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Tema 1
BYJIEBbBI ®YHKIIUA
1.1 Beicka3biBaHus.
1.2 Onepaunu HaJl BHICKA3bIBAHUSIMHU.

1.3 [lonstue OyneBoil PyHKIMU, dJIEMEHTAapHbIE OyJIeBbl (DYHKIIUH.

OcHOBHBIE NIOHATHS 110 TEME

Dynkyueil aneebpwi noeuku (0ynesoit ¢yukuueit) f €, X,,...,x : OT Tepe-

n
MEHHBIX X, X,,..., X, Ha3bIBaeTcs (pyHKILUs, NpuHUMaromas 3Hayenus 1,0 u ap-
T'YMEHTBI KOTOPOM TaKkXe NpUHUMAIOT 3HaueHus 1,0.

Bcesikas OyneBa QyHKIMS OT N MEPEMEHHBIX MOKET OBITh 3aj[aHa C ITOMOIUIBIO

Ta6HI/IHLI HCTHUHHOCTHU

=

Xp | Xy | oo | Xow | Xy | T € X Xy X
0/0(|..] 0 |0 f©,0,...,00_
O[O0 |...] 0 |1 f €0,...01
0|0 110 fQ0,..10_
101,01 |1 fqL....11

JanHas Tabnuua cocTOMT W3 2" CTPOK, MpUYeM B HeH Bce HaOOpbI

(X.s Xy,.-+, X)) PACIIOJIO’KEHBI B MOPSIIKE BO3pacTaHus X HoMepoB. Ciemyromue

OyneBbl PYHKITMH MBI Oy/1eM Ha3bIBaTh AJIEMEHTAPHBIMHU.

f,(x)=0 - koHcTaHTa 0;

f,(x)=1 - KOHCTaHTa 1;

f.(X) =X - TOXK/IeCTBEHHAST (DYHKITHS;
f,(x)=X - OTpHUIIAHUE X |

f.(X,Y) =Xy - KOHBIOHKIHA X U Y ;



fo(X,y)=xvy - TU3BIOHKIMS X U Y ;

f.(Xy)=x=y - UMIUTHKAIAS X U Y|
f,(Xx,y)=x<y - DKBUBAJICHTHOCTb X U Y ;
f,(X,y)=Xx+Yy - cllokeHrne X u Yy mo mod 2;
fo(Xy)=x]y - pynxuus [lepdepa;
f.(xy)=x4yy - bynknus [Mupca.

JlanHbie (yHKITUY 3a4a10TCsl CJICTYIOIMUMH TaOJIUIIaMU UCTUHHOCTH

X y fl f2 f3 f4 f5 f6 f7 f8 f9 1:10 fll
olojoj1]of1]ofo[1|1]0]1]|1
of1/0|1]0|1]0|1|21|0[2 10
1/0/0/1]21]0[0|1|00|2|1]0
1/1(0/1 /1|0 1|11 10|00

[IpuBenem onpenenenue GopMyIbl anredpbl TOTUKH:

1. xaxnas snemeHTapHas OysneBa GyHKIUS — popMmya;

2. eCIW HEKOTOPOE BBIPAXKEHUE 77 €CTh OpMyIIa, TO 77 TOXke hopmya;

3. ecu HEKOTOphIE BBIPAXKEHUS L M 7] €CThb (OPMYIIbI, TO BBIPAKEHUS

NN, =, e, |, n g toxe dopmys;

4. npyrux ¢GopMmyi: KpOME MOCTPOCHHBIX B M. 1-3 HET.

C uenpio ympouieHus 3anucu (Gpopmys, T0roBOpUMCS, YTO OIepalus KOHb-
IOHKIIMSI «CHJIbHEE» JPYTHX JIOTUYECKUX Orepauui, T.e. eciau B (opMmyse HeT

CKO6OK, TO BHAYAJIC BBIITOJIHACTCA OIICpalsd KOHBIOHKIIUA.

JIBe opmynbl 17 U 4 Ha3BIBAIOTCS PABHOCUNILHBIMU, €CITA OHU OMPEICISIIOT
OJIHY U Ty ke OyneBy pyHKIuIo (3anmuch 1=y OyleT o3HavyaTh, 4To (Hop-

MYJIbl 77 U /i PABHOCUJIbHBI).



[IpuBenem nepedeHb BaXKHEUIIUX PaBHOCUIBLHOCTEHN (3aKOHOB) anreOpshl J0-

T'HKH.

9.

© N o o B~ 0 D RF

X=X — 3aKOH TOXJECTBA;
XX = 0 — 3aKOH MPOTHUBOPEUMS;

XV X =1— 3aKOH UCKJIIOUCHHUSI TPETHETO;

X = X — 3aKOH JBOMHOI'0 OTPULIAHUS;

XX =X, XV X= X— 3aKOHBI HIEMIIOTEHTHOCTH;

Xy =YX, XV Y=YV X— 3aKOHbIl KOMMYTaTHBHOCTH;

Xvyz=€vy &VvZ, X€VZ =XyVXZ— 3aKOHbI TUCTPHUOYTHBHOCTH;
L —~ >

Xv€vz=6€vy Yz, x€z = €y - 3aK0HBI aCCOIMATUBHOCTH;

Xy=XVvYy, Xvy=X-Y —3aKkoHbl ¢ Moprana;

10. x-1=x, XxvO0=x, x-0=0, xv1=1.

-
11. X€VYy =X, XV Xy = X—3aKOHbI IIOIJIOLICHUS;

12. vy &VvYy =Y, Xy VXY= Y-3aKOHBI CKIICHBAHHS.

OTtmeTnM crenyromue BaKHEHIINE PaBHOCUIIBHOCTH

1.
2
3.
4
o.

6.
7.

X=>y=XVvYy
X<y =Xy VXY
X+Y=XyVXy
X|y=Xvy
xdy=x-y

Xy =XVy
XVYy=X-y

@opMyna anredpbl JOTUKH Ha3bIBA€TCS masmonocueli (TOXKIECTBEHHO HC-

TUHHOM), €CJIM HPH JIIOOBIX 3HAYEHUSX NEPEMEHHBIX OHA MPUHUMAET UCTUHHOE

3HAa4YCHUC.



®opMmyna anreOpbl JIOTUKKA Ha3bIBaCTCS npomusopeuuem (TOXKIECTBEHHO
JIO’KHOM), €CJM MpHU JIIOOBIX 3HAYEHUSX MEPEMEHHBIX OHA MPUHHUMAET JIOKHOE
3HAYEHUE.

®dopmyna anreOpbl JOTUKUA HA3bIBACTCS 68bINOJIHUMOLL, €CIIN HAUJETC TaKou
Ha0Oop 3HAYEHUI NMEPEMEHHBIX, PU KOTOPOM €€ 3HAUCHHE UCTUHHO.

Ipumep 1 Asnsercsa mi popmyna n=€=>€ <7 > €=y = €=17 _
TaBTOJIOTHUEH?

1 cioco6 (TabnuuHbI)

X | Y| z]| Yo [ x=>€¢oz | XY | x>z | €y €=z |77
O] 01O 1 1 1 1 1 1
00O 1 0 1 1 1 1 1
O] 1|0 0 1 1 1 1 1
0 1 1 1 1 1 1 1 1
1010 1 1 0 0 1 1
1101 0 0 0 1 0 1
11110 0 0 1 0 0 1
1 1 1 1 1 1 1 1 1

2 crioco0 (aHATUTHYECKHH)

14

> 0o _ c€>y €=z =

15
=((VQ<DZ::<:> ((vy}: ((vzj::

9
:((vyZVYZ:Q«(vy}vzjv)_(vy-)_(vz/:
7

—€vyIvyZ > €v yZvXV-XZ::()_(\/yZvﬁ)@()_(v yz v yz)=1.

Ipumep 2 SAnsercs mu popmyia €=y => € =2z = €=z _ TaBTONO-
ruen?
MeToza OT MPOTUBHOTO.

Mycrs €=y > €=z > €=z _=0.

X=>y=1
Xx=>y=1
Tornma - ~ . Orcrona y=>1z=1
(=17 >€«>12 =0
X=>1z=0



N3 mocnennero cnenyer, uto X=1. Torma 1= y=1, y=0=1, yTo HeBO3-

MOXKHO.

[Tpumep 3 PaBHOCUIIBHBI 1 (HOPMYIIBI?

«C=>@vz Fo>ux=7 >y xvyva
€= ¢V Foudx=>7 = y=

N 49
=((vyvz}vu];(v2)/y=

7 3
— — — _—
=XyZvyuvuxzvy=xyzvxuzv€vy §viu =

7 3
=xyZvxuzvyvi=€vy vy v qvu & v =
7 3

— — ™~ —
=XZvyvxzvu=x€vz yyvl

3
—Qgvy&vy vCQvi &vU =
. i ™~ i 3 .
=XZvyvXxzviu=x€vzyyvu=xvyvi
CnenoBarenbHo, (OPMYJIbl PABHOCHIIBHBIL.
[Ipumep 4 Ypocrurr, €& = y:<:> <> Xj)_(:»l« y
14,15,17,18

&=y = €¢=>xxy =
—€vy EvX Xy ((vy}vxjvi-yzk:9

2,7,10 7
&vy &vXx VXyX Xy = €ZVyIv Xy Xy=
2,10

= XYZ v YIXY v XyXY = XyZ

IIpumep 5 Pemuts ypasuenne Xyv € =X v €<z =0
DTO ypaBHEHHE PAaBHOCWIBHO CIIEIYIOIIECH cUCTEME

xy =0

y = X

X<2=0



N3 BToporo ypaBHenus cieayet, uto Yy =1, X=0. fcHo, yto Torma Xy =0.

[ToncraBmsii B Tperbe ypaBHenume 0<>z=0. CnemoarenpHo, Z=1. Uraxk,

X=0, y=1, z=1 - pemeHrue UCKOMOT0 ypaBHEHHUSI.

JlabopaTopHasi padora Nel

|. [TocTpouTh TaOMHIIBI UICTUHHOCTH JIJIsT (HOPMYIT

) y+Z =>€@¢=>12
2) +y+7 =>€ly
3) €«vyvz &l y::>2
4) €yZvXy r € =17
5) €=y > €+YyZ_
6) >y &=17 ¥X
7) €vyvi = €+yzZ
8) €|y €¢=1x_
9) €y+z > €|y_

10) |y V7 3 vy

Il. be3 mocTpoeHust TabIUIl ICTUHHOCTH JIOKKHUTE, YTO Cieayromue Gopmy-

JIBI ABJISAKOTCS TaBTOJIOTUSIMHU

N>y > €=72 >€=>17

2) €= > €¢=>x

N ESEY EYENSSEY EYD

AN EYEN ESEY 21D

5) 6=y > &=Y >X_

6) €=y > €=>X =V

N¢g=>z >&vy >€vz.



8) €=y =X =X
N>y ¥=>7 > €=>17
10) €=y > €=y

I1l. be3 mocTpoeHust TabIUIl UCTUHHOCTH JOKAXHUTE, YTO Clieayromue (hop-

MYIJIBI ABJIIIOTCA IIPOTHBOPCUNCM

1) X=>€@=>xy

¢y Yoxvesykey
3) €=y WX

4) x= €@ =1z 3yz

By X=> €= €= X

6) €=y > €¢=x_

7) €= €¢=xy_

8) vy ¥=>7 >€vz
9) €=y &+yY

10) €=y kly &=y

IV. Permuth ypaBHEHHS

Nx=>€¢=>z2 =x=y

2) x> zy=zyy=x

3) «lyyz=€lz >y
5 X=> €=y =XV

5) €=y VX=y=X

6) €=y v €g=>x =xly

Nxoy=y=>&vYy =X

8) x=>y=xy



9 x=>y=xyy
™~ ™~
10) xyv€g=>x v €=z =0
V. Kakue 13 npuBeqeHHbIX HUKE POPMYIT SBISIOTCS TaBTOJOTUSIMH, TPOTH-

BOpGIII/DIMI/I, BBITITIOJIHUMBIMHU
&>y > &vy > €vz.
2) &+y >z &=>yz
) k=>y > &=>V€=>1 S €=12
4 €=z &=>u &KVl > €Vvy.
YK=Y EX =YD
6) €vy L&+ 1 €k=y= €=y
7 &Vvyl=>€&SZ 3y X2
8) &Iyl z]y )z
9) €+y > €=z & =X
10) ((iy}((ix::(:yj

VI. YipocTurs
) €=>€@vz §=>udx=>7 =y
) 6=y r€=>17 F€=>%
3) =y vyl ey
4) &+y > €vy vy = €y
5 €=y 72 Vv€=>12
6) =>¢vz 4> €vy ¥yl o78=>7
€=y > €+€=Y
8) &y V€&=Yy r€k=y Yox
) >y Koy €=zl
10) |y k7 &=y >z %=y



VII. PaBHOCHIIBHBI JIU cleAyroiue GopMybl

Nx=>€¢=z C=>y > €=
2) X+ €g=12_ €+y = €+z
3) k=>y > +€=Y «y&vy
Hx=>@=>&>y =V y= €=z

5) €vyvz > &vy &vz_ X<z

6) =Yy >z X=>€=17

) &+y > €vy K=y =€y x|y

8) €=y v€&=>12Y Xy = xZ_

9) XZv Xyv Xz XYZ v X2

10) €vyvz §vxvu €vuvx xve@v dvz

Bonpocsl 111 CaMOKOHTPOJISA
1 bynesb! ¢pyHkimu. TabauIbl HICTUHHOCTH.
2 Yucno OyneBbIX (GyHKIMA OT N TEPEMEHHBIX.
3 DnemeHTapHbie OyeBbl PYHKINH.
4 ®opmynbl anredpsl Joruku. Kiaccudukarus opmy.
5 PaBHOCMIIBHBIE POPMYITBI. 3aKOHBI PABHOCWIIBHOCTH.

6 Jlornueckue ypaBHEHUS!.

Jluteparypa

1 Kapnos, B.I'. Maremarnueckast JIOruka U JUCKpeTHas matemaTuka [Tekcr]
yaeOHOe Tmocobue sl cTyaeHToB  yHuBepcuteroB/  B.I.Kapmos,
B.A.Momenckuii. — MH.: Beiniimas mkona, 1977. —255¢c.

2 Sl6nonckuii, C.B. BBenenue B nUCKpeTHYI0 MaTeMaTuKy [ Tekcr] : yaueOHOe
nocobue i BYy30B 10 creunanbHocTH  «[IpuknamHas maTeMaTtukay/
C.B.A6nouckuit. — M.: Hayka, 1979. — 272c.

3 Momenckuii, B.A. Jlekiiuu mo maTeMatnueckoi jgoruke [ TekcT] : yueOHoe
nmocoobwe s CTYACHTOB  MAaTEMAaTHUYECKUX  CHEUUAIbHOCTEH  BY30B/
B.A Momenckuit. — MH.: U3a. uentp bI'Y, 1973. — 159c.
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Tema 2
HOPMAJIBHBIE ®OPMBbI BYJIEBBIX (I)YHKI_II/Iﬁ

2.1 JluzproHKkTHUBHAS HopMaibHas ¢opma (JJHD).
2.2 KonbproHkTuBHas HopManbHas Gopma (KHD).
2.3 CosepiiieHHbIE TU3BIOHKTUBHAS UM KOHBIOHKTUBHAS HOpMajbHbIE (DOPMBI H

AJTOPUTMBI UX TTOCTPOECHUS.

OcHoOBHbBIE IOHATHSA 10 TEME
BBenem o0o3HaueHUE
X ,ecmo=1
X ,ecmuo=0

®opmyma X' X2 ... X7, e o; = @1 :, 1=12,...,n, a cpeau NEpeMEHHBIX X,
MOTYT OBITh COBITAJIAIOIINE, HA3BIBACTCS I1EMEHMAPHOU KOHBIOHKYUELL.

JIM3BIOHKITUS 3JEMEHTAPHBIX KOHBIOHKIIMKA HA3bIBACTCH OU3BLIOHKIMUBHOU
HopmanwvHol gopmou (cokpamenno [JHD).

DneMeHTapHas KOHBIOHKIUS HA3bIBACTCS MPABUIbHOLU, ©CIU B Hee KakJas
NepeMeHHas BXOJUT He Oosiee OJHOro pas3a (BKIIOYAS €€ BXOXKJICHHE IOJ 3Ha-
KOM OTPHIIAHUSA).

[IpaBunbHAs dIEMEHTapHAS KOHBIOHKINS HA3BIBACTCS HOJHOU OMHOCUME b~

HO NepemMeHHblx X:L’ X2,. A, Xn, CCJIM B HCC KaxKJasd U3 OTHUX IICPCMCHHBIX BXOJIHUT

OJIMH Y TOJIKO OJIMH pas3.
Cosepuennoil ousvronkmusrou Hopmanvtotl popmoti (CIAHD) otHOCHUTENB-

HO MEPEMEHHBIX X, X,,..., X, HA3bIBACTCSA AU3BIOHKTUBHAs HOpPMalbHas Qopma,

B KOTOpOﬁ HCT OJMHAKOBLIX 3JICMCHTAPHBIX KOHT»IOHKI_II/Iﬁ " BCC J3JICMCHTAPHLBIC

KOHBIOHKIWHU IMPABUJIBHBI U ITIOJIHBI OTHOCUTCIIBHO IICPCMCHHBIX Xl’ X2 yeooy Xn .

Besikyto OyneBy dynkmumio f €, X,,..., X ', HE PaBHYIO TOXKIECTBEHHO HYy-

1 \n s

JII0, MOXKHO TIPEJICTaBUTh COBEPIICHHON TU3bIOHKTUBHOM HOpMaJIbHOU (POpMOii:

\_ o1 o2 O
f €. X%,,...X, = oo o3 XXX (1)
f €1.02....0n 31

11



Ipumep 1 Haiitu JIHD m1s popmyns: =Yy =z ]y V€7 .

- -~ ~ — _ .
&>y >z7]y Vv €ez =XvyvIvyvXIVXZ=
:(fvyzvYVXZV)_(Z:)_(ZvyZv)_/vXZv)_(Z

Ipumep 2 Haiitu CJIH® 15t popmynet € <y Vv € < 7 .

1 cnoco6 (Tabnuunslii). JlanHbli ciocod ocHoBaH Ha pasznoxenuu (1). Cytb
€ro COCTOMT B CJIEAYIOLIEM:

1. cocrapmnsieTcst Ta0IMIa HICTUHHOCTHU JJIs JAHHON (OPMYIIBI;

-~

2. B Tabnuie UCTUHHOCTH BbiAenstoTcs Haboper €,,0,,...,0, _, IS KOTO-
phIX 3HaUeHUE (POPMYIIbI HCTUHHO;
3. 151 KQXKJI0r0 TaKOTro HaboOpa COCTABIISIOTCS DJIEMEHTAPHBIE KOHBIOHKIINY;

4. cocTaBiseM AU3BOHKIHUH ITOCTPOCHHBIX 3JICMCHTAPHBIX KOHT)IOHKI_II/II\/II.

x| Y| z|[ XV | Vel goyYy@oz
ojolo] 1 1 1
0|01, 1 0 1
0|1/0/ O 0 0
o/1(1] 0 1 1
1100 O 1 1
1101 O 0 0
1/1/0 1 0 1
1711 1 1 1

Coyyvger =

— XOyOZO V. XOyOZl V. XOylzl V. leOZO V. lelZO V. lelzl —

=XYZ Vv XYZ Vv XYZ v XYZ v XYZ v XYyZ

2 cnoco6 (aHATUTUIECKUT).

12



\15 3

€Oy VgL =YV VYV YZI=

oo

=xy€VvZIVXY€VvZIVyI€vX VYyZI€vX =
= XyZvXyZ\/)_(YZV)_(VvayZv)_(yZ\/XVZv)_(YZi

=XYZ Vv XyZ v XYZ Vv XYZ v XYyZ v XyZ

dopmyna Buma X' Vv XJ?2 V...V X" HA3BIBAETCS 1EeMEHMAPHOU OUZLIOHKUU-
1 2 n

Besikasi KOHBIOHKITUSL DJIEMEHTApHBIX JU3BIOHKINN HA3bIBACTCS KOHBIOHK-
muerou HopmanvHot opmoi (KHD).

DneMeHTapHas AU3BIOHKIINS HA3bIBACTCS MPAGUIbHOU, €CIH 'y Hee Kaxaas
nepeMeHHasi BXOJIUT He Oosee OAHOro pasa (BKIOUas €e BXOXKICHHE MO 3Ha-
KOM OTpULIAHHUS).

[IpaBuiibHas 37eMeHTapHas KOHBIOHKIINS HAa3bIBAETCS NOIHOU OTHOCUTEIBHO

IMCPECMCHHBIX Xl’XZ"" X, €CJIIM KaXJas M3 3TUX IIEPEMCHHBIX BXOJUT B HEC

1\
OJIUH U TOJBKO OJUH pa3 (ObITh MOXKET, MOJT 3HAKOM OTPHUIIAHHUS ).
Coseputennoil kKonvroHKmusHou Hopmanvrou gpopmoii (CKH®D) orHOCHUTENB-

HO IICPCMCHHBIX Xl’ X21' . Xn Ha3bIBACTCA KOHBIOHKTHBHAA HOPMAaJIbHAA (bopMa,

B KOTOpOﬁ HCT OJJMHAKOBBIX 3JICMCHTAPHBIX ,JII/IS’bIOHKIII/Iﬁ M BCC 3JICMCHTAPHLIC

JOU3BIOHKIAN IPABWIBHBI U ITOJIHBI OTHOCUTEIBHO IEPEMEHHBIX X;, Xy ...y X, -
Besikyio ¢ynkuuto f €, X,,...,X, OTIMYHYIO OT TOXAECTBEHHO HCTHHHOM,

MOHO NPEJICTABUTh COBEPIIICHHOW KOHbIOHKTUBHOW HOpMaIbHOU (DOPMOIA:

\
f€,%,,....,X, = & & VvXxv.vXxT (2)
6110-2~---~O_n/ -

=
f 6'1,0'2,...,O'n 50

r7e CUMBOJ & O3HA4YaeT, YTO KOHBIOHKIHMS Oepercs mo TeM Habopam, KOTOphIe

YKa3aHbI IO HUM.

Ipumep 3 Haiitu KH® 151 popmynsl € =Yy v € <z .

13



\14,15 7

€=y V€L =XvyvXxvXI=

[Mpumep 4 Haiitu CKH® mast hopmyisr €+ y} — X:.

1 cnoco6 (mabnuunwui). Jlanueiii cnocod ocHoBaH Ha pasnoxeHuu (2). CyTtb
€ro COCTOUT B CJEAYIOLIEM:

1. cocTaBnsiercs TabJMLIa UICTUHHOCTH JJI JAHHOW (POPMYyIIbL;

-~

2. B Tabnuie UCTUHHOCTH BbiAenstoTcs Haboper €,,0,,...,0, , A1 KOTO-

] n_’
PBIX 3HaUeHUE (HOPMYJIbI JTOKHO;

3. U KaXZ0ro Takoro Habopa COCTaBIISIOTCS 3JIEMEHTApHAs TU3BIOHKINS
X7V XS PV L VX

4. cocTaBisgeM KOHBIOHKIHWIO 3JICMCHTAPHBIX I[I/I3’b}OHKLIHI>'I.

X Y|z Xty | z=>x| €+y €= %
0/|0|0| O 1 0
0j0(1} O 0 0
0,10 1 1 1
0111 1 0 0
1100 1 1 1
1101 1 1 1
17110, O 1 0
1111 0 1 0

C+y¥&=x =
vy v vy v vy v vy v §vyive =
—€vyvz &vyvZ &vyvz &vyvz &Kvyvz.

2 cnocob (ananumuyeckuti).

14



14,16

€y X=X = €y Y XS

— vy &kvy &Evx v y:tvx:i

\2
—€vy &kvy &vz=
=((v)7v22](vyv22}(v2vy7:;

S

—€vyvz&vyvZ &vyvz &vyvZ &vyvz &vyvz =
—€vyvz&vyvZ &kvyvz &kvyvz &vyvz.

Tonunomom Kezankuna HaspiBaeTcs MOJUHOM BUIA

DX X, X +a

"2t
npu4yeM B KaXA0M Habope i, l,,...,1. BCe pa3IN4HBI, & CyMMHPOBaHHE BEIETCS
110 HEKOTOPOMY MHOKECTBY TaKMX HE COBIIAIAIOIINX HAOOPOB, & - KoHcTaHTa ()

v 1.

CnpaBesiuBbI CHEAYIOMINE PABHOCUIBHOCTH
1. X+y=y+X
~ ~
2. X+@+z =€+Yy Fz
~
3. x€@+z =xy+xz
4. x+x=0

5 X=x+1

Kaxnas OyneBa QyHKIHMS MOXKET OBbITh €IMHCTBEHHBIM 00pa3oM BhIpakeHa
MIpU TOMOIIY nojinHOMa YKerajikuHa.

[Ipumep 5 Breipasute popmyny X = Y B Bue noirHoMa JKeraikuHa.
1 cnocob (memoo neonpedenennvix Kodppuyuenmos).
X =Yy =axy+bx+cy+d

[Mpu Xx=y=0  umeem: d =1;

IIpu x=0,y =1 wumeem: ¢ =0;

IIpu x=1y =1 umeem: b=1;

15



[Mpu x=1y =1 umeem: 1=a+b+c+d=a+1+0+1=a,t.e. a=1.

Orcroga X = Yy =Xy +x+1.

2 cnocoo.

14 20 25

__25___ 25 23
X=>y=Xvy=xy=xX(y+1)=x(y+1)+1l=xy+x+1

[TpuBenem monuHoMbI JKerajaknHa 3J1eMEHTAPHBIX OYIEeBBIX (YHKITHI

XVY=Xy+X+Yy
X=>Yy=xy+x+1
X< y=x+y+1
X|y=xy+1

X4 y=xy+x+y+1

JlabopaTopHas padora Ne2
|. Haittu JITH® niist popmyisl
1) €&+y >7 > €=y
2) €+y+7 = QI x
3) &y z:: C=z7
) &=y > &+y >7
5) €=>Yyz r €= yz
OHR WZB=X =YB=%9
7) f&y,z = 1101101
8) f € y,z =¢1011001
9) f &Y,z = Q0011101
10) f &, y,z = 0000101



I1. Haittu CJIH® nns popmynsl
) €=y >€z=>x2

2) €=y =X = €=y
3) €+y = yz

4) &Y+ Xy =12

5) f € y,z = Q1101100

6) f € y,z =¢0001110

7 €+y+z = €ly

8) €=y = €+yz

9) =€z s €vy

10) €vyvz = €+Yy_

|11, Haiirs KH® s dopmyster
1) f €Y,z = Q0100101

2) f&y,z =€1111000

3) E+yl €=y =7

4) gvyvziy€ko @z
5) €=y > €+Y =72
6) |y 7 > €+yz_

R X 2D (<¢z:
8) €+y+z > €vyZ

9) > Qv T QX2

10) «v@+7_= €l Z:

IV. Haittu CKH® nnst hopmys
) €=y =>€ux=y



2) Xy =>XvX€@vz

3) f &Y,z = Q1100101

4) f € vy,z = Q0011101

5) x@vz =>€vz

6) «+¢vz =>€=6¢lz.
N&lylz &=y >z
8) €+y+z =17 =y

9) ((v—y+z::> «! y]z:
10) @z=> €vz_ =€y
V. Haiitu nonuuom Xerankuna ais GopmyIisl
1) f&yz-€lylz

2) f&y,z = Q1111110

3) f€y,z =0001001

4) f €, y,z = €0000001

5) T€.y.z -€¢=>y ¥lz
6) €=y \VZ]x

€=y €27

8) VyJzve&=y

) =y ¥=zV€ly

10) f €, y,z = €0110000

Bonpocsl 111 CaMOKOHTPOJISA
1 Paznoxenne OyneBbIX (QYHKIIHIA 110 IEPEMEHHBIM.
2 JTH® u KH®. Anroputm uX HaXO0XICHUS.
3 CAH® u CKH®. AnropuTMbl UX HAXOXKICHUSI.

4 TTonmuHOM >K€FaJIKI/IHa, AJITOPUTMBI €0 HAXOXKIACHU .
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Jluteparypa

1 Kapnos, B.I'. MaTemaTruueckas jgoruka u JUCKpeTHas MmaTemaTuka [ Tekct]
: yaeOHOe mocobue iyist CTyIeHTOB yHuBepcuTeTos/ B.I'.Kapmos,

B.A .MomeHckuii. — MHu.: Beimmiimas mkona, 1977. —255¢.

