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IIpemucnosue

Hacrosiuiee nocobue co3AaHO HA OCHOBE MHOTONETHErO OMNbi-
Ta paboTbl aBTOPOB CO CTyfEHTaMM NepBoro Kypca maremarti-
yeckoro chakynbTera [OMENbCKOro rocyAapCTBEHHONO yHUBEPCH-
teta umenn ®parumcka Ckopurbl. OHo OXxBaTbiBaeT paspesibl
nuHeliHol anrebpbl, KOTOPbIE NEPBOKYPCHUKAMU U3Y43AKOTCSA BO
BTOPOM CEMeCTpe.

Becb matepnan pasbut Ha 8 paspenos. B kaxaom paspene
NPUBEZIEHbI OCHOBHbIE, HEODXOAMMbIE AN NPAKTUHECKOI YacTh,
3neMenTLI Teopun; obpasiipl pelueHns TUNoBbIX 3aAaY; BONPOC
ans camokonTpons. Mo kaxpoii Teme npeanoxensl 12 gapuan
TOB MHAMBUAYaNbHLIX 3aAaHWi. Bcé aTo BMecTe cocTaBnser 1o
HEOBXOAUMBIA MUHUMYM 3HAHWUA W YMEHWiA, KOTOPLIM Aosxe
OBNAAETH CTYAEHT-MaTEMaTVK No NnHeliHo anrebpe. Kpome T
ro, Takoe MOCTPOEHME COAEPXKAHUA KaXAOro paspena cnocol
CTBYeT aKTMBN3aLyu 1 Oprann3aumu obssaTenbHoil n AoCTynHO
ANS BCEX CTY/IEHTOB CaMOCTOSTeNbHOM paboTel Npu nposeaern
nabopaTopHbIX 3aHATUIA,

Hacrosiee nocobue npegHasHa4eHo NPeXpe BCEro CTyaeH
Tam matemaTndeckoro dakyasTera. Mockobky Kypc «Anrebp
1 TEOPUS YNCEN> NEXUT B OCHOBE BCEro maTtemaTmuyeckoro obpa
30BaHUs CTYAEHTOB, TO HACTOALLEE NOCOBNE MOXKET YCMEWHO UG
N0NBL30BATLCA NPU U3yHEHN COOTBETCTBYIOWMX PA3/ENoB KypC
«Bbicwas maTemaTukas> APYrux CreLuanbHoCTE.

AsTopbi BeipaxatoT 6narogaptocts [l. A. Xogaxoenty 3a n
MOLULb B NOATOTOBKE PyKONMCH K U3AAHNIO.

Aemop

1. JIMHEVHBIE IIPOCTPAHCTBA
" UX HAYAJIBHBIE CBOMICTBA

1.1. DaemenTs Teopun

Jlumetinom (sexmoproim) npocmparcmeom nad nosem P
HA3bIBAETCST HEYCTOe MHOXKECTBO V, yoBIeTsopsiiomee clie-
JLYIOIIAM YCIIOBHSM.

1. Kaxzott mape (z,y) snementos z,y € V COOTBETCTBYET
OJIHO3HAYHO OTIPEeNIEHHBIN /IeMEHT T + Y € V, Ha3bIBaeMbIi
UX cymmoti, mpuaem:

(1.1) (z+vy) + 2=z + (y + 2) nng mobeIx 7,7,z € V;

(1.2) B V' cymecryer Taxo# snement 6, ato z + 6 = 0 +
+ 2=z gusBeex T € V;

(1.3) st kaxxz0TO SMemenTa T € V CyImecTByeT s1eMenT
Y € V raxoit, 4ro £ +y =y + 1 =6;

(1.4) 4+ y =y + = ana mobsix z,y € V.

2. Kaxxsio#t mape (a, z), tie a € P,z € V, cooTBeTcTBYeT
OJIHO3HAYHO ONpeJIe/IEHHbI eMeHT ar € V, Ha3hBaeMbIi
NPOU36EdeHUEM INEMEHTIOE O U T, IPHIEM:

V(2. 1) (aB)z = a(Bz) naa mobex o, B € P u moboro z €

(2.2) 1z = z ans moboro z € V, 3mecwy 1 — eaunm4nbiit
SiemenT mons P

-~ (2.3) a(z 4+ y) = az + ay musm moboro a € P u mobbix
“o,ycV;
‘ ;6(12/.4) (a+B)z = az + Bz maa mobeix a, B € P u moboro
Ecnu V - smueiinoe npocrpascTso Haz mosnem P, 1o aie-
'MeHTHI 3 V' HasBIBAIOTCS 6eKMOpamu, a SeMeHTHI noss P —
CKAARDAML. Bexrop 0 nassBaercs nyseevm sexmopom. Ipo-
Z TUBOTON0dCHIM K 6exmopy T € V HasbIBaeTCs TAKOH BEKTOD

Y EV,ur0 z+y =y + 2z = 0. [IpornBOTONOKHBIN BEKTOP K

IeKTOpy Z 0603HaMaeTcs: epes (—).

@



1. IMHENHBIE ITPOCTPAHCTBA ¥ MX HAYAJIbHBIE CBOWCTBA

1. 1. Saemenmo meopuu

Jluneiisoe mpocTpaHCTBO Hag moneM R HasbiBaercs det-
cmeumenvnom, Ha 1oieM C — KoMnaexcHoMm. d

W3 onpejienenns JMHEHHOTO NPOCTPAHCTBA CJIELYET, {TO.,
OHO siBJIgeTcsi abejieBoi Tpymnod OTHOCHTEILHO Onepanuu
CJIOXKEHUS] BEKTOPOB. !

TIpuBeaéM HECKOJBKO BaXKHBIX TPUMEPOB JIMHEHHBIX IPO-
crpascTB. B nmasbheiimenm GyseM cchuiaThes Ha 0003HaYeHHus,
KOTOpPbIE BBOASATCS B ITHX MPUMEPax.

BEKTOPOB M YMHOKEHHSI MX Ha JIefiCTBUTE/IbHbIE YHC/Ia MHO-
ecTBo V3 siBIIsieTcsd JTMHEHHBIM IPOCTPAHCTBOM Haz R.

2. JleficTBUTEILHBIMHA JIMHEHHBIME TTPOCTPAHCTBAMHE SBJIsE
1oTcst MuokecTsa V! m V2 — MHOXeCTBa BCEX BEKTODOB Ha
TIPSIMOM M Ha, TLIOCKOCTH € OOBIIHBIMU ONEPAIHAMU CJIOKEHHS
BEKTOPOB M yMHOXKEHHs BEKTOPa Ha JEACTBUTEIILHOE 1HCIIO.

3. JIuge#HbIM IPOCTPAHCTBOM HaJ| NPOU3BOJILHBIM II0JIEM
P sBisiercss MHOXKECTBO, COCTOsIIIEe U3 OJIHOIO SJIeMEeHTa 0,
€CIIM CJIOYKEHHAe BEKTOPOS M YMHOXKEHHE BEKTOpa Ha TIPOM
BOJIBHBIA cKassip o € P onpeseauTh ceyiomuyM o6pasom
0460 =0,00 = 0. IT0 NPOCTPAHCTBO HAZBIBACTCH HYAEEHLM.

4. Tyers P — none n P* = {(ay,...,0n) | a; € P} — n-4
JIeKapTOBa cTenenb Muoxkecrsa P. OmpesiesimM Ha MHOKECTH|
P™ clioxenue 1 yMHOXKEHNe Ha, CKAJISP CIIEAYIOmuM 06paso

z4+y=(T1+Y1,--.,Tn+ %), oz=(azy,...,az,)
15t TOBBIX T = (T1,- -+, Tn) B Y = (Y15-++,Yn) B3 P" 1 0
60ro a € P. OTHOCHTEIbHO BBEJEHHBIX ONEpPAliii MHOKECTB
P spisiercst JIMHEHHBIM IpOCTpaHCTBOM Haj mojem P. IIpa
cTpaHcTBO P! Ha3bIBAETCs NPOCMPAHCIIGOM Th-MEPHVLT CTNPO
1ad noaem P. A - '

IIpocTpancTBo R" HasbIBAETCS M-MEPHBIM Apupmenmue
CKUM NPOCTNPAHCTEOM.

5. Muoxecrso M (n, P) Bcex n X n-MaTpuil Haj nojem K
¢ ONEpalMsIMY COXKEHUs: MATPHIL ¥ YMHOMXKEHWs MATPHI| H
CKaJIAp SIBJISIETCS JIMHEHHBIM TPOCTPAHCTBOM HaJL mojiem F.

6. MuoxectBo Cl,p BCeX HENPEpPLIBHBIX Ha OTPE3Ke la,b]
byHKuMii KefCTBUTENLHON TIepeMeHHON 2 Gyjer JuHeHHbIM
NPOCTPaHCTBOM HaJ nojeM R, ecin cymmy aByx dynkummit u
npousBeienAe QYHKIUE Ha AeHCTBATENLHOE YACIIO IS KadK-
Joro = € R onpenermrs citenytonum 06pazom:

(f+9)(=) = f(z) + 9(z), (af)(z)=af(z).

7. Muoxectso P[z] Bcex MHOrOU/I€HOB nepeMenHo#  Ha,l
1oseM P OTHOCHTEJIBHO CIIOXKeHUS! MHOTOWIEHOB M YMHOMKe-
HAsl MHOTOWJIEHa HA JIEMEHT Nois P aBjsieTcst JMHeHHBIM
[IPOCTPAHCTBOM HaJ, nojem P.

8. Muoxecrso Py,[z] Bcex MEOTOwI€HOB Ha noseM P, cTe-
1IeHA KOTOPLIX He IIPEBOCXOSAT HATYPAILHOTO YMCA 11, TAKKE
Gy/ieT JmHeHHBIM TPOCTPAHCTBOM.

Jlemma 1.1. [Tyems V. — aunedinoe npocmpancmeo nad
noaem P. Tozda cnpaeedausv caedyrouue ymeeporcoenus:

1) 6 npocmpancmee V. cywecmeyem edumemeennvid ny-

~ Aeeotli eexmop;

2) dan waorcdozo eexmopa cyuwecmeyem edumcmeenHyl

~ NPOMUBOT0N0MHCHYIE BEXTOP;

3) 0z = 0 dan a06oz0 T € V, 3dect 0 — nyaeeoti snemenm
- noaa P, a 6 — nyaesoti eexmop npocmpancmea V;

- 4) (-1)z = —z dan w0020 T € V, 3decy (—1) — npo-

TRUGONO0N0HCHBLT INEMEHTT. K eQUHUNHOMY IAeMENTY NoAA P,

._ (~2) — npomusononoorcrwii 6EKMOD K 6eKMOPY T;

5) afl = 6 dan awbozo o € P.

Bee yrBepaxaenust nemmpl 1.1 SBISIOTCS IPOCTHIME CIIE-
BUSAMH AKCHOM JIMHEHHOTO MPOCTPAHCTBA.
- Ilyers V — nuneiinoe npocrpancrso nas nonem P. Cucme-
0l 6eKMOpPo6 HA3BIBAETCS KOHEYHAsl IOCTENO0BATETLHOCTD

Q1,02 ..., 0n (11)

lpocrpanctsa V. YacTh 310l cucTeMbl HasbiBaeTCH €6 nodcu-

-~ ou.

~ Eeam A\, Ag,. .., A, — HEKOTOpbIE 37EMEHTbI MO P;10
KTOP A\1G1 + A2y + ... + A\pa, HA3BIBAETCS AunelinOtl KOM-



1. JIMHEMHBIE TPOCTPAHCTBA Y UX HAYAJILHBIE CBOWCTBA

1.2. Ipumepw. pewienus 3adav

bunayueti sexmopoe (1.1), a cKaIsAPBL Ay, Ag, - - -, An — K0P~
duyuenmamu 9mot AUHETHOU KOMOUHAUU.

Ecnu s BekTopa T € V CyIIECTBYIOT TaKhe CKAJISpbI
Y1,Y25+ + - Yy UTO T = Y101 + Y202 + - . - + Ynln, TO FOBOPHT,
t(rro ;ael('rop T AUHETIHO BVUIPANCAETNCA YEPES BEKTMOPbL CUCTEMbL

1.1).

Cucrema BekTopos (1.1) Ha3bIBAETCH AUNELHO 3a6UCUMOT,
€CIIM CyIIeCTBYIOT TaK#e CKAJISPBI Aq, Az, . .y An, HE BCE PaB-
Hble HyJIIO, 9TO

/\10,1+)\2042+...+An0m=0. (12)

Cucrema BexTopos (1.1) Ha3BIBaETCA AUNEUHO HE3ABUCU
Mo, ecim pasencTso (1.2) mMeeT MECTO JIMIIb TOTAA, KOId
A1=A2=...=An=0.

Jlemma 1.2. Cnpasedauev. caedyrouyue Yymeepoicoeua:

1) ecau KaxaA-mo NOOCUCNEME HEKOMOPOTL CUCTIEMDL 6EK
MOPO8 AUNETIHO 3A6UCUME, MO U 6CA CUCTREMA BEKMOPOS X
1etino 3a6UCUMA;

2) ecau cucmema 6eKMOPOE AUNELNO HEBABUCUMA, TO
nobas eé nodcucmema JUHETHO HE3ABUCUMA.

Teopema 1.3. Cucmema eexmopos (1.1) aunetino 306
cuma mozda u moavko mozda, k020a Toms Gl 00UH U3 6EKMO
P06 3MOTE CUCTREMVL AUHETIHO GVPANCAEMER HEPES OCTNANDHDIE
6EKMOPYL.

Teopema 1.4. Ilycmv cucmema 6eKMOpPos ay, . . . , Gk, Ak+
AuMElinG 306UCUMA, G €€ NOJCUCTNEMA G, .. .,0k AuUHElN]
nezasucuma. To200 6eKMOP Qg1 ABAAEMCH AUNHETHOT KO,
bunanueti 6eKMOPOS a1, . . . , Q-

Jlpa nuseiibix npocrpaHcTsa V u V' Hajx ofEuM u Ten
e TojieM P HasbIBAIOTCH USOMOPPHLIMU, €CIIM CYIICCTBYE!
6uexruBHOE OTOGpasKenue @: V — V' makoe, uro:

1) ¢(z +y) = p(z) + p(y) Ana Beex z,y € V3

2) p(az) = ap(x) nns moboro € V u moboro a € P.

Or0bpaskenne ¢ B ITOM Cllydae HA3BIBAETCH U30MOPPHu3
Moam nupenbix npocrpaners V. ou V', Ecim npocrpancrsa
n V' usomopdupl, To numyr V =V’

Teopema 1.5. Omuowenue uszomopdusma unetinos
NPOCTPANCTG HAOD 0OHUM U TREM IICE TONEM ECTID OTNHOULEHUE
IKEUBAAEHTHOCTIAL.

uTeopema 1.6. ITyemv @: V. — V' — ugomopdusm au-
netmvx npocmparems V ou V' nad nosem P. Tozda:

1) ecau 0 — nyaesot eexmop npocmpancmea V, mo
#(0) — nyaesoti sexmop npocmpancmea V';

2) p(—z) = —p(z) dan xasrcdozo z € V;

3)0 ECAU CUCTNEMA Ay, . . ., 0n BEKMOPOS Npocmpancmea V.
Aunetno nesasucuma, mo cucmema p(ay),...,p(a,) eexmo-
pos npocmparicmea V' aunetino nezasucuma.

1.2. IIpumeps! pemenus 3aJa4

Mpumep 1.1. Iyers V = R? = {(ai1,02) | a1,a5 € R}.

Clioxensne 1a V onpeenM paseHCTBOM

(a1,a2) + (b1, b2) = (a1 + by, a3 + by),

I lpoussesennc A € P u (a1,a;) € V — pasencrom

a1, a2) = (Aay, as).

;‘ﬂme'mx g1 V' 1efiCTBUTELHBIM JTAHEHHBIM IIPOCTPAHCTBOM
OIHOCHTE/IHHO 3aJaHHbIX Onepanyit?

[ ITpoepuy BemOMHEHME yCTIOBHI ONpe/ieTenns TuHei-

OO 1IPOCTPAHCTBA.

1. JTio6rm By™m snementam (aj, as), (b, by) MEOXecTBA V

oorBercreyer snemenT (ay + by, @ + by), KOTOPEI ompeens-

031 OJHO3HAYHO ¥ IPHHAJIEKUT MHOXKECTBY V.

(1.1) Tnst mobuix (ay, as), (by, ba), (c1, ¢3) w3 MuoskecTsa V
paBeHcTBa

(a1, a2) + (b1, b)) + (c1,¢2) = (a1 + by, a5 + b) + (c1, 2) =

((a1+b1)+e1, (art+b) +e2) = (aa+ (bi+c1), aa+(br+c2)) =
(G).az) - (bl + c1,by + Cz) = (al,az) + ((b], bg) H- (Ch C-z)).

(Ch HCTIOIb30BAHO CBOMCTBO ACCOLMATUBHOCTH CJIOXKEHHS
NCTBUTENIBHBIX YUCe.



1. JIMHEAHBIE MPOCTPAHCTBA 1 MX HAYAJIbHBIE CBOVICTBA

(1.2) Hynessim snemenrom sisisercst 6 = (0,0), Tax kak
OH NpUHAIIEXKHUT V 1 ‘
(a1,a2) + (0,0) = (0,0) + (a1, a2) = (a1, a2)
JUI51 KAsKI0To eMenTa (ay,as) € V.
(1.3) Jns snemenra (a1,az) € V IpOTHBOTIONOXHEM Oy
et semenT (—a;, —az), TAK KaK OH NpuHaJyIeKuT V 7
(a1, @) + (—a1, —as) = (—a1, —az) + (a1,a2) = (0,0).
(1.4) Jina mo6ux snemenToB (a1, az) i (b, by) u3 Muoxe-
crBa V paBeHCTBa
(a1, a2) + (b1, b2) = (a1 + by, a2 + bg) =
= (b + a1, b + az) = (b, b2) + (a1, @2).-

37ieCh MCIOIB30BAHO CBOACTBO KOMMYTATHBHOCTH CJIOXKEHHS
AeUCTBUTEIBLHBIX YHCEN.

2. JTiobuim 1ByM smementam A € R u (ay,a3) € V coor
BETCTBYET O/IHO3HAYHO ONPEAeTEHAbIH sJieMeHT (Aay, az), npu:
Ha examuit V.

(2.1) Jlns moberx A, B € R u moGoro anementa (a1, as)
V paseHcTBa

(AB)(a1, a2) = ((AB)a1, @2) = (A(Ban), a2) =
= MBay, a2) = A(B(ar, az)).

311ech HCIOMB30BAHO CBOUCTBO ACCOIUATHRHOCTH YMHOXKEH
JieCTBUTE/IbHBIX YuCell.

(2.2) Tyers 1 € R, (a1, a2) — mo6oi snement 13 V. Torx
1(a1,a2) = (11, az) = (@1, 02).

(2.3) IOnsa moboro NeHCTBUTENLHONO YMCAA A M JOGBD
anemenToB (a1,az), (b1, by) MHOXKecTBa V' BEpHBL paBeHCTBa.

M(a1,a2) + (b1, b2)) = Maw + by, 03+ ba) =
= (Ma1 + b1), a2 + by) = (Aax + Aby, a2 + b)) =

sxal (Aa'l ) a2) &+ (’\bh bz) = A(ah w)) S A(bh bz)-
(2.4) Bosbmenm mobnie A, 3 € R u (a1,0a9) € V. Torma

(A+ B)(a1,a2) = (X + B)a1, a2) = (Aax + Bay, az),
Mas, az) + B(a1, a2) = (Aay, @) + (Bay, a2) =

1

1.2. Ilpumepvi pewenus saday
= (’\al e ﬁa11a2 2 02) = (Aal + Bal,Zag).

Suaunt, (A + B)(ar,a2) # A1, az) + B(a1, az) u MEOXKeCTBO
V' He sByIsteTCst IMHEHHBIM IPOCTPAHCTBOM OTHOCHTEJIBHO 38-
JIAHHBIX OTlepalluii. X

Mpumep 1.2. Apnsiorcst an B npocrpancrse R mmreltno

JABUCHMbBIMH BEKTODBI
o = (11 27 31 4)1 az = (3: 61 9» 12)1 az = (11 2, 31 6)?

[J U3 paBencrsa A1a; + Agag + Azaz = 6, rue Ay, Ay, A3 —
sJiementsl nons R, a 6 = (0,0,0,0) — myseBo#t BeKTOp Ipo-
crpancrea R?, serko momywurs cacremy JmHeHHbIX ypaBHe-
1l OTHOCUTETBHO A1, A2, A3, IPHPABHSB COOTBETCTBYIONIHE
WIEMEHTBI CTPOK B 06EHX YaCTsIX HCXOAHOTO PABEHCTBA

M+3+A3=0

2A\1 +6X2+2X3 =0

A +92+323=0

40 + 1205+ 623 = 0.
llasi 3Ty cucreMy Meromom laycca, Haxomum A; = —3),
Ay = 0. Tak kak cucTeMa MMeeT HEHyJeBbIe DEIeHHs (na-

uMep, Ay = =3, Ay = 1, A3 = 0), To BeKTOpHI a1, as, as

HIOTCST TUHEHHO 3aBUCHMBIMH. X

‘ - Mpumep 1.3. fensiorcs mu B npoctpanctse R, [z] anneit-

0 sapucuMbiv BekTophl f1(z) = 1, fi(z) = =,.. ., fan(z) =
&7
[J TIponuddepenuupyem n pas ofe yacTi paBeHCTBA

- o fi(2) + oo fo(z) + ...+ nfal@) + Ony1 fusi(z) = 0.
OJ1yYHUM CHCTeMY ypaBHEHWik

a1+ T+ ...+ g™ + a2 =0
a+...+(n—1)onz" %+ nopy 1z =0

(n— 1)lay, + nlapyz =0
n!aﬂ+1 =03
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OTHOCHTEILHO HEU3BECTHBLIX O, (3, ..., 041 OIPEHEIUTEH
ITOM CHCTEeMbl IPHHUMACT BUJ
Py B L ik "
0 WHTC (R e Rl St
A= =11-....(n—1)n! # 0.
(i1 R (1 11 nlz d
) il v b 0 n!

TMosToMy cHCTeMA BMeeT eIuHCTBeHHOe pererue. [TockombK;
cHeTeMa OIHOPOHAS , TO OHA MMEET TOJILKO HyJIeBOe PeleH
o =g =...=0ny1 =0
10 03HaYAET, YTO BEKTOPbI
fi(@),- -5 fara(2)

JIMHEHHO He3aBUCHMBIL.

Mpumep 1.4. Jloxaxkure M30MOPhUaM JMHEHHBX 1
crpancts Ry [z] n R%.

[J VeTaHOBHM COOTBETCTBUC MEXJLY BEKTODAMA J[@HHD!
IPOCTPAHCTB CJIEJYIONIM 06pasoM:

f:az+bwe (a,b), ax+b€Ryfa], (a,b) € R”.
Jlerko nokasarh, uTo [ ABjseTcs OHEKTHBHEIM OTODpaKe
em. Jlis mobeix m(z) = a1z + by m n(z) = ag@ + by, npuHAL
nexkamux npoctpanctsy Rylz], u gus moboro a € R cipa
BeJITMBbI CJIEHYIOHE PABeHCTRA:
f(m(z) + n(z)) = f((@1z + by) + (a2z + b)) =
= f((a1 +az)z + (by + b2)) = (a1 + @z, by + bo) =

= (a1,01) + (a2,b2) = flarz +by) + f(aaz + bp) =
= f(m(z)) + f(n(2));
f0m(z)) = fMaz + b)) = f(Aarz + Mby) =
= (Aag, Ab1) = Xay, b)) = M{@mz + by) = M(m(z)).

3naunr, [ SBAAETCS H30MOPMHU3MOM JHHEHBIX HPOCTPAHC
R] [$] H R2.
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1.3. Bonpocy daz ca. 2

1.3. Bonpocs! /15t CaMOKOHTPOJIS

1. Onpegenexue nuteiiHoro npoctpaHcTea. Mpumeps! anHeii-
HBIX NPOCTPAHCTB.

1.1. Kax 3aaTh suneitnoe npocTpaHcTBo Hazx nogem P7

1. 2. Iokaxkure, uro nosie P MOXKHO paccMaTrpuBaTh Kax
Jlnneiioe TpOCTPAHCTBO HAJ NoaeM P ¢ omepaiusiMy CrioXxe-
1151 M YMHOMKCHUS, ONpeJIe/ICHHbIME B P,

1.3. fApasroTcs s JeHCTBUTENBHBIMM JIMHEHHBIMM TIPO-
CIPAHCTBAMM CJICAYIONIME MHOMKECTBA YUCEJI C OOBIMHBIME OI1e-

© DAIMSIMU CIIOXKEHNST | YMHOKCHHST GHCET:
1.3.1. N — MHOXKeCTBO BCeX HATYDAJIbHBIX YHCET;
1.3.2. Z — MHOXeCTBO BCeX LEJbIX TUCET;

1.3.3. C — MHOXKeCTBO BCeX KOMILIEKCHBIX 9HCET;

1.3.4. Ry — MHOXeCTBO BCeX JEHCTBHTEIBHLIX IOJOXKH-

© MIBHBIX gHCes?
= 1. 4. fIBnsiercst M QeHCTBUTENBHBIM JMHEHHBIM POCTPaH-

IBOM MHOXKECTBO BCEX BEKTOPOB, HE NAPaJUIeJIbHBIX JAHHOM

| MO, eciu CIIOXKeHHe BeKTOPOB H YMHOMKCHHE MX Ha YHCIIO

- OlpeesaoTes TPaBIIaMyi BEKTOPHOH ayrebpoi?
1.5, loxasxknre, uro muoxectsa V2, V2, V! P" M(n, P),
Clag)s Plz], Pulz] ¢ BBeA@HubIME HA HEX ONEpALAIMM CIIOXKE-
A M yMBOXKeHHS Ha CKAJSIPBL SBJISIOTCS JIMHEHHBIMU TPO-
‘mpaﬂ(rrrsamu.
- 2. [Npocreiiwme cneacTens u3 akcMom NMHERHOTO NPOCTpaH-
tﬂ.ﬁ.
- 2.1, Jlokaxxure, 9T0 JMHEHHOE NPOCTPAHCTBO 0GIafaeT

 BUIICTBCHABIM HYJIEBHIM BEKTOPOM.

2.2, JlokazuTe, 9TO A5 KaXK10ro Bektopa z € V cyme-
LINyeT eMHCTBeHHbIA TPOTHBOLOJIOKHBIN BEKTOP.

. 2.3. Cxospko perriennii B nipocTpascTse V uMeer ypasHe-

0o+ z=>b?
e 2.4. lokaxkure, uro O0a = 6 ana moboro a € V.
~ 2.5. Beerna s af = 0?

13



1. JITHEMHBIE IPOCTPAHCTBA ¥ X HAYAJILHBIE CBOMICTBA

2.6. Jokaxure, 4to Aa # 0 npu mobeix a € V \ {6}
A e P\ {0}

3. Jluneiinas 3aBUCUMOCTb BEKTOPOB.

3.1. YTo nOHMMAETCS T CHCTEMOlf BEKTOPOB?

3. 2. ChopmymupyiiTe onpe/ieeHue JMHEHHO He3aBACHM,
CHCTEMbI BEKTOPOB.

3. 3. [Tokazkure, 4TO JBa BEKIOpa M3 V2 nuneitno 3aBuck
MBI TOTAa U TOILKO TOIA, KOIJa OHU KOJUIMHEAPHbL.

3. 4. TTokaskure, uTo Tpu BeKTOpa W3 V' jmueiito 3asuc
MBI TOTJA ¥ TOJILKO TOLJA, KOIja OHM KOMINIAHADHBL.

3.5. Mosker J1u TUHEHHO HERABHCHMAS CHCTEMa, COTIePKaT
HyJ1eBO# BeKTOP? ‘

3.6. Chopmynupyitre Kpurepuii JUHEHHON HE3ABUCHM|
CTH CHCTEMBbI, COCTOSIIEN U3 OJHOTO BEKTOPA.

3.7. MoxkeT /i1 JIMHEHHO He3aBUCHMAST CHCTEMA, COJIepKa
JIBa, PaBHBIX BEKTOpa?

3.8. Jokaxure, uro B mpocrpancrse M(2,R) mame
He3aBHCHMa, CHCTEMa BeKTOPOB

10 01 00 00
N S

3.9. BepHo i, 4TO €CaH a,b, ¢ — JMHEHHO HE3aBUCUM
BCKTOPBI, TO 3THM CBOHCTBOM 06/1a,1a10T BeKTOPLI a + b, b+
c+a? |

4. Kputepuit TMHeHOW 3aBUCNMOCTI CUCTEMbI BEKTOPOB.

4.1. ChopmymupyitTe KpuTepuil JUHEHHOH 3aBUCUMO
CHCTeMBl, COCTOAIICH M3 OIHOTO BEKTOPA.

4. 2. JTokaxXuTe, YTO €CJIM TPH BEKTOPa 4, Gy, Q3 JUHE
3aBHCUMBI M BEKTOD (3 HE BBIPAKAETCS JIMHEHHO Yepe3 BeK
Pbi G; ¥ Gy, TO BEKTOPBI @1 U Gy PA3IHYAIOTCH MEXKIY C
JIIITS CKAJISIPHBIM MHOMXHTETIEM.

4.3. Jloka>kure, YTO CHCTEMA BEKTOPOB @, a3, . . -, Ak,
JIMYHBIX OT HyJisi, TOTZA W TOIBKO TOLJA JMHEHHO HesaBuC
Ma, KOrja Hi OJIMH U3 9THX BEKTODOB HE BIpazkaercd ue

TpeBLAY IIHE.
5. WN3omopdunam nuHeiiHbIX NPOCTPAHCTE.

“

- 1.4. Hndueudyanvroe 3adarus

9
5.1. Kakue JsiuHefiHble MPOCTPAHCTBA HAIBIBAIOTCS W30-
MophHbIMEI?

: 5.2. llyere V 1 V' — nmneiiHble TpocTpanCTBa HA/L ITOJEM
P, [:V — V' — uzomopduam. Jlokaxure, 910
5.2.1. f71: V' = V — nzomopdusm;
n n
8.2 f(_z oiT) = _Za,—f(zi), I8 mobbix o; € P, x; €
e 1. =1 =1
5.3. yers f: V — V' — ugomopbusm IHHERHBIX TIPO-

crpancrs. JToKasKuTe, YTO CHCTEMa BEKTOPOB 0y, Qa, . . . ; Gy U3
V' Jimseiio 3aBUCHMA TOTA M TOIBKO TOLIA, KOLMA JHHEHHO
AuprcuMa cucrema ux 06pasos f(aq), f(as),. .., f(an).

5.4. Ilycrs f: V. — V' — GuekTunHOE 0TOBparKEHHE JIH-

- Nelubix mpoctpanetB Vou V' Han nonem P. Jlokaxkure, 9To
| snaAercst M30MOPGMUIMOM TOLJIA M TOJIBKO TOTA, KOLAA

floz + By) = af(z) + Bf(y)
Vi mobeix 2,y € V n mobsix a, 3 € P.
- 0.5, Tloxaxkure, 9T0 M30MOPDUIMOM SIBIISIETCH TOXKJIE-
(Inentioe mpeobpasoBaiiie £: £ +> T JMHEHHONO MPOCTpaH-
trnn V ona cebs.
; 0.6. MMycrs f: V4 — Vo — uzoMopdusm JHHeHBIX Tpo-
Orpaners Vi 1 Va, g0 Vo — V3 — msomopdusm suHeiHbIx
‘I!IO‘(/)(YPptLHCTB Vo u V3. Jlokaxkure, uro gf — usomopdusm V;
" ('
0.7, TokasxxuTe, 410 OTHOLIEHHE N30MOPbU3MA ABIITETCS
WINOITCHIEM SKBABAJIEHTHOCTH Ha MHOKECTBE BCeX JIMHeHHbIX
HPOCTPAHCTE HaJL OJHUM U TeM JKe TIoJIeM.

1.4. nauBuayanbHble 3aaHAg

=1 1.~ 1.6. dBasiercs M ACHCTBUTETHHBIM THHEHHBIM TPO-

UWHCTBOM € ONepanusaMu, onpejejeHHbMu B R™, MHOXe-
BCEX TeX CTPOK (aq, @, . .., 0y), KOTOPHIE YIOBIETBODS-
CHeJYIOHIEMY YCJIOBHIO.



1. JIMHEAHBIE TTPOCTPAHCTBA M UX HAYAJIbHBIE CBOMCTBA

1. 1. Bee KoOp/IMHATHI PABHLI MEXK Ly CODOH?
1.2. IepBast KOOpAMHATS (v; PaBHA HymO?
1.3. CymmMa KOOpAMHAT PaBHA Hyiio?
1.4. Cymma KOOpIMHAT paBHa equHUIE?
1. 5. Koopaunara &, paBHa CyMMe BCeX OCTAJILHBIX KOOD
JuHaT?
1.6. IMocnenusst KOOPAMHATA (, PABHA HYIO?
1.7.-1.12. SIBngerca Jid KOMIUIEKCHBIM JIMHEAHLIM PO
CTPAHCTBOM € ONEPALMSAMYA CIOXKEHUS MATPUIL M YMHOMKEHHU:
MaTpHIB! Ha seMeHT 101t € MHOXKECTBO BCEX TeX 7 X n-MaT:
PH1l, KOTOpbIE YIOBJIETBOPSIOT CIEAYIOMEMY YCIOBHIO.
1.7. Ilepsasi cTpoka — Hy/eBas?
1.8. Bee anemMenTsi, He PACTONOKEHHBIC HA TTIABHOW J(Ha
TOHAJIM, PaBHb! HYJIO (IMaroHabHble MATpuist)?
1.9. Onpezesmrens pased Hymo? g
1.10. Bee 31eMeHTbI HUXKE 1VIABHOM JUATOHAJIM DABHbI HY:
sio? i
1.11. Bee 31emMeHThI BhITIE IVIABHOM JUATOHAJIV PABHBI H
mo? i
1.12. Bee a/ieMenThI IVIABHON JIMATOHAJIN PABHBL HYITIO?
2.1.-2.6. fBastercst M KOMIUIEKCHBIM JIMHCHHBIM ;
CTPAHCTBOM C ONEPALMIMY CJIOKEHHS MHOTOUICHOB ¥ YMHQ
JKCHMSI MHOTOY/ICHOB HA KOMINIEKCHOE YHCJIO MEOXKECTBO BCe
rex MHorowrenos f(z) € C,fz], koropsie yaoBnerBopsior cig
JIYIOIIEMY YCJIOBHIO.
2 Laf(0) =17
2.2. f(0) =07
2.3.2f(0) - 3f(1)
2.4. f(1) + f (2)
205. fifl) = ¢
2.6. f(z) nMeer TONBLKO YETHBIE CTENEHH NepeMeHHol 1
2.7.-2.12. dBisierca oM JeHCTBATENLHLIM JIHHEHHD]
HPOCTPAHCTBOM € ONEPAIMSMH, ONPeACIEHHBIMY B Oy ), MH
JKECTBO Beex Tex (yHKIMiA, KOTopble 06JIaJal0T CIIeLyIon
CBOMCTBOM.

+ f(lc) =0?
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. 1.4 Mudusudyanvume sadanuan

2.7. Incbdepenuppyemsr ma [a, b]7

2.8. Umeior Bup az+b, tne a, b— Juo6
- — ) ble JeHCTBUTCIILHBIC

2.9. Unmeror sug az? + bz + ¢, re a, b, ¢ — mobrie xeif-
CIBATENbHBIE qucna'?

2.10. f(a) =

2:11. Heo'rpuua.renbm.l Ha [a, b]?

2.12. Monoronsut na [a, b)?

3. Jlokaxkute, uto MHOMKeECTBO peltenuii OAHOPOIHOM CcH-

CTOMDL THHEHHBIX ypaBHeHu#kt o6pasyer jmuei POCTP
1o Ha R: P pros %]

3Z1+$2+$3—2.’L‘4—925=0
9.1 971 + 229 + 523 + 224 + 25 = 0
621 + 25 + 223 — 325 = 0.
{131+4$2+$3+2$4=0
3.2

221+7.’L‘2—21'3=0
=%+ 3z — 24 = 0.
2x1—z3+z4=0

i 3. {°2$1+$2—3$3=0

! dry — 3y + 224 = 0.
{2z1—-x2+2x3—4x4+z5=0
STt T -4 - 275 =0

3z — 234 + 5 =0
{$1+2272-1:3+4$4=0

g4,

—22) ~ 325+ 323 =0

T — T+ 223+ 424 = 0
{—2z1+z2—23+:v4—zs=0

Z1+23—314=0

3Ty — 5 + 223 + 225 = 0

Yera
“lomensexi A
iMs @panibicka CrapbiHel 17

BIGJHISATIKA




1. JIMHEWHBIE MPOCTPAHCTBA M UX HAYAJIbHBLIE CBOMCTBA

1.4.- Hnoueudyaavnue 3adanus

zy ~2zo+ 323 — 24 =0
bo —$1+312—1'3+2124=0
Ty + 2x3+ x4 = 0.

2$1+.’L’2+3.’L‘3—$4+2Z5=0
3.8. 3Z1+2$2—13+2$4=0
Ty + T — 423 + 3T4 + 225 =

3z, — Tp+ 23— 224 =0
3.9.{ —x1 — 23 —24 =0
211 — To +3%3 — 3z4 = 0.

2:1+1.'2—‘21'3+2Z4+$5=0
3.10. { 2z1 + x2 — 323 — T4 =0
1 — T3 — 3T4 + 25 =0,

33— Ta+24=0 i
3.11. £ 221 + 3z — 3+ 224 =0
z) + 229 — 3 + w4 = 0.

2% — To + 3z3 + T4 —a5=10
312. { —my + 23— 23— 24 =0
—3xy + 239 — 43 — 224 — 5 = 0.

4. flpnstioTcs M BEKTOPBI a1, @9, A3, G4 MPOCTPAHCTHE
JMHenHo sapucuMbiMu? B cilydae yTBepANTENHHONO OTB
Hal/ATe HeTPUBHAILHYIO JIMHEHHYIO KOMOWHAIMIO, PABH

HYJIO.

18

ay ay ag a4
4T | (LY 30y @A) G 215) - (2 2-0,1)
1.2 [ (LI10) [ ((1,2,23) [ (21,14) | (-1,1,2,-2)
4.3 [BA21) | (2,145) | (43,21 |(-44,1,2)
4.4. [ (2132 [(LILY) [ (71,200 | (51,11
4.5 [(32L1)[(2334) | (1,1,5:2) | (-3.4,-2,1)
1.6. | (4,421) [ (0321 | CLL1) | (43,20)
4.7 [(01-1,2) [ (-1,1,2,2) | (01,0, 1) 0,1,1,2)
4.8 [(43,21) [(-3330) [(20,1,1) | (-1,0,1,2)
4.9. [ (-1,102) [ (45,0,1) | (45-1,2) | (-1,2,5,7)
4.10. [ (0,1,-4,3) [ (33.2,1-1) | (-2,1,1,4) | (-2,3,-2,1)
411 [ (-1,1,2,0) [ (0,0,3-1) | (0,1,2,-3) | (0,1-1,2)
4.12.1(0-32,1) [((1,0,1,2) | (L1-1,1) | (4,2,2,3)

b, fsnsorest M WHEHHO 3aBUCMMBIMM BEKTODBI 2 M Zp
pasnicrsa C nag R?

21 22 21 22
(0.1, [1+2 | -2-4i|[52 [-3+i [2+3:
3, | =243 -1+ 5.4, | —4 5—2i
B, | 1+4i —4 - 5.6. | -3+2i| -2+3¢
T | =144 [1—14 5.8, |1—12 2—2
9. | -2—-i [4+2% 5.10. | 3—1i 1+ 3
AL | -1—% | 1—14 5.12. [ 1412 3+ 3¢
. fpnsiercst i JmHeiHO 3aBUCHMOIT CHCTeMa BEKTOPOB
npancrsa Cigp?
0.1, sinz, cosuz; 6.2. 1, sinz, cosz;
.3, sinz, sin2z; 6.4. 1, cosz, cos2a:;
6.5. 1, sinz, sin®z; 6.6. 1, cosz, cos®z;
8.7. 1, sin®z, cos’z; 6.8, €%, €, €%,
6.9. 87, 6% 6.10. z, €®, z€e%;
.11, sinz, cosz, sin2az;
.12, sinz, sin(z + 1), cosz.



1. JMHEAHBIE [IPOCTPAHCTBA ¥ UX HAYAJILHBIE CBOMCTBA

7. Ansiorcst au BekTOpHI fi(z), folz), f3(z) nmmeitno

npoctpascTBa Ro[z] smueliHo 3aBucumbivu? B ciyuae ytee

JUTEJHHOrO OTBeTa HaliiuTe HETPUBHAILHYIO JTUHEIHYIO KO

OHHALMIO, PABHYIO HYJIIO.
fi(z) fa(z) fa(z)
7.-1. | z%+5 22—4z+3 [22+16z+1
7.2. | 6z+9 2 —8z+12 222 +1
73 -3z =5 2z + 1 22—z =1
7.4. [ 222 +z 62> —5z+3 [ 222 +1
7516z +5 22 +z+3 |21
7.6. |22 +4 20" —z+4 |32 +22+1
7.7. | —2>—z+3 [2z2-5 62> +3z+3
7.8. | —z°+2z Z2+z+3 |62i—z+2
7.9. 422 +2z+4 |222+z+2 [3z+6
7.10. | 222 +52—7 [ 422+ 5z 27°+ 10z — 7
7.11. | 322 +22+1| —2+z2+2 | 52—6
7.12. | =z + 3z 47 42 +2 | -Tz* +1
8. Haiinure Bce 3Ha4eHns A, IPH KOTOPBIX B IPOCTPaH
R* BexTOp ¢ JMHeliHO BBLIPAXKACTCSI Yepe3 BEKTODbI @y, s,
‘ a3 az ag c
i A1 |(1,23.1) [0123 62080 (1,1,2X)
* 8.2. | (-1,025) | (1-5,20) [ (20,1,5) | (-1,2,23)
' 8.3. | (0,2,3-4) |(0,1:3,2) |(54,3,2) | (0,1,1,)
8.4. [(-2,142) [ (1,24-5) [ (1,1,-1,2) [ (-1,1,0,))
8.5 1(0321) | (3/210) ](0532) |(02-1X)
8.6. | (LL1-1) | (4,253) | (4-2,1,0)
8.7. 1(21,1,2) [(-1,035) | (-1,4,5,0)
8.8. [(3:452) | (-1,124) | (42,24
8.9. | (1,-220) | (-1,3-2.0) | (2,3:3,1
8.10. [ (3,2,-1,1) | (-1,02,1). [ (:3,1,2/1
8.11. | (2,-2,3-3) | (-24,1,0) | (4,/5,2-1)
8.12. | (4,2-1,0) | (1,5,0-1) | (5,2-1,0)
20
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1.4. Hndusudyanrvrme 3adanuz

9. Jlokaxkure, 4ro nuneitnbIe npocrpaiicrBa V' u W uzo-

MopchHBL
9.1.
9.2.

9.3.

9.4.

9.5

V= M(2, R)v W= Rs[z].

V=CuagR, W=R2

V= R‘, W= R3[:t]

V=M2R), W=R4

V=Ryz, W=

V= Cg[l’], W= C4

V=Glz], W=M(Q2C).

V=0, W = C,[a].
gy v 2) |a.feChmarC, W=Ca].
L g 8‘) o, ERS nan R, W =R,z

V'={(e1,0,a3) | s € C} Ban C,

W=C1[$].
V={(g :)la,ﬂ,’vec}na.nc, W =C3.



2.1. Daemenrhio meopuu

2. BABUC 1 PABMEPHOCTD

2) mobas MUHETIHO HE3ABUCUMAR CUCTIEMA U3 T 6EKTNOPOG
JIMHEVTHOT'O ITIPOCTPAHCTBA

Aoanemes 6a3ucom.
W3 teopemsr 2.2 caenyer, 4To B JMHEHHOM NPOCTPAHCTBE
V,, mobas cucrema 3 n + 1 BEKTOPOB SBIAETCS JTHHEHHO 3a-
IMCHMOM.
Criesryonmast TeOpemMa NOKa3bBAET, YTO TpH (hUKCHPOBAH-
UM 11071 P 1 pa3sMepHOCTH n CYINECTBYET €MMHCTBEHHOE C
IMIOCTBIO /10 B30MOPGU3MA N-MEpHOe JIMHEHHOe POCTPaH-
0 HaJ iosiem P.
Teopema 2.3. Jea aunetinwz npocmpancmea V u V' nad
UM U Tem dice noaem P usomopdro. mozda u moavxo mo-
1, K0200 OHU UMEIOM 00UHAKOBYIO PA3MEPHOCTILD.
“llyers V, — auHeiiHOe NpOCTpaHCTBO Haj momeM P,
9. .., e, — Basmc npocrpancrsa V,,. Torna Kaxabii Bek-
P & € V), MOXKHO IIPEICTABUTH B BHJE
T =1T1€ + T8+ ...+ Tpey,
1, T9,...,Ty — HEKOTOPHIE 3eMenThl Hossi P. Takoe
ABJICHIE HA3BIBAETCS PA3A0HCEHUEM BEXMOPL T MO GEX-
6aauca ey, ey, . .., €y, a KO3DDUIAEHTD! T1, Lo, . . ., Ln
Koopdunamamu 6exmopa T 8 basuce e, €a, . . ., €x.
Teopema 2.4. Koopdunamn cexmopa 6 3adanmom bazuce
DeAomes 00HOZHANNO.
AJJ0KeHne BEKTOpa 10 BeKTopaM 6asmca yunobHO 3amu-
L B MaTpuaHON dopme. Ecim obozraunm
€

2.1. DileMeHTHI TEOPUM

Ilycrs V' — nmueltHOE TPOCTPAHCTBO Haj nojem P.
JUIs JII0B0T0 HATYPAJbHOTO YHCIa N B IpocTpascTse V u
€TCsl 1 JIMHeitHO He3aBUCUMBIX BEKTOPOB, TO IPOCTPAHCTEO
Ha3bIBAETCsl OECKOHENHOMEPHBIM.

ITycrs mpocrpascro V He Heckoneunomeproe. Crue
BEKTOPOB €1, €2, . .., €, HA3BIBAETCS Oa3UCOM NPOCTPAHCIR
V, ecin oHa JMHEHHO HE3ABHCHMA U JIIOGOH BEKTOD IIPOCTPa
cTBa V uHeHO BhIpaXKaeTcsl Yepe3 BeKTOPHL ITOi CHCTeMB

Teopema 2.1. B 21060M He GECKOHENHOMEPHOM AUHETIHO
npocmpancmee 6ce 6a3uchi COCMOAM U3 00H020 U M020

Jlureiinoe He GeCKOHEYHOMEPHOE IPOCTPAHCTBO V' Haj MoJie
P Ha3biBAaETCS N-MEPHLLM, €CITH B HEM €CThb 0asmc, cocTos
muit ¥3 N BEKTOPOB. 'IMCIO 7. HA3BIBACTCH PA3MEPHOCTIIL
npocmpancmea V. Hynepoe mpocTPaHCTBO HA3BIBASTCS 1y
wmeproim. Bee n-Mepubie ipocrpancrsa, n = 0,1,2, . .., Has
BAIOTCST KOHEHHOMEPHDLMAL.

Pazmeproctb smHeiiHoro mpoerpancrsa V' obozHauaerd
yepe3 dim V. Byaem 0603HaqaTh TaKzKe 7-MEpPHOE al
crBo yepes V,,. Ecim nmneitnoe npocrpancrso V' Geckore

<, o )
Mepuo, To numem dim V = oo. ' (@) = @122 -3 ] ot 1
Jlmueitusie npoctpancrea V3, V2, V1, P* M(n, P), P f €n

KOHedHoMepHbI. Jluneiinbie npoc'rpauc'ma. P[z] Clay) ABI
107¢A HeCKOHe HOMEPHBIMH. :
pema 2.2. Jlan 41006020 N-MEPHO20 AUNECTHO20 TP
nea cnpaaedau.eu caedyrouue ymeeporcdentun:

WIOKCHHE T = Z1€1 + ...+ Tne, SABIAETCH JIEMEHTOM
(z)[e]. B arom ciyuae Gyzem nucats T = (z)e].
Mg (z) HaswiBaeTcs xoopdumammotli cmpoxoti exmopa
arpuna [e] - 6azuchom cmoabuyom 6asuca ey, €z, . . . , €n.

ema 2.5. 1. ITpu caoorcenuu deyz 6exmopos, 3adan-
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2. BABMC ¥ PABMEPHOCTD JIMHEWHOI'O IMTPOCTPAHCTBA

HULT 6 00HOM Ba3uce, COOMBEMLNEYIOULUE KOOPOUHATIOL CKAG;
dniearomea. ‘
2. ITpu ymrooicenuu 6eKmMopa 1a CKAAAP €20 KOOPOUHATIE
YMUOHCAIOMES HA IMOTN, CKAAAD. ;
3. JIna mobvx eexmopos x,y € Vo u aobozo oo € P &
NONHANMCA PABEHCTNEA
(z+y)=(2)+(y), (az)=o(2).
IIycTh €1, €3,...,6n U €], €h,..., €, — JABa Gasuca muHe
HOro npocrpancrsa V, nag nosem P. Pa3ioXuM BEKTOPEHI ¢
CTEMBI €], €5, . .., €, 110 BEKTOpaM 0a3uca ej, €, . . ., en! g

el =ane; +apes + ...+ ogpen
€ = Q91€1 + 022€2 + . .. + Qanén

€, = On1€1 + Qe + . .. + Cpuen:

Marpuna
a1 Q12 ... Qe
Qg1 Qg ...
Ales 21 (22 A2n
Qnl Qn2 ... Qnn
Ha3bIBaeTC Mampuyell nepexoda om Basduca €y,€s,...,en
basucy €y, €, . .., e,. Ecin Bo3pMéM GasucHbIE CTONOIb!
g
e €
r
[e] T ’ [e] Sl R |
€én el

nvets Buj [¢] = Alel.

HEUHO20 NPOCTRPANCTNEG K OPY2OMY HEGUPOHCOCHNAA.

W3 reopemsr 2.6 cienyer, 4TO MATPHIA EPEXOAA OT O :

Horo 6azuca JIMHEHHOr0 MPOCTPAHCTBA K JAPYroMy obpaTnMa

Bouiee Toro, ecim A — MaTpHIa TIEPEXoJia OT «CTApoOro> 6as

3uca K <HOBOMy»>, T0 A~! — Marpuig NEpexopa OT <HOB

24

Teopema 2.6. Mampuya nepexoda om 0dnozo basuca 1u;

2:2. Ipumepw pewenus 3a0a4

10> Ha3uca K «CTapoMy:s.

Cuiej1y1omas TeopeMa YCTaHABIMBAET CBSI3b MEX 1y KOOp-
JIHATAMY BEKTOpa T B Pa3HbIX Hasucax.

Teopema 2.7. 1. Iyemw (z) — xoopdunammnas empo-

no 6exmopa T 6 basuce ey, ey, ..., ey, (') — xoopdunammnan
cinpoxa eexmopa T 6 basuce €y, ey, . .., €. Ecau A — mampu-
o nepezoda om ba3uca €y, €y, . .., e, K 6a3ucy €, €y, . .. €y,

mo (z) = (')A, (z') = (z)A~L.

2. «Cmapass K00pOUHAMHAR CPOKE GEKTNOPA PABHA <HO-
woll> KoopouHamHol CMpPoKe 3M020 BEKMOPA, YMHONCEHHOY
WO MATMPUYY NEPeroda om «cmapozos Ba3uct K <HOBOMY>.

3. « Hosasa> K00pOuUNAMHA[ CINPOKA 6EXTOPA PASHA <CMA-
poiis Koopdunammoti cmpoxe IM0O20 BEKMOP, YMHONCEHHOT
Ho Mampuyy, o6pamHYIo K MaMpuye neperoda om <Cmapo-
20> ba3uca x «HOGOMY>.

2.2. Tlpumepsl pelieHus 3a4a4

Mpumep 2.1. [loxkaxkure, YTO KOMIUIEKCHBIE YMCIa 2 =
= =241 U 29 = —3 + 2 06pa3yioT 6a3uc JEHCTBATEIHLHOIO
JmneitHoro mpocrpancrsa C.

[0 IlokaskeMm, 9TO BEKTOPHI 2] ¥ 23 JIMHEHHO HE3ABUCHMBI
i J11060it BekTOp JimHeitHoro npocrpancrsa C supeiiHO BhIpa-
JKaeTes depes 2 W zp. VI3 paBeHcTBa

a(—2+14) +ap(-3+2i) =0
JIEPKO TIOJIY9HTh CHCTEMY yPaBHEHHI OTHOCHTEIHHO CKANSPOB
o " gl

—2a; — 3 =0
ay + 2a = 0.

()upene.nwrem CHCTEMBbI

A=l_2 ‘3‘=—1;eo,

Lt 452
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2. BABUC ¥ PABMEPHOCTb JIMHEMHOT'O MTPOCTPAHCTBA 2.2. Ipumepw pewenus sadas

TI09TOMY CHCTeMa MMeeT eJUHCTBEHHOE DelIeHue, KOTOPO W3 cucremsr
BBUJLY OZHOPOJHOCTH CHCTEMbI, SIBJISITCS HYJIEBBIM, T. €. Oy 3 i P8or L oy=8
= ap = 0. DT0 03HAYAET, YTO BEKTODHI 21 ¥ 2y JMHENHO H
BUCHMBL. : —2c1+2c54+¢c3=5
[yerh 2 = o + Bi — TPOU3BONBHBIA BEKTOD JIMHEHHO e —cp=6
npocrpancrsa C. ITokaskeM, 4TO Beeria MOXKHO HailTH CKaJl
DbL 71 U s TAKHE, UTO nosmyauM ¢ = 2/3, ¢ = —4, ¢y = 43/3. X

Mpumep 2.3. Haifyure 6asuc npocrpancrsa pemmenmit
CIeyiontelt OHOPOIHON CHCTEMbI JIMHEHHBIX ypaBHCHII

2I1+3.’132—$3+I4=0
—T1 + 229+ 323 — 24 =0
Ty + 5z + 223 = 0.

0 Haiiném pelenusi JaHHON CHCTEMBI THHEHHBIX ypaBHe-
& it

N(=2+8)+7(—3+2) =+ fi.
Pemasi cucremy ypasHeHuH
21 -3r=a
T e 2’)’2 T ﬁ»
nonyyum 1 = —2a— 30, o = a+ 28, T.e.
o+ Bi = (=20 — 38)(=2+ 1) + (o + 28) (=3 + 2i).
Crnenoparenbno, J1060i BekTop 2z € C juHeRHO BBID:

yepes 2 U 2s. 23 -1 1 -1 2 3 -1
Mpumep 2.2. Jlokaxkure, 9TO BeKTOpH a; = (1,—2, B SN b Lk N i W
a; = (3,2,—-1), a3 = (1,1,0) obpasyior 6a3uc HPOCTPaHCT! 1.5 2 0 b= -0 2.0
R3. Haiiaure KoopauaaTsl BekTOpa ¢ = (3, 5, 6) B 9T0M Hasu W T 2 Hoiiar 1
[0 Tak kak JauHeifHoe mpocTpaHcTBo R mveer pasme ~ 078 =1~ b0 s sl
HOCTh TPW, TO BBUJY TEOPeMbl 2.2 NOCTATOYHO IPOBEPHT 0 75 —1 3050 .0

YTO BEKTOPBI a1, G2, A3 JIMHCHHO HE33BUCHMBI. nyC’l'b
a1(1,-2,3) + (3, 2, —1) + as(1, 1,0) = (0,0,0).
l'[epexo,'mM K cucreme
a; +3as+ a3 =0
—2ay + 205 + a3 =0

IIpeoGpazoBannasi cucreMa UMeer BUJL,
~Z1+ 223+ 323 — 24 =0
Txo + 523 — 24 = 0.
Tak kax onpejennTesns U3 K03hDULUEHTOB NPH T U Z4

3y — as = 0. ; —1 —1_17é0
Pewas a1y cucremy, noiyuum oy = ap = a3 = (), T. €. BEXT (b * 2l :
Pbl @y, Uy, @3 JTUHEHHO HE3ABHCHMBI, IIOITOMY OHU 00pa3yiol TO MOXKHO BbIOPATh Ty U T4 NIABHBIMM HeM3BecTHLIMH. Torna
Gasue npocrpancrsa R3. Ty = —5%p — 213, T4 = Ty + Sz,

Haitném KOOpIMHATHL ¢y, C2, C3 BEKTOPA € B 3TOM 6a3mce
[lycrs ‘
C](l, "2’ 3) + 62(3, 21 —1) ats 03(1, 110) = (37 5: 6)

&9 ¥ z3 — mobble JeiicTBUTENbHBIE Yncia. Kaxioe pernenne
Oy/jieM 3aTUCBIBATD B BHAE CTPOKH, T. €.
T = (*5132 — 2x3, Ty, 3, T2 + 5$3), To,Z3 € R.
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2. BABUC U PABMEPHOCTb JIMHEMHOI'O MPOCTPAHCTBA

Tora MHOXECTBO BCEX pelIeHuil JAHHOH CHCTeMbI MOXKHO 3
TIHCATH KaK MHOXKECTBO
M = {(-5a - 28,a,8,7a+50) | o, B € R}.
HerpyaHo nokazats, aro M obpasyer jeficTBUTeIbHOE JIHHE]
HOe TIPOCTPAHCTBO OTHOCHUTENIHHO OlEPaluil CAOKEHHUs ¢
U yMHOXKEHHS YUC/Ia HA CTPOKY. :
Tlyers a = (=5 — 261, oy, Bi, Ty + 506 ) — IPOUBBOIBHO
peruenye janHoi cucremsl. Torma f
a = (=5 — 261, a1, B, Tag + 541) = (—=5ay, 1,0, Tan )+
+(—2ﬂ1,0, ,31, Sﬂl) — (11(*"5, 1, 0, 7) + ﬁ1(~2, 0, 1, 5)

Crpoka a; = (—5,1,0,7) sAB/IsAETCS BEKTOPOM LPOCTPANCTE
M (upn a = 1, § = 0). Crpoka a; = (—2,0,1,5) TaxXK
pekTop 13 M (mpu a = 0, f = 1). Urak, Kaxipii BekT
npocTpaHcTBa M JMHENHO BBIpaXkaeTcs Yepes BeKTOPhI a1
5. JIErKO MPOBEPUTH, UTO @ M @z — JIAHEHHO HE3aBHCHM
BeKTOPBL. 3HAYUT, a; U az 06pa3yior 6a3uc npocrpascTsa
peltiennii JaHHOU OJHOPOAHON CHCTEMBI.

Mpumep 2.4. Marpuueit nepexoga ot 6asuca e, ey K O
3ucy €},€e, AeliCTBUTELHOTO JHHEHHOTO IPOCTPAHCTBA, ABI
eTCST MaTpHIa

5 o e
i wy
Haiiare KOOPIMHATHYIO CIPOKY BEKTOPa @ = —e€1 + €5 B 6@
auce €, €. 1

[0 KoopauuarHast CTpoKa BeKTOpa a B Ga3uce €1, ey HMeer
B, (—1 1). Iyers (A; Ay) — KOOpuMHATHASE CTPOKA BEKTODE
a B Gazsnce €;, ¢5. Torna (=1 1) = (A Az) A Orcioza mer
nosy4urs pasenctso (A Az) = (=1 1) A~L Tak kak

g e g
o= (3
TO

O )= (1 (] 1)=

28

2.2. [pumepn pewenus 3adav

Mpumep 2.5. B npocrpancree R? zananst isa 6asuca
. / —— / —

e; = (3,2),e2 = (1,-2); €;=(-2,-4),¢; = (~1,-6).
Hatianre Marpumy nepexosa ot 6asuca €1, e K 6asucy €, .

[J Mepseiit cnocob. Tak Kak BEKTOPHI €1, € 06pasyioT Ga-
JUC POCTPAHCTBA, TO BEKTOPHI €] U € MOXKHO JUHEHHO Bbl-
PA3NTD Yepes ej, es:

/ U
€] = Q1€ + Q2€2, €5 = Q21€) + Qg2€2,

(=2,-4) = an(3,2) + aa(1, -2),
(=1, —6) = a1 (3,2) + an(l,—2).

KoK 10€ U3 3THX PABEHCTB MOXHO 3aMEHUTH CHCTEMOR ypas-
nenuit

3ap; +ap =2 3&21 + gy = —1

20’1] > 2(112 = —4, 2&21 7= 2022 = —6.
Penrasi 3TH CHCTEMBI, IOy YaeM:

a5 = —1, Qi3 = 1, Qo1 = —1, gy = 0.
Marpuueif nepexona or 6a3uca ey, e; K 6a3ucy €/, €, ABiusercs

MaTpHUIA
lenap YT =Tt
Il Gl )

Bropoii cnocob. TTposepuM, uTo B nipoctpancrse R? pexTo-
pot a; = (1,0), as = (0,1) obpasyior 6asuc. JlelicTBrTeNBHO,
OHM THHEHHO He3aBUCHMBI 1 060 BekTop (b, ¢) € R? nuuei-
110 BbIparkaercs 4epes a; u ag: (b, ¢) = b(1,0) + ¢(0,1).

Hauee e; = 3ay + 2ay, es = a3 — 205 win

()= 21(%).
(&)= 36

ITycte A — Marpuna mepexoga or 6as3uca e;, e, K 6asucy

(2.1)
Auasioru4so
(2.2)
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2. BA3BMC ¥ PABMEPHOCTD JIMHEAHOI'O ITPOCTPAHCTBA

/ !
e}, es. Torma

W3 pasencrsa (2.1) mosydaes:

(BF=(%) (3

OBparmasicb Kk paBeHCTBY (2.2), nmeenm:

g\ T<3 D18 2 \ ey
(@)= =)0 %) (@)

3HaunT, NCKOMASI MATPUIA TEPeX0ia AMEeT BUJL:

SC e

-1 -6/ \1 -2 »

e AN 1AL A
'—(—1 —6) (1/8 —3/8)_(—1 2)'

2.3. Bonpocs! Jyisi CAaMOKOHTPOJISA

1. Onpegenenne Hasmuca AMHERHOrO NPOCTPAHCTBA.
1 /2
1. 1. Jlost kaxxJoro U3 auHeiHbIX npocrpaticrs V', V)

R™, Ry[z], M(n, R) yxaxure onus n3 6a3ucos.

1.2. Onumure Bece 6a3mMCcHI JIMHEHHOrO UpPOCTpaHcTEa V-

1. 3. Umeer 1n HysneBoe POCTPaHCTBO Gasuc?

1.4. Ilycre B nuHeitHOM mpocTpascTBe V. Jans: n TuHel
HE3ABUCHMBIX BEKTOPOB €1, €y, ... ,En. UTO emE HaA0 110
60BaTh, 4T0Obl YKA3aHHAS CHCTEMa BEKTOPOB OblLia Gasuc

B JaHHOM JIMHEHHOM TpocTpascTBe?

1.5. Ilycrs ey, €,...,6, — Ba3UC JMHEHHOrO MPOCTP:
crBa V uax nosem P. Byner s 6aszucom B V encrema ek

POB ey, @€y, . .., ey, Tae a € P\ {0}?

1.6. Ilycrb ey, es,...,e, — Gasuc JAMHEKHONO TPOCT:
crea V u z € V. Jokaxnre, 4TO CHUCTEMa By€y,€s,. . .,

JUHEHO 3aBUCHMA.

30

2.3. Bonpocu 0as camoxonmpons

2. Pa3MepHOCTb NMHEAHOro NPOCTPaHCTEA.

2.1. Kakue ymHelHbIe POCTPAHCTBA HAZHIBAIOTCS KOHEY-
HOMEepPHBIMHA?

2. 2. Kak omnpezeisiercsi pa3MepHOCTb HYJIEBOTO HIPOCTPaH-
orna?

2.3. Kakue JjmHeifHbIe TPOCTPAHCTBA HA3bIBAIOTCS HECKO-
HOUHOMEDHBIMA?

2.4. Ilng kaxkuoro u3 JeWCTBUTEIBHBIX JIMHEHHBIX TIPO-
trpancrs V1, V2, V3 R™, R,[z], M(n,R) ykaxute pasmep-
HOCTD.

2.5. Jlokaxwure, 4To Jmuefinbe npocrpasctsa Clay 1 R[z]
(0CKOHETHOMEPHBI.

3. N3omophnam NMHENHBIX NPOCTPaHCTB.

3.1 Iyers f : V — V' — uzomopdusM JmHERHBIX TpO-
oipaucrs V' u V' nax nonem P, e;,ey,...,e, — Dasuc npo-
erpaicrsa V. Hokaxure, uro f(e1), fez),. .., f(en) — 6a3uc
1pocrparcrsa V.

3.2. Kak crpourcs u3oMopdu3M JHHEHHBIX IPOCTPAHCTB
V u V' Hax nosem P, UMEIOMUX OJIUHAKOBYIO Pa3MePHOCTL?

3.3. JlokaxkuTe, 4T J060€e HEHYJIeBOE JNEHCTBUTE/ILHOE
KOHEYHOMEPHOE JINHeHHOe IPOCTPAHCTEO H30MOPGHO HEKOTO-
PoMy apudMEeTHIECKOMY TIPOCTPAHCTBY.

3.4. Mokaxkure, 94To ¥30MOpMU3M ABYX N-MEPHBIX Jeil-
CTPBUTEIbHBIX JIMHEHHBIX IPOCTPAHCTB OLIPEUEIISIeTCA HEOMHO-
AHAYHO.

3. 5. Besikoe i JefCTBUTEIIbHOE KOHETHOMEPHOE JINHEeHHOe
npocrpancto V uzomopduo npocrpancrsy M(n, R)?

3.6. Jokaxkute, 4TO0 HEHYJEBOE JEHCTBATEILHOE JIMHEH-
110¢ [IPOCTPAHCTBO M30MOP(MHO HEKOTOPOMY JIMHEHHOMY HPO-
orpancrsy Ry[z].

4. KoopauHatbl BeKTOpa.

4. 1. JTokaxuTe, YTO KOOPAUHATHI BEKTOPA B 3a4aHHOM Ha-
HHCEe OIPEENISIIOTCS OTHO3HAMHO.

4.2. llpuBoauT 11 nepecTaHOBKA BEKTOPOB B Ha3uce K W3-
Moenernio H6asuca?

31
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2. BABUC ¥ PABMEPHOCTD JIMHEMHOI'O IIPOCTPAHCTBA

2.4. Mndueudyarvune 3a0anui

4.3. 3anmumare pasiioyKeHne BeKTopa - € V,, 110 BeKTOpa

6aznca ey, ey, . . ., €y B MATPUIHON dOpME. a | f(z)

4.4, Kakne KOODIMHATHI MMEET HYJICBOH BEKTOP B 33,14 1.5 3|z°+2 +327 22— 221
oM Gazuce? 3aMeHsIOTCst JIM 3T KOOPAMHATDI TIPH TIEPEXO, 1.6. | —3|2°—62"+92° — 22 +62—9
K Jpyromy Gasucy? L. 7. 412°—52* -3+ 22—z +1

5. Ceazp mexay basucamn NMHENHOTO NPOCTPAHCTEA. 1.8 |4 | P+ 3+ -2 -9z -1

5.1. Kak onpezensiercs Marpuna nepe);o,ma OT OJHOTO 1.9. 512+ 32 £ 22 — 3%
3uca JMHEITHOTO NPOCTPAHCTRA K APYroMy? , TN B 1 R0 AP

5. 2. BamvimuTe MaTPULY Iepexoja OT ba3nca ey, s, €3 I 5 P
crpaHcTBa V3 K 6asucy €3, €9, €. L1L | 6)2° — 2z R ey 4

5.3. Bamumure dhopMy.Ty Hepexoia oT ogHoro Hasuca 113 V20 S e g

HEeHHOro NpOCTPaHCTBA K APYIoMy B MaTpPH4HON dopMe.

5.4. JokaxkuTe, 4TO MATPHIA TEPeXoia 0T OIHOTOo Ha3n
JIMHEHHOIO POCTPAHCTBA K JAPYroMy obpaTuMa. 1

6. Mpeobpa3oBaHue KOOPANWHAT BEKTOPA MpU U3MEHEHNN
3uca.

6.1. Kak u3MeHsiTCA KOOPAMHATHI BEKTOpa T € Vi I
niepexozie OT Gasuca e;, €z, €3 K 6a3ucy es, ez, €17 1

6. 2. 3amumure GOpMyIIbl TPeobpa30BAHUST KOOPANHAT, €
JIM M3BECTHA MATPUIA Iepexojia 0T «HOBOTO» Hasuca K «C
poMy>.

6.3. 3armmure HOpPMYJIBI TPeobpPa30BaHNs KOOPIMHAT
MaTPUYHOK dopme.

2. Jlokaxkure, 9TO CHCTEMa BEKTOPOB €y, €g, €3 06pasyer
Onsuc B uHeitHOM nipocTpancrse R, u Halizme KOOPIMHATHI
IeKTOpa @ B 9TOM Hasuce.

€ €y €3 a

2.1 [L,LD) [ (L12) [(1,23) | (69,19)
2.2. | (213|625 | (1-1,1) | (6,27
2.3. | (120) [ 233 | (382 |(B53)

2.4. | (358) | (5,14,13) | (1,92) | (2,3.3)

2.5. [ (201) | (1,23) | (1,1,1) | (3,54)

2.6. | (01,2) [ (-203) | (A-1,1) | (3,11
2.7. | (1,02) | B-14) [(@-21) | (3,20)

2.8. | (230021 |21 | (342
2.9. | (301) ] (023) | (-1 ] (569)

2.10. | (3,1-1) [ (:20,1) | (27,3) | (10-1,6)
2.11. | (4,0,5) | (213) [ (5,1-1) | (- 57,10)
B UERAE T S i RS

2.4. npuBuayajbHble 3a0aHAs

1. Jloxkasxkure, 4o B JuHeliHOM TipoctpaHcTBe R, [z] MHO
rounensr 1, z—a, (z—a)?...,(z—a)", a € R, obpasyior 6azn
Hai#tanre koopauHars Muorodwiena f(z) B srom 6asuce.
a| f(z)
11| 1[2°—2s°+522-4
1.2. | =1 [ z° + 4z* + 42° — 82% — 322 — 32
1.3. ] 2| 2°+4a¥ +42° — 2% —dz -4
1.4 [-2|a°+22" + 28+ 22+ 22 +1

3. lokaxuTe, 4T0 KOMILIEKCHbIE YUCIa 21 M Zy 06pasyioT
Oazuc JefCcTBATEIFHONO JIUHEHHOrO 1IPOCTPAHCTBA KOMILIEKC-
npix uncent C, v 3anumure KOOPAMHATHYIO CTPOKY YMCTA —
—5 + 4i B aToM Daszmuce.

32




2. BASHC W PABMEPHOCTb JIMHERHOTO IIPOCTPAHCTBA 2.4. Mwousudyarvroie 300anus

2 29 Z1 29 Ey Ey E;3 Ey
31 |—1+2|2—3 |[3.7 |4+2 |-2 4.10. (1 2) (1 1) (2 0) (4 1)
3.2 2 3+2i|[38 [-3+i [2—i 2 1/ 1\3 2 7 3 4 7
33.|2-3 [1-3 |39 [-2-2|1+3 411 (1 2) (1 1) (—1 2) (—1 —3)
34 [1+¢ -5 |[[310.]4-i [1+4% 3 1AL TR ool 0 VY
35 | —2+i [2+2||3.11] 1, 2+3i 412, (1 2) (1 1) (2 3) (1 2)
36.|3-5i |1+2|[3.12.[1-2% [3+4i 3 kKT 13 41

5. Basuc mpoCTpaHCTBA PEINEHMN OTHOPOXHON CHCTEMBbI
JIMHEMHBIX ypaBHeHu HasbIBaeTcs @Pyndasenmanvnoti Ccu-
ememoti pewenuti. Haitpure pasMepHocTs 1 yKaxkure QyHIa-
MCHTAJIBHYIO CHCTEMY DPeleHMi IPOCTPAHCTBA perneHuit OjI-
HOPOHOM CHCTeMbl JIMHEHHBIX YPaBHeHUH U3 1u1aBbl 1.

6. Kak u3MeHHUTCsi MaTpHLa [Iepexoia oT OQHOro Gasmca K
JIPyroMy B Pe3ysbTaTe CJACAYIOUEro NpeodpasoBaHmsi?

4. Jokaxkure, uro MaTpuust [y, Es, E;3, E4 06pa3yior G
3uc amueinoro npocrpatersa M (2, R), u samunmre pasio
HEE TI0 BEKTOPaM 3TOro 6a3nuca BeKTopa

1= (5 4)

Ell 3 E; 3 E:_;_z 3 E‘i ) 6. 1. ITomenaTh MeCTaMH JBa IEPBLIX BEKTOPA epBoro Ha-
4.1. ( ) ( ) ( ) ( auca.
3 0 51 i vea) 41 6.2. [ToMeHATH MeCTaMHM JIBa TIOCJIEIHHX BEKTOPA IEPBOroO
w6916 169 (6 o) =5
LIS 2 4 3 6 1 7 6. 3. IloMeHsATH MeCTaMM /iBa POM3BOILHBIX BEKTOPa Ep-
43 24 3 —4 -3 5 ( 1 poro 6asuca.
T \-4 -6 4 1 -3 2 \—4 6. 4. [ToMeHaTh MecTaMu JiBa IEPBBIX BEKTOPa. BTOPOro Ha-
ca s d 15 G N e auca.
T LR 3 2 L s 2 6.5. [lomensaTs MecTaMy JiBa MOCTIEJIHUX BEKTOPa BTOPOTO
F 0 3 2 0 53 Riica.
4.5. 9 3) (_5 5) (1 _3 ( 0 6. 6. TToMeHsATh MeCTAMH [iBa MPOUIBO/IBHEIX BEKTOPA BTO-
31 73 1 poro Gasuca.
4.6. ( 2 0 (i ?) (—1 5) (2 2 6. 7. BanmcaTh BEKTOPHI nepBoro Hasuca B 0OPaTHOM I0-
= Z psiKe.
a7 | (L 2 1 3l 23 3 6.8. Banucarp BeKTOpPH! BTOPOTo 6asmca B 0OPATHOM MO-
0 -1 1.7% 01 ~1 pHLKe.
48 1S Lt ke - I g 1 6.10. [TomensiTh MecTamu JiBa BeKTODa IepBOro Hasuca u
e | 1 -1 0. =% 10 JAIMCcaTh BEKTOPBI BTOpOro H6asnca B 0OpaTHOM NOpIKE.
1 2 =9 8\ 3 2 6.11. ITomensith MecTAMHU JjBa BEKTOpPa BTOPOro Gasmuca u
49 1 U
vt Ly g et | 21020\ 7 JalMcaTh BEKTOPBI ITepBoro Hasmca B 0OPaTHOM MOPAIKe.




2. BABUC 11 PASMEPHOCTb JUHENHOIO IPOCTPAHCTBA 2.4. Hnidueudyaavnvie sadanus

6.12. Bropoii 6a3uc ¢jresaTh NepBbiM, IEPBbIL — BTOPLIA a az a3
7. JlaHBI BEKTODHI €1, €3, €3, a1, G2, G3 JHHEHHOTO I 7.6. |(4,0,5) |(=2,1,3) |(=5,1,—1)
crpancrsa R § 7.7. | (-1,3,7) | (0,2,-1) | (1,-2,-8)
Jlokaxxure, uTO BEKTODHI €1, €, €3 U Gy, Ag, Gz OBPA3YT 7.8.< {31, 1) (151,;2) @,2:3)
Ga3uce! smueiiHoro npocrpancTa RY. 7.9. [(2,1,=3).| (3,2, =5y [(1,=1,1)
Haiiyre maTpuity nepexofia ot Gasuca ey, es, e3 K 6asug 7.10.1(1,2,1) [(2,3,3) (3,8,2)
a1, glz’;s' SAR ol 7.11. [ (0,3, -2) | (1,-1,=8) [ (=1,2,7)
> e:el:.me MATPHILY 1Iepexozia oT 6asnca a1, az, ag K 6a3ug 712. 12,0 (=123 |(LLD
Haiiznre xoopaunarsr Bekropa ¢ = (2,0,1) B 6azuce 8. Iycrs (—3 2 0) — KoopIuHATHAS CTPOKa BEKTOPa @ B
€3, €3. j Gosnce €}, €h, €y neficTBUTEILHOIO JMHEHHOTO IPOCTPAHCTBE
Haiizure KOOpIMHATH BEKTOPA T = €] — €9 + 23 B Gasn V, A — marpuana nepexoga or 6asuca. €}, €3, €5 TPOCTPAHCTBA
ay, Us, 3. V' K 6asucy eq,es,e3. Hailaure xoopausaTsl BeKTOpa @ B
basuce ey, eq, €3.
€1 €2 €3 =12 .0 -1 2 3
T @G e h B, s (0 1 3). 800 Al (2 0 1).
20 (a8 (580 1o et -2 2 2
7.3. (3,58 [(514,13)[(1,9,2) -4 3 2 -3 2 0
o) T2 a0 8.3 JA= (-1 2 o) swing, Gieiaile (2 1 )
ST oA T —2.0 2 11
7.6. |(1,0,2) |(3,-1,4) |(2,—-2,1) Qg —3 5
7.7. |(-2,3,1) | (0,2,1) (1,2,1) 8.5. A= (—1 G ' oo g ( 1 6 )
e (5,0, 1 10:2.3) vl =kitiel) o R ) =1
7.9. [,1,-1)](~2,0,1) | (2,7,3) o 7 —1 =
7.10. | (4,0,5) R T R ) 8.7 A= (—2 -2 1 ) 88 (—5 2y | )
e et Ceubllg o a7
T R i Lkt 11 2
a a as 8.9. A=1-3 -2 1 8.10 A=10 -11.
T T | o= 5 Re 3.5 4
007 B4 Loy i bon Rl
Fadohile-3,0,1) | (0,2, 8) vl r i ml il A § kol
7.5. | (3,1,-1) | (-2,0,1) | (2,7,3)
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3. IIOAIIPOCTPAHCTBA JIMHEWHOI O
INPOCTPAHCTBA

3.1. DyiemeHTH1 TEOPUU

Henycroe MuOxecTB0 W BEKTOPOB JIMHEAHOIO HPOCTPA
crea V mazn nosneM P Ha3bIBAeTCS NOONPOCTPAHCTIEOM, €
z+y€eWuazeW gna mobsx 2,y € W u moboro a € |
JInHeitnoe npocTpaHcTBO V' SBISIETCS CBOMM NOAIIPOCTPA
crom. Muoxectso {0}, comepxainee JuIIb HYJTeBOH BEKTY
6 npocrpascrBa V', ABseTCs NOANPOCTPAHCTBOM 3TOIO IIp
crpaHcTEa. Ero Ha3biBAIOT HYAE6bM NOONPOCTPAHCIIGOM.

Beegem Ha MHOXeCTBE BCeX MOIIPOCTPAHCTE JMHEHH
[NPOCTPaHCTBa V' Onepauyn CioXeHus: IOAIPOCTPAHCTS 1
peceyenvst noxnpocrpancts. ITyers Wy, Wa, ..., Wi — kon
Hasi CHCTeMa MOANPOCTPAHCTB JIMHEHHOrO IPOCTPAHCTBA
Hag nosneM P. Cymmotl smuz nodnpocmparcme, Ha3bIBaeTy
MHOXKECTBO BCeX BEKTOPOB = € V/, NPeICTaBUMBIX B BUJIE

T = T3+ To b ik s e W= 20 R
ObosHauaeTcss CyMMa TIOAPOCTPAHCTB cuMBoaoM Wy + Wa'!
k

+ ...+ Wi wm 3 W,. Urax, u3 onpejeneHus cieiyer,

i=1

k y i
ZW;={$1+$2+..‘+IE1¢|$,‘GVV;, i=1,2,...,k}.

i=1
Ilepeceveruem noonpocmparcme Wy, W, ..., Wi, Hasbr

€TCsl MHOYKECTBO BCeX BeKTOPOE 13 V, KOTopbie npuHaie;

olHOBpeMeHHO noanpocrparcreaM Wi, Wa, ... W.. O6osn:

YaeTcs [epecevdenHne OANPOCTPAHCTB cumBosoM Wi MW, N.
k ;
o N Wy mam () W;. AHATIOTHYHO ONPEAEIACTCA Nepeceyen

i=1 .
HPOU3BOMBHOM (He 06538 TeIbHO KOHETHOM) CHETeMBI Tt
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3.1. Daemernmo. meopuu

CTPaHCTB JIMHEHAHOTrO IIPOCTPaHCTBa, & HMEHHO:

ﬂW,={z€V|z€W.-}mﬁBcexi€1}.
il
JIlemma 3.1. 1. Cymma xoneunozo muodtcecmea noonpo-
cmpancme Wy, Wa, . .., Wi aunetinozo npocmpancmea V nad
nosem P asanemes noonpoempancmeom.
2. Iepecenenue 106020 mmoscecmaa noINPOCPAHCME
Wi, i € I, aunetinozo npocmparcmea V. nad noaem P ss-
NAEMCA NOONPOCMPAHCTNEOM.

Besikoe noanpocrpancTso W mmnefiHoro nmpocrpasctea V-
Haj noseM P caMo sIBJIsleTCsi IMHEAHBIM IPOCTPAHCTBOM Hajl
9THM TIOJIEM, €CJTH BBIIOJHATH ONEPALMA CIOXKCHWUSI BEKTOPOB
n3 W n ymMuoxeHust ux Ha cKaysphl U3 P 1o npasuiiaM, onpe-
Jiei€HEBIM 17151 ipocTpatceTsa V. I103ToMy MOXKHO TOBOPUTH O
TAKUX IOHATHUSX, KaK Oa3HC NOIIIPOCTPAHCTBA U PA3MEPHOCTH
OAPOCTPAHCTBA.

Jlemma 3.2. Kaowcdoe nodnpocmpancmeo W n-meprozo
AUMEUR020  npocmpancmea V. KOHEMHOMEPHO, Npu“em
dimW < n. BeaudimW =n, moW =V.

Teopema 3.3. IIycmo U u W — xoneunomeprwvie 100-
npocmpancmea aunetinozo npocmpanemea Vo nad noaem P.
Tozda dim(U + W) = dim U + dim W — dim(U N W).

Dra dbopmyna HaspBaercsa gopmyaoti I'paccmana.

Cymma nognpocrpancts Wy, Wa, ..., Wy maseitnoro npo-
cTpaHCTBa V HA3BIBAETCH NPAMOT CYMMOT, €CITH KAXKI0€ M0jl-
npocrpascrBo W; mepecekaercss ¢ CyMMO#M OCTAJIbHBIX IOA-
IPOCTPAHCTB 10 HyJIeBOMY nogmnpocrpancTy. ObosHavaeTcs
npsMas cymma noaupocrpancrs Wi, Wa, ..., Wi cuMBosioMm

k

W]@Wz@@Wk Hian @I’Vg
i=1
Teopema 3.4. Jas moeo, wmobw cymma S nodnpo-
cmpareme Wi, Wa, ..., W aunetinozo npocmpancmea V- 1ad
noaem P 6vaa npamoti, neobzodumo u docmamouno, 4mobvl
woboti anemenm © € S eduncmeenivm 0bpazom npedcmas-
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3. HOMIPOCTPAHCTBA JIMHENHOTO IIPOCTPAHCTBA

NANCH 6 6ude T =Ty +To+ ...+ Ty, 2dex; € Wy, 1 =1,2,.
s syl i
Teopema 3.5. Ilycmv S — npamaa cymma noonp
cmpancme Wi, W, . . ., Wy aunetinozo npocmpancmea V. na
noaem P. Ecau ay, 0z, . .. 0y, — 6a3uc Wy, by, bs, ... by,
6asuc Wy, ..., €1,Coy--3Cnp  — Ga3uc Wi, mo ay,.
vstiGi s Dlansic.s Driasis s sl rt 5 C o, 008UE. S, Pagmepnocs
NPAMOTL  CYMMUL KOHEXHOMEPHHL NOONPOCTNPAHCTIGE PAGH
CYMME UT PA3MEPHOCTEU. i
O6muii criocob KOBCTPYUPOBAHUSA TOAIPOCTPAHCTE KOHEE
HOMEPHOTO JIMHEHHOr0 NIPOCTPAHCTBA OCHOBAH Ha CIIEIyK
meM onpeaenenun. IlycTb ay,as,...,0, ~— CHCTEMa BEKT
POB JuHeiiHOro npocrpaHceTsa V. mHaz nosem P. Maexec:
BCeX JIMHeliHbIX KOMOMHAIMI BeKTOPOB CHCTEMBL Gy, @2, - . . , @
¢ koadunpenTamMu u3 Hoiyis P nasbBaeTCs AuKelHold 0
AOUKOT CUCTNEMDL GERTOPOE A1, .+ + s Gy M 0DO3HAMACTCH €D
[’(al)aav &0k 70‘")'
Jlemma 3.6. Jlumelinas oborouxa L(ay,as,...,a,)
CTNEMDL BEKTNOPOG A1, A3, - - . , Gy AUHETHO20 NPOCTPAHCIEA

ABAAEMCA NOONPOCTPAHCTEOM Npocmparcmea V.

Teopema 3.7. 1. Ecau ey, es,...,ep — 6asuc nodn,
cmpancmea U aumetinozo npocmpancmea V, mo U
=er e ey

2. Ecau U = L(ay,...,ak), W = L(by,...,bs), mo U
+W=L(a1,...,ak,b1,...,bs).

3.2. IIpumepsn! perieHus 3a1a4

Mpumep 3.1. fpiasiercs 11 TOATPOCTPAHCTBOM JIMHEIIH;

ro npocrpancTBa R? MHOKECTBO BCEX BEKTOPOB ¢ = (o, ag

¥ KOTOpBIX @ + ap = 07
O IMycrs K — naHHOE MHOXECTBO BEKTOPOB, T. €.
K = {(a1,a3) € R* | oy + ap = 0}

Tyers a = (0n, a2) n b= (B, 02) — NPON3BOIBHBIC BEKTOPE
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3.2. Ilpumepw peurenus 3aday

s muokecrsa K. Torma op + as = B + B2 = 0. Cuenosa-
TeabHo, o+ b = (ay + f1, ap + B) npunagnexur K, Tak Kak
(o) + B1) + (az+ﬂ2) =(m+a)+ (B +0)=0+0=0.
Anajorndno, npu mobom v BeKTOp Ya = (you,Yag) IPUHA-
neknt K, nockoibky yon + yag = y(an + ag) = v-0 = 0.
Ynaunt, K — noanpocrpaHCTBO npocrpascTBa R, X

Mpumep 3.2. Haiitn 6asuc u pasmepHOCTS MuHeitHOHA 060-
JouKn noampocrpalcTBa A + B, a Takoke pasMepHOCTb IOJ-
npocrpancrea A N B, rne A = L(ay,a3), B = L(by,by) —
10/ITPOCTPAHCTBA JIMHeHOTO ipoctpaeTsa R, n a; = (1,1),
i3 = (1,0), b] = (2, 1), b2 = (—1, 1)

[0 o reopeme 3.7 A+B = L(ay, as, by, by). Haitnem 6asuc
upocrpancrea A+ B. Jljst 3Toro 6y/em U3 CuCTEMbI BEKTOPOB
(1, g, by, by TIOCIIEHOBATENLHO YAAIATH T€ BEKTOPbL, KOTOPbIE
JIMHEIHO BBIpaXKaloTcs uepe3 mpeiplaynme. BosemeM BeKTOP
0y = (1,1). Tak Kak oH HeHyJIeBOl, TO CHCTEMa U3 OIHOTO BeK-
10pa a; JAHEHHO He3aBHCHMA. PaccMOTpUM Tenepb CHCTEMY
BEKTOPOB a4, @2: )\l(ly 1) + ’\2(110) e (01 0),

M+X=0
Al - 0,
3HauuT cucTeMa M3 JRYX BEKTOPOB @) M Gy JIMHEHHO He3aBH-
cuma. Caenosarensno, dim(A + B) > 2. Ho no semme 3.2
dim(A + B) < 2. Ilosromy dim(A4 + B) = 2. Ilo Teopeme
2.2, c. 22, cucreMa BEKTOPOB @i, @y SIBIAETCS DA3UCOM TOA-
upocrpancrsa A + B. 3amerns takxe, uro A+ B = R2.

W3 dopmyasr [pacemana crenyer, to dim(A N B) =
= dim A + dim B — dim(A + B). Tak kak cucrema u3 AByX
BEKTOPOB @y U Qo JIMHEHHO HE3aBHCHMA U J10DOW BEKTOpP U3
nopnpocrpancTa A = L(ay, as) JAMHEAHO BbIPAZKACTCsl Yepe3
(1) ¥ G2, TO BEKTOPBI @) U @y 06pa3yior 6a3nc NOAIPOCTPAHCTBA
A. CaenoBareinbho, dim A = 2.

CrereMa U3 0JHOTO BeKTOpa by JMHAEHHO He3aBUCHMA, TaK
KoK BeKTOp by Henysesoit. Cucrema u3 JaByx BeKTOpOB by ¥ by
'aKoKe JIMHEHHO HezaBUCHMAa, Tak Kak \;(2,1) + Ao(—1,1) =

A= =0.
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3. IOJIMPOCTPAHCTBA JIMHEMHOI'O ITPOCTPAHCTBA

= (0,0),

Xarkigesi)
A1 + g =0, i

{2,\1 “X=0
CacpoBarensro, by n by 06pa3yior 6asuc HOAIPOCTPAHCT
B = L(b, b;). Hostomy dim B = 2 u dim(AN B) = 2+
—-2=2. )

Mpumep 3.3. Tlycts A = L(ay, g, a3) — TOAIPOCTPE
creo npocrpancTsa R%, a; = (1,1,-1), ag = (1,0,-1), a3
= (2,1, —2). Tpunanexxur u Bektop = = (2,0, 1) mozny
crpascTBy A?

0 Ecmu £ — BexkTop U3 A, TO T ABISETCH JTUHEHHON
OuHALMEN BEKTOPOB a1, A, G3. BBHISCHAM, CYIIECTBYIOT JIK
JIAPBI A1, Ag, A3 Takye, 9T0 A1a1 + X202 + Azas = x7 Ilepexo
K cucTeMe

M+ +203=2
A+ /\3 i)
“AM =X =2\ =1

¥ pemias ee,
iR Lo 20k2 Lok i 2l 2
1 .0 1140 )~[.0,~1 =1{=2
-1 —11=2]1 {00k 0 e

MOJIyYMM, 4YTO CHCTEMa HECOBMECTHA. 3HAMUT, BEKTODP &
TPHHAMTIEIKAT TOAIPOCTPAHCTBY A. 2

Mpumep 3.4. Ilycrs B npocrpancrse R® mamer momm Y

crpancrea A = L(a,b) u B = L(c). Hoxaxure, uro R®
= A® B. Ilpeacrasbre BekTop = = (—1,1,2) B BUOe T = T7
+Zg, THe 71 €A, 70 € B,ecmu a = (1,1,1), b= (-1,-2,
e=(-1,-1,1). ‘
[ Hatigem 6a3uc m pasMepHOCTb HOANpPOCTpaHcTBa A
+ B. Ilo Teopeme 3.7 A+ B = L(a,b,c). Cucrema u3 ox
ro Bekropa a = (1,1,1) nureitno HesaBucuma. Cucrema
JABYX BEKTODOB @ M b Takxke JUHeHHO HE3aBHCHMA, TAK
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) 3.2. Hpumepn pewenua sadav
Ai(1,1,1) + Ae(=1,-2,0) = (0,0,0),

A]—A2=0
A1~2A2=0 A1=/\2=0.
z\1=0,

PaccmoTpum cucreMy n3 Tpéx BeKTOPOB a, b, ¢.
A(1,1,1) 4+ Ao(—1,-2,0) + A3(—1,-1,1) = (0,0,0),

/\1—)\2—)\3=0 s 2 ) Nl E
AM=2X-2=0 A=[1 -2 —1|=-2#0.
A+ A3 =0, L od

CrnegoBaTe/bHO, CHCTEMa TPEX BEKTOPOB a, b, ¢ sIBJISIeTCs JiH-
neiiso HesaBucuMoit. UTak, BekTOpHI @, b, ¢ 06pa3yior 6asuc
nozgnpocrpanctsa A+ B = L(a, b, ¢). 3naunr dim(A+ B) = 3
u R® = A+ B sBuay nemmsr 3.2.
Tlycrs sekrop d = (31, f2,03) € ANB. Tornad € A n
d € B. Tak kak d € A, 70 d = A\ja + Agb. Tax xak d € B,
10 d = Azc. Torma Aja + Ab = Aze, Adja + Agb — Aze = 6.
IlockoibKy cucTeMa BEKTODPOB @, b, ¢ NUHEHHO He3aBUCHAMA,
oA\ =X =X=0Te. d=0-c=80. 3naunr, ANB = {0}
nR3=A0B.
Tak xak Bektop z € R® u R® = A @ B, 10 = /mmeiino
BbIpazKaeTcst 9epes a, b, ¢: Aja + Aqb + A\3¢ = x, oTKyIa
)\1 o Ag = Aa = -1
Al—=2X—A3=1
AM+A3=2.
Perraem cucreMy ypaBHEHWIA:

o | e == ]
e —2 - =E1.0 8 RO 0 | 2 ~
1o Qe Lol 2 0 1 2|3

vl noed,
~L0 =1 .0
ez 142

5

=l
: ) e



3. MOAITPOCTPAHCTBA JIMHEVHOTO IIPOCTPAHCTBA

nR cam 3

2.9. Bonp

Urak, z = (—1/2)a—2b+(5/2)c. Tax kak o u b npuxae
A, a ¢ npunajiexur B, To .
=(3/2,7/2,~1/2) € A, f

Ty = (5/2)(=1,-1,1) = (-5/2,-5/2,5/2) € B.
Mpumep 3.5. Jluneitras 0607109Ka BEKTOPOB 1
a3 = (1,-1,1,0), ag = (1,1,0,1), a3 = (2,0,1,1) € R}
ABNSCTCH NPOCTPAHCTBOM DEIIEHHH HEKOTOPO# OIHOPOLH
cucreMbl JuHeHHBIX ypaBHeHuit. Haifnre sty cucremy. )
O Tyers z = (1, To, 73, 24) € R*. Heobxommmo onpe
JIUTh YCJIOBUS], CBA3LIBAIONINE Z1, g, L3, L4, NPH KOTOPbIX &
€ L(ay, ay, as). IlycTs CymiecTBYIOT CKATAPHL A1, Az, A3 TaK®
910 A1y + Ax02 + Azas = z. Ilepeiinem k cucreme 3
M+ A +20 =14

—A1+ Ay =9
A+ A3 =1z3
Ao+ A3 =14

H TIPUBEJEM PACIIMPEHHYIO MATPHULY K CTYIEHYATOMY BH

1 R 1.1 2 I
-1 1 0|z, ' & 0 2 2 1+ 2o
i 01 I3 0 -1 -1 v % B it 12
0 1 1|2y g 1 Tk
1 1T 21" '
0 1 1 Ty
Tlo. 2.0 | nres M
0 -1 —-1|—z+x3
1l ) T
(4505 3k T4
= 0 0 0z +22— 224
00 0|—-my+z3+24 )

Tak Kak cucTeMa umeer peenne, To 110 Teopeme Kponekepa—
Kanent paHrd MATPALBI CUCTEMbI ¥ PACIIAPEHHONR MATPHIIBI
pastbl. CIleJIOBATENBHO, JOJKHBI BHIIOIHATHCS PABEHCTBA

T+ Ty — 224 =0
-3+ 3+ 24 =0.
Dra cucreMa M sIBJSETCS UCKOMOU cucTeMoit ypapnennit. X

3.3. Bonpoch! Jjist CAaMOKOHTPOJISI

1. MopnpocTpaHcTBa ANMHEHHOrO NPOCTPAHCTBA.

1.1. Jlokaxkure, 4T0 BCSKOE HOAIPOCTPAHCTBO JIMHEHHO-
ro npocrpaHceTBa V' Haj moseM P caMo fBISETCs JTUHEHHBIM
I[POCTPAHCTBOM OTHOCHTEbLHO Ollepaluii, onpeaessHubX B V.

1.2. Jokaxure, 4T0 Hemycroe MHOXKecTBO W sinHeitHOrO
npocrpascersa V' Hajg mosiem P siBisieTcst ero NOAIIPOCTPaH-
CTBOM TOTA ¥ TOJNLKO TOTMA, Korga azr+ fy € W pns mobbx
z,y € W n mobuix o, 3 € P.

1.3. Jloxaxkure, 9TO MHOXKECTBO L BCEX MHOTOYJICHOB M3
R,.[z], n > 1, umelonmx nanubii AeHCTBUTEbHBIH KOPEHb @,
sBJsieTcs mogupocrpanctsoM R, [z]. Haiigure dim L.

1.4. Kak onpejensiercsi cyMMa JABYX TOAIPOCTPAHCTB Jii-
HeRHOro npocTpancTsa?

1. 5. Paznoxure npocrpanctso V3 B cymmy JByx moanpo-
CTPaHCTB.

1. 6. Paznoxwure npocrpancrso V2 B cymMMy Tpéx moampo-
CTPAHCTB.

1.7. Ilycrs W, U — nmopuipoCTpaHCTBa JIMHEHHOro 1po-
crpancrsa V. Pasubt s nopnpocrpatctsa W+ U n U + W?

1.8. Jlokaxknute, 9T0 CyMMa KOHEYHOI'O MHOXKECTBA MOJ-
nipocrparcts Wy, W, ..., Wy mpoctpascrsa V' cosnajaer ¢
llepeceueHneM BCeX TIOATIPOCTPAHCTR IPOCTpascTBa V| conep-
ZKamux W], Wg, sdiily Wk.

2. ®opmyna paccmana.
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3. MIOAIIPOCTPAHCTBA JIMHEAHOT'O [IPOCTPAHCTBA

2.1. Jlokaxkure, 4TO KaxKI0e MOMIPOCTPAHCTBO KOHEY!
MEPHOTO JTUHEHHOr0 NPOCTPAHCTBA KOHEYHOMEPHO. ‘
2.2. Jlokaxure, 9o Gasuc nojnpocrpancrea W inHeis
0 IpocTpaHcTBa V' MOXKHO JOUOJHATHL 10 Hasuca mpoc
crea V., i
2.3. Mycrs Wy, W5 — noAnpocTpalCTBa KOHEYHOMEDHO
JmHelinoro npocrpancrsa V. Jokaxure, o ecin dim (Wi
+Ws) = 1+dim(W;NWa,), To cymma Wj + W, pasna om0
U3 STHX HOJANPOCTPAHCTB, a nepecedenne Wy NWs — npyrow
2.4. Ilycrs W, Wy — noanpocTpascTBa KOHEYHOMEPHO
nuHefHOro npocrpancTsa V. Jlokaxkure, yro ecan dim Wy
+dim W, > dim V, To W1 N W, # {6}.
2.5. NznoxnTe cXeMy J10Ka3aTeIbCTBa TeopeMbl 3.3.
3. Mpamas cymma noAnpoCTpaHCTs.
3. 1. Copmyimupyiite onpejeiieHue mpsiMoil CyMMBbI
NOANIPOCTPAHCTB JIMHEHHOTO MPOCTPAHCTBA. 4
3.2. Chopmysmpyitre onpesieieHne IpsiMOl CyMMbI TP
HOAMPOCTPAHCTB JIAHEHHOIO TPOCTPAHCTBA. :
3.3 Kak mnoctponth 0a3uC NpSMON CyMMBI IO
CTPAHCTB, 3Hast 6A3UCHl STUX MOANPOCTPAHCTB? ;
3.5. Paznosure 1pocrpaicTso V3 B OpsaMyio cyMMy JiB)
HOJIPOCTPAHCTB. '
3. 6. Paziioxxute npocrpascTso V3 B npaMyio cymmy T
HOJIIPOCTPAHCTB. '
4. Jlnneiinas 0605104Ka CUCTEMbI BEKTOPOB. _
4.1. V3 KaKuX BEKTOPOB COCTOMT HOANPOCTPasctso Lia
4.2. M3 KakMX BEKTODOB COCTOMT IIOAIPOCTPAHCTE
L(a, b)?
4.3. Ouennre pasmepHOCTs nOjupocrpancrsa L(as, . .
W ak).
4.4. Ilyers U = L(aa,...,ax), W = L(by,...,bs). Ho
xure, uro U + W = L(ay, ...,k by,...,bs).
4.5. Jloxaxkure, 4To A5 JIOOOrO MOAMPOCTPAHCTBA
T-MEPHOTO JIMHEAHOro npocrpancTsa V Halaéres Takoe 110,
npocrpancrso U, aro V =W @ U.

46

8.4. Hudueudyarvrve 3a0anus

3.4. InauBuayajibHbIE 3aaHUS

1.1-1.6. SBustiorcst Jim NOANPOCTPAHCTBAME JTHHEITHOTO
npocrpancrsa M(n, C) cnepyomue MHOXKecTBa?

1. 1. MHOXKeCTBO BCeX HEBBIPOXKJIEHHBIX MATPHIL.

1. 2. MHOXKeCTBO BCeX BBHIPOXKAEHHBIX MATPHL,.

1. 3. MHO>XeCTBO BCeX MATPHIL ¢ CAMHAYHBIM ONpejienTe-
JeM.

. MHOXeCTBO BCEX CHMMETPHYECKHX MATDHIL.
. MHOXeCTBO BCEX KOCOCMMMETPHYECKUX MATPHIL.

1.6. MHOXeCTBO BCEX MATPHIL, IEPECTAHOBOYHBIX C (DHK-
cipoBaHHOM KBaaparHoit Matpuue A € M(n,C).

1.7-1.12. dBasierca M HOAIPOCTPAHCTBOM JIMHEHHOTO
npocrpancrsa C* MHOXKECTBO BCEX BEKTOPOB (@, . . . , (i), KO-
OPIMHATBI KOTOPbIX YAOBJIETBOPSIOT CIEYIOMMM YCJIOBHAM?

' o tas+ ...+ a, =0,

1.8. oy = —ay,.

1.9, ay = s = 0.

1.10. ap =g + g+ ... + @pq.

1.1l oy =@, =0.

IO o = —(a2+a3+... +an).

2.1-2. 6. dBastercs Jwm MOANPOCTPAHCTBOM JIAHEHHOIO IPO-
crpasictsa Clqp) MHOXeCTBO Beex bymkimii f(z), y10B1eTs0-
PATOTIHX CJIEAYIOUMM YCTIOBUAM?

T flay=

2.2. f(z)=a+bz,a,beR.

f(z) = a+bsin®z + ccos’z, a,b,c € R.
f(z) = a+bsinz + ccosz, a,b,c € R.
f(z) = ax® + be™* + csinz, a.b,c € R.
f(b) =0.

2.7-2.12. dsnsiercd JW HOMIPOCTPAHCTBOM JIMHEHHOTO
npocrpancTBa Ry, [z] MuoxkecTBo Beex muorounenos f(z), yio-
BJIETBOPSIOLINX CIIEAYIOUMM YCIOBUSM?

2, T ()i ()

2.8. f(-z) = —f(=).

2.3.
2.4,
2.5.
2.6.
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3. TIOJUIPOCTPAHCTBA JIMHENHOT'O ITPOCTPAHCTBA

3.4. Mndusudyanvrvie 3adomus

2.9. f(0) = 0.
2.10. 2f(1) — f(2) = 0.

2.11. KoshdbuuuenTs! npyu YETHHIX CTENEHIX T HYJIEB
2.12. Bee koadbduumenTs! pasnbl MeXKLy coboit.

3. Haiisure pasmepHOCTh U Gasue JumHeiHO# 0607101

L(ay, as, a3, as) cucrembr BekTopop u3 R4

4.1-4.4. Haiiymre pasmepHocts B 6a3uc IuHEHHON

noukn L(ay, as,a3) BekTopoB u3 R;[z].

ay ay as a4

3.1 | (1,00-1) | (BL10) | (LLLD | (1,2,34)
R T N R A (s
33 b2 AR e AT a3 T
3.4 | (-1,1,0,1) [ (2.0,11) | (1.1-1,]) | (0,2,-1,2)
3.5. | (0,,1,2) | (-3,1,0-1) | (1,2,1-) | (2,1,1,0)
3.6. | (-1,1,21) | ((1,21,3) | (0,11, | (3,2,0,1)
3.7 QAL 0122 TO23 ) [ (01,11}
58 T 010D [TO010) 222 [11.1-
3.9. | (0-21,1) | (1-121) | (1-33.2) | .(-2.2.1,3)
3.10. | (4,1,0-1) | (-2,1,23) | (1,302 | (2,2.2.2) .
311 | ((1,023) | (1,20,1) | (43-1,9) | (0,1,3.2)
3.12. | (2-1,10) | (241-1) | (3,321 | (-1,1,1,2)

a1 2] ag
41, [z +x+1 -z 2z -1
4.2 8 — 1 2z +1 Th4 =]
4.3. 2z -1 72 | 20 =iy 41
44 [ "—22F1 [ 22°Fz+2| 223

4.5-4.8. Haitqmre 6a3uc n pasMepHOCTb THHCHHON
noukn L(ay, as, as) BEKTOPOB U3 AeHCTBATENBHOIO JHHEHTHO

upocrpancrsa C.
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a1 ay ag
4.5.1 142t | 3—4 | 56+28
4.6.| 2—1 3i ) e e
4.7. | =34+204 244 | 1=
4.8 | =1—13 | 3+4¢ | -2

nouku L(ay, as, az) Bektopos u3 M(2, R).

o ]Gy GG
wn0.) (5 3) (:(1) %) (i %)
I e DTS
415 ((1] i) (—41 3) (—3 2)

4.9-4.12. Haiijure 6a3uC ¥ pasMEPHOCTD JIMHERHOH 060-

5. Haiinure pasmepHocTh M 6a3uc CyMMBI, a TakxKe
pasMepHOCTb liepecedenus nozxnpocrpancts L(a, ag,az) u
L(by, by) mneitnoro npocrpancrsa R3. ITpuuaexut mm Bex-
Top z mipoctpancrBaM L{ay, ag, as), L(b1, b)?

ay as as
5.1 <o) G020 nEL0
52| WL =20 =139
5.3 Al L300
N s T T 1 e e
S e T U e
A SRS s e
5. % 10 L2023
58T E ] (el T &)
Bl ) [ 1o=0). Sk =1, 210 1)
BlC @ =51 s 0ciuie D
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3. NOANPOCTPAHCTBA JIMHERHOTO NPOCTPAHCTBA

8.4. Hnousudyaavrue 3adarnus

a1 ) asz
Ls_ll (0$ _172) (173)0) (1a212)

5.12. 1 (-2,1,2) | (0,-2,-1) | (=2,-L,1).

by by z
5.1. | (1,,,3) | (0,1,9) (1,3,5)
52 [(-1,2,3) [ 3,21) | (0,=1,2)
5.3. | (3,2,3) | (-1,0,1)| (5,—4,1)
5.4. | (-2,1,2) | (3,0,1) | (=2,2,4)
9.5. | (1,1,-1) | (4,-1,0) | (=1,2,3)
5.6. | (0,1,3) | (2,1,0) (4,3,2)
57 1 (=130 | @0,2) | 5,1,3)
5.8. | (4,1,2) |(-1,2,4)] (3,2,0)
5.9. ] (5,=1.2) | (=1,3,1)'| (1,2,2)
5.10. | (-4,2,0) [ (0,=1,3)| (0,1,1)
9.11. | (=3,2,1) | (4,3,-1) | (=1,=-1,1)
5.12. | (3,2,0) | (=3,1,1)| (4,3,2)

6. Tlycrs B mpocTpancrse R? 3amansr mommpocTpas ;
A = L(ay,a5) 1 B = L(ag, a4). Hoxaxure, 4o R* = A &
TIpeJcraspre BEKTOD & B BUse T = 21 +T9, TAe T1 € A, To € |

ay ag as

6.11. | (2,2,-1,1) | (4,3,-1,2) (3,5,—3,4)

6.12:1.(2,8,11,5) (1,1,5,2) (2,1,3,2)
a4 T

6.1. (12,3, —3) (0,2,0,—1)

6.2. | (2,-3,1,—4) (0,9,-3,2)

6.3. (4,1,3, 1) (3,6,5,6)

6.4. (b2, -3) (0,-5,5,3)

6.5. (1,2,3,-1) (3,4,4, —-2)

6.6. (3, 5,—3,2) (2,7, -2, —1)

6.7. (0,1, 5, —4) (=1,-1,-4,2)

6.8. (0,2,5,1) (—4,-5,-2,-3)

6.9. (2,-3,3,2) (6,23,1,10)

6.10. (3,1,9, 2) (—3, 4,4 4)

6.11. | (3,2,-2,2) (—2,0,1,-1)

6.12. (11,3, 2) (0,1,5, 2)

a Qs az i
6.1 |(LL-L-0[ (3,-1,1,-2) | (2,1,2,-3)
6.2. | (1,2,3-1) | (2,3,-4,4) | (3,—4,21)
TN 2,1,3,2)  |(3,-41,-3}§
6.4 1 (2,3,-3,1) | (1,-4,5-2) |(3,4,-3,—4)]
6.5. | (3,4,3,-4) | (45,-3,1) | (2,3,—4,2) |
616 L2 =) [ im0 = AR =21, 0)
67 L= (1,3,2,3) @2il.—1.2) |
6.8 (8,632 |(—4 -1, a1 2 72)
6.9. (2,5,1,3) (4,6,3,5) (4,1,1,7)
6.10. | (2,5,4,1) T30 (2,10,9,7) |

7. Jluneiinast 0607109Ka CHCTEMbI BEKTOPOB a1, A2, A3 U3 38~
Jaxius 3 ABJISETCS POCTPAHCTBOM PelleHHH HeKOTOPO! OfHo-
POJIHOM cucTeMbl JMHEHbIX ypaBHenuit. Haiiure sty cucre-
MY ypaBHEHHiA.
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4. JINHEVHBIE OTOBPAKEHU A
JIMHEVHBIX IIPOCTPAHCTB

4.1. DueMeHTHI Teopun

Tycts V u W — smseiinble IpoCTpaHCTBa Hajl OHAM
TeM xe nonem P. Orobpaxenue f: V — W, yaosiersopsi
mee yCIOBUSIM

flz+y)=f2)+ f(y) mnascex 7,y €V, (4

flaz) = af(z) nna Beex z € V,a € P, (4

Ha3BIBACTCH AUHEUNbM omobpadicenuem npocmpancmes V.
npocmparcmeo W. Yenosue (4.1) HasbIBaeTCa YCA0BUEM @
dumuenocmu omobpaocenus f. Yenopue (4.2) mazpina
ycaosuem odnopodnocmu omobpasicenus f.

Pasnngalor HECKONBKO TUINOB JHHEHHBIX OTOOPAKCHH
JIMHERHBIX TTPOCTPAHCTB: JMHCHHBIC ONEPaTOpPhI, H30MOPhU:
MBI, JMAeiinbIe Ipeobpazopanus (aBTOMOPQHUIMBI).

Helinoe oTobpazkenne npocrpancTsa V B cebs.

Bsamvino orosnaunoe nuneitaoe oTobpazkerne JTHHEHHOI
npocrpancrsa V' B npocrpancrso W nasbmaerca usomopdu
MOM JIMHEHHBIX npocTpascTs V u W.

Baaumo oarosHatnoe uHeiHOe 0TOBPaKEHHE HPOCTPS

crBa V' B ceba Ha3BIBACTCH Aunelinm NPeobpasosatuem ¥
A8MOMOPHU3.MOM JIHEHHOTO TIpoCTpaHCTBa V.

4.1. Daemenmo meopuL

Tepyun Beriensioniee CBOACTBO
Jluneiinoe VoW
oTobpaKeHne
Jlunennri V-V
oneparop
HNzomopdnam f VoW
| — buexmusa
Jluneiinoe f: V=V
npeobpas3oBanne f — Guekius
(aBToMOpdu3M)

Jlemma 4.1. IIyemoy V u W - aunetinvie npocmpancmesa
nad nosem P. Omobpasicenue f :V — W aeasemcs aunel-
Wom omobpasicenues npoempancmea V6 npoempancmeo W
mozda u moavko mozda, x0200

flaz + By) = af (z) + Bf(y)
s mobviz ¢,y € V u mobwx o, f € P.
Jlemma 4.2. ITyemo V u W — aunetinoie npocmpaicmea

wad nosem P, [V — W — auneiinoe omobpasrcenue. Tozda:

1) ecau @ u b — Hyaeevie GEKMOPLL COOMBEMCINEENNO NPO-
empancme V. u W, mo f(8) = 0';

2) f(—=z) = —f(z) npu mobom z € V;

3) npu WOOWT L1, Ta, . .., Ty € V U NPU 206U 1, X2, - - -
..y 0 € P umeem mecmo pasencmaeo

n n
FQaim) = auf (w);
i=1 i=1

4) ecau cucmema 6eXmMOpo6 Ty, Ty, - - - , Tn NPOCTIPAHCTER
V' aumetino 3a6ucuma, mo JUHEEHO 3a8UCUMA U CUCTIEMA GCK-
mopoé f(zl)'l f(x2)x cee af(x'n)'

Creflylonmasi TeopeMa. NOKA3biBaeT, Y10 ISl TOrO, Yro0bl
sajaTh muHeitHOe orTobpaxkenne uz VB W, mocraroyso 3a-
J1aTh 06PA3bI BEKTOPOB HEKOTOPOTO Gasuca 1pocTpancTsa V,
lipidaeM 3THMM 00pasaMu MOTYT OBITH TIPON3BOJIbHbIE BEKTO-
pot mpocrpancTea W.
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4. IMHENHBIE OTOBPAYKEHUST JIMHEMHBIX TPOCTPAHCTRB

Teopema 4.3. ITycms darve aunetinse npocmpancmet
u W nad nosem P, 6asuc ey, ey, ..., e, Npocmpancmea
NPOUIE0NDHAA CUCTNEMA 6EKTMOPOS (1,03, . .., Ay TPOCTP
cmea W. Tozda cywecmeyem edurcmeenroe aunelnoe om
paoicenue f 1V — W, npu xomopom f(e;) = a;, i = 1,2,
R i

Caencreue. Jlunetnod onepamop f aunetinozo n
cmparcmea V' nad nonem P odnosnauno onpedeasemca @
mopamu f(e1), f(ea),..., f(en), 2de ey ea,... 6, — Hek
poutd 6azuc V.

[lyers f — nuselinslif onepaTop n-MEpHOTO JHHEHH

npocrpancrBa V Hay monem P, ey, ey, ..., e, — Ga3uc om
npocrpascrea. Torga f(e1), f(ez),. .., f(e,) — BexTOPHI H3
PaznoxkuM ux 110 BekTOpaM 6asuca ey, €, . . . , €n:

f(el) = A€ - A1262 +...04+ )q,,e,,
f(e2) = o161 + Ago€s + ...+ Aonén

f(en.) = An1€1 + A€ + ... + Apnén.

A Agg Aln
Matpuna A = An Az Aon Ha3BIBAETCSH
Anl An? /\rm
puyeti aunetinozo onepamopa f 6 basuce ey, €q, . .., €p.
€
Iycrs [e] = e — Marpuua-croabern 6a3
€n
PACHE
fez)
€1,€2,...,6,. Yecpes f([e]) oboznauum cronber
i (en)

4.1. Daemenmv meopuu

Torjia cucreMa pasencTs (4.3) papfOCHIbHA MATPUIHOMY pa~
nercrsy f([e]) = Ale].

Teopema 4.4. Ilycmo [ — aumetinwid onepamop n-mep-
w020 aunetinozo npocmpancmea V mad nosem P, ey, e;, ...
... en — 6asuc npocmpancmea V, x € V. Tozda xoopdu-
namuas cmpoxa eexmopa f(z) ¢ 6asuce e, ey, ... e, paG-
na K0opduHaTNHOY CMPoke 6exmopa T 6 ba3uce €1,€s, . .., ey,
ymHoorcennoti Ha mampuuy aunetinozo onepamopa f 6 basuce
€1, €9, ..

CaneancrBue. Ecau A — mampuua aunetinozo onepamopa
[ auneiirnozo npocmparcmea Vi, mo

(f(z)) = (2)A
das 106020 sexmopa x € V,,.

Jlemma 4.5. Ilyemv A u B — (n X n)-mampuybi Had
noaem P. Ecau (anay...0p)A = (0a0s...an)B das mobot
cmpoxy (a1 ... ap), o; € P, mo A= B.

Caenyiomas TeopeMa ycTaHaBIUBaeT CBA3b MEXIV MaT-
pUIaM# OJTHOIO M TOI'O XKe JIMHeHAOro onepaTopa B pasjmd-
1bx Hasucax.

Teopema 4.6. [Iycmv f — aurelinwid onepamop n-mep-

23

(4.4)

nozo aunetinozo npocmpancmea V 1ad nonem P, €1, €z, . .. €n

u €y, eh,... e, — basucw npocmparcmea V, T — mampuya
/ /

neperoda om 6asuca ey, ey, ..., e, ¥ 003UCY €1, €5, . .., e;,. Beau

A — mampuya onepamopa f 6 6aguce €y, €y, . - ., ey, B — mam-
puya onepamopa f 6 Gazuce €, €y,- .., €, mo B=TAT™".

Ilycts f — nuseiinoe orobpaskenue mpocrpancTsa V B
npoctpanctso W. Muoxecrso

Kerf={ze V| f(z) =0 €W}
Ha3bIBACTCS AJPOM Aunetinozo omobpadsicerus f. MuoxecTso
Imf ={f(z) e W |z €V}

HasbIBaeTca 06pa3om aumetinozo omobpasicenus f.

Ecmm f — nuseiinsiii onepaTop IpocTparcTBa V', TO rOBO-
pAT 0 fape u obpase onepaTopa.

Jlemma 4.7. f0dpo u obpas auneiinozo onepamopa npo-
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4. JIMHENHBIE OTOBPAXKEHU S JIMHENHBIX IPOCTPAHCTB

cmparemea V- AGAAIOMCA NUHETHBLMYU NOONPOCTPAHCTEA
npocmparcmea V .

Ha npaxTuke s1po 1 06pa3 JuHEHHOTO OnepaTopa HaxX
JIATCSE, KaK NPABUIIO, C OMOIIBIO CIIEAYIONIEH TeOPeMbL.

Teopema 4.8. IIycmn f — aunedinwdi onepamop np
empanemea Vn, A — mampuua onepamopa [ 6 6asu
e1,e;:..,6e,. Toz2da: ? g

1) Imf = L(f(el)7 f(eZ)i o ¥ey f(en));

2) eexmop © € Kerf mozda u moavko mozda, %020
(z)A = (00...0).

Pareom aunetinozo onepemopa f KOHEUHOMEPHOTO
HEe}HOTO NIPOCTPAHCTBA V' Ha3bIBAETCS Pa3MEPHOCTE TIOATPE
crpaucrea Imf. Jepexmom aunetinozo onepamopa f KoHe
HOMEPHOI'O IIPOCTPAHCTBA V Ha3hIBAETCH PA3MEPHOCTH 1P
crpasrcrsa Ker f. Urak,

rapkf = dimImf, deff = dimKerf.

Teopema 4.9. Cymma parza u deexma aunetinozo o
pamopa f KomeHOMEPHO20 AUuNETiNn020 npocmpancmaa V pag
na pasmeprocmy V:  dimV = rankf + deff.

Ilyers f, g — nuHelinble onepaTops! nNpocrpancTsa V Ha,
nojem P. Cymmot onepamopos [ u g HasbiBaeTcs 0TOOparKe
nue [+ g npocrpancrsa V' B cebs, onpeensiemoe 1is Ki
zoro z € V dopmynoit (f + g)(z) = f(z) + g(z). Hpoussede
HueM cxaaapa A € P u auretinozo onepamopa f Ha3biBaeTE
orobpaxkenne Af npocrpaicrsa V B cebs, onpeaensemoe 1
kaxkoro ¢ € V' dopmymoit (Af)(z) = Af(z).

Jlemma 4.10. Ecau f,g — auneiinvie onepamopv npo:
cmparcmea V. 1ad noaem P, A € P, mo f+g uAf — maxoe
aunetHle onepamopu. npocmparemea V. ;

B janpueiiureM MHOXECTBO BCeX JHHEHHBIX ONEPATODO]
npocrpascrsa V' naj mosem P Gyaem obosnagarh uepe:
HompV wnn L(V). Ilposepka aKCHOM JIMHEHHOrO pocTpaH
CTBa TOKa3biBaeT, 4yTo MuOkecTBo HompV siBisiercs nnweis
HBIM 11POCTPAHCTBOM Haj| ojieM P.
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4.1. Daemenmu. meopuu

Jlemma 4.11. ITyems f, g — aunelinoe onepamopo Au-
netinozo npocmparcmea Vy, nad noaem P, a A u B — mam-
puyv. onepamopos f u g 6 basuce ey, €y, ..., ey. Tozda mam-
puuamu onepamopos f + g u Af, A € P, 6 mom ogice Gasuce
Aeasomesn mempuyst A + B u AA.

Teopema 4.12. IIycmv V — n-meproe aunetinoe npo-
cmpancmeo nad nosem P. Tozda HompV = M(n, P).

[Tycrs f, g — auneitasie oneparopsl npocrpancTsa V. [Ipo-
u3eedenuem onepamopos f u g HasblBaercs orobpaxenue fg
npocrpancTa V B cebs, onpejensiemoe Jiist Kaxiaoro ¢ € V
hopmyxoii (fg)(z) = f(g(x))-

Jlemma 4.13. Ecau f,g € HompV, mo fg € HompV'.

Jlemma 4.14. ITyemo f,g — aunelinve onepamopvt npo-
cmparcmea Vy,, A, B — mampuyw. onepamopos f u g coom-
sememeenno 8 basuce €y, €y, . ..,¢e,. lo20a BA — mampuua
onepamopa fg e basuce ey, €y, ..., €x.

JIuuenniit onepartop f npocrpancrsa V Haj mongeM P Ha-
SBIBAETCS 0OPATNUMbLM, €CITH CYLIECTBYET JHHEHHbIH OnepaTop
¢ npocrpancrsa V Takoit, uto fg = gf = €, rme € — TOXIe-
CUBEHHBIH oreparop npocrpascrsa V. Oneparop g HasbiBa-
erca obpamim 151 oneparopa f u obosHadaercs vepes f1.
OrmernM, yTo MaTpuna obpaTHoro oneparopa Iisi [ paBHA
obparHOii MaTpHIe K MaTpule oneparopa f.

Teopema 4.15. Jlunetinwii onepamop [ € HompV obpa-
mum mozda u moavko mozda, x0zda [ — aunetinoe npeobpa-
sosanue npocmparcmea V.

MHozkecrBO BCEX JIMHEHHBIX NpeoOpa3oBaHnuii JimneiHo-
ro npocrpancrsa V. nax nosem P Gymem o6o3HauaTh uepes
AutpV mm GL(V).

Teopema 4.16. Mnoocecrneo AutpV asasemca epynnot
OTNHOCUMENDHO OTEPAUUY YMHONCEHUA MUHETIHBT NPeobpaso-
Ganutd npocmparcmea V.
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4. JIMHENHBIE OTOBPAYKEHUS JIMHEMHBIX TPOCTPAHCTB

4.2. Ilpumepsl penrenus 3a1a4

MNpumep 4.1. B nuneitnom npocrpancrse ¢ 6asucom ex,

oTobpazkeHue ( NepeBoAnT JI0DOH BEKTOD T = T1e; + Ty

BekTop @(z) = (321 — 2z2)e; + (221 + x3)es. Jokaxkure,
¢ — JIMHEHHbLIA OmepaTop M HalljAuTe ero MaTpuuy B Gasui
€1, €a. .

0O Tycrs z = 1€y + Toes U Y = Y181 + Y2€s — IPONIBOI

Hbl¢ BEKTOPBI JAHHOTO NPOCTPAHCTBA. Tor,ua

o +y) = p(z161 + Toes + Y11 + y2€2) = @((z1 + y1)es
+(2z2 + y2)ez) = (3(z1 + 1) — 2(22 + y2))er + (2(z1 + 11)

+($2 -+ yz))ez = (3171 e 2272)61 + (3:{/1 - 2?]2)61 4 (2.’61+ :
+x2)ez + (241 + y2)ez = ((3z1 — 275)er + (221 + z2)er)+
+((Byr — 2yp)er + (21 + ya)es) = @(zre1 + Taen)+
+o(yie1 + yze2) = () + ¢(y),
T. €. BBIIOJIHACTCA YCIOBUE 3 UTUBHOCTH.

Ilycrs @ — mpou3BOIBHBIA 3eMenT noust. Torua

p(ax) = p(a(zie; + z2e2)) = p(azie; + azse;) =
= (3az — 2azs)e; + (2az; + amy)ey =

= a(3z; — 2z5)e; + a(211 + 20)ep =
= a((3z1 — 2z5)e1 + (221 + 20)ey) =
= ap(z1€1 + T2€5) = ap(z),

T. €. BBIIOJHAETCS yCJOBHE OJHOPOIHOCTH. 3HAYUT, @ — JI
HeitHoe orobpaxkenue. Ilockonbky ¢ oTobpaskaer aantoe
CTPaHCTBO B cebsl, TO ¢ — JIAHEHHBIN OlepaTop.

Haitném pasnoxkenne 110 BeKTOpaM basnca e, e; BEKTO
eler) n p(ea).

ga(el)=¢p(1el+062)=(3-l—2~0)e1+(2-1+0)e2=‘

=3€1+2€2. (P(Cz) =tp(0'€1 +1'€2)=
=(3'0—2-1)61+(2-0+1)62=-281+€2.
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' 4.2. Mpumepn peutenus 300a4

(l1e10BaTENIbHO, MATPHULA JIMHEHHOro oneparopa B 6Gasnuce
3. .2
¢y, €y uMeer Bug A = ik 2 & X
Mpumep 4.2. CocraBbre MATPHILY JHHEHHOTO OnepaTopa
p B Basuce €, €y JUHEHHOTO NPOCTPAHCTBA, €CIH (O BEKTOPbI
I, = €1 — ey U Ty = € + ey NEPeBOANT, COOTBETCTBEHHO, B
BEKTODBL Y1 = €1 + 2e3 U ys = —e; + 3e,. Haiiaure obpas
peKTOpa z = —2e; + €9 MO JeHCTBUEM OIlepaTopa ¢.
[0 Koopaunarhl BekTopos ¢(e;) u @(es) HaligeMm u3 cu-

CTeMBbl ypaBHEeHUH
{ Y1 = p(z1)

Y2 = ¢(22)-
Tax Kak ¢ — JIMHEHHBIA OTIEPATOP, TO
w(z1) = pler) — plea), @(@2) = pler) + p(e2)-
Torya
e1+2ex = p(er) — p(e2)
—e1 + 3ex = p(e1) + ples).

CkiajibiBasi ypapHeHHsl, TIOAydmM Se; = 2¢p(e;), OoTKyza
p(e,) = (5/2)es. Crienoparernbho, KOOPAMHATHL BeKTOPA @(€1)
paBabl 0 m 5/2. BpluuTasi 3 MepBOrO YPaBHEHHs CHCTEMBI
Bropoe, mojyduM 2e; — ey = —2p(es), otkyma p(ez) = —
—ey + (1/2)e;. 3naunT, Koopuunats! @(e;) paBusl —1 u 1/2.
CneToBaTeIbHO, MATPHLA JIXHEHHOTO oneparopa ¢ B Gasuce
0 5/2
i

KoopaunarHast cTpoka BekTopa ¢(z) HaXOmuIcs 1o Tpa-
sty (p(2)) = (2)A, rae A — MaTPHIA JIMHEHHOTO OEPATODA.
Torza

W= Lo 1)(_01 fﬁ):(_l 9/2).

Bnauur, ¢(z) = —e1 — (9/2)e;.
Mpumep 4.3. B nuHeHHOM HPOCTPAHCTEE C HABUCOM €1, €2

€1, e uMeer Bug A = (

JIAHBI BEKTODBL @) = €1 + 2ey, ap = e; + 3eg, by = ey + 2e,
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by = ey + e;5. Bexkrops! a1, as n by, by o6pazyior 6a3uck 3’1‘0
npocrpancTsa. B Gasuce ay,ay iuHeiHbIH oneparop ¢
2 g

P Brrancnure MaTpuiy onepa'roi

MaTpuueh A = (
@ B 6Gazuce by, b,.

00 Marpuuy mureitsoro oneparopa ¢ B 6asuce by, by Ha
nem 1o popmyie B = T AT, rae B — marpuna oneparo;
¢ B basuce by, by, A — MaTpHuA oneparopa ¢ B 6a3uce a1, @
T — marpuua nepexoza ot 6asuca a;, ay K 6asucy by, by. Ilyc:

A A
Fai e . Torna

b = Aua1 + Aiaaa, by = Ayay + Apas.
M3 mepBoro paBeHCTBa TONyYaeM:

marpuua T umeer sug T = (

3e; +2e; = /\11(61 -+ 262) + )\12(61 + 362).
Tlepexons k cucreme
A+ A2=3
2211 +3A 2 =2

u pemas e€, HaXOmuM A3 = 7, A\jg = —4. Anajornuso, i
BTOPOI'O DaBEHCTBa e + ex = Ay (e; + 2e5) + Ago(er + 3e),
Ao+ Ap=1 iry

{ TS i Tt g e |

Wrak, marpuia nepexosa ot H6asuca ay, as  6asucy by, by ect
T ik 5

9 _1).Ta.KKaKT = (
MaTpHlia oneparopa ¢ B 6a3uce by, by pasua

el
(3-8

Mpumep 4.4. B ymneitnom npocrpancree R suneiins
onepaTop ¢ 3agan MaTpuueii C' B nexoropom 6asuce. Haiigu
Gasuce! sijipa W 00pasa JMHEHHOIO ONEpaTopa (. YKasku

marpuua T = (

i
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4.2. Ipumepvi peutenus 3adav

paHr u JedekT oneparopa .

D piPaod
Ga=fngh agin g
Pt g

O Ilycrs BeKTOp T = ( Doy ) LPUHAJIEIKUT $1I-
py oneparopa Kerp. Torua ¢(z) = 6. TaK kak (p(z)) = (2)C,
10 nosy4aem pasencrso (0 0 0 ) = (21 7o 23 )C, o
TOPOE PaBHOCWIILHO OJHOPOJHON CUCTEME JIMHEHHbIX ypaBHe-
Huit
—T; — 2T+ 23 =0
21‘1 +4IQ o 213 =)
Ty + 229 — z3 = 0.
Crnemosarensho, sapo Kerg onepatopa ¢ SBISETCS HPO-

CTPaHCTBOM permeHuil 3Toil ogHOpoHO# cucTeMbl. Haitnem
ero.

-1 -2 1 -1 -2 1
2 4 -2 |~ s 9.0
3 N N | 020650
~21 — 209+ 23 = 0, &1 = —2T9 + Z3, To, T3 — JI0OBIE JEit-

cTBUTENbHbIC Yucaa. [[poCTpancTBO pemeHuil CHCTeMb! UMeeT
BUL

M= {(—2a+ﬂ>a!ﬂ) Iaaﬁe R}

Hatiiem ¢hynnamenTanbuyio cucremy pemenuit. Ilyers a =
= (—2a + B, a, 3) — upousposbHsii Bekrop uz M. Torna
a= (—'2(1 +ﬂva7ﬂ) L (—2&,0(,0) = (ﬁ,ovﬁ) e
=a(-2,1,0) + 4(1,0,1).

Bextopst (—2,1,0) m (1,0,1) siBASIIOTCS BEKTOPAMHM HPO-

crpascrsa M. Ilepsoiit — upu a = 1, f = 0, Bropoit — upu

o =0, 8 =1. Urak, Kaxpiii BeKTOp U3 M siBisierca auHei-

Hnoit kombunanueit sexropos (—2,1,0) u (1,0,1). Tak kak
1(=2,1,0) + as(1,0,1) = (0,0,0),
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4. JIMHEMHBIE OTOBPAYKEHNS JIMHENHBIX [TPOCTPAHCTB

4.3. Bonpocw 048 CGMOKOHTIPOAR

—2a1+ap =0
=0 og=a=0,
02‘—‘0,

TO 9TH BekToph! (—2,1,0) u (1,0,1) smneitno HesaBuCUM
Cnenoparensro, oun 06pasyior 6asuc supa Keryp oneparo)
. 3uaunt, defp = 2. O6pa3 Imy oneparopa ¢ ecTs H:
Has obonouka L(p(e), ¢(es), p(es)), rae ey, es, e3 — Gazue
KoTopoM 3alana Marpuua C. Toraa
wler) = —e1 +2ex +e3, p(en) = —2e; + ey + 2e3,
p(e3) =e; — 2ey — e3.

Tak xak @(e;) # 6, TO cucTeMa U3 OTHOrO BEKTOPA <p(
JmHeRHo Hesasucuma. CucreMa U3 IByX BeKTOPOB ¢(e1 ), (e

JIMHEWHO 3aBUCHMa, TaK KakK
(11(—61 + 2e; + 63) o+ ag(—Ze] + 4ey + 263) =6y
iy 202 = 0,
2(11 + 4&2 = 0,
a; +2a5 = 0.

o = —20, ay — moboe uucao u3 R. Jlobasnas k <p( :

BEKTOD ((e3), TaKKe HOLyIAM JIHHEHHO 3aBHCHMYIO CACTE

3naunt, p(e;) — 6asuc obpasa Imp oneparopa . Crexos:

TeNTbHO, ranky = 1.

4.3. Borrpocel [JIsi CAMOKOHTPOJIS

1. Knaccudpmkauusi nunelitbix otobpaxenuii. Mpumepsi i

HelHbIX 0TobpaXkeHuid.

1.1. Ha ocHOBaHMH KAKHX NPH3HAKOB OCYITECTBJISIE
KnaccubuKauys JHHEHHBIX OTOOpaskKeHni JTHHEHHBIX
CTpaHCTB?

1.2. Hycre smneiiHoe npocrpancrso V. Haz nomem P
JisieTes npsaMoi cymmolt nomnpocrpaiets Uy u Us. Joka:
Te, YTO ONepaTop p, KOTOPhIH KazKIOMy BeKTOopy r € V
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PA3IIOXKEHHEM T = Iy + T, IJie T1 € Uy, zo € U,, cTaBuT B
(OOTBETCTBHE BEKTOP &1 ITOTO PAIIONKEHHs], SBJIAETCH JIMHEH-
v, OrepaTop p HA3BIBAETCS ONEPAMOPOM TPOCKMUPOSAHUSL
npocmpancmea V na Uy napasenvro Us.

1.3. Myers V = U; @ Us. [lokasxkute, 4TO ONEPATOP S,
KOTOPBLH KaXk7IoMy BeKTOpy Z € V ¢ pasiokeHueM T = o7 +
+ 19, e z; € Uy, x5 € Uy, CTABAT B COOTBETCTBHE BEKTOD
8(z) = 21 — xo, gBasiercs nuueiiabiM. Oneparop s Ha3bIBaET-
ot cummempueti ommocumenvno noonpocmparcmsa Uy 6 Ha-
npasaeruy Us.

1.4. Jlokaxkure, 4TO B OHOMEPHOM JIMHEHHOM IIPOCTPaH-
(TBE BCSKUHM JIMHEHHBIA onepaTop MMeeT BHJ T +—— X, TAe
O — HEKOTOPbI} CKAJSIP, £ — BEKTODP JIMHEHHOIO IPOCTPaH-
CTBA.

2. CeoiicTea NuHElHbIX OTOBPaXKEHMIA.

2.1. Kak 06beauHATE YCIIOBUSA 8 JUTUBHOCTA H OJHOPOI-
HOCTH JIMHEMHOTO OTOGPArKEHNs B OLHO YCIIOBUE!

2. 2. Onupasics Ha CBOMCTBA JTMHENHBIX 0TOOpaXKeHuit, J10-
KaxkuTe, 4yTo oTobpaxenue f : R — R, ompesensemoe jyis
kaxaoro T € R dopmysnoit f(z) = 2z + 1, He aBasieTcs Ju-
HeAHBIM.

2.3. BepHo sm, 4TO JMHEHHBIH OnepaTop NEepeBOIUT JIH-
HeifHO He3aBUCHMYIO CHCTEMY BEKTOPOB B JIMHEHHO He3aBHCH-
Myi0?

2.4. Jokaxure Jemmy 4. 2.

3. MocTpoeHne AMHERHOrO OTOBpPaXKEHUS.

3.1. Hokaxnre, 4T0 JUHENHbIH omepaTop [ JMHEHHOrO
npocTpancTBa V,, siBJIsSIeTCS HYJEeBBIM 3JeMEHTOM MPOCTPaH-
crBa HompV,,, eciin OH Bce BEKTOPBI HEKOTOPOTo Hasuca npo-
crpaHcTBa V;, 11epeBOAUT B HYJIEBOH BEKTOD.

3.2. Yto MOXKHO cKa3aTh O JuHCHHOM onepatope f 1po-
cTpaHcTBa Vj,, €CiH OH BCe BEKTODPBL HEKOTOPOro 6as3nca 1po-
crpancrea Vi, ocrapisier Ha Mecre?

3.3. Kax zajzars JuBEeHHBIN OmepaTop KOHEYHOMEPHOI'O
NUHEHHOrO TPOCTPaHCTBA?



4. JIMHEVHBIE OTOBPAYKEHUS JIMHEAHBIX TTIPOCTPAHCTB

4. Matpuua nuHeliHoro oneparopa.
4.1. Tokazkure, 9TO JMHEHHbIE OLIEPATOPHI f # g KOHEUHO
MEPHOTO JIMHEHHOTO IPOCTPAHCTBA V' PABHbI TOI/A 1 TOJHK(
TOrzA, KOTa OHH B HEKOTOPOM Gasuce npocTpaHcTBa V' mMe
JOT paBHbIE MATPHIBL. ‘
4.2. Tlycerh nuHERHOE IPOCTPAHCTBO V' ABJIsETCH IPAMO
cymmoit noanpocrpancts Uy u Uy ¢ Gasucamu ey, €z, ..., €k
€x41,- - -,y Halioure MaTPUIy ONEpaTOpa IPOEKTHPOBA
npocrpancrea V. wa U; napamnensho U B 6asuce ey, e, .
I
4.3. TlyeTs MHEHHOE IPOCTPAHCTBO V sABJISIETCH TPSIME
cymmoit mopnpocrpancts Uy u U, ¢ 6asucamu ey, es,. .., €
€k41y- - - ; €n. Haiiiure MATPHIl ONEPATOPa CHMMETPUH OTH
cuTenbHO moanpocrpancTsa Uy B Hanpasinennmn Uy B 6asn
€1, 65, ahes.
4. 4. Beerpia st 06paTNMa MATPHIA JIMHEHHOTO ONEPaTOP:
5. KoopauHatbl obpaza BekTopa.
5.1. Ilycrs H, — oneparop roMOTETHH IPOCTPAHCTBA |
Hax nonem P, r.e. Hy : x — az, z € V,. CpaBanre KoOpz
HaTBI BeKTOPOB T 1 H,o(z) B pousBosmbHOM 6asuce upocTpa
crBa V.
5.2. Banummre dbopmyiy (4.4) B xoopiuHaTHO! Dopme
5.3. Ilycrs f — nmHelHbHH onepaTop MPOCTPAHCTBA
T M Yy — pasnu4Hble BEKTOPHI mpocTpancTsa V. Beeraa .
(f() # (F@))? |
6. ViameHenne auneiHoro onepatopa npu 3amexe basuca
6.1. Jlokaxure, uro marpuupt A, B € M(n, P) pasi
ecn st cTpoku (@ ... O ), tae a; € P, BBIIIO
eTcs PAaBEHCTBO:
(a a on )A= (o1 a3 +. an)B.
6.2. Kak n3MeHUTCA MaTpuna JUHEHHOro onepaTopa
TpeXmMepHOro mpocTpaHcTBa V mpH nepexofe oT 6a3
ey, e, €3 K Gasucy ey, e, e3”?
6.3. Kak HafiTy MaTpHUIly JWHEHHOTO ONEpaTropa B <«C
poM»> 6a3uce, €CJIM U3BECTHA MATPHUI@A ITONO JIMHEHHOTO O
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4.3. Bonpocw daz camoxonmpoas

patopa B <HOBOM» Haszuce?

7. iapo n obpas nuHeiiHoro otobparkeHus.

7. 1. Copmymmupyiite onpezenenne simpa u o6pasa augeii-
HOI'O OIePaTOpa MpOCTpancTsa V.

7.2. Haifnure si1po u 06pa3 oneparopa NpoeKTHPOBAHUS
npocrpancrsa V = Uy @ U, na U, napamnensso Us.

7.3. Haitmure siapo u 06pa3 onepaTopa CHMMETDHH IIPO-
crparctBa V = Uy @ U, orHocuTensno noxanpocrpasncrsa Uy
1 HanpaBiiennn Us.

7.4. Y0 MOXKHO CKa3arh 06 omepaTope f JTUHEHHOTO Ipo-
crpancrsa V, ecm Ker f = V7?7

7.5. Jlokazure, 4T NOANPOCTPAHCTBOM TIPOCTpAnCTBa V
ABJIFETCS s1/IPO JIMHeHoro orobpaxkenus f: V — W.

7. 6. Jlokaxure, 4TO MO/IPOCTPAHCTBOM IPOCTpaHcTBa W
siBsieTcs 06pa3 JuHeiHoro orobpakenus f: V — W.

7.7. JJokaxnre, 9T0 BCSIKOE MOANPOCTPAHCTBO JHHEHHOrO
IPOCTPAHCTBA SABJIAETCH SAPOM HEKOTOPOTO JIMHEHHOTO Olle-
paropa.

7.8. Jlokaxkure, 4TO BCSKOE MOINPOCTPAHCTBO JIMHEHHO-
10 IPOCTPAHCTBa ABJAETCH 0DPA30M HEKOTOPOTO JMHEHHOTO
oneparopa.

8. Boluncaenne sigpa n obpasa nuneiitoro oneparopa.

8. 1. OnmmuTe cxeMy HAXOX/ICHHS 0BPasa JIMHEHHOTO Ore-
puropa.

8.2. Kax naiftu xoopiunars Bektopa z € Kerf B Ga-
aHce ey, ez, ..., e, IPOCTPAHCTBA, €CJIM M3BECTHA MaTpHia A
lneiitoro omnepatopa f B 3ToM 6asuce?

8.3. Kak waiitn 6asuc obpasa juHeiHOro oneparopa?

9. Panr n pedpekt nuneiinoro onepatopa.

9. 1. Kak onpenesnstiorcs panr u nedekT JMHEHHOrO ore-
paropa?

- 9.2. Kax cBsi3ana pasMepHOCTb JMHEIHOTO TPOCTPAHCTBA

V' ¢ panrom u sedexToM JHHEHHOTO omeparopa f 9Toro mpo-

pancrea?
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9.3. Kakum 6yzer siapo JuHeiHOro omneparopa f n-me]
noro npocrpanctsa V, ecan deff = 07 i

9.4. Kakum 6yger siipo JuHelfHOTO omepaTopa f n-me)
HOro mpocrpancrsa V, ecin deff = n?

9. 5. Kakum Gyzer 06pa3 nmHelHOro oneparopa [ n-me
HOrO JIMHEHHOTo NPOCTPAHCTBA, ecad rangf = 07

9.6. Kakum Gyner obpa3 JiuHeiioro oneparopa f 7-Me)
HOTO JIMHEHHOTO MPOCTPAHCTBA, eciim rangf = n?

9.7. Yemy pasubl panr u jebekt oneparopa muddepel
mupoBanus 5 npocrpancrsa Ry (z]?

10. Cymma nuHeiiHeix onepatopos. [Mponssegetne ckansy
NOAA U NMHERHOTO onepaTopa. ]

10. 1. Kak onpejeisieTcsi CyMMa. JABYX JHHEHHBIX Onepart
POB JIMHEHHOTO MPOCTPAHCTBA? ‘

10. 2. Kak onpejensiercst MpOU3BeIeHUe JIEMEHTa IO
H JIMHEHOrO OllepaTopa MPOCTPAHCTBA Hajl nosnem P?

10. 3. ITokaxkure, 9ro HompV — smmreitHoe npocTpan
Haj nonem P.

11. Crpoenne nuneittoro npoctpancrsa HompV'.

11. 1. Kak HaiiTi MaTPHI! THHEHHBIX ONepaTopos f +
Af B HekoTOpPOM Basmce, €N U3BECTHL MATPUIILI JINHE
cnepaTopos f u g B 9ToM Gazuce?

11.2. Ilyers V' — n-MepHOe JMHERHOE IPOCTPAHCTBO H
nonem P. Kak ycraHaBiMBaercsi U30MOPMOU3M MeXKLy JIUH
HeiMu mpocrpanctsamu HompV u M(n, P)?

11. 3. Kaxoa pasmepHocTh npocrpatcrsa HompV/,
npoctTpancTBo V n-MepHo?

11. 4. Banummre 6asuc auEeinoro mpocrpancrsa L(R?

12. Mpou3segeHne nuHElHbLIX ONEPATOPOB.

12. 1. Kak oupezensiercs HpPOU3BEJICHUE JBYX JUHEN
ONepaToOpOB JUHEHHOIO HPOCTPAHCTRA!

12.2. Kak maiitn marpuiny JuHeitHoro oneparopa f
HeKOTOpoM Gasuce, eciiu W3BECTHBI MATPUILbI JIMHEH HbIX
paropos f u g B 91oM Hasuce?

12. 3. Jloka>kuTe, 9TO ONEPATOP TOMOTETHH 7i-MEPHOTO |

4.4. Hnoueudyarvuse 3adanun

1IeWHOTO MpOCTpaHeTBa V' mepecTasoBoOYeH ¢ JIOOLIM JuHei-
HBIM OTIEPATOPOM IIPOCTPaHCTBa V.

12.4. TlycTs p — ONepaTop NMPOEKTHPOBAHMUSI MPOCTPaH-
(:;Ba. V = U, ® U, na Uy napawiessno Us. oxaxure, 9ro
P =p

12.5. Iycth s — oneparop cuMMeTpun npocrpanctsa U @
UJ; orHocuTensHO mopmpocrparcTa Up B Hanmpasienun Us.
JlokaxuTe, 4T0 82 = £,

13. Obpatumsle nuHeiitbie onepaTopsl.

13.1. Kak naittn marpuiy obpaTHoro piust f JMHeHHOTO
onepaTopa B HEKOTOPOM 6a3muce, ec/ii U3BECTHA MATPHILA JIH-
Hefinoro oneparopa f B 3ToM 6asuce?

13.2. Tlokaxkure, yto AutpV — MyJIbTHIIMKATHBHAS
rpynna. Byzer s sta rpynna abenepoii?

13.3. Jlokaxwure, 9ro nuueiinbiii oneparop f JuHEHAHOro
lpocTpascTBa V' sBisieTCs AMHEHHBIM NPeobpas3oBaHueM To-
IJla ¥ TOIBKO Torxa, Korga Kerf = {6}.

4.4. nauBuayajabHble 3a/aHUd

1. B TpexmepHOM JMHEHHOM NpocTpaHcTBe ¢ 6Gasucom
€, €9, €3 0TOOPAKEeHHE (¢ TIEPEBOJUT IPOU3BOJILHLIH BEKTOP
¢ = cie; + ey + c3€3

" Il BEKTOD

w(e) = (acy — bey)er + (c1 — acs)es + (ca — bes)es.

- Ylpasiercs mm 910 oroGpakenue JuHeHbIM omeparopom? B

wiydae NnoJIOXKUTENbHOIO OTBeTa:

1) sanumuTe MaTpHUIY JMHEHHOrO onepaTopa ¢ B Gasuce
), €2, €3,

2) HalfuTe s[PO JIMHEHHOrO ollepaTopa ¥;
3) naiiure paHr u JjiedeKT onepaTopa .
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4-4. Undusudyarvume zadarus

a b al|l b
1.1, -1( 2 DD | D]
i, 33 L] (PR | T o B 21
1. GisirLoatmg BN Y6 32
1.7. { =11 3 || 1.8. |3 | =1
1.9. | -3|—-11.10.|4] 2
1.11. -1 4 |1 1.12. | 37| 4

2. TlokaskuTe, 4T0 OTOOPasKEHHE (p, COCTOsIIIEe B yMH
skeHun Beex maTpu u3 M (2, R) ciesa Ha Marpuny A, 6y
smueliEBM oreparopom M (2, R). Haiiyare MaTpuiry 9T0r0 I
HeitHOro onepaTopa B Gasuce )

Ex=(l 0>, E'2=(

00

01
00

sl o)
Boruucanre Kerp.
21 a={Srldemyt g |
23 A= Tt °, 3
25, A={ 3N °
27, A= 4 NEEPNER 1
2.9. A= "11 i 2,10, A= "22 1
2.11. A= _Ol f 2.12. A= _21 ?

3. Ilycrs ¢ — oroGpaskenne npocrpancrsa Rs(z] 5 cef
KOTOpOe MHOrowleny f(&) CraBuT B COOTBETCTBME MHOTOYI]

9(z) = f(z+a) - f(z - b),

rae @ u b — uncia u3 3agasus 1. ITokaxkure, 9To ¢ — auHeil-
Hpit oneparop R[z]. Haiiiure marpuiy srtoro oneparopa B
fasuce 1,z, 7%, 2°.

4. CocraBbTe MaTpPHIL JMHEHHOTO OmepaTopa. ¢ B H6a3uce
€1, €3, €3 MEHCTBUTEIBHOTO JIMHEHHOrO IpocTpaHersa V, ecan
© BEKTOPBI

T) = ae; — ez + €3, To = e+ bey —e3, T3 =€) — ey — aey
1lePEBOAUT COOTBETCTBCHHO B BEKTOPBI
th = €1+ 2e; + bes, Yo = aey + €3, Y3 = e1 + bes,
rge a,b — uyucna u3 3amnanust 1. Hajinure o6pas BekTopa z =
= e1 + 2ey + 3e3 Mo JeCTBIEM ONIEpPaTOpa (¥.

5. B Gasnce ey, €;, €3 IMHEHHbI 011I€PATOD (© UMEEeT MaTPH-
1y B. Kax u3menurcs: MaTpHIa onepaTopa (o IpH Mepexoie K
Gasucy e, €5, €5, ecin

€] =2e; + e, €y = —e; + 2+ 3e3, € = —e; + ey + e3?
13 -1 01 -3
5.1.B=<20 4) 5.2.B=(24 1).
g 3 03 -3
ik E5ER ) -1 2 1
53.B=(0 3 —1). 5:4B = 0501 ——4).
40 2 GG
0 1 =2 3 L=t
5.5.3:( B a8 1 ) 5.6.B=( A0 B2 )
-1 2 0 -1 2 -1
=37k 4 -1 2 4
5.7.B=( O 3 2). 5.8.B=(—4 2 0)
5 =12 J NG
4 0 1 IR
5.9.B=(—2 -2 3 ) 5.10.B=( 2 =2 2).
0 2 -1 1 -1 2
-7 1 6 g g
5.11.52( 550 l)‘ 5.12.B=( 4 -3 2).
w102 .3 1 7 0

6. B TpexMepHOM JmHEHHOM NpOCTpaHCTBe ¢ GasUCOM
1), €9, €3 33JIQHBI BEKTOPBI

Wy = e; + 2ex + 3e3, us = ey + 3ey + 4es, uz = e; + 3ex + Hes,
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4. JIMHEWHBIE OTOBPAMKEHUSA JIMHENHBIX [TIPOCTPAHCTB

v = 3e; + 2es + 2e3, Vs = €1 + €3 + e3, vz = 4de; + ez + 4e,

JIoKaxuTe, 4TO BEKTODPBI Uy, Uz, Uz U V1, V2, U3 0OpasyloT G
3UCBI J@HHOTO NMPOCTPAHCTBa. B Gasuce uy, Uz, U3 JTHHEHH
onepaTop ( 3ajad Marpuueit B u3 3amanus 5. Beraucom
MarTpuily oneparopa ¢ B 6asuce vy, vz, V3.

7. B auneiiHoM  IpOCTpaHCTBE R?®  numeit
omeparop ¢ 3ajan Mmarpuneit C. Haiinqure 6
col Axpa u obpasa, paHr ©u JedekT omnepaTopa

=12 1 4 -8 —4
7.1.C’=< 2= —-2). 7.2.C=(0 4. 2 )
-3 6 3 = —1
2 L =3 2 ~1
73.C=(—4 214 ) 7.4.C=( SEOFY )
-2 =13 -2 0 =5
6 -2 0 Tl
7.5C0=1| 5 4 3 ) 7.6.C=( 3 -—2i4 )
(1 -6, +3 =2 -3 ~5
-4 3 1 1> =23
7.7.C= 8 ;6 ——2). 7.8.C=<2 —4 6)
( 4 =3 -1 123
1pn: 8 48 2 -2.3
79.C=<—1 —5 & ) 7.10.C=(1 3 2)
2 10 -6 1 =541
S I 5 4

1
7.11.C = 2 4 3o 7.12.C=(—4 3 2).
-3 ~3 -2 B2y

8. B mexoropoM Gazuce mpocrpancrea R? oneparops
g mmetor mMatpuusl B u C, rae B — u3 3aganus 5, a C'
u3 3ajanus 7. Haiture MaTpuusl onepatopos f + g, 5f,
O6parumpl s onepatops! f a g7
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5. CTPOEHUE JIMHEMHOT'O OITEPATOPA

5.1. DiieMeHTHI TEOPUH

Jse marpunpt A, B € M(n, P) uasbiBaiotes nodobHs.mu,
€CJIN CYIECTBYET HeBbIpOXKaenHas marpuna T € M(n, P) Ta-
Kasi, yro B = TAT1.

Teopema 5.1. Omnowenue nodobus MamMpPuYy, Ha, MHONHCE-
cmee M(n, P) asasemes ommowenuem sK6U6aAeHMHOCTIY.

W3 Teopemst 4.6, c. 55, ceyer, 9TO MATPUILI OTHOTO JIH-
HEITHOTO OIepaTopa N-MepHOro npocTpancTsa V Hag nonem P
B Pa3HbIX Oa3ucax nogobHsl, IpuyeM MaTpuia 1, CBA3bIBAIO-
111257 TH MATPHIIBI OTHOIIEHNEM [IOJ00Us, COBIAIAET C MATPH-
lieil Iepexoia OT «CTaporo:> 6a3uca K «HOBOMY>. Takum obpa-
30M, KaXKIOMy JIMHEHHOMY ONepaTopy HMpocTpaHcTBa V' cooT-
BETCTBYET KJIace NoaobHbIX Mex Iy coboit matpun u3 M (n, P),
9TH MaTPHIbI IPEACTABIISIOT JaHHBIY JUHEHHBIA OomepaTop B
pas3ImyHbIX 6a3ucax.

W3 Teopembr 5.1 cueayer, uro muoXkectso M(n, P) pas-
GuBaeTcsl Ha MONAPHO HENEepPeCceKAIONIecs: KIacchl HOA0OHBIX
MaTpui. MaTpuubl BXOAAT B OAMH H TOT Ke KJIaeC TOIJa U
TOJIBKO TOTZIA, KOTJa OHHU SIBJASIOTCS MATPULAMH OLHOTO U TO-
I'0 Ke JIMHeHOTO OTepaTopa B Pa3in4YHbIX Oasucax.

B cBs3u ¢ yKasaHHbIME 3aMEYaHUSIMU OYEHb BAsKHBIMHA B
TeOPUH JIMHEHHBIX OLEPATOPOB NPEICTABISIIOTCS JiBe 33,1a4H.

1. Haxoxpaenue ycnosnii nogobusi matpud,.

2. lNpuBeaeHve MaTpuybl AMHEHOTO ONEpaTopa C MOMOLLbIO
nuibopa basnca k Hanbonee npocroii hopme.

Caeayiomue Tpu JIeMMbI CBA3aHbI C PEIIEHUEM TIEPBOil 3a-
Jlavi. B HaX npemnaraioTes HeoOXoAuMble TPU3HAKH TIOHOOUS
MaTPUIL.

Jlemma 5.2. Ecau mampuuse A, B € M(n, P) nodobiw,
mo detA = detB.

Jlemma 5.2 naer BOSMOMKHOCTL HA3BATH OLPEJIETUTEND
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5. CTPOEHHUE JIMHEAHOTO OIEPATOPA

5.1. Daemenmor meopuu

HEKOTOPO# MaTpHIIbI TUHEHHOro onepaTopa | onpedesumene
aumetinozo onepamopa f.

CyMMa BCEX 3JIeMEHTOB TJIABHOMN JMATOHAJIA MATDUIIbI He
3bIBARTCsI caedom mampuust A n obo3HavaeTcs depes trA.

Jlemma 5.3. Ecau mampuum A, B € M(n, P) nodobm
mo trA = trB.

OcHoBbiBasich Ha jemme 5.3, GyjieM HasbIBaTh Cie]] HEK
Topoit Marpuipt A € M(n, P) nuneitsoro oneparopa f c.iedo
aunetinozo onepamopa f.

Tyers A = (ai;) — n X n-marpuna Haji nonem P, X
HeKoTopasi epeMennas. Marpuia i

(@ =X

a2 Ain
‘ RN az  am—A azn,
ant nz Qnn — A

| Ha3BIBACTCH TAPAKMEPUCTIUMECKOT, MAMPUYET MATPUYDL 4
: Muorounet |A—AE| Ha3bIBALTCH Tapakmepucmuneckum mh
20MAEH0M MampuysL A. :
Jlemma 5.4. Xapaxmepucmuneckue MmHozouaens, noo

! HOLT MATRPUY, PAGHDL.
, Jlemma 5.4 jlaeT BOBMOACHOCTH HAZBIBATE XAPAKTEPHCTHE
‘ CKuil MHOTOYJIEH HCKOTOPO! MaTpMilbl JHHEHHOTO O1epaTo]
[ zapaxmepucmuseckum mrozonaenom onepamopa f.
Mycrs f — auHeiiHbli ONEPaTOp IMHEHHOTO IPOCTPAHCT

1 V naj nosnem P, x — HeHyzneBoit BeKTOp npocrpanctsa V. E
am f(z) = Az, A € P, To cKanap \ Ha3bIBaeTCH COBCMEEHH
3Hauenuem onepamopa f, a BEKTOp & — COBCMBEHHbM 6EKM
pom aunetinozo onepamopa f, npunadaesicauum cobemaee
My anavenuio A. Haxomutsb cobcTBEHHBIE 3}1&%@5 mmeiia

2 MOMCPNOZO nunetH020 NPOCMPANCNEA
om oce, npunadmwamue nomo P,

MOABKEO OHU.

IIycrs  — coberBenHblil BeKTOP JMHEEHHOTO oneparopa f,
NpuHaIeXamul cobcTBeHHOMY 3Hadennio A. 13 Teopemsr 5.5
CclleflyeT, YTO KOOPAMHATHI BEeKTOpa Z B basmce ej,ez,..., e,
IIPOCTPAHCTBA V' yIOBIETBOPSIOT CHCTEME yPABHEHUH

(z1 =z ,,)(A—AE):(O 0), (5.1)
e A — MaTpuna JuseiHoro oneparopa f B 6asuce ey, ey, . ..

.. ey, Pemasi cucremy (5.1), HaxoauM KOOPAMHATHI COG-
CTBEHHBIX BEKTOPOB oneparopa f, NpUHAIeXamuX cobcTBeH-
HOMY 3HQYEHHIO A.

1lyers f — nuBeittbiii onepaTop JMHEHHOrO NIPOCTPAHCTBA
V maj nosnem P. Ioampocrpanctso U npocrpancTsa V. Ha3bl-
BAETCH UHBAPUAHMMHLM OMHOCUMENLHO onepanopa f, ecin
f(z) € U ans moboro Bekropa z € U.

Creayomas cxeMa WULIOCTPUPYET BBEJEHHOE IOHATHE

Jlemma 5.6. Jlaa aiobozo sunetinozo onepamopa | npo-
empancmea V nodnpocmpancmea Ker f u Imf unsapuarmoo
ommocumenso f.

Jlemma 5.7. ITyemo [ — aunetinoi onepamop aunetino-
20 npoempancmea V. Cymma u nepecenenue UHEAPUAGHMHILE

4

ommocumenvro [ nodnpocmparcms npocmpancmea Vo ae-
ASIOMNCA UHBAPUAHMHBMY omHocumenvHo [ nodnpocmpai-
CMBAMU.

TlocmoTpuM, Kax BAWSIET Ha MATPUILY JMHEHHOro omepa-
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5. CTPOEHME JIMHEMHOT'O OIIEPATOPA

Topa f npocrpaHcTBa V Hasmyue B V HETPUBHAJIBLHOIO U
PHAHTHONO OTHOCUTENBHO [ IIOIIPOCTPAHCTBA.
Marpuua suma

ay;  ai2 Ak 0 0 s 0
ar1 Qg2 --. Ok 0 0 biaie 0
s B oy SRR S e s SR
b1 bm2 --- bmk Cm1 CGm2 .. Com
HasbIBaeTCs noaypacnaswietica. Marpuia BEaa
an a2 -.- Q1 0 0 “ne 0
ar1 A2 ... Ok 0 ()i 0
0 O a0 Bf1 | Cig .Gk
0 Q2 CNTSEENENS Gno oo Com

HA3BIBAETCA PACNABUIETCA WL KACTOWHO—0UA2OHANOHOM.

CxeMaTuyHO NOJNYPACTABIIYIOCS M PACHABIIYIOCS MAT
1Bl MOXKHO M300pasuTh CAEYIOmUM 06pazom

Al O A | O
BGOSR |
Teopema 5.8. ITycmv f — aunednwiii onepamop n-m
1020 aunetinozo npocmpancemea V. nad nosem P. Mampi
onepamopa f 6 nexomopom basuce npocmpancmea V a6
emca noaypacnaswetica mozia U moavko moza, x020a 6 m

cmpancmee V. Cywecmeyem HEmMpUsUAAbHOE UHBAPUAN
omuocumenvno [ nodnpocmpancmeo.

Teopema 5.9. IIycmv f — aunetinwui onepamop
empancmea V,. Mampuua onepamopa f 6 nexomopom
npocmparcmea Vy, saeasemes pacnasuietica moz0a u mo
mozda, xozda npocmpancmeo V, npedcmasumo 8 eude np.
CYMMBL JBYT CEOUT UNGAPUANTIHYLT oTHOCUMensHo f no

5.1. Daemenmo. meopuu

JIuneitnprit oneparop f n-MEpPHOrO JIMHEHHOTO HPOCTPaH-
cTBa V' Ha3bIBAETCS QUAZOHAAUBUPYEMBIM, €CTTH B HEKOTOPOM
6asuce npocrpaHcTea V. Marpuna omeparopa f UMeeT juaro-
HaJIbHBIA BH

Xijor Qurenivi 0
0, Xopoeiie:)
(1 D>, T

Teopema 5.10. Junetunwiti onepamop f xonewromeprozo
npocmpancmea V- duazonaiusupyem moz0a u mosvko mozoa,
xozda npocmparemso V. asasemes npamott cymmoti 0onomep-
HOLT UHBAPUAHIVHOLEL OTAHOCUMEADHO | NOOnpocmpancms.

Ha ocroBarnu Teopembi 5.10 BOIpPOC OnpejiesieRust JHaro-
HaJIUM3UPYEMOCTH JIMHEHHOTO ONEPATOPa NPEANOJIAraeT OTBET
Ha CJIEJIOIIAe TPH BOIPOCA.

1. Kakum ycnosmsim fosmkeH yAOBAETEOPSITL JIMHERHBIA one-
patop f npoctpaHcTea V,, 4Tobbl B 3TOM NpOCTPaHCTBE Cylue-
CTBOBA/IY OQHOMEPHbIE UHBAPUAHTHbIE OTHOCUTENBHO f NOANPO-
cTpaHcTea?

2. Kak HaiiT OfgHOMEpHbBIE MHBAPUAHTHBIE OTHOCUTENBHO f
NOZNPOCTPaHCTBA nNpocTpaHcTsa V,,?

3. B kakux cnyvasx npoctpancTeo V; pasnaraercs e npsi-
MYIO CYMMY OLHOMEPHbLIX MHBAPUAHTHbLIX OTHOCUTENBHO [ noA-
npocTpaHcTs?

Crenyionme pesyibTaThi, OTBeYasl Ha [IOCTABJIEHHBIE BO-
11POCHI, JAI0T yAO0DHBIE KPUTEPHH TUArOHATH3UPYEMOCTH JIA-
HEefHOTO ollepaTopa.

Jlemma 5.11. Odnomeproe nodnpocmparcmeo U auned-
n020 npocmparcmen V uneapuaHImHo 0MmHOCUMENLHO AUHEY-
nozo onepamopa [ moeda u moavko mozda, kozda U = L(z),
2de © — cobemeennwitl eexmop onepamopa f.

Taxum obpasom, gemma 5.11 cBopuT 3a1ady HAXOXKIE-
HUSt OJHOMEDHBIX MHBAPUAHTHBIX OTHOCUTEIBLHO [ IHOANPO-
(TPAHCTB NPOCTPAHCTBA V;, K 3a/a4e HAXOXKJIeHUsA COOCTBEH-
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5. CI'POEHUE JIMHENHOT'O OTIEPATOPA

HBIX BEKTOpoB omeparopa f. M13 reopemsr 5.5 cienyer, uro
KOHEYHOMEPHOM JIMHEHHOM IpOCTpaHCTBE V' TOrma U TONBK
TOJa CYUIECTBYIOT OAHOMEPHbIE HHBAPUAHTHBIE OTHOCHTE]
HO JIMHEHHOTO onepaTopa [ NOAIPOCTPAHCTBA, KOra f NMee
coBCTBeHHbIE 3HAYEHUS, TIPHHAJIEKAIIME TOTo .

Teopema 5.12. ITycmy f — aunetinwd onepamop n-mej
no20 npocmpancmsa V. nad norem P. Onepamop f duazom
ausupyem moz0a U moavko moeda, xo0zda 6 V. ecmuv n aume
HE3QBUCUMBLT COBCTNBENNDLT GEXMOPO8 onepamopa f .

Jlemma 5.13. Cobemeenvie 6exmopvt aunetinozo onep
MOopPa, NPUHGONENHCAULUE PASAUNHBM COBCTREENHDIM ZHAEN
AM, 06pa3YIOM AUHETNO HE3ABUCUMYIO CUCTNEMY.

Teopema 5.14. [lycmo f — aunedinoi onepamop n-mé
H020 AuHelno20 npocmpancmea V wad nosem P. Ecau
KOPHU TAPAKMEPUCTAUNECKOZ0 MHOZONACHA ONepamopa [ np
nadaesrcam noamo P u pasaunn, mo f duazonaiusupyem.

CymecTByeT HECKOJIBKO BAPHAHTOB PEIICHHS 3381
BEJIeHUsT MATPHIBI IMHEIHOrO onepaTopa K HanboJliee TIPOCT:
dopme. Hambosee NpesiiodTuTebHbIM AB/SETCS TPHBEICH]
MaTDPHIB! ONepaTopa K AUArOHAIBHOMY Buy. OJIHAKO TaK(
TIONXOM, He BCErjia OCYIIeCTBHM, TaK KaK HE BCIKAS MATDPH]
nonobHa guaroHanbHoi. Jpyroit BapuanT pemenns ykasa
HO# 3aJ]a4i COCTOMT B IIPHBEJICHUH MATPHUIIbI JIHHEHHOIO OF
paTopa K Tak Ha3blBaeMO# XKOPJaHOBOI HOPMAJIbHOH (op

Ilycrs P — nekoropoe nodse, a € P. Kaemxoti Xopda
NOPAJKG N HASBIBACTCS N X N-MATPHLA, HMEIONIA BHU/T

@ 10 0 0
0 a 1 00
000 @ 1
000 0 a

JOBosmasnerest kierka ZKopaana nopsika n epes Jy(a).

]

5.1. Daemenmut meopun

Kinerouno- JAuaronajbHasi MaTpHIla

Ji, (a) O s R0 0
0 | sz(b) 20 0 ,k1+k2+~~-+kt =n,
00 00 ... [ Jlog

¢ kaerkamu JKopiaHa Ha ITIABHOM JMATOHAJIM Ha3bIBAETCH
oicopdanosoii mampuyets wima mampuyeld Xopdara.

Ecau A — npoussosibHast KBaJpaTHAS MATPHIE HAJL TT0JIeM
P wu J — nopobuast eit marpuia 2Kopaasa Ha nostem P, to J
HazbIBaeTCs 21copdanosoti Hopmabot dopmoti mampuys A
nad noaem P.

Teopema 5.15. Jaa cyujecmeo6anui s#copdanosoti Hop-
MaavHot dopmui n X n-mampuysi 1ad nosem P neobrodumo u
docmamoso, ¥mobvl TaPAKMePUCTNUNECKUT MHO20MAEH, IO
MAMPUUBL UMEA T KOPHET (¢ YHEMOM UT KPamHOCTIU), TpU-
nadaercauwus nomo P.

Teopema 5.16. Jee mampuup. nodobres mozda 1 moavko
mozda, k0204 UL HCOPOGHOBBL HOPMANLHBLE POPMDBL COCTIOA
U3 OOHUT U MET JHCe KACTROK MNopiara U pasiuvaiomes AUl
pacnoaosicenuem xaemox Hopdana na enaenoti duazora.

VI3710MM Tenepb aA20pumm npusedenus 1 X n-mampuis
A x srcopdanosoti nopmaavnot gopme J 1ad nosem P.

1-i war. HaxomuM Bce KOpHEH XapaKTePUCTHYECKOrO MHO-
rouseHa Marpuipl A u ux KparHocTH. Ecim xorst 651 0j1uH
KOpeHb He NPHHAIJIKHT Moo P, To BBUAY TeopeMbl 5.15
JaJ1a4a, PeIIeHus He HMeer.

2-1 war. IlycTs A — ouH U3 KOpHe# XapaKTePUCTHIECKOTO
MHorounena marpunsl A u nyers k — ero kparsocts. Onpe-
Jiessiem 1o opmyaie U(A) = n — rang(A — AE) obmiee uncio
I()\) knerok 2Kopuana Buga Ji(A),t = 1,2, .., k, B maTpune J.
Barem onpenensieM juisi t = 1,2,..., k no dopmyse
[,(\) = rang(A — AE)"*! — 2rang(A — AE)" +rang(A — AE)"™"
obmee gueno Iy () kiaerok ZKoprana nopsjka t ¢ sJeMeHTOM
\ Ha TVIABHOM IMATOHAJM, BXOASIIMX B MaTpuuy J (10 ompe-
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5.2. ITpumepu. pewenus 3a0ax

i Ik
(Z] 5] 1,‘3)(3 31)=(000),
2 4 ).

5. CTPOEHUE JIMHENHOI'O OTIEPATOPA

aenennio (A — AE)? = E).
3-n war. IToropsiem 2-it mar jyis BceX KOpHEH Xapa
PHUCTHYECKOTO MHOTOYJIEHa, MaTpuub A.
4-i war. Paccrasnsem kaerkn 2Kopaana Ha ryIaBHON I
roHasm Mmatpuisl J. BBugy Teopembr 5.16 mopsmok pac
HOBKM KJIeTOK 2KOpZiaHa Ha IVIABHOM JMATOHAJIM MAaTDHILBL
3HAvYEHNsT He MMEET. ¢

=2

3z1 +3z9 — 223 =0
3z) + 3z + 223 =0
T+ 22+ 4zf= 0,

33 -2 00 —4 00 0
5.2. Ilpumepsl perieHus 33434 33 2 |~|l00 -10|~]00 -10
11 4 i gl 0 | 2 T

Mpumep 5.1. Haiigure cobcTBeHHbIE 3HAYEHUS U C
CTBEHHBIE BEKTOPbI JIMHEHHOIO oneparopa f, 3aIaHHOTO B
3HUCe €y, €3, €3 ACHCTBATE/HLHOIO JMHEHHOTO MPOCTPAHCTBA

[TpeoGpazoBanHast cHCTEMa HMeeT BHJL
{ —101:3 =0

MaTpurei v T+ xo + 423 = 0.
DR Tax xax onpejenurens u3 K03 hUIMERTOB TIpYH T U T3
ATV YD 0 -10

221 g e

oc 1M XAPAKTEPHCTHYECKHH MHOTOSIEH: TO MOXKHO BbIOPaTh Z; ¥ T3 IVIaBHBIMYU Hem3BecTHbIMA. Toria
8 xs 1 Iy = —Tg, T3 = 0, T3 — 11060€ JIEHCTBUTENBHOE TUCIIO.
Wrak, KoopamHATHASI CTPOKA COBCTBEHHONO BEKTOPA T,
|A-AE| = Susatiai 1 g [PUHAJIEXKANIETO COOCTBEHHOMY 3HAYEHHIO A\ = —3, UMe-
=2 280l o ) erBun ( —a a 0 ), a — J11060¢ HeHyJIeBOe ACHCTBUTENHLHOE
=1 =-AN)+6-6=-22+22-9(1-)\) = qucio. Cam BekTOp T B 6asuce e, €3, €3 UMEET Pas3iioKeHHe
X2 pon - 9N (0 - 1) = gy ey ac L ar0

[TpuiaBast a n06ble HEHyIEBbIe 3HAYEHMS, TIOLYYHM BCe COO-
=—-(A=3)A+3)(A-1). CTBEHHBIE BEKTODHI OTIEPaTopa f, MPUHA,IIeXKAIIe CODCTBEH-

HOMY 3Ha¥eHHuio A; = —3.

AHaJIOrUYHO MOKA3BIBAETCH, YTO COGCTBEHHBIME BEKTODA-
M orepaTopa f, IpHHa[IeKAIMMYU COOCTBEHHBIM 3HAYCHUAM
Ay =1, A3 = 3, GyayT HeHyJeBhle BEKTOPHI BUA
i z = (—a/2)e; + (a/2)es + aes,

O penmu o,qnopo,zmyro cnc'reMy y z = (2/3)ae; + (4/3)ae; + aes,

rie a € R, a#0. X

XapaxTepucTHaeckuil MHOTOYICH MATPUIBI A MMeeT KOf
Ay = —3 Ay = 1,)3 = 3, KOTOpbIE BBUIY TEOPEMEI 5.5 fIB!
BEHHBIMM 3HAYCHUSIMH JUHEHHOTO OfepaTopa |
Liem nee ooﬁcmeﬂaue BEKTOPBI JIMHEHAHOIO onepa ¢



5. CTPOEHUE JIMTHENHOTO OTIEPATOPA

5.2. ITpumepu pewenus 3adan

Mpumep 5.2. Jokaxure, 910 onepatop f KeficTBUTEIE

HOTO IpocTpatcTBa V, uMeromuit B 6a3uce e;, €z, €3 MATPUII 8.3 X 1 0 0

() H R -4 1-X 0 0
Phe o ARG WA SRRk = X A F (L gl T3k 41)=
-2 21 =14 ¥ AEERFLE - U
nuarorasusupyeMm. Halfaure 6asnc npocrpascTsa V, B KOT
DOM MaTpHIla OIepaTopa [ WMeeT JIMArOHANbHLIH Bu. YK _ l SRR %= Xgad ‘ — A= 1 (N—ar4T)
KHUTE 3TOT BHI. [ -4 1-X -1 A 1

[ KopHsMI XapaKTepHCTHICCKOr0 MHOTOWIEHA, ONepaT
pa f siBisnores yucaa: —3, 1, 3. ITo reopeme 5.14 oneparop
nuaronasimsupyeMm. Kak nokasano s npumepe 5.1, BeKTOpPbI

a; = —ey + e, a3 = —€) + €y + 2e3, a3 = 2e; + de; + e
SIBJISIIOTCS COOCTBEHHBIMU BEKTOPaMM olepaTopa f, IpuHa
JIeXKaluMu cODCTBEHHBIM 3Ha4YenusaM —3, 1, 3, coorBerc:
HO. BBuay siemmbi 5.13 BeKTOpHI ay,as, a3 06pasyoT O
npocrpancrea V. Tak kak

Crenosarensno, Muorowes |A—AE| umeer kopens 1 xpaTHO-
CTH 2 7 JIB& OHOKPATHBIX KOPHS 2-++/3i. Tak Kak cpean Kop-
Heif XapaKTepUCTHIECKOTO MHOTOUWIEHA €CTh KOMILJIEKCHBIE, TO
By TeopeMbl 5.15 JaHHad MaTPHIA HE NPUBOAUTCH HAJ IO~
- seM R K xopaHoBO# HOpMasBLHOI hopMme.

Mpumep 5.4. Hax nojsiem aeHCTBATENLHBIX YACET HARIM-
Te KOPAAHOBY HOPMaJIbHYIO (DOPMY MATDHIIbI

f(a1) = —3a; = —3a; + Oag + Oaz, 12 _g g 133
f(az) = lagz = 0a; + lag + Oas, A= _0 _3 S 4
f(as) = 3az = 0ay + Oaz + 3as, -1 -4 0 8
TO MaTPHIA 0O CocraBum XapaKTepUCTHYECKUHA MHOMOUWIEH MATPHIBL
— () - A u Halizem ero KOpHH.
Ossadyrd LN a0 0 3
0 1083 A= XEf = —02 —6—;)\ 12/\ 133 -
sIBIIsieTCs MaTpuieit oneparopa f B 6asuce a1, a, as. &, oA b

Mpumep 5.3. BolsicruTe, NPUBOMUTCS JIM MATPHILA

3 1-%40m0
—4 1 OERe o s e
6 1 Tohe 0 ot - it
iy, S =l —4 0 4=
K JKOPJaHOBO# HOpMaJsbHOI (opme Haj nonem R? Epatbndie w0 bt ik B b 0T s
[0 CocrapjisieM XapaKTepHCTHYECKHH MHOTOUWIEH MaT] R . e van Lodmigiopig— ) 0 [=
bl A 1 HAXOIHM €r0 KOPHH. by O iy Rhddrome. 4t
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5. CTPOEHUE JIMHENHOI'O OIIEPATOPA | 5.3. Bonp 08 ca. POAR
=1 =M1 =A)(=6=X)(4 = A) +4(1 = A\)(7 - \)+ 390 -18 /
F3(=2(1 = M)A =) + (1= (T =) = 2L, i s
=(1-2 AP -22+4)+31-NA-1)= e H0H0E

=1-A)’(2-22+4-3)=(A-1)"%

WTax, XapakTepUcTHYECKUll MHOTOYJIEH MATpumbi A mel
KOpeHb A\; = 1 kpaTHOCTH k = 4.

Onpezenum umeno kierox 2KopaaHa, cOOTBETCTBYION

KOpPHIO A; = 1. Jljst 37010 BhIgmcuM panr Marpuust A — 1

0 -3 0 3 g R
2 -7 0 13 L <y
d=tf=l] 0 sl low 3.0 3
Tk 0T 0 -3 0 3
RE
~'01o—1
o ol b8
0 00 0

Bnauur, rang(A — 1E) = 2. Orcioga
[(1) = 4 —rang(A — 1E) = 2.
CiieioBaTeIbHO, XKOPAAHOBa HOPMAJIbHAs hOPMA MaTpH
COCTOMT W3 JAByX KieTok sKopaana. Jlormueckn Bo3MO
crydan: 06e 9TH KIETKH MMEIOT NOPSIOK 2; O/THA KJIeTKA M\
€T TOPSZIOK 1 M 0/lHa KJIeTKa MMeeT MOpPAIoK 3.
Onpezenum 1o dbopmye

li(1) = rang(4 — 1E)? — 2rang(A — 1E)! + rang(A — 1
uuciao Kiaerok 2KopaaHa mepBOro MOpSIKa, COOTBETCTS:
mpx kopHio A; = 1. ITo onpenenenuio (A—1E)° = E. 3na
rang(A — 1E)° = 4. Kak nokasano senme, rang(A — 1E)}
Beraucimm

B, = 3R 0N 3 0 -3 03

_ 2 =0 B PO TS =20 =708 13
laotE - 0:-5=3708 3 0 =30 3
=1 - AN =1 —4 0.7

82

Ouesuao, rang(A—1E)? = 1. Teneps l;(1) = 12—2-2+4 = 1.
910 03HaYAeT, UTO JKOP/IaHOBa HOpMaJibHast (OPMa MATPHIBI
A coiepuT oaHy KopaaHoBY KaeTky Buga Ji(1). ITostomy
MMeeT MecTO BTopoit cay4ail. Takum obpaszom, Marpuia

SIBJISIETCS 2KOPAAHOBOM HOPMabHOH dhopmoit MaTpuipbt A. X

5.3. Bonpocse! 1J1si cCAMOKOHTPOJIA

1. OTHoweHwue nogobus matpuu,.
1. 1. Jokaxkure, 910 MaTpuua aF, ¢ € P, nonobna ToIbKO
Ay (0]

0e.
57 o By 0
1.2. TIyers A (O Az)’ B (O B )Y

nprdeM MaTpunsl A; u B; noxobssl, i = 1,2. Jokaxxnre, 4TO
maTpuipl A u B nonobus.

1.3. Ilycre A, B € M(n, P). Jokaxwure, 9ro ecim A —
HEBBIPOXK/IGHHAs] MATpHIA, To Marpuisl AB u BA noxo6uHbI.

1.4. Ilycts A, B — nonobusie Marpuupl. Jokaxure, 4To
1nono6ubI MaTpuiel A% u B2,

1. 5. Jlokaxkute, 9T0 OTHOIIEHUE TONOOHT MATPHIL HA MHO-

sectBe M (n, P) pedieKCHBHO, CHMMETPHYHO U TPAH3UTHBHO.

1. 6. JIokazkuTe, 9TO MATPHIBI JIMHEHHONO ONepaTOpa IIpo-

crpascTBa V, B pasimMyHbix H6asmcax mojoOHbI.

2. Onpegenutens u cnes nnHeliHOFO onepaTopa.
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5. CTPOEHME JIMHEMHOT'O OTIEPATOPA 5.8. Bonpocwl 0ai camMOKOHMPOLi

2. 1. Beraucnmre onpeeauTesb U Ciie)| OnepaTopa roMoT
tun H, npocrpancrsa V Hazm nonem P. 1

2. 2. Boraucmre OnpeesmTenb i ciiel, onepaTopa audoi
pennupoBanus npocrpancrsa R, [z].

2.3. Jlokaxure, uro tr(AB) = tr(BA) ms mobex Ma
pun A, B uz M(n, P). A

2.4. JJokaxkuTe, YTO JJis JMHEHHBIX OnepaTopos f W
CIIpaBeJIMBBL CJIEYIONIUe PABEHCTBA

tr(f +g) = trf - trg, tr(fg) = tr(gf).

2.5. onyckaior jiu JeMMbl 5.2 u 5.3 obpamienue?

3. XapakTepucTun4eckuii MHOro4NeH OonepaTopa.

3.1. Kak onpexengercss XapaKTepUCTUYeCKHH MHOrOYJ
suHeitHorO oneparopa?

3. 2. BanuuiuTe XapaKTePHCTHIECKUH MHOTOYJIEH Olle;
pa romoreruu H, nuneitHOro npocrpascTsa V.

3. 3. BanuiuTe XapaKTePUCTHIECKUH MHOTOUJIEH O]
il pa audpepennuposanns npocrpancrsa Ry[z].
i 3.4. JoxkaxkuTe, 9TO KBaIPATHAS MATPHLA HEBHLIPO!
TOLAA M TOJLKO TOTJA, KOUZa Hylb He SIBJSETCS KODH
XapaKTePUCTUIECKOTO MHOTOYJIEHA.

3.5. Jlonyckaer Jin jiemMa 5.4 obpamenne?

4. CobcTeeHHble 3Ha4YeHNns 1 COBCTBEHHbIE BEKTOPSI.

4.1. Moxer u cOGCTBEHHBI BEKTOP OBITH HYyJIEBBIM

4. 2. Haiiure cobeTBeHHBlE 3HAUEHAS U COOCTBEHHbIE
TOPbI OTIEPATOPa TOMOTETHH HPOCTPAHCTBA V;, HaJ moJe

4. 3. Haiiure cobeTBeHHbIE 3HAYEHHS U COOCTBEHHBIE
TOPBI onepaTopa autdepeHINpPOBaHUa IPOCTPAHCTBA,

4.4. Beerna i JuHeRHbI ONEPATOpP MMeeT COOCT]
3HaueHUs U COOCTBEHHBbIE BEKTOPHI!

4. 5. Onummre NpONEAYPy HAXOXKIEHUsE COOCTBEH
TOPOB JIMHCHHOIO OLEPATOpa, TMPHHAJIENKAIINX 33

orepaTopa.

4.7. CymecTByer M B JeHCTBATEIHHOM JHHEHHOM NpO-
CTpPaHCTBE HEYETHOH Da3MEpPHOCTM JIMHEHHBIH omepaTop, He
nvesonuii cOGCTBEHHBIX BEKTOPOB?

4.8. CkOMBKO COBCTBEHHBIX 3HAYEHWH WMeeT JIMHeHHbIi
OnepaTop B 7-MEPHOM KOMIIJIEKCHOM HpoCTpancTse?

5. VnBapuanTHble noanpocTpaHcTsa.

5.1. ITycrs U — MHBADHAHTHOE OTHOCHTEIHHO JTUHEHHOTO
oneparopa f HOANPOCTPaHCTBO mpocTpancTsa V. JokaxuTe,
YTO B 9TOM ciyyae f — JiMHEHHBIN ONEPaTOp MOAIIPOCTPaH-
crea U.

5. 2. loxaxmure, uro noxmpocrparcrso Vi(f), cocrosimee
13 BCeX COBCTBEHHBIX BEKTOPOB OnepaTopa [, NPUHA/ICHKA-
- uX coOCTBEHHOMY 3HAYEHUIO A, W HYJEBOrO BEKTOPA, MHBA-
| PMAHTHO OTHOCHTEJNLHO JI0GOTO JHHEHHOrO ONepaTopa g, lic-
. PCCTAHOBOYHOrO C f.

- 5.3. Hoxaxwure nemmsr 5.6 n 5.7.

6. Jluneitneili onepaTop ¢ nonaypacnaslueiics MaTpuLeid.

6.1. TlpusenuTe MpUMep JMHEHHBIX ONEPATOPOB € TOJY-
pacrnaBencst MaTpuIei.

6.2. Kak BimsieT Ha MaTpully JMHEWHOTO omeparopa f
pocrparcTea V' Haymune B V' HETPHBHAJLHOIO MHBADUAHT-
01'0 OTHOCHTENBHO [ nopnpocTpancTsa?

7. JInHelHbIA ONepaTop C KNETOYHO—AMAroHaNbHON MaTpu-

e
- 7.1. ITpusennre npumephl JMHERHBIX OTMEPATOPOB C pPac-
IhBieiicss MaTpunen.

7.2. Kaxoit onepaTop Ha3bIBAETCA AUATOHATUZHPYEMBIM?
7.3. Kakoit B uMeeT MaTpuia JMHEHHOTO oneparopa f
nerpancTsa Vi, ecim V, - npamast cymMMa Tpex HHBApUAHT-
OTHOCHTEIBHO f mommpocTpaneTs?

- 7.4. Joxaxxure Teopemy 5.10.

- B. CobcrBeHHble BEKTOPbI M OAHOMEPHbIE MHBAPUAHTHBIE MOA-
POCTPaHCTBA.

j 8. 1. Kakopa cBsi3b MeX iy COGCTBEHHBIMH BEKTODAMM JIH-
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5. CTPOEHUE JJMHENHOI'O OTIEPATOPA

HeHOro onepaTopa f JHHeRHOro npocTpascTea V 1 ojHOMEp
HbIMHM MHBAPHAHTHBIMA OTHOCHTEJILHO [ IOANPOCTPAHCTBAM]
npocrpascTsa V7 :

8.2. Beerga s smHEjiHOE npoCcTpaHCTBO V' MMeeT OH
MEDHbIe UHBAPUAHTHbIE OTHOCHTEJIHHO JIMHEHHOIO OLIEPaTOp
f mommpocrpancrsa?

8. 3. JlokaxkuTe, 9TO B N-MEPHOM KOMILIEKCHOM JIHHEHHO
NPOCTPAHCTBE OOSI3aTENBHO CYMIECTBYIOT OJHOMEDHbBIE HHB
PHAHTHbIE OTHOCHTEJILHO HPOM3BOJILHOTO JIMHEHHOTO Omep:
TOpa IOAIPOCTPAHCTBA.

8. 4. Jlokaxkure, 4TO JUHEHHbIH onepaTop f KOHEYHOME]
HOT'O JINHEHHOTO HPOCTPaHCTBA V IHATOHAJIM3NAPYEM TOTJA
TOJBKO TOTMa, Korja B V Haiizercs 6a3uc, COCTABIIEHHBIH
cOOGCTBEHHBIX BEKTOPOB onepaTopa. f.

9. CobcTeenHbIe BEKTOPLI, NPUHAANEXKALLNE PA3ANYHLIM
CTBEHHbIM 3HAYEHUAM.

9. 1. Jonyckaer ju Teopema 5.14 obpamenue?

9.2. Moxer s COGCTBEHHOMY 3HAYEHHIO Ag JMHCHHO
oneparopa [ NpHHAAIENKATH CHCTEMa 43 JABYX U Oosee
HelHO HE3aBUCHMBIX CODCTBEHHBLIX BEKTOPOB oreparopa f7

10. XopgaHosa HopManbHas hopMa MaTpuLbl.

10. 1. Banumure knerku Kopnana J;(a), J2(b), J3(c).

10.2. V Beskoit m marpunst A € M(n,R) cymecrsy
2KOpAaHoBa HOpMaJibHas dhopma? ]

10.3. V sesikoit u mMarpupt A € M(n,C) cymecrsy
JKOpJaHoBa HoOpMaJibHast (hopmal '

10.4. CronbKO >KOPJAHOBBIX HOPMAJbHBIX (HOPM MO3
OBITH ¥ N X N-MaTPULLBL. ¢

11. Anroputm npuBeAeHUs MaTpUUbl K XXOpPAAHOBOW
ManbHOI hopme.

11. 1. ITycrs A — KOpeHb XapaKTEepPUCTHIECKOTO MHOIOY
Ha marpuisl A, k — ero kparHocTs. Ckonbko Knerok 2Ko
Jana Buga Ji(\) comepKuT KopJaHoBa HOpMaJbHas ¢op
MaTpuibl A7 Kakux nopsiikoB MOIyT OBITH 3TH KJIETKU!

11. 2. Yemy paBHa cyMMa MOPSIKOB Beex Kierok zKopz

5.4. Hnousudyasvrioe 300aHUA

Ha, COOTBETCTBYIONMX COBCTBEHHOMY 3HAUEHHIO A7

11. 3. B xakoMm mopsiKe paccraBisioTes KiaeTku 2Kopaa-
Ha Ha TVIABHOH JMaroHaJM KOPAAHOBOM HOPMaIbLHON (hOPMBI
MATPHILBI?

5.4. npuBuayasibHbIe 3a/IaHUs

@ Haiiinre cobeTBeHHbIe 3Ha4eHUs M CODCTBEHHBIE BeK-
TOPbI JIMHEHHBIX OINEPATOPOB, 3aJaHHBIX B HEKOTOPOM Dazwnce
JIMHEHHOrO MpocTpaHcTBa Hajl nojgeMm R u man momem C cie-
JIYIOIMMH MATPUIIAMH.

g =1
1.1.A=<; :g) A L T
Eogu gty
e, PR
1.2.A=(Z :f) Bafonl sliwd
o ol
i)
13.A=<gé\, B vprgsia
/ Py
o 88 4 9wy
e P e |
573 7
p s .
15A=<f_15), B=| .5 =33
2 o 9] |
N
16.A=(‘11 ’;) F S A
ol A
oy 4 TR
17.A=(_é (2)), Bisalogoages—
2 ghory g
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5. CTPOEHUE JIMHEWHOIO OIEPATOPA

5.4. Hndusudyanvwoie sadanus

0 colicl 2
A=(—142), bopeie] sy sl o
=2 2050
100
1.9.A=(2 _01), B=|001
010
Y EREG D)
1.10.A=<}g), BIP 9 T
38 saidend
| Xty 2y MIRESS
(bR R Nl R
WHGEE.
31281
1.12.A=(_01 _23) Sl §uind 509
172 0

OTHOCHTEIBHO f.

= f — H,, tne H, — oneparop roMOTeTHH. i
2. 4. Eciu nogmpoeTrpancTBo L MHBADHAHTHO OTHOCH!

9=~/ :

2.5. Jhioboe NoAIpOCTPaHCTBO L, MHBADHAHTHOE Of
TEJIbHO HEBBIPOXKICHHOTO JIMHEHOro onepartopa f, Wil
AHTHO OTHOCHTENBHO [
2.6. O6pa3z f(L) noanpocrpancTsa L, nHBapHan
' wupomean?m JIMHEHHOrO ONIEPATOPa,

2.1. - 2.6. Ilycts f — nuHeltHBI! ONEPaTOP NPOCTPAHC
V nan nonem P. Jlokaykure ClieyIONIHe YTBEPXKTCHUA.
2.1. Ecom Ly u Ly, — nogmpocrpascTsa V, uHBapH:
Hble oTHocuTesbHO f, TOo Ly + Lg w Ly N L, vHBapuaH

2.2. Juneitras obonouka 060l cHCTeMbl COGCTBEE
BEKTOPOB oneparopa f WHBADMAHTHA OTHOCHTENBHO f.
2.3. Ecm L — uHBapuaHTHOE OTHOCHTENHHO f IIOZ
CTPAHCTRO, TO L WHBAPMAHTHO OTHOCHTEILHO ONEPaTopa

HO oneparopa f, T0 . MHBApUAHTHO OTHOCUTEHLHO OTepa

2.7. - 2.11. B mpocrpancrse Cjyp 3anana mueiinas 06o-
7109Ka L HeCKOIbKUX BEeKTOPOB. BrisicHuTe, sIBAsSeTCS M OJ-
IPOCTPaHCTBO [, WHBADUAHTHLIM OTHOCHTENILHO ONEpaTopa
JuicdepeHEpoBanus.

2.7. L= L(1,cost,sint,t).

2.8. L = L(1,cost,sin’ t, cos 2t).
2.9. L = L(1, cos®t,sin® ¢, sin 2t).
2.10.'L'= L[1,#&,8).

2.11. L= L1, e*,e%, e*t).

2.12. Ilycrs uHeiinsli oniepaTop f, geficTByIOmuil B HEKO-
10poM JIMHEHHOM IpocTpaHcTBe Vi, nMeeT B HEKOTOPOM Hazu-
(¢ €1, €9, €3 TRATOHAJILHYIO MATPUILY C Pa3IN4YHBIMHU SJIeMeHTa-
My Ha auaronamd. Haliznre Bce IMHEHHDIE MOIIPOCTPAHCTEA,
|IBADHAHTHBIE OTHOCHTENLHO f.

3. Kakue u3 MaTpHI[ JIMHEHHBIX ONEPATOPOB B MPOCTPAH-
vise V o Eag R MOXKHO HIPUBECTH K JUATOHAJLHOMY BU/LY IyTEM
lepexona K HOBOMY Gazucy? Haiizure 9ToT Gasuc u cooTseT-
BYIOILY10 AWATOHAJILHYIO MATPHUILY.

21 4
31A=((1) 01), el 1 YiL
2 -1 0
8’ g
o3 L4s
3 &4 B
o P
3.2.A=<_4 4), A= s1225) 12,1,
10 -3 -9
13 -1
Sl -3 5 -1
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5.4. Mnousudyanvnvie sadanua

5. CTPOEHME JINHEMHOI'O OIEPATOPA

)
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P ~ 10_ 23_ i Phas
< 0 ™ — o 0 <
=N —~ o ® 2yl BT S Bl
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dopmy MaTpHiL.

Haiiaure KOpIaHOBY HOPMAJILHYIO

91




5.4. Undusudyarvune 3adarua

5. CTPOEHUE JIMHEAHOTO OTIEPATOPA
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5. CTPOEHUE JUHEAHOTO OTIEPATOPA

6. EBKJINIOBbI IIPOCTPAHCTBA

2. =~10:3 . -T

3 4,1 -3 0. 38 =7
4.12.A=(_2 0), Cmtkac—tmri2 7] 18

~1p.3y =1
Bed o3 5 TP
-39 33

3 1 -3 8 6.1. DJIeMeHTbI TEOpHH

Ilycrs V — peiictBurenbHoe JuHelHoe TpocTpancTso. [o-
BODAT, YTO Ha V 3a/1aH0 CKaAApHOE NPOU3GCOCHUE, eCITH KaXkK-
J0it Tape BeKTOpOB a,b € V' mocTaBieHo B cooTBeTCTBHE Jeii-
CTBHTE/IbHOE YnciIo0 (a, b), IpuYeM BBIIOMHAIOTCS CIle/IyIoLie
AKCHOMBI:

1) (a,b) = (b,a) as moburx a,b € V;

2) (a+b,¢) = (a,c) + (b,¢) mns mobeix a,b,c € V;

3) (Aa,b) = A(a,b) nas mobbix a,b €V u moboro A € R;

4) (a,a) > 0 gng moboOro HeHy.eBOro BeKTOpa @ € V.

JeficTBUTeNbHOE JIMHEHOe TPOCTPAHCTEO C ONpejesieH-
HBIM Jia HEM CKAJIIDHBIM [POU3BEEHHEM HA3BIBAETCH e6KAU-
dosvim npocmparicmeom. IIpusejieM HeCKOTBKO BaXKHbIX IPH-
MEPOB €BKJIJIOBBIX NPOCTPAHCTE.
1. CxansipHoe mpou3BeieHNe BeKTOpos Ha V? ompemesmim
MPOH3BE/ICHNE JUTUH ITUX BEKTOPOB HA KOCUHYC YIJia MEX-
v, Torya V® — eBKIMZOBO TPOCTPAHCTBO.
2. I mobeix aeyx dynxuuit f, g € Clqp) moN0XKAM

b
) / f(@)9(z)dz. (6.

bopwmyiia 3anaer ckanapaoe npoussesierte Ha Clyp). 30a-
, Cla,5) — €BKJIMIOBO TPOCTPAHCTRO.
3. CransipHOe TIpousBeienue Jst = = (T1,...,%,) € R" 1
= (1,---,¥n) € R" onpesemm opaysoit

n

($1 y) =Lt ... FThlYn = Zziyi- (62)
; i=1
sia R™ - eBKIMIOBO HPOCTPAHCTBO.
Teopema 6.1. Jhoboe xoneunomeproe deticmeumensroe
fiHoe NPOCTPAHCINGO MONCHO NPEBPAMUMSL 6 €6KAUI0GO




6. EBKJINJIOBbI TIPOCTPAHCTBA

Jaunoti 6exmopa T B €BKIMAOBOM OPOCTPaHCTBE V' Ha3

sator wncio ||z|| = /(z, z).
Bsezentoe onpejenenue B npocrpactse V3 cormacy
¢ OBBIYHBIM OTIPEJIeJIeHAeM JUIHHBL BEeKTODA.

B npocrpancree R™ miuna Bekropa z = (Ziy- - -y 2o )i

paxkaercst popmyIoi

”a:“: ‘/z§+...+x3l==

B npocrpancrse Clop) JATHHA BEKTOPA BbIPAKAETCH
MYJIO’

=1/ [ Porae

Besmmny | f|| maswisaior nopmot ynxyuu f.

BekTop, AJMHA KOTODOTO DABHA €IMHHLE, HA3LIBAK
HOPMUPOBANHDLM. Y MHOMKEHHNE HeHY/IEBOTO BEKTOPA Ha. R
06PATHOE €TI0 JUTHHE, HA3BIBACTCH HOPMUPOGAHUEM GEX

JISIDHBIM TIPOU3BE/IEHUEM BEKTOPOB ¥ MX JUTHHAMH.

Teopema 6.2. [las mobwiz deyz 6exmopos a,b earau

NPOCPAHCTNEA CHMOAHAEMCHA HEPABEHCTNEO:
[ (a,0) [<llall-ll2]-

HAKOBCKO20.
B cuiy nepasescrsa Komu—Bysskosekoro,
a,b
= _(’_)__ <1
lalt-Nbl
718 J0ObIX HEHYJIEBBIX BEKTOPOB 0,b eBKINI0Ba TMPOCT]
crea V. TloaTOMy cyllecTByeT eNWHCTBeHHBIN yrou @, (
@ < m, Tako#, 4TO |
a,b

fall-Nol

6.1. Daemenmo. meopuu

DTOT yroJi Ha3bIBAETCS Y2A0M MENCOY 6exmopam a u b.

Teopema 6.3. B esraudosom npocmparcmee V das ao-
bwiz eexmopos a u b cnpasedauen caedyrougue ymeepoicoenua:

Dlla+blP=llal?+ bl +2]lall-]b]|-cosab);
2 latbli<lhall+{2].

Ilepsoe yrBepzkaenue Teopembl 6.3 HasbBaeTC Meopemot
KOCUHYCOB, BTOPOE — HEPABEHCTIIGOM TNPEY20NLHUKA.

BekTops! a, b eBkimzioBa pocTpancTBa V HA3BIBAIOTCA 0p-
mozonanoromu, ecan (a,b) = 0. Byem mucaTs B 3T0M ciyuae
alb.

Cucrema BEKTOPOB €y, €, . . . , € €BKIMA0BA IPOCTPABCTBA
V' maspiBaeTCsi opmozonaavhotl, eciim mobas mapa BeKTOPOB
91Ol CHCTEeMbI OPTOrOHAJIbHA, T.€. €; L e; Jua Beex @ # j.
Byznem mosarars, 9To cucreMa, COCTOSINASR A3 OJTHOTO BEKTO-
pa, opToronajbya. OproroHanbHas CHCTEMa HOPMHPOBAHHBIX
BEKTOPOB €BKJIXJIOBA IPOCTPAHCTBA HAZBIBAETCH OPINONOPMU-
POGAHHOU.

Teopema 6.4. Opmozonaivnas Cucmema HEHYACEYT 6EK-
MOPOG €6KAUIOBA NPOCTPAHCINGL AUHETHO HE3ACUCUMA.

BBuyy Teopemsi 6.4 oproroHasibHble CHCTEMbI HIPAIOT B
eBKJIMJIOBBIX TIPOCTPAHCTBAX (HyHIAMEHTaNbHYIO poilb. ITpo-
nece epexo/ia K OPTOroOHabHOM CUCTeMe BEKTOPOB Ha3bIBAET-
c NPOYECCOM 0pmOo2oHaru3ayuy. TIponecc OpTOroHaIM3aIAH,
ONMCAHHBIA HUKe, HASBIBACTCSH MPOUCCCOM OPTNOZOHAAUIAUUL
I'pamma—IImudma.

Iycte ay,as,...,ax — JnHEHHO He3aBUCHMAs CHUCTeMa
BEKTOPOB €BKIUT0Ba npocrpatcTsa V. ITo BekTopam 910if cu-

. CTEMBI 6yI[eM TNOCJIEAOBATEIBHO CTPOUTH OPTOTOHAJIBHYIO CH-

CTeMy HeHYJIeBBIX BEKTOPOB by, b, ..., by. ITomaraem by = a;.
Ecmu Bexropst by, b, ..., by yxe mocrpoersi, TO BeKTOp b
Haxoaurest 10 hbopmye

b=ay+ Mb + Aobo + ..+ N, (64)
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6. EBKJIMAOBBE IPOCTPAHCTBA

ay,by—
Ny = _zbl-l-ly‘blil).
Teopema 6.5. B 1enyae60M KOHEUHOMEPHOM €6KAUI0E
NPOCIMPAHCINGE CYULLCTNEYEM OPTNOHOPMUPOGAHHHITL 63Ul
ITycers epkausonb ipoctpancrea V n V! nzomopdint |
JIMHeHHbIe [POCTPAHCTBA, T.€. CYLIECTBYeT B3AUMHO O
3HaYHOe JiMHelnoe orobpaskenye [ npocrpancrea V Ha T
crpancrso V. Ecan upu 9moM 0To6paskeHnH COXpPAaHS
cKassiproe npoussegenne, T.e. (f(z), f(y)) = (z,y) mis
6bix 2,y € V, 10 orobpaxkenne [ HasbiBaeTcs e6KAUIO
usomopdusmom npocmpancme V u V'. Camu npocrpas
V 1 V' asbiBaiores: B 9TOM Clyyae e6xaudoso usomophis
NPOCTAPANHCINEAMU.
Teopema 6.6. /Jléa Koneuomepnoir eexaudosuis
cmpanemea e6xAud060 U3oMopdLL Moeda U MOABKO M
%0204 UT PA3MEPHOCTIU COBNAIAIOM.
Caepncreue. Kasicdoe n-mepnoe esxaudoso npoc
€160 €68KAUI060 U3OMOPPIO npocmpancmey R™.

6.2. [Ipumepsl penieHus 3a/a4

Mpumep 6.1. Ilycrn i
T = (zh"-vxn) ER"a y= (yla-“vyn) € Rn,

SBasiercst i QyHKLHS

F(z,y) = (T1+ ...+ 2a)@ + .. + ¥n)

CKaJIApHLIM Tpousseaennem B R™? Ecim ner, o

KM€ M3 CBOMCTB CKAJISIPHOTO NPOM3BE/IeHUs HAPYII

[0 Ouesnano, F(z,y) = F(y,z). Bnaunr, nepuo

j HOPO Ipou3BeAeHust Bhinonnsercs. 1100

6.2. Ilpumepw pewenus sadax

= (21544 25). Torna
F(z+y,z) = ((1‘1 +y1)+...+(z,‘+y,,))(zl +...+z,.) =
= ((z1+ ..o+ 20) + (1 ooty 2tz =
= (z1+...+z,.)(zl+...+Zu)+(y1+...+y,.)(z1+...+zn) =
= F(x,2) + F(y, 2).

3HauuT, Bropoe crofcrro CKAJIAPHOTO TIPOM3BEACHUS BBIOJI-
nsierest. Tak kak st moboro A € R

F(z,y) = (A to AT (Y . ) =

=M@t 20) (. yn) = AF(z,y),
TO TPEThe CBORCTBO CKAVISIPHOTO POM3BEIEHHS BBITIOJIHACTCS.
Honoxum z = (-1, 1,0,.. ., 0). Torya
F(z,2) = (-14+1)(-1+1) =0,
3HaunT, Yerseproe croifcTBO CKAJISIPHOTO TPOM3BELCHAS He

X
Mpumep 6.2. Bekropst ey, ey, €3 06paszyior opToroHas-

BLINOJIHSACTCSH .

Ibiit 6asnc esKna0Ba npocrpancrea V i

lexll=2 llexll=1, || es ||= 3.
altyre yroi ¢ Mexty BEKTOpaMy
a=e;+e—e;3 b=¢ + €2 + e3.
[ Tax xak BexTOpHI ¢, €3, €3 06PA3yIOT OPTOIORAJHHBLH
wsie V, 1o (e1, €2) = (€1, €3) = (e, e3) = 0. Iostomy
(a,a) = (€1,61) + (€2, €2) + (e3, €3) =
=lecl® + ez [+ es |P= 4+ 1+9 =14,

(b’ b) = (31,81) 5 (32’62) o) (33,83) = 14,

(a,5) = (e1,€1) + (e2,5) — (€5, €3) =4+ 1 -9 = —4,
{gio) " MEESA 2
lall-lell ~ vid-via ~ "7

yroa ¢ = arccos(—2/7).

COS @ =




6. EBKJIMJIOBbI ITIPOCTPAHCTBA

6.5. Bonpocvi 0as camoxOHmPOrs

Mpumep 6.3. Ilpumensia 1pouecc OPTOrOHAJIM

T'pamma-IIvmra, no 3aJanHOMy Gasucy

Ty = (1,—2,2), Ty = ("‘1,0, —1), T3 = (5, '—3, "‘7)
nocrpoiire B R? opronopmuposanmbrit 6a3uc.

0 TocrponM CHadafa OPTOrOHAJBHBIA Gasuc ai, g,
npocrpascrsa R3. Tlonoxkum a; = ;. Beuny (6.4) u (6.

HMeeM g = Ip + QQy, e
C(anm) | L) +(-2)-0+2-(-1)
_—(al,al)— ,11+(—2)(—2)+22
Torna
a2 = (=1,0,-1) + (1/3)(1, =2,2) = (~2/3,-2/3,-1/3
Cuosa seugy (6.4) u (6.5) mveem az = T3 + Aia1 + Asay, |
(a1,75) ~ 1:5+(=2)(=3) +2-(=7) _ 1}

13
3

55 Tlanm) 9 0
s (Goulial,., (“3lo0El5) (aliF (—3)- (-7
Sl (0o, et s (=22 + (-3 + (-3

Torna a3 = (5,-3,—7) + (1/3)(1,-2,2) — (-2/3,
—1/3) = (6,—3,—6). [TpoHOpMUpYeM BEKTOPEHI a1, Az,
3TOro HalLeM MX JJIUHDL

| @ = V(a1,a1) = V12 + (22 +22 =3,
| az l= (a2, 02) = V(-2/3)* + (=2/3)* + (-1/3)*=

“ ag "= \/(Gg,a:;) = \/6274_ (_3)2 i (—'6)2 -9

Terneph BEKTOPBI
y = (1/3)ar = (1/3,-2/3,2/3),
Y=a2= (_’2/3) —2/31 _1/3)!

ys = (1/9)as = (2/3,-1/3,~2/3)

HOPMUPOBAHHBIH 6a31C IPOCTPAHC

6.3. Bonpocsl st caMOKOHTPOJIS

1. Onpegenetne esknugosa npoctpaHcTea. [pumeps.

1.1. Kak 3a1aTh eBKJIMJIOBO IPOCTPAHCTBO?

1.2. JIokazkuTe, 4TO JUIsi BeKTOPA @ €BKINIOBA TPOCTPAH-
cra V mmeer mecto pasencrso (a,8) = (0,a) = 0.

1.3. Jokaxute, uro dopmyia (6.1) onpeenser ckausp-
1oe TIpousseienue B pocTparcTse Clg -

1.4. Joxaxute, uro dopmyna (6.2) onpenensier ckamusp-
HOe IPOM3BeJeHUe B IpocTpaHcTe R™.

1.5. JIokaxkute, 9TO B €BKIMIZOBOM HPOCTPAHCTBE V 1pu
Jo6BIX TiyeeesTny Y1s---5Ym € ‘/1 Qj,...,0n, ﬂl:"'vﬂm €

. € R, Bpmosnnsiercst paBeHCTEO

n m n m
(Z i, Y 5jyj)) =YY wpjlany;)-
i=1 j=1 i=1 j=1
1. 6. Kak npeBpaTuTh KOHEYHOMEPHOE AeHCTBUTEILHOE JIM-

. He#HOEe MPOCTPAHCTBO B €BKJIUI0BOT

2. Hepasencteo Kowu—-ByHsakosckoro.
2.1. Kak ompezensercs JjiMHA BEKTOPa B €BKAMIOBOM

. npocrpaHcTBe?

2. 2. Kax BBIYNCINTD JUIMHY BeKTOpa B pocTpaHcTee R™?

2.3. Kax suraucinrh nopmy dynximn f € Clgp?

2.4. Ilyctb a,b -~ BeKTOpbI €BKJINIOBA LPOCTPaHCTBa V|
€ R. Jokaxkure, 4To KBajparusii Tpexwiet (Sa+b,a+b)

eOTpUIIaATeeH TOrJa W TOJNBKO TOr[a, KOrja ero JUCKpuMu-

AHT HEIOJOXKHUTEeJIeH.

2.5. Jlokaxkure, 9ro HepaBeHCTBO Komm-ByHAKOBCKOIo
Opamaercss B PaBEHCTBO TOTJA U TOMBKO TOIZA, KOTJIA BeK-
OpbL @ ¥ b TUHEHHO 3aBUCAMBDI.

2. 6. Kaxoit B npusumaer Hepasencrso Koriu-ByHsakos-
koro B npocrpatcTsax R™ u Cpgy?

2.7. JTokaxKuTe, 9TO B eBKIMIOBOM TPOCTPAaHCTBe V st

noboro A € R u moboro a € V BeimosnHsieTcs paBeHCTBO:

Il Aa fl= 1Al a |-
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6. EBKJIMIOBBI TPOCTPAHCTBA

6.4. Hndueudyanvrme sadanus

3. Yron mexgy BeKTOpamu.
3.1. Kak onpezenserca yroa MexJy BEKTOpPaMHU B €B
JIOBOM TIPOCTPaHCTBE? L
3.2. Ilyers a,b — HeHy/eBble BEKTODPbI eBKJIMJOBA MP
crpancrsa V, ¢ — yron Mexy Humu. JlokaxxuTe ciieAyiony
YTBEPIKJICHUS. 3
3.2.1. Yron ¢ me MeHsieTcs IIPA yMHOXKeHHE 0GOouX BE
TOPOB Ha OJIHO W TOXKe YUCJIO.
3.2.2. Yros ¢ paBeH HY/IIO WM T TOTAA H TOJBKO To'-
KOTJIa BeKTOPBI @ U b JIMHEHHO 3aBUCAMBI. '
3. 3. Jlokaxkure T€OpeMy KOCHHYCOB.
3.4. BeiBeuTe HEPaBeHCTBO TPEYTOJIbLHUKA. i
3.5. Kakoit B MPHHAMAET HEPABEHCTBO TPEYTOJIbHUE
npocrparcTBax R™ u Cpa 7
4. OpToroHanbHas CriCTeMa BEKTOPOB.
4. 1. Copmyaupyifte OnpeaescHne OpTOroHaIbHON CH
MBI BEKTOPOB €BKJIMJIOBA IPOCTPAHCTBA.
4.2. Kaxas cucTemMa BEKTOPOB €BKJIHMJIOBA TPOCTPAH
HA3bIBAETCH OPTOHOPMUPOBAHHOM?
4.3. JIokacKkuTe, 9TO B €BKJIMAOBOM IpoCTpancTse V ;
BEJIJIUED] CJIELYIONINe YTBEPAKACHHSI.
4.3.1. Torza ¥ TosbKo Torga a L a, a € V, korma @
4.3.2. Hynepoit BeKTOp i TOJIBLKO OH OPTOrOHAJIEH JIO
BeKTOpy U3 V. 7
4.3.3. Eciu BeKTOp @ OPTOTOHAJIEH KaXK0My U3 BeK!
by, by, ... by € V, TO OH OpTOrOHAJIEH JIIOOOK MX JIHH
KOMOMHAIIAHA. Sl
4.4. Jloxkaxcute, 9TO JBa BEKTOpa @, eBKIMIOBA 1.2 Vi tiga o= u(z),ﬁb = v(a),
crpaHcTBa V' OPTOrOHAJIBHBI TOTZA U TOJBKO TO, - 3
[Pl al?+ | b (reopewa Macbaropa). ’ Fla = [ suens
4.5. Jloka;KuTe, YTO OPTOTOHAJIbHAS CHCTeMa HEH) ‘ a ay B
BEKTOPOB €BKJIMIOBa MPOCTPAHCTBA JIMHEHHO HE3aBHCH . L3 M=(2,R),a= (a v ) , b= (b; b2>’
5. Mpouecc optororanusauun pamma-Liimuara. 3 s 44 #
,b) = z a:b;.
i=1

5.2. Kak nepeiiti 0T 0pTOroHabHOro 6a3uca eBKIMI0BA
IPOCTPAHCTBa K OPTOHOPMUPOBaHHOMY Haszucy?

5.3. Jokaxkure, 9T0 M06asi OPTOHOPMHPOBAHHAS CACTEMA
BEKTOPOB €BKJIMI0Ba IPOCTPaHCTBa V o seiaserca Gasu-

com V', b0 Mozer GbITh JONOTHEHA IO OPTOHOPMAPOBAHHO-
ro 6asuca npocrpancrsa V.

6. Visomopdpuam eBKAMAOBbIX NPOCTPAHCTE.

6.1. CcopmynupyiiTe onpeze/ienue eBKIHIOBA H30MOp-
buzma.
6. 2. Tloxkaxkure, YTO NPY €BKIMIOBOM M30MOP(hU3ME €B-

KJINJOBBIX IPOCTPAHCTB CIIPaBeJJINBhI CJIeAy1o1ue yTBepxKie-
HHS.

6. 2. 1. OproHopMuUpOBaHHbLil 6a3UC IEPEXOTHT B OPTOHOD-
. MUPOBaHHBIN Gazuc;
6.2.2. Jlnimubl BEKTOPOB COXPAHSIOTCS.

6.3. Kax cTpouTCst eBKIMIOB M30MOPMUIM €BKIHIOBBIX
- IPOCTPAHCTB OJMHAKOBOH pasmMepHocTH?

6.4. MnauBuayajbHble 33/ aHU

1. Tlyerh @ u b — BeKTOPbI JEHCTBUTEINBIOIO JMHEHHOTO
ipocrpascTsa V. fpnserca s bynkuus F(a,b) ckaspubm
lpousseenyem? ECam HeT, TO yKaxKuTe KaKue 3 AKCHOM CKa-
 JIFIPHOTO NIPOM3BENEHNs] HapyIaoTCs.
EN B R2, a= (al,ag), b= (b1,b2),
F(a,b) = 2a,b;, + 3asb,.

5,1. Manoxure CymHOCTH IPOLECCa OPTOTOHAJIN
'pavma-Tmnrra. d
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6.4. Mudusudyanvhnie 3adanus

1.4. V =Rz, a = m(z), b = n(z),

1.5.V =R3, a = (a1,0s,a3), b= (b, bz, b3),

1.6.
1.7

e
e — Rz, a= (041,0/2),b il (b11b2)a

1.9. V = R,z], a = f(z), b= g(z), F(a,b) = (f9)(0)
1.10. V = M(n,R), F(a,b) = tr(a - b).
1 Tl Ra, a= (al,az,a;;), b= (b;,bz,b;;),

1.12. V = M(n,R), F(a,b) = det(ab).
(9. B epximuioBOM IPOCTpAHCTBE R? naityure c
TpOM3Be e e BEKTOPOB a, b 1 yroi Me

V =C, F(a,b) =| ab|.
V = Cagpy @ = u(z), b= v(z),

F(a,b) = deg(m(z) - n(2))-

F(a,b) = a1by + 2asb; + 3azbs.

PR / o i

F(a,b) = 2a;1b1 + a1b + agby + agbo.

F(a,b) = a1by + asby + azby + agbs.

HHUMH.

a

oL ALl ey
22 | (1,0,1,2) | (3,-5,1,0)
2.3. | (&-1,0,3) | (-1,0,-1,1)
34 | (2,3,-1,0) | (1,1,-1,-1)
55| 3102 L5500
56 10231 5,234
i RS A R )
2.8 | (5,3,-4,3) | (—1,-5,0,4)
29. | (1,004 |(1,2,-3,-17)
2.10. | (=3,-2, L) | (1,2,7,-5)
2.11.1 (1,0,-2,1) | (3,-2,0,1)
Sici o1 1 1) | (=12,1,0)

3. B emkimyiosom mnpocrparcTBe Cp g H

[ n cxazsipHoe npoussesienue f u g.

f g i g
3.1 | 2% [1+z[32 | sinz cos &
3:3: % cosz || 3.4. 9 e*
37 5 sinz L 316y z+1 3z
37 7. 7l |22 +2z][3.8 | cos3z 4
3.9. z sin(z%) || 3.10. | sinz | (cosz)~?
3185 we - ¥ 3 3.12. {2z -1 42

) Haiiure HOpMHpOBaHHBIH BEKTOp eBKJIMIOBA MPO-
crpagcTsa R, oproronasssrit BEKTOpaM i, ap.

ay a2

4.1. (@711 (1,-1,1)
42 1 (1,-1,0) | (=2,1,2)
4.3. (2’ =1 1) (—3’ i, -1)
4.4. (01 -37 4) (1, 21 3)
4.5. (51:2) (0,4,-3)
4.6. (-1,2,3) (3,4,-1)
4.7, (=3,1,2) (220
4.8. (0,1,5) (~1,-1,0)
4.9. (0,2,1) (~1,1,0)
4.10. (1,0,2) (—3,4,-1)
4.11. | (1,-1,-1) (0,3,1)

ey N\
\9. JlonomuTe /10 OpTOHOPMUPOBAHHOTO 6a3Uca eBKINI0BA
pocrpancrsa R cuctemy BeKTOpOB 04, @

a N
5.1 (1’ —2’ 2’ —'3) (21 _3»274)
r_% (1117112) (112>3’ "3)
5. 9 (1’—1’17_1) (1:1!111)
5.4 [(1,=8~1.3) | (1,1,-8,-1)
55 (171121 1) (1,—1, —1,—2)
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6.4. Hndueudyarvmnie 3a0anus

= b

B60o | (0;52:3) ] (1,2,=—1,0)
Ol (1!21 0, 3) (21 _1127 0)
5.8. (_1111172) (—2!072' —2)
5.9. (31 1,0, 2) (01 -2,4, 1)
5.10. | (1,-1,2,0) | (3,-1,-2,3)
5.11.| (0,3,2,0) | (1,-2,-3,2)
5.12. | (2,0,1,3) | (-1,3,-1,1)

@ TIpumensisi TPOLECC OPTOrOHAIM3AIUM Fpau;aa—
Ta, 110 3a0aHHOMY 6asucy by, by, by mpocrpancrsa R® i
Te oprToHOpMMpOBaHHklil 6asuc. Cienalite NPOBEPKY.

by by b
61 . (111} (1,1,2)
6.2. 1(2-13[@,2-5)] (1,-L1)
6.3. | (1,2,1) | (2,3,3) (3,8,2)
6.4. (-la 3, 7) (0, 2, _1) (17 -2, _8)
6. 5. (2, 0, 1) (”‘172: 3) (—1’ 1, 1)
6.6 [(0,1,-2|(1,-L1)| (20,3
6.7. | 1,6,2) 1(3,-1L,4 ! @-21)
6. 8 ("21 3: 1) (01 21 1) (17 2’ 1)
6.9. | (—3,0,1)] (0,2,3) [(=1,-1,-1)
6.10. | (3,1,-1) | (=2,0,1) | (2,7,3)
6.11. (2, 4, 3) (3’ ) 4) (17 5, —1)
6.12. | (4,1,3) | (0,7,-2)] (4,8,0)

7. llpumenss npouece oproronamnsanun I'pavm

Ta, IOCTPOHTE OPTOHOPMUPOBAHHbIX 6a3nc TUHENHO!
K¥ CHCTeMbl BEKTOPOB a1, U2, 3 €BKIKIOBA 1IPOCTPaH
Q) as Qaz

RN, 22 =0 (0510, 3)|(0,3,2,—4
. T li(dyid e, -2) | (3,0,-1,2) (2,-1,0,4)
. i _1—5 (1’ 12—312) (37 2y05 1) i

ay as as
7.4 [(=1,0,1,1) | (2,0,—1,3) (1,0,0,4)
7.5:7 18,21, 1) ] (51,21, =1)7- 1 {2i4,2,0)
7.6. | (1,1,2,3) | (L1,-6,2) | (2,2,-4,5)
7.7. 1 (0,2,31) | (2,-1,-1,3)| (2,-3,-4,2)
7.8 1 @123 [(=L1,3,-3)] .(1,2,5,-1)
7.9. 1(=2,0,31)|(1,-2,-21) | (3,-2,-5,0)
7.10. [ {1,4,-3,2) | [(22,1,0) |-.(1;,-2,2,~2)
7111 (0,1,1,-1) | (3,1,2,0) [(=3,0,-1,-1)
TR0 LR (4,3,1,2)

8. Cransiproe nponspegenye B R, [z] ompeneieno pasen-
crsom (f(z), 9(x)) = [y f(x)g(x)dz. Mpnmensia nponecc op-
roronasmi3aumn I'pamuva-Ilmura, 1o 6asucy fi, f, npocrpan-
crBa Ry{z] nocpoiite opronopMuposanmbi 6azuc.
I 9 I g
8.1. 41 3 8.2 P2 —1 T
8.3. 3z rz—1|84 | z-2 -1
8.5. 2x z+1 | 8.6. -z z—2
8.7 |2z=1] 3z |88 -2z | x4+2
8.9 |[2x-2 T 8.10. | z+3 1
e s I | T R e B e

9. Jokaxure, YTo eBKAMUOBH TpocTpancrsa E u E' ep-
K/IMJI0BO U30MOPDHBL.

9.1. E=R? (a,b) = a1by + asby, a,b € E;
E' =R (z,y) = 251y, + 32295, 2,y € E.
9.2. E =R? (a,b) = 2a,b, + 3asby, a,b € E:
Bl'= R2, (.’L', y) = T1Yh + Ta2Yo, T,y € B,
9.3. E= M(2,R), (A4,B) = ¢, aiby,
ay ag b1 bz &
A= (aa 04) €K, B= (bs b.;) € B,

E' =Rz}, (f(2), 9(2)) = [} f(z)g(x)dz,
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6. EBKJIMIOBBI TPOCTPAHCTBA

6.4. Hudueudyaavrmie 3adanusi

f(z),9(z) € E".
9.4. E = Rs[z], (f(2),9(2)) = [y f(2)9(z)dz,
f(z),9(z) € E;
= M(2,R), (A,B) = 3¢, aib;,
ay 4 b b‘z
A=(a3 )eE B= (b3 b4)eE’.
9.5. E=R% (a,b) = aiby +2a;b2 + 3azbs, a,b € E;
E' = Rqlz], (f(z),9(z)) = fo 22f(z)g(z)dz,
f(z),9(z) € E'.
9.6. E = Rolz], (f(x),g(z = [y 22 f(x)g(x)dz,
(o) g€ E

9.7. E Relz), (/(2),9(@) = J*, #*f (@)g(@)dz,
’ f(z) g(z) € E;
= M(2,R), (4, B) = }_I_, iab;,
ay Qg b b2 v
kLo ,B= b; “ ELE
9.8. E = M(2,R), (4, B) = YL, ia;b;,
01 Qg ¥ by by
a3 a4 by by
E' =Ryfa], (f(2),9(x)) = [, 2" (2)g(z)dz,
f(z),9(z) € E'.
9.9. E= Rz, (a, b) = 2a1by + a1bs + asby + azbs,
a b € E;

=Ry[z], (f(z),9(z)) = fo I(z)g(z)dz,
( f(z),9(z) € E".
9.10. E = R[], (f(2), 9(z)) = [; f(z)g(x)dz,
f(z),9(z) € E;
E'=TR?, (a,b) = 2a1by + a1y + azby + asbs,
a,be FE'.

L. B = Ryfal, (f(),9(z)) = [} f(2)g(x)dz,
A

a b) = a,by + 2a9by + 3asbs, a,b € E'.

E'=R?, (a,b) = a1b; + ashs, a,b € E'.
9.12. E R?, (a, b) = asbs + aaby, a,be B;
=Ry[z], (f(2),9(z)) = [, f(z)g(x)dz,
f(w),g(z) er.
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" V.AIABAA’I

7. JUHEWHBIE OIIEPATOPHI B
EBKJINJIOBOM ITPOCTPAHCTBE

7.1. DiieMeHTHl TEOpHH

ycrs f — nuHERHbLE ONEPATOP BKIMI0BA IIPOCTPAHC]
V. Jluneitnbiit onepaTop f* HA3BIBACTCS CONPANCEHHDIM K
patopy f, eciu jjis JTO6bIX JBYX BEKTOPOB Z,y € V Bb i

HSETCs] PABEHCTBO
(f(),9) = (&, f*(v))-

Teopema T7.1. Jlasa mobozo aumnelinozo onepamop
KOHEWHOMEPHO20 esKaudosa npocmpancmea V  cyusecn
em eduncmeennvii conpascennvili onepamop f*. Ilpu 21
mampuya onepamopa f* 6 0pMOHOPMUPOSANHOM Ba3UCE
dem mpancnonupPoOBaHHOT N0 OMHOULEHUIO K MATMPUYE ON
mopa [ 6 amom basuce. ]

Jluneiiusiii onepaTop f eBKIMIOBa npocrpaHcTsa V H
BAETCS OPMOZOHANLHBIM, €CITH OH COXPAHSET CKATAPHOE
W3BEJCHNE BEKTOPOB, T.€. ey Jyis obbix z,y € V B b

HAETCS PABEHCTBO:
(f(2), f¥) = (z,9)-
Teopema 7.2. (Ilepsblit KpuTEpPHii OPTOrOHATHLHOCT
HejiHOrO omepartopa) Junetinui onepamop f e6xaudosa
cmpariemea V  opmozonanen mozda U moAbKO Mo20a, |
OH COTPAHAET OAUNDL BEKTNOPOG. ;
Teopema 7.3. (Bropoii KpuTepnii OpTOroHaILHOC
HeltHoro onepatopa) Jas mozo, wmobs aunetinvil one
f xoneunomeprozo esraudosa npocmparcmea V 6
20HANBHBIM HEOBTOOUMO U AOCMAMONHO, HMOobbL O
nepesodus OPMOHOPMUPOEANHHL basuc npocmpa;

OpMOoHOPMUPOSarHYLL basuc.
Marpuua A € M(n, R) Ha3bIBaETCA 0PMOZOHANLHO!
E. 3necs uepes AT obosnavaerca TpaH

POBAMIAS MATHILA.

w1100 “'»1'.

7.1. Daemenmy. meopun

Teopema 7.4. (Tperuit KpuTepuit OPTOrOHATLHOCTH JTH-
HeliHoro onepaTopa) JIunelinvui onepamop [ xoneuromepHozo
esxaudosa npocmpancmea V- opmozonaner mozda u movko
mozda, K0206 OPMOZONAALHA MATRPUYA onepamopa | 6 HeKko-
MOPOM OPMOHOPMUPOGAHHOM Basuce.

JIuneitnsni oneparop f eBKIMuOBa MpocTpaHCTBa V. Ha-
3bIBAETCST CAMOCOTPANCEHHHIM, E€CIA OH COBIAJAET CO CBOUM
CONPSIKEHHBIM onepaTopoM f*. 13 onpenenenns ciemyer, 9To
ecim oneparop f sABJISETCS CAMOCONPAXKEHHBIM, TO JJIS BCEX
z,y € V Bumomnsercs pasenctso (f(z),y) = (z, f(y))-

Ksazparnas marpuua A = (0;) HasblBaeTCs cummempu-
“eckot, eClu Qi; = Oy VIS JOOBIX 2, j. Q4eBnAHO, YTO MATPH-
na A SIBISeTCs CAMMETPHYECKOH TOT/Ia M TOIBKO TOL/A, KOT/A
OHAa COBMAJAET CO CBOEH TPaHCIOHUPOBAHHON MaTpPHUIEH.

Teopema 7.5. Jlunetinoi onepamop f eexaudosa npo-
cmpancmea V A6AAEMCA CAMOCONPANCEHHYM 020 U MO~

. K0 mozda, k0200 €20 MAMPUYA 6 OPTOHOPMUPOBAHIHOM Ba3UCe
RPOCMPArCMea V. ABAAMNCA CUMMEMPUNECKOT.

Ha BakHyio poiib OpPTOrOHAJILHBIX W CAMOCOIPSIKEHHBIX
0IIepaTopoB B OOIIEH TEOPUM JIMHEHHBIX ONEPATOPOB EBKJIU-
JIOBBIX IPOCTPAHCTB YKa3bIBAET CJIEAYIONasd TeopeMa.

Teopema 7.6. 1. /lioboti aunetinsiii onepamop f xomewmo-

| meprozo esraudosa npocmpancmea Vo mooicno npedcmasums

6 eude f = hg, ede h — opmozonavrsii onepamop, g — ca-

| MoconpavcerHuil onepamop npocmpancmea V .

2. Jhobyio deticmeumenvrylo K6adpamHYI0 MamMPUYY
MONHCHO NPedCTNABUMd 6 6ude NPOU3GEIEHUS OPMO20HANLHOT
U CUMMEMPUHECKOT MATRPUY,

IIpexncrasnenne oneparopa f, ykasaHuoe B IIyHKTe 1 Teo-

pemsl 7.6, HA3BIBAETCS NOAAPHUBM PASAOHCEHUEM.

Opmozonanvrvm donoareruem nodnpocmparcmea W es-

KJIMJi0Ba IPOCTpaHCcTBa V' HaspiBaeTcs MHOXecTBo WL Beex
BEKTOPOB U3 V/, KaXJplll U3 KOTOPBIX OPTOIOHAJIEH JIIOGOMY
sexropy m3 W: Wt ={z €V |2 Ly ana moboro y € W}.

Teopema 7.7. 1. Jlas mobozo nodnpocmparcmea W es-
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xaudosa npocmpancmea V. muoscecmeo W+ aeasemes noc

NPOCMPAHCTNEOM.
2. Ecau npocmparcmeo V. KOHEYHOMEPHO, MO
V=WeWw ,

3. Ecau W — nodnpocmpancmso KOHEUHOMEPHO20 6K
dosa. npocmparcmaa V , mo

dim W+ = dim V' — dim W.

Jlemma 7.8. Ilyemo [ — camoconpaoicenmsiti AU
Hull Onepamop KOHEUHOMEPHOZ20 e8KAUV0BA NPOCTPUHCT
V, W — nodnpocmparncmeso V. Ecau nodnpocmpancmeo.
UNBAPUAHTHO OTHOCUMEALHO onepamopa f, mo u nodn
cmparcemeo W unsapuarnmmo ommocumenvtio f.

Jlemma 7.9. Cobecmeenivie 3HANEHUA CAMOCONPS
20 ONEPAMOPA 8 EBKAUIOCOM UMY YHUMAPHOM TPOCTNPAKC!
ABAAIOMCA 0LTUCTNSUMENDHUMY HUCATMU.

Teopema 7.10. 1. Junetinwii onepamop f Kxorneunos
HO020 e6XAU008A NPOCTPAHCTEA V ABAAEMCA CAMOCONPAMN
HolM To20a U MOALKO mozda, Ko2da 6 npocmpancmee V
weemeyem opMoHOpMuUposantbili basuc, cocmosuyul
cmeennsLT 8exmopos onepamopa f.

2. CamoconpascerHul aunelinsil onepamop KoHewHo,
1020 e6KAUI08A NPOCTPAHCTIBA ABAACTCA OUAZOHANUIY
MbLM, OTLEPATIOPOM. i

Jlemma 7.11. Mampuua nepexoda om 001020 0p
MUPOBanH020 6a3uUca % OpY20MYy OPMOHOPMUPOBAHHOM;
CY OPINOZONANDHA.

Teopema 7.12. /laa a0601 cummempuyeckols
A € M(n,R) cywecmeyem maxas opmo2onaioHoA
T, wmo TAT™' — Juazonasvnas mampuya.

7.2. Ilpumepn! peireHus: 3a9a9

. Marpuna smseitoro oneparopa f B
MUpoBaiiom Gasmce €),e; €BKIIMJOR

7.2. Hpumepn peusenus zaday

crpadcTBa V' umeer Bum:
=31
o ( " 2) ;
Haitaure MaTpuity conpsizkennoro oneparopa B 6asuce
1 1 e p 1
—=€] — —=€3, €y = —=€] + —=¢€3.
R L RV AR

00 Bompmem marpumy

T=(7:5 *1%
vz 2

nepexoza o 6asnca ey, e; k 6asucy e}, ey. llycrs B — marpuia
oneparopa f B 6asuce e}, 5. Torna
g
i
V2

B=TAT~1=($ "1715) (‘3 1) 7
7 B\ E S e

VAR A | 1 1
(23 (3 -
ol N )
Tax kax (e, ¢5) =0, || & [|=]| € [|= 1, ro €}, ) — oprowop-
MHUDOBaHHbIA Oasuc eBK/nI08Ba npoctpatcrsa V. ITo Teopeme

7 -3 -1
ot

Oyaer Marpuieit onepatopa f* B 6asuce ¢}, €. X

Mpumep 7.2. Byner mu oneparop ¢, AeHCTBYIOMMH 115
Kaxa0r0 = € V? 1o dopmyrne g(z) = z X a, OPTOroHATHHBIM
oneparopom mnpocrpascrsa V3? 3xeck a — dukcaposammbIi
BeKTOp V3, X @ — BekTopHOe Ipou3BEICHNTe.

0 Beumy Teopembt 7.2 onepaTop f opToroHajeH TOTA U
TOJIBKO TOrMa, Kora ||z | = ”f(x)” s moboro z € V. B Ha-

€=

2

. 7.1 maTpnua

e cyuae pasencrso npumer suj [|z]| = ||z x af|. Oxciona

CJICJLyeT, YTO

lell = lll llalfsin (. @)
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7. JINHENHBLIE OTIEPATOPHI B EBKJINJIOBOM ITPOCTPAHCTBE

7.2. Ipumepw. pewenus 3aday

s moboro z € V3, 4ro HeBO3MOXKHO. 3HAYHT, ONEPATOD
He SABJIAETCS] OPTOIOHAJLHBIM. ;

Mpumep 7.3. Haiinure 5 R* 6asuc oprorosaibHoro g

TOJIHGHAS TMHeHHON 0BOJIOYKH CHCTEMBI BEKTOPOB
M ={(@1,-1,1,-1),(1,1,1,1),(1,0,-1,0)}.

O O6ozrauum W = L(M), ;

ay = (1,-1,1,-1), as = (1,1,1,1), ag = (1,0,~-1,0).
Torzna mpon3BoIbHbI BeKTOp Yy € W MoXxHO 3anucaTh B BY
Y = Aa; + A2 + A3a3, A, Ao, Az €R. '

Mycrs x = (21,2, &3, T4) — NPOU3BOIBHBIN BeKTOD 13 ¥
QOueBnaHO, uTO T L y TOIZA M TOJBKO TOTAA, KOLJA &
z L ay, z L a3 3HaduT, KOODAUHATHI BEKTOPA Z Y/IOBJIET
PSIIOT CHCTEME

i

Ty =T+ T3 — T4
O+ To+2T3+24 =
Ty —23 =

Pemas 3Ty cicTemy, nojgydaem
Il=0, 22=—)\, 2:3=0, $4=)\,
rae A — Ipou3BOJbHOE JleficTBUTe bHOE Yrc0. Takum o
som, Wt = {(0,-),0,)) | A e R} = {A(0,-1,0,1) | A\ &
BHauuT, 6a3uc npocrparcTsa WL cocTonT U3 0AHOTO BEK
(0’ "17 0’ 1)

0
0
0

Mpumep 7.4. [Lisi MaTpuipl

3 4 0
C='14 =30
0 0 4

Ha#uTe TAKYI0 OPTOrOHAJIBLHYIO MATPALY B, 4T06h
BCB™! 6buta juaronansuoil. Cueiafite poBepky.

[J Tlycrs f — JMHeHHBI! ONMEpaTOpP NMPOCTPaH _:A;‘
nmeloimmit B 6asnce e; = (1,0,0), ex = (0,1,0), ez = (

Pemas ypaBnenne
3= 4 0
4 =3=Xx 0 |=0,
0 0 4-)
oosiyuuM Ay = —5, Ay = 4, \3 = 5. Hailinem Bce coberBen-
HbIe BEKTOPBI JIHHEHHOI'0 oneparopa f, npuHaiiexaiiie cob-
CTBEHHOMY 3HaweHHIo \; = —5. Pemas cucremy

84 0 8z +4zy = 0
(Z112$3) 4359 0) = (000), 4$1 - 2.1)2 = (
009 9z3 = 0,

nonyduM Z; = —af2, x3 = o,23 = 0, a € R. 3nauur, cob-

CTBEHHBIMHM BEKTOPAMHU Oreparopa f, IpuHaiesKanuMu cob-
CTBEHHOMY 3HaueHmio A; = —b, 6yayr Bekropsl (—a/2, &, 0),
a € R. Oun u3 vux, sanpumep, (—1,2,0) obosHauuM yepes
1. ABAJIOTHYHO HaX0anM COBCTBEHHLIE BEKTOPHI Gy U a3 Ome-
paTopa f, IpHHaIexKaue COBCTBEHHBIM 3HAYEHUAM Ag = 4
u A3 = 5 coorsercrrenHo: a; = (0,0,1), a3 = (2,1,0). Bek-
TOPBI @4, G2, G3 TIONAPHO OPTOTOHAJBHBL. [IPOHOPMUPOBAB KX,
LOYYUM BEKTOPBI

el R - e, o

6= ( 7 \/5,0), e =(0,0,1), e5 = (-\7-5,'\/—5,0):
KOTOphIe 00PasyioT OPTOHOPMHUPOBAHHBIA GAa3MC NPOCTPaH-
crsa R®. B sTom 6Gasnce Matpuna A oneparopa f uMeeT BH

-5 0 0
A=10 40
0 05

Marpuua A u C cpasamsl coorromennem A = BCB™!, tne

B — maTpuna nepexoza ot 6asnca ey, €2, €3 K 6asncy €}, e, €.

Crpokamu 910l MaTPHLB! SBAFIOTCH, OYCBAIHO, KOOPAUHATH
BEKTOpOB €}, €, €}, T.e.




7. JIMHEAHBIE ONEPATOPHI B EBKJIM/IOBOM NPOCTPAHCTBE 7.8. Bonpocu 0as camoxoHMpPoAA

ITo nemme 7.11 Ma'rpmxa. B oproronanbha. ChenaeM nposep-

2. 1. JIokaxkuTe, YTO TOXKIECTBEHHBIA ONEPATOD EBKIKI0-
ky. Tax kak B - BT =

Ba TPOCTPAHCTBA OPTOTOHAIIEH.

o % % 0 ;}g 0 72§ 100 . 2.2. JTIokaxknTe, 4T0 KaxKA0e COGCTBEHHOE 3HAYCHHE OPTO-
B! 0 e ¢ _} 0 71= o R mngn;nﬁro ONEePATOpa 110 MOYJIIO PABHO €JMHUIE.
T 5 5 . 3. JokazkuTe, 9TO OPTOrOHAJILHBIN OTIEPATOP COXpaHsieT
1 )
7" 50 P 9l YTOJI MEXKJLy BEKTODAMH.
TO MaTpula B OpTOroHaNbHA B H?WOM}’ g 2. 4. lokaxkure, YTO SAPO OPTOTOHAIBHOTO ONIEPATOPA HY-
=0 7 JIeBOE.
‘gRLL pl ¥ 0 712 3. Bropoii kputepuii OpTOroHanbHOCTH ONEpaTopa.
5 1 05 3.1. JlokaxknTe, 9TO E€BKJIMIOB M30MOP(HU3M €BKIHIO0BA
npocTpaHcTBa V' B cebs ABISETCS OPTOTOHATIBHBIM OIEPATO-
Orciona ameef Ps) Eib g & et g pom. Bepuo s o6partnoe?
T ¥5 715 3.2. OnummTe BCe OPTOrOHANBHbIC OLEPATOPDI, JEHCTBY-
BCB = |00 0..1][4 =30 A 10M7e B OJHOMEPHOM EBKJIUJOBOM IPOCTPAHCTEE.
204 0/.\0 04 01l 0 /4 3.3. Jlokaxure, 9TO €CM jBa BEKTODA T,y €BKJIMAOBA
5 B
g = . 5 IPOCTPAHCTBA UMEIOT OJMHAKOBYIO JJIMHY, TO CYILECTBYET Op-
Yo 0 '—;/'e's 0 ?s' -5 00 TOTOHAJIbHBLH onepaTop f, IepeEomdnuil T B y.
=i ©\0s= M v Suptesipyi ol @ 3. 4. Tlycrb ¢ — OPTOrOHAJIBBBIH ONEPATOP eBKIIMIOBA IIPO-
% % 0 010 0 05 crpascrsa V. Byzer m onepatop (—¢) opToroHasbHbM?

4. Tpetuii KpuTepuii OPTOrOHaILHOCTIA ONEPaToPa.

4.1. Yemy paBeH ompezeauTess J060# OPTOrOHAIBHON
MaTpuupbi?

4. 2. Mozker J1i BIDOXKICHHAS MATPHULA ObITh OPTOrOHAIb-
HOM MaTpULEH?

4. 3. Ilycrs MaTpuiet A 1 B 0pTOroHanbublL. ABisiores am
| OpTOroHATbHbIMH MaTpuubl AB n A~1?

4. 4. JIokaxKnre, 970 MHOYKECTBO BCEX OPTOTOHAJIBHBIX OTle-
PaTopoB KOHEYHOMEPHOIO eBKJIMIOBA IPOCTPAHCTBA 00pa3yeT
| MyJIBTUIUIUKATUBHYIO TPYTILLY.

4.5. KakoMy ycJIOBUIO HOJIKHBI YAOBJIETBOPSTH JAEHCTBH-
| TeJTbHBIE YMCIA @ ¥ 3, 4TOOB OPTOrOHANBbHOM OblIa MaTpHuua

a=( )

4.6. Moxer M MaTpHia OPTOrOHAJBHOIO ONEPaTOpa B
HEKOTOPOM Gasuce ObITH HEOPTOrOHAIBHOI?

Wrak, B — oproronantuas Marpung, a BCB™ —
Has MATPHIA.

7.3. Boripocsl jj1s CaMOKOHTPOJIS

1. ConpsikeHHeIi onepaTop. .
1.1. Ilyets € — TOXKJIECTBEHHBIA OIEPATOp €B
npocrpancrsa V. Haiiure €. 3
1.2. Tlycrs A — MaTpuna JMHEHHOrO OnepaTopa p
JioBa ipocTpascrsa V. B Gasuce ey, ey, .. ., en, AT —
oneparopa g B 3rom basuce. Beerma s g = [*7 ‘
1.3, Ilyers f — NpOM3BOJILHBIA ONEPATOP OIHOME]
K101 npocrpaac'rsav Haiigure f*. g
‘ puTep ﬂ OPTOroHaNLHOCTY ONepaTopa.
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7. JIMHEAHBIE OTIEPATOPH! B EBKJINZIOBOM IMPOCTPAHCTBE

5. CamoconpsKeHHbI onepaTop.

5.1. Jlokaxxnre, 4TO OnepaTop romoreTud H, eBKINJI0BA

UPOCTPAHCTBA SIBJISIETCS CAMOCOIIPSIZKEHHBIM.

5.2. Moxer 1 MaTpHua CaMOCONPAXKEHHOTO JMHEHHOro
oneparopa B HEKOTOPOM Hasmuce 6bITh HECHMMETPHYIECKOH?
5. 3. OnumnuTe BCe CAMOCONPSIKEHHbIE JIMHeHbIe ONepaTo:

Pbl, ZeHCTBYIOMHE B OMHOMEPHOM €BKJIMJIOBOM IIPOCTPAH

5.4. YT0 MOXHO CKa3aTh O CAMOCOTPSIKEHHOM OTEPaTOp

f, ecim (f(z),z) = 0 ans Bcex BeKTOPOB T7
6. CeoiicTBa CaMOCONPSXKEHHOrO ONepaTopa.
6.1. aifre ompefesienre OPTOrOHAJHLHOTO JOMOJIHEH]

HOINIPOCTPAHCTBA.
6. 2. JlokaxnTe, YTO OPTOIOHAJIBHOE JIONOJHEHUE TOIIP

CTPAHCTBA CaMO SIBJISETCS MOANPOCTPAHCTBOM. !
6. 3. [okaxwure, 9T0 i1 J060ro nognpocrpancrea W K

HEYHOMEPHOTO €BKJIMIOBa NPOCTPAHCTBA V' CIpaBeIHBO |

sercreo dim Wt = dim V' — dim W. ;
6.4. TTokaxknTe, YT0 KaXKABIH CAMOCONPSI>KCHHbIH on

TOp J1I060T0 €BKJINI0BA TPOCTPAHCTBA 0DIaaeT BEeHR

MH 3HAYEHUSAMH.
7. Kputepuii caMoconpsiKeHHOCTU IMHENHOroO onepaTopa
7.1. Cymecrsyer nn 6a3uc, COCTABIECHHDIN W3 HEOPTO

HAJILHBIX COOCTBEHHBIX BEKTOPOB CAMOCOTIPSIZKEHHOTO OTI€]

Topa? ’
7. 2. ITokaxkure, 9TO BCAKHI CAMOCOTIPSI?KEHHBII OTe;

KOHEYHOMEPHOTO eBKJIMJIOBA MPOCTPAHCTBA, ABISETCHA

HAJIM3MPYEMBIM ONEPATOPOM.

7.3. TlokakuTe, 4TO BCAKas CUMMETDHYECKas MaTpy
110/106Ha AMATOHANBHON MaTpHIE. :
8. [lnaroHannsnpyemocTb CUMMETPUYECKMX MATpUL,.
8. 1. Byzer /m opTOroHAIBbHOM MaTpHUIa Iepexoa 0T O]

IO OPTOrOHAJILHOTO Ga3uca eBKJIMJ0Ba NPOCTPAHCTBA K I

TOMY OPTOTOHAJbHOMY 6Gazucy? g
8.2. Kak HaliTH OPTOTOHAJIBHYIO MATPHLY, JHAIOHS

PYIOILYIO CHMMETPUYECKYI0 MATPHILy !
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7.4. Hndusudyanvuve sadamus
7.4. UngmBuayajbHbIE 3aaHus

1. JlokaxkuTe cieiyromue CBORCTBA CONPSKEHHBIX JTHHEH-
HBIX OIIEPATOPOB eBKJINIO0BA IIPOCTPAHCTBA.

1 (fr=1{.
L2 (f+g)=f"+g"
L.3. (fg) =g'f".
1.4. (af)* = af*.
L5, (f7Y)* = (f*)7), ecoam onepartop f o6parum.
1.6. (f*)* = (f*)" aasa moboro n € N.

1.7. Ecy onepatops! f u g nepecTaHOBOYHbI, TO IEpecTa-
HOBOYHBI ¥ OmepaTops: f* u g*.

1.8. Ecomr moznpocrpanreTBo W KOHEYHOMEPHOIO eBK.iu-
JI0Ba. TPOCTPAHCTBA V' HHBAPHAHTHO OTHOCHTEILHO JIHHETHO-
ro oneparopa f, TO ero opToroHaghHoe JonoHerne WL un-
BapHaHTHO OTHOCHTEIBHO f*.

1.9. Anapo oneparopa f* coBnazaer ¢ OPTOroHAILHLIM 10
noJiHeHneM K oGpa3y oneparopa f.

1.10. Ker(f f*) = Kerf.

1.11. Eciu z — obmmit cobeTBeHHBIN BEKTOP OIIEpaTopos f
i f*, TO COOTBETCTBYIOIME BEKTOPY T COOGCTBEHHbIC 3HAYCHUST
A u @ oneparopos f u f* paBrbl

1.12. Onepatopsl f u f* UMEOT OJUHAKOBBIE CIEKTPBI.

2. B npocrpascrse R;(z] samano ckansipnoe rmpousseie-
nne: (f,g) = aobo + arby + aghs, tue f(z) = ag + ayz + axa?,
g(z) = bo+byx+byz®. Iycrs F — rakoi ImuelEbI onepaTop
npocrpanctsa R [z}, uro F(f(z)) = f(z—a)— f(z —b). Haii-

JIMTe MATPHILY CONPSKEHHOTro onepatopa F* B 6asuce 1, z, 22
a |b a | b a | b
21 - =1(2] 22 223 1 |-2
2.4. 2 1325 |=2|3 |26 3 | -2
2.7 | =113 2:8 3 =129 {=3]1
2.10. | 4 |2(211.| 1| 4 {2.12.] 3 | 4

3. Ilycrs €1, €2 — OPTOHOPMUPOBAHHLIN GA3NC EBKIMA0BA
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7. JIMHEUHBIE OIEPATOPBI B EBKJIMAOBOM ITPOCTPAHCTBE

7.4. Hnodusudyarvnoe sadanus

npocrpancrsa V, A — marpuia auseiiroro oneparopa f |
Gasuce €, = ey, €y = ey +ey. Halinre MaTpuiy oneparopa
B 6azuce ¢, €.

A y
3.1. G _21) 3.2 G “21) 85
3.4. (g g) 3.5. (g T3) [l as
3.7. (’31 31) 3.8, (‘; '12) 3.9.
3.10. G g) 3.11. ("43 ;) 3.12.

4. Haiinure Marpuny Juueioro oteparopa f* B 0
HOPMHUPOBaHHOM 6asuce ey, €g, €3, €cyu f NepeBoJuT BeKi
a1, 02,03 B BeKTOPBI by, by, by coorsercrienno. Koopaue

BCEX BEKTODPOB 3aJlaHbl B Gasyuce ey, g, €3.

ay az a3

4.1. (0,0,1) 0,1,1) (1,1,1)
4:2. (2,3,5) (0,1,2) (1,0,0)
4531 (2,0,3) (4,1,5) (3y142)
4.4. (0 ) (0,1,0) (1,0,2)
4.5. |(2,1,-3) | (3,2, —5) (1,~-1,1)
4.6. 2= 2, 3) (-1,1,1)
4.7, (1,0,0) (10) flokA)
4.8. (1,1,0) (1,0, 1) (0,0,1)
4.9. | (-1,1,0) | (0, -1,2) (0,0,-1)
4.10. | (=2,1,0) | (0,1,3) (1,0,1)

B! (0,0, —1) (0,1,1)

0) [ (0,1,2) |(-2,-3,-5)

bl bg b3

4.1. (1,2,1) (3,1,2) (7,—1,4)
4.2. (1,1,1) (1,1,-1) (2,1,2)
4.3. (11 2$—1) (4: 51 _'2) (1,_‘1,1)
4.4. (1,1,1) (0,1,0) (1,0,1)
4.5. | (0,1,-2) (=2,0,3) ARy
4.6. (=3,0,1) (0,2,3) (1,1,1)
4.7. 1(-1,-1,-1)[ (=1,=-L,1) (0,1,0)
4.8. (1,1,0) (17 2, _1) (0, 1,3)
4.9. (0,0,1) (0,1,2) (1,1,1)
4.10. ] (1,0,1) (2,1,0) (1,0,3)
4.11. (7a _1s4) ("1:"2,—1) (3,1,2)
4.12. [(=2,=1,-2) | (1,1,=1) [(=1,=-1,=1)

5. Onpenenure, gpasieTcs Jiu OPTOrOHAJIBHBIM JIMHERHBIIH
onepaTop ¢ eBKJIMIOBa LpocTpaHcTBa R", neficreyliommuit na

BEKTOPHl OPTOHOPMUPOBAHHOTO 6asnca eq, €y, ..., e, 10 Clle-
AyionyM opmyiam.
5 1 n=2, p(e1) = e1 + ey, p(ez) = es.
2. =2, 50(61) =e; + ey, (62) =€ — €.
5.3 n=2, p(e;) = (1/v2)(e1 + €3),
p(e2) = (1/v2)(e1 = e3).
5.4.n=2, p(e)) = (1/13)(5e; — 12e3),
pleg) = (1/13)(12¢; + 5ey).
5.5.n= 2v (p(el) o (1/5)(3&1 A 482),
(p(ez) = (1/5)(461 5 362).
5.6.n=3, p(e1) = e; + 2e3 + 2e3, p(ez) = 2¢; + €5 — 2es,
p(es) = 2e; — 2y + e3.
5.7.n=3, pe)) = (1/3)(2e1 + €9 — 2e3),

5.8.

plez) = (1/V2)(e1 + e3),

<p(eg,) = (1/3\/5)(—61 +4dey + 83).

n =3, p(er) = (1/v2)(e1 + €2),

ple2) = (1/2)(ea + V/3es), p(es) = (1/v3)(er — e3).
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7. JIMHEMHBIE OIIEPATOPHI B EBKJIMJIOBOM IIPOCTPAHCTBE

5.9.n =3, p(e1) = (1/5v/2)(5es + 4e, — 3es),
@(es) = (1/5v2)(5e; — 4ez + 3ez),
ples) = (1/5)(3ey + 4e3).
5.10. n = 2, p(e1) = (1/3v/5)(—5e; + 3e3),
p(ea) = (1/V2)(e1 + €2).
5.1 n =2, p(e1) = 2e1 — V3es, ples) = —e1 + e
12, 1= 2, pler) = 1, ple2) = (1/v2)(er +€2)-
. B opTOHOpPMAPOBAHHOM 0a3uce eBKIMIOBA II
CTBa R"‘ JMHeHELIE onepaTop 3ajaH Marpuueii B. Byzaer
3TOT ONEPaTOpP OPTOTOHANBHBIM?

3
6.1.B=( i) 6.2. B=
3
2
3
2

6.3. B—(—é ) 6.4. B=

3
10 0
6.5.B= (0 1 -]  66B=
1
3

6.8. B= (

6.10. B =

7.4. Hnwdueudyaavrvie 3adanus

7. 1. na moboro smueiioro onepatopa f eBKIHLOBA NPO-
cTpascTBa oneparop f + f* sBAsSeTCS CAMOCONPSIKEHHBIM.

7.2. dns moboro quHeRHOro oneparopa f eBKINA0BA IPO-
crpaHcTBa onepatopsl ff* u f*f sBasioTca caMOCONpKeH-
HBIMH.

7.3. Ecin f n g — caMoconpsizKeHHbIE OIEPATOPHI, TO OIle-
paTop [ + g ABJsIeTCs CAMOCOTIPAKEHHBIM.

7.4. Ecim f u g — camoconpsikeHHbIE OnepaTopsl H fg =
= gf, 10 fg — camMOCONpsKeHHBI! ONEPaToP.

7.5. Eciu f m g — caMmoconpsiKeRHbIe oneparopsl, T0 fg+
+ gf — caMOCONpSKEHHBIH O1IepaTop.

7.6. Ecm f — camoconpsixkennsiit oneparop, To af — ca-
MOCONPS2KEHHBIH onepaTop st moboro a € R.

f7:f 7. Ecim f — camoconpsikennbiit oneparop, To ff* =

7.8. Ecoim camoconpskenusit onepatop f obparum, To
f~! — camoconpsiKeHHBI OnEpaTop.

7.9. Eciin f — camoconpsikerHbi# onepaTop, o f* — ca-
MOCOTIpsIKeHHbI onepaTop s joboro n € N

7.10. Jluneitnas koMOMHAIUS C JEACTBATEILHBIMA KO-
dbunmenTaMu caMOCONpPSKEHHBIX ONEPATOPOB ABJISETCA CAMO-
CONPSYKEHHBIM ONIEPATOPOM.

7. 11. MHOXKeCTBO BCEX CAMOCOIPSKEHHBIX JIMHEHHBIX O11e-
PaTOpOB €BKJMJIOBA MPOCTPAHCTBA 00pasyer aJIUTHBHYIO
rpyniy.

7.12. B nnneiinom npocrpancrse HomgV MHOXeCTBO Beex
CaMOCOINPSKEHHBIX JIMHEHHBIX ONEepPATOPOB SBJISETCA JNHEH-
HBIM NOANPOCTPAHCTBOM. 31ech V' — IPOH3BOIBHOE KOHEYHO-
MEpHOE eBKJINIOBO IPOCTPAHCTBO.

8. Haiiznnre 6a3uc OpToroHalbHOTO AONOIHEHHS THHEHHOM
060710uKH cHCTeMBI BekTopoB M n3 R

8.1L.M= {(1021)(2123)(01—21)} oot

| copsInied
|
1o MOl Cols
)
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! |
coinzaing, | et coino
il

PR PP
o o &i’ﬂ
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|

win el
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|
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6.9. B=

6.11.B = 6.12. B =

s um&k—Mn— it
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| oG-S
=Sy
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o= o wmwo
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7. Jokaxkure CJeayloulHe CBOKCTBA CaMOCO
JmneliibIX ONepaTopoB €BKJIMIOBA IIPOCTPAHCTBA.
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7. JIMHEWHBIE ONEPATOPHI B EBK/IMJIOBOM ITPOCTPAHCTBE 7.4. Hwdusudyaavuvie sadarnus

8.5. M = {(1,1,1,1),(=1,1,1,-1),(2,0,2,0)}. D D
8.6. M = {(1,-1,1,-1),(1,1,1,0),(0,1,0, - 1)}. 10.1. (‘5’ g) 10.2. (_42 —1)
8.7. M={(1,-1,-1,1),(2,1,1,3),(0,1,-1,0)}. L s
8.8. M ={(0,1,~1,2),(2,-1,1,0),(0,0,1,1)}. o (1 3) 10.4. (_\/5 {/—)
8.9. M = {(1,-1,1,0),(0,2,1,~1), (-=1,-1,0,0)}. 10.5. (1 1) 10/6 (5 2
8.10. M = {(-2,1,1,-1),(0,1,1,0), (~1,2,0,~1)}. 1 0 2 8)
8.11. M = {(1,1,0,0), (1,2, 1, 1), (0,1,0, 1)}. 10.7. (‘1‘ é) 10.8. (\Of ‘/‘3
12. M = {(~1,2,0,1),(0,~1,1,0), (0,0,-1,1)}. e : 3
Jns nannoit marpunsl C HaliayuTe TAKYI0 OPTOrOHAJ o (-3 5) 10.10. (1 2)
y10 matpuiy T, yro TCT ! — muaronansuas Marpuna. C; J0.1 T 1 3
nafiTe TPOBEPKY. i (\/5 \g—) 10.12. ( V3 o1 '

11 2 -8 17 .8 4\
9.].0:( 2 10). 9.2.C=(—8 17 ~).
8 10 5 4 -4 11

1 I =2 0
9.3.C= (1 5 l). 9.4.C=(—2 1 O).
1AL 0 0 4
010 3 0 2
9.5. C=(1 4 2). 9.6.C=(0 5 0).
020 2 03
2 2 205 2 150
97C=<2 1 2>. 9.8 C=<1 3 —1)
2.2:,1 0l 2 i
3 2.2 117 1\
9.9: C=(2 3 2). 9.10.C=<1 1 -—1)."
2 ¥203 Lo —10— L.

010 00 1 -
9.11.0:(1 0 1). 9.12.0:(0 1710/} 4
010 100/ 4

@ Haiipure coberBennble 3HaYeHNs W OPTOHOPMH]
HBIA Gasuc €], €, 13 COBCTBEHHBIX BEKTOPOB CaMOCOMP

HOI'O JIMHEHHOTO orneparopa ¢, 3aJaHHOI0O B HEKOTOPO!
HopMHpOBaHHOM Gasnce e;, e MaTpuneit D. Haitzure M8
1y oneparopa ¢ B 6asuce e}, €.
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8. KBAJIPATUYHBIE ®OPMbIL

8.1. DeMeHTHl Teopuu

B nanpneiiiem Gynem paccmarpusaTh noye P, xapa
PUCTHKa KOTOPOrO He paBHa 2. :
Keadpamuunoti $opmoti om NEPEMERHVT T1,T3, .- -4
Had nosem P Ha3bIBaeTCs MHOTOYICH OT ITHX NEpPEeMEHHB
¢ koaddunmentamu u3 nons P, kaxJioe caraeMoe KOTopo
HMeeT BTOpylo crenens. Kaxas ksampatnanas dopma
JKeT BBITh 3aMMCAHa B CJIEAYIONEM CHMMETPHYHOM BUJE:
f(zl, T e ,17,;) = auzf + @1221Z2 + . . . + Q1 T1Tpt

+a9Z2T1 + 0.22:12% + oot QonToTy + - -
2
oo F A TaT F Cn2ZnZ2 + . . .t UnnZy,

e KoabuIMenTs a;; € P y/OBIeTBOPSIOT YC/IOBHIO:
aij = Gji- (

Ecm B nepBoHavasbHOM 3aIUCH KBaAPaTHIHOH (O]
K03(DAUACHTE! TIPU T;Z; M T;T; PASTHYHbI, TO MOXKHO
JKUTh WX W, PA3JeMB CyMMy Ha 2, IOMYYUTh PaBHbIE.
Marpuma A = (a;;), cocrapientas u3 xospumes
kBagpaTaanol dbopmsr f(zy, Ly, . .., Ln), 3AMMCAHHOR B
meTpuynoM Buxe (8.1), HaspBaercs mampuyeli K6adpa
noti opmai f(Z1,Ta, . - ., Tp). Panr marpmsr A Hasb
panzom xeadpamunots gopmoe f(T1, T2, ., Tn)-
(8.2) cureryer, HTO MATpHIA KBAADATHYIHON HOPMBI
CHMMETPUYIECKOH MaTpuIei. 4
Kpagparnaryio GopMy ya006HO 3aHCLIBATE B MATDI
copae. JIist 3TOTO BBEAEM B DACCMOTPEHHE CTPOKY
HbiX X = (21%2 ... ZTy). Torma Flay Taiy @ ) = X
A — MaTpuia KBaapaTHIHOH dopMbr f(z1, T2, . .
noMauM, yTo X’ — TpaHCIOHMpOBaHHAs MaTPHIR
0 K Marpuue X.

8.1. Dnemermui meopun

Jlunetinvim npeobpazosaruem NEPEMENHVT L1, Lo, .- ., Tp
nad noaem P HasbBaeTcss TEpexol OT HHX K TEPEMEHHBIM
Y1, Y2, - -+, Yo 10 pOpMYTIAM

T = any +oagys + ..o+ Qnln

T2 = Qn¥Yy + QoYa + ... + Qonln (8.3)

Tn = On1¥Y1 + QnalY2 + . - . + Qnnln,
rae o;; € P. Marpuna A = (a;;) HasbiBaercs wmampuueti
sunetinozo npeobpasosarus (8.3). Jluneiinoe npeobpazopamie

TIePEMEHHBIX C HEBBIPOXKJACHHON MaTpHIell HA3bIBACTCS] HeBbi-
POHCOCHHDLM.

Ecnn X = (2125...2,), Y = (11%2...n), TO cucrema
paBenctB (8.3) B MaTpuuHOK dopre npuHuMaer Bux X! =
= AYT. Ecm (8.3) — HeBBIPOXKJIEHHOC JHHEHHOE IPE0s-
Pa30BaHUe IEPEMEHHBIX, TO MOJKHO BBHIDA3HTH IEDEMeHHbIe
Y1:Y2; - - - » Yo UEPE3 TIEPEMEHHBIC T, T3, . . . , Tpn:

YAy (8.4)

Jlupeiiroe npeobpasosaiue (8.4) mepemenubIX Yi,¥a,. .. -
<+, Yn HA3BIBAETCS 06pamivwm K Tpeobpasopanmio (8.3).

Tlox npouseedenuem nByx JMHERHBX TpeoBPasOBAHM e~
PEMEHHBLIX HOHMMAeTCs ¥X I0CJIEA0BATeNbHOC BLITIOJIHEHHE.
MaTpuiia npoWsBelieHHs JIMHENHBIX IpeoGpa3oBanuii mepe-
MEHHBIX PaBHA MPOU3BEICHUIO MATPHIL 3THX IPE0dPa3OBAHMAMN.

Kpagparnunas Gopma Ha3bIBACTCH KGHOMUNECKOU, €CIH
OHa He COJAEPXHUT HPOM3BEUCHMH DABIMYHBIX IEPEMEHHBIX.
Kanonuvecrum eudom xsanpatuanont dopmr f(z, s, . ..
.++yTp) HABBIBAETCH MOOAA KAHOHMYECKAS KBAJPATHIHAS
dopma g(y1,92,...,ya), B KoTOPYIO HpeBpamaerca Gopma
f(@1,2, ..., T,) B pesyabTaTe NPHMEHEHUS K BXOISIAM B Hed
[ePeMEeHHBIM L1, T3, . . - , Tn, HEBBLIPOXKJIEHHOTO JHHEHHOTO Hpe-
obpazosanusi. o

Teopema 8.1. Beaxyio xeadpamusmiyio dopmy
P ;02CH0 ¢ 1omown10 Hexomopozo HeewupodcIel
HO20 NPeobpa306aHus ¢ NePEMeHHbET NP




8. KBAIIPATYYHBIE ®OPMbI

cKomy 6udy.

Teopema 8.2. Yucio newyaeswx xosfpuyuenmos 6 xa
Honuveckom ude Keadpamunnot gopmo. Had nosem P e 3a
sucum om cnocoba npueedenus K68adpamuwHot Gopmul K
My 6udy u pasHo panzy xeadpamudnot dopmol.

Teopema 8.2 NO3BOMIsiET BBECTH ClleyIOMee ONpeeeHue.
Uncno HeHyAEBBIX KOIGDOULUHEHTOB B KAHOHUYECKOM BHJ
KBaJpaTHaHOl (DOPMBI HAZBIBAETCS UHOEKCOM UHEPUUL ITC
KBa,IpaTHYHON HOPMBIL.

OtHuM 13 HanboJiee IPOCTHIX CIIOCO00B IPUBEIEHUS
paTHyHOi (POPMBI K KAHOHHIECKOMY BHJY SBJIA€TCH Tak
3piBaeMbiii MeTol Jlarpamxka. OH mospobHO onucaH B yde
HMKAaX 110 JIMHelHOU asirebpe. B cienyiomeit TeopeMe npezy
raeTcst Apyro# crnocod npuBeeHus JEUCTBUTEIHHON KBa
THYHOR (HOPMBI K KAHOHUYECKOMY BHJLY.

Teopema 8.3. [aa 060t deticmeumensrotl kK6aopa
noti hopmwt f(T1, T2, . . ., Tn) Cyusecmeyem aunednoe npeob
306QHUE MEPEMEHHBLT L1, T3, . -, Ty C OPMOZONANLHOT
puueti, npueodsusee IMyY GOPMY K KEHOHUMECKOMY 6UTY. i
Imom KoaPuruenmamu npu. K6adpamaT nepementuT 6yo
KOPHAUL TAPAKTNEPUCTIUMECKO20 MHOROUACHE MATPUYY. K6GT]
munmnoti opmvt f(1,Ta, - .., Tn)- g

Hopmarvnsim 6udom KoMnAeKCHot Keadpamunot Gop
f(z1,Ts,...,2,) Ha3BIBAETCS TAKOM €€ KAHOHWYUECKHUil BHJ
KOTOPOM BCe HeHyJleBble KO3(pPUIMEHThI PaBHBI 1. i

Teopema 8.4. Bcaxas KOMNAEKCHAA KEAOPATIUNNAA f
Ma Modicemn Goimb NPUBEJERE ¢ NOMOUWLLIO HEKOMOPO20 HE
POAHCOEHH020 AUNETHO20 NPEOOPAI0EANUA NEPEMENHVLL K H
MANHOMY 6UTY. :

Hopmanvnvm eudom deticmeumensnoti x6adpamudi
dopmrs f(x1, T3, ..., Tn) HASHIBACTCA TAKON €€ KAHOHHIECK
BUJI, B KOTOPOM BCe HEHyJeBbie KOI(bMUIHEHTHl PaBHbIL I
1, ymGo (—1).

Teopema 8.5. Beaxaa deticmeumenvhas xeat)pamu
dopma modicem Goims npueedena ¢ TOMOULDIO HEKOTOP

8.1. nemenmo. meopuy

HEBBPOINCIENH020 AUNEN020 NPEOBPAZ0CANILA NEPEMEHHHIT K
HOPMAAOHOMY 6UDY.

Cuienyiomas Teopema 10Ka3BIBALT, YTO HOPMABHBL B
JICACTBUTEIbHON KBaJpPaTHIHON (DOPMBI ONpPENIeNen OTHO-
SHAYMHO C TOYHOCTHIO 20 0003HAYEHUsl [EePeMEHHBIX, & YHUCII0
HOJIOXKATEIBHBIX B YHCJIO OTPUIIATENHBIX KO3 DUIMEHTOB B
HOPMaJIbHOM BHJE SABIAIOTCA WHBAPHAHTAMH KBaJ[PATHIHON
bopMbL.

Teopema 8.6. Yucao noaoscumessmois u “Wuero ompu-
YAMeAvHBT KoIPPuyUenmos 6 nopmarstom eude deticmeu-
meavHotl xeadpamuvnot, fopmu. He 3aeucam om embopa
HEBBIPONCIERHO20 NUNETNHO20 NPEOBPASOGANUS NEPEMEHHYIT,
npueodauLezo amy Gopmy K HOPMaALHOMY GUOY.

Hucio nonoXKMTeNbHBIX KOIDMUIMEHTOB B HOPMAILHOM
BHJIE JeHCTBATEIbHON KBaAPATHIHON POPMBI HA3HIBAETCS NO-
NOACUTMENOHM UHTEKCOM UHEPYUY STOR KBAIPATHIHOM bop-
MBI, & YHCIIO OTPUIATETbHBIX KO3 QHIHEHTOB — e ompuya-
MEADHIM UHOEKCOM UHEPUUL.

Heticrurensras KBajparnanas dopma f(z1,Ts,. .. )
HAa3bIBAETCS NOAONHCUMENLHO ONPEJeNEHHOt, €CITH JJIs JTOObIX
N AEHCTBUTETBHBIX YHCEIL @y, g, - - - , Oy, U3 KOTOPHIX XOTS O
OIHO OTAUMYHO OT HyJIsl, HMEET MECTO HEPABEHCTBO

f(a'l)a2"-~aa‘n) > 0.

Heitcrsurensuas ksajparnunas dopma f(z1,Tg,. .., )
Ha3bIBACTCH OMPUYATNENLHO ONPEIenEHHOt, ecan Jjis TIODBIX
N JERCTBUTEILHBIX YUCEN Ay, Ay, . . . , Ay, W3 KOTOPBIX XOTH O
OJIHO OTJIMYHO OT HyJIst, HMEET MECTO HEPaBeHCTBO

f(a'ha?y 1a'n) <0.

Tonoxurensio u OTPHLATENILHO OIPEJENEHHbIe KBaAPa:
THYHBIC (hOPMbI HABBIBAIOTCA 3MAKOONDPEOCACHHBLMAL

Jlemma 8.7. Ecau & nepemensim nososcumeasio onpe-
Jeaénnoti Keadpamuynot Gopmu NPUMENUMD HEGUPONCIEH:
HOE AUNHETHOEe NPeobpa3osarue, Mo NoAYHEHHAA KEadpaTuy:
nas Popma maxdice bydem noaoicumeaHo onpedenérnot.
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8. KBAJIPATUYHBIE ®OPMBI

8.2. Hpumepw pewenus saday

Jlemma 8.8. Ecau ® nepemenivim 0mpuyamesbHo onpe
denénnoti xeadpamuunoti Gopmul NPUMEHUMS HEBHPOHCIEH:
Hoe aunetinoe Npeobpasosanue, Mo NOAYHEHHAA KEAPAMU
HaA Popma mardice 6Yoem OMPUYGMENLHO ONPEOEAENHOT.

Ha crre/iyioniux JByX TeOPeMaxX OCHOBAHBI CIIOCOObI PACO
3HABAHNS XapaKTepa ONPee/EHHOCTH JeUCTBUTEBHON KBa
paTuuHoi hOpMbI IYTEM IPUBEJEHUS €€ K KAHOHHYECKOM
BULY.

Teopema 8.9. Jlas mozo, ¥mobu. JeticeUmensHas Kea
pamusHas Gopma 0m T NEPEMEHHBLT 6bLAG TOA0IHCUMEND]
onpedeaénnoti, HeobTodumo u d0CMAMOUHO, “¥mObLL NOAOIK
meavnsti undexc urnepyuy smoti xeadpamusnot gopmvt 6
pasen n.

Teopema 8.10. s mozo, wmobvi deticmeumenst
K6adpamUNHAR POPMA 0T N NEPEMEHHVLT ObLAa OMPUYAME.
HO onpedeaénnot, 1eobTodumo u 0ocmamouno, wmobu. o
puUBaMEALHH UHOEKC UHEPUUY STOT Keadpamunol Pop
6ol pager .

Tnaensimu MUHOPAMY, KBAAPATHON MaTPUII

an @412 .- On

o
A= |02 92 2n
Qny Qp2 ... OGpn

Ha3bIBAIOTCA MWHODBIL:
a1y G2 Qg3

Ny =|an |, Dz= Z; 2;: , D3 = lag1 az agsf, .
az agz Qs3|
Ay Q12 ... al,.'
b Qg1 Q2 ... Uan .
Any An2 --- Onpn

1, € MMHOPBI, PACIOJIOKEHHBIE B JICBOM BEpXHEM YyIV1y Ma

Jlemma 8.11. 3nax onpedeaumens mampuuym, deticmeu-
meavHoti K6adpamunoti GopmoL He MERAEMCA TPU NPUMEHE-
HuY K 9moti diopme Heevpooicdennozo aunetinoeo npeobpaso-
BANUA NEPEMENNDLT.

Cnencrene. Onpedeaument Mampuyp. noAOHCUMENDHO
onpedeaénnoti xeadpamunnoti Gopmse ABAAETCA TOAOHCU-
MENBHLM HUCAOM.

Teopema 8.12. Jeticmeumervnaa weadpamusmas gop-
MA ABNACTICA NOLOHCUTNENBHO ONPEderéntoti mozda Ut Mmonb-
%0 M020a, K020 6CE 2ABHIIE MUHODPYHL, €6 MAMPULBL TOAONHCIU-
meavhat. Jeticmeumenvras x6adpamunnas Gopma A6AAEMCA
ompuyamenvro onpedeérnoti mozda u moavko mozda, xo20a
6CE 2NABHBIE MUHOPbL HEUETIHOZ0 NOPAJKA €€ MAMPUYDL OM-
DUUAMELLHYL, G 6CE 2AABHBIE MUHOPDL HEMHO20 NOPAOKA NO-
AOACUMENDIHDL.

Croco6 pacnosnaBains XapaKTepa ONpeeEHHOCTH KBaI-
paTHIHOM HOPMBI, OCHOBAHHBIN Ha TeopeMe 8.12, HA3KIBACTCS
xpumepuem Cuaveecmpa.

8.2. Ilpumeps! peliedns 3a7a4

Mpumep 8.1. BanuumTe B CUMMETPHIHOM BUAC U HAHIH-
T€ paHr KBaAParuyuoit Gopmsi
f(zl, g, 13) = .’L‘% + 4z + III; — 2371 — 3wox3 + 47173,
[J B pesyasrare npusesenus nomobHbIX dhopMa mpuMer
BHIL: [(z1, 2, T3) = 2} +42129+ 23,23+ 25 — 37, T5. Sanumem
€6 B CUMMETDPUYHOM BHIE:
f(@1, 22, %3) = 22 + 22125 + 2173 + 22071+
+23 — (3/2)323 + T321 — (3/2)z3z2 + 0+ g2

Marpuneit kpajparnanoit dopmbr f Gyner MaTpuna




8. KBAJIPATUYHBIE ®OPMbL

Tak kak Marpuna A uMeeT paHr 3, TO PaHT KBaJpaTHY
dopmsr f pasen 3.
Mpumep 8.2. C nomompio Merosa Jlarpamxa npuseIuTe
kBagpaTuanyio ¢dopmy f(21, T2, 23) = 27172 — 4%2T3 K HOP
MaspHOMY Bty Hag nonsma R u C. Ykaxure muneitHOe 1pe
ofpazoBanne NePEMEHHBIX, TIPUBOJIAIIEe K 3TOMY BHLY. :
O IMpnsexém KpagpaTHiyio GopMy f K KAHOHMICCKOMY
suny meromoMm Jlarpamka. Tak kak B f Her KBaJpaToB Hés
PEMEHHBIX, TO CIe/IaeM 3aMEHy TePeMeHHbIX L1 = Y1 — |
Ty = Y1 +Y2, T3 = Y3 C MATPHIIEH JUHEHHOTO npeobpasoBaH

1 170
Ar="112"1""0
00 1
Homyunv KBaaApaTHIHYIO HOpMY

£ (1,92, 43) = 245 — 243 — dyrys — 4vs.
Teneps cenaeM em§ OJHO JMHEHHOe Ipeobpa3oBaHue Ne
MEHHBIX 2, = 2y —2U3, 22 = Yo, 73 = Y3 Wk iy = (1/2)
Yo = 2y, Y3 = 23 C MATPHUIEH JHHEHHOTO NpeobpasoBan
R 1
011710
001
Monyunm xpagpaTudsyio Gopmy

flz1, 22,28) = (1/2)2 — 223 — 223 — 4223,
Haxoren, npeo6pa3oBasne NCPEMEHHBIX {1 = z1, ly = —2
2%, ts = zz unm 23 = t1, 2 = —(1/2)ta — 13, 23 =
MaTpurel npeodpasoBanus k-

Ay =

1 0 0
A= 10 5 1
(8 VB ES

IIPUBOJUT KBAAPATHYHYIO GOPMY K KAHOHHYECKOMY B
[, tarts) = (128 — (1/2)83 ‘
Haiiiém HOpMaTbHBIH BUI KBaIApaTHIHOK dOpMBL

8.2. Ipumepw pewenus 3ada

= (UV2)ty, up = (1/V2)ta, us = t3 mm ty = V2uy, ty =
= \/iuz, t3 = u3 ¢ MaTpuIei IMHEHHOrO TPeobpa3oBAHU

V2 0 0
As=10 V20
g YpEa

Hoayaum nopmabHbL B Ksaapatnarol GopMbl f Ha 110-
neM R f(uy,up,us) = u? — u}. Marpuneit muneiisoro npeob-
pa30BaHus NIEPEeMeHHBIX 6yIeT MaTpHIa

4 4
T=A-Ay-A3- Ay = 122 —-32@ 0
0 G 1

HesbIpoxiiennoe JuHeltHOe mpeoGpa3oBaHWE TEPEMEHHBIX
Ty, Tp, T3, TPUBOAsINEe K HOPMAJIBHOMY BUJY HAaJ IOJEM
R, cnexyomee: 1, (1/v2)u; + (1/vV2)uy + 2u3, 7, =
= (1/v2)uy — (1/v2)us, x5 = u3. Herpyamso TIPOBEPUTE, YTO
TIpH 5TOM npeobpasosanun dopma f (1, Tp, T3) TpUMET BUI
dbopmbr f(uy, ug, ugz).

JLnst HaxOMIeHHs HOPMAJILHOTO U8 KBaIpATHIHOi (hop-
Mbt f Hax nmomem C cremaem 3aMeHy IEpeMEHHBIX v
= (1/V2)th, vy = (1/V=2)ts, v3 = t; wm by = V/2vy, t =

= i\/ivz, t3 = v3 ¢ MaTpuueil JMHENHOrO IpeobpasoBanus

V2 0 0
B[00 %i/2%0
ORpsii0mi!

[omyymM HOpMaTBHBI B KBAIPATHYHOI dbopmsr f Ham mo-
aem C: f(vy,v2,v3) = v} + v3. Marpuuei smHeiiHOr0 TPeot-
PA30BAHUA NEPEMEHHBIX T1, Ty, T3 Oy/IeT MaTpuna

2 g
T1=A1'A2'A3'B4= )2& —1,32Q 0
0 0 1

Jluneitnoe npeobpazoBamue mepeMeHHbIX 1, Tz, T3, NPUABOJIS-
1iee K HopMasbHOMy By Hajt C, umeer sum: oy = (1/v/2)v;+
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8. KBAJIPATUYHBIE ®OPMBI

8.3. B a8 ca. A

'V

+i(1/v/2)vs + 203, T3 = (1/v/2)v1 — i(1/V/2)vs, T3 = vs.

Mpumep 8.3. Ilpn KakuxX 3HAYCHUSIX A KBaJPATHIHA ‘
dbopma f(z1,73) = Az} — dzyzo + (A + 3)z} ABasercs o

PUIATENBHO ONPEIeIeHHOMN?
[0 CocrapuM MaTpUIly KBaAPaTHIHON POPMBI f:

A =2
o (-2 A+ 3) !
Martpuia A uMeer JBa TJIABHBIX MHHODa.

A=l Al=X Ag= _)‘2 ,\+23‘ =224+3x—4,
Cormaceo kpurepmio CuibBecTpa, KBajpaTniHas popMe
SABJISIETCSA OTPULATENILHO ONPeeIEHHOH, ecm

N< 0 A0

{ Dy > 0, { A4+3x-4> 0.

Pemas cucremy, Haxomum: A € (—oo; —4). Urax,
Has dopma f(Z1,Zp) ABIAETCS OTPULNATENLHO ONPEETIEH
npu A € (—oc; —4)

8.3. Bonpocse! il CAaMOKOHTPOJIS

1. Onpepnenetve KBaapaTU4HON HOPMbL.

1.1. Bammmmre B CAMMETPHYHOM BHJE KBaIparuy
dopmy f(zy, T3, T3) = —23 + T1T2 + 3x5 — 37,71 — 498

1.2. Banuumre KpaapaTnuHyio dbopMmy, ecu €€ MarTp
UMeeT BUJ :

O 42 20
2 -3 3
21538 2

1. 3. Kaxum cBoiicTBoM 0b6J1aiaeT MaTPHIA KBaIDaTH
dopmer? _
1. 4. Banummre KBaIpatndayio Gopmy f(Z1, 2z, . - .y
MaTPUYHOM BHJIE. ;

JIMHEHOM TTpeobpasoBaHiy MePEMEHHBIX?

2. Jluneitrbie npeobpazosaHns nepemMeHHbIx.

2. 1. BarmmuTe nuHeiiHOe MPeobpasoBaHe NepeMEHHbIX B
MaTPHYHOM BH/JE.

2.2. Besikoe mm suneiinoe npeobpasoBanye IepeMeHHBIX
umeer obparHoe?

2.3. Haiiznre npousseenvie JMAGHEBIX NPeobpasoBanmii
{1‘1=2y1+yz {yl=—ll+zz
Ty=—y1+3y, | ¥2=22—42
2.4. Haitnure nuselinoe npeobpasoBanye NepeMeHHbIX, 06-
paTHOe IpeobpazoBaHuIo
=1+ Y2+ Y3
2= -1 +Y2— Y3
T3= -2y +y3.
3. MNpuseaeHne KBaapaTnHOM hOPMBI K KAHOHUYECKOMY BU-
Ay ¢ nomouisio Metoga Jlarpasxa.
3.1. Kaxoif BHJ MMeeT MaTpulla KAHOHWYECKOU KBaJIpa-
THIHOH GopMbI?
3.2. Ha npumepe kBanparuanoit dopmsr f(z1,29) = 7129
MOKa>XUTe, YTO OJ[HA U Ta YK€ KBaJpaThyHas (opma ¢ MoMo-
IBIO Pa3/IMYHbIX JHHEHHBIX HEBBIPOXKJEHHBIX [1Peobpas3oBa-

HUM TIepEeMEHHBIX MOXeT OBITh IPUBEIEHA K PA3JIMYHBIM Ka-
HOHMYECKMM BHIAM.

3. 3. Mznoxkure cymuocTs Merojia Jlarpaizxka IIpuBeeHNAs!
KBaJIPaTUYHON HOPMBI K KAHOHUYECKOMY BHJLY.
3.4. Kak HaXoquTCsi HEBBIPOXKJIEHHOE JIMHEHHOe npeobpa-

30BaHHe NEPEMEHHBIX, TIPHBO/SIIEE KBAAPATHIHYIO DOpMY K
KaHOHUYECKOMY BHLY?

4. Vinpexc wHepuuu KBaapaT4Holi chopmb.
4.1. Kak usmeHsieTcsi MaTpuua KBapaTuaHoH hopMEI pu

4.2. He npuBozs kagpatudnyio Gopmy
f(@1, 22, 23) = 7123 — 2273 e

K KAaHOHMYECKOMY BUJLY, ONIPEIe/IUTe THCIO HYJICH)
[IUEHTOB B €€ KAHOHUYECKOM BH/IE.




8. KBAJIPATUYHbIE ®OPMbI

4.3. Kax onpejieiuTh HHIECKC MHEPIMH KBaJIPaTHYHO
dopmbr? :

5. MNpueeaenve feiiCTBUTENLHON KBAAPATUHHOMN hopMbI K
HOHWUYECKOMY BUAY C NOMOW{BIO OPTOroHasLHOTO npeobpaso
HUSI MEPEMEHHBbIX. i

5. 1. Kakoe 1mHeiiHOe Npeobpa3oBaHue epeMeHHbIX Had3bl-
BAETCs OPTOrOHAJIBHBIM?

5.2. Kak mocTpoMTh OPTOrOHAJIbHOE PeobpasoBaHue
PEeMeHHBIX, NPUBOJIALIEe JAHHYI0 KBaJIPaTHIHYIO hopMy K
HOHHYECKOMY BUJLY !

5.3. Kak ompeienuth KaHOHMYecKue Kodduiuen
KBaJIpaTH4HOM POPMBI, IPUBEJEHHON K KAHOHUYECKOMY Bi
Jly OPTOTOHAJILIBIM HPEOGPA30BAHNEM NEPEMEHHbIX?

6. HopmanbHbIf BUA KOMNIEKCHOW KBaAPaTUYHOR chopm

6. 1. Ilpusemure KBagpatuanyio dopmy f(21,22) = @
K HOPMAaJIbHOMY BHJY HaJ IOJIeM KOMIIeKCHBIX 4HCeJl.

6.2. Kak 110 KAaHOHUYIECKOMY BHAY KOMILTEKCHON KBa
TUHOM (HOPMbL IOCTPOUTH €& HOPMAJBHBIN B!

6. 3. Kak OnpeiesuTh 9AC/I0 HeHy/IeBbIX Koabduime
B HOPMaJILHOM BHJIE€ KOMILJIEKCHON KBaPaTHIHON dbop
HpuBOs 5Ty HOPMY K KAHOHMYECKOMY BHIY?
7. HopmanbHblii BUp, AeACTBUTENLHOM KBaapaTU4HoO
Mbl.

7.1. lpusenure xBaxparudnyio dopyy f(z1,22) =
K HOpMaJIbHOMY BHJLy HaJI ITOJIeM JeHCTBUTEIbHBIX M

7.2. Kak 110 KAaHOHWYECKOMY BHJIY JeHCTBHTENIbHOK
PaTHYHOH (GOPMBI OCTPOUTH HOPMAJIbHBIN BH?

8. 3aKOH MHEPLUMN AENCTBUTENbHBIX KBAAPATULHLIX

8. 1. BaBHCHAT /M YHCJIO MOJOKHUTETbHBIX KO3hdHI
B KAHOHMYECKOM BUJe AEHCTBUTENbHON KBaJpaTHIHON
MBI OT BHIOOPa NMpPeobpPa30BaHMs MEePEeMEeHHLIX, IPHBO)
KBaipaTnyHylo HopMy K KAaHOHHYECKOMY BHIY?

8.2. Kak cBszanbl MeXay cob0it HoJI0KUTeIbHbIH
MHEDIUY, OTPUIATEbHBI HHIEKC MHePUMH U PaHT MaTp
JIEHCTBATEILHON KBAAPaTHIHON dopMbI? &

.

8.3. Bonpocw 0as camoronmpons

9. 3HakoonpegeneHHbie KeagpaTuHHbie hopMbi.

9.1. IlpuBeanTe NpHMepsl 3HAKOONPE/IENEHHBIX KBapa-
TUYHBIX (HOpM.

9.2. okaxwure, uro KBajparuiuas dopma f(z;,zs,. ..

-y L) ABJIFETCS OTPUIATENBHO ONPEIETEHHON TOIIA M TOMb-
Ko Torja, korma dopma (—f(z1,zs,...,T,)) aBagercs nomo-
JKUTEJIBbHO ONPEIeIEHHOI.

9.3. BaBucuT JiM XapaKTep ONpCAeNEHHOCTH KBaJpaTHy-
HOit DOPMEI OT BBIGOPA HEBBIPOYKIEHHOTO JIMHEHHOTO Npeol-
Pa30BaHNs HEePEeMEHHbIX?

9.4. Jlokaxxute semmy 8.8.

10. Kputepun onpegenéiHocTu KsaapaTuyHoil hopmbi.

) 10. 1. Yemy paBen pasr MATPHIb! HOJOKUTETBHO OMPE/Ie-
JIEHHOU KBaapaTHuHOH dhopmbr?

) 10. 2. Yemy paBeH paHr MATPHIbLI OTPHIATENHHO OIIPEIe-
JIEHHOM KBaJpaTH4HCH HopMbI?

10. 3. oxaxxuTe, 4T0 MATPHILA TIOJOKHUTETHHO OMPEIEICH-
HOM KBaAPATHIHOM (DOPMBI ABISIETCS HEBLIPOK IEHHOA.

10. 4. Toxaskure, 910 MATPUIA OTPUIATETHHO OTIPEIEICH-
HOM KBaJPATHIHON (hOPMBI ABJISETCS HEBBIPOXK ICHHOM.

10. 5. JTokazkure reopemy 8.10.

10. 6. Tokaskure, 4T0 KBaApaTuunas GopMa. sIBISIETCS TI0-
JIOKUTE/ILHO OLPEe/IEHHON TOT/A | TOIBKO TOTIA, KO B eé
KaHOHUYECKOM BHJe BCe KO3(D(hDUIMEHTH! NOI0KUTETbHBL.

11. Kputepuii Cunbsectpa.

11.1. Kak onpejesnTh Xapakrep ONpeaeJeHHOCTH KBaJI-
parugHOi hopmsl, He npuMenss kpurepus Cuibsectpa?

11. 2. Kakue MUHODBI KBapaTHOM MATPHIbI HA3BIBAIOTCS
r1aBHbIMH?

11, 3." Hokackure kpurepuit CuibBecTpa OTPHUATETHHO
OHPEJIeJICHHBIX KBa/IpATHYHBIX POPM, ONUPAsACh Ha KpHTEPHit

CuibBecTpa Jist NONOKUTENLHO ONPeIeTéHHBIX KBa(paTHy-
HBIX HOpPM.
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8.4. Hndusudyarvwme 3adanus

9YHCJIATEe PAHTH TUX KBAJPATHYHBEIX opM.

8.4. NnanBuyaJjbHble 3a/laHUs

1. 3anumuTre MATPHIbI KBAAPATHIHBIX (opm Fi, Fr. B

1.1. Fi(z,y,2) = 22 + 9> + 2° + 22y — 2y2 + 622;
Fo(21, T3, T3, T4) = T} + 251Z5 — T3 — 42524
Fi(z,y,2) = 2 — 22y + 22° + dyz + 52%
Fy(z1, T2, T3, T4) = T1T2 + T1T3 + T134 + ToT3 + T

1:2.

1.3. Fi(z,y,2) = 22 — 42y + 202 + 44° + 2%
Fy(21, T2, T3, T4) = 27 — 23153 + 20133 — 21 T4+ |
+23 + 22,73.
1.4. Fi(z,y,2) = 22° + 9 — 32> + 8zy — 47z — 10yz;
Fy(21, T3, T3, T3) = T + T12 + T3T4.
1.5. Fy(z,y,2) = 22 + 4y* + 4zy — 222 + 2%
Fy(21, T2, T3, T4) = 223 + 43175 — T3 + 1173 + 3.
1.6. Fy(z,y,2) = 2% + 2y* + 4oy — 222 — dyz — 2%
Fz(zl, T2, T3, 174) =z24 T1T + 2Z3%4 + :l:%.
1.7. Fy(z,y,2) = :::2+4yl+922 —d4zy + 62z — 12yz;
Fy(x1, T2, T3, T4) = 22123 — 62123 — 62574 + 273
1.8. Fi(z,y,2) = y* + 2zy + 4zz + 2yz;
Fy(21, Ty, T3, T4) = T3+271 T2+ 75 — 225 — 42374 —
1.9. Fi(z,9,2) = 2y + 3z + yz + 2%

Fz(:tl, To, T3, $4) = 91? + 5:5% e 81:3 + 8z923 —
1.10. Fi(z,y,2) = 2 + 22 — 2% + 4zy — 1022 + 4yz;
Fz(I], Za, .‘B3,$4) = 1? o= 3$§ + 27173 — 42924.
1.11. Fy(z,y,2) = 32% + 2y — 2yz + 4xz;
Fz(zl, T, .1'3,124) = 3? -z + 22% — T1%4 + 2237
1.12. Fy(z,y,2) = 22 — ¥* +2:c3 + 3zy — 2yz;
F2(21,12,33,$4) = $¥ -+ Ig = 2.’13% + T1T9 — 2$2
@Me'mnou JlarpaHka npHUBeIUTE KBaIPaTHYHbIE

2.25G =2 Zg = 2‘5% & Ig + 22,29 + 43123 + 27923;
Gz = 2.’5113 % 41:2:53.
G] = Ig < 3$§ — 2z1T9 — 2$1$3 — 6z923;
Gy = 2017y — 7123 + 2T0T3.
G = zf + 5(6% = 4I§ + 23123 — 47,795
Gz = —43,75 + 22, Z3.
Gy = 41:% + 13% + $§ — 4z, 79 + 42173 — 32273;
Gg =TT — 4I2$3 + 63113.
G = 7124 + 1173 + 47273;
Gy = 2zi + 42170 + 2% + 23 — 22123,
Gy = 2z7+ 6.'53 T i’llg — 2z,73 + 42129 — 8To73;
G2 = To¥3 — 2$1$3.
Gy= 223? + 3333 + 41'3 — 2170 + 47123 — 3T573;
G2 =123 — 2.173.1,'3.
Gy = 3z} — 223 + 223 + 43,35 — 3212 — To73;
Gy = 22123 + 42125 — 23073.
2.10. G, =5$g+6$§+421$1—32§—2$3$3;
Gz = 6T923 — T173.
2.11. Gy = 2125 + T273;
Gz = 33? Lot 21‘% + 21123 - 4.1:213.
2.12. Gri= —2.1.‘% + 22123 - 62129 + Z?;
Gy = 62973 — 47172 + T173.

3. Onpenenure WHIEKC HHEPIUA KBajpaTudHbix opm F,
G1, Fy, G, w3 3ananmii 1 u 2.

4. Haiiaure oproroHanbHyio Martpuiuy 1 Takylo, HTO
TAT ' — auarosanbHas MaTpHla, Tae A — MaTpHIa KBaJ-
paruynoii ¢opmbr F. Caenaiire npoBepky.

4.1 F = 3} + 223 + 2312 — 271735
172% + 1723 + 1122 — 163,75 + 82,73 — 87223
5I¥ ot 5z§ o 5I§ = 2.’1:1.1‘2 = 23113 e 2.1,'223.

2.3.

2.4.

2.5.

2.6.

2.7:

2.8.

2.9,

73 + 22173,
222 — 22 + 223 + 43,75 — 22173 + 42973

G, n G5 X KAHOHMYECKOMY BHIY. YKayKuTe HeBbIDOXK/E
JimHeltHOe peobpa30BaHHe NEePeMEeHHBIX, IPHBOJsIIee

B S

‘-2.F
.3 F
-4, F
0. F
g5
7. F
8. F

| 1 | B

my Buay. Crenaiire npoBepKy. 11z} + 523 + 223 + 162175 + 42123 — 20T573.
2.1. Gy = 7% + 23 + 323 + 42125 + 22173 + 22273; zz + 23 + 523 — 621Ty — 27,23 + 2T5T3.
1

2
G = 21T + 2123 + ToT3. + 25 + T3 + AT 70 + 42173 + 47573,
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8.4. Hndusudyarvhse sadarus

4.9. F = 3,'1 5.’62 S 163 3 4121:82 + 22123 + 4T3,

4.10. F = 3$} . 3272 + 4$% + 8z125.

4.11. F = 2z + 223 — 523 + 221 2,.

412 = :C% + 2923 + 22123 + 1’2

5. Haitzure oprorogaibnoe npeo6paaosaﬂue NepEMEHHBIX,
npuBoJsANiee KBaapaTuynyio dopmy F(zi, T, T3) K KaHOHH-
YECKOMY BUJLY.

5.1. F = 2% + 22 + 223 + 2a,2.
. F = 8z} — T2% + 823 + 82122 — 22173 + 87,7;3.
.F= 3:1;; + 33:g + 43129 + 47123 — 27973,
= 7:::1 + Tz + 772 + 22129 + 22173 + 22923
F =12 — 23125 — 22123 — 2,73
VB = 3:1:2 + 33;2 T2 — 62173 + 4T923.
F % o+ i+ a:3 + 4z125 + 43073.

— 572 4 22 + 471 T0 + 20173 + 4T5T5.
e 321 o 4222 # 5372 + 47179 — 42973, ;
. F=222+ 5Z2 e 5$3 + 4x129 — AT T3 — 8T2T3.
NF = 2:05 23 + 222 + 43135 — 22173 + 43273,

12.F = 3x? — 3z + 423 + 82125 :

6 Haiigure HopMaJIbem BHJ HaJ nogeM R u Haj 1107
C, a Tak»Ke HEBBHIPOXKIEHHOE JHHEHHOE IIpeobpasoBanue I
PEMEHHBIX, TIPUBOAgