHKPETHBIM NPEAUKAT, ONPEAEICHHBI HA MHOXKECTBE M, TO
dbopmysna mpeBpaniaeTcs B KOHKPETHBIN Mpeaukar, onpeaeneHusii Ha M. Ilpu-
4yeMm, eciu popmysia 3aMKHYTa, TO TIOCJE TaKOW MOJICTAHOBKU MBI IOJIy4aeM BBI-
cka3piBaHue. Ecnu B wicxomHol Gopmyiie Obut CBOOOAHBIC MEPEMEHHBIC, TO
MOCJI€ TAKOM MOJICTAHOBKH MBI MOJIy4aeM KOHKPETHBINA MpEeAuKaT OT TaKux Ie-
peMeHHbIX. Eciu Teneph BMECTO TaKUX MEPEMEHHBIX MOJICTABUTh UX KOHKPET-
HOE€ 3HAYEHHUE, TO MbI OMSTh MOJIYYHUM BbICKAa3bIBAHUE.

Takoe npeBpaiienre GopMmysbl alredpbl JOTUKU B BbICKA3bIBaHHE Ha3bIBa-
eTcsl MHTepIpeTanuen 3Toi popmysibl Ha MHOKecTBE M.

Paccmorpum popmyny Vx A(x,y) = Ix A(x,y). B kauectBe M BO3bMEM
MHOXXECTBO BCEX ACHCTBUTENBHBIX UKcell. B naHHyro GopMyiy BMecTO npeau-
KaTHOU MepeMeHHOU A (X,)) TOICTaBUM KOHKPETHBIN MpeauKar x + y > 2 onpe-
nenenublid Ha R. Tlonywaem Vx(x+y > 2) = Ix(x+y > 2) npeaukar, 3aBUCS-
Ui OT mepeMeHHo y. BmecTo y nmojacraBuM 11000€ KOHKPETHOE 3HAUYECHHE )
u3 F.

[Tomydaem BbICKa3biBaHUE V x(x+)o> 2) = Jx(x+yo> 2), TaK Kak
V x(x+yo > 2)=0, Ix(x+ye> 2)=1.

ScHo, uro npeaukar vV x(x+y >2) = dx(x+yg> 2) — TOKIAESCTBEHHO UCTHH-
HBIW NPEIUKAT.

Omnpenenenne 14 dopmyna anredpsl JOTUKU MPEAUKATOB HA3BIBACTCS BhI-
MOJTHAUMOM HAa MHOXECTBE M, €Ciau mpu HEKOTOPOU IMOJACTAHOBKE BMECTO Mpe-
JUKATHBIX TEPEMEHHBIX KOHKPETHBIX MPEIUKATOB, ONPEIEICHHBIX Ha 3TOM
MHOXECTBE, OHA MIPEBPAIAETCA B BBIMOJIHUMBINA Mpeaukar. [[pyrumu cioBamu,

¢dbopMyIa BeIIOTHUMA Ha M, eciiu CyIlecTBYeT UCTHHHAS €€ MHTEpIIpeTaIus Ha

M.



Hamnpumep, ¢opmyna IxA(x)= B(y) BbimonnuMa Ha MHOxecTBe R. Jleit-
CTBUTENBHO, MOACTABIASA B JaHHYIO (POPMYIIy BMECTO MPEAUKATHBIX MEepEeMEH-
HBIX KOHKpPETHBIC MpenuKatel (x > 2),(y < 3), moiaydaeMm mOpeaukar Ix(x
>2) = (y <3) 3aBucsmMii OT y. JJaHHBIN peArKaT BHIOTHUMEIH. J[eficTBUTETb-
HO, TyCTh y=2. SIcHO, 4TO BhICKa3biBaHue Jx(x > 2)= (2 < 3) HCTUHHO.

Omnpenenenne 15 @opmyna anreOpbl JOTMKU MPEAUKATOB HA3BIBAECTCS TOXK-
JIECTBEHHO MCTUHHOM (TOXKIIECTBEHHO JIOXKHOM) HAa MHOXECTBE M, eciu mpu
BCSIKOM MOJICTAHOBKE BMECTO NPEIUKATHBIX NEPEMEHHBIX JHOOBIX KOHKPETHBIX
IPEIUKATOB, 3aJaHHBIX HA 3TOM MHOXKECTBE, OHA IPEBPALIACTCA B TOXKIE-
CTBEHHO UCTHUHHBIN (TOXIECTBEHHO JIOXKHBII) MpEIUKAaT.

Onpenenenne 16 ®opmyna anreOpsl JOTMKH MPEIUKATOB HA3BIBACTCS TaB-
TOJIOTHEN (IIPOTUBOPEUNEM), €CIIU MPU BCSIKOM MOACTAHOBKE BMECTO IpeIuKaT-
HBIX TEPEMEHHBIX JIIOOBIX KOHKPETHBIX MPEAUKATOB, 33JaHHBIX HAa KaKUX yro-
HO MHOXECTBaX, OHa MPEBpALIAETCs B TOXKJAECTBEHHO UCTUHHBIN (TOX/IECTBEH-
HO JIOXKHBIN ) IPEJIUKaT.

[Tokaxxem, uto dopmyna VxA(x)= IxA(x) sBasercs taBTomorueut. Ilycts
A(x) — m000¥ KOHKPETHBIA MPEAUKAT, ONMPENeICHHBIN Ha JTIO00M MHOMXECTBE
M. TlokaxkeM, 4TO TIOCIIE TaKOM MOJICTAHOBKH B (POPMYITY MBI IMOTy4YaeM HUCTHH-
HO€ BBICKA3bIBaHUE.

[Ipennmonoxkum mnpotuBHoe V xA(x)= dxA(x)=0. Torma  VxA(x)=1 u
dxA(x)=0.

Otcrona caenyet, uto A(x)= I u A(x)= () OTHOBPEMEHHO, YTO HEBO3MOXHO.

[Tokaxkem, uro gopmyna A(X)+(V yA(y)) sBiusercs nporuBopedremM. [Ipen-

MOJI0KUM, YTO 3TO HE Tak. Torja HaiieTcs KOHKPETHBIN npeaukat A(x), ompe-
JICJICHHBIM HA KOHKPETHOM MHOXECTBE M, MOCie MOACTAHOBKU KOTOPOIO B MC-

XOJHYIO (POPMYITYy MBI IMOTy4aeM BHITIOJTHUMBIN MPEIUKaT Ha MHOXKeCTBE M. A

3TO 3HAYWT, YTO HalTH 3HaueHue a u3 M, uro A(a)+(V yA(y))=1. Ho torma



A(@)=1 u VyA(y)=I. Orcioga cnenyer, uto A(a)=0 u A(y) — TOXKIECTBEHHO
UCTUHHBIN Npeaukar Ha M, onHOBpeMeHHO. [lomyunnu nporusopeyue.

Haxo)xneHue TaBTOJIOTMH SIBJISAETCS ONHOW W3 BaXKHEWIIUX 3a/1ad JIOTMKU
npenukaToB. B anredpe BbICKa3bIBaHUM CYIIECTBYET aJTOPUTM, MO3BOJISIOLIUN
BBISICHUTB, ABJISIETCS JU (hopMmysa anreOpbl BHICKA3bIBAHUN TOXKIECTBEHHO HC-
TUHHOW WJIH HET. [[J1s 3TOro Hy)KHO COCTaBUTH TAOIUILy HCTUHHOCTU (DOPMYIIBI.
Ecnu nocnegnuil cronben COCTOMT TOJIBKO M3 €IMHHMIL, TO (QopMylsia TOXKIe-
CTBEHHO HCTHHHA. AHajoru4yHas npodiieMa O CYILIECTBOBAaHWU TaKOTO ajro-
pUTMa BO3HUKAET W Il popMyn anreOpsl JIoruku npenukatoB. B 1936 romny
aMepuKaHCKUM MmaTtematukoM A. Uépyem ObUIO J0Ka3aHO, YTO TAKOrO ajro-
putma He cymectByer. Kaxnas Gopma noanexur u3yuyeHuro HHANBUYaTbHbIM
METOJIOM Ha TOXJIECTBEHHYIO HCTHHHOCTb. TeM HE MeHee, Uil HEKOTOPBIX
YacTHBIX BUIOB (pOpMyI JaHHas npoOjeMa JOMYCKAeT pelleHue, B YaCTHOCTH,
st popMysT anreopsbl JIOTUKU MPEAUKATOB, ONPEACIEHHBIX HA KOHEUHBIX MHO-
KECTBaX.

JleiicTBUTENBHO, MYCTh (hopmysia anreOpbl JJOTMKU NPEIUKATOB 3aJaHa Ha
KOHEYHOM MHOXecTBe. Torga BMeCTO €€ NPEIUKATHBIX IEPEMEHHBIX MOIYT
HOJICTABIISATECSI KOHKPETHBIE NMPEIUKATHI, ONPENEIEHHBIE HA 3TOM MHOECTBE.
CornachHo Teopemam 6 u 7 onepanuy KBaHTU(UKALUY HA KOHEYUHOM MHO)KECTBE
CBOJSTCS. K KOHBIOHKIIMH U JTU3bIOHKIMY. Clle0oBaTEeNIbHO, 3a/1a4a O TOM SIBJIS-
ercst 11 (opMyJia TaBTOJIOTUEH, CBOAUTCSA K aHAJOTMYHOM 3ajaue JUIsl aareopsl
BBICKa3bIBaHH, KOTOpasi 3(HEKTUBHO pa3pernma.

7.4 PaBHocH/IbHBIE IPeoOpa3oBanust GopMy.JI

Onpenesienue 17 J[Be popmynsl F, u F, anreOpbl JIOTMKH NPEAUKATOB
Ha3bIBAIOTCSl PABHOCUJIBHBIMU Ha MHOXECTBE M, eciiu 1pu J1t000# O CTaHOBKE
B 3TH (POPMYJIBI BMECTO NMPEAUKATHBIX NEPEMEHHBIX JIIOOBIX KOHKPETHBIX Ipe-

JIMKATOB, ONPEACIEHHBIX HA MHOXKECTBE M, (hOpMyJibl MPEBPAIIAIOTCSA B PaBHO-



CWIIbHBIC TIpefauKaThl. Eciam aBe ¢opMynbsl paBHOCWIBHBI Ha JIFOOBIX MHOXe-
CTBaX, TO UX OyJeM Ha3bIBaTh MPOCTO PAaBHOCHIBHBIMHU B 0003Ha4aTh F,=F,.

B crnemyromux Teopemax NPUBOAATCS HauOoJiee BaXKHBIC PaBHOCHIIBHBIE
(dbopMyIBl anreOpsl JTOTUKH MPETUKATOB.

Teopema 8 (3akonbl A1e Moprana ajsi KBaHTopoB) Credyrowue hopmynvl

aneebpul 102UKU NPEOUKAmo8 pasHOCUIbHYL:
1) VXA(X) = IXA(X);
2) IXA(X) = YXA(X);
Jlokazamenvcmeo. 1) Ilycts A(x) — IpoU3BOIbHBIA KOHKPETHBIM OJTHOMECT-

HBI TIpEIUKaT, ONPENENEHHBIM HAa NPOW3BOJIBHOM MHOXkecTBe M. Torma

VXA(X) 1 IXA(X) — BbICKa3bIBaHMSI.

ITycte VXA(X)=1. Torma VXA(X)=0. Otcrona cienyer, uro A(x)=1. A 310

3Ha4uT, yTo A(X)==0. Tenepb cornacHo onpezaenenuto 12 IXA(X) =1.

IMycts VXA(X)=0. Torma VXA(X)=1. Orcioga cienyert, uto A(x)=1. A 310

3Haymt, uTo A(X) =0. Teneps, cormacuo onpeaenenuio 12 Ix A(x) =0.

JlokazaTenbCTBO ONPEACIICHUS 2) MPUBOIUTCS aHATOTUYHO.

CaeacrBue. Crnenyromue GopmMynbl anreOpsl JOTUKA MPEAUKATOB PABHO-

CHJIbHBI: VXA(X) =3xA(X)

IXA(X) = VXA(X)

JIeCTBUTENIBHO, COTJIACHO TEOpPEME 8 U 3aKOHY JIBOMHOIO OTPHUIIAHUSA TTONY-

gaem IXA(X) = Vxﬁ =VXA(X) .

Teopema 9 (3aKoHBI MPOHECEHHsI KBAHTOPOB 4Yepe3 KOHbIOHKIUIO) Cre-
oyrouue hopmynvl aneedpvl 102UKU NPEOUKAMO8 PABGHOCULbHBL ;

1) VX(A(X)-B(x))=( ¥ xA(x))-(V xB(x));

2) IX(A(X)-P)=(3xA(x))-P.



Joxazamenvcmeo. 1) Ilycts A(x), B(x) — IpOU3BOJIbHBIC OJJHOMECTHBIC Tpe-
JVKATBI, OTIpeIeTIEHHBIC Ha MPOU3BOJIILHOM MHOKecTBe M. I1ycTh
V X(A(x)-B(x))=1. Torna A(x)-B(x) = 1. CoryiiacHO CIeJCTBUIO U3 TEOPEMBI 2
A(x) =1 u B(x) = 1 onaoBpemenno. Coracuo onpeneincauio 11 VXAX) =1u
V XB(X) = 1. A ato 3Hauur, uro (V XA(X))( VXB(x)) = 1.

ITycteb Tenepb V X(A4(x)-B(x)) = 0. Torma coriacHo omnpenencHuro 11
A(x):B(x) 7 1. CornacHo ciencTBHUIO U3 TeopeMbl 2 mnbo A(x) = 1, mubo
B(x) = 1. Ho Torna cornmacto omnpenenenuto 11 mu6o v XA(X) = 0, mubo v XB(X)
= 0. A 370 3Ha4uT, uTO (V¥ XA(X)) (¥ XB(X)) = 0.

2) Ilycts A(x) — NpOU3BOJIBHBIM KOHKPETHBIA OJHOMECTHBIN MpEeauKar,
ornpenenéHHpli Ha MHOXKECTBE M, a P — MpOU3BOJILHOE KOHKPETHOE BBICKA3BI-
BaHUE.

ITycte 3X(A(x)-P) = 1. CornacHo onpeneneauio 12 A(x)-P == 0. Otcrona He-
TpyAHO 3aMeTuTh, uTo A(x) =0 m P=1. Torma cormacHo ompeneneHuro 12
IxA(x) = 1. A 1o 3Ha4muT, uTo (IXA(x))-P =1.

ITycte 3X(A(x)-P) = 0. Torna cornacuo onpenenenuto 12 A(x)-P = 0. Ho To-
raa mubo A(x) =0, mu6o P = 0. A 310 3Ha4YUT, yTO 60 IXA(X) = 0, 160 P =0.
Ortcrona cieayert, uro (IXA(X))-P = 0. Teopema fgoka3aHa.

[TokaxxeM, 4TO KBAaHTOpP OOIIHOCTH Y€pe3 MU3BIOHKIIMIO TPOHOCUTH HENb3S,
T.e. VX(A(X) v B(X)) # (VXA(X)) v (VXB(X)).

JleficTBUTENBHO, TYCTh A(X) — «X HEUETHOE YKCIIO», a B(x) — «x 4€THOE YuC-
JI0» JIBa TIpenuKaTa, onpeaeinEHHble HAa MHOXECTBE HaTYpaIbHBIX yucen. Toraa
VX(4(x)v B(x)) — uCTHHHOE BBICKa3bIBAHHE <(TI000€ HATYpPAIbHOE YHCIIO JTHOO

yétHo, MO0 HeuétHO». VXA(X) Vv VXB(X) — 110:KHOE BBICKa3BIBAHUE <UIFOO0OE

HATypaJIbHOE YMCIIO HEYETHO WU HATYpPaIbHOE YUCIIO YETHOY.
Teopema 10 (3akoHBI IPOHeceHUs] KBAHTOPOB 4Yepe3 IU3bIOHKIUI0) Cie-

oyrouue hopmynvl aneedpvl 102UKU NPEOUKAMO8 PABHOCULbHBL.

1) Ix(A(x) v B(x))=(3xA(x)) v (3xB(X)) ;



2) YX(A(X) v P)=(VxA(x)) v P;

Jlokazamenvcmeo. 1lycts A(x), B(X) — NpOU3BOJIbHBIE KOHKPETHBIE OJIHO-
MECTHBIC TIPEIUKATHI, ONpeICIEHHBIC HAa MPOU3BOJILHOM MHOXecTBe M, a P —
MPOM3BOJIHLHOE KOHKPETHOE BHICKA3bIBAHHE.

1) ycte IX(A(X) v B(X))= 1. Torma A(X)v B(x)== 0. CornacHo cien-
CTBHUIO U3 Teopembl 3 mudo A(x) 7 0, nubo B(x) &= 0 ognoBpemeHHo. CorjaacHo
onpenenenuto 12 ym6o IXA(X)=1, aubo 3IxB(x)=1. A 3TO 3HAYHUT, YTO
AXA(X) v IxB(x) =1.

IMycte Temepr IX(A(X) v B(x))= 0. Torma cormacHo ompeacieHuo 12
A(x) v B(x)= 0. ITo cieactButo u3 teopemsl 3 A(x) =0 u B(x) = 0. CoryacHo
ompeneneuuro 12 AXA(X)= 0 m 3IxB(x)= 0. A »3T0 3HAYHT, YTO
IXA(X) v IxB(x)= 0.

2) ITycte VX(A(X) v P)= 1. Torna cormacHo onpeneneano 11 A(x)v P =1.
A 570 3Ha4uT, 9to 100 A(X) =1, 60 P = 1. OTcroma mudo VXA(X) = 1, mubo
P =1. B mobom ciyuae VXA(X)v P=1.

ITycte Ttemepp VX(A(X)v P)= 0. Torma cormacHo onpeaenenuo 11
A(X)v P = 1. Orcroma caenyer, uto P=0 u A(x) &= 1. Ho torma P = 0 u
VXA(X) = 0. CnenoBarenbHo, VXA(X) v P =0. Teopema noka3aHa.

[Tokaxkem, 9TO KBAHTOpP CYIIECTBOBAHUS 4Yepe3 KOHBIOHKIIMIO TPOHOCHUTH
Henb3s, T. €. IX(A(X) - B(X)) # (IXA(X)) - (3xB(X)).

ITycte A(x) = (x>2), onpenenéunpiii Ha R 1 B(x) = (x<2), onpecnEéHHbIi Ha
R. Torma IXA(x)= 1 u 3IxB(x)= 1. CnemoBarensho, (IXA(X) ) (IXB(X)) = 1.
Ouesuano, yto IX((x > 2)-(x < 2)) =0.

Teopema 11 (3akoHBI NpPOHECEHUS] KBAHTOPOB 4Yepe3 HMILTHKAIUIO)
Cneoytowue gopmynvl aneedopvl 102UKU NPEOUKAMO8 PABHOCUTbHBL

1) x(A(X) = P)=(3xAX)) = P



2) IX(A(X) = P) =(VXA(X)) = P;

3) VX(P = A(X)) =P = (VXA(X)) ;

4) IX(P = A(X)) =P = (IXA(X)) ;

Jloxkazamenvcmeo. 1lyctb A(x) — NpOU3BOJIBHBIN KOHKPETHBIA OJIHOMECT-
HbIM IPEIUKAT, ONpPENEIEHHBIA Ha MHOXeCTBEe M, a P — IPOU3BOJILHOE KOH-

KpPpETHOC BBICKA3bIBAHUC.

1) Iycrp VX(A(X) = P)= 1. Torma corimacHo omnpenencauo 11
A(X) = P=1. Orcroa HETpYAHO MOKa3aTh, 4To b0 A(x) =0, mubo P =1. A
9TO 3HA4YuT, 4To 60 IXA(X) = 0, mubo P = 1. B mobom u3 3THX CiIy4aeB
(IXA(X)) = P =1.

[Mycts Temeppr VX(A(X) = P) = 0. Torma cormacHo ompenenenuto 11
A(X) = P = 1. A 510 3Hauwnr, yro A(x) = 1 u P =0. Torma IXA(X)=1u P =0.
Orcroma (IXA(X)) = P =0.

2) IIycte  3IX(A(X) = P)=1. Torma cormacHo onpeaeneHno 11
A(X) = P==0. Torma mu6o P = 1, nubo A(x) &= 1. B nwobom ciyuae
(VxA(x)) = P=L1.

ITycte Temepr IX(A(X) = P)= 0. Torma coriacHo ompeaeneHuio 12
A(X) = P=0. A 3to 3nauut, uto A(x) =1 u P = 0. Orcroga VXA(X)=1wu P =0.
A 3710 3Hauurt, yro (VXA(X)) = P =0.

3) Ilycte VX(P= A(x))=1. Torma cormacuo ompeaenenuo 11
P = A(X)=1. Otcrona mubo P = 0, mu6o A(x) = 1. CieqoBaTenbHo, 100
P =0, tuoo VXA(X) = 1. B mobom ciayuae P = (VXA(X)) = 1.

[Mycte Temepr VX(P = A(X))= 0. Torma cormacHo ompeneicHuto 11
P= A(X)=1.TornaP=1uA(x) = 1. Orcroga P =1 u VXA(X) = 0. CiemoBa-
tenpHo P = (VXA(X)) = 0.



4) Ilyerp 3IX(P = A(X))= 1. Torma corjmacHo ompeaeiaeHuo 12
P = A(x)==0. Orcrona nu6o P = 0, nu6o A(x) 7= 0. CnenoBaTenbHO, 1100
P =0, ubo IXA(X)=1. A 310 3HaUUT, 9TO cymecTByeT P = (IXA(X)) = 1.

IMycte Temepr IX(P = A(X))= 0. Torma coriacHo ompezaeneHuo 12
P= A(X) =0. Otcrona P = 1 u A(x) = 0. CnenoBarensro P = 1 u IXA(X)= 0.
A 570 3Hauut, uytro P = (IXA(X)) = 0. Teopema nokasaHa.

Teopema 12 (3aKOHBI KOMMYTATHBHOCTH UISI KBaHTOPOB):Credyroujue
Gopmynvl aneedopvl 102UKU NPeOUKAMO8 PaABHOCUTILHBL:

1) VXVYA(X, y) = VYVXA(X,Y);

2) IXIYA(X, y) = FyaxA(X, Y).

Jloka3aTenbCTBO HEMOCPEACTBEHHO CIEAYIOT U3 onpenenenuit 11 u 12.

Ipumep 1 [lokazaTs, uTo ciemyromias Gopmyia

VX AX >B x =3IxA x VXB X 4BIS€TCI TaBTOJIOTHUECH.

Joxazamenvcmeo. Ilycte A(X) u B(X) — npousBosibHBIE KOHKPETHBIC TIpe-
IUKaThl, onpeaenéHubie Ha MHOKecTBe M. IloncTaBuM ux B HCXOAHYIO (POpMY-
7y, B pe3yJibTare MojJy4YuM BbicKa3biBaHuE. [[okaxkeM, YTO JaHHOE BBICKA3bIBA-
HUE UCTUHHO.

Cnoco0 1 Tlpennonoxum nporuBHoe. [1ycTh

VX AX >B x =3IxA X -VxB x =0.

CornacHo onpeiesICHUI0 UMILTUKALUU

VX AXx =B x =] AXx =B x =1

IXA X -VXB x =1

Otcrona cienyer, 4To
IXA X -VXB x =0;

Torna
A X =B x =] A X =B x =] A X =B x =],
IXA X =1 Otcrona A Xx =0, Ho torga { A x =0,

VXB x =1 B x =1. B x =0.



OTCI-OI[a CJIICOAYCT, YTO CYLIECTBYCT TAKOEC 3HAYCHHE Xg U3 M, qTo

AXx, =B x, =1,
AXx, =1
B x, =0.

[Tomyuum mpotuBopeune. CrnegoBarenbHO, HCKOMast (opMyIia sIBISIETCS TaB-

TOJIOTHUEMN.

Cnoco6 2 M3BecTtHO, uTO A X =B x =A X vB Xx.

VX AX =B X =3IxA X VXB x =

- - =VX AXvB X v VXA Xx v3x X =
VXA X =3ax A X,

e —_— =3dx AX-BXx viIxXB xvVvVXAX =
IXA X =VXA X, Torna

AX -BX=AX VB x. =3x AX-BXVvBx VVXAX =

=3x AXvB x vVXAX =

=3dXA X vIXxB x vIxA x =1.

Bomnpoce! 1151 CAMOKOHTPOJIA

1 Jaiite onpenenenue N -MECTHOrO MpPEIUKATa.

2 JlaiiTe omnpenesieHne TOXIECTBEHHO UCTUHHOTO IIpeIuKaTa, IPUBEIUTe
MIPUMEDBI.

3 Maiite onpeneneHue TOXECTBEHHO JIOXKHOTO TPEANKaTa, MPUBEAUTE MPU-
MEpBL.

4 ]JlaiiTe onpeneneHye BBITOJTHUMOrO NPEIUKaTa, IPUBEIUTE IPUMEPHI.

5 [laiiTe ompeseneHne onepany MpUMEHEHHs] KBAaHTOpa OOITHOCTH.

6 Jlaiite onpeneneHue onepalnuy IPUMEHEHUSI KBAaHTOpA CYIIIECTBOBAHMUS.

[ Jlaiite onpeneneHue GopMyIbl JOTMKU NPEAUKATOB.

8 Yto Ha3bIBaeTCs MHTEpHpeTanuell GopMyJibl JOTUKH IIPETUKATOB?

9 Kakue ¢hopMynbl JOTUKH MPEAUKATOB HA3bIBAIOTCS 3aMKHYTHIMU?

10 Kakue ¢popMyIibl JIOTUKH MTPEANKATOB HA3BIBAIOTCS OTKPBITHIMHU ?



11 JlaiiTe onpeneneHre BBIMOIHUMOMN (POPMYIIbl JTOTUKH MPEAUKATOB.

12 JlaiiTe onpeniesieHre TaBTOJIOTHHU.

13 JlaiiTe onpeneneHnue NpOTUBOPEUHS.

14 Y1o MOkHO cKazaTh 0 NpobIeMe pa3pelIuMOCTU B aJire0pe JIOTUKH Mpe-
TUKATOB?

15 Kakue ¢opMyiibl anredpsl JOrMKH MPEAUKATOB HA3bIBAIOTCSI PABHOCHIIb-
HBIMU?

16 Copmynupyiite 3aKoHbI e MopraHa aJist KBaHTOPOB.

17 CopmynupyiiTe 3aKOHBI IPOHECEHUS] KBAHTOPOB Y€pe3 KOHBIOHKIIHIO.

18 ChopmynupyiiTe 3aKOHBI MPOHECEHHUS KBAHTOPOB Y€Pe3 TUIBIOHKITHIO.

19 Copmynupyiite 3aKOHBI IPOHECEHHS] KBAHTOPOB U€Pe3 UMILIUKAIIHIO.

20 ChopmynupyiiTe 3aKOHbBI KOMMYTATUBHOCTH JIJISI KBAHTOPOB.



TEMA 8 KOHEYHBIE ABTOMATDI

8.1 JlerepmuHupoBaHHbIE (QYHKITUN

8.2 I'padmueckoe 3ajaHue 1ETEPMUHUPOBAHHBIX (DYHKIMI

8.3 OrpaHn4eHHO-AETePMUHUPOBAHHbIE () YHKIUN

8.4 KaHoHHMUYECKOE ypaBHEHUE OrPaHUYEHHO-AETEPMUHUPOBAHHBIX (PYHK-
805054

ABTOMAaTOM Ha3bIBAIOT JUCKPETHBIM MpeoOpa3oBaTenb MH(POpPMALMU, CIIO-
COOHBIM NPUHUMATH DPA3JIUYHBIE COCTOSHUS, MEPEXOAUTh MOJ BO3AECHCTBHEM
BXOJHBIX CHUTHAJIOB W3 OJIHOTO COCTOSIHUSL B JPYrO€ M BbIIAaBATh BBIXOJHBIE
CUTHAJIBI.

Ecnu MHOXeCTBO COCTOSIHMI aBTOMATa, a TAK)K€ MHOXKECTBO BXOJIHBIX U BbI-
XOJIHBIX CUTHAJIOB KOHEYHbI, TO aBTOMAT Ha3bIBAIOT KOHEYHBIM aBTOMAaTOM. Bee
peasibHble aBTOMATHI SIBJISIOTCS KOHEUHBIMHU.

NHdopmanuio, MOCTyNmawIlyr0 Ha BXOJA aBTOMaTa, M MpeoOpa3yrollylo
BXOJIHYIO MH(OpPMALMIO MPUHATO KOJUPOBATh KOHEYHOM COBOKYIHOCTBIO CHUM-
BOJIOB. DTY COBOKYITHOCTh Ha3bIBAIOT aJI()aBUTOM, OTAEIbHBIE CUMBOJIBI, 00pa-
3ytomue andaBut, — OyKBamu, a JIOObIE KOHEUHBIE YIOPSIOUYCHHBIE MOCIIEI0-
BaTEIbHOCTH OYKB JJAHHOTO a(aBUTa — CJIOBAMH B 3TOM a(aBuTe.

ABTOMaThl (DYHKLIHOHUPYIOT B JUCKPETHbIE MOMEHTHI BPEMEHH, KOTOpHIE
o0o3HavaroTca HaTypaibHbIMKU yncaamu t = 0, 1, 2,.... B kaxxapiif MOMEHT auc-
KpPETHOTO BPEMEHHU Ha BXOJ] aBTOMATa MOCTYyMNaeT oJiuH curHai (Oyksa), Gpukcu-
pyercst OlpeAesiEHHOE COCTOSIHUE aBTOMATa M C BBIXO/JAa CHUMAETCS OJMH CHI-
Haj. PeasibHble aBTOMAaThl MOI'YT UMETh, BOOOIIE TOBOPS, HECKOJIBKO BXOJ0B U
BBIXOZIOB. B HEKOTOpBIX Cilyyasix AJis pelleHus 3aJad CUHTe3a yI0OHO 3ame-
HUTh TaKUE€ aBTOMAThl aBTOMAaTaMu C OAHUM BXOJOM M OJHUM BbIXOJOM. Jlid
ATOr0 JOCTATOYHO 3aKOAHPOBATH COOTBETCTBYIOIIMM OOpPa30M BXOJHBIE M BBI-
XOZHbIE CUTHAJBI UcXonHOro andasura. Ecnu, HanpuMep, aBTOMAaT UMEET JBa
BXO7la, Ha KKl U3 KOTOPBIX MojatoTcs currainsl 0 win 1, To Bce BO3MOKHBIE

KOM6I/IHaHHI/I BXOOHBIX CUI'HAJIOB MOZKHO 3aKOIUPOBATH YCTBIPbMA 6YKBaMI/I



(0, 0), (0, 1), (1, 0), (1, 2).
[Ipouecc nuckperHoro mpeodpa3oBaHus UHPOPMALIUM ABTOMAaTaMU MOKHO

OIKCAThH C MOMOILBIO AETEPMUHUPOBAHHBIX (DYHKIIHIA.

8.1 JlerepMuHUpPOBAHHBbIE (PYHKIHHU

O6o3naunm uepe3 EX={0, 1, ..., k-1}, rme K — HekoTOpOe HaTypalibHOES
YHCII0, a Yepe3 E, MHOXKECTBO BcexX K-3HAYHBIX MOCIIE0BATEILHOCTEH & TaKuX,
gro a = {a(l), a(2),...,a(t), ...}, roe a(i)e EC mmaBcex 1 =1, 2,....

O0o3Haunm uepe3 P MHOecTBO Bcex GyHkuuid Y = f (x,X,,...,X,), onpe-
NenEHHBIX Ha Habopax (a,a,,...,a,), TIe a € E,,i=12,...,n U TPUHUMAIOIIUX
3HavyeHue u3 E, . @ynkuuu u3 PX mpeobpasyroT HaOOpbl K-3HAUHBIX MOCIIENO0-
BaTEIILHOCTEH B K-3HaUHBIC MOCIEA0BATEILHOCTH. B MHOXeECTBO PX BKIIIOYHM
TaK)Ke BCE TOCIIEIOBATEIFHOCTH U3 E", paccMaTpuBast X Kak (DyHKITUH, 3aBH-
CSIIITME OT MTyCTOI'0 MHOYKECTBA MEPEMEHHBIX, T. €. KAK KOHCTAHTHI.

C noMoIIpI0 BEKTOPHOM 3anucH (HYHKIMH OT N MEPEMEHHBIX U3 P MOXHO
CBECTH K (DYHKITUH OT OJTHOU mepeMeHHor. O003HaYMM Ha0O0p IMepeMEHHBIX
(%, Xy,...,X,) "epe3 X, BMecTo Y = f(x,X,,...,X,) Oyaem nucats Yy = f (X). [Ipu
3TOM 3HaY€HUE NIEpEMEHHOM X, €CTh BEKTOp a = (a,,a,,...,8,) KOMIIOHEHTAMU
KOTOPOTO SIBJISTIOTCS TIOCTEA0BATEILHOCTH U3 E,

a, ={a,(),a,(2),...,a(t),..},i=12,...,n. byaem paccmaTpuBaTh a KaK IIOCJIEI0Ba-
TEIBHOCTb BEKTOPOB &, ={a;(1),a,(2),...,a,(t),.. .}, rae
a(i) = (a, (i), a,@),....a, ()i =12,....

Takum o0pa3oMm, MBI OyJeM CYHTaTh, YTO BBIMOJIHACTCS TOXKIECTBO:
{a,1),2,(2),....a,@1),.. }{a,1,2,2),....a,(t),.. }.....{a. @), 2, (2),....a, (),.. }) =
={(a,(1),a,().....a (D), (,(2),a,(2),....a,(2)),.... (@ ({t),a,(t),....a, ©),.. }.

Jlemma 1 Yucno nHabopoB (ay,a,,...,«,), toe «; €{0L,...k-1,i=12,...,n

paBHO k".



Urak, pynkuuio y = f(x,X,,...,X,) € PX ¢ MOMOIIbI0 BEKTOPHOM 3amucu
MOKHO cBecTH K ¢yHKIu Y = f(X)eP", roe N =k". Takum obpa3om, uzyde-
Hue QyHKIMA Y = f(x,X,,...,X,) U3 P MOXHO CBECTH K U3y4eHHUIO (DYHKIIMHA OT
onHol nepemenHoi u3 PV, rme N =k".

Onpenenenne 1 Oyuxuus y = f (X) uz P" maseiBaercs merepMuHUpOBaH-
HOM, €CJTM KaKoBO ObI HM OBLIO YMCIIO t ¥ KaKOBBI OBl HM OBLIN ITOCJICIOBATECIIb-
Hoctu a u b takue, yro a(1l)=b(1), a(2)=b2), ... a(t)=b(t) 3nauenus bynxiuii
a, f, e0e o= f(a), p=f(b) mpeacraBmsrOT coOOI MOCTEAOBATEILHOCTH, Y KOTO-
PBIX TOKE COBMaArOT nepebie t wieHos, T. ¢. a1) = B(1), a(2) = B(2), ..., at) =
= B().

MHOKeCTBO BCEX IETEPMUHUPOBAHHBIX QYHKLMA 0003Ha4YMM uepes P, “.

W3 onpenenenns AeTEPMUHUPOBAHHON (PYHKIIMHK CIeayeT, 4To 3HadcHue o(t)
(0= f(a)) 3aBUCUT TOJILKO OT 3HAYEHMUsI MEPBBIX { UJIEHOB BXOAHOM MOCIIEI0BA-

TEILHOCTH a, T. €. a(l), a(2), ..., a(t), caemoBarensuo a(t)=¢(a(l), a(2), ...,

a(v)).

IIpuBeném npumepsl Kak JETEPMUHUPOBAHHBIX, TaK U HEAETEPMUHUPOBAH-
HBIX (QYHKLIHHA.

Ipumep 1 Pacemorpum ¢pynkimio ¥ = f(x) € P?, onpenenénnyro cnemgyro-

(0,0..),eciu a=(0,0,...)

MM 00pa3oM f(a) = {(1,1, ...)ecu a#(00,..)

[Tokaxkem, 4yTO naHHas (QYHKIMA HEIETEPMHHHUPOBaHHAs. J[eHCTBUTENBHO,
BO3bMEM JIBE€ BXOJHBIE ITOCIenoBarenbHoCcTH @, =(0,0,0,...) u a, =(0,01..)). To-
ria f(a,)=(0,00,..) u f(a,)=@11L..). CnenoBarensHo, faHHas QYHKIUS HETe-
TEPMUHUPOBAHHAS.

Ipumep 2 Paccmorpum dyHkImio f(x,X,) =X, -X, U3 P?, onpenenéHHyo

ciaenymuMm  oopazom  f(x,X,)= >€1(1)~x2(1),x1(2)-x2(2),...,xl(t)-xz(t),...:.3):[605



BBIXOAHAas IOCICAO0BATCIbHOCTD — ITOYJICHHAA KOHBIOHKIMA BXOAHBIX ITOCICHO-

BarenpbHOCTEW. OUEBUIHO, UTO f(X,X,)=X X, € sz.

Ipumep 3 Paccmorpum GyHKIMIO Z = X + Ye P?, 0CYIIECTBISIONIYIO CII0-
KEHHUE 2-3HAYHBIX [OCJIEI0BATENBHOCTEN B IBOMYHOU CUCTEME C OECKOHEYHBIM
YUCIIOM pa3psiioB. JlJis 3TOro HMCHOIb3yeTcsi OOBIYHBIA AJITOPUTM CIOKEHHUS
JIBYX YUCEN CTOJIOUKOM

... X(3),x(2), x(1)
--¥(3),¥(2),y()
...2(3),2(2), 2(1).

2
Ouesnno, uto Z(t) onpenensercs o nepeeM t cnaraeMIx, T. €. X +ye P°.

JerepmunupoBanHas GyHKIUSA Yy = f (X, X,,...,X,) MOXET OBITh MPOUHTEP-

IIpEeTUpOBaHa ClIEeAYImMKUM 00pa3oM. ITycTs MbI UMeeM HEKOTOPBIN <«JIUCKPET-
HBII MpeoOpa3oBaTeliby, B KOTOPOM CYIIECTBYET N BXOAOB X, X,,...,X, U OJHH
BeIXOa f .

Ha Bxonbl B MOMeHTHI BpeMenu t=1,2,....m, ... mogaroTcsl BXOIHBIC MOCTIe-
JIOBaTEILHOCTH

a,= &41),8(2),...a,),.. 3
a, = &(1),a,(2),...a,(t),...;

a = g@,a(2),..,a/(),....

M B 3TH )Xe¢ MOMEHTHI | Ha BBIXOJI€ BO3HUKACT BBIXOJHAs ITOCJICAOBATEIIb-
HOCTb o = d(l),a(Z),...,a(t),...i, npuueM « = f(a,,a,,...,a,). O4EBUIHO, YTO B
JUCKPETHOM IIpeoOpa3oBaTeiie 3HaueHust o(t) 3aBUCUT TOJIBKO OT 3HAYEHUM
BXOJIHBIX MOCJIEIOBATEIbHOCTE B MOMEHT BpeMeHu 1,2,...,t U He 3aBUCHUT OT
3Ha4YeHUH B Oyayliue MOMEeHTH BpemeHu. [loaTomy mpeoOpa3oBanue f ecTh
JIEeTePMUHUPOBAaHHAS (hYHKITHSI.



8.2 I'pajuueckoe 3agaHue JeTePMUHUPOBAHHBIX (yHKIMIA
IIycth y = f(X,,X,,...,X,) € P, . Bblllle MbI IOKa3aJIH, YTO C HOMOIIIBLIO BEK-
2 N
TOPHOM 3aMucu JaHHYI0 QYHKIIUIO MOKHO CBeCTH K PpyHkiuu y = f(X) e Py,

rae N =k". PaccMoTpum OeckoHeunyto ¢purypy (pucyHok 1):

Pucynok 1

HaspiBath €€ OyaeM nepeBoM, U TOCTPOCHA OHa CIEIYIOIMIUM O0pa3oM.

Bo3bMéM npoU3BONIBHYIO BEPUIMHY «,, KOTOPYIO Ha30BEM KOpHEM naepesa. U3

Heé npoeném N pébdep, KoTopbie 00pa3yrOT MEPBHIM spyc. Y3 KOHIIOB KaXK10T0
u3 péoep taxke mpoeaeM N pébep, koTopeie 00pa3yrOT BTOPOM SIpyC U T. .
P&Opa kaxxmoro myuka HymMepyroTcs ciieBa Hanpao uuciamu 0, 1,..., N-1 umu
WX 3HAYCHUSAMU B K-WIHOM crcTeMe CUHMCIIeHUsI.

B naneHelimem Ha pucyHkax Homepa pédep OyayT omyckathes. Jlanee, Kax-
OMY peOpy B TOCTPOSHHOM JIEPEBE MPOU3BOIBLHEIM 00Pa30M MPHUITUIIIEM OJTHO
u3 gucen mHOkectBa {0, 1,..., K-1}. B pe3ynprare momyduM Tak Ha3bIBaeMOe
Harpy>XeHHOE JIEPEBO.

PaccMmoTpuM crienyroriiee Harpy»KeHHoe 1epeBo (PUCYHOK 2):



Pucynok 2

Haunnas nBmkeHue ¢ KopHs AepeBa, moiaém mo pébpam. Tak, Hampumep,
nocienoBatenpHocTr (0, 0, 1, 1...), rme uucna 0, O, 1, 1, ... — HOMepa pédep,
COOTBETCTBEHHO, 1-r0,2-10,3-T0,4-T0 U T. JI. SIPYCOB COOTBETCTBYET BbIJICJICH-
HBI MapIpyT U nocaegosarenbHocts (0, 1, 1, 1...).

Teopema 1 @yukyus uz P* 6yoem demepmunupoannol mo2oa u moibKo
moeoa, Koeoa OHa Moxcem ObiMb 3a0AHHA C NOMOWbIO HACPYHCEHHO20 Oepesd.

Jloxkazamenvcmeo. I1lokaxxeM, 4To JIFOOOE HArpyKEHHOE JAEPEBO 3aJ1aeT He-
KOTOPYIO JETEPMUHUPOBAHHYIO (DYHKIUIO. J[eCTBUTENBHO, TYCTh

d(1),a(2),...,a(t),... — NPOM3BONbLHAS TIOCIEI0BATENBHOCTS Yncel, Tae a(i) € EX,
| =1, 2,.... bynem cuurats, uto a(l) — Homep pebpa 1-ro sipyca, a(2) — HOMep
pebpa 2-ro sapyca u T. 1. JlaHHOM MMOcIe0BaTeIbHOCTH B HATPYKEHHOM JIEPEBE
COOTBETCTBYET €IMHCTBEHHBIM MapIIPYT, BEAYIIMN U3 KOPHs Aepesa. Huca,
IIPUITMCAHHBIC BBIJICJIEHHBIM peOpaM 00pa3yroT BBIXOIHYIO TIOCIIEI0OBATEIb-
HOCTh H(1),b(2),...,b(t),... [Tokaskem, 4TO OCTpOeHHAs GyHKIUA U3 P sBIISI-
ercs neTepMuHUpoBaHHoit. [lycts & (1),a,(2),...,a,(t),... u

a,1),a,(2),...,a,(t),... :— JIB€ BXOHBIC ITOCJICIOBATECIIBHOCTHU TAKHUE, UTO
a)=a,1).a(2)=a,(2),....a ) =a,().

SIcHO, 4TO MapuIPyThl B HATPYKEHHOM JIEPEBE, COOTBETCTBYIOIINUE TaHHBIM
MOCJIEIOBATEILHOCTSIM Ha MEPBbIX t Apycax coBnagaroT. A 3TO 3HAUYUT, YTO
b,(M) =b,),b,(2) =b,(2),...,b,(t) =b,(t), T. e. byHKIIUA TeTepMuHUpPOBaHHAs. O0-

PAaTHOC YTBECPKACHHUC OYCBUIHO. TeopeMa JOKa3aHa.



PaccmoTpum cienyromue mpumMepsl:
Ipumep 4 f(x)=xeP?. ScHo, uto f(X)=xeP? u uncno pebep, BHIXOIS-
mux u3 BepmuH paBHO N =2'. [TocTponM AepeBO COOTBETCTBYIOIICE NaHHOW

byskImn (pucyHOK 3):

Pucynok 3
Hanpumep, BxoaHo# nocinenorarensbuoctu {0, 1, 1, ...} Oyaer cooTBeTcTBO-
BaTh BXOJIHas mociienoBarenbHocts {1, 0,0, ...}.

Ipumep 5 f(x,y)=x-y e P2, KoTopas 3a1aéTcs CIEAYIOIIMM 00pa3oM.

f(xy)= XD yD),x2)- y(2),....x(1) - y(t),... , e X(t)-y(t) — KOHbIOHKIHSL.
Jlnst manHOoW (yHKIMH K=N=2 1 uucio pedep, BEIXOAANINX U3 BEPIIUH PaBHO
N = 2°= 4. Peopy ¢ Homepom D = (0,0) coorBerctByet 3Haucuaue (0,0) = 0
1=0,1) 01=0
2=(1,00 1:0=0
3=(1,1) 1-1=1
CnenoBaTenbHO, TaHHOM (YHKIMU COOTBETCTBYET CIENYIOIIEe Harpy>KeH-

HOE JIepEBO (PUCYHOK 4):

Pucynok 4



Ipumep 6 f(z)=x+y eP;,k=n=1,N=1°=1.

(1) = {X(t) =y(t) (mod2) npu omcymemeuu nepenoca
X(t) + y(t) +1 (mod2) npu naruuuu nepenoca .
JlepeBo, COOTBETCTBYIOIIEE JaHHOW (YHKIIMUA CTPOUTCS CIEMYIONUM 00pa-
30M. [Ipouecc npunuceiBanus pedpaM yucen HayuHaeTcs ¢ 1-ro spyca
0=(0,0) 0+0=0
1=(0,1) 0+1=1
2=(1,0) 1+0=1
3=(1,1) 1+1=0
[Ipu aTOM, €ciu MosBISAETCSA MEPEHOC B CIAEAYIOIINMN pa3psiji, TO KOHEI COOT-
BETCTBYIOIIETO pedpa KOHYAETCSI KPY>KOUYKOM. DTO TIO3BOJISICT BBIMOIHUTH BBI-

YUCJIEHUE B CIEAYIOLIEM sipyce (PUCYHOK 5):

Pucynok 5

8.3 OrpaHuy4eHHO-IeTEPMUHUPOBAHHBIE PYHKIIUN

Bo3bMeM Harpy:keHHOE JIepeBO AJi1 HEKOTOPOM JETEPMUHUPOBAHHON PyHK-
uun f(X) = f(x,X,,...,X,). IlycTb & — npou3BoIBHAs €ro BepLINHA N -TO spyca.
JIaHHYIO BEPIIMHY MOKHO pacCMaTpUBaTh Kak KOPEHb HATPY>KEHHOTO JE€PEBA.
CornacHo Teopeme | OHO ompeaenseT HEKOTOPYIO IETEPMUHUPOBAHHYIO (QYHK-
o f%(X).

Omnpeaesienne 2 /[Ba moaaepeBa ¢ KOPHSIMH o, M «, UCXOAHOTO JEpEBA

HA3BIBAIOTCS DKBUBAJIIEHTHLIMU, eciii f “(X) = f(X)*?,



OueBHIIHO, YTO MPH €CTECTBEHHOM HAJIOKCHUH JIBYX DKBUBAJICHTHBIX TOJ-
JIepeBbEB MX HyMepaluu coBrnazarT. Tak, B nepeBe (puc.3 u puc.4) Bce moe-
PEBbsl DKBUBAJICHTHBI, a B JiepeBe (puc.5) moaaepeBbs ¢ KOPHSIMH o DKBUBa-
JICHTHBI, & C KOPHSMU o M @, HE DKBHBAJCHTHBI.

Omnpenenenne 3 BecoMm nepeBa v BECOM COOTBETCTBYIOIIEH J€TEPMUHHPO-
BaHHOW (DYHKI[MM Ha3bIBACTCS MaKCUMAJIbHOE YKCJIO MOMAPHO HEIKBUBAJICHT-
HBIX MOJ/ICPEBhER.

Hamnpumep, Bce pyHkunu u3 npumepos 4, 5 paBHbl 1, a U3 npuMepa 6 paBHBbI

Onpenenenne 4 JlerepmunupoBanHas QyHkuus f(x,X,,...,X,) Ha3bIBaeTCS
OTPAaHUYEHHO — JETEPMUHUPOBAHHOW (YHKIIMEH, €CM OHAa MMEEeT KOHEUHBIN
BEC.

Kitacc Bcex orpaHu4eHHO — J€TEPMUHUPOBAHHBIX (PYHKIUM 0003HAYUM Ye-
pe3 I:)OK.D.

OyHKIMK U3 TPUMEpPOB 4, 5, 6 SBISIIOTCS OrpPaHUYCHHO-IETEPMUHHUPOBAH-
HBIMU (QYHKITUSMH.

Paccmotpum crienyronnyro AeTepMUHUPOBAHHYIO (YHKIIHIO.

IMpumep 7 f(x)= §10,0100,0100,001... ePZ. ScHO, YTO BeC MAHHOU
(GYHKIMM =00, T. €. OHA HE SIBJISIETCS OrpaHUYEHHO-IETEPMUHUPOBAHHOM.

IMycte  f(X)ePY,, Bec koTopoii paBeH [r. Paccmorpum asndaBur
Q ={q(0),9(),...,q(r —1)}, KOTOpHIK Ha30BEM BHYTpeHHUM ajdaButom. Kaxmoi
BEPIIMHE HATrPYKEHHOTO JepeBa, COOTBETCTBYyromiel (ynkimu f(X) npumnu-
meM ofHy 13 OykB andaButa Q ¢ COOMIOIEHNEM CIIEMYIONIEro paBuiIa; SKBU-
BaJICHTHBIM BEpIIMHAM MPUIIUCHIBAIOTCS OAHU U T€ XK€ OYKBBI U3 Q. B pe3yib-

TaTe MoJIy4yaeM TaK Ha3bIBAEMOE MOJTHOE HArpy>KEHHOE AEPEBO.
Jlist m000it OrpaHUYEeHHO — JIETEPMUHUPOBAHHOM (PYHKIIMU COOTBETCTBYIO-
miee e MOoJHOE Harpy>KEHHOE JIEPEBO MOXHO CBECTH K KOHEYHOMY JIEPEBY C

3aHYMCPOBAaHHBIMHA pe6paMI/I " BCpHIMHAMMU. Ecau B HEM IMPOBCCTU OTOXKICCTB-



JICHWE SKBUBAJICHTHBIX BEPIIIHH, TO MOJIYYHM TaK Ha3bIBaEMYIO TuarpamMmy My-
pa. B Hell HynéM OTMEUYeHa HaudaldbHasl BEpIIMHA U pedpaM MPUIHCAHBI Maphl
grcen (a, b), mepBoe U3 KOTophIX 0003HaYaeT HOMEp pedpa, a BTOPOE, YeM JIaH-

Hoe peOpo HarpyxkeHo. Tak ¢ynkuus f(x,y)=Xx-yeP?, COOTBETCTBYET IHa-

(0,m
(3,11

B Dan

)

(1o

rpamme Mypa.

A pyHkius z=x+y ePZ,

(21 (1

(1.1 (.1 (2,00

- A -

30 C)
[a,m (31

8.4 KaHoHu4YecKOe YpaBHEHUE OTPAHUYEHHO-1eTEPMUHUPOBAHHBIX
byHkuumii

IlycTh y = f(X) — OrpaHMYEHHO-IETEPMUHUPOBAHHAS (PYHKLIHS C BECOM [

ITycte x ={x(),x(2),...,x(t),...} — BXOAHasA MOCIEA0BATEIBHOCTb. El COOTBET-
CTBYET BBIXOJIHAsA IocienoBareabHOCTh Y ={y(1),y(2),...,y(t),..} 1 mocienosa-
TEIBbHOCTh cocTosHuM q ={q(1),q(2),...,q(t),.. }.

Bo3pMeM pyryro BXOIHYIO OCHEN0BATENbHOCT X' ={X'(1),X'(2),...,X'(t),.. .}
Ei1 COOTBETCTBYIOT, BBIXOIHAS IMOCJIEA0BATEIBHOCTD U MOCIEA0BATEIbHOCTD

COCTOSTHUH
y={y'®,y'(,....y'®,...};
d'={a'@).9'(2),...,q'(®),...}.



B obmem cinydae u3 Toro, uto x(t) = x'(t) He ciemyet, uto y(t) =y'(t). OnnHa-
Ko, ecim x(t)=x'(t) m q(t-)=q'(t-1), To y@t)=y'(t) u q(t)=q'(t). HApyrumu
CJIOBaMH 3TO O3HAYaeT, YTO €CJIM JBa OJHOMMEHHBIX pedpa (x(t) = x'(t)) BbIXO-
JST W3 DKBHBAJICHTHBIX BepmuH (((t—1)=q'(t-1)), To oHU OyIyT Harpy>KEHbI
OJIHOU U TOM ke OykBOH (y(t) =Yy'(t) ) 1 OyIyT BXOAUTH B DKBUBAJIICHTHBIC BEP-
muHkEI ((t) = g'(t) ). OTO 03HAUaET, YTO

{y(t) = O(x(t),q(t-1))
q(t) = ¥(x(¥).q(t-1))

VYpaBaenus: (8.1) Ha3pIBalOTCSA KaHOHWYECKMMHU YpaBHEHUAMHU (YHKIIUU

(8.1)

y = f(x). [lepBoe ypaBHEHHE Ha3bIBACTCA YPABHEHUEM BBIXOJ, BTOPOE ypaBHE-

HHUCM IICpCXOoaa.

VYpapHenus (8.1) MOKHO 3371aTh C MOMOIIbIO KAHOHHYECKOMH TaOJIHUIIBI.

X(t) q(t-1) y(®) q(t)

[Tycts X(t) m y(t) m3 {0,1}, a q(t) €Q,20e |Q|=r. Eciu Bec I < 2, To KaHOHH-
yeckas TaOJHIAa eCTh TaOJMIla HCTHHHOCTH. Ecin I > 2, To KaHOHHYEecKast Tao-
JUIa HEe SBIIIETCS Tabiuield HCTUHHHOCTA. Ho ¢ MoMOIb0 KOAUPOBaHMS BCEX
yucen andaButa Q B ABOMYHON CUCTEME CUHCICHUS MBI €€ MOXKEM IIpeoOdpa3o-
BaTh B TaOJIUIy HCTUHHOCTH.

PaccmoTpum Terneps GYHKIHMIO OT N mepeMeHHbIX Y = f (X, X,,...,X,) € PS5, ¢
BecoM I > 1, Q={012,...,r -1} — BHyTpeHHUI ajiPaBUT. 3aKOJUPYEM BCE YHCIIA
u3 andaButa Q B ABOMYHOM cucTeMe cuucieHus Habopamu u3 {0,1} miMHHOMN
| = Iog2 r:+1. B sTtom ciyyae kaHOHWYECKHE YpPaBHEHHSI UCKOMOW (yHKIUU

HMCIOT BHU:



y(t) = DX, (1), X, ()., X, (1), 0, (t = 1), 4, (t = D),...,q, (t —1)
q1 (t) = \Pl(xl(t)i Xz (t) ----- Xn (t), q1(t _1)1 Q2 (t _1) ----- Q| (t _l) (82)

q, (t) =¥, (X, (1), X, (t),..., %, (t),q,(t-1),q,(t-1),...,q,(t -1)
B pansHelmeM IOroBOpUMCS, YTO HA4YaJbHBIE COCTOSHMS B KAHOHUYECKHUX
ypaBaeHusx (8.2) q(0) = 0, a B ypaBHenusx (8.1) q,(0)=q,(0)=...=q,(0) =0.
IIpumep 8 Haiitn kaHOHWYECKHE YpaBHEHUS (PYHKIIMH
z=f(x,y)=x+yeP,
Panee MbI moka3anu, 4TO BeC NAaHHBIX (PYHKIMH paBeH 2 U e€ Auarpamma

Mypa

o.m (1,0
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[TocTpouM KaHOHUYECKYIO TaOIHILY.

X(f) y(t)
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Jlannas kaHOHHYECKas TaOJIHIa SIBISICTCS TaOIUIICH HCTUHHOCTH.
3anuireM KaHOHUYECKHE YPaBHCHMA, UCITIOJIb3Ys PC3YJIbTAaThl TCMbI 3.
{z(t) =x(®)y®att 1) v xO)yMat -1) v x@Q)yat -1) v x@)y©a(t -1
q(t) =x(®)y(Dat -1) v xOy)at -1) v xQy(Oa(t -1 v ) yDa(t - D).

Wcnonb3yst 3aKOHBI alreOphl JIOTHKU



z(t) = x(t) + y(t) + q(t - 1);
q(t) = y(t)a(t -1) v x(t)a(t —1) v x(t)a(t);
q(0) =0.

IIpumep 9 Haiitu kaHOHHYECKOE ypaBHEHUE NIl (PYHKIMU 3aJlaHHOU Clie-

Oyrouien nuarpaMmmon Mypa
o

[3,m (113

QE.U

CtporM KaHOHUYECKYIO TaOIHITy.

X(t) y(t) q(t-1) 2(t) q(t)
0 0 0 0 0
0 1 0 1 0
1 0 0 1 0
1 1 0 0 0

z(t) = x(t) + y(b);
q(0)=0.

3ametnm, 9TO eciy Bec (DYHKIMH paBeH 1, TO B KAHOHUYECKUX YPaBHEHHUSIX

Otcrona {

q(t—1) Oyzxer OTCyTCTBOBATb.
IIpumep 10 Halitn kKaHOHMYECKHE YPaBHEHUS OTPaHUYEHHO-ETEPMHUHUPO-

BaHHOUW (DYHKIIMH, 33TaHHOM CIIENyIomel quarpaMmoit Mypa:

(0,1) (0.0)

(0.0} (1.0)

(1.0)
(1.0)

ScHo, uTo Bec nanHou pyHkimu paBeH 3. [locTpouM KaHOHMYECKYIO TaOIu-

Iy JUJIs JTaHHOM (DYHKITHUH:



Jlannas Tabnunia He sBisgeTcs Tabauiel uctuHHOCTH. [Ipeodpasyem maHHYIO

Ta0aUIly B TaOJMIy HCTUHHOCTHU. J[7I1 3TOro 3HAYE€HHS BTOPOTO M YETBEPTOrO

X(t) q(t-1) y(t) q()
0 0 0 1
0 1 1 1
0 2 0 2
1 0 0 2
1 1 0 1
1 2 0 2

CTOJIOIIA 3aKOJUPYEM B IBOUYHON CHCTEME CUMCIICHHUS:

X(1) o, (t-1) g, (t—1) y(0) a (1) 0 (t)
0 0 0 0 0 1
0 0 1 1 0 1
0 1 0 0 1 0
0 1 1 He onpenenena
1 0 0 0 1 0
1 0 1 0 0 1
1 1 0 0 1 0
1 1 1 He onpenenena
JloomnpenenuM JaHHYIO QYHKIMIO CIAEAYIOIUM 00pa3oMm:
X(t) a (t-2) d.(t-1 y(t) o, (t) d (1)
0 0 0 0 0 1
0 0 1 1 0 1
0 1 0 0 1 0
0 1 1 1 1 1
1 0 0 0 1 0
1 0 1 0 0 1
1 1 0 0 1 0
1 1 1 1 1 1

CocTaBUM KaHOHMYECKHE YpaBHEHHS, UCIOJIB3Ysl ammapaTr OyneBoil anreo-

PBI:

1) y(t)= @ G (t-1) 0, (t-1) V@ 0y (t =1)g, (t -2) v x(t)a, (t -1, (t -2) =




=X(t) q,(t—1)q, (t —1) v g, (t = 1), (t ~L)(x(t) v (1)) =
=x(t) 0, (t -2, (t —1) v v G, (t 1), (t —1) =q, (t —L)(x(t) g, (-1 v g, (t-1);

2) (1) = (x(®) v oy (t=1) v q, (t = D))(X(t) v () v q, (t —1)) -
- (X(6) va, (E=1) v 0, (t =) = (x(t) v 0, (t-D)(X () v 0y (t-D v 0, (1)) =
=0, (t=D) v x(O)(x(t) v q, (t—1)) = q, (t-1) v x(t)q, (t -1);

3) q(t) = (x(t) v g, (t—1) v 0, (t D) (x(t) v 4, (t 1) v g, (L D) (X(t) v
v, (t-1)va,(t _1)):_(q1 (t-Dva,(t _1))(@ v (t-1)va,(t-1))=
=0, (t—1) v g (t-1(x(t) va,(t—-1) =0, -1 va, ([t -D1)x().

I/ITaK, HCKOMBIC KAHOHHUYCCKHC YPAaBHCHHUA UMCIOT BU/I:

y(t) =0, -1)(x(t) v q,(t - 1));
q,(t) =q,(t=1) v x(t)q,(t - 1);
d,(t) =0, -1) v q, (t —Dx(t);
| 0,(0)=q,(0)=0.

Kaxmoit orpaHn4eHHO-AeTEPMUHUPOBAHHON (DYHKIIMH MOKHO COTIOCTABHTH

KaHOHMYECKHEe ypaBHeHHsA. OIHAKO BHIOOP KAaHOHHYCCKUX YpaBHEHHH HE OJI-
HO3Ha4YeH. ITa HEOJHO3HAYHOCTh CBS3aHa:
1) ¢ pasnMYHBIME CITIOCOOAMHU KOIUPOBAHKS COCTOSHHIA;
2) ¢ pa3IMYHBIMH CITOCOOAMU TOOIpeaeIeHus GYHKINA.
O4eBUIAHO, YTO KAHOHUYECKHME YPABHEHHS [TO3BOJISIOT BBIYMCIUTH
o BxojHo# mocnenoparensHoctr  a={a(l),a(2),...,a(t),...}
BBIXOJIHYIO TociaenoBaTenbHocTh  b={b(1),b(2),...,b(t),...}.
Wrak, 11 3a1aHusl KOHEYHOTO aBTOMaTa (PUKCUPYETCS TPH KOHEYHBIX MHO-

ecTBa (adaBura):

— MHOKECTBO BO3MOHBIX BXOJHBIX CUTHATOB X = (X, X5,y X)) ;

— MHO>KECTBO BO3MOHBIX BBIXOIHBIX CUTHAIOB Y = (Vi) Yorees Yy )]

—  MHOXECTBO  BO3MOXKHBIX  BHYTPEHHHX  COCTOSIHMII ~ aBTOMAarta
Q=(q.9,--0,).

Ha sTtux MHOXECTBaxX 3a7al0TCA 1BE JETEPMUHUPOBAHHbIE (YHKIINN



— ¢yHKIUA nepexonoB ¥, ompenensomas coctosHue aBromata ((t) mmc-
KPETHOTO BpeMeHH t B 3aBUCIMOCTH OT COCTOsIHHS aBTomata ((t-1) u 3HaueHus
BXOJIHOT'0 CUTHaja B MOMeHT Bpemenu t: q(t)= P(x(t),q(t-1));

— ¢yHKIHSA BBIXOAOB @, OMpeaessioas 3aBUCHMOCTh BBIXOJHOIO CHTHAjIa
aBTomara Y(t) ot cocTossaus aBromata ((t-1) u BxogHoro curtana X(t) B MOMEHT
Bpemenn t: y(t)=d(x(t),q(t-1)).

KpoMme Toro, Ha MHOKECTBE COCTOSHHI aBTOMaTra (PUKCHPYETCS OJHO W3

BHyTpeHHUX coctossHui ((0) B kKauecTBe HAYATLHOT'O COCTOSIHHUS.

Bonpoch! 1151 CAMOKOHTPOJIA

1 [aiite onpeneiieHre AeTEPMUHUPOBAHHON (DYHKIIUU.

2 IlpuBenute npuMepsl 1€TEPMUHUPOBAHHBIX (YHKIUM.

3 IlpuBenure mpuMepsl HEACTEPMUHUPOBAHHBIX (YHKITHI.

4 TlpuBenure rpa@HuuecKyr0 HHTEPIPETALUIO JETEPMUHUPOBAHHBIX (PYHK-
005178
5 Uro Takoe 6eCKOHEUHOE HATPY>KEHHOE JepEeBO?

6 Uto Takoe Bec OECKOHEUHO HArpy>KEHHOT0 JepeBa’?

7 Kakue pyHKUIMN Ha3bIBAIOTCS OrPAHUYEHHO-1ETEPMUHUPOBAHHBIMU?

8 IlpuBenure npuMepbl OrpaHUYEHHO-AETEPMUHUPOBAHHBIX (QYHKIHI.

9 IlpuBenure mpuMepbl HEOIPAHUUEHHO-1ETEPMUHUPOBAHHBIX (DYHKITHI.
10 Yto Takoe nuarpamma Mypa?

11 JlaiiTe onpeneneHne KAHOHUYECKUX YPABHEHHUI OrpaHUYEHHO-/IETEPMU-

HUPOBAHHBIX (YHKLIUM.



TEMA 9 9JIEMEHTHBI TEOPUU AJITOPUTMOB

9.1 Mamuna Teropunra

9.2 PexyppeHTHbIe HyHKITUN

9.3 Tesucsl Trtopunra u Yépua

[Tonsitue anropuTMa CTUXHIHO (OPMHUPOBATIOCH C JAPEBHEUIINX BpPEMEH.
CoBpeMEHHBII YEIOBEK IMOHUMAET IOJ AJITOPUTMOM YETKYIHO CUCTEMY HH-
CTPYKUHUK O BBINOJHEHUH B ONPEAEICHHOM NOPSIKE HEKOTOPBIX AEHCTBHUM IS
penieHns Bcex 3aj1ay Kakoro-To JaHHOrO Kiiacca.

MHorouucieHHbIe U Pa3HOOOpa3HBIE AJITOPUTMBI OKPYXKAIOT HAC OYKBaJIbHO
BO Bcex cdepax >KU3HH U JIeSITEIbHOCTH.

Bonbiioe konuuecTBO aNropuTMOB BCTPEUAECTCS IPU U3YUYEHUU MaTEMaTUKU
OYKBaJIbHO C MEPBBIX KJIACCOB LIKOJIBI. JTO, MPEXKAE BCEro, AITOPUTMBbI BBITIOJ-
HEHUS YEThIpeX apu(PMETUUYECKUX ICHCTBUU HAJ PA3TUYHBIMA YUCIAMHU —
HATypaJbHBIMH, LEIBIMH, IPOOHBIMH, KOMIUIEKCHBIMU. [IprMepamMu M3BECTHBIX
QITOPUTMOB SIBIISIFOTCS alNTOpUTM EBKIIHA HaXOXKIEHUS HAaUOOJBIIEro 00IIero
JENUTENS JBYX HAaTypalbHBbIX YKCEN, BHIYUCICHUE ONPEACITUTENEH Pa3IMUHbIX
HOPSIIKOB, BBIYMCIIEHUE PAHTOB MATPUIl ¢ PALMOHAIBHBIMU 3JIEMEHTAMH, MpPU-
OJIMDKEHHOE BBIUMCIICHUE KOpHEH ypaBHEHUM U T.]I.

B nauvane 20 Beka y MareMaTHMKOB Hayajlyd BO3HUKAThH IMOJO3PEHHUS B TOM,
YTO HEKOTOPbIE MacCOBBIE 3aJlauH, MO-BUAUMOMY, HE UMEIOT ajJrOPUTMHUUECKO-
ro pemieHus. /Jlas TOYHOro moKa3zaTelbCcTBA HECYIIECTBOBAHUSI alrOpUTMa
HE0OXOIMMO UMETh €ro TOYHOE MaTeMaThdeckoe omnpeneneHue. [lepsoie pado-
Thl TIO YTOYHEHHUIO TOHATUS aITOPUTMa U €r0 U3YYEHHUIO ObUIH BBITIOJHEHBI B
1936-1937 rr. A. Teropunarom, 3. IToctom, K. I'enenem, A.A. MapKkoBbIM,

A. Yepuem. bbuto BeIpaOOTaHO HECKOJBKO OIPEACIICHUN MOHATHUS aJIrOPUTMA,
HO BIIOCJIEJICTBUM BBISCHHIIOCH, YTO BCE OHU PAaBHOCHUIIBHBI MEXIY COOOMH, TO
€CTh ONPEAEIISIIOT OAHO U TO K€ MOHSATHE.

9.1 Mammua Trlopunra

Maivna TeropuHra ecTh MaTeMaTuueckas (BooOpasumasi) MalliiHa, a He



MmarnHa gusznyeckas. OHa ecTh TaKOW ke MaTeMaTUYECKUl 00BbEKT, Kak (PyHK-
1usl, IPOU3BOIHAS, UHTErPal U T.A. A TakKe, Kak U JIpyrue MaTeMaTu4ecKre
MOHSTHSA, MOHATHE MalTMHA ThIOPUHTA OTpaX)aeT 00bEKTUBHYIO PEATbHOCTb,
MOJETIUPYET HEKUE PEAIbHBIC MPOLIECCHI.

Mammuna TeropUHIra COCTOUT U3 JIEHTHI, YIPABIAIOLIEr0 YCTPOMCTBA U CYHU-
THIBAIOILIEH TOJIOBKH.

Jlenta pazbura Ha sueliku. Bo Bcsikol siuelike B KaXKIblii MOMEHT BPEMEHH

HAXOJIUTCS. B TOYHOCTH OJIMH CHMBOJI M3 BHENIHero andasuta A={ao,ay,...dn1 },
n>2. Hekortopsrit cuMBoa andaButa A Ha3bIBa€TCS MyCTHIM, JJH00as s4ueiika, co-
JieprKaiias B JaHHbIA MOMEHT ITYCTOM CUMBOJI, HA3bIBAETCA MTYCTOU STYCUKOM.
B nanpHelieM B kauecTBe BHElTHEro ajidaButa OyaeM ucnoiab3oBath A={0,1},
r7ie B KauecTBe MyCTOro cuMmBoJia OyneMm ucnonb3oBath 0 (Hynb). B kaxnabii
MOMEHT BPEMEHU JIEHTA COAECPKUT KOHEYHOE YHUCIIO SYEEK, HO B MPOIIECCe pa-
0O0THI MaIIIMHBI MOKHO MIPUCTPANBATH HOBBIC SITUEUKU B TyCTOM COCTOSIHUH.

VYnpasisitoniee yCTpOHCTBO B KaXK/blii MOMEHT BPEMEHU HaXOJUT B HEKOTO-
poM cocTosiHUH (i, TprHAIeKatee MHOKeCTBY Q{(o,dy, ...,qr-1}, F>1. MHOXe-
ctBo Q Ha3pIBaeTcs BHyTpeHHUM ajidaBuToM. B manmpHelineM HavalbHOE CO-
cTosiHHE OyieM 0003HaYaTh CUMBOJIOM (1, & 3AKIIOYUTEIEHOE CUMBOJIOM (-

CuursiBaromias rojaoBKa MEpeMENIaeTcs BAOJb JICHThl TaK, YTO B KayKIbIi
MOMEHT BpEMEHHU OHa 0003peBaeT POBHO OAHY SUYECHKY JIeHTHI. ['0J0BKa MOXKeET
CUMTBIBATH COJIEPKUMOE 0003peBaEMOM SYEHKHU U 3alUCHIBATh B HEE BMECTO
0003peBaeMoro CMMBOJIa HEKOTOPBIM HOBBIM CUMBOJI U3 BHEIIHETO ajihaBuTA.

Pabora mamunbl ThropuHra omnpenensiercss nporpammoit. Ilporpamma co-
cToUT W3 KomaHa. Kaxnas komaHaa MpeACcTaBisieT cOOOM BhIpaKEHUE OJHOTO
W3 CIEAYIOLIETO BUAA!

1) 0idj —qka;

2) giaj —graeR;

3) 0igj—grael.

Komanpa 1 3aximouaercs B TOM, 4TO COEpKUMOE 8; 0003peBacMoii Ha JICHTE

SIYEMKHM CTUPAETCs, a HAa €ro MECTO JIONMUCHIBAETCS CUMBOI e (KOTOPBIM MOXKET



COBIAJATh C dj ), MALIMHA IIEPEXOIUT B HOBOE COCTOSHUE ( (OHO MOXKET COBIIA-
JaTh C MPEIbIIYIIAM COCTOSHUEM (j ).

Komanpga 2 pabortaer aHaJIOTUYHO KOMaHje 1, U JOMOITHUTEILHO CIIBUTAECT
CUUTHIBAIOIIYIO TOJIOBKY B COCEIHIOIO CIIpaBa sSYCHKY.

Komanpga 3 pabGortaer aHajiorndyHO KoMmaHze 1, U JAOMOIHUTEIBLHO CIBUTAET
CUMTHIBAIOIIYIO TOJIOBKY B COCE/THIOIO CJIEBA STUCHKY.

Ecnu cuntsiBaroias rojioBka HaXOJMUTCS B KpaliHel cripaBa (cieBa) STUECUKU
JIEHTHI M TIPOUCXOJUT €€ CABHUT BIIPaBO (BJIEBO), TO K JICHTE MPUCTPANBACTCS
HOBas sSiUelKa B yCTOM COCTOSHUHU.

ManivHHBIM CJIOBOM MJIM KOH(UTYparrel Ha3pIBaeTCs CJIOBO BUA

A58, 0@ e &
riae a; e A, ke Q. CumBOIN (y MUIIETCS TIEPEN CUMBOIIOM 0003peBaEeMOil sTUeii-
ku. [IprueM cuMBOI (x MOXKET OBITH CAMBIM JIEBBIM, HO HE MOXET OBIThH CaMbIM
[PaBbIM. B nanbneitmem 6ynem UCIoib30BaTh Clieayroliee 0003HaUeHUE: ai’

0003HaYaeT CJIOBO i dj ...Aj = a"

Hanpumep, kordurypamust 1°0;0°1% Ha jeHTe BBININT CICAYIOLIIM 06pa-

30M: Y0,
Cg TP

Mamunna TeropyHra c4uTaeTCs 3aJJaHHOM, €CJIM 3aJIaHbl IPOrpaMMma, BHEIII-

HUI W BHYTpEHHUU andaBUTHl, U YKa3aHO, KaKu€ W3 CUMBOJOB 0003HAUYAIOT
HaYaJIbHOE U 3aKJIIOUUTEIIbHOE COCTOSIHUE.

Ecnau mammna TeropuHra BBIXOJUT HA 3aKJIIOYUTENILHOE COCTOSIHHE, TO OHA
HA3bIBACTCSl OCTAHOBUBIIICHCSI.

[Tycts Mammua TeropuHTra HauMHAET pabOTaTh B HEKOTOPHIM (HayadbHbBIN)
MOMEHT BpeMmeHu. CIoBO, 3alMCaHHOE B 3TOT MOMEHT Ha JICHTE, Ha3bIBAETCA
HayaabHbIM. YTOOBI MammHa ThropuHra Hayana paborath, HEOOXOAUMO MOMeE-
CTUTh CUMTHIBAIOINIYIO TOJIOBKY MPOTHUB KAaKOW-THOO SYEHKH HA JICHTE W yKa-

3aTh,



B KAKOM COCTOSIHMM MallliHa ThIOpUHIa HAXOAUTCS B TAHHBIA MOMEHT.

Ecnu P — HavansHOe cinoBo, To MamuHa ThropuHra, HauaB paboTy “’Ha clo-
Be” P nubo ocTaHOBUTCS yepe3 OIpeAesIEeHHOE YUCIIO IaroB, JIM00 HUKOrAa He
OCTaHOBUTCA. B mepBoM ciryyae roBopsiT, 4TO MaliMHa ThlOpUHTa TPUMEHHUMA K
cinoBy P u pe3ynpraToM IPUMEHEHUS MAIIWHBI K CIOBY P sBisiercsa cinoBo M,
COOTBETCTBYIOIIEE 3AKITIOYUTEIIFHON KOHPUTypaITHH.

Bo BTOpOM ciydae roBopsT, YTO MallllHAa HE MPUMEHKUMA K CJIOBY P.

IIpumep 1 BeisicHuts, npuMeHnMa Jid MamiuHa ThlopuHra, 3aaBaemasi clie-

IAYIOLLIEN IPOrpaMMOon
00— 00 R, qu1— 11 R, @0— g0 R, Qg;l— q;1 L, 30— g0, 0g3l— g1 R, k cmoBy
P=q; 1%0%1°,

Yaq;
Ya;
1 1R 18 q,0%12
i G o 1110l 0 11
Y,
00— 00 R 1°0 g,01? 1[1]1]0]0[1]1
Vs
q0— g0 R 1°0% g51° 1]1(1]0]0]1]1
Ya,
01— 1 R 1%0%1 gyl
1(11lofof1]1
Y,
Gol— qul L 1°0° q,1° 1/1]1]/0l0]1]1
Y,
1-qlR 1%0%12 9,0
IR f 1[1](1l0]of1[1]0
Y,
00— .0 R 1°0%1% 0q,0 1]1l1]ofo[1]10]0
Vs
30212 A2
60— 60 R 10717 0%g0 1(1]1lo0jo]1l1]o]0]0
Yo
30— Qo0 130712 0%qe0
1[11fofof1]1]0]0]0




CrenoBarenbHO, JaHHAsg MallvMHa ThIOpUHra npuMeHuMa K cioBy P u 3a-
3021202
KITFounTenbHas KoHpurypauus nmeet Bua: 1°071°07q,0.

B nanpneitiem 3anucs M= M, , Oyner o3Hadath, 4yTo MamuHa ThropuHTa
T

(T) gepe3 xKOHEUHOE HHCIIO ITUKIOB TepepadaThIBACT MAIIMHHOE CI0BO M B
ManiuHHOE cI0BO M;.

@DyHKIMA HA3bIBACTCA BBIYMCIUMOMN 1O ThIOpUHTY, €CIU CYIIECTBYET Ma-
muHa ThrOpHUHra, BEIYUCISAIOIAs €.

Bo-niepBbiX, HAOMHUM, YTO peyb UAET O YaCTUYHO-UYMUCIOBBIX (PYHKIUSIX.

Bo-BTOpBIX, 1OrOBOPUMCS, YTO 3HAYEHUSA X, X, ,..., X, aPTYMEHTOB (DyHKIUH

f (x1, X2 ... X;) Ha JIeHTE OYIyT 3aIMKMCHIBATHCS CIICTYIOIUM 00pa3oM:

011..11 011..1 0...011..1 O,

X1 X2 Xn

wm 01°01%0...01*0.

Haunnath mepepaObOTKy JaHHOTO clioBa OyaeM W3 CTaHIApTHOTO IOJIOXe-
HUS, TO €CTh M3 MOJIOKECHHUS, P KOTOPOM B COCTOSTHUU (J; 0003peBaeTCs Kpai-
HsIs TIpaBasi €IMHUIIA ONMHUCAaHHOTO ciioBa. Ecim dynkmms f (xq, x 2 ... xp) onpe-
JielieHa Ha JTaHHOM HaOope 3HAYCHH apryMEHTOB, TO B PE3yJIbTaTe HA JICHTE
JOJKHO OBITH 3amucano moapsfd f (xi, x o ... X;) €IMHHUII, B IPOTUBHOM ClIydYac,
MallliHa JT0JDKHA paboTarh OeckoHewHO. [Ipu BEHITIOTHEHHH BCEX TEPEUYUCIICH-
HBIX YCJIOBUH, OyleM T'OBOPHTbH, YTO MalluHa ThIOPHUHIA BBIYKMCISAET JaHHYIO
¢byukiwro f.

Ipumep 2 [Moctpouts MamirHy ThIOpHHTa, BEIYUCISIONIYIO ()YHKIIHEO
O(x) = 0. Jus sToro Hago ckoHcTpyupoBaTh MamuHy Trropunra (T), (t.e. co-

CTaBHUTh MPOrpaMMy) KOTopas HauuHaeT pabory co cimoBa (01 (x — moboe

HaTypaJbHOC LII/IC.)'IO) OCTaHaBJIMBACTCA, KOrAa Ha JICHTC HCT CANMHMUIL

qu => qoo



I[aHHaﬂ ImporpaMma UMCCT BUA:
.02 g.0R
020 20
0212 9.0R

IIpumep 3 [loctpouts MamuHy ThiOpHHTa, BEIYUCIAIONIYIO (YHKITHIO:
f(x,y) = x + y. IToctpoum mamuny Treropunra (T), koTopas, HaunHas paboTy cO
cioBa ;017017 ocraHaBiIMBaeTCs KOT/Aa Ha JIEHTE X+) €IMHHII

q,017017=>q,01*

g:0 2 g.0R q21 01’
q,0 2q,0R (IJOOly

q,1-2q,1 q,1"'01’
g,1 29.1R 1*q,01”
q,0 2 q,1 1*q, 1"
q.1->q,1L q,01x+
q.0 2q.0R qs1x
gs1-q,0 q,01*

IIpumep 4 [loctpouts MamuHy ThIOpHHTa, BEIYUCIAIONIYIO (QYHKITUIO
f(x) = 2/x. Dra pynkuus He Bcroay onpeneneHa. Jlums npu x = 1, x = 2, e€ 3Ha-
YeHUSAMH SIBJISIIOTCS HaTypajibHble uucina 2 U 1 coorBercTBeHHO. [loaTOMy

MOKHO TIOCTPOHWTH MamiuHy ThIOpUHTa, KOTOpas HadyuHAeT padory jmbo co

ciosa (;01, mu6o co crmoBa qul2 OCTaHAaBJIMBAETCS, KOrla Ha JIEHTE JIBE €IU-

HUIIBI, OJHa €AWHHNIIA COOTBCTCTBCHHO. B ocTanpHbIX ClIydadax MalllnHa Ha4YrMHa-



eT padoty co ciaoB (,01* (x # I, x # 2) paboraer OeckoHeuHo. Takass MamIuHa

3a71a€TCA CIEAYIOMIEN MPOTPAMMON:

q,0 2q,0R q,l

g,0 =q,0 x=0

9,1 =20.1R 19,1
q,0 = q,1L q,1%, x=2
q.1 =2q,1R 1 q,1*?
g.1 =q,1 X>2

040 =2 qs0L 1051

gs1 = qo0L Qol, Xx=2

9.2 PexkyppeHTHbIe (PYHKIIUH

B nanpHeliem moa MHOKECTBOM HaTypasibHbIX yrcea N OyaemM moHuMaTh
muoxkectBo N = {0,1,2,....K,...}

ITyctb ¥ = (X1, Xz, ..., Xn) — @yHKIHS OT N mepeMeHHbIX. O003HaunM D(Y) —
obmacth onpenencaus GyHkimu Y = (X1, Xo,..., X,), E(Y) — obmacte 3HaueHui
bynkmym Y = (X1, X, ..., Xn).

Oynkmms Y = f(Xy, Xy, ..., Xn) HA3BIBACTCS YUCIOBOM (PYHKIIMEH, SCITH:

1) D(y)=N x-N-x ... x-N=N";

2)E(y)c N

Oyukius Y = f(Xq, Xp, ..., X,) Ha3BIBACTCS YACTHYHO YUCIOBON (YHKIMEH, ec-
T

1) D(y)<N x- N-x...x:N=N";

2) E(y)N.

Crnenyromue yuciaoBble QYHKIIMU MBI Oy/1eM Ha3bIBaTh MPOCTEHIIIMMHU:

1) O(x) = 0 — HyIb-PyHKIHS



2) 17(X1, X2, eees Xn) = Xm» 1 < M < N — QyHKIUS MOBTOPSIONIAS 3HAYCHHUE
CBOUX apTyMEHTOB;

3) S(X) = x+1 — dhyHKIHMS CIIeOBaHU.

OmnpenenuM cleayrone TPy OTepaldu: CyMepro3UIy, TPUMUTHBHONU pe-
KypCHUY ¥ MHHUMH3AIIHH.

Onepauus cynepnosuuuu

bynem roBoputh, uTo N — MecTHast QYHKIUSA ¢ MOJTydaeTcss U3 M — MECTHOMN
Gynkuu w u N — mectHbiX Gynkuwit fi,f,,....f, ¢ momomko onepammu cymep-
TIO3HIINH, €CITH JUIS BCEX X1,X2, ..., Xn CIPABEJINBO PABEHCTBO:

@ (X1,X2, ..., Xn) = W( T1(X1, X2, .0y Xn), ..., T(X1, Xa, ..., Xn))

Onepanysi IPUMUTHBHO peKypcHH

Bbynem roeoputs, uro (N+1) — mectHas ¢ynkums f momyyaercs u3 N — mect-
HOM ¢yHKIMK § U (N+2) — MECTHOM (PYHKIIMU N ¢ TOMOIIBIO Olepaluy MPUMH-
TUBHOW PEKYPCHH, €CIU MPH JIFOOBIX 3HAYCHUSX X1, X, ..., Xn BBIIOJIHSIIOTCS pa-
BEHCTBA!

f(X1, X2, ..., Xn, 0) =g (X1, X, ..., Xn)

f(X1, X2, .y Xy 1) = N(Xy, X, ..., xn, 0, f(Xq, X, ..., Xn, 0))

f(X1, X2, ..., Xn, Y+1) =N(Xq, X, ..., xn, Y, T(X1, Xo, ..., Xn,Y))

OTU paBEHCTBA HA3bIBAIOT CXEMOW NMPUMUTUBHOU pekypcuu. U ToT daxr,
gro ¢yHkIms f momydaercs u3 Gynkmuumid g, h ¢ momonipio onepauu IPUMUATHB-
HOW PEKypCHUH, 3aIUChIBaeTCs cienyrommumM oopazom: f=R(g,h).

Onpenenenne 1 Oyuxius f Ha3pIBacTCS MPUMUTUBHO PEKYPCHBHON (PyHK-
IIMEH, €CIM OHA TMOYYaeTCsl U3 MPOCTEHIMX (PYHKIMI C TOMOIIBIO ONepaIui
CYTIEPTIO3HIINHA U TIPUMUTUBHON PEKYPCHHU, B3SITHIX KOHEYHOE YHCIIO pa3 B JIFO-
00l moCcIe10BaTENbHOCTH.

W3 nmanHOTO OmpeneneHus CieayeT, YTo J0as MPUMHUTUBHO PEKYpPCHBHAS

(GyHKIUS SBISETCS YACIOBOU (DYHKIUEH.



MHOXECTBO BCEX NMPUMUTHBHO PEKYPCHBHBIX (YHKIHMA 0003HAYMM uepes
Pnp.

Ipumep 5 Jlokaszats, uto ¢pyHkiwms f(X,y)= X+Yy IpUMUTHBHO PEeKypCHUBHA.

HenicteurenbHo. CripaBeIvBbI CIEAYIOIINE TOXKIECTBA

f(x,0) =x+0 =x = g( x)

f(x,y+1) = x+(y+1) = (x+y)+1 = f(x,y)+1
Otcroga cnenyer, uro X+y = R(g(X) = x, h(x,y,z) = z+1). Tak kak ¢pysHkuu g, h
— npocreimue GyHkuuu, To X +Yy ePpy

IMpumep 6 [Jokazare, uro pynkiwms f(X,y) = X'y IPUMUTHUBHO PEKYPCHUBHA.

HevictBurenbHo. CripaBeIsIUBBI CIEAYIONINE TOXK/IECTBA:

f(x,0) =x:0 =0=g(x)

f(x,y+1) = x(y+1) = xy+x =f(x, y) + x
Ortcrona cienyer, 4To

x+y = R(g(x) = 0, h(xy ,2) = 2+ x)

Kaxk cnenyer u3 npumepa 1 gynkuus h(X,y,z) = X+z €Pp,. A 310 3Ha4NT, 4TO
Xy €Pnp.

X—Y,ecimu XY,
PaccmoTpum QyHKIMIO X-y = 0
ecau X <Y.

JlaaHy10 (YHKIUIO HA3bIBAIOT YCEUEHHON Pa3HOCTHIO.

IMpumep 7 [Tokazare, uro pynkmus f(X,y) = X - Y IPUMUTHBHO PEKypPCUBHA.

B nauane 3ameruM, uto pyHKIUS X+1 NPUMUTHUBHO peKypcuBHa. JlelicTBU-
TEJNBHO:

0-1=0=09(x)

(X+1) =1 =x=h(x,y)
CnenoBarensHo, X = 1 = R(g(X) = 0, h(x,y) = X). Urtak, X =~ 1ePy

Jlanee, HETpYIHO MOKa3aTh, UCXO/ASl U3 ONpE/IeTICHUsI YCEUEHHOW PAa3HOCTH,
YTO 3TU PYHKIHUH YJOBIETBOPSIOT TAKKE PABEHCTBAM:

X=0=x=9(X)
X=(y+1) =(x=y)=1=h(xy,x~y)



JUIsL TFOOBIX X U Y. JlaHHBIE TOXKIECTBA MTOKA3bIBAIOT, UTO
X=y=R(g(X) =0, h(xy,2) =z~ a).
Tak xax gynkuus h(X,y,z) =z~ a ePpnp, ToX =Y €Ppp
Tak kak nr00asi TPUMUTUBHO PEKYpCUBHAs (YHKIIUS SIBJISIETCSI YUCIOBOM
(yHKIHEH, TO, O4EBUIHO, 9TO X — Y &Py,

ITpumep 8 ITokaxeM, 4TO |X— y|— MPUMUTUBHO PeKypCHBHAs (QyHKIIHL.
HeticTBurensro. HerpynHo nokasats, uto [x—y|=(X = y)+(y = X). Temneps

MOJIYYEHHBIN pe3yJbTaT CIEAYeT U3 puMepa S u npumepa /.

Onepauus MuHuMu3anum. bygem roBopuTh, 4TO N-mMecTHas (QYHKIUS
g(X1,X, ..., Xn) moayuennas u3 (N+1)-mectaoit Gyukuuun f(Xg,Xo, ..., Xn,Y) € mMOMO-
IIbIO ONepaliid MUHUMH3AILMU WM OllepaTopa HAaMMEHBIIEro YUCia, eClu s
JFOOBIX X1, X2, ..., Xn, Y paBEHCTBO §(X1,X2, ...,Xn) = Y BBIIOJHSIETCS TOTJIa M TOJIBKO
TOrJa, KOrja:

1) f(X1,Xa, ..., Xn,t) onpeneneno u f(Xy,Xy, ..., Xn,t) = 0 s m0061x 0 <t <;

2) f(X1,X2,...,%,Y) = 0.

Ecnn kakoe-nmubo u3 ycnoBuid 1), 2) OyneT HEBBIIOJIHEHO, TO (PYyHKUUSA
9(X1,Xo, ...,Xn) HE OmpeneseHa Ipu Hadope Xy, X, ..., X,. Kopoue rosops, Beauuu-
Ha Q(X1,X2, ...,Xn) PaBHA HAMMEHBIIIEMY 3HAYCHHIO apryMeHTa Y, MPU KOTOPOM
BBITIOJIHSIETCS TTOCIEAHEE PABEHCTBO.

Ucnonb3yeres crienyromiee 0003HaYEHUE:

0(X1.X2, ..., xn) = My [f(X1,Xz, ..., xn,Y)=0].

[Ipo pyHKIHMIO § TOBOPAT, YTO OHA MOJy4YeHa M3 QyHKimH f mpu momoru
orepanyui MUHUMU3AIUH.

Onpenenenne 2 Oyukius f Ha3pIBaeTCs YaCTUYHO PEKYPCUBHOU (YHKITHECH,
€CJIM OHa MOYKET OBbITh NOJy4Y€HA U3 MPOCTEHIINX (PYHKIMI C MOMOILBIO Onepa-
MU CYNEPHO3UIINU, NIPUMUTUBHON PEKYPCUM U MHUHUMU3AIUHU, B3ATHIX KOHEY-
HO€ YHCIIO pa3 B JIF000M MOCIE10BaTEIbHOCTH.

Knacc yacTnyHO pekypcuBHBIX (QyHKIUH 0003HaUUM Py



O0o03HayuM uepe3 P, — Ki1acc peKypCUBHBIX (DyHKLUH, T.€. BCEX YUCIOBBIX

Gynxuii u3 Py
X
Ipumep 9 JlokazaTh, 9TO YaCTUIHO YMCIOBAsT PYHKIHMSA g(X) = 5 1JACTIIHO

PEKypCHUBHa.

Buavanme 3ameruMm, YTOo AaHHAasg (QYHKOMS MOAydaeTcss H3 (PYHKIHH
X
f(x,y) =[x —2y|c moMomIpIo onepanuy MUHIMH3ALHUH, T.€. > = My (x-2y| = 0)-

CornacHo npumepam 2 u 4 ¢ynkuus f(x,y) =|x—2y| IPUMHUTHBHO peKyp-

X
CUBHA. A 3TO 3HAYMT, 4TO Q(X) = 5 YaCTUYHO PEKYpPCUBHASI PYHKIIHS.

JlaHHBII IPUMEP MOKA3bIBACT, YTO KIacC Pry CyIIECTBEHHO IIMpE, YeM KIIacc

Pp. MoxHO CcKka3aTh, 4TO U Ki1acc Py, cymecTBeHHO mupe, yeM kinacc Py T.€.

9.3 Te3ucol Toropunra u Yépua

OnHO M3 OCHOBHBIX CBOMCTB JIrOpUTMa 3aKJIFOYaeTCs B TOM, YTO OH IpeN-
CTaBJISIET COOOM eUHBIN CIIOCO0, MO3BONIAIOINN 1)1 KaKION 3aJaul U3 UCKO-
MOI'0 OECKOHEUHOr0 MHOXKECTBA 33/1a4 32 KOHEYHOE YMCIIO 111aroB HalTHU e€ pe-
ICHHUE.

Ha nonsiTue anroputMa MOKHO B3IJIIHYTh M C HECKOJIBKO MHOM TOYKH 3pe-
Hus. Kaxnyro 3agauy M3 OECKOHEYHOrO MHOKECTBA 3aJlad4 MOXKHO BBIPA3HTh
(3aK0MpOBaTh) HEKOTOPHIM CIOBOM HEKOTOPOro ajiaBuTa, a pelieHue 3a1auu
KaKUM-TO JPYTMM CJIOBOM TOro ke aidaBura. B pesynprare nmomyunm (yHK-
[IUI0, 33/IaHHYI0 Ha HEKOTOPOM MOJMHOKECTBE MHOXECTBA BCEX CIIOB BBHIOpaH-
Horo angaBuTa U MPUHUMAIOIIYIO 3HAUEHUE B MHOXKECTBE BCEX CJIIOB TOTO K€
asnpaButa. Peminte Kakyro-mubO0 — 3HAUUT HAWTU 3HAYEHUE ATOW (PYHKIMU Ha
CJIOBE, KOAMPYIOIIEM JaHHYIO 3a/auy. A UMETh aJFOPUTM Ul PEUICHUs BCEX
3aJ1a4 JaHHOI'O Kjlacca — 3HAYUT MMETh €IMHBII croco0, MO3BOISIIOIIMM 3a KO-

HCYHOC YHCJIO IIaroB «BBIYUCIUTH> 3HAYCHHC HOCTpOCHHOﬁ (I)YHKHI/II/I JJIA JIFO-



OBIX 3HAYEHMI apryMeHTa u3 e€ obJyiactu onpezaeneHus. Takum o0pa3om, ajiro-
puTMHUYecKas npodiieMa — MO CYIIECTBY MpoOsieMa O BBIYMCICHHM 3HAYEHUU
3a1aHHOM (PYHKIIMM B HEKOTOPOM asiaBuUTeE.

Ocraercst yTOUYHUTD, YTO 3HAYUT YMETh BBIUUCIHUTH 3HAUeHUE (PYHKIIUU. ITO
3HAQYUT BBIYUCIIUTH 3HAY€HUWE (PYHKIMH C TMOMOIIBI0O MOAXOSAIIEH MAaIluHBI
Toropunra. J{ns kakux e (QYHKIHI BO3MOXKHO MX THIOPHHTOBO BBIYUCIICHUE?
MHOTrOo4HCIICHHbIE UCCIIEIOBAHUS YUSHBIX TTOKA3aJIM, YTO TaKOW Kiacc (DyHKIIHA
Yype3BbIUaifHO mUpoK. Kaxxaas QyHKIMs, A1 BRIUMCICHUS 3HAYEHUA KOTOPOIt
CYIIECTBYET KaKOW-HUOYIIb alTrOpUTM, OKa3ajdach BBIUMCISIEMOMN IMOCPEICTBOM
HEKOTOpoil mamuHbl ThropuHra. 9t1o Jano moBoJ ThIOPUHTY BbICKA3aTh Clle-
OYIOUIYK0 TUIOTE3Y, HA3bIBAEMYK) OCHOBHOM THIIOTE€30M TEOPUU AITOPUTMOB
WJIA TE3UCOM ThIOpHHTa.

Te3uc Toropunra. [y HaXO0XKIeHUs 3HaUYCHUN (YHKIIMH, 3aJTaHHOU B HE-
KOTOpoM andaBuTe, TOTJa U TOJBKO TOLJA CYHIECTBYET KaKOW-HUOYIb ajiro-
pUTM, Korja (PyHKUMS SIBJISIETCSI BBIUMCIUMOW Mo ThIOpUHTY, T.€. KOI/Ja OHA
MOYKET BBIYMCIIATHCS HA MOAXOIAIIEN MalnHe ThrOpUHTa.

DTO 03Hayaer, 4YyTO CTPOroe MaTEMaTHUYECKOE MOHSATHUE BBIYUCIUMOE IO
TeiopuHTy QYHKIIUM SBISETCS UACATHHOM MOJIENBIO B3SITOTO U3 OMBITA MOHATHS
anropurma. JlaHHBIA TE3UC €CTh HE YTO MHOE, KaK aKCHOMA, IOCTYJIAT, O B3au-
MOCBS35X HAILIETO OIbITAa C TOM MAaTEMAaTUYECKON TEOPHEHN, KOTOPYIO Mbl TIOJ
ATOT OMBIT XOTUM TOJABECTH. KOHEUHO k€, JaHHBINA TE€3UC B MPUHIUIIE HE MO-
XKeT OBbITh JIOKa3aH METOJAaMU MaTEeMAaTHKU, TOTOMY YTO OH HE MUMEET BHYTPHU
MaTeMaTU4YECKOro Xapakrepa (0JHa CTOPOHA B TE3UCE — MOHATHE AJITOPUTMA —
HE SBJISIETCS TOYHBIM MaTEMaTHUYE€CKUM MOHSATHEM). OH BBIIBUHYT, UCXOMS U3
OMbITa, U UMEHHO OMBIT MOATBEPKIAET €0 COCTOSITEIbHOCTD.

Bnpouem, He HCKITFOYAETCsl MPUHIUNUAIBHAS BO3MOKHOCTD TOTO, YTO TE3UC
Teiopunra Oyaer ompoBeprHyT. st 3Toro momkHa ObITh yKazaHa (QyHKIUSA,

BbIYHUCIsIEMas C IIOMOIIBIO KaKOFO-HI/I6y,Z[I) aJiropurMa, HO HC BbIYMCJISICMAs Ha



Kakoi-HuOynp MamuHe TeropuHra. Ho Takasi BO3MOXKHOCTH MpPEICTaBISETCS
MaJIOBEPOATHOM.

[TogoOHo Te3ucy TriopuHTa B TEOPUU PEKYPCUBHOM (DYHKIIUU BBIJBUTACTCS
COOTBETCTBYIOIIIAs TUMOTE3a, HOCSIas Ha3BaHue Te3uca Uépua.

Te3uc Yépua. Yucnoast GyHKIUS TOTIa U TOJIBKO TOTAAa alrOPUTMUYECKU
BBIYUCIIMMA, KOTJ]Ja OHA PEKYPCUBHA.

U s1a runote3a He MOXKET OBITh JIOKa3aHa CTPOr0 MaTEMaTUYECKH, OHA TMO/I-
TBEPK/IA€TCS IPAKTUKOMN, OMBITOM, HOO TPU3BaHAa YBSI3aTh MPAKTUKY U TEOPHIO.
Bce paccmarpuBaembie B MaTeMaTUKe KOHKPETHbIC (YHKIIMH, BHIYACIUMbBIC B
ITOPUTMUYECKOM CMBICIIE, OKA3aJIUCh PEKYPCUBHBIMHU.

MBI O3HAKOMUJIMCH C HECKOJIBKUMHU TEOPUSIMH, Kaxaas U3 KOTOPbIX yTOY-
HSIeT TIOHATHE airopuTMa. Bo3HUKaeT BOMpOC, Kak CBSI3aHbI ATH TEOPUU MEXIY
coOoii. OTBET Ha HEro JlaeT cieayolas Teopema.

Teopema 1 Crnedyrowue knaccol pynxkyuti (3a0aHHble HA HAMYPATILHBIX YUC-
JaX U NPUHUMAIOWUe HamypaibHoe 3Hadenue) Coenaoaiom.

1) Knacc scex gpynxyuii svryucaumolx no Totopuney,

2) Knacc 6cex pexypcuenvix hyHKyuil.

DTO yKe He THIOoTe3a M HE TE3UC, a MaTeMaTU4ecKas TeopemMa, KOTopas
CTPOrO0 J10Ka3bIBACTCS.

MO>XHO OTMETUTh, YTO CYHIECTBYIOT €UI€ U JPYrUe TEOpUHU aJTOPUTMOB, U
JUISL BCEX HUX TaKKe JJ0Ka3aHa MUX PaBHO3ZHAYHOCTh C paccMaTpUBAEMBbIMH TEO-
PHUSMH.

B 1936 rony UYépuem ObLIO JI0Ka3aHO, YTO HE CYIIECTBYET AJITOPUTMA, 03-
BOJISIFOIIIETO JJI KaK10W (hOPMYJIbI JIOTUKH MPEIUKATOB ONPEAEIUTh, OYJIEeT 1
OHa BBITTOJIHUMOU WJIM 00IIe3HAYMMOM.

OnHolt u3 HamboJiee 3HAMEHUTHIX AITOPUTMUYECKUX MPOOJIEM MATEMATUKU
spisiack 10-s mpoGiema ['unsOepra, mocTaBiaeHHas UM B yuciie apyrux B 1901

rogy Ha MeXIyHapoJaHOM MaTeMaTHYeCKOM KOHrpecce. TpeboBanoch HaWTH



ITOPUTM, OIPEACTSIOMMA a1 1000ro TuodaHTOBa YypaBHEHUS, UMEET JU
OHO IEJIOYUCIIEHHOE PEIICHHE.

JlnodantoBo ypaBHEHHWE e€CTh YypaBHeHHWe Buma F(xy,..,z)=0, T1a€
F(X,Y,...,2)— MHOTOWIEH C LIELIMUA MOKAa3aTEIsIMU CTENEHEH U LEIbIMU KO3 (-
¢urnmentamu. B obimeM ciaydae 3Ta mpobiiemMa 0ro OCTaBajlach HEPEIICHHOU
u Tonbko B 1970 romy coerckuii matematuk 0. B. MartusceBuu nokazan eé
HEPa3pEIUMOCTb.

B 3akiouenue emi€ pa3 oTMETUM, YTO alTOPUTMUYECKAs HEPa3pemnMOCTh
O3HAYaeT JIMIIb OTCYTCTBHE €IMHOI0 CIIOoco0a /ISl pelieHus BCeX 3a7a4 JaHHOU
OECKOHEUYHOH CepuH, B TO K€ BpeMs KaxkJas WHIWBHUIYyallbHAs 3ajladya BIOJHE
MOXET OBITh pellieHa WHIUBUAYaIbHBIM ciocoOoM. Tak, Hampumep, HECMOTPSI
Ha OTCYTCTBHME €IMHOI0 aJrOpUTMa, ONPEIEISIOIEro UMeeT JIM AU0(aHTOBO
ypaBHEHUE [ETOUYNCICHHOE PEIICHNE, I YaCTHOTO Ciydas AH0()aHTOBO ypaB-

HeHue a X" +a, X" +..+aX+X, =0 XOpOLIO H3BECTHO, YTO BCE €ro Iejble

KOPHHM CJIEIyEeT UCKaTh CPen AEIUTeNel CBOOOTHOTO WIEHA a,.

Bomnpocsl AJ1s1 CAMOKOHTPOJIsI
Uto Bbl noHnmaere noa mamuHou Treropunra?
N3 kakux yacteil cocTouT MamunHa TeropuHra?
JlaiiTe onpeneneHrne MalimHHOTO CJI0BA.

Kaxkas pyHkums Ha3zpIiBaeTCs YMCIOBOM?

1
2
3
4
5 Kakas QyHkuus Ha3pIBa€TCs YaCTUYHO-YUCIOBOM ?
6 Jaiite onpeneneHue pyHKINUN, BEBIYUCIUMON MO ThIOpHUHTY.
7 Kaxue ¢pyHKIIMM HAa3BIBAIOTCS MTPOCTEUIITUMU?

8 MaiiTe ompeneneHre onepauy Cyrnepno3uilnu.

9 Jlaiite omnpeneneHue onepanud IpUMUTUBHON PEKYPCHH.

10 Jla¥iTe onpeneneHue onepairi MUHAMHA3AIIAH.



11 Copmynupyiite Tezuc Uepua.
12 Chopmynupyiite Te3uc TrropuHra.
13 Kakas cBs3b MeXy QYHKUMSIMH, BBIYUCISIEMBIMU 10 THIOPUHTY U Ya-

CTUYHO PEKYPCHUBHBIMH (DYHKIIUSIMU ?
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