2 Sl6nouckuii, C.B. Beenenue B nuckpernyo marematuky [Tekcr] : yue6HOE
mocoOue It By30B 10 criennaibHOCTH «lIpukiiagHas maTeMaTukay/
C.B.S6nouckuit. — M.: Hayka, 1979. — 272c.

3 Momenckuii, B.A. Jleknnu o matematudeckoit toruke [ Tekct] : yueOHOE
nocoOue i CTYyJICHTOB MaTeMaTUYECKUX CIEeUaIbHOCTEN By30B/

B.A Momenckunit. — Mu.: U3n. Lentp BI'Y, 1973. — 159c.

Tema 3
MUHHUMMUMUBALUS BYJEBBIX d)YHKIII/Iﬁ

3.1 Cokpamennas JTH®.
3.2 Anroputrmsl moctpoenus cokpamieaHon J[H.
3.3 Anroputm noctpoenus Tynukoor JTHD.

3.4 MIuMkaHTHas MaTpULA.

OcHOBHBIE MOHATHSA 110 TeMe
J_—[I/IST)I-OHKTI/IBHEUI HOpMaJIbHaA ¢)opMa Ha3bIBACTCA MuHuMafleOﬁ, CCJIM OHA
BKJIIIOYAaCT MHUHHUMAJIBHOC YHCJIO CHUMBOJIOB IIO CPAaBHCHHIO CO BCCMU APYIrHUMH
SKBUBAJICHTHBIMU €U AN3BbIOHKTUBHBIMU HOPMAJIbHBIMHA q)OpMaMI/I.

3aMeTHM, 4TO €ClIi HEKOTOPBI CUMBOJI B (JOPMYIIe, CKaXKEM, X. BCTpEUaeT-

Csl, HAIIPUMeEp, JIBa pasa, TO MPH MOJICYETE YKCIIa CHMBOJIOB B (popmysie OH yuH-
TBIBAE€TCS JIBa pasa.

Paneom nipaBUIBbHON 3JEMEHTAPHOM KOHBIOHKIIMM HA3bIBAE€TCS YUCIO CUM-
BOJIOB, BXOJSIIIMX B HEE.

ComocraBuM Kaxaon OyneBoit ¢yukuuu f €, X,,...,X, TTOIMHOKECTBO

n_

-
N, = €, ,,...,a, ] f€.a,,....a, =1, K0oTOpOE OyneM Ha3bIBATH OOJIACTHIO

ucrtuaHoctH ¢pyukuun f €, X,,..., X )

n_
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IIycts f =K, vK,v...vK - JH®, rae K. - anemeHTapHbIe KOHBIOHKIINHL.
[TonmHOxkecTBO N, Ha3bpIBae€TCs MHTEPBAJIOM I -TO PaHra, €CiId OHO COOTBET-
CTBYET 3JeMeHTapHON KOHBIOHKIMU K T -ro panra. C kaxnoi JH® dynkumu
f CBS3aHO  TOKPBITHE N, =N, UN, U...UN, MHTEpBaIaMu
Ny, Ny, - Ny, Takmx ato N < Ny .

Nurepsan N, < N, HasblBaeTcst makcumanbHoim Aiist OyneBoi (yHKIuH,

ecau He cymectByer uHTepBana N, takoro, uto N, < N, < N;.

Ecmn N, Ny ,...,N, - cmucok Bcex MaKCHMAalbHBIX HHTEPBAIOB IOA-
muoxectsa N, o Ny =N, UN, U...UN, .

JH® K, vK,v...vK_ 0yreBoit pyakuuu f, coorBercTByIomas mokpbl-

THIO ITOAMHOXKCCTBA Nf BCCMHU MAKCHMAJIbHbBI MKW HMHTCPBAJIaMH, HA3bIBACTCA

coxkpawennou JJH® dynxiuu .
Coxkpamennas JJH® mns nroboit OyineBor ¢pynkiuu f omnpenensercs omaHo-

3HAYHO.
Paccmorpum anroputmel noctpoeHus cokpamiensas JJHO.
1 aneopumm — mabauyHwlIL.

[pumep 1 Haiitu coxpamennyro JJHD mist X, X, v X, X, V XX, = T €, X,, X, :

X3 A . -
CRRRE CERE R
010;1: | 501:
//Z"" (;150
0 >X1

Haiinem N, = €10€117Q,01;€01;0L1
Wnrepsamsr N, = €,0170117€117€01 " u N, = €10;€L1 " - Bce

makcumanbhble nHTEepBabl f = K, v K, =X; v XX, - cokpamennas JJHD.
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2 aneopumm — memoo bneiika:

1) maxoaum JTH®;

2) npousBoguM obodmennsie cxienBanust XK, v XK, = xK; v XK, v KK, no

TE€X IOp, IOKA 3TO BO3MOXKHO;

3) npumensieM npasuio nornomenusa K, v K K, =K.

Ipumep 2 Haiitu cokpamennyio JTHD mus f €, X,, X, =X X, VV X,X; V X, X,

[Ipumensisa npaBuao0 0600IUIEHHOTO CKIEUBAHUS, TOJTYYaeM:

X Xy VX X3V X X5 VXX VX VX Xy
3areM IIPAaBUIIO MOIIIOIIEHUS U HaX0AuM CoKpaleHHyo JJTH®D XX, v X;.

3 anzopumm — memoo Henvcona:

1) naxogum KH®;

2) pa3pbIBaeM CKOOKHM B COOTBETCTBUU C IUCTPUOYTUBHBIM 3aKOHOM;

3) npyMeHsieM IPABUIIO MOTJIOMIEHHUS.

[Ipumep 3 Haiitu cokpamennyto [JH® qns pyHkmum
f&yz=€vy &vyvz.

ITocne packpbITHs CKOOOK C OMOLIBIO AUCTPUOYTUBHOIO 3aKOHA, [IOJy4aeM
XXV XYV XZVYXVYYvyz. Tak kak XX =0, yy =Y, To umMmeem
XYVXZVYIVYVYL.

[TpumeHnss mpaBuIO NOTJIOIICHHUS], TTOTydyaeM cokpaiieHnyo JJHO.

IV arcopumm — memoo munumuzupyrowux xapm.

[Tpumep 4 Haiitu coxpamennyto [JTH® mist pynkimm
f €y, z,u =¢001100111010011 .

CocTaBUM MUHUMH3UPYIONLYIO KapTy JUisl JaHHOW (YHKIIUH.

X, [0]0]1]1
X4
X; X, 0(1/11/0
0 0 (1/0(1]0
0 1 |1(0]1]1
1 1 |0(0]1]1
1 0 0/1(1]0
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OObenuHsst coCeAHUE KIETKH, COOTBETCTBYIOIIME €IUHUYHBIM 3HAUCHUSIM
OyneBoii pynknun f B MakCHMMalbHBIC HHTEPBAJIBI, M COITOCTABIISS UM 3JIEMCH-
TapHble KOHBIOHKIIMM, NONy4uM cokpauieHHyo JJH®. OTtMerum, 4TO KIETKH,

PAaCIIOJIOKCHHBIC 110 KpasiM Ta6JII/IHI>I, TAKIKC CUUTAIOTCA COCCAHUMM.

Brinumem Bce MakCHUMaJIbHBIE HHTCPBAJIbL

N, = €9,0,0,0;0100 K, = XzU
N, = €10,0;0110_ K, = Xyd
N, = €0,01;€0,11 " K, = xyu
N, = €.01170111;€¢111;€011 " K,=2zu
N = €111;0110;€CL11;€110 K, =yz

Hrak, K, vK, Vv K,VvK,VvK,=XZU Vv Xyl v Xyu v zU v yz - Tpedyemas co-
kpamenHas JJHO.

Crnenyromiee yTBEpKICHHE YCTAaHABIWBAET CBS3b MEXKIYy MHHHUMAIbHOU W
cokpauieHnou JJTH®.

Munumanshas JJTH® OyneBoit GpyHKiuu nonyyaercss u3 cokpamiennoi [JHD
JTaHHOW (DYHKIIMU MyTEeM yAaJIeHUsI HEKOTOPBIX 3JIEMEHTAPHBIX KOHBIOHKIIHA.

HOKpBITI/Ie MHOXKECCTBaA Nf MaKCHUMaJIbHBIMHU WMHTCPBAJIaMU HA3LIBACTCS He-

NPUBOOUMbIM, €CIIH TIOCIIE YAeHUs W3 HEro JIIoOOoro MHTEpBalia OHO IMepecTa-
eT ObITh nokpbITUEM. JIH® OyneBoil pyHKIMU, COOTBETCTBYIOIIEE HENPUBOAU-
MOMY MOKPBITHIO, HA3bIBAETCS MYNUKOBOU.

Bcesikag muanmaneraas JIH® sBisieTca TynmukoBoO.

OO6mas cxema perieHus 3aaud MUHUMU3aluK OyaeBbIX (PYyHKIHM COCTOUT B
CJIEIYIOLIEM:

1. BBIIENSIOTCS BCE MaKCHMajbHbIE MHTEPBAJIBI U CTPOUTCS COKpPALLEHHAs

JTH®;
2. ctpositcs Bce TynukoBbie [JHD;

3. cpenu Bcex TynukoBbiX JJH® BeiaenstoTcs Bce MuHuManbubie JJTHO.
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Paccmorpum anroputm noctpoenust Bcex TynukoBbix JJH®. CyTe naHHOro
aJIrOPUTMa COCTOUT B CIEAYIOLIEM:

1. s 6ynesoit hpynkunn f €, X,,..., X : cTpouM cokpanieHnyro JJTHO;

n

2. Ul K&KI0ro Habopa a | U3 N;, j=12,...,K BblzensieM B COKpamieHHON

JAH® dynkumn f Bce Takue snemenrtapuble KoHbOHKIME Kj,..., Ky,

aro K; €, =1,i=12,...t;

3. cocTaBisieM BBIPOKECHHE BHUIA

~

Ky vK,v.. vK, &, VK, V.. VK, .

-
Ky VK v K

(*)
4. mpuUMeHsieM K BbIpaXeHuio BUAA (*) 3aKOHBbI JUCTPUOYTUBHOCTU U TO-
riomieHus. B pesynprare nonyyaem
v KK, ... K,
Tenepp kaxnas JHO K, v K,, v...v K, asrgerca rynukosoi TH® pynk-
i f €,X,,..., X, .
PaccmoTpum paboTy JaHHOTO aJirOpUTMA Ha CIIEAYIOLIEM ITPUMEPE.
I[lpumep S5 Haittu Bce TtynukoBbie JH® pans OyneBoit  QyHKIMU
f &y ,z =Q1111110.
Haiinem cokpamiennyro JIH® nannoi ¢pynkumm mo meroxy Henwbcona. s
storo coctaBuM CKH® nannoit ¢pyHKIMHU, UCTIONB3YS pa3inoxeHue (2)
€« yvz&vyvz
[TpumeHnsist 3aKOH JUCTPUOYTUBHOCTH, TIoJTydaeM: XY Vv XZ Vv XYV YZ v ZX Vv ZY
Oo6oznaunm K, =Xy, K, =Xz, K, =Xy, K, =Vyz, K, =zX, K, =zy.
N, = 0,0,1:(),1,0:(),1,1:(,0,0:(,0,1:(,1,0: cocraBjisieM BeIpaxkenue (*)

«5VK6}(3VK4}<3VK5}<1VK2}<1VK6]<2VK4::

= «5 Vv K3K6}<4 Vv K2K3]<1 Vv K2K6:=
=K,K,K; v KK, K;K; v vK K, K, K v K, K,K;Kg v
v KK KK v K KKK v KKK K v
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VKKK, = KKK v KK KK v K KKK v KK KK v
v K KKK, v KKK,

Takum o6paszom, f €, Y, z: MMEET IECTh TyNUKOBbIX JIHD
D =K, vK, VK, =XxyvVvyZviX
D, =K, vK,VvK;VvK;=XyVXZVvXyvVzX
D, =K, VK, VvK,vK,=XyVvXyvVvyzZvzy
D,=K, VK, VK, VK =Xy Vv XZ Vv Xy Vv Zy
D, =K, vK, VK, vK,=XZVvYyZviIXvzy
Dy =K, vK, vK,=XZVvXyvVvzy
HBe n3 nux D, n Dy asisrorcs muanmansaeivu JIH® (MeTon Ksaiina).

PaCCMOTpI/IM METOJl, HUMIINIMKAHTHBIX ManI/IH HaAXOXKXICHUIA MHUHHUMAJIbHBIX
JTH®.

Jiis OyneBoit ynkmum  f ((1, Xppeeon X, : HaxoauM cokpameHnyro JIHO
f =K, vK,v...vK, . Ilocrpoum asus 310l GyHKIIMH UMITUKAHTHYIO MaTpHILy,

MPEACTABIAIONIYI0 COO0M TaOJHIly, B BEPTUKAIbHBIE BXOJbI KOTOPOM 3amMChI-

Batores K, K,,...,K,, u B ropusonransusie N, = a,...ap

ol

a |a |...|a |...|4&,
Kl
KZ
Kt

~ o ~

Hus xaxnont K, Haxogum Habop a ; TakoM, 4ro Kij ﬁj =1. Knerky nmmm-
KaHTHON MaTpHIlbl, 00pa30BaHHYIO TIEPECEUCHUEM | -Off CTPOKH M | -OT0 CTOJIO-
I1a OTMETUM KPECTHUKOM.

Uro6sl monmyunth MuHuManbHylo JIH® 3amannHoit QyHKIMHM, JOCTaTOYHO

HalTH MuHUMaibHOe yucno K., 1=12,...,t, KoTopple COBMECTHO HAKPHIBAIOT

KpECTUKaMH BCC CTOJ'I6I_U)I UMILITUKAHTHOMN MaTpuIlblL.
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[Ipumep 6 Haiitu munumansubie JIH® nis Gysakiun
f&yz=€vyvz &vyvz.

N3 npeapiaymiero npumepa cieayer, uro cokpamieHHas JH® i nanHoM

byHKIMU XYV XZV XYV YZV IXV ZY.

CTpouM MMIUIMKAHTHYIO MaTpPHUILY

001 | 010 | @11 | €00 | €01 | 10
Xy + +
X7 + +
Xy + +
yzZ + +
ZX + +
zy + +

N3 Tabnuiel BUIHO, YTO JaHHAsS (QYHKIMS uMeeT aBe MuHuManbHbie [JHD:

XYV VYZvIX, XZVvXYV1Zy.

JlaGoparopHasi padora Ne3

|. Haittu coxpamennyio JJH® rpadpuuyeckum Mmerogom
1) f &y,z =¢1101010
2) f&y,z =¢Q1110110
3) f &y, z =€1100001
4) f & y,z = €(0100110
5) f&y,z = Q1111010
6) f €y, z =€1110001
7) f&y,z = Q1111110
8) f & y,z =€1010101
9) f &Y,z =€0110001
10) f &, y,z = Q1011110
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Il. Haittu coxpamennyto [JH® meronom bieiika
1) Xy v Xyuv yzu

2) XyzZv Xyuv zu

3) Xy Vv XYyZ Vv XUV XyZ

4) xyuv ZU v Xy

5) Xy v Xz v Xyzu v Xyzu

6) Xyz v XyZ v YU v UX

7) Xyuv Xzvyzvxu

8) Xy Vv Xyu v Xu

9) Xyzv Xy vV yzv Xz

10) Xy v xyu v XzU v zyu

|11, Haiit cokpamennyio JTH® metomom Hembcona
1) «vyvz &vyvz vz

2) €vu §vIvu &KvyvZ

3) «vyvz &vu §vzvo

4) €vyvu VU &vyvz_

5) €vU &vyvu &vyvz §vz
6) €vyvi &vyvu §vz

7) €vy &vZvy &vUvy_

8) €vyvz &vU &vyvu

9) «vzvu &vZvu VU

10) ¢vyvu &vyvz &vz.

IV. Haiitu cokpamenayro JIH® MeToqoM MUHUMHU3UPYIOMHUX KapT

1) f € y,z,u = Q01110111M01101
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2) f &Yy, z,u =¢€001011100111001
3) f&Y,z,u =¢€10101100011110
4) f & y,z,u = ©01011010110111
5) f €y, z,u =011101101100010
6) f €y, z,u =¢€011010111001100
7) f €y, z,u = Q001101010111010
8) f & y,z,u =¢001101000101101
9) f &y, z,u =¢€001101010110101
10) f € y,z,u = €011101000111001

VI. Haiitu Bce MuanmManbHbie [JTHD

1) f & y,z,u = €000110010101111

2) XYZ Vv XYZ Vv XyZ v XYZ \/ XYZ \/ XYZ

3) f &Y ,z,u = €111100001001100

4) f & y,z,u = 0000011111101

5) f € y,z,u =€001101111011011

6) f &y, z,u =¢€11001100010101

7) f &Yy, z,u = 110101111011110

8) Xyz v XYZ Vv XyZ v XyZ v XYZ v XyZ

9) fT&y,z=€vZ&vyvz&vz&vyvz

10) Xyzu v XyZU v XyzZu

Bomnpocsl AJ1s1 CAMOKOHTPOJISA
1 MunumanbpHast TU3BIOHKTUBHAS HOpMasTbHAs opMma.

2 O6macTh UCTHHHOCTH OyneBOM PyHKIINH.
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3 WUnTeprain.

4 TTokpeiTHE 00J1ACTU UCTUHHOCTH.

5 Coxkpaiennas JIHO.

6 Anroput™mbl moctpoeHusi cokpariennoi JIH® (bneiika, Henpcona, MunnMu-
3UPYIOMIUX KapT).

/ HenpuBoanmoe MOKphITHE.

8 Tynukosbie JIH® u anropuTm uX MOCTPOCHUSI.

9 Meron UMIUTUKAHTHBIX MaTpuil (MeToa KBaiina).

Jluteparypa
1 Kaprmios, B.I'. Maremaruueckas Toruka U IUCKpeTHasi MaTeMaTHKa
[Tekcr]: yuebHOE mocobue aist cTyieHToB yHuBepcuteros/ B.I'.Kapmos,
B.A.MomeHckuii. — MH.: Beimniimas mkona, 1977. —255¢c.
2 Slomonckuii, C.B. BBenenue B quckpeTHyro MaTeMaTuky [Tekct]: yueOHOE
nocobwue I By30B 10 crienuanbHocTH «lIpukinannas maTemaTukay/

C.B.SA6nonckuii. — M.: Hayka, 1979. — 272c.
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Tema 4
KOHTAKTHBIE U JIOTHYECKHUE CXEMbI

4.1 AHajau3 ¥ CUHTE3 KOHTAKTHBIX CXEM.

4.2 JIBOMYHBII CyMMaTop

OcHoOBHbIE IOHATHS 110 TeMe

B nauane npiHenHero Beka u3BecTHbld pusuk I1. IpeHdect BnepBbie ykazan
Ha BO3MOXKHOCTh IPUMEHEHUS anmapara aireopsl JIOTMKK B TEXHUKE. JTa ujes
HaIIIa CBOE BOIUIONIeHHEe B paborax coBerckoro ¢usuka B.U. IllectakoBa, ame-
pukaHckoro maremaruka K. IIleHHOHa m sAnoHckoro mHxkeHepa A. Kacacuma.
[TepBbIMU OOBEKTaMU MPUMEHEHUS AJITE€OPBI JTJOTUKU JJIsl PEIICHUS] TEXHUUECKUX
3a/1a4 ObUTM KOHTaKTHbIE cxeMbl. [lox kommaxkmuvimu cxemamu mMbl OyneM mo-
HUMATh AJIEKTPUUYECKHUE IEMH, COJEpKallue TOJBKO KOHTAaKThl. Kaxkaplii KOH-
TaKT MOXXET HAaXOJUTHCS B JIBYX COCTOSIHUAX — pa3oMKHYT (0) u 3amkHyT (1).
Takue nenu Mb1 OyaeM n3o00paxkarh JUarpaMMoi, Ha KOTOPOM BO3JI€ KOHTAKTOB

IMAIICTCA Xi nim )_(i. HpI/ILIeM 3HaueHue 1 oTHx NNEPEMCHHBIX COOTBCTCTBYCT

ITPOXOXKJECHUIO TOKA Yepe3 JaHHbIN KOHTAKT, a 3HadeHue O HeT.

Ecan xoHTakThl X U Y COCIMHCHBI MOCICAOBATC/IBHO, TO HCIIb 3aMKHYTA,

Korjga o0a KOHTaKTa 3dMKHYTBI U pa30MKHYTA, KOr1a XOTA OBl OIHH N3 KOHTAaK-

TOB Pa30MKHYT. SICHO, UTO TaKOM CXeMe

[ X—y]
cooTBeTcTBYeT yHKIHS XYy . Cxema
X
-4, P
COOTBETCTBYET OyyieBa QYHKITUSA XV Y.

VYka3zaHHOE COOTBETCTBHE MO3BOJISIET JIH00YI0 OyJieBy (DYHKIMIO MTPEACTABUTh

B BHJI€ KOHTaKTHOU cxeMa. C Jpyroil CTOpoHbI Jr00asi KOHTAKTHAs CXxema pea-
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nu3yetcst OyneBoil GyHKIMeH. 3a1aya aHaau3a KOHTAKTHOM CXEMBI U COCTOUT B
MIOCTPOCHUH COOTBETCTBYIOIIEH €l Oy1eBoi (DYHKITHU.

Hanpumep, koHTakTHas cxema

XLy -2
I
peanusyercs OyaeBoit pynkiuein X € v yE VvV XY.

[TockonbKy ofHa U Ta ke OyneBa (PyHKIMS MOXKET ObITh BhIpa)KE€HA pa3iny-
HbIMH (OpMyJIaMU, TO €€ peann3alusi KOHTAKTHBIMH CXEMaMH HEOJHO3HAYHa.
3ajada CMHTE3a KOHTAKTHOW CXEMBbI COCTOUT B MOCTPOEHUHU KOHTAKTHOM CXEMBI
1o 3a7aHHON OyneBoM (PyHKIMH, KOTOpas MOKET OBbITh 3aJaHa Kak (pOpMYIIOH,
Tak W Tabiuueil. M3 MHOXecTBa SKBUBAJEHTHBIX CXEM, IYTEM YIPOILIEHUS
dbopMyn BBIZIEISAIOT Hanboiee MpoCcTyo cxeMy. LleHTpansHOl poOIeMoit crH-
T€3a KOHTAKTHBIX CXEM SIBIIIETCA MOCTPOEHUE I JaHHOW OyneBol (PyHKIIMHU
Oonee mpocToil cxembl. JTa mpobieMa CBOAUTCS K MHUHHMM3AIUHN OyJIEeBBIX
byHKITUH.

Paccmorpum cxemy

X
X y
9 H
H T
y
Y4
JlaHHas cxema peanusyercs cleayronen dopmynoii
xv &vy §vzYVyvz. Vopoctum ee
XVXYVXIVYWVYIVYVZ=
=xqvyvZyVvy€gvyvlVvi=xvyvz
X
| y >
Y4
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IIpumep 1 U3 KOHTAaKTOB X, Y, Z COCTaBUTh IO BO3MOXKHOCTU OoJiee mpo-
CTYIO CXEMY TaK, YTOObI OHA 3aMKHYJIach TOTa U TOJBKO TOI/a, KOrja 3aMKHY-
Thl HE MEHEE JIBYX KOHTAKTOB.

CocrtaBuM Ta0IUIly UCTUHHOCTU JIJIs1 OyJIeBOW (hYHKIIMH, COOTBETCTBYIOIIEH

TpeOyeMoil KOHTAaKTHOU cXeMe

X y i f&y,z

PP PFPOOOO
POOPRFrRPF OO
ol Neh Nel "

PR FRPORFR,R OO

1 1
Haiinem nnsa nannoii 6yneBoit ¢pyukiuu CJIHD

f €Y,z =Xyz\v XYz Vv XyZ v/ XyZ
Ynopoctum faHHYyI0 GOpMyITy

XYZV XYZV XYZV XYZ = YZ €NV X Y X2 @V Y Xy Vv Z =Yz v X2V XY

[HEN

JlanHoii (popmysie COOTBETCTBYET cXema

Yy Z
MH—X%—7— 1>
L x—y —

KonTakTHBIE CXEMBI UCTOPUYECKH OBLIN MEPBHIMU TEXHUUYECKHUMH CPEJICTBA-
MU peanuzaiuu OyneBbix GyHKIHMI. B manpHeleM mosBUiIoCch MHOTO pa3iny-
HBIX YCTpPOMCTB, peanusyroumx OyieBbl ¢pyHkiuu. [lycth numeercss HekoTopoe

YCTPOMCTBO

L.

|

AMEIOIIEE N YIOPSAJOYEHHBIX «BXOJOB» U OJUH «BBIXOI», IPUYEM BHYTPEHHSS
CTPYKTYpa 3TOr0 YCTPOMCTBA HAC HE MHTEpecyeT. Ha Kaxaplil U3 BXOJ0OB MOT'YT

M0JIaBaThCs JIBa CHUTHAJIA, KOTOphle Mbl OyaemM oOo3HadyaTh cumBojiamu O u 1.
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[Ipu kaxxqom HAOOpE CUTHAIOB Ha BXOJIaX M BBIXOJI€ BO3HUKAET OJMH U3 CUTHA-
noB 0 wiu 1. [Ipuyem HaGoOp CUTHAJIOB HA BXO/aX OJAHO3HAYHO OMpPENEIIseT CUT-
Hajl Ha BbIXxoje. OYEeBUIHO, YTO KAXKJ0€ TaKOE YCTPOMCTBO peanuszyer OyleBy
(yHKIHIO.

VYcerpoiicTBa, peann3yroliye dJieMeHTapHble OyieBbl (PYHKIMH, HA3bIBAIOTCS
Jlo2udeckumy dnemenmamu. JIornaeckue 3IeMeHThl N300paxaroTcsl B BUIE Mpsi-
MOYTOJIBHUKOB, BHYTPH KOTOPBIX MOMEMIAIOTCS YCIOBHBIE HA3BAHUSI WM CHUM-

BOJIBI COOTBETCTBYIOIMIUX (hYHKITHIA.

FpagmquKoe Fpag)nquKoe
PymHKIM u300pakeHue PynKkumA | o pakeHue
} X
o X X
X HE X, < X, 1 * * 2
v
X VX, X1y % X 1%, Xy %o
W HE-WJIA
v
X, X, X,y | %o X, + X, X,y § %o
u +
v v
X, = X,

N3 naHHBIX JTOTMYECKHUX DJIEMEHTOB IyTEM COEAMHEHHUS BXOJa OJHOTO W3
HUX C BBIXOJIOM JIPYTOTO MOXKHO CTPOUTH BCe O0Jiee CI0KHBIE JJOTUYECKUE CXe-
MblI. J{JIsl MOy4YeHus: TAaKUM 00pa3oM CXEM JIETKO 3aIMChIBAIOT COOTBETCTBYIO-
e UM OyJieBbl (PYHKIIUH.

Hanpumep, cxema

X1y X% X3y X4
NI
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peanusyercs 6yneoit bynximeit f €, X,, X, X, = € VX, + € +X,
Herpynno mns mo6oit 6yneBoit GyHKIIUH MOCTPOUTH PEATU3YIONIYIO €€ J10-
THYECKYIO CXEMY.
Harmpumep: f €, %,, X5, X, = XX, vV € +X,

X1¢ ¢ X2 X3¢ X4
"

NN

IIpumep IIocTpoUTH JIOTMYECKYIO CXEMY OIHOPA3PAIHOIO IBOUYHOIO CYM-
MaTopa.

CyMMaTrop, BBINONHSIOMUN CI0KEHHE MHOTO3HAYHBIX JBOWYHBIX YHCEIL,
HpEeCTaBIsIeT cOO0M MOCIEN0BaTEIbHOE COEIUHEHUE OJHOPA3PSAAHBIX JBOUY-
HBIX CYMMAaTOpPOB, KaXKIbIH W3 KOTOPBIX OCYILECTBISET CIOXEHHE B OJHOM
OIIPEIEIICHHOM pas3psiic ¥ MEepPeHoC B crapmui paspsan. Paccmorpum ogHopas-
PSTHBIA TBOMYHBIA CyMMAaTOp, OCYIICCTBIISIFOIINN CIIOKeHUE B K-M paspsae,
T.€. YCTpOHCTBO ¢ Tpems Bxogamu A, , B, , P, u n1Byms Beixogamu S, u P .

TSK
I:)K (_F)K 1

X _

BT A,
3necy S, - monydyaemas cymma, P, . - mepenoc u3 miaamiero paspsga, P, —
K o K-1 K
nepeHoc B crapuuid paspsaa. Bexonsl S, n P, mpeacraBisior co0oit 3HaUeHUS

HEKOTOPBIX (YHKIIMMA, ONPEEICHHBIX Ha MHOXKECTBE BCEBO3MOXKHBIX HAOOpPOB

3HAYEHUS BXO0JI0B A, By, Pe1> T.€. S, =f@,B,, PK_l:,

P ZCDAK'BK’PK&:'
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Bxonsr Breixonasr

Sk | Fx

>
<

o
=
;U

PP RP P OOOO
PP OORRFROO
POFRPOROFRO
POORORPRFRO
PP PRPOROOO

Haiinem Bwipaxkenue g S, n P.. Jns ynpouienus 3amnuceil 0603HauuM
A, By, Pc_, coorBerctBenHo uepe3 A, B, C,a S, u P, -uepe3 S u P.

Torma P = ABCv ABCv ABC v ABC,S=ABCv ABC v ABC v ABC.
YHpOoCTUM JJaHHBIC BBIPAYKEHUS

P=BC€vA YAV @GvBYABCvC =BCvACVAB

S=ABCv (Xv B\/C_I}«vng}vaCf

= ABC v ABv AC v BC v ABC =
IABCVPV/E\gC:ABCVAVB\/CP

Taxum oOpazom
P=BCvACvVvAB
S=ABCve@vBvCP

Otcroga nojiy4aeM CXeMy OJIHOPa3psIAHOrO ABOMYHOTO CymMMaTopa

=7 0) 1| U | Wi —
Ady 1 HTE
B 1 WIN il
Ce. "

=l u
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JlabGopaTopHoii padore Ne4

|. CocTaBUTh KOHTAKTHBIE U JIOTUYECKUAE CXEMBI JJIA (I)yHKHI/Iﬁ
€=y ¥ >€>z
2) €=y >xX€vz

NN EX EYEEY ESE
4 €=y ¥=17

5) €=y > X¢vz

6) €+y =7 =Xy
€y K=y €y
8) €|y =>x{z =>x

9) E+yY€ly =>x
10) €=y > €+2

Il. YpocTuTh cxembl

1)

X
X X

y y ,
7 u
u u

2)
Yy YA
X y L ——>
X y z

3)
X

Oy —LH
9

y
Z
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4)

— X—0—S5—
S VA S —k
— 7
X L y
X u k
5)
X—Y_—7
X v4
Y s— 7
y 5

6)

X y
X y
[

7)

X X—7 Yy—7
H oy Hoe Moy

8)
X_—V—z—_s
X—7 7
-y, H s F
Ly 7
9)
v x
—x—{ y y ]
v y 7—
L 7
Y—z—rx . £

36



[11. 1) HyxHo, yT0oOBI BKJIFOUEHHE CBETa B KOMHATE OCYIIECTBIISIOCH C IO-
MOIIBIO TPEX Pa3IWYHBIX MEpeKtouaTeNiell Tak, YToObl Ha)kKaTue Ha JI000U U3
HUX HPHUBOJMIO K BKIIFOUEHHIO CBETA, €CIM OH MEpPEe] ITUM ObLI BKIIIOYEH, U K
€ro BBIKJIIIOYEHUIO, €CJIM OH BKIIIOYEH. IlocTpoiiTe mpocTyro Liemnb, yI0BIETBO-
PSAIOLLYIO STOMY YCIIOBHIO.

2) IlycTh KaKJbIil U3 IIATH YIEHOB KOMUTETA I'OJIOCYET «3a», HAXKMMAasi KHOII-
Ky. [locTpoiiTe mpocTelnyto 1enb, 4epe3 KOTOPYI0 TOK MPOXOoaAuil Obl Toraa u
TOJIKO TOT'/1a, KOT/1a OOJIBIIMHCTBO WIEHOB KOMUTETA FOJIOCYET «3a).

3) IlycTh KaabIil U3 AT YICHOB KOMHUTETA TOJIOCYET «3a», HAXKUMas KHOTI-
Ky. ITocTpoiiTe mpocreinyto 1emnp, 4epe3 KOTOPYK TOK MPOXOAWI Obl TOrAa H
TOJIBKO TOI'/1a, KOrJa OOJBIIMHCTBO YWIEHOB KOMUTETA T'OJIOCYET «3a», HO TOJIBKO
IIPY TOM JOMNOJHUTEIBHOM YCIIOBHUH, YTO 3a HEro rojoCyeT IMpeacenareib Ko-
MUTETA.

4) IlocTpouTh KOHTAKTHBIE M JIOTUYECKUE CXEMBI, pealu3yromue QyHKIUU
OT YETBIPEX apryMeHTOB, KOTOpas paBHa | Toraa v TOJNBKO TOr/AA, KOrAa YUCIO
apryMeHTOB, IPUHUMAIOIIMX 3HaueHue |, 6osee Tpex wiu He 6oJiee OHOTO.

5) IlocTpouTh KOHTAKTHBIE U JIOTHUYECKUE CXEMBI, peaqu3yromue GyHKIUIO
OT TPEX apryMeHTOB, KOTOpasi paBHa | Torja u TOJbKO TOrJa, KOTrjAa OAUH WU
JIBa aprymeHTa paBHa |.

6) IlocTpoUTh KOHTAKTHBIE U JIOTHYECKUE CXEMBI, PEATU3YIOIINE PYHKLIUIO
OT TpeX NEpPEeMEHHBIX, KOTOpas paBHa | Torga M TONBKO TOrAa, KOrjAa OJUH U3

apryMEHTOB MpUHUMAET 3HaueHue .
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7) CocTaBbTe JIEKTPOHHYIO CXEMY JAeU(paTopa, NepeBOIALIYIO0 ABOUYHBIH
KOJI B IECSITUUHBIE LU(DPBI.
8) CocTaBUTh cxemy-1U(ppaTop, NEPEBOASIIYIO IeCITUUHbIE HU(PHI B COOT-

BCTCTBYIOIIUEC IBONYHBIC KOJbI.

Bomnpocsl 1j1s1 CAMOKOHTPOJIs
1 KoHTaKTHBIE CXEMBI.
2 Jlornueckue cXeMbl.

3 3agaya aHanM3a ¥ CUHTE3a KOHTAKTHBIX CXEM.

Jlureparypa
1 Cronsap, A.A. Marematuka [Tekct]:yueOHOE mocoOue Jisi CTyAeHTOB ¢a-
KYJIBTETOB TI0 TMOATOTOBKE y4YWTeNeld HAYalbHBIX KIACCOB MEJaroriiueckux BY-
308/ A.A.Cromsip, M.IL.JIenbuyk. — MH.: Beisiimas mkona, 1975. — 272c.
2 Sl6nouckuii, C.B. Beenenue B nuckpernyto MmareMatuky [ Tekct]: yaeOHoe
mocodue it By30B 1o cnenuanbHoctu  «lIpuknmagHas maTeMartukay/

C.B.S16nouckwmit. — M.: Hayka, 1979. — 272c.

Tema b
INOJIHOTA U 3AMKHYTOCTD

5.1 BaxHeiime 3aMKHYThIE KJIACCHI.
5.2 Anropt™ Ilocra.

OcHOBHBIE NOHSITHUS 110 T€Me

Cucrema OyneBbix ¢GyHKIuA D = ﬂ f,,..., f, Ha3wbIBaercs nonmou, ecnu

n .
m00y10 OyneBy (PYHKIIMIO MOKHO MPEICTABUTh B BUJIE CYNEPIO3UIIUN (HYHKITUN

n3 D.
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Hanpumep, cnenyiomme cuctembl Dy = #xy,xvy, D,= #xvy,
D, = % Xy SBIAIOTCS MONHBIMH.

MuoxecTtBo T OyJsieBbIX (PYHKIMI Ha3bIBACTCS 3AMKHYMbIM KIACCOM, €CIU
mo0ast cyneprno3uiisa QyHKuuii u3 T cCHOBa NMPUHAJICKUT T .

Bcesikas cuctrema M OynieBbIX (GyHKUMNA MOPOKAAET HEKOTOPHIA 3aMKHYThIH
KJIacC. DTOT KJIACC COCTOUT U3 BCEX OYyNEBBIX (YYHKIIHA, KOTOPHIE MOKHO TOJY-
yuTh cyneprnozunusmu n3 M . Takoill kiacc HaspiBaercs 3amwvikanuem M u

obosnauaercs [ . s samkmyroro xmacca M cnenyer, uto [ =M. Oue-

- 2
BHJIHO, uTO ecii M - TonmHas cuctema, o M = P2,
Paccmorpum crienyromue Kiaacchl OyaeBbIX (YHKIHM.

T, - xnacc OyneBbIx (pyHKIMH, coxpaHsAomMX KoHcTaHty 0, T.e. QyHKIMIA
f €, %,,..., X, :, 1151 KOTOphIX f 0,0,...,0220.
T, - xmacc OyneBbIX ()YHKIHH, COXPAHAIOMMX KOHCTaHTy 1, T.e. QyHKIMH

f €.%,,....X, :, 11t KOTOpBIX | (,1,...,1::1.

~

Bynesa Qynkius f €, X,,...,X, HasbBaeTCa O6olicmeenioli K (yHKIUHN

n_

f €,%,....x, ,ecmu f €, %,....X, = €,%,,...,X .

byneBa ¢ynkiusa f ((1 X5y...; X, Ha3bIBAETCA CAMOOBOUCHEEHHOU, ECTI OHA

n
COBIIAJIAET C BOMCTBeHHOM, T.e. f = f .

S — kiacc Bcex caMOIBOMCTBEHHBIX (DYHKIIHIA.

byneBer ¢pynkiun Buga a X, +a,x, +...+a X, +a,, rae a,, i=01...,n pas-
HBI HYJTIO WM €IUHUIIE, Ha3bIBAIOTCS IUHEUHbIMU.

L — xiacc Bcex TUHEMHBIX OyIeBBbIX (QYHKIUI.

Jlyist Toro, 4TOOBI ONPENENUTh, SBISICTCS JI TaHHas OyiieBa (PyHKITUS JIUHEH-

HOM WU HCT, €C HAAO0 IMPCACTABUTL B BUAC ITOJIMHOMA Kerankuna.

JlBa HaGopa 3 =€, a,,....a, u b=@,,p,,...,5, Ha3BIBAOTCA CPAGHU-

n_

muimu, ecmm o, < B, 1=12,...,n.

3amuck a <b o3Hagaer, uTo HaGop A mpexanIecTBYET Habopy b .

39



-~

Bynea dynkumst f €, X,,...,X, Ha3bIBaCTCS MOHOMOHHOU, €CITH VIS JIO-

n_
Obix HaOOpPOB @ u b Takux, 4to 3 <D, mMeer Mmecto HEPaBEHCTBO
fg€xfq.

M — k1acc MOHOTOHHBIX (PYHKIUH.

Teopema (0 pyHKIMOHAIBLHOM NMOJHOTE) /(7151 TOro, 4TOOBI cUcTeMa OyJie-
BbIX (DYHKIMI ObLIa MOJTHOM, HEOOXOAMMO M AOCTATOYHO, YTOOBI OHA LIEIMKOM
HE COZEprKaNach HA B OJHOM U3 1Aty KiaccoB T,, T,, S, L, M.

B rtex 3amavax, rae Tpedyercs BBISICHUTD, SIBJISETCS JIM JaHHas cucrema Oy-

neBbIX QyHkuuit D = ﬂ f,,..., f, TomHON, MBI OyneM COCTaBIATH TAONHILBI,

KOTOPBIC HA3BIBAKOTCA ma@zuuamu Ilocma.

T, T[S L M

B kierkax maHHOM TaOIUIBI MBI Oy/IeM MHUCATh IUIFOC WJIM MUHYC, B 3aBUCH-
MOCTH OT TOT'O, BXOAUT (PYHKIIMSI, CTOSIIAS B JAaHHOM CTPOKE B KJIACC, CTOSIIUM
B JJAHHOM CTOJIOIIE, WU He BXOAUT. Mcnonb3yst TeopeMy O MOJTHOTE, MbI MOJY-
4aeM, 4TO JIJIsl MOJIHOTHI JAaHHOM CUCTEeMbl OyJIeBBIX (DYHKIMN HEOOXOIUMO U

JIOCTaTOYHO, YTOOBI B KaXJAOM CTOJIOIE CTOSII XOTS ObI OJITUH MUHYC.

[Ipumep 1 Beisicuuts, apiusercs au GyHKUuS XyZ v/ XyZ v XyZ v XYZ JUHEH-
HOM.
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Haitnem nonmuuom XKerankuna st JaHHOW (yHKITUH.
X)_/\/)_(yz X+Y,
Xy v Xy = XyXy = €y+1 #+1 % +1 ¥1=
— €y +1 &y +x+y Fl=
=XY+ XY+ XY+ XY+ X+Y+1l=X+y+1l=X+Y
XYZ v XyZv XyZv XyZ=2€y Vv Xy vV Z€yV Xy =

~ _ 7 ~

=z2€+y vZ€+y =x+y+z+1

CrnenoBarenbHO, TaHHAS PYHKIWS JTUHEIHA.

IIpumep 2 Kakue U3 ykazaHHBIX PYyHKIHI SBISIOTCS MOHOTOHHBIMU:
a) Xy Vv X2\ Xz ) X=> €=y

a) Ympoctum Gopmyiny XYV XZvXzZ=XyvzZ€v )_(:: XyVvzZ. Ora GyHKIUA
paBHa Hy;It0 Ha Habopax (0,0,0), (0,1,0), (1,0,0). Bce ocTaBmmecs: HaOOpHI, HC-
kirouast (0,0,1) comepxar He MEHee NIBYX €IUHUII, a 3HAYUT, OHU MOTYT OBITh
tosibko Oosbire. Ha6op (0,0,1) > (0,0,0), a ¢ ocTaibHBIMU ABYMS OH HECpaB-
HUM. 3HAYUT, paccMaTpruBaeMasi GyHKIMS MOHOTOHHA.

0) ®ynkuusa HeMoHOTOHHa, T.K. (0,0) < (1,0), Ho

0=>¢0=0=1~1= (=0 =0.

[Ipumep 3 SBnsercs au GyHKIUA XY V YZ vV XZ CaMOJIBOMCTBEHHOM ?

Haiinem nBoicTBeHHYIO (DYHKIIUIO K JAHHOMN

XYvyIvxi=€vy ¥vz&vz =€Qvxz &vz =
=XYV VIV XZVXZ=XYV VIV XZ

CrnenoBaTenbHO, NaHHas QYHKIUS CAMOABOWCTBEHHASI.

IIpumep 4 BBISICHUTH, ABISIFOTCSA JW JAHHBIE CUCTEMBbI OYJIEBBIX (PYyHKUUN

ITOJTHBIMH
a) D,= K|y ;6) D,= A+y+2,xy,01 ;B) D=y vyzvxz,x
a) X|y=Xvy.dcHo, uto X|yeT,, X|yeT,. Tak kak m:x\/y;t)qy’

To X|Y ¢S . Haiinem nonuuom XKerankuua aast X|y =XV y :x_y =Xy +1. Cre-
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noBatenbHO, X |y ¢ L. Tak kak (0,0) < (1,1), 50 1=0v0>1v1=0, 10

X|y ¢ M . Tabmuua ITocra muist cucremsr D, nmeer Bu.

T, [T, [STL|M
Iy = |- |- |- |-

Hrak, D, - nonnas cucrema.

0)
T, T,|S|L|M
0 + | - ||+ ] +
1 — |+ =+ +
Xy + |+ || -]+
X+y+Z | + | + |+ | +

OyHKIUA X+ Y+ Z CaMOJBOWMCTBEHHAS, TAK KaK
X+Y+Z=X+Y+2+1+1+1+1=X+Yy+2Z
Oynkuust X+Y+2z HeMoHoTOHHas, Ttak kak (0,0,1) < (0,1,1), HO

1=0+0+1>0+1+1=0.

Cucrema D, - monnas cucrema.

B)
T, T, S L M
X _ — + + —
XY\ YZ v XZ + n + _ _

OyHKIUA XYV YZV XZ CaMOJABOWCTBEHHAs, TaK KaK

XyvyZvxzi=€vy §vz&vz =
—Qvxz &V EXyvyzvxz

I/ITaK, CHUCTCMa D3 HCJINKOM IIPHUHAIJICKUT KIIACCY S. CJIG,Z[OBaTeJIBHO, I10

TeopeMe O oaHoTe D, He ABiseTcs MONIHON CUCTEMOIA.
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JlaGopaTopHoii paGote NeS
|. Kakue n3 ykazaHHBIX cucTeM (DYHKIIMM SIBISIIOTCA 3aMKHYTBIMH KJ1accamu?
1) JIuneitnas pyHKUMS;
2) caMOBOMCTBEHHBIC (PYHKITUH;
3) MOHOTOHHBIE (DYHKITHY;
4) MOHOTOHHO yObIBaroIre QyHKIINH;
5) GyHKIIMH, COXpaHSIOMINE HYIIb;
6) GbyHKIIMH, COXPAHSIONINE SUHUILY;
7) GYHKIMH, COXPAHSIOIINE U HYJb, U CIUHUILY;
8) pyHKIHMH, COXpAHSAIOIINE HYIb, HO HE COXPAHSIOUINE STUHUILY;
9) byHKUIMH OT OJJHOM MEpEMEHHOM;
10) byHKUIMK OT IBYX MEPEMEHHBIX.
Il. SABnsiroTcs mu cnenyromnme GyHKIUU TUHEHHBIMU?
1) €YV XY >z
2) Xy v yzvZuvUux
N EWE ESP=V
4) Xy v yZv Xz
5) XyZ v XyZ v/ XYyZ v XyZ
6) f&y,z =¢1101000
7) f&y,z =0Q1111110
8) f € y,z =¢0011001
9) f &y, z =€1101001
10) X <=z VY XQ+2_
I1l. SABnsAroTcs nu cneayromue GyHKIUA MOHOTOHHBIMU?

1) f&y,z =Q0110111
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2) f&y,z =Q1100111
) x=>@=>x

4§ x=> €=y

5) Xy €+ _

6) Xy+yz+Xz+2

7) XYV YyZv Xz

8) Xy v Xxzv Xz

9) €=y =7

10) €=y >z€+y_
V. SABnstores nu cnenyrouye GyHKIMA CaMOABONCTBEHHBIMU ?
1) X+y+z

2) XYV XZvYyzZ

) €=y mx>€=>12
4) f € y,z =€1010101
5) €Vvy\vZyvXyz

6) €Ly > €+12

7) f&y,z = Q0111001
8) Xy v Xxzwvytvzt

9) €+y = €|z

10) f &, y,z = 0001111
V. SIBRsAIOTCS U CEAYIONINE CUCTEMBI (DYHKITUN TTOJTHBIMU ?
1) A=y, x=>yz

2) AV x>y

3) GLx@ <=z x€+z
4) Xy

5) &Lxy,x+y+z
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6) €010,€010110111110011

7) AYVYINVIXX+Y+T

8) €1101001,€0001101,€0011100
9) €001101,€0101010,€00110011"
10) €yvxzvyz x=VYy,X

Bomnpocsl 1j1s1 CAMOKOHTPOJIS
1 ITomHbIC cCUCTEMBI OYJIeBBIX (DYHKITUI.
2 3aMbIKaHUE.
3 3aMKHYTBIE KJIaCCHI.

4 Knaccst Ty, T,,S,L,M.

5 Teopema o mosHOTE.

Jluteparypa
1 Kapnos, B.I'. MaTtemaTrnueckas JJoruka U JUCKpeTHast maTeMatnka [ Tekcr]
: yueOHOe nocobue st cTyieHToB ynusepcuteron/ B.I'.Kapmos,
B.A .MomeHckuii. — MH.: Beimmiimas mkona, 1977. —255¢c.
2 Sl6nouckuii, C.B. Brenenue B nuckpeTHyto MaremMaTuky [ TekcT] : yuebHoe
nocoOue JiJis BYy30B 10 crienuaibHOCTH «lIpuKkiiagHas MmaTeMaTukay/

C.B.A6nouckuii. — M.: Hayka, 1979. — 272c.

Tema 6
AJITEBPA JIOTUKHU MTPEJUKATOB

6. 1 Ilousatue popmysbl anredphl JIOTUKU TPEIUKATOB.

6.2 3aKOHbI aNreOpbl JOTMKH MPEANKATOB.

OcHOBHBIE NIOHATHS 110 TEME
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HanoMmHauM, 4TO 10OA BHICKa3bIBAHHUEM Mbl IOHUMAEM IPEJI0KEHUE, O KOTO-
POM MOXHO CKa3aTh OJHO W3 ABYX: HICTUHHO OHO WJIH JIOKHO. [loHsITHE TTpenu-
Kata 0000111aeT MOHSITHE BbICKa3bIBaHUs. Teopus MpeIUKaTOB MPEACTABIISET CO-
Ooli Oosee TOHKUI UHCTPYMEHT, 10 CPAaBHEHMIO C TEOPUEN BbICKa3bIBaHUM. B
HACTOSIIIIEH IJ1aBe pacCMATPUBAETCSI OCHOBHBIE TIOJIOKEHHSI TEOPUH aJIreOpbl
MPEIUKATOB.

Omnpenenenune 1 N-MECTHBIM IPEAUKATOM, ONPEAEIEHHBIM HA MHOXKECTBax M;,
Mo, ..., M, Ha3pIBaETCS MPEIITIOKEHUE, CONEPKAILIECE N TIEPEMEHHBIX X1,X), ..., Xn
IIPEBPALLAIOLIEECS B BBICKA3bIBAHKUE IIPU ITOJACTAHOBKU BMECTO ITUX IIEPEMEH-
HBIX JIFOOBIX KOHKPETHBIX AJIEMEHTOB U3 MHOXECTB My, M,, ...,M, cOOTBET-
CTBEHHO.

O0603HayaTh N-MECTHBIE MPEAUKATHI OyaeM A (X1,Xa, ..., Xn), IPHUEM TIEpEMEH-
HBIE X1,X2, ..., Xy HA3BIBAKOTCS MIPEAMETHBIMU.

Beskuit N-mectHBIN nipeaukaT A (X1,X, ..., Xn) ONPEACIEHHBIN Ha MHOYKECTBAX
My, M, ...,M, ectb (yHKLIHSA OT N apryMEHTOB, 33/laHHasl HA YKAa3aHHBIX MHOXe-
CTBaX U NMpuHUMarouas 3HayeHue 0(JioxHo) win 1(MCTUHHO).

Bymem roBoputh, 4T0 N-MECTHBIN Mpeaukat 4 (X1,Xy, ...,Xn) 337aH HA MHOXKe-
cTBe M, eciu Xq,Xy, ..., Xn IPUHUMAIOT 3HaYEHUs U3 M.

[Ipumepamu npeauKaToB SBISIFOTCS JIO0bIE YpaBHEHUSI U HEPABEHCTBA U3
HIKOJIBHOTO Kypca MaTeMaTUKH.

Hamnpuwmep, x+y>2, rae X,y u3 R ecTb IByXMECTHBII MPEANKAT 3a/IaHHbIN Ha
MHOECTBE BCEX JICUCTBUTEIBHBIX yucen R.

Onpenenenne 2 [Ipeaukar 4 (X1,Xy, ...,Xn) 3aJJaHHBIA HA MHOXECTBAaX

My, M, ..., M, Ha3BIBaeTCH:

1. TOXKIEeCTBEHHO MCTHUHHBIM, €CJIM TMPHU JIIOOON MOJCTAHOBKE BMECTO Me-
PEMEHHBIX X1,X, ..., Xn JITFOOBIX KOHKPETHBIX 3HAYECHUN U3 MHOKECTB

My, My, ...,M, OH npeBpaIaeTcsi B MICTHHHOE BBHICKAa3bIBAaHHUE.
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2. TOKIECTBEHHO JIO:KHBIM, €CJIM TIPH JIFOOOM IMOJCTaHOBKE BMECTO Tepe-
MEHHBIX X1,X2,...,Xn JTIOOBIX KOHKPETHBIX 3HAYEHUW M3 MHOXECTB M, M,,...,M,
COOTBETCTBEHHO OH IMPEBPAIACTCS B JIO)KHOE BhICKA3bIBAaHUE.

3. BBINOJHUMBIM, €CITU CYIIIECTBYET IO KpaitHed mMepe oauH Habop 3Haue-
HUM TIEpEMEHHBIX U3 M1, M, ...,M,, Tp KOTOPBIX €0 3HAYEHUE UCTUHHO.

O003HaYal0T: TOXKIAESCTBEHHO UCTUHHBIN — A (X1,X, ..., Xp) = [; TOKIESCTBEHHO
JOXKHBIA — A (X1,Xg, ...,Xp) = 0.

JIByXMeCTHBIN Npeaukar X>+y?>(, 3agaHHblil Ha MHOKECTBE R siBnsieTcs
TOXIECTBEHHO UCTUHHBIM.

OpxHOMECTHBIN TpeauKaT SINX>1, 3a1aHHbIi Ha MHOKECTBE R siBisieTcs
TOXIECTBEHHO JIOKHBIM.

[IprmMepoM BBIMOTHUMOIO MpEIUKaTa 3aJaHHOTO Ha MHOXKECTBE R siBsieTcs
npegukar X+y=>z.

Onpenesieane 3 MHOXXECTBOM UCTHHHOCTH npeaukara A (X1,Xy, ...,Xn) 3aJ1aH-
HOT'0 Ha MHOXeCTBaxX Mj, M, ..., M, Ha3bIBa€TCsl COBOKYITHOCTh BCEX YIIOPSAI0-
YCHHBIX HAO0OPOB (81,ay, ...,an), TI€ & €M, 1=1,2,...,N Ipx KOTOPBIX 4(ay,ay, ...,an)
=1.

MHO0KECTBO HCTUHHOCTHU TipeauKkata A (Xq,X, ...,Xn) MBI OyieM 0003HaYaTh
NA.

ITyctb A(X)=(X?+3X-4=0) — 0IHOMECTHBII MpeANKaT, 3aJaHHbIH Ha MHOXKe-
ctBe R. SIcHo, uTo Nao={1,-4}. OntHaKo, ecjIu TaHHBII TPEIUKAT 3a/1aH Ha MHO-
KECTBE HATypPaAIbHBIX YUCEI, TO ero MHOXeCTBO ucTUHHOCTH N'A={1}.

[Tycth X?+Yy?=4 — IByXMECTHBIN NpeauKaT, 3aJaHHbI HA MHOXECTBE JICH-
CTBHUTEIBHEIX uncell R. Torma MHOXKECTBOM HCTHHHOCTH €T0 SIBIISTFOTCS MHOMKeE-
CTBa BCEX TAKUX IMap JICUCTBUTEIBHBIX YHCEI, KOTOPHIC ABISIOTCA KOOpAMHATA-
MU TOYEK IIJIOCKOCTH, JISKAITUX HA OKPY>KHOCTH € LICHTPOM B HadaJie€ KOOPAH-
HAaT U PaINyCcCoM 2.

HenocpeactBenHo U3 onpeaeneHus 2 CiIeayeT CpaBelJIMBOCTh CIEAYIOIIETO

YTBEPKACHUS.
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ITyctb A (X1,Xp, ...,Xn) N-MECTHBIN MPEAMKAT, 3aaHHbIH Ha MHOYKECTBAX

My, My, ...,M, Torna cupaBeqjiuBbl CIACAYIOIME YTBEPKICHHUS :

1. A (X1,Xy, ...,Xn) ABIAETCS TOXJISCTBEHHO UCTUHHBIM TOTJa M TOJIKO TOT/IA,
korga Na= My x Mox... xM,;

2. A (X1,X2, ..., Xn) SABIIAETCS TOXJICCTBEHHO JIOXKHBIM TOT'JIa U TOJIBKO TOT/IA,
korma Na=0;

3. A (X1,Xy, ..., Xn) SABISAETCS BBIIOJHUMBIM TOTJa M TOJIBKO TOT/Ia, KOraa
N9,

Onpenesienne 4 /[sa N-mMecTHBIX npeaukaTa A(Xy,Xy, ..., Xn) H B(X1,Xo, ..., Xn)
3aJIaHHBIX HA OJIHUX U TE€X K€ MHOXKeCTBAaX My, M, ..., M, Ha3bIBAKOTCS PaBHO-
CHIIbHBIMH, €CJIH JUIs JIIOOBIX HAO0OpOB mepeMeHHbIX (a1,ay, ...,an), TAC @ M,
I=1,2,...,N OHU IPUHUMAIOT OJTMHAKOBBIC TIOTUICCKUE 3HAUCHU.

HenocpenctBeHHO U3 JaHHOTO OMPEEIEHUS CIEAYET, UYTO MIPEAUKATHI

A(X1,Xa, ..., Xn) B B(X1,X2, ...,Xn) PABHOCHJIBHBI TOT/Ia M TOJIBKO TOI'/Ia, KOI/Ia X
MHO’KECTBa HICTUHHOCTH COBNAIAIOT, TO €CTh Na=Nj.

Tot dakr, uro npenukatsl A(Xy,X, ..., Xn) U B(X1,Xa, ...,Xn) PABHOCWIbHBI OyIeM
0003HauaTh Tak: A=B.

Onpenenenne 5 [Ipeaurat A(Xy,Xy, ..., Xn) ONPEACIEHHBIN HA MHOKECTBaX My,
M,, ...,M, Ha3BIBaeTCs CIICACTBUEM mpeaukata B(Xy,Xo,...,X,) ONpeaeiéHHOM HaT
TE€MH K€ MHOXKECTBAMH, €CJIM OH IPUHUMAET UCTUHHBIE 3HAUCHUS Ha BCEX TEX
Ha0opax 3HAYEHUMU MEPEMEHHBIX, HA KOTOPBIX UCTUHHO 3HAYEHHUE MpeauKaTa
A(X1,X, ..., Xn)-

JIpyruMu CJIIOBaMH MOKHO CKa3aTh, YTO MPEAUKAT A (X1,Xy, ...,Xn) ABIACTCS
CJICZICTBUEM NpeauKaTa B(Xy,Xy, ..., Xy) TOTAa ¥ TOJBKO Toraa, koraa Nz < Na.

[Mycthb A1(x)=x:2 (X nenutcst Ha 2) Ap(x)= x:4 (X menutcs Ha 4) 1Ba OJTHO-
MECTHBIX MIPEINKaTa 3aJJaHHBIX HA MHOXKECTBE HaTYpalbHbIX uncel. SICHO, 4TO

MpeauKaTr A, SIBIAETCS CICACTBUEM NpeauKara A,.
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Tak kak J1r000M npeaukaT Ipu GUKCUPOBAHHBIX 3HAUCHUSIX ITEPEMEHHBIX
IpeBpaIaeTcs B BEICKa3bIBAHKUE, TO HAJl HUIMU MOYKHO TIPOJICNIBIBATH T€ )K€ JI0-
TUYECKUE OIepalliy, YTO U HaJl BHICKA3bIBAHUSIMH.

Onpenesenne 6 OtpurianueM N-MeCTHOro npeaukaTa A (X1,Xy, ..., Xn) Ompe-

JNEIEHHOTO HA MHOXeECTBaxX M, My, ..., M, Ha3pIBaeTCA N-MECTHBIN MPEINKAT,

OIpEeNIEHHBIN Ha TEX e MHOXKECTBaxX, 00o3HayaeMblii A(X, X,,..., X, ), 3Haue-

HUE KOTOPOTO UCTUHHO MPHU BCEX TEX 3HAYCHHSIX MMEPEMEHHBIX, PU KOTOPHIX
3HAUEHWE MPEINKATA JIOXKHO.

Hamnpumep, oTpuiianremM A1ByXMECTHOTO TipeiukaTa X+y>2, onpeneaéHHOro
Ha MHOXKecTBe R sBIisieTcs npeaukat X+y<2, onpenci€HHbINA Ha TOM K€ MHOXe-
ctBe R.

Teopema 1 Ilycmo A(X,, X,,..., X, )- N-mecmubiii npeduxam, onpeoenénnblii
Ha mHodicecmeax My, M, ..., M,. Tocoa cnpaseonuso ciedyiouee morcoecmeo:

N, =(M,xM, x...xM )\N,.

Hokazamenscmeo Ilycts (a,,8,,...,a,)- IPOU3BOIBHBIN HAOOP MEPEMEHHBIX

u3 N . Torna A(X,,X,,...,X,)=1. DTO BO3MOKXHO TOJIEKO TOT/Ia, KOI/1a

A(X,, X,,..., X )=0. A 910 3HaYHT, YTO
(a,,a,,...,a,)e (M, xM, x...xM_)\N,.

Orcrona creyer clpaBeIMBOCTh YKa3aHHOTO TOXAecTBa. HermocpencTeeHHO
W3 JAHHOW TEOPEMBI CIIEYET:

Caencrue OTpunanue npeaukara OyaeT TOXISCTBEHHO HCTUHHBIM TOTa U
TOJIBKO TOT'ZIa, KOTIa UCXOIHBIN IPEUKAT TOXIAECCTBEHHO JIOXKEH.

Onpenesnenne 7 KonbloKIHeH N-MECTHBIX IPEAUKATOB A(X,,X,,...,X,) 1
B(X.,X,,...,X,), onpenenénnsix Ha MHOXkecTBax M, ,M,,...,M  Ha3bIBaercs n-

MECTHBIN IMpCaAnKar, OHpe,Z[GHéHHBIﬁ Ha TCX KC MHOXXCCTBaAx, 0003HaYaeMBbIH

A(X, X,y X, ) B(X,, X, ,..., X, ), 3HAUCHHE KOTOPOT'O UCTUHHO IIPU T€X M TOIBKO
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TEX Ha0OpaxX NEPEMEHHBIX, IPY KOTOPBIX HICTUHHO 3HAYEHUE UCXOIHBIX MIPEH-
KaTOB.

Teopema 2 Ilycmo A(X,, X,,...,X,) u B(X,X,,...,X,) 06a N-mecmuuix npe-
ouxama onpeoenénnuvie Ha muodcecmeax M, ,M,,...,M . Tozoa cnpaseoruso
credyrouee moocoecmeo: N, =N, [1N,.

Hokazamenscmeo Ilycts (a,,8,,...,8 ) - IPOM3BONIBHBIN HAOOP IepeMeH-

Helx u3 N .., Torma A(X, X,,...,X,) B(X,X,,..., X, )=1. 3T0 BO3MOXHO TOJIBKO

AoB 2
TOrJa, Korjaa ofHoBpeMeHHo A(X,,X,,...,X )=1u B(X,X,,...,X. ) =1. A 310
3Ha4wT, 4ro (&,,a,,...,8,) € N, (1N, .Teopema nokazana.

HenocpeacTBEeHHO U3 ITaHHOM TEOPEMBI CIEYET:

CaencrBue KoHBIOHKIMS IBYX NPEIMKATOB TOXKJIECTBEHHO UCTHHHA TOTAA U
TOJIBKO TOT/1a, KOTJla 00a JaHHBIX IPEAUKATA TOXKICCTBEHHO HCTUHHBI.

Teopema 2 uCTIONB3yeTCs B IIKOIFHOM Kypce MaTeMaTHKU MPU PELICHUHN CH-
CTeM ypaBHEHHH M HepaBeHCTB. Hampumep, TpedyeTcs penmTh CHCcTeMy Hepa-

BCHCTB ‘X‘ < 5, X>3. ]_IJ'ISI 9TOrIo HY>KHO HAWTHU MHO>KECTBO UCTUHHOCTH ImpcanKa-

Ta(‘X‘ <5)-(x>3), onpenenéunoro Ha MHOXKecTBe R.Mcmonb3ys Teopemy 2 moy-

yaeMm:
N(\x\<5).(XZ3) = N\x\<5 Ny, = l5’5:ﬂ I’+OO:: l’5:
Onpenesienne 8 JIu3bloHKIMEH N-MECTHBIX IPEeIUKaToOB A(X1, X2, ..., Xp) U
B(X1, X2, ..., Xy), ONpeaeeHHbIX Ha MHOKeCTBax My, My, ..., M, Ha3bIBaeTcs N-

MECTHBIN MPEUKAT, ONPEICTICHHBIA Ha 3TUX MHOXECTBAaX, 0003HAYEHHbIN

A(X1, X2, ..., Xn) V B(Xy, Xo, ..., Xy), 3HAUCHHE KOTOPOr0 UCTHHHO IIPH TE€X U
TOJIBKO Te€X HaOOPOB ITEPEMEHHBIX, ITPH KOTOPBIX HCTHHHO 3HAYEHUE 110 MCHb-
e Mepe OJTHOT'0 M3 MCXOIHBIX MPEIUKATOB.

Teopema 3 ITycmo A(Xy, Xo, ..., Xn) u B(Xq, Xo, ..., Xp) 06a N-mecmubix npedu-
kama, onpeoenennvie na mHodcecmeax M1,M,, ... ;M. Tocoa cnpaseonuso cre-

oyrouee moacoecmeao Nayg = Na U Np.
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Jlokazamenvcmeo Ilycts (ag,ay, ... ,a,) — IPOU3BOJIbHBIN HAOOp MEPEMEH-
HbIX U3 Nayg. Torma A(Xy, Xo, ..., Xn) V B(X1, X2, ..., X5) = 1. DT0 BO3MOKHO
TOJIbKO Toraa, koraa uid A(Xy, Xo, ..., Xn)=1 umu B(X(, Xo, ..., X,)=1. A 910 3Ha-
9uT, 910 (81 @y, ... ,an) € Na U Np. Teopema nokaszana.

CaencrBue JIM3BbIOHKIUS ABYX MPEAUKATOB TOKISCTBEHHO JIOXKHA TOrAa M
TOJIBKO TOT'JIa, KOT/1a 00a JTaHHBIX MPEANKATa TOKISCTBECHHO JIOKHBI.

Teopema 4 ITycmo A(Xy, Xo, ..., Xn), B(X1, X2, ..., Xp) u C(X1, Xo, ..., Xp) —
N-mecmuwvie npeduxamol, onpeoenernvie Ha MHoxcecmaax My,My, ...,M;, mozoa
CNpaseoIusvl ciedyruue pasHoCUIbHOCU:

A-B=B-A, AVB=BVA, 4-(B-C)=(4-B)-C, AV(BVC)=(AVB)VC,
A-(BVC)=A-BVA-C, AVB-C=(AVB)-(AVC), AB=AVB, AV B=A-B.

Jlokazamenvcmeo JloxaxkeM CipaBeNIMBOCTD CAEAYIONICH PAaBHOCUIBHOCTH

AB=AVB. Jlus 5T0ro HY’KHO JI0Ka3aTh CIPaBEUIMBOCTh CJICAYIOIICTO TOXKIC-

ctBa Nag=Ny ;. [elicTBurensHo, mycTh (81,8, ...,8,) — MIPOM3BOIBHBIN HAOOP

nepemennsix u3 Nz Torma A@,,a,,...,a )-B(@,,a,,...,a, )=1. Orcrona mo-
aydaem, uto A(ay,ay, ...,an) B(ay,ay, ...,a,)=0. DTO BO3MOXKHO TOJILKO B TOM CJIY-

yae, koraa 6o A(ay, a,, ..., a,)=0, m6o B(ay, a,, ..., a,)=0. A 310 3Ha4HT,

gyro 6o A@,,a,,...,a,)=1,mbo B(@,,a,,...,a )=1. CinegoBarensHo,

(1,37, ...,a)) € Ny5 Urak, Nag=N,5 Otcroma AB = AV B. AHatorn4HbIM 00-
pa3oM MOXKHO JI0Ka3aTh CIPaBEIIMBOCTh IPYrUX paBHOCHIIbHOCTEH. Teopema
J0Ka3aHa.

Onpenenenune 9 ITycts A(Xy,Xo, ..., Xn) B B(X1,Xo, ..., Xn) N-MeCTHBIE IIPEIUKATHI
Ha MHOecTBax Mi,M,, ...,M,. UX ummuiukaiyei Ha3pIBaeTCs MPEAUKaT, OIpe-
JCIIEHHBIN Ha TEX jK€ MHOXKECTBax, 0003HadaeMbli A(Xy, Xo, ..., Xn) => B(Xy, Xo,
..., Xn), 3HAYEHHE KOTOPOIO JIOKHO TOJIBKO IIPH T€X HabOpax MmepeMeHHBIX, IPH
KOTOpBIX 3HaUeHHE npeaukara A uCTUHHO, a B — noxno. [Ipenukar A Ha3biBa-

eTcs MOChUIKOU U B — 3akiroueHue.
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HenocpencTBeHHO U3 OnpeneacHus CIeAyeT, YTO UMIUTMKAIUS IBYX MPEIH-
KaTOB, 3aBUCSIIHNX OT OJHUX U TEX e MEPEMEHHBIX, €CTh TOXIECTBEHHO HC-
TUHHBIN TPEIUKAT TO/Ia U TOJIBKO TOI'JIa, KOTIa €€ 3aKIF0UCHUE ABJISETCS ClIe-
CTBHEM IOCBIIKH.

Onpenenenue 10 DKBUBaJICHTHOCTH ABYX N-MECTHBIX MpeaukaToB A(Xy, Xy,
vy Xn) 1 B(X1, X, ..., Xn), OIpECIIEHHBIX HAa MHOXeCTBaxX My, My, ..., My,
Ha3bIBa€TCS N-MECTHBIM MPEAUKAT, ONPEACICHHBIN Ha TEX K€ MHOXKECTBaX, 000-
3HagaeMbIid A(Xy, Xo, ..., Xn) <=> B(Xy, Xp, ..., Xp), 3HAaUEHHE KOTOPOI'0 UCTUHHO
IIPH BCEX Te€X HaOOpax MEepPEeMEHHBIX, IIPH KOTOPBIX Hpeaukatel A u B mpuHu-
MAaroOT OJIMHAKOBEIE JIOTHYECKHE 3HAYECHMS.

HenocpencrBenno u3 onpenenacHus 10 cieayeT, 4To SKBHBAIEHTHOCTD ABYX
HPEIUKATOB, 3aBUCSIINX OT OJHUX U TEX XKE MEPEMEHHBIX, €CTh TOXICCTBCHHO
UCTHHHBIN MPEAUKAT TOTIa ¥ TOJIBKO TOr/a, KOI/1a OHH PaBHOCHJIBHBI.

B caenyrorieit TeopeMe T0Ka3aHbl BaXKHBIC PABHOCUIBHOCTH, BBIPAKAOIINE
OJTHY JIOTHYECKHUE OIIePAIMH HaJ| MPeUKaTaMH Yepe3 IpYTHe.

Teopema 5 Ilycmov A(Xy, Xo, ..., Xp) u B(Xq, Xo, ..., Xn) N-Mecmuvle npeduka-
mol, onpedenennvle Ha mHodcecmeax My,M,, ... ,M,. Tocoa cnpaseonuewi cie-
oyrouue pasHoCUIbHOCTIL.

A=>B=AVB, AB=AV B, A<=>B=(A=>B)-(B=>A).

Jlokazamenvcmeo JlokaxxeM CripaBeUIMBOCTD CIIEAYIONIEH PABHOCHIBHOCTH
A<=>B=(A=>B)-(B=>A). Jls1s1 3TOro HY>KHO J0Ka3aTh CIPaBEIIUBOCTH CJIC-
nytomiero ToxaecTBa Na<=>g=N@a=>p).B=>p). I1ycTb (81,3, ... ,&n) — IPOU3BOIIb-
HbIid HA00p U3 Na<=sp. OTCrona cnenyeT, uto A(ag,ay, ... ,a,)<=>B(a; a,,...
...,ap)=1. DT0 BO3MOXHO TOJBKO B TOM ClIy4ae, Korja jiuoo 3HaueHus A(a,ay,..
... ,an) 1 B(a,ay, ... ,a,) HICTHHHBI, JTHOO JIOKHBI OHOBpeMeHHO. Ho B mo0om u3
sTuX ciydaeB 3Hauenue (A(ay, a, ..., a)=>B(ay, ay, ..., ay)) (B(aga,, ...,
..an)=>A(ay, @y, ..., an))=1, 1.e. (a1, @ ..., an) € Ny4=>p).5=>4) UTaK, TpeOye-

MO€ TOXJIECTBO JI0Ka3zaHo. OTCro/ia ClielyeT CIpaBeIJIMBOCTh OTMEUCHHOM BHI-
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111€ paBHOCUIBHOCTH. OCTaNIbHBIE PABHOCUIIBHOCTH JI0Ka3bIBAIOTCS aHAJIOTUYHO.
Teopema goka3zaHa.

Onepanuu oTpuaHue, KOHbIOHKIIMS, TU3BIOHKIIMS, UMIUTAKAIUS, 9KBUBA-
JIEHTHOCTbH OIPENEISAIOTCS aHAIIOTMYHO KaK JJis IPEIUKATOB, TaK U JJIs BBICKA-
3bIBaHUNA. OJTHAKO B TEOPUH MPEAUKATOB CYILIECTBYIOT OINEpaIiu, 1151 KOTOPBIX
HET aHAJIOrOB B TEOPUU BbICKa3bIBaHUM. TakKMMU orepauusMy HaJl IpeIUKaTaMu
ABJISIIOTCA JIBE€ KBAHTOPHBIE ONEPALUU — KBAHTOP OOIIHOCTH U KBAHTOP CYIIIE-
cTBoBaHMA. VI3BECTHO, UTO €CJIM B OAHOMECTHOM IpeIuKaTe 3a(pUKCUPOBATh
3HAYEHNE IEPEMEHHOM, TO MbI ITOJIyYUM BBICKA3bIBAaHUE.

Nwmeercs eme oquH cnoco0. OH OCHOBAH HAa NPUMEHEHUH K IPEIUKaTy ome-
paruii CBSA3bIBaHMS KBAHTOPOM OOILIIHOCTH MJIM KBAaHTOPOM CylecTBOBaHMs. Ta-
KH€ ONEpPALMH CTABAT B COOTBETCTBHE OJHOMECTHOMY IPE/IMKATY BBICKA3bIBa-
HUE, 3HAYEHHE KOTOPOro 3aBUCHUT OT CTPOEHUS UCXOJHOT O IPEeIUKaTa.

Onpenenenne 11 ITycte A(X) — 0OAHOMECTHBIN PEIUKAT, ONMPEICICHHBINA Ha
mHOXKecTBe M. O603HaurnM uepe3 VX A(X) BhICKa3bIBaHHE, KOTOPOE YUTACTCSI:
«mist Besikoro X u3 M cripaBennBo A(X)», JaHHOE BBICKA3bIBAHUE UCTUHHO
TOJILKO B TOM cllydae, korja npeaukar A(X) TOXIeCTBEHHO UCTUHHBIN.

CumBon VX Ha3bIBaeTCsl KBAHTOPOM OOIIIHOCTH MO MEPEMEHHOM X.

Hamnpumep, mycts A(X)=(x*>0) onpenenenHsrii Ha MEOXecTBe R. Torna

VX (X* >0) — HCTUHHOE BHICKA3bIBAHUE, KOTOPOE YUTAETCS: «KBAIPaT JIH0OO0ro
JCHCTBHUTEIBHO YKciia HeoTpunareaen». Ilycte A(X)=(x>2). Torma VX(X > 2) —

JI0’)KHOE BBICKA3bIBAHHE, KOTOPOE YUTALTCH: «TH000€ TCHCTBUTEIIBHOE YHCIIO
OombIIIe 2.

Crnenyromiasi TeopemMa moKa3bIBaeT, 4YTO KBAHTOP OOITHOCTH MOKHO PacCMaT-
pUBaTh Kak 0000II€HNE KOHBIOHKITUY.

Teopema 6 IIycmob A(X) — oonomecmubiil npeoukam, onpeoeneHnblil Ha Ko-

neunom mroxcecmsee M={ a;,a,, ... ,a,}, mozoa VX AX) = A(ay)-Aay)-...-A(a,).
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Jlokazamenvcmeo I1ycte VX A(X) = 1, Torma A(X)=1. Orcrona A(aj)=1 ms
aro6oro @ eM. Ho torna A(ay)-A(ay):...-A(a,)=1. Ilyctp VX A(X) = 0, Toraa

A(X)#1. A 310 3HaYuUT, 4yTO cymecTByeT a; u3 M, uro A(a;)=0. Ho Toraa
A(ay)-A(ay)...-A(a,)=0. Teopema qoka3aHa.

KBaHTOp OOLIHOCTH MOKHO MPUMEHSATh U K MHOTOMECTHBIM TPEUKATAM.
OIHOKpaTHOE PUMEHEHNUE KBAHTOPA K OJIHOM U3 N TIEPEMEHHBIX N-MECTHOIO
npeaukara nopoxaaer (N-1) — MecTHBIN npenuKar.

[TycTh, HanpuMep, MBI UIMeeM IBYXMecTHBIN npeaukat A(X,y)=(X>Y), ompe-
neneHHblid Ha MHOXKeCcTBe R. Torma VX (X>Y) 3a1aeT 0THOMECTHBIN MpeIuKaT
B(y), 3aBucsmuii ot mepeMeHHo# Y. OnpeaenuM TUII 3TOro npeankaTa. Bosb-
MEM MPOM3BOJILHOE IEHCTBUTEIILHOE YUCIIO Yo. ScHO B(Yo)= VX(X>Y()=0. Cie-
70BaTebHO, B(Y) — TOXIESCTBEHHO JIOXKHBIN MPETUKAT.

3ameruM, uto K (N-1)-MecTHOMY mpenukary VX; A(Xy,Xo, ... ,Xn) 3aBUCSIIEMY
OT NIEPEMEHHBIX X1, X2,X3, ... ,Xn MOYKHO CHOBA ITPUMECHSTH OTICPAIIHIO CBS3bIBA-
HHE KBAaHTOPOM OOIIIHOCTH IO OJTHOM U3 CBOOOIHBIX MepeMeHHbIX. B pe3ynbra-
Te mony4dutcs (N-2)-MeCTHBIN MPEIUKaT U T.JI.

[TycTh, HamIpuMep, MbI UMEEM JBYXMeCTHBIN nipeaukat A(X,y)=(X+y>2),
onpenenennbiii Ha R. Torga V xVy (X+Yy>2) — 10)kHOE BBICKa3bIBaHUE, KOTOPOE
YUTACTCS: «CyMMa JIFOOBIX JIBYX JICHCTBUTEIBHBIX YUCEI OOJIBIIE TBYX.

Onpenenenne 12 [Tycts A(X) — 0IHOMECTHBIN MPEAUKAT, ONPEACIICHHBIN Ha
MHOxecTBe M. O603Haunm IX A(X) — BBICKa3bIBaHKE, KOTOPOE YMTACTCS: «CY-
mecTByeT X u3 M, uro cripaBeyinBo A(X)», JTaHHOE BBICKA3bIBAHUE JIOKHO TOJIb-
KO B TOM ciiy4ae, korja npeaukar A(X) TOXIeCTBEHHO JIOKHBIH.

CumBON IX Ha3bIBAIOT KBAHTOPOM CYILIECTBOBAHUS 110 IIEPEMEHHOM X.

Hanpuwmep, mycts A(X)=(x°<0) onpesernen na R. Torma 3x (x*<0) — noxHoe
BBICKA3bIBAaHUE, KOTOPOE YUTACTCS: «CYIIECTBYET ACHCTBUTEILHOC YUCIIO, KBAI-

paT KoToporo MeHsIie 0.
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Crnenyromasi TeopemMa MoKa3bIBaeT, YTO KBAHTOP CYIIECTBOBAHUS MOMXHO
paccMaTpuBaTh Kak 00001eHre JU3BIOHKIUH.
Teopema 7 IIycmob A(X) — 00nomecmubiil npeduxam, onpeoeneHHblil Ha Ko-
neunom mroxcecmee M={ay,ay, ... ,a,}. Toeoa X A(X)=A(ay)VA(ay) V...VA(ay).
Jokazamenvcmeo ITycts 3X A(X)=0. Torna cormacHo onpenenenuto 12 A(X)
— TOXJIECTBEHHO JIOXKHBIH Mpenukar, a 3uaunt A(a;)=0 s rodoro a; M, HO
toraa A(a;)VA(a,) V...VA(a,)=0.ITycte VX A(X)=1. Torma A(x) — He TOXe-
CTBEHHO JIOKHBIN MPEAUKAT. A 3TO 3HAYUT, YTO HAWJIETCS 3HAUCHUE aj u3 M,
uro A(a )=1. Ho torna A(a;)¥ A(ay)V ...vA(an,)=1. Teopema noka3zana.
KBanTOp cymiecTBOBaHMS MOKHO IPUMEHITh K MHOTOMEPHBIM TpeIUKaTaM.
OnHOKpaTHOE TPUMEHEHUE KBAaHTOPA K OHON U3 N IEPEMEHHBIX @-MEPHOTO
npeaukara mopoxxaaer (N-1)-MepHbIid IpeInuKar.
[lycTh, HanlpuMep, Mbl IMEEM JIBYXMECTHBIN npeaukar A(x,y)=(x>y) ompe-
nenénublid Ha MHOXKecTBe R. Torma Jx(x>Y) 3aaaeT 0JHOMECTHBIN MPEIUKAT
B(y), 3aBucsmuii oT nepeMeHHou y. JaHHbIN nipenukat OyaeT TOXKISCTBEHHO
UCTUHHBIM. [[efiCTBUTEIBHO, MMYCTh Vg — MPOU3BOJIbHOE (DUKCUPOBAHHOE JICH-
CTBUTEIbHOE unciio. Torma B(yo)= 3 x(x>Yo)=L1.
3aMeTHM, 94TO €CJIM B MHOTOMEPHOM TIPEIUKATE BCE IIEPEMEHHBIC CBSI3aHBI
KBaHTOpaMH, TO OH OyJET BBICKA3bIBAHHUECM.
Ilyctb A(x,y)=(x+y>1) AByXMECTHBI! NpeIUKaT ONpeneNEHHbII HA MHOMXKE-
ctBe R.
Toraa u3 HEro CBSI3bIBAHUEM NIEPEMEHHBIX X U ) MOKHO TIOJTYYUTh BOCEMb
BBICKa3bIBAHUM:
1. ¥x¥y(x+y>2) — “/lnsa BCIKUX NEHCTBUTEIBHBIX YHCET X U ) WX CyMMa
OompIie IByX .

2. ¥y¥x(x+y>2)— “Jlng BCAKUX MEHCTBUTEIBHBIX YHCEI ) U X HUX CyMMa
Oonplie IByX”.

3. Axdyx+y>2) — “CymecTByroT IeiCTBUTENBHEIE YHCIA X U Y, CyMMa

KOTOPBIX OOJIbIIIE IBYX .
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4. dydx(x+y>2) — “CymecTByroT IeHCTBUTENBHEIE YHCIa y U X, CyMMa
KOTOPBIX OOJIbIIIE TBYX .

5. ¥x3dy(x+y>2) — “Ilns BCAKOro AeHCTBUTEIBHOIO YHCIIA X CYIIECTBYET
JNENUCTBUTENBHOE YKCIIO Y, UTO UX CyMMa OOJibiie IBYyX .

6. ¥ydx(x+y>2)— “Ilns BCAKOTO AEHCTBUTENHLHOTO YKCIIA ) CYIIECTBYET
JEUCTBUTENIBHOE YHUCIIO X, YTO UX CyMMa OOJIbIlIe IBYX .

7. Ax¥y (x+y>2) — “CymecTByeT JeHCTBUTEIBHOE YKCIIO X, YTO IS BCIKO-
ro JEHCTBUTEIHHOTO YUCTA Y UX CyMMa OoJiblie AByX .

8. x (x+y>2) — “CymiecTByeT NeUCTBUTEILHOE YUCIIO ), YTO JJIsi BCSIKOTO
JIEHCTBHUTEIIPHOTO YUCIA X MX CyMMa OOJIbIIE IBYX .

HyxHo 3aMeTuTh, 4TO BhICKa3biBaHUs 1 U 2 00a JI0)KHBI U UMEIOT OJIMH U TOT
K€ CMBICJT; BbICKa3bIBaHUs 3 ¥ 4 002 UCTUHBI U UMEIOT OJIUH U TOT YK€ CMBICIL.
Kaxk BuaHO, U3MEHEHME TOPSIKA OTHOMMEHHBIX KBAHTOPOB HE BJIMSIET HA CMBICT
Y 3Ha4€HUE UCTUHHOCTH BhICKa3bIBaHUs. BhICKa3pIiBaHUE 5 NCTUHHO, a BBICKA-
3BIBAHHE & JIOKHO.

Bricka3piBanue 7 J10KHO, a BEICKa3bpIBaHUE 6 NCTUHHO. Kak BUIHO, H3MEHeE-
HUE MOPSAJKOB pa3HOMMEHHBIX KBAHTOPOB MPUBOAUT K U3MEHEHHIO CMBICTIA U,
BO3MO>KHO, 3HAUEHUS] UICTUHHOCTH BBICKA3bIBaHHUS.

[Tonsitue hopmysabl anreOpsl TOTUKHU MPEIUKATOB ONPEIeTUM HHAYKTUBHO.

Bnauase 3agaercs andaBuT CUMBOJIOB, U3 KOTOPBIX OYYT COCTABISATHCS
dbopmyIIbIL.

1. IlpenukaTHbIC IEpEeMEHHBIE: X, Y, Z, Xi, Vi, Zi (1€N).

2. HymeMecTHbIe ipeukatHbie iepemennbie: A,B, C,4;, B, Ci (ieN).

3. n-mepubie (N>=1) npeauKaTHbIC IEPEMCHHBIC:

A(...), B(...), Ai(...), Bi(...) (ieN)

4. CuUMBOJIBI JOTUYECKHUX OMepaIui: — , *, ¥,= &

5. KBanropsr: ¥, 3

Onpenenenne 13

1. Kaxxnast HynbMecTHasi mpeIuKaTHasi IepeMeHHasi eCTh hopMyia.
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2. Ecnin A(...)-n-MecTHas mpearKaTHas IepeMeHHast, TO A(X1,Xy, ...,Xn) €CTh
dbopMyIa, B KOTOPO BCe MPEAUKATHBIEC IEPEMEHHBIE X1,X?, ..., Xy CBOOOIHBI.

3. Eciu F — dopmyia, To F - Taroke popmyita. CBOGOIHBIE (CBS3aHHBIC)
TpeMETHBIE epeMeHHbIe B GopMylie F Te i TOIBKO Te, KOTOPBIE SBISIOTCS
CBOOOHBIMHU (CBSI3aHHBIMU B F).

4. Ecnu F, u F, — GopMyJbl, €Ci MpeMETHbIE IEPEMEHHbIE, BXOISIINE
OJTHOBPEMEHHO B 00€ 3T (OpMYJIbI, CBOOOIHBI B KAXKIOW U3 HUX, TO BEIpaXKe-
Hust F F, , Fv¥ F,, F, = F,, F, & F, TaK e ABIsAt0TCcs (OpMyJIaMu.

5. Eciu F — dopmynbl 1 X — npeAMETHBIE TIepeMEHHbIE, BXOAAIIME B F cBO-
001HBI, TO BeIpaxkeHus: V xF u JxF Tak e sBnstoTcs popmynamu, B KOTOPBIX
MepEeMEHHas X CBS3aHHAs U BCE OCTAJIbHBIC MPEAMETHbIE IIepEMEHHbIE, BXO -
e B popMyiny F cBOOOHO WK CBSI3aHO OCTAIOTCS M B HOBBIX (hopMyax co-
OTBETCTBEHHO TaKHMH XKE€.

6. pyrux (opmy: JOTUKH MPEIUKATOB, KPOME MOTYUYaIOUINXCs COTJIacHO
yHKTaM 1-5, HeT.

Hanpuwmep, A(x,y) B(z) — anemenrapubie popmyIibl, 1

VxAny), (VxB(x)) v; v(3x A(x,y)), Vx A(x,y) = B(y) — coctaBubie (Hhop-
MYJIBL.

dopmyIibl, B KOTOPBIX BCE MIEPEMEHHBIE CBSI3aHbI, HA3bIBAIOTCSA 3aMKHYTHIMH,
a popMyIIBI COZleprKaIe CBOOOIHBIEC TPEIMETHBIEC TIEPEMEHHBIE — OTKPBITHIMH.

[Tpumepamu 3aMKHYTBIX (OPMYJT SIBISIOTCS

VxVyAy), Vx B(x) =3y A®).

Ecnu B hopMyity anreGpsl JOTHKH BMECTO KaXKI0M MPEIUKATHON MTepEMEH-
HOM MOACTaBUTh KOHKPETHBIN MpEIUKaT, ONpele]ICHHbIN Ha MHOXKECTBE M, TO
dbopMyIa npeBpamaerTcsi B KOHKPETHBIN MpeauKar, onpeneneHusiii na M. [1pu-
4yeMm, eciu (popMmysia 3aMKHYTa, TO MOCJE TAKOM MOJCTAHOBKU MbI MIOJTy4aeM BbI-
cka3biBaHue. Eciu B ncxoHo# popMyiie ObuiM CBOOOIHBIE IEPEMEHHBIE, TO MO-

cJIe Takou IMOACTAHOBKH MBI ITOJIY4acM KOHerTHBII\/'I IMpEeAUKaT OT TaKUX IICpPC-
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MeHHBIX. Eciii Tereph BMECTO TaKUX NEPEMEHHBIX MOJCTABUTh UX KOHKPETHOE
3HauY€HHE, TO MBI OISITh MOJYYHUM BbICKa3bIBaHUE.

Takoe npeBpaienue GopmyJibl anreOpbl JIOTUKU B BBICKAa3bIBAHHE HA3bIBACT-
Csl MHTEepIpeTauuen 3Tol GopMyIibl Ha MHOKeCTBE M.

Paccmotpum dopmyny Vx A(x,y) = Ix A(x,y). B xauectBe M BO3bMEM
MHO>KECTBO BCEX JCUCTBUTENBHBIX uncen. B mannyro gopmyiny BMecTo npeau-
KaTHOM mepeMeHHOM A (X,)) NoJICTaBUM KOHKPETHBIN Npeaukar x+y>2 onpee-
neHHbId Ha R. [Tonyyaem

Vx(x+y>2) = Jx(x+y>2) npeaukar, 3aBUCSIINI OT mepeMeHHol y. BMecTo
y MOJICTaBUM JI000€ KOHKPETHOE 3HaUeHHE ) U3 F.

[Tonyyaem BbICKassiBaHue V x(x+y ¢>2) = dx(x+y ¢>2), Tak Kak

V x(x+y 0>2)=0, dx(x+y ¢>2)=L1.

SIcHo, uTo mpenukat V x(x+y >2) = Ix(x+yp>2) — TOXKIECTBEHHO UCTHH-
HBIW MPEINKAT.

Omnpenenenne 14 dopmyna anreOpsl JIOTMKU MPEIUKATOB HA3bIBAETCS BbI-
MOJTHUMOM HAa MHOKECTBE M, €ClIi IPU HEKOTOPOU MOJICTAHOBKE BMECTO IPEIH-
KaTHBIX MEPEMEHHBIX KOHKPETHBIX MPEIUKATOB, ONPEICICHHBIX HA 3TOM MHO-
KECTBE, OHA MPEBPAILAETCS B BHIIIOJIHUMBIN MTpeAUKaT. J{pyrumMu cioBamu,
¢dbopMya BeIMOTHUMA HAa M, €cu CyIecTBYeT UCTUHHAS €€ MHTEpIpeTalus Ha
M.

Hanpumep, popmyna IxA4(x) = B(y) BbinoiHMMa Ha MHOXKecTBe R. JleicTBuU-
TEJIbHO, MOJICTABIISAS B IaHHYIO ()OPMYJTY BMECTO MPEIUKATHBIX MEPEMEHHBIX
KOHKpPETHBIE MPEIUKATHI (X>2),(y<3) nonydaem npeaukar Ix(x>2)= (y<3) 3a-
BHUCSIIUH OT . JlaHHBINA NMPEAUKAT BBITOJIHUMBIN. J[eCTBUTENBHO, ITYCTh y=2.
SIcHO, 9TO BBICKa3bIBaHUE Jx(X>2)=> (2<3) UCTHHHO.

Onpeaenenne 15 ®opmyna anredOpsl JOTUKA TPEIUKATOB HA3BIBACTCS TOXK-
JNECTBEHHO UCTUHHOM (TOKIECTBEHHO JIOXKHOM) HA MHOXKECTBE M, eciu npu

BCSIKOM IMOACTAHOBKC BMCCTO IPCANKATHBIX IICPCMCHHBIX JIFOOBIX KOHKPCTHBIX
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IpeIUKaToOB, 33JJaHHBIX HA 3TOM MHOXKECTBE, OHA MIPEBPAILAETCS B TOXKICCTBEH-
HO MCTHUHHBIHN (TOXAECTBEHHO JIOXKHBIN) TPEIUKaT.

Omnpenenenne 16 opmyna anreOpsl JIOTUKU MPEIUKATOB HA3bIBACTCS TaB-
TOJIOTHEH (MMPOTUBOPEUNEM), €CITH MPHU BCAKON MOJCTAHOBKE BMECTO MPEAUKAT-
HBIX TTEPEMEHHBIX JTFOOBIX KOHKPETHBIX MPEANKATOB, 3aJaHHBIX HA KAKUX YTO/I-
HO MHOXKECTBAaX, OHa MPEBPAIIAETCS B TOKJIECCTBEHHO UCTUHHBIHN (TOXIECTBEH-
HO JIOXHBIN ) IPEIHKAT.

[TokaxxeMm, uto dhopmyna V xA(x)= IxA(x) sBasercs TaBronorueu. [1ycts
A(x) — 110060 KOHKPETHBIN MPEUKaT, ONpeleJICHHBIN Ha TI000M MHOXecTBe M.
[TokaxxeM, 4TO TIOCII€ TAKOW MOJICTAHOBKH B (hOPMYJTy MBI TIOJTy4aeM UCTHHHOE
BbICKa3bIBaHHUE.

[Ipennonoxxum npotuBHoe V xA(x)= IxA(x)=0. Torna VxA(x)=I n
dxA(x)=0.

Orcrona cnenyet, uto A(x)= I u A(x)= () OATHOBPEMEHHO, YTO HEBO3MOXHO.

[Tokaxxem, uto dpopmyna A(X)+(V yA(y)) seasercs nporuBopeunem. [Ipea-

MOJIOKUM UTO ATO HE TakK. Torja HailieTcsl KOHKPETHBIN npeaukaT A(x) onpene-
JICHHBIM HA KOHKPETHOM MHOXECTBE M, mocjie moACTaHOBKH KOTOPOTO B UCXO-

Hy!0 ()OpMYJTy MBI TTOJIy4aeM BBIMIOJIHUMBIN TPEAMKAT Ha MHOXKeCTBE M. A 3TO
3HAYHMT, 4YTO Haiith 3HaueHue a u3 M, uro A(a)+(V yA(y))=1. Ho torma A(a)=1

u YV yA(y)=1. Otcrona caenyer, uto A(a)=0 u A(y) — TOXIECTBEHHO UCTUHHBIH
npeaukar Ha M, onHoBpeMeHHoO. [lomyuninu npoTuBopedue.

HaxoxneHue TaBTOJOr il SIBISIETCS. OJJHOM M3 BaKHEUILINX 3a/1a4 JIOTUKH
npenukaToB. B anredpe BhICKa3bIBaHUM CYIIECTBYET alrOPUTM, ITO3BOJISIOIIHIMA
BBISICHUTD, SIBJISIETCS JIU (popMyria ainreOpbl BEICKa3bIBAHUM TOXKIECTBEHHO HC-
TUHHOM WX HET. {151 7TOro Hy>KHO COCTaBUTh TAOJIMILy UCTUHHOCTU (DOPMYJIBI.
Ecnu nocnennuii cTonber COCTOUT TOJNBKO U3 €IUHUIL, TO PopMyia TOXIe-
CTBEHHO UCTHHHA. AHAJIOTHYHAS MPoOIeMa O CYIIIECTBOBAHNUN TAKOTO aJTOPHUT-

Ma BO3HHUKAET U JIJIs1 GopMyJ anreOpsl JJOruku npeankaTos. B 1936 roqy ame-
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pUKaHCKUM MaTeMaTUKoM A. Yépuem ObLIO JOKa3aHO, YTO TAKOTO aJITOPUTMA
He cymiecTByeT. Kaxaas hopMa NoaiexuT u3y4eHUI0 HHAUBUYAIbHBIM METO-
JIOM Ha TOXJIECTBEHHYIO HICTHHHOCTh. TeM He MeHee, /Il HEKOTOPBIX YaCTHBIX
BHUJI0B (hOpMYJI JaHHAs MPOOIIeMa JOIMYCKAEeT pelIeHue, B YaCTHOCTH, s (op-
MyJ aJreOphl TOTUKY TPETUKATOB ONPEACTIEHHBIX Ha KOHEYHBIX MHOXKECTBAX.

JleiicTBUTENBHO, TyCTh (hOpMyIIa aJireOpbl JIOTUKU IPEIUKATOB 3aJaHHa Ha
KOHEYHOM MHOXeCTBe. Torja BMECTO €€ NMpeAUKaTHBIX IEPEMEHHBIX MOT'YT
HOJICTABJIATHCS KOHKPETHBIE MIPEIMKATHI, ONPEEIEHHbIE HA ’TOM MHOKECTBE.
CornachHo Teopemam 6 u 7 onepaiy KBaHTU(PUKALUK Ha KOHEYHOM MHO>KECTBE
CBOJISITCS K KOHBIOHKIIMHU U IU3bIOHKIMU. ClleJ0BaTeIbHO, 3a/1a4a O TOM SIBJIS-
eTcs i (popmyJia TaBTOJIOTHEHN, CBOJAUTCS K aHAJIIOTMYHOM 3a71a4e JIJIsl anreOphbl
BBICKa3bIBaHUM, KOTOpasi 3(HEKTUBHO pa3pernma.

Onpenenenne 17 [Ise bopmynsr F, 1 F, anreOpbl JJOTUKA MTPEIUKATOB
Ha3bIBAIOTCS PABHOCUJIILHBIMU Ha MHOKECTBE M, ecii IipH JIt000H MOJICTaHOBKE
B OTH (POPMYIIBI BMECTO MPEIUKATHBIX MIEPEMEHHBIX JTIOOBIX KOHKPETHBIX Tpe-
JIMKATOB, ONpPEAENIEHHBIX HA MHOXKeCTBE M, GOopMyIibl IPEBPAILIAIOTCS B PABHO-
CUIIbHBIE TIpeanKaTel. Ecnu aBe popMyiibl paBHOCHIIBHBI Ha TIOOBIX MHOXKeE-
CTBax, TO UX OyJeM Ha3bIBaTh MPOCTO PaBHOCWIBHBIMU U 0003HauaTh F,=F,.

B cneayromux TeopeMax npuBOASTCS HanOosiee BaXKHbIE PaBHOCUIIbHbBIE
(dopMyIibl anreOphl JOTUKH MPEIUKATOB.

Teopema 8 (3akonbl 1e Moprana ajist KBaHTOpoB) Creodyrowue gpopmyisl

aﬂ2€6pbl J02UKU npedukamoe PABHOCUJIbHDbL.!

1) WXA(X) = IXA(X);

2) IXA(X) = VXA(X) ;
Jloxkazamenvcmeo 1) Ilyctb A(x) — IpOU3BONIBHBIN KOHKPETHBIM OJJTHOMECT-

HBIWA NPEIUKAT, ONPEACIEHHBIA Ha IIPOU3BOJILHOM MHOXeCTBE M. Torma

VXA(X) 1 IXA(X) - BBICKa3bIBaHHS.
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[Mycts VXA(X)=I1. Torma VxA(x)=0. Otciona cieayert, uto A(x)=1. A 310

3HayuT, uto A(X)==0. Temnepp, cormacHo onpeaenenuto 12 IXA(X) =1.

[Tycts VXA(X)=0. Torma VXA(x)=1. Orcrona cienyert, uto A(x)=1. A 310

3HayuT, uTo A(X) =0. Teneps, cornmacuo onpeaenenuro 12 Ix A(x) =0.

HOK&S&TCHBCTBO OIIpCACIICHUA 2) MMPUBOAUTHCS aHAJIOTHYIHO.

CaeacrBue Cneayromue GopMyIibl anredpbl JOrMKU MPEAUKATOB PaBHO-

CHJIBHBIL: VXA(X) =3xA(X)

IXA(X) = VXA(X)

JIENCTBUTENBHO, COIVIACHO TEOPEME 8 U 3aKOHY ABOMHOTO OTPULIAHHUS TIOJTY-

qaem IXA(X) = VXA(X) = VXA(X) .

Teopema 9 (3aK0oHBI IPOHECEeHHsSI KBAHTOPOB 4epe3 KOHbIOKINI) Cre-
oyrouue hopmynvl aneeopvl 102UKU NPEOUKAMO8 PABHOCUTbHBL :

1) VX(A(X)-B(x))=( ¥ xA(x))(V xB(X));

2) IX(AX)-P)=(3xA(x))-P.

Joxazamenvcmeo 1) Ilyctb A(x), B(x) — mpon3BOIbHBIC OTHOMECTHBIC TIpe-
JVKATBI, OTIpeIeTIEHHBIC Ha MPOU3BOJILHOM MHOXECTBE M.

ITycte V X(A(x)-B(x))=1. Torna A(x)-B(x)=1. CoriacHo cle/ICTBUIO U3 TEOPEMBI
2 A(x)=1 u B(x)=1 ognospemenno. Coriacuo onpexaencauo 11 V XA(X)=1 u
V xB(X)=1. A 310 3Ha4uT, uTO (V XA(X))'( V XB(X))=1.

ITycteb Tenepb V X(A4(x)-B(x))=0. Toraa cornacHo onpenencHuto 11
A(x):B(x) #=1. CornacHo cIeaCTBHUIO U3 TeopeMbl 2 b0 A(x) =1, mubo B(x)
=1. Ho Torna cornacHo onpenencHuio 11 mudo v XA(X)=0, 1udo Vv XB(X)=0. A
910 3HA4MT, 4TO (V¥ XA(X))'( v XB(X))=0.

2) Ilyctb A(x) — IpOU3BOJIBHBINA KOHKPETHBIN OJITHOMECTHBIN MpPEIUKAT,
orpenenéHHbIii Ha MHOXKeCTBe M, a P — MpON3BOIHbHOE KOHKPETHOE BHICKA3bIBA-

HUC.
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[Mycts 3X(A(x) P)=1. Cornacuo onpexaeneuuto 12 A(x)-P==0. Otcrona He-
TPYIHO 3aMeTUTh, 4T0 A(x) =0 u P=1. Toraa coryiacHo onpeaencHuo 12
3XA(x)=1. A 310 3HauuT, uro (IXA(x)) P=1.

ITyctb 3X(A(x) P)=0. Torma coryacuo onpeneneauto 12 A(x)-P=0. Ho Torma
60 A(x)=0, mu6o P=0. A 310 3HAYUT, uTO MO0 I XA (X)=0, Mu60 P=0. OTCrO01a
cienyer, uro (3 XA(x)):P=0. Teopema oka3aHa.

[TokaxxeM, 4TO KBAaHTOP OOITHOCTH YePe3 TU3BIOHKIINIO MPOHOCHUTH HEJb3A,
T.c. VX(A(X) v B(X)) # (VXA(X)) v (VXB(X)).

JleficTBUTENBHO, MMYCTh A (X) — «x HEUETHOE YUCIION, a B(x) — «x 4éTHOE Yuc-
JI0» JIBa TIpeIMKaTa, onpeneaéHHbIC HA MHOYKECTBE HATypallbHBIX uncen. Torma
V X(4(x)Vv B(x)) — MCTUHHOE BhICKa3bIBaHHE «JTFO00E HATYPATHLHOE YUCIIO JINOO

4€THO, 100 HeuéTHO». VXA(X) v VXB(X) - JI0)kHOE BBICKa3bIBaHHE «1H000€C

HaTypaJbHOE YUCIIO HEYETHO WU HATYPAIIBHOE YUCIIO YETHO.

Teopema 9 (3aK0HBI NPOHECeHUs] KBAHTOPOB Yepe3 IM3bIOHKIMI0) Cre-

oyioujue Gopmynsl aneedopsl 102UKU NPeOUKamo8 pasHOCUIbHBL:
1) IX(A(X) v B(x))=(3xA(X)) v (IxB(X)) ;
2) VX(A(X) v P)=(VxA(X)) v P;

Jlokazamenvcmeo Ilycts A(x), B(X) — IpOU3BOJIbHBIE KOHKPETHBIE OJTHO-
MECTHBIE MPEAUKATHI, ONpeIesIEHHbIE Ha MPOU3BOJILHOM MHOXecTBe M, a P —
MPOU3BOIPHOE KOHKPETHOE BHICKA3bIBAHUE.

1) ITyers IX(A(X) v B(X))=1. Torma A(X) v B(x)==0. CoriacHo CIeICTBHIO
u3 Teopembl 3 Moo A(x) =0, mu6o B(x) =0 oqHoBpeMeHHO. CorjiacHoO ompee-

aennto 12 mu6o IXA(X)=1, mu60 IXB(X)=1. A 310 3HAUHMT, YTO
IXA(X) v IxB(x)=1.
ITycts Temepp AX(A(X) v B(X))=0. Toraa coriacHo onpeaencHuio 12

A(X) v B(x)=0. ITo cieactuto u3 teopemsl 3 A(x) =0 u B(x) =0. CormacHo
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onpeneneHuio 12 IXA(X) =0 u IXB(x)=0. A 3T0 3HAYMT, YTO
IXA(X) v IxB(x)=05

2) ITycte VX(A(X) v P)=1. Torna cornacuo onpenenenuto 11 A(X) v P =1.
A 570 3Ha4uT, 9to 160 A(Xx) =1, 60 P=1. Otcroga 6o VXA(X)=1, 1ud0
P=1. B m1060m ciaydae VXA(X) v P =1.

ITyctb Teneps VX(A(X) v P)=0. Toraa cornmacHo onpezaenenuio 11
A(X) v P=1. Orcroaa caenyert, uto P=0 u A(x) =1. Ho torna P=0 u
VXA(x)=0. CinenoBarensno, VXA(X) v P=0. Teopema noka3zana.

[Tokakem, 9TO KBAaHTOP CYIIESCTBOBAHUS Yepe3 KOHBIOKIIUIO TPOHOCHTD
Henb3s, T. €. IX(A(X) - B(X)) # (IXA(X)) - (3XB(X)).

ITyctb A(x)=(X>2), onpenenéuuniii Ha R u B(x)=(x<2), onpeneinéHupiii Ha R.
Torma IXA(X)=1 u IxB(Xx)=1. CaenoBarenbno, (IXA(X) )-(IXB(X) )=1. Oue-
BUAHO, uTo IX((X > 2) - (X < 2)) =0.

Teopema 10 (3akoHBI NPOHECEeHNS] KBAHTOPOB 4Yepe3 MMILTUKAnN) Cre-

oyiouue Gopmynst aneedpsl 102UKU NPeOUKamo8 pasHOCUIbHYL :

DVX(A(X) = P)=3xA(X)) = P;

2) IX(A(X) = P)=(¥XA(X)) = P;

3)VX(P = A(X)) =P = (VXA(X));

4) IX(P = A(X)) =P = (IxA(X));

Joxazamenvcmeo I1ycTh A(x) — MPON3BOJIbHBIN KOHKPETHBIA OHOMECTHBIN
MIPEINKAT, ONPEIEIIEHHBIN HAa MHOXKECTBE M, a P — IpOU3BOJIBHOE KOHKPETHOE

BBICKAa3bIBAHUC.

1) [Iycrs VX(A(X) = P)=1. Toraa coriacuo omnpeaencHuio 11
A(X) = P=1. Otcrona HETPYAHO MOKa3aTh, 4uTo 100 A(x) =0, mu6o P=1. A 310
3Ha4uT, 4yTo 1160 IXA(X) =0, 1160 P=1. B 1000M M3 3THX ClTydacB

(3XA(X)) = P =L1.
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ITyctb Tenepp VX(A(X) = P)=0. Tornaa coriacHo onpeaeneHuto 11
A(X) = P=1. A 10 3Hauurt, uto A(x) =1 u P=0. Torga IXA(X)=1 u P=0. Ot-
ctoga (IXA(x)) = P =0.

2) ITycts IX(A(X) = P) =1. Toraa cornacHo onpezeneHuio 11
A(X) = P=20. Torma 6o P=1, mu6o A(x)=Z=1. B mobom cirydae
(VxA(x)) = P=L1.

[Tycts Terepp AX(A(X) = P)=0. Toraa coryacHo onpeneneHuto 12
A(X) = P=0. A sto 3nauur, uro 4(x) =1 u P=0. Orcioga VXA(x)=1 u P=0. A
s10 3HauuT, uTo (VXA(X)) = P =0.

3) Iycte VX(P = A(X)) =1. Toraa coriacuo onpezaencHuio 11
P = A(x)=1. Orcrona mubo P=0, mu6o 4(x) =1. CiaenosarenabHo, 1160 P=0,
6o VXA(X)=1. B mo6om ciyuae P = (VXA(X)) =1.

ITyctb Tenepp VX(P = A(X)) =0. Torma coriacHo onpeaeneHuto 11
P = A(xX)==1. Torma P=1 u A(x) =1. Orcioga P=1 u VYxA(x) =0. CnemoBaremns-
Ho P = (VXA(x)) =0.

4) ITycte IX(P = A(x))=1. Toraa coriacHo onpeaeineHuto 12
P = A(x)==0. Orcroma mu6o P=0, mu6o A(x) #=0. CnenoBarensHo, mmbo P=0,
an6o IXA(X)=1. A 310 3HaUMUT, yTO cymecTByer P = (IXA(X)) =1.

ITycts Teneps IX(P = A(X)) =0. Toraa cormacHo omnpeacneHuio 12
P = A(X) =0. Orcroga P=1 u A(x) =0. CnegoBarensuo P=1 u IXA(X)=0. A 310
3Ha4uT, ut0 P = (IXA(X))=0. Teopema moka3zaHa.

Teopema 11 (3aKoHBI KOMMYTATUBHOCTH /I KBAHTOPOB): Credyrowue

Gopmynvl aneebpovl 102UKU NPEOUKAMO8 PABHOCUTIbHDL.
1) VXVYA(X, Y) =VYVXA(X, Y);
2) IxIYA(x, y) = Jy3axA(x, y);

JIoKa3aTenbCTBO HEMOCPEACTBEHHO CIEAYIOT U3 onpeneneHus 11 n 12.
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Ipumep 7 Jlokasats, 4to cieayroiias Gopmyna

VX AX B x =3IxA x VXB X gBII€TCSI TaBTOJIOTHUEH.

Jokazamenvcmeo ITycts A(X) n B(X) — mpou3BoSIbHBIC KOHKPETHBIC MTPEIIH-
KaThl, onpe/ielIéHHbIe Ha MHOKecTBe M. [TocTaBUM MX B HCXOIHYIO OpMYITY, B
pe3yJIbTaTe MOYYHM BbhICKa3bIBaHUE. [1oKaskeM, 4TO TaHHOE BHICKAa3bIBAHUE UC-
TUHHO.

1 cmoco® IIpeanonoxum nporuBHoe. [1ycthb

VX AX =B x =3IxA x -VxB x =0.

CornacHo onpeiesICHuI0 UMILTUKALUU

VX AX =B x =] A X =B x =1

IxA X -VXB x =1

Otcrona cienyer, 4To
AXA X -VXxB x =0;

Tornma

A X =B x =], A X =B x =] A X =B x =],
IxXA X =1 Otcrona A x =0, Ho torma { A x =0,

VxB x =1 B x =1. B x =0.

Otcroga cienyer, 4To CYIIECTBYET TaKoe 3HaueHue Xy u3 M, uro

[Tonyuum npotuBopeuune. CreqoBaTelibHO, UCKOMas (hopmyJia sBISETCSA TaB-

TOJIOTHUEMN.

2 cnocod M3BecTHO, uTO A X =B X =A X vB Xx.
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VXA X =3x A X,

IXA X =VXA X, Torna

VX AX =B x =3IxA X VXxB x =

=VXx AXvB X vV

XA X vaIxB x =
=3x AX-Bx vdxB x v

Av'¢ X =

=3Xx AX-BXxXvB x vVXAX

AXx -Bx=AXvVvB x.

=3xXx AXvB x vVXAX =

=3xA X vIxB x viaxA x =1.

JlaGopaTopHasi padora Ne6

|. lokazaTs, yTo ciemyromue GopMyibl aaredpsl JOTUKHA MPEIUKATOB SBIIS-

IOTCA TaBTOJOTHNAMMU:

1) (VB(X,y) = IxB(X, y)) = VXVYA(X, Y) ;

2) ((VxB(x,y)- VX(B(X, Y)) = (VXA(X, y) v YyB(X, Y) ;

3) (VXA(X, y) = 3XA(X, ¥)) = (VXVYA(X, ¥) v 3X3YA(X, Y))
4) ((VxB(X,Y)) v (3xXB(X, Y)) = (VXA(X) < 3xB(X));

5) (vx3yB(x,y) < IxXVYB(X, Y)) v IXVYA(X, Y);

6) (YXVYA(X,Y) < 3IxIYA(X, ¥)) v (FXA(X, Y) = VXA(X, Y));

7) (YX(A(X) = B(x))) = IXA(X)VXB(X);
8) (VXA(X) = IXB(X)) < (IXA(X) v IXB(X));
9) (vXVYA(x,y) = IXTYA(X, ¥)) - (VXA(X, y) < IXA(X, Y));

10) (vxA(x) = 3yB(y)) v (3XA(X) v VyB(Y));

Il. JIoka3aTh paBHOCWJIHBHOCTD CIEMYIONTUX (HOPMYJ anreOphl JJOTUKU TPEIH-

KaToOB:

1) ((YxA(X) v (VYB(y)) = IXA(X)) = VYB(y) = VyB(Y)

2) ((3xA(X) = JyB(y)) = IxA(X)) = JyB(y) = VXA(X) v JyB(Y)

3) (AxA(X) = VXA(X))(3xB(X) = YXB(X)) = VxB(X)

4) (VXA(X) = B(X)) = (IXA(X)) - VXB(X) = VX A(X) = IxA(X)
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5) (VXA(X) = IxB(X)) v (3xB(X) = VXA(X)) = VXA(X) = (3xB(X) = VXA(X))
B) WXA(X) = (YXA(X) v 3XB(X)) = 3XB(X) = (VXA(X) v IxB(X))

7) (VXA(X) - 3XB(x)) = VXA(X) = (VXA(X) - 3xB(X)) = 3xB(X)

8) ((VXA(X) = VXB(X)) = VXA(X)) = VXA(X) = VXA(X) = (VXA(X) = VXB(X))
9) IAMX) = (IXA(X) = VXA(X)) = VXB(X) = (VXA(X) = VXB(X))

10) IxA(X) = (3XA(X) = VXB(X)) = TXA(X) = (IXA(X) = VXB(X))

IV. ITycte P(X), R(X), Q(X), S(X,y) 0003Ha4ar0T MpeauKaThl « X — MPOCTOEC
YUCIT0, «X — HEYETHOE YHCIION, «Y — JICIUTCS Ha X», OIpee/ICHHbIe Ha MHOXe-
CTBE LIENBIX YKceN Z COOTBETCTBEHHO. [lepeBenTe Ha PYCCKUil A3bIK:

1) 3X(R(x)S(x,3))

2) 3X(P(X)S(x,2))

3) YX(Q() = Vy(P(y) = S(x.Y)))
4) IX(R(X)- VY(S(x,y) = P(Y)))
5) Wx(R(X)= S(2,X))

6) I(R(X)=5(2,%)

7) Wx(P(x) = 3y(R(y)- S(x,¥)))
8) Wx(Q(X) = Yy(P(y) = S(x.Y)))
9) 3IX(R(x) = Vy(P(y) = S(x,¥)))
10) 3xX(Q(xX) - vY(S(x, y) = P(¥)))

\/. BEINOTHAMBI T HOPMYIIBL:
1) (3xP(x)-Q(y)
2) (3XVyA(x,Y))- A(x,Y)
3) Wxvyvz(Q(x,y) v Q(Y2))
4) 3xvy(Q(xx)-Q(x, Y))
5) 3xvy(P(x)-P(y))

6) IxvY(Q(x,y) = VzR(X,Y,2))
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1) Ixvy(Q(x,y) = R(xY))
8) (VYVXVzR(X,Y,2))- A(X,Y)
9) Wy(vxQ(x,y) v P(y))

10) vy(@xQ(x, y) = VXxP(X,Y))

VI. IIycte M — MHOXECTBO TOYEK, MPAMBIX U TUIOCKOCTEN TpexmepHoro EB-

KJIMA0Ba npocTpanctBa. Ha 3ToM MHOKECTBe 3a7aHbl CIAEAYIONINE TPEAUKATHI:
1) P(x)=1 <« X-Touka
2) A(X) =1 < X- npsmas
3) B(X)=1 < X- IJIOCKOCTH
4) Q(X) =1 < X- nexuT Ha Y
3anucaTh crieaymoure GopMyIIbl:
1. Yepes kax/ple JBE TOYKHU MOKHO IPOBECTU MIPSIMYIO: €CIIU 3TU TOUKU
pa3IMyHBl, TO Takas MpsiMasi €IMHCTBEHHAS.
2. Yepes Kax/ple TPU TOUKH, HE JIEKAIUE HA OJTHOM MPSAMOM, MOXKHO TpO-
BECTH €AMHCTBEHHYIO TUIOCKOCTb.
3. Ompenenenne MapauIeAbHBIX MPIMBIX.
4. OmnpeneneHue napayiesbHbIX MTOCKOCTEH.

5. Axcuomy EBKiHia 0 mapasuieNbHbIX MIOCKOCTSIX.

VII. SABnsttoTCsI TN TABTOJIOTHSIMH CJICTYIOIIHE (POPMYJIBI:
1) IxA(X) = VXA(X)
2) 3xvyQ(x, y) = Vy3xQ(x, y)
3) VxayQ(x, y) = FyvxQ(x,y)

4) IXA(X) = VXA(X)

5) Ix(AX)(C = B(x))) = (Vx(A(X) = B(x)) = C)

6) VX(A(X) = B(X)) = IXA(X) VXB(X)

7) VX(A(X) = B(X)) = VXA(X) - 3xB(X)
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8) (3XA(X) = VXB(X)) = ¥x(A(X) = B(x))
9) (C = VXA(X)) = VX(C = A(X))

10) (3xA(x) v 3xB(x)) = (3X(A(X) v B(X)))
11) (VXA(x)) - B = VX(A(X) - B)

12) B (YXA(X)) = Vx(B - A(X))

13) B (3xA(X)) = 3x(B - A(X))

14) (3xA(x)) - B = 3X(A(x) - B)

15) B v (YXA(X)) = Vx(B v A(X))

16) (3XA(X)) v B = 3x(A(X) v B)

17) (VXA(X)) v B = Vx(A(X) v B)

18) B v (3xA(x)) = 3x(B v A(x))

19) VXA(x) = B = 3x(A(x) = B)

20) B = VXA(x) = Vx(B = A(X))

21) IXA(X) = B = VX(A(X) = B)

22) B = 3xA(X) = 3X(B = A(X))

Bomnpocsl 1j1s1 CaMOKOHTPOJISE

1 [aiiTe onpenesneHue N -MECTHOTO MpeauKaTa.

2 JlaliTe ompeaeneHuss TOKIECTBEHHO UCTUHHOTO MpeIuKaTa, MpUBEAUTE MPHU-
MEpBHI.

3 JlatiTe onpeseneHre TOKECTBEHHO JIOKHOTO MPEAUKAaTa, IPUBEIUTE TIPUMEPHI.

4 JlaitTe onpeaeraeHre BHIMOIHUMOIO MPEIUKaTa, IPUBEIUTE IPUMEPHI.

5 JlaliTe onmpeaeneHue onepanuy IpUMEHEHHUS] KBAaHTOpa OOIITHOCTH.

6 [laiiTe onpenenenre onepanuy MPUMEHEHUS KBAHTOPA CYIIECTBOBAHUA.

7 JaviTe onpenenenue GOpMyIIbl JIOTUKU TPEIUKATOB.

8 Urto Ha3bIBaeTCa UHTEpIIpETAIIU (POPMYJIbI JJOTUKH MPETUKATOB.

9 Kakue hopMysibl TOTUKHM MPEIUKATOB HA3bIBAIOTCS 3aMKHYTHIMU?
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10 Kakue GopMyIibl JIOTUKU MPEAUKATOB HA3bIBAIOTCS 3AMKHYTHIMU ?

11 Kakue GpopMyJibl JJIOTUKU MPEAUKATOB HA3bIBAIOTCS OTKPBITHIMHU?

12 JlaliTe onpeneneHue BbIMOTHUMOM (POPMYJIbI JIOTUKU MPETUKATOB.

13 JlaiiTe ompeaerneHnue TaBTOIOTHH.

14 JlaliTe onpeneneHre NpoOTUBOPEUUSI.

15 YTto MOKHO CKa3aTh O MPOOJIEME Pa3peITUMOCTH B alIre0pe JIOTHKHU MPEINKa-
TOB?

16 Kakue dhopmynbl anreOpbl JOTUKH MPEIUKATOB HA3bIBAIOTCS PABHOCHIIbHBI-
MHU?

17 Copmynupyiite 3aKoHbI Je-MopraHa aJis KBaHTOPOB.

18 Copmynupyiite 3aKOHBI IPOHECEHUS] KBAHTOPOB Y€pe3 KOHBIOHKIIUIO.

19 ChopmynupyiiTe 3aKOHBI MPOHECEHUSI KBAHTOPOB Y€PEe3 TUZBIOHKIIUIO.

20 ChopmynupyiiTe 3aKOHBI IPOHECEHUSI KBAHTOPOB YePe3 UMILTUKAIIHIO.

21 ChopmynupyiTe 3aKOHBI KOMMYTaTHBHOCTH 7151 KBAHTOPOB.

Jluteparypa

1 Momenckwuii, B.A. Jlekimu mo Matematudeckoi jgoruke [ Tekcr] : yaeOHOE
nocoOue i CTYICHTOB MaTeMaTUYECKHUX CIIEeIUaIbHOCTEN By30B/
B.A .Momenckuit. — Mu.: U3n. Lentp BI'Y, 1973. — 159 c.

2 Cromsap, A.A. Marematuka [Tekct] : yueOHOe mocooue Jyisi CTyAeHTOB (a-
KYJIbTETOB 1O MOATOTOBKE YUYUTEJEH HadyalbHBIX KJIACCOB IEAarormueckux BY-
308/ A.A.Cromnsap, M.IL.Jlenbuyk. — MH.: Beiaiimas mkona, 1975. — 272c.

3 I'mapukun, C.I.Anredpa noruku B 3agavax [Tekcr] / C.I.I'uaaukun. — M.:

Hayxa, 1972. — 288c.

Tema 7
KOHEYHBLIE ABTOMATDBI

7.1 JlerepMuHupoBaHHbIe PYHKIIUU
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7.2 OrpaHu4eHHO-/IETEPMUHUPOBAHHBIE (DYHKIINH
7.3 KaHOHMYECKUE ypaBHEHUA.

7.4 Inarpammbl Mypa

OcHOBHbIE TIOHSITHS 0 TEMeE

ABTOMAaTOM Ha3bIBAIOT TUCKPETHBIN MpeoOpa3oBarenb HPpoOpMaInu, Cro-
COOHBIN MPUHUMATH PA3IMYHBIE COCTOSHUS, IEPEXOAUTH MO BO3ACHCTBUEM
BXOJIHBIX CUTHAJIOB U3 OJTHOTO COCTOSIHUS B IPYTO€ M BBIIaBaTh BBIXOAHBIE CUT-
HAaJIbI.

Ecnu MHOXeCTBO COCTOSIHMI aBTOMATa, a TaK e MHOXKECTBO BXOJIHBIX U
BBIXOJHBIX CUTHAJIOB KOHEYHBI, TO ABTOMAT Ha3bIBAIOT KOHEYHBIM aBTOMATOM.
Bce peanbpHbIe aBTOMATHI SBJISIOTCS KOHCUHBIMHU.

WNudopmarinio, mOCTyMArONIyIO Ha BXOJ aBTOMaTa, M MPeodpasyrolryro
BXOJIHYIO HH()OPMAITUIO MPUHATO KOAUPOBATH KOHEUHON COBOKYITHOCTHIO CHM-
BOJIOB. DTy COBOKYITHOCTb Ha3bIBAaIOT aji(haBUTOM, OTJENbHbIE CHMBOJIBI, 00pa-
3ytomue andaBuT OyKBaMH, a THOOBIC KOHEUHBIE YITOPSIIOYEHHBIC ITOCIEI0BA-
TETHHOCTU OyKB JAHHOTO ayipaBUTa CIIOBAMH B 3TOM ajiaBUTE.

ABTOMAaThI GYHKIIMOHUPYIOT B TUCKPETHBIE MOMEHTHI BPEMEHHU, KOTOpPhIE
0003HavaroOTCA HaTypaidbHbIMK unciiamu =0, 1, 2,.... B ka1t MOMEHT Juc-
KPETHOTO BpPEMEHH Ha BXOJ] aBTOMAaTa MOCTyNaeT OJuH curnai (0yksa), pukcu-
pyeTcs onpeneséHHOE COCTOSIHUE aBTOMATa U C BbIXO/1a CHUMAETCS OJITUH CHUT-
Hasl. PeanmbHbIe aBTOMATBI MOTYT UMETh, BOOOIIE TOBOPSI, HECKOJILKO BXOJIOB U
BBIXOI0B. B HEKOTOPBIX CiIydasx i pelieHus 3a7a4 CUHTe3a YA00HO 3aMCHUTD
TaKNe aBTOMATHl aBTOMAaTaMH C OJJHUM BXOJIOM W OJTHUM BBIXOMIOM. J[J1s1 3TOTO
JOCTaTOYHO 3aKOIUPOBATH COOTBETCTBYIOIIUM 00pa30M BXOIHBIC W BHIXOIHBIE
CUTHAJIBI KicXoaHoTOo andasuta. Ecimu, HanmpuMep, aBToMaT UMEET IBa BX0/a, Ha
KKl U3 KOTOPBIX Mo1at0Tcs curHaiibl O uiau 1, To Bce BO3MOXKHBIE KOMOWHA-

LMY BXOJHBIX CUTHAJIOB MOKHO 3aKoAUpoBaTh 4eThipbMs OykBamu (0, 0), (0, 1),

(1, 0), (1, 1).
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I[Tportecc nuckpeTHOro npeodpa3oBaHus HHOOPMAIUA ABTOMATaMH MOYKHO
OIKCATh C TIOMOIILIO0 TETEPMUHUPOBAHHBIX (YHKITUH.

O6o3naunm uepe3 E*“={0, 1, ..., k-1}, rme K — HekoTOpOE HaTypaILHOE YHC-
710, a yepe3 E, MHOXKeCTBO Bcex K-3HAUHBIX MOCIIEI0BATEIILHOCTEH & TAKUX, YTO
a={a(l), a(2),...,a(t), ...}, rme a(i)e EX mna Bcex i=1, 2,... .

O6o3naunm vepe3 PX MHOkecTBO Bcex (GyHKuid y=f (x.,X,,...,X,) ompenie-
NEHHBIX Ha Ha0opax (a,,a,,...,a,), IIe a, € E,,i=12,...,n U IpUHUMAIOIIHNE 3HA-
yerne u3 E, . Oynknum 3 P mpeoOpa3yroT HaOOphl K-3HAYHBIX TOCIIEI0BA-
TeNbHOCTEH B K-3HaUHBIC TIOCIIEIOBATEBHOCTH. B MHOXeECTBO P BKIIFOUMM Tak
’Ke BCe IMOCea0BaTeIbHOCTH U3 EX, paccMaTpuBas ux Kak (DyHKIIMH, 3aBUCS-
IIFE OT IIyCTOr0 MHOXKECTBA NIEPEMEHHBIX, T. €. KAK KOHCTaHTHI.

C moOMOIIIbI0 BEKTOPHO# 3anicy (PYHKIIMK OT N IEPEMEHHBIX U3 PX MOXXHO
CBECTH K (PYHKITHU OT OHOM niepemMeHHoi. O003HauYuM HaOOp TIEPEMEHHBIX
(%, Xy,...,X,) gepe3 X, BMecTo Y=f(x,X,,...,X,) 0yaem nucats Y=f (X). [Ipu sToM
3HaYeHWE TIepeMeHHor X ecTh BEKTOp a=(a,,a,,...,d,) KOMIIOHEHTaMH KOTOPOTO
SIBJISIFOTCS IIOCTIENOBATENbHOCTH U3 E, , &, ={a;(1),3,(2),...,a;(t),.. },i=12,...,n.
Bynem paccmarpuBath a Kak MocieI0BaTEIbHOCTh BEKTOPOB
a, ={a,(1),a,(2),...,a,(t),.. }, vae a() = (a,(i),a,(),...,a, (i), i =12,....

Takum 00pa3oM, MbI OyJIeM CUNUTATh, YTO BBHITTOTHSIETCS TOXKIESCTBO:
{a,®,a,(2),...,a,(1),.. }.{a, @), a,(2),...,a,(),.. }.....{fa, D, a,(2),...,a,(t),.. }) =
{(a,(@),a,@),...,a,1),(a,(2),a,(2),...,a,(2),...,(a,(t),a,(t),...,a,(t)),.. }.

Jlemma 1 Yucno HabopoB («;,a,,...,«,), e «;, €{01,....k—1},i=12,...,n pas-
HO k".

Urak, ¢pyakuio Y=f(x,,X,,...,x,) € P ¢ MOMOIIbI0 BEKTOPHON 3aITUCU MOXK-
HO cBecTH K (QyHKiuu Y= f(X)eP", rme N=k". Takum oOpa3oMm, H3ydcHHE
dyukuu Y=f(x,X,,...,X,) 13 P MOXHO CBECTH K HU3y4EHHIO (YHKIIUU OT OJ-

HOM nepeMenHoit u3 P", rme N=k".
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Onpenenenne 1 Oyukims y=f(X) u3 P" Ha3pBacTcs JETCPMHHHPOBAH-
HOM, €CJIM KaKOBO ObI HU OBbUIO YMCJIO t M KaKOBBI ObI HU OBLIX MOC/IEI0BATEIb-
HocTH a u b takue, uro a(1l)=b(1), a(2)=b(2), ... a(t)=b(t) 3HaucHue pyukuuii o,
b, 20e o= f(a), Pp= f(b) mpeacTaBasaOT cOOOW MOCIEAOBATEIBLHOCTH, Y KOTOPBIX
TOXKE COBIAJAIOT MEPBhIE I UJIeHOB, T. €.
a(D)=p(1), a2)=P(2), ..., a(t)=p(1).

MHOXECTBO BCeX JeTePMUHUPOBAHHBIX QYHKIHIT 0003HaUNM uepes P,“.

W3 onpesenenns AeTEPMUHUPOBAHHON (DYHKIIUU CIIEIyeT, YTO 3HaucHue o(t)
(o= f (a) ) 3aBUCHUT TOJIBKO OT 3HaYEHHUSI MIEPBBIX  UIEHOB BXOHOM MOCIIE10Ba-
TEJIILHOCTH a, T. €. a(l), a(2), ..., a(t), caemoBatensho a(t)=¢(a(l), a(2), ..., a(t)).

[IpuBeném npuMepsl Kak A1€TEPMUHUPOBAHHBIX, TAaK U HEJIETEPMUHUPOBAH-
HBIX (QYHKLIHMA.

IIpumep 1 Paccmorpum dyukuuio y= f (X) € P?, onpenenénnyro cienyro-

(0,0..),ecru a=(0,0,...)

UM 00pa3zomM f(a)= {(1,1, ...)yecuu a#(0,0,..)

[TokaxxeMm, uto naHHas GYHKINS HEIETEPMUHUPOBaHHAs. J[eliCTBUTENHHO,
BO3bMEM JIBE€ BXOJHBIE IIOCIEA0BaTENbHOCTH &, = (0,0,0,..) 1 a, =(0,01,...). To-
raa f(a)=(0,00,..)u f(a,)=@LL..). CiegoBarensHo, TaHHAs PYHKIUS HETle-
TEPMUHUPOBAHHASL.

Ipumep 2 Paccmorpum GyHKIHO f(X,,X,) =X, -X, U3 P?, onpeneaéHHyo
cnemyronuM oopazoM f(x,X,)= % D)X, @), % (2)-%,(2),..., % (t) - X, (t),... .37Ch
BBIXO/IHAsA [10CJIEA0BATEIBHOCTD — ITOWIEHHAs KOHBIOHKIMS BXOAHBIX I10CIEN0-
BaresbHOCTEW. OueBUAHO, UTO f (X, X,) =X, X, € sz.

Ipumep 3 Paccmorpum dynkuuio z=x+ye P? ocymecTBsiomyo cnoxenue
2-3HAaYHBIX MOCJIEI0BATEILHOCTEN B JBOMUHOMN CUCTEME C OECKOHEUHBIM YHC-

JIOM pa3psaa0B. I[J'I}I 9TOT'0 UCITIOJIBb3YCTCA OOBIYHEIN AJITOPUTM CJIIOKCHUSA ABYX

YUCEJI CTOJTOUKOM
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N ...X(3), x(2), x(1)
.¥(3),¥(2),y()
...2(3),2(2), ().

2
Ouesnno, uto Z(t) onpenensercs Mo nepesM t cnaraeMeIx, T. €. X+ye P °.

JHerepmunupoBanHas GyHKus y = f (X, X,,...,X,) MOXET ObITh IPOUHTEP-
MPETUPOBaHa CleAyomuM 00pa3oM. IIycTh Mbl IMEEM HEKOTOPBIN «IUCKPET-

HBII Ipeo0pa3oBaTeby», B KOTOPOM CYIIECTBYET N BXOAOB X, X,,...,X, ¥ OJUH

BeIXOa f .

X )
N
mmmm f
Xn
— >

Ha Bxompl B MOMeEHTBI BpeMenn t=1,2,...,m, ... Toat0TCs BXOIHBIC ITOCIIe-

JOBATCIbHOCTHU

a, = a{(l),al(z),...,al(t),...1
a, = &1),a,(2),...,a,(t),...

= &0,3,(2),....a,()....

QD
I

N B 5TH k€ MOMEHTHI { Ha BBIXO/1€ BOSHUKAET BBIXOIHAS ITOCIIEOBATENb-
HOCTh a = ¢(1),a(2),...,a(t),... :, npuueM «a = f(a,,a,,...,a,). OueBUaHO, UTO B
JUCKPETHOM mpeobpa3oBareiie 3HaueHHs ¢(t) 3aBUCUT TOJIBKO OT 3HAUYECHUI
BXOJIHBIX TTOCJICIOBATEIbHOCTEH B MOMEHT BpeMeHH 1,2,...,t 1 He 3aBUCHT OT
3HauYeHU B Oyaymire MOMEeHTHl BpeMeHu. [1loatomy npeobpazoBanue f ectb
JIEeTePMUHUPOBAaHHAS (hYHKITHSI.

IIycthb y = f(X,X,,...,X,) € P," . Bplllle MBI MOKa3aJIM, 4TO C MOMOIIBLIO BEK-
TOPHOM 3aIKMCH JaHHYIO (QYHKIIUIO MOXKHO CBecTH K QyHKImU Y = f(X) e P,

rae N =k". PaccmoTpum OeckoHeuHyto GuUrypy:
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[TocTpoena ona cienyromum o0pa3oM, U Ha3bIBaTh €€ Oy1eM JIEPEBOM.

Bo3bMEM npon3BOIIbHYIO BEPUINHY «,, KOTOPYIO HA30BEM KOpHEM JepeBa. 13

Heé poBeniéM N pébep, KoTopbie 00pa3yroT NMepBbIi Apyc. M3 KOHIIOB KaXa0ro
u3 pédep taxke npoBeném N pédep, kKoTopbie 00pa3yroT BTOpOU sApyc U T. 1. Pé-
Opa Ka)xJ0ro mydka HymMepyroTcs ciieBa HanpaBo uuciamu 0,1,...,N-1 win nx
3HAYCHHUSAMH B K-MUHOI crcTeMe CUHMCIICHHMS.

B nanbheiiem Ha pucyHkax HoMepa pEdep OyayT omyckarbes. Jlanee, Kax-
oMy peOpy B IOCTPOCHHOM JIEPEBE MPOM3BOJIBHBIM 00pa30M MPUIHUIIIEM OTHO
u3 yncen MHoxectBa {0,1,...,k-1}. B pe3ynpraTe moayuyum Tak Ha3bIBaeMOE

Harpy>kKeHHoe JepeBo. PaccMoTpuM ciienyroniee Harpy>KeHHOE JEPEBO.

Haunnas nemxeHue ¢ KOpHs jaepeBa, moiaém no péopam. Tak, Hapumep,
nocienoBarenbHoctH (0,0,1,1...), rae uucna 0,0,1,1, ... - HOMepa pédep, cOOT-
BETCTBEHHO, 1-10,2-10,3-10,4-T'0 U T. 1. IPYCOB COOTBETCTBYET BBIACICHHBIN

MapHipyT u nocieaonatensHocTs (0,1,1,1...).
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Teopema 1 @Qyuxyus uz P* 6yoem demepmunuposannou mo2oa u moibko
moeoa, Ko2oa OHa Moxcem ObiMb 3a0AHHA C NOMOUWbIO HACPYHCEHHO20 Oepesd.

Jlokazamenvcmeo TlokaxxeM, 4To T1000€ HArpY)KEHHOE JIEPEBO 3a7aET HEKO-
TOPYIO IETEPMUHUPOBAHHYIO QYHKITNIO. [IeficTBUTEIBHO, TYCTh

d),a(2),...,a(t),... — NPOM3BOJIBHAS TIOCIEI0BATENBHOCTE Yncel, Tie a(i) e EX,
I=1,2,.... Bynem cumrare, 4o a(l) - HoMep pedpa 1-ro spyca, a(2) - Homep ped-
pa 2-ro sipyca u T. A. JlaHHO# 1MOCIe10BaTeILHOCTH B HAIPY)KCHHOM JIepEBE CO-
OTBETCTBYET €IMHCTBEHHBIN MapIIPyT, BEAYIIHH U3 KOpHS JepeBa. Yucia, npu-
IUCaHHBIC BBIJICIICHHBIM peOpaM 00pa3yroT BBIXOIHYIO ITOCIEAOBATEILHOCTh
B(),b(2),...,b(t),... [TokaskeM, 4TO MOCTpOeHHAs PyHKIHS U3 P" sBisiercs je-

TepMuHUpoBaHHON. [Tycth & (1),8,(2),...,a,(t),... u &,(1),8,(2),...,a,(t),... —aBe
BXOJIHBIC ITOCJICAOBATEILHOCTH TaKHE, YTO
a®=a,0,8(2)=a,(2),...,a/()=a,(t). AcHO, YTO MapIPYTHI B HAIPYKEHHOM
JIepeBe, COOTBETCTBYIOIIUE TAHHBIM MTOCIICIOBATEIHFHOCTSIM Ha MEPBHIX 1 sipycax
COBIAAAIOT. A 3TO 3HAYUT, 4TO b, (1) =b,(1),b,(2) =b,(2),...,b,(t) =b,(t), T. e. pyHK-
s JeTepMUHUpoBaHHas. OOpaTHOE yTBEpKIIEHHE O4eBUAHO. TeopeMa JoKa-
3aHa.

PaccmoTpum crieqyronine npuMepsl:

Ipumep 4 f(x)=xeP?. SIcHo, uTo f(X) =X e P2 U uncio pedep, BHIXOS-
IIUX U3 BEPILIUH paBHO N = 2. [TocTpouM n1epeBO COOTBETCTBYIOIIEE JAHHOM

GyHKIUY.

Puc. 1

Hamnpuwmep, Bxoano# nocnenoBarensnoctu {0,1,1,...} Oyaer cooTBETCTBO-

BaTh BXOJIHas mociieaoBarenbHocts {1,0,0,...}.
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Ipumep 5 f(x,y)=x-y e P}, koTOpas 3a1aéTcs CICTYIOINUM 00pa3oM.
f(xy)= XD yD,x2)- y(2),....x(1)- y().... , Tire X(t)-y(t) — KOHbIOHKIHSL.

Jlnst manHoW GyHkmuu K=n=2 u yucno pedep, BHIXOASIIUX U3 BEPIINH PABHO

N=2°=4. Pebpy ¢ Homepom D=(0,0) coorBercTByeT 3HaueHue (0,0)=0

1=(0,1) 0-1=0
2=(1,0) 1-0=0
3=(1,1) 1-1=1.

CremoBaTenbHO, JaHHON (DYHKITMHA COOTBETCTBYET CIICAYIOINIEE HArPY>KEHHOE
JEPEBO.

Ipumep 6 f(z)=x+y eP;, k=n=1, N=1?=1,

X(t) = y(t) (mod2) npu omcymemeuu nepenoca
2(0) = X(t) + y(t) +1 (mod2) npu naruuuu nepenoca

JlepeBo, COOTBETCTBYIOIIEE JAHHON (PYHKIIMU CTPOUTCA CIAEAYIOMIUM 00pa-

3oM. [Iportiecc nmpunuceiBanus pedpaM yucen HauuHaeTcs ¢ 1-ro spyca
0=(0,0) 0+0=0
1=(0,1) 0+1=1

2=(1,0) 1+0=1
3=(1,1) 1+1=0

HpI/I 9TOM, CCJIU ITOABJICTCA IICPCHOC B CJIC,Z[YIOHII/Iﬁ pa3pad, TO KOHEH COOT-

BCTCTBYHOLICTO pe6pa KOHYACTCA KPYKOYUKOM. DTO0 MO3BOJISACT BHIIIOJIHUTH BbI-

YHCIICHHUE B CIEAYIOIIEM sIpyce.
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o1 o1 ol

Bo3bmeM Harpy:xeHHOE JepeBO 711 HEKOTOPOH 1€TEPMUHUPOBAHHON (PyHK-
uun f(X) = f(x,X,,...,X,). IlycTb « - npon3BOIBHAA €ro BepLIMHA N -0 spyca.
JIaHHYIO BEPIIMHY MOKHO pacCMaTpuUBaTh KaKk KOPEHb HATPYKEHHOTO JE€pPEBA.
CornacHo Teopeme 1 OHO ompeensaeT HEKOTOPYIO IETEPMUHUPOBAHHYIO (QYHK-
muro f“(X).

Omnpenenenne 2 /IBa moanepeBa C KOpHAMU &, U «, HCXOAHOrO JepeBa
HA3BIBAIOTCS DKBUBAJIEHTHLIMU, eciik f “(X) = f(X)*?,

OueBHIHO, UTO MIPU €CTECTBEHHOM HAJIOXKEHUH JBYX SKBHUBAJIEHTHBIX IO/I-
JEPEBbEB UX Hymepaluu coBnanaiot. Tak, B gepee Puc.l u Puc.2 Bce nmoane-
pEeBbs DKBUBAJIEHTHBI, a B JAepeBe (Puc.3) moanepeBnsi ¢ KOPHIMH o DSKBUBA-
JIEHTHBI, a C KOPHSAMH ¢ W ; HE DKBUBAJICHTHBI.

Omnpenesienne 3 BecoMm niepeBa U BECOM COOTBETCTBYIOIIEU NETEPMUHUPO-
BaHHOW (DYHKIIMHM HA3bIBAETCS MAaKCHMAaJIbHOE YHCIIO TIOMAPHO HEIKBUBAJICHT-
HBIX NIOJIEPEBHEB.

Hanpumep, Bce dynkmu u3 npumepos 4,5 paeH 1, a u3 npumepa 6 paBeH 2.

Onpenenenne 4 JlerepmunupoBanHas QyHkuus f (X, X,,...,X,) Ha3bIBaeTcs

OTPAaHUYECHHO — JIETEPMUHUPOBAHHOW (YHKIMEH, €CIi OHAa MMEET KOHCUYHBIH
BEC.

Kiracc Bcex orpaHM4eHHO — JIETEPMUHUPOBAHHBIX (DYHKIIUN 0003HAYHUM dUe-
pes POK.D.

O yHKIMU U3 TPUMEPOB 4,5,6 SBIAIOTCS OTPAaHUYEHHO-IETEPMUHUPOBAH HbI-

78



MU (DYHKITASIMHU.

PaccmoTpum ciienyronyo 1eTepMUHUPOBAHHYIO (DYHKIIHIO.

Ipumep 7 f(x)= €10,010,00100001... ePZ. SIcHO, YTO BeC aHHOM
(GYHKIMH =00, T. €. OHA HE SIBJISIETCS OrpaHUYEHHO-IECTEPMUHUPOBAHHOM.

[Mycte  f(X)ePY,, Bec koropoii paBeH [. Paccmorpum andasur
Q ={q(0),q(®),...,q(r -1)}, KoTOpHIK Ha30BEM BHYTpeHHUM aidaBuToM. Kaxmoi
BEPIIIMHE HATPY>KEHHOTO JIepeBa, COOTBETCTRYIoMEeH QyHKIuK f (X) mpUmuiiem
onHy uW3 OykB andaButa Q ¢ COOJIOJEHWUEM CICAYIOIIETO MpaBWiia: SKBUBA-
JIEHTHBIM BEpIIIMHAM MPUITUCHIBAIOTCS OJHU U T€ ke OYKBHI U3 Q. B pe3ynbrare
MOJIy4aeM TAK HA3bIBAEMOE ITOJTHOE HATPYKEHHOE AEPEBO.

Jlist mr060M OrpaHUYeHHO — JAETEPMUHUPOBAHHON (DYHKIIMH COOTBETCTBYIO-
1iee €il MOJIHOE HAarpy»KEHHOE JEPEBO MOKHO CBECTH K KOEUHOMY JE€PEBY C 3a-
HYMEpOBaHHBIMU pedpamMu U BeplunHamMu. Eciay B HEeM NpoOBECTU OTOXAECCTBIIE-
HUE 3KBUBAJICHTHBIX BEPILIWH, TO MOJIYYHM TaK Ha3bIBaeMylo auarpamMmmy Mypa.
B neilt HynéM oTMeUeHa HavYalIbHAs BEPIIMHA U pedpaM MPHUITUCAHBI APl YHCE
(a, b), mepBoe u3 KOTOPHIX 000O3HAYACT HOMEP pedpa, a BTOPOE YUCIIO COOTBET-

cTByIomiee 3tomy pedpy. Tak ¢ynkmms f(x,y)=x-yeP;, COOTBETCTBYET aHa-

(0.0
(2,1]

C e 2

U

(1,0

rpamme Mypa.

A bynkuusa z=x+y P’
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Ilycth y = f(X) - OrpaHUYEHHO-IETEPMUHUPOBAHHAS (PYHKLIHS C BECOM [

[Iycte x ={x(@),x(2),...,x(t),..} - BXomAHasA MOCIEAOBATEIBLHOCTb. Eii cOOTBET-
CTBYET BBIXOAHAsA IociaeqoBareiabHOCTh Y ={y(1),Yy(2),...,y(t),..} ¥ mociexosa-
TEIbHOCTh cocTosIHUM ¢ ={q(1),q(2),...,q(t),.. }.

Bo3pMeM pyryro BXOIHYIO OCHenoBaTebHOCTh X' ={X'(1),Xx'(2),...,X'(t),.. }.
Eit COOTBETCTBYIOT, COOTBETCTBEHHO, BBIXOJHAS ITOCIEA0BATEIBHOCTh U TIOCTIE-
JIOBAaTEIbHOCTh COCTOSTHUM

y' ={y'@.y'@.....y'®)... }
q'={a'®).a'(2).....a'(t),.. }.

B obmiem cnydgae u3 Toro, uto x(t) = x'(t) He ciaemyer, uto y(t) =y'(t) . OnHa-
KO, eciu x(t) =x'(t) u q(t-1)=q'(t-1), To y(t)=y'(t) m q(t)=q'(t). dpyrumu cio-
BaMH 3TO O3HAYaeT, YTO €CJIM JBa OJJTHOMMEHHBIX peopa ( x(t) = x(t) ) BRIXOIIT U3
AKBUBAJICHTHBIX BeplInH (q(t—1) =q'(t—1) ), To OHM OYIyT HArpy>KeHbl OAHOU U
Toil ke OykBod (y(t)=y'(t)) U BXOIUTHh B DKBUBAJICHTHBIC BEPIIUHBI

(q(t) = g'(t) ). D10 03HAUaET, YTO

{Y(t) = O(x(t),q(t-1)) *)
q(t) = ¥(x().q(t-1))

VYpaBHeHus (*) Ha3bIBAIOTCS KAHOHUYECKUMH YPaBHEHUSAMHU (DYHKIIUU
y = f(x). IlepBoe ypaBHEHHE HA3BIBAETCS YPABHEHHEM BBIXOJI, BTOPOE YpaBHE-
HHEM I1epexo/a.

VYpaBHenue (*) MOKHO 3a/1aTh C IIOMOIIBI0 KAHOHUYECKOM TaOJIHIIBI.

X(t) q(t-1) y(®) q(®

[Tycts X(t) u y(t) u3 {0,1}, a q(t) € Q,20¢ |Q| =r. Ecim Bec r<2, To kaHOHMYe-

CKkas Tabiuia ecTh TadJIMIa HCTUHHOCTU. Eciu >2, To kaHOHW4YecKas Ta0JIHIa

HC ABJISICTCA Ta6n1/1ueﬁ uctuHHocTu. Ho ¢ IIOMOIIBIO KOAUPOBAHHUA BCCX YHUCCII
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andaBuTa Q B JIBOMYHOM CHCTEME CUMCIIEHHS Mbl €€ MOXKEM MPeoOpa3oBaTh B
TaOJIMIy UCTUHHOCTH.

PaccmoTpum Tenepb QYHKIUIO OT N IEPEMEHHBIX Y = f (X, X,,...,X,) € P2, ¢
Becom I>1, Q={012,...,r -1} - BHyTpeHHUI asipaBuT. 3aKOIUPYyEM BCE UKCIIA U3
andasuTa Q B ABOMYHON cucTeMe cuncieHus: Habopamu u3 {0,1} mauHHON
| = g, r +1. B 9TOM ciiyuae KaHOHMYECKUE YPAaBHEHUS HCKOMOMN (DYHKI[MH

HUMCIOT BH.

y(t) = DX, (1), X, ()., X, (1), Q4 (t = 1), q, (t -1),...,q (t - 1)
ql(t) = \Pl(x1(t)' Xz ('[),...,Xn (t)’ ql(t _1)' qz(t —1),..-,q| (t _1) (**)

q, (1) =¥, (x, (), X, (©),... X, (1), G, (t - 1), q, (t - D),..., q, (£ - 1)

B nanpHeumem 10roBopuMces, 4TO HAYAJIbHBIE COCTOSHHS B KAHOHUYECKHUX
ypaBHeHusx (**) (0)=0, a B ypaBHeHusx (*) q,(0)=q,(0)=...=q,(0)=0.
IIpumep 8 Haiitu kaHOHHMYeCKHE ypaBHEHUS! QYHKIUH
2= f(xy)=x+yePl,
Panee mMbl moka3zanu, 4yTo BeC AaHHBIX (QYHKIUH paBeH 2 U €€ AuarpaMMa

Mypa

[o,m (1,01

(1,13 Q (3,0 (2,01
..a-”ﬁ“-;H

C:jnll-—_______,_,» D
[31)

21

[TocTponM KaHOHUYECKYIO TaOIHILY.

N—|
o]
—
~+
N—|

X(t) y(t) q(t-1 Z(t)
0 0

PRPOOREFPOO

RPORPORPORFRO

RPRPRRPRRPOOO
RPOOROREK
PRPRPOROO
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I[aHHaﬂ KaHOHHNYCCKas Ta6JII/IHa ABJIACTCA T&6JII/IH€I>1 HNCTHUHHOCTH.

3anuiireM KaHOHUYECKHUE YPAaBHCHHA, UCIIOJIB3YA PC3YJIbTAThI PA31CiIa 3.

{40=§aﬁama—nvi«qaﬁa—nvxaﬁama—nvxawama—n
q(t) = x®)y®at - v x®)y®at -1 v xOyOat -1 v x)y®at -1)

Hcnonb3ys 3aKOHBI aITreOphl JIOTHKA

2(t) = (1) + y(1) +q(t 1)
q(t) = YOt - v x(®at -1 v X))
q(0) =0

Ipumep 9 Haiitn kaHOHUYECKOE YpaBHEHHE IS PYHKIIUM 3a]JaHHOM CJie-

nyrouien nuarpaMmmon Mypa
0,0

(3.0 (1,13

Qlﬂ

CtpouM KaHOHUYECKYIO TaOJIUILY.

X(t) y(© q(t-1) 2(t) q(t)
0 0 0 0 0
0 1 0 1 0
1 0 0 1 0
1 1 0 0 0

2(0) = X(0) + y()
O
TCrHOda {q(O) _0

3ameTuMm, 4TO €civ Bec (QYHKIIMH paBeH 1, TO B KAHOHMYECKUX YPaBHEHUSIX

q(t—1) OyaeTr oTCyTCTBOBATb.

IIpumep 10 HaliTu kKaHOHHMYECKHUE YPABHEHUSI OTPaHUYECHHO-I€TEPMHUHUPO-

BaHHOW (PYHKIIMM 3aJJaHHOM CleAyrolel quarpammoi Mypa:
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(0.1)

(0.0)

(1.0)

(0.0)

(1.0)

(1.0)

SAcHo, uTo Bec nanHou PpyHkuuu paseH 3. [loctpouM kaHOHUYECKYIO Ta0JIH-

Iy JUIsl JAaHHOW (DYHKIIMH:

X(t) q(t-1) y() q()
0 0 0 1
0 1 1 1
0 2 0 2
1 0 0 2
1 1 0 1
1 2 0 2

Jlannas Tabnuua He siBisieTcsd Tadnuieit uctuHHoctu. [IpeoOpaszyem naHHy0

TaONMIly B TAOIMIy UICTUHHOCTHU. JJ1s1 3TOro 3Ha4€Husi BTOPOro U Y€TBEPTOTO

CTOJIOIIA 3aKOJUPYEM B IBOUYHON CUCTEME CUMCIICHMUS:

X(t) ql (t - 1) qz (t - 1) y(t) ql (t) qz (t)
0 0 0 0 0 1
0 0 1 1 0 1
0 1 0 0 1 0
0 1 1 He onpenenena
1 0 0 0 1 0
1 0 1 0 0 1
1 1 0 0 1 0
1 1 1 He onpenenena
JloonpenenuM qaHHy0 GYHKIHIO CICTYIOIMM 00pa3oM:
X(t) Gy (t — l) o (t — 1) y(t) 0, (t) oF (t)
0 0 0 0 0 1
0 0 1 1 0 1
0 1 0 0 1 0
0 1 1 1 1 1
1 0 0 0 1 0
1 0 1 0 0 1
1 1 0 0 1 0
1 1 1 1 1 1
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CocTaBUM KaHOHMYECKHE YPaBHEHUS UCTIONB3Ys anmnapar OyJeBoii anreopsbl:

y(®)=X(t) 6, (t -1 0, -1 v x(t) 6, (t-Da,(t -1 v xt)oy (t-Da,(t -1 =

= X(t) 0, (t =10, (t —1) v g, (t—1)a, (t —D(X(X) v x(1)) =

=x(t) 0, (t D0, (t—1) v v q, (t —1)q, (t—1) =q, (t —1)(x(t) 0, (t—1) v g, (t 1))
0 (t) = (X(t) v 0, (t—1) v 0, (t —D)(X(t) v 0, (1) v 0, (t 1))

A(X(1) v, (t—1) v 0, (t=1)) = (x(t) v 4, (t D) (x(V) v 0, (t-D) v 0, (t 1)) =

oy (t—1) v X@O(X(E) v 0, (t—D) = g, (t-1) v x(t)q, ¢ 1)

a(t) = (x(X) v 0, (t =1 v g, (t ~D)(X() v 6, (t =) v g, (-~ D)(x (1) v

v, E-D v, (t-1) = (g, -D v g, [t -D)XE) v a, (t-1) v g, (1) =

=0, (t—1) v, (t-D(X(E) v 0 (t—1)) = q, (t —1) v g, - D)x(t).

I/ITaK, HCKOMBIC KaHOHHUYCCKHC YPABHCHUA HMCIOT BU:

[y(t) =0, (t -D(x(t) v g, (t -1)
] 4. =0, -1 v x(t)g, -1
d, (1) =g, (t=1) v g, (t ~D)x(t)
L 0,(0)=1,(0)=0

Kaxnoi orpaHM4eHHO-IETEpPMUHUPOBAHHOW MOKHO COIIOCTaBUTh KAHOHU-

yeckue ypaBHeHUs. OHAKO BBIOOp KAHOHMYECKHX ypaBHEHUH HE OJJHO3HAUCH.
DTa HEOTHO3HAYHOCTh CBsI3aHa:
1) ¢ pa3aMYHBIMU CIIOCOOAMU KOAUPOBAHMS COCTOSTHUH.
2) ¢ pa3IMYHBIMH CITIOCOOAMU JTOOTIPEICICHUS (DYHKIIUH.
OdeBHIHO, YTO KAHOHHMYECKHE YPABHEHHUS MO3BOJISIOT BHIYMCIUTh
1o BxoHo# nocienoareabHoctn  a={a(l),a(2),...,a(t),...}
BBIXOJIHYIO TocienoBaTebHocTh  b={b(1),b(2),...,b(t),...}.
Wrak, 1 3agaHusl KOHEYHOTO aBToMaTa (PUKCUPYETCS TPH KOHEYHBIX MHO-

ecTBa (adaBura):

— MHO’KECTBO BO3MOYHBIX BXOJHBIX CUTHATOB X = (X, X5 ,..0,X,)
— MHOKECTBO BO3MOXHBIX BBIXOIHBIX cUrHATIOB Y = (Y1, Ysuees Vi)

— MHOKECTBO BO3MOKHBIX BHYTPEHHHUX cocTosHuit apromata Q = (qq,0;,-..,0, ).
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Ha sTtux MHOXeCTBax 3a/1al0TCs JIBE IETEPMUHUPOBAHHBIC (DYHKITUH:

— ¢yHKIMa nepexonoB ¥, ompenensomas cocrossHue aBromara ((t) mmc-
KPETHOr0 BpeMeHH t B 3aBUCHMOCTH OT cocTosiHus aBToMata ((t-1) u 3HadeHus
BXOJTHOT'O CHTHaJIa B MOMeHT Bpemenu t: q(t)= P(x(t),q(t-1))

— (GyHKIHS BBIXOAOB @D, OMpeaessionas 3aBUCHMOCTh BBIXOAHOIO CHTHAIa
aBTomara Y(t) ot cocrosinus aBromata ((t-1) u BxomHoro curana X(t) B MoMeHT
Bpemenn t: y(t)=@(x(t),q(t-1)).

Kpome Toro, Ha MHOXKECTBE COCTOSIHUI aBTOMaTa (PUKCUPYETCS OJTHO U3

BHYTpeHHUX coctossHui ((0) B kKauecTBe HAYATLHOT'O COCTOSIHHS.

JlabopaTopHast padora Ne7
|. SABnsitoTCs U AETEPMUHUPOBAHHBIMU QYHKIUSAMHE CICAYIONINE PYHKIIUN:
1. f(X(1)x(2)...x()... )=x(2)x(3)...
2. f(x(1)x(2)...x(t)...)=x(1)x(2)x(1)x(2)x(3)...
3. f(x(1)x(2)...x(t)...)=1010010001...010..010

n_pas

4. f(x(1)x(2)...x(1)...)=0101101110...10..01...

n_pas

5. f(x(1)x(2)...x(t)...)=x(1)x(1)x(2)x(2)x(3)x(3)...

Il. BeIsicHUTB, SIBJISIETCS JIM CJIEYIOIIAsi OTPaHUYE€HHO-IETEPMUHUPOBAHHOMN

U HAWTH €€ BEC:

y@)=1
L W) =xt-1),t22

y@)=y(2)=1
y(t)=x(t-2),t>3

y@) =1
3y =yE-D.t>2
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y@) =0
Cly) =yO) -1 t>2
y@® =0
" ly@)=x(t-1) t=0
6 y@)=0
Ly = x@) + x(t -1)
5 y@) =1
Ly = x() v x(t-1)
y(2t) = x(t+1) t=>1
'{Y(Zt—1)=x(t) t>1
y(2t) =x(t+1) t>1
D ly@-)=x@) t>1

9

1Q{ y() =0
yO)=x{t)+ylt-1) t>2

I1l. [TocTpouts aunarpammy Mypa, KaHOHUYECKYIO TaOJUIy U KAHOHHUYECKHUE
YpaBHEHUS ISl CAEAYIOIMX (DYHKIIHIA.

L[ ov@-n=x@-y t21
'{VQU=XQ0+VQP4) t>1

y@ =1
sy = x(E-D+x(t) t>2
Sy =xt-1)  t>2
{ y@®) =0
ly) =x(t-1)

y@) =1
y(t)=x(t) t>1

4
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Bomnpocsl 1j1s1 CAMOKOHTPOJIS
1 JlaiiTe onpeneneHne AeTEPMUHUPOBAHHON (hYHKITHH.
2 [IpuBenuTe mpUMephl 1€TEPMUHUPOBAHHBIX (DYHKITHM.
3 IIpuBenuTe mpuUMepbl HEACTEPMUHUPOBAHHBIX (DYHKITUH.
4 TlpuBenure rpa@uUecKyr0 HHTEPIPETALUIO IETEPMUHUPOBAHHBIX (DYHKITHIA.
5 Uto Takoe 6eCKOHEUHOE HArPyKEHHOE JIEPEBO?
6 Uro Takoe Bec OECKOHEYHO HArpy>KEHHOTO JiepeBa?
7 Kakue pyHKIIMM HA3BIBAIOTCSI OTPAHUYEHHO JETEPMUHUPOBAHHBIMH?
8 [IpuBeanuTe mpuMepsl OTPAaHUYECHHO IETEPMHUHUPOBAHHBIX (DYHKIIUH.
9 [IpuBenuTe MpUMepsl HEOTPAHUYEHHO AETEPMUHUPOBAHHBIX (YHKITHIA.
10 Yto Ttakoe muarpamma Mypa?
11 JlaiiTe onpeneneHne KAHOHMYECKUX YPaBHEHNUI OTPAaHUYEHHO JETEPMUHUPO-

BaHHBIX (DYHKIUH.

Jlureparypa
1 S6nonckuit, C.B. BBeaenue B auckperHyro MmateMaTuky [Tekcr] : yueOHOoe
nocoOue i By30B 10 cnienuanbHocTh «lIpukiaanas maremaTukay/

C.B.A6nouckuii. — M.: Hayka, 1979. — 272c.

Tema 8
PEKYPPEHTHBIE ®YHKIIUAU
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8.1 Onepanuu cynepno3uiuu, IPUMUTUBHON PEKYPCUU U MUHUMU3AIIUH.

8.2 YacTUYHO-PEKYpPCUBHBIEC (PYHKIINH

OCHOBHbIE IOHSATHS 110 TeMe

B nmanpHeiieM moa MHOKECTBOM HaTypaiabHBIX uncen N OyaeM MmOHUMATh
muoxkectBo N={0,1,2,....k, ...}

ITyctb Y= (X1, Xy, ..., Xn) — PyHKIHS OT N IepeMeHHBIX. O003HauIM D(Y) —
obustacth onpeaeneHus GyHkipu Y= (X1, Xp, ..., Xn) E(Y) — obsnacTh 3HaueHMIH
bynkun Y= (X1, X, ..., Xn)

Oyukius Y=F(Xy, Xy, ..., X,) Ha3bIBACTCS YUCIOBON PYHKIIUEH, €CITH:

1) D(y)=N x-N-x ... x-N=N";
2) E(y)e N
Oyukius Y=f(Xy, Xp, ..., X,) Ha3bIBaCTCS YACTUYHO YHMCIOBOM (pyHKIMEH, ec-
a: 1) D(y)cN x:- N-x...x:N=N";
2) E(y)cN.
Crenyrolye YuciIoBbie (YHKIMU Mbl Oy/ieM Ha3bIBaTh MPOCTEHIINMHU:
1) O(X)=0 — Hynab-pyHKIHS;
2) 1" (X1, X2, .v0, Xn)=Xm, IS M< N — QyHKIUS TOBTOPSIONIAS 3HAUCHUE CBOUX ap-
'YMCHTOB;
3) S(X)=x+1 — pyHKIMS cenoBaHHMS.

OmnpenenuM CICAYIONIME TPH ONEPAldU: CYNEPIO3UIIUU, IPUMUTHBHON pe-
KYPCUHM U MUHUMHU3ALINH.

Onepanus cynepno3uuuu

Bynem roBoputh, uTo N — MeCTHAs PYHKIIUSA ¢ MOAydYaeTCs M3 M — MECTHOM
GyHKIMYU ¥ 1 N — MecTHBIX QyHKuui f1,f, ..., T, ¢ momomero onepanuu cynepmo-
3HIIAH, SCITU JIJIS BCEX X1,Xa, ..., Xy CIPABEUTMBO PABEHCTBO:

O (X1, X2, oo, X)) =w( T1(X1, X, ..., Xn), ..., Tn(X1, X, ..., Xn))

Onepauusi NPUMUTUBHON peKypCcHHU
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Bynem roBoputh, uto (N+1) — MecTHas ¢yHkuus f momyuyaercs u3 N — mMect-
HoM ¢yHKimK g U (N+2) — MecTHON QyHKIMU N ¢ TOMOIIBIO OTIepaIiK PUMH-
TUBHOM PEKYpPCHUH, €CIIU MPHU JIIOOBIX 3HAUCHUSIX X1, X, ..., Xn BBITIOJIHSIETCS pa-
BEHCTBA!

f(X1, X2, ..., Xn, 0)=0 (X1, X2, ..., Xn)

f(X1, X2, ..., X0, )= h(Xy, X2, ..., X0, O, f(X1, X2, ..., X, 0))

f(X1, X2, ..., xn, Y+1)=h(X1, X2, ..., 20,Y,f(X1, X, ..., Xn,Y)).

OTU paBEHCTBA HA3BIBAIOT CXEMOM MPUMUTUBHOM pekypcuu. M Tot dakT, uro
¢Gyukius f monyuyaercs u3 ¢pyHkuuid g, h C momoIpo onepanud IPUMUATHBHON
PEKypCHH, 3aIMChIBaeTCs cieayromumM oopaszom: f=R(g,h).

Onpenenenne 1. @yuxius f Ha3pIBaeTCS MPUMUTHBHO PEKYPCUBHOM (YyHK-
Uel, ecly OHAa MOJIy4aeTcsl U3 MPOCTEHIINX (QYHKUUNA C MOMOLIBI0 ONepalui
CyNEepHO3ULIUA U TPUMUTHUBHON PEKYpPCHUH, B3SAThIX KOHEUHOE YHUCIIO pa3 B JIIO-
001 moCIe10BAaTENBHOCTH.

W3 manHOTO OmpeneneHust CiemyeT, 4To Jito0as MPUMUTUBHO PEKYpPCUBHAS
(GYHKITUS SABIISIETCS YUCIOBOU (DYHKITUECH.

MHOXeCTBO BCE€X NMPUMUTHUBHO PEKYPCHUBHBIX (PYHKIUN 00O3HAYMM uepe3
Pnp.

IMpumep 1 [Jokazars, uro pynkrws f(X,y)= X+Yy NIpUMHUTHBHO PEKYPCHUBHA.

HenictBurenbHo. CripaBeIIvBbI CIEAYIOLINE TOXKAECTBA!
f(x,0)=x+0=x=g( Xx)

f(x,y+1)=x+(y+1)=(x+y)+1 =f(x,y)+1
Otcrona cnenyer, uto X+y=R(g(x)=X, h(x,y,z)=z+1). Tak kak ¢pyHkuwu ¢, h —
npocreimue QyHKIuu, To X +y €Py

IMpumep 2 Jlokazats, uto pyHKIms f(X,y)=X'y IpUMHTHBHO peKypCHBHA.

HeiictButenbHo. CripaBesIMBbI CIEAYIOUIME TOXKIECTBA:
f(x,0)=x-0=0=9(x)
f(x,y+1)=x(y+1)=xy+x=f(x, y) +x.
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Otcroga cinenyer, uto X+y=R(g(x)=0, h(x,y ,2)=z+x).
Kak cnenyer n3 npumepa 1 ¢ynxuust h(X,y,z)=x+z P, A 3To0 3HauuT, 4TO
Xy (S Pnp

X—Y,ecnu X 2Y
PaccmoTpuM GyHKIMIO  X-y=
0,ecu X<y

JlanHyo GyHKIHMIO Ha3bIBAIOT YCEUEHHOM Pa3HOCTBIO.
Ipumep 3 [Tokazare, uro pyHkims f(X,y)=X-y NPUMUTHBHO PEKYpPCUBHA.
B nauane 3amernm, 4To pyHKIHS X-1 NPUMUTHUBHO peKypcuBHa. JleHCTBH-
TEILHO:
0-1=0=g(x)
(x+1) ~1=x=h(x,y)
CnenosarenbHo, X-1=R(g(x)=0,h(x,y)=x). Utak, Xx=1eP,
Jlanee, HETPYIHO TMOKAa3aTh, UCXOJs U3 ONPEICICHUS YCCUEHHOW pa3HOCTH,
9TO 3TH (PYHKIIUU yJOBIETBOPSIOT TAK)KE PABEHCTBAM:
X=-0=x=g(X)
X=(y+1)=(x=y) ~1=h(x,y,x~y)
JUTS THOOBIX X U Y. JlaHHBIE TOXIECTBA IMOKA3bIBAIOT, YTO
X=y=R(g(x)=0, h(x,y,2)=z - a).
Taxk xax ysaxuust h(X,y,2)=z= a €Pnp, To X~y ePp .
Tak xak Jo0ass TNPUMHUTHBHO PEKYpCHUBHAs (DYHKIHS SIBJISICTCS YUCIIOBOM
(QyHKIMEN, TO, 0O4EBUIHO, YTO XY ¢ Py

Ipumep 4 ITokaxeM, 9TO |X— Y|— MPUMUTHBHO PeKypCHBHAs (QyHKIIHL.
HeticrBurensHo. HetpynHo nokasars, 4to [x — y|=(X=y)+(y = X). Teneps mo-

JIy4eHHBIN pe3ynbTaT ciaeAyeT u3 npumepa 1 u npumepa 3.
Onepanusi MUHMMH3AIUU. ByneM TOBOpUTH, YTO N-MeCTHAs (QYHKIHS
g(X1,Xa,...,X,) monyuennas u3z (N+1)-mectHot ¢pynHkuu f(Xq,Xo,...,Xn,Y) ¢ MOMO-

b0 OII€palyi MUHUMHU3ALKUN WKW OIICpaTopa HAMMCHLIICTO 4YMUCIIa, CCIIN 1A
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JFOOBIX X1,Xa,...,Xn,Y PaBEHCTBO {(X1,X2,...,Xn)=Y BBIMOJHACTCS TOTJA U TOJBKO
TOrJa, KOTa:

1) f(X1,Xa,...,Xn,t) onpeneneno u f(Xy,Xo,. .., Xn,t)>0 11 mobbix 0<t<y;

2) f(Xq,Xa,...,%Xn,Y)=0.

Ecin xakoe-nu60 u3 ycnoBuil 1), 2) Oyner HEBBINOIHEHO, TO (PYHKIUSA
g(X1,X2,...,X,) HE OIpeIeIeHa Mpu Habope X1,Xy,. .., X, Kopoue roBopsi, BennuuHa
g(X1,X2,...,X,) paBHa HAaUMEHBIIIEMY 3HAYCHHUIO apryMEHTa Y, MPU KOTOPOM BHI-
HOJIHSIETCS MTOCJIETHEE PABEHCTBO.

Hcmone3yercs CIIeayIOIIee 0003HaYEHHE: g(X1,Xa,...,Xn) =
My [f(X1,X2,. . .,Xn,Y)=0].

[Tpo ¢dyHKIMIO § TOBOPAT, YTO OHA Mody4deHa U3 (yHkiuu f mpu momoru
orepauu MUHUMHU3AIUH.

Onpenenenne 2 Oynkus f Ha3pIBaeTCS YaCTHYHO PEKYPCUBHOMN ()YHKITHEH,
€CJIM OHA MOXKET OBITh MOJyY€Ha U3 MPOCTEHIINX (PYHKIUN C TOMOIIBIO Onepa-
IIUU CYTIEPIIO3UIINH, MPUMHUTUBHOW PEKYPCUU U MUHUMHU3AINH, B3SITHIX KOHEY-
HOE YHCIIO pa3 B JIIO0O0 MOCIeA0BaTEIbHOCTH.

Knacc yacTuyHo pekypcuBHBIX (DyHKIUI 0003HaUUM Pyp.

O0o3HaunM yepes P, - KIacc peKypCcUBHBIX (DYHKIMM, T.€. BCEX YMCIOBBIX

Gynxmii u3 Py,
X
Ipumep 5 Jloka3zaTh, YTO YACTUYHO YHUCIOBAST PyHKUUA ¢(X) = 5 YaCTUYHO

pEKypCHUBHa.

Bnavame 3ameruM, YTOo JaHHasg QYHKIUS ToOJdy4aeTcs ©3 (QyHKIHH
X
f(x,y)= |x— 2y| C IIOMOIIBI0 OIepallii MUHUMHU3ALINH, T.€. 2 = My(|x_ 2y| =0)-
CornacHo mpumepam 2 u 4 ¢ynxnus f(X,y) =|x—2y| IPUMHUTHUBHO pEKyp-

X
CUBHA. A 3TO 3HAYUT, YTO g(X) = - acTH'IHO PEKyPCHBHAS byHKIHA.
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J_—[aHHHﬁ IMPUMCP IMOKA3bIBACT, YTO KJIACC Prp CYIICCTBCHHO MIHUPC, YEM KJIaCC

Pp. MoxHO cka3aTh, 4T0 1 Kiacc P, cymecTBeHHO mupe, 4eM knacc Py, T.e. Py

JlabopaTtopHasi pa6ota Ne8
|. Kakue pynknmu noiaydarorcs u3 g ¥ h ¢ mMoMOIIbI0 CXeMbl IIPUMUTUBHOM

peKypcuun

1. 9(x)=x, h(x,x

X, %) =X+ X,
g(x) =X, h(x,%,,X;) =X +X,
9(x)) =2%, h(x, X, X;) = X;'
g(x,) = X, h(x,,X,,%,) = X2
g(x) =x,, h(X,X,,X;) =X°
g(x,) =3, h(x,,X,,X,) = X2
g(x) =3, h(X;,X;,X;) = X*
g(x) =X, h(x,X,,%,) = %X,
g(x) =%, h(x,X,,X,) = X, X,
10. g(%,) = X;, h(X,, X,,X,) = X;2

© © N o 0o B~ w BN

Il. Jloka3zaTh NPUMUTUBHYIO PEKYPCUBHOCTH (QYHKIIUU

1. f(x)=n

2. f(X)=x+n
3. f(x)=xt

4. f(x)=x°

5 f(x)=xt

6. f(x)=2"

7. f(x)=5"
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0,ecu x=0
8. Sgx=
1 ecmm x>0

— |0,ecm x>0
9. Sgx=
lecmx=0

. 0, ecux=0
10.x-1=
X—1ecmu X >y

11. L eJas YacTh OT X
2 2

12X. B 0, ecmx <y
Y= X— Y, ecmu X >y

13. f (%, y) =|x— V|
14. f(x,y) = max(x, y)
15. f (X, y) = min(x, y)

16. f (x,y) = X— y?
17. f(x,y) = x* +y?

18. f(x,y):{ﬁ}:{ X,ecm y =0

y 11e1ast 9acTh OT AeieHus X Ha Y, ecu Y > 0

| 0
19. (X, y) = rest(x, y) = { X eemy

OCTaTOK OT jesyieHust X Ha Y, ecim Y > 0

20. f(X,¥) =x+Yy (cymma mo Mmomyio 2)

[1l. TIpumeHuB omnepanuio MUHUMH3ALUN K TOIXOASIIEH MPUMUTHBHO pe-
KYPCHUBHOH (PYHKIIMH, JOKa3aTh, 4TO QyHKIMS f sBiIseTcs 9acTHIHO peKypCcHUB-
HOM.

1. Hurpae ve onpezaenennas ¢yukius f, T.e. pyukuus f ¢ mycToit 061acThiO

ONPEIEIIEHUS
2. f(xy)=x-y
3. T(x)=3-x
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4. f(x,y)=x-2y

X
5. f(x)==
(9=
6. f(xy)=2>
y
X
7. f(Xy) = —
(X, Y) 1_2y
8. f(xy)=——0
X—y
9. f(x,y)=—2
1-xy

10. f(x,Y)=X—+1

Bonpocsl 1j1s1 CAMOKOHTPOJISA
1 MaiiTe onpenesieHue onepauu Cynepro3ulluu.
2 Kakue pyHKIIMM HA3BIBAIOTCS YHCIOBBIMU (QYHKITUSIMU ?
3 Kakue QpyHKIMM HA3BIBAIOTCSA YACTUYHO-YUCIOBBIMH?
4 Kakue (pyHKIMY Ha3bIBAOTCS MPOCTEHIINMU?
5 [laiiTe onpenenenne onepayi NPUMHUTUBHOW PEKYPCUH.
6 laiiTe onpenenenrue onepanui MUHIMHU3AIIHAH.
7 Kakue (pyHKIMH HA3bIBAIOTCS MPUMUTUBHO-PEKYPCUBHBIMU ?

8 Kakue pyHKIMM Ha3bIBAIOTCS YACTUYHO-PEKYPCUBHBIMU?

Jlureparypa
1 SA6nouckuii, C.B. BBenenue B TUCKpeTHYIO MaTeMaTuky [ TekcT] : yueOHoe
nocoOue AJid By30B 10 crienuanbHocTH «l[pukinagHas maTemaTukay/

C.B.A6nouckuii. — M.: Hayka, 1979. — 272 c.
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Tema 9
MAULINHA TBIOPUHT A

9.1 OnpeneneHue MammHbl THIOPUHTA.

9.2 Berurcnumeble 1o ThIOpUHTY (QYHKITUH.

OcHOBHBIE IOHATHS 110 TEME

[TonsaTue anroput™Ma CTUXUHHO (HOPMUPOBATIOCH ¢ JApeBHEHITUX BpeMeH. Co-
BPEMEHHBIN YEJIOBEK MOHUMAET IMOJ] aJITOPUTMOM YETKYIO CUCTEMY MHCTPYKIIUM
O BBITIOJIHEHUU B ONPEACICHHOM IMOPSIKE HEKOTOPBIX JCUCTBUN JJISI pPEIISCHUS
BCEX 3aJ1a4 KaKoro-To JaHHOIO KJjiacca.

MHoOrouuciieHHbIe U Pa3HOOOPa3HbIEC AJITOPUTMbI OKPYKAIOT HAC OYKBaJIbHO
BO BCeX cdepax )KU3HU U JACSTEIHHOCTH.

Bosnbiioe KoJIU4ecTBO aITOPUTMOB BCTPEUAIOTCS IIPU U3YYEHUM MAaTEeMaTHUKHU
OYKBaJIbHO C TIEPBBIX KJIACCOB IIKOJIBI. ITO, MPEXkKJE BCEro, arOPUTMBbI BHITIOJ-
HEHHUS YeThIpeX apupMeTndecKux ASHCTBHUIN HaJl pa3IMYHBIMHM YUCIaMU — HaTY-
paJbHBIMU, IEIBIMH, APOOHBIMU, KOMIUIEKCHBIMU. [IpuMepaMu U3BECTHBIX all-
TOPUTMOB SIBJISIFOTCSL alropuT™ EBKiuga HaxoKJaeHusT HauOOJbIIEro OOIIero
JENMUTENs IBYX HATypaJIbHBIX YKCEN, BBIYMCICHUE OMpPENeTUTeNeH pa3IndHbIX
MOPSIIKOB, BBIUMCICHUE PAHTOB MATPHI] C PAllMOHAIBHBIMHU dJIEMEHTaMU, MpPH-
OJIMDKEHHOE BBIUMCIICHUE KOPHEN YpaBHEHUM U T.]1.

B nHauane XX Beka y MaT€eMaTUKOB Hadyalud BO3HUKAThb MOAO3PEHHS B TOM,
YTO HEKOTOPbIE MACCOBBIE 33/1a4M, TTO-BUIMMOMY, HE UMEIOT aJITOPUTMHUUECKOTO
peuienus. s TOYHOTO JOKa3aTeNbCTBA HECYIIECTBOBAHUSI KAKOT0-TO OOBEKTa
HEO0OXOIMMO UMEET TOYHOE MaTeMaTH4YecKoe onpeneneHue. IlepBbie paboThI 110
YTOUHECHHIO TIOHSATUS aJTOPUTMa M €r0 M3Y4YEHHUIO ObUIM BBIMOJHEHBI B 1936—
1937 rr. A. Tetopunrom, 3. [Toctom, K. I'enenem, A.A. MapkoBbiM, A. Uepuem.

bru10 Bblpa6OTaHO HCCKOJIBKO OHpC,Z[CJICHI/II\/’I IMOHATHUA aJIrOpUTMaA, HO BIIOCIICH-
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CTBUU BBISICHUJIOCH, YTO BCE OHM PABHOCWIJIBHBI MEXIY COOOM, TO €CTh orpee-
JISIFOT OJTHO U TO JK€ MOHATHE.

Maimunbl ThlopuHra €cTh MaTeMaTudeckasi (BooOpa3umas) MallivHa, a He
MammHa gu3nyeckas. OHa eCTh TAKOM K€ MaTeMaTUYEeCKUN OOBEKT, KaK (PyHK-
[Usl, IPOU3BOJHAS, UHTETPAI U T.J. A Tak *e, KaK U JPYyrue MaTeMaTHYECKUE
MOHATHS, TIOHATHE MaliuHa ThIOPUHTA OTpaXaeT OOBEKTUBHYIO PEabHOCTD,
MOJEIUPYET HEKUE PEAIBHBIE MPOLIECCHI.

Mammuna TeropuHra COCTOUT U3 JIEHTHI, YIPABIAIOLIETO YCTPOMCTBA U CUH-
THIBAIOLLIEH T'OJIOBKHU.

Jlenta pazobura Ha sueitku. Bo BCAKoi s;ueiiKM B KaXKIbIii MOMEHT BPEMEHU
HaXOJUTCS B TOUHOCTH OJMH CUMBOJI U3 BHEIIHETO ai(aBuTa
A={ag, aj, ...an.1 }, N>2. Hexoropslii cUMBOJI andaBuTa A Ha3bIBACTCS MYCTHIM,
mro0ast siueiika, cojepskaiias B JaHHBIA MOMEHT IMyCTOM CUMBOJI, Ha3bIBACTCS
nmycToi siueiikoid. B nanbHeiemM B kayecTBe BHENTHEro aldaBuTa Oyaem uc-
nosnb3oBath A={0,1}, re B Ka4yecTBe MyCTOro CUMBOJIA OyJe€M MCIOIb30BaTh
O(Hynp). B Kaxablii MOMEHT BPEMEHH JICHTA COJEPKUT KOHEUHOE YUCIIO STYEEK,
HO B TIporiecce paboThl MAIIMHBI MOKHO TIPUCTPANBATh HOBBIC STUYCHKU B ITYCTOM
COCTOSIHUH.

VYnpasisroniee yCTpOUCTBO B KaXKJIbIii MOMEHT BPEMEHHU HAaXOAUT B HEKOTO-
POM COCTOSTHHH (]j, MPUHAIekKaIee MHOKECTBY Q{qo,d1,...,0r-1}, F>1. MHOXe-
cTBO Q Ha3bIBaeTCsl BHYTpeHHHUM aidaBUTOM. B nanpHeinieM HayaibHOE CO-
cTosiHME Oy/ieM 0003HaYaTh CUMBOJIOM (1, & 3AKIIOYUTEIEHOE CUMBOJIOM (-

CuuThiBaronias rojioBKa MEPEMENIAeTCsl BAOJIb JICHThI TaK, YTO B KaXKIbIH
MOMEHT BpeMEHU OHa 0003peBaET POBHO OJIHY SUEHKY JIEHTHI. ['0JI0BKa MOXKET
CUUTHIBATh COJEPKUMOE 0003peBaecMOl SYEHKH U 3allMChIBATH B HEE BMECTO
0003peBaeMOro CUMBOJIa HEKOTOPBIM HOBBIN CUMBOJI U3 BHEIIIHETO aji)aBuUTA.

PaGora mamuusl Teropunra onpenensiercs nporpammoit. [Iporpamma co-
cTout 3 komMana. Kaxmas komaH1a mpeacTaBisieT OO0 BRIpaXKEHUE OJTHOTO U3

CICAYIOIICTO BHAA:
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1. gigj—qxae
2. gidj —qkde R
3. 0idj —qk e L

Komanpga 1 3akirodaercs B TOM, YTO COAEPKUMOE d; 0003pEBAEMOI Ha JIEHTE
AYEUKH CTHPAETCS, a Ha €ro MECTa JIOMHUCHIBAETCS CUMBOJ 8, (KOTOPBIA MOXKET
COBIIAJAAThH C @j ), MAllIMHA IIEPEXOAUT B HOBOE COCTOSTHHE (x (OHO MOKET COBIIA-
JaTh C MPEIBIIYIIAM COCTOSTHUEM (j ).

Komanna 2 paGortaer aHamormyHo komaHjae 1, U JOMOJHUTENLHO CIBUTAET
CUYUTBIBAIOLIYIO TOJIOBKY B COCEHIOIO CIIPaBa SIYECHKY.

Komanna 3 paGortaer aHamornyHo koMmasje 1, U JIOMOJHUTEIHHO CIBUTaeT
CUMTHIBAIOIIYIO TOJIOBKY B COCETHIOIO CJIEBA STYEHKY.

Ecnu cuuTthiBaroiasi roJoBKa HaXOJIUTCA B KpalHel crpapa (ciieBa) siuelku
JIEHTHI ¥ MPOUCXOJIUT €€ CIABUT BIPaBO (BJIEBO), TO K JICHTE MPUCTPAUBAETCS HO-
Bas SYEHKA B ITyCTOM COCTOSHUMU.

ManmHHBIM CJIOBOM WK KOH(Urypalreil Ha3bIBaeTcs CIIOBO BUA

aig,aly,...,qal,. .., aly,
rae ajje A, ke Q. CuMBOII ( MUIIETCS MEPE] CUMBOIOM 0003pEBAEMON STUEHKU.
[Tpudem cuMBOI (x MOKET OBITH CAMBIM JIEBBIM, HO HE MOXET OBITh CaAMbIM TIpa-
BBIM.

B nanbHelimeM OyaeM HCIONB30BaTh ClEAYIOMIUE 0003HAaUYEHHUE a; 0003Ha-
YaeT CJI0BO & @i ...8i= a’
Hanpumep, xouduryparus 1°9,;0°1° Ha JTeHTe BBIISIIAT CIICAYIOMMM 00pa-

30M:
Ya.
[1]1]/1]0[01]1

Mamvna TeropuHra cuuraercss 3aJaHHOM, €CJIM 3aJaHbl IpOorpaMma, BHEII-
HUI ¥ BHYTPEHHUN an@aBUThl, U yKa3aHO KaKW€ M3 CHMBOJIOB 0003HAYaloOT

Ha4YaJIbHOC U 3aKJIIOYHUTCIIbHOC COCTOAHUC.
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Ecnu mammnaa TrropvHTa BBIXOJIWUT Ha 3aKIFOUYUTEIIBHOE COCTOSHHUE, TO OHA
Ha3bIBAETCS OCTAHOBUBUIECHCSI.

[lycts mammua TeropuHra HauMHaeT padoTaTh B HEKOTOPBIM (HAYaJIbHBIN)
MOMEHT BpemeHHu. CloBO, 3alMCaHHOE B 3TOT MOMEHT Ha JIEHTE, Ha3bIBAETCS
HayaabHbIM. UTOOBI MammHa ThOpUHTa Hayajga paboTaTh, HEOOXOIUMO MOMeE-
CTUTh CUMTHIBAIOIIYIO F'OJIOBKY MPOTUB KaKON-IHOO0 SYEHKH Ha JIEHTE U yKa3aTh,
B KaKOM COCTOSIHUM MamuHa ThIOpUHIa HAXOAUTCS B JaHHBIA MOMEHT.

Ecnu P — navanpHOE cl1oBO, TO MamuHa ThIOpHHTa, HauaB paboTy “Ha CIIO-
Be” P 1100 ocTaHOBUTCS 4Yepe3 OMpeeIeHHOE YUCIIO 1IaroB, JIN00 HUKOIIa He
OCTaHOBHTCS. B mepBom cityyae roBopsT, 4To MaminHa ThIOpUHIa NpUMEHUMa K
cinoBy P ¥ pe3ynapTaToM NpUMEHEHHs MalluHbl K clIoBy P siBisercs cioBo M,
COOTBETCTBYIOIIEE 3AKIIOYUTEIbHOM KOHPUTYpaLUH.

Bo BTOpOM ci1yyae roBOpsT, UTO MalllMHA HE IPUMEHNUMA K CIIOBY P.

IIpumep 1 BersicHUTH, NpuMeHnMa U MalmiuHa ThIOpHHTa, 3a1aBaeMas Cclie-
JYIOIIEN TPOrpaMMon

q10—> qu R, qll—> qll R, Q20—’ q30 R, q21_> qll L, C]30—> qOO, C]31—> qu
R, k cioy P= g; 1°0°1°,

s Ya;
til— ay G [1]1fxfofof1]1]
; i Yq;
10— ;0 R 1°0 9,01 [1]1]1]0f0f1]1]
3n2 2 vqs
00— 030 R 107 a.1 [1]1]1]ofof1[1]
- Ya,
051 61 R 101 gl [1]1]1]0]0[1]1]
3n2 2 vql
Gl il L 10" aul [1[1]2]0]of2]1]
3n212 'ql
ql—aqlR 10717 0,0 [1]1J1]0]0[1]1]0]
30212 qu
00— 0,0 R 1%0%12 0g,0 [1[1]1fofof1[1]0]0]
0— g0 R 130°1% 0°q;0 0
G20— g3 s [1]1]1]ofof1]1]o]0]0]
00— Qo0 1°0°12 0%go0 -
[1[z]1]ofo[1][1]0]0]0]
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CrnenoBarenbHO, AaHHas MamuHa TelopuHTa mpuMeHHMa K ciaoBy P u 3a-
3121202
KITtounTeNbHas KoHpurypanus umeet Bua: 1°0°1°07q,0.

B nanpueiimem 3amuce M= M, , Oyner o3Havarh, 4TO MalmnHa ThrOpUHTA
T

(T) uepe3 KOHEUHOE YMCIO LMKIOB IepepadaTbIBaeT MalllMHHOE cloBO M B
MalIMHHOE CJI0BO M.

@yHKIMSA HA3BIBAETCS BBIYUCIMMON 110 THIOPHUHTY, €CIIHM CYIIECTBYET Malllu-
Ha ThrOpUHIra, BBIYUCIAIOIIAs €€.

Bo-nepBbiX, HamoMHHM, YTO peyb HJET O YACTUYHO-YUCIOBBIX (PYHKIUSX.
Bo-BTOpBIX, 1OrOBOPUMCS, YTO 3HAUYEHUS X1, X 2 ... X, APTYMEHTOB (DYHKIIMU

f(X1, X 2 ... Xy) Ha JICHTE OY/IyT 3alHUCHIBATHCS CICAYIONIAM 00pa3oM:

011..1011...10...011...10
—_— —
XX X,

wm 01°01%0...01*0.

Haunnath nepepa®oTKy JJaHHOTO ciI0Ba Oy/IeM M3 CTaHAAPTHOTO ITOJIOKCHHUS,
TO €CTh U3 MOJIOKEHUS, IPU KOTOPOM B COCTOSIHUU (; 0003peBacTCsl KpalHsIs
npaBasi €IUHUIA OMHCcaHHOTO ciioBa. Ecim ¢yrkmus f(xy, x » ... xn) onpenenena
Ha JIAHHOM Ha0ope 3HAYCHHIA apryMEHTOB, TO B Pe3yJIbTaTe Ha JICHTE JOJKHO
ObITh 3anucano noApss f(xy, x 2 ... Xy) AMHHUIL, B IPOTUBHOM ClIydae, MallllHa
JOJDKHA paboTaTh OeckoHeuHO. [1py BIMOTHEHHH BCEX MEPEYUCICHHBIX YCI0-

BUi1, OyJIeM FOBOPUTH, YTO MamuHa THIOPUHT BBIYHCIISICT JaHHYIO QyHKIHIO f.

IIpumep 2 [Toctpouts MamuHy ThIOpUHTA, BBIYUCISIONLYIO () YHKIIHIO

O(x)=0. ns aToro Hao ckoHcTpyupoBaTh MaiuHy Treropunra (T), (T.e. cocra-

102



BUTH MPOrpamMmy) KOTopasi HaurHaeT padboty co cioBa (;01* (x — mo6oe HaTy-

paNbHOE YUCIJIO) OCTaHABIIMBAETCS, KOTJa Ha JieHTe HeT eaunauil.(;01*=>q,0

Hannas nmporpamma umeet Bua: ;0> 0.0R
920 2 o0
que qZOR

Ipumep 3 [loctpouts MamuHy ThIOpUHTa, BEIYUCISIONYIO (DYHKIIHIO:
f(x,y)=x+y. IToctpoum mammny Twropunra (T), koropas, HaduHas paboOTy CO
cioBa ;017017 , ocTaHaBIMBaeTCs, KOT/Ia Ha JICHTE X+ CIUHUIL

q,017017=>q,01*
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q109q20R
q,0->q,0R

q,12>q,1

g,1->q,1R
q,0> q,1
g,1->q,1L

q.0->q.0R

q5 1-> qoo

2101’
q,01’

q,1"01’
1'q,01”
1*q, 1"
q, 01 %
g, 170

q001 X+y

JlaGoparopHasi pabora Ne9

|. BeiicHuTh npuMeHnmMa jiu MauinHa ThlopuHra , 3a1aBaeMoi porpaMMoi:

q.0->q,0R
q.1-2>q,1R
q,02>q,0R
qg,1->q,1L
q,0->q,0

g.1-2> g, 1R

K cnepgyromum cinoBam:

1) q,14021?
2) q,12021°

3) q,120?1°
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4) q,101°

5) ¢,1°0°1
6) q,10212
7) q,1°01°
8) ¢,120°1
9) g,1°021°

10)g,12021*

Il. [ToctpouTs MammuHy ThIOpUHTA, BEIYUCISIONIYIO CAEAYIONIYIO (DYHKITHIO.

1) f(x)=0

0, x=0
1

3) f(x)=2

1, x=
4) f(x):{0 <

2, x=0
5 f(x)= 0, x=>2
He onpedenena, X#0
6) f(x)=1-x
7y f(x)=2

8) f(x)=

ol ><|
x

9) f(x)=

[HEN

- X
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10) f(x):XT+1

11) f(x) = 2x

‘ -

12) f (x) =

N

- X

13) fx) =it X0

Il
—
»

14) f (x) <> 1

[l
—
o ™

‘ w )

15) f (x) =

l\)

- X
16) f(x,y) =x+y-1
17)f(x,y):%y
18) f (x,y) = x
19)f(xy)=y
20) f(x,y) =1-(x+Yy)
1
1-(x+Y)
22) f(X,y)=x+y—-2

21) f(x,y) =

23) f (X, y) =x+1
24) f(x,y)=y+1

25) f (x, y):li

<

26) f(x,y)—lyX

27) f(x,y)=y-1
28) f(x,y)=x-1
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29) f(x,y) = ——
X+y

30) f(x,y) = 1
2X+Y
Bonpocsl 1151 CaMOKOHTPOJISA
1 Yro Bel monumaete noa mamuHoi Treropunra?
2 VI3 kakux yacTed coCTOUT MariuHa ThropuHTa?
3 laiiTe onpenenenne MaimHHOTO CIIOBA.
4 Kakasi GyHKIMSI HA3bIBAETCS YUCIOBOM?
5 Kaxkas ¢yHKIMS Ha3bIBA€TCS YACTUYHO-YHCIOBOM?
6 Haiite onpenenenue QyHKIMH, BHIYUCTUMOM 110 ThIOpUHTY.
7 Kakue ¢pyHKIIMHA Ha3bIBAIOTCS MTPOCTEUTITUMU ?
8 JlaiiTe ompeneneHue ornepanyil Cyneprno3uiii, TPUMUTUBHON PEKypCHUU U
MUHHMH3aLUH.
9 Cohopmynupyiite Tesuc Yepua.
10 Cpopmynupyiite Te3uc TrropuHra.
11 Kakast cBsizb MKy (PYHKUUSMU BBIYUCIUMBIX MO THIOPUHTY U YACTUYHO

PEKYPCUBHBIMHU (PYHKLIHASAMU?

Jlureparypa
1 S6nonckuii, C.B. BBenenne B nuckpernyto MaremaTuky [Tekcr]: yueOHOe

rmocooue 4JIs1 BY30B 110 CIICHHAJIBHOCTH «HpI/IKJ'IaI[Haﬂ MaTeMaTHKa»/

C.B.fA16nouckmit. — M.: Hayka, 1979. — 272c.
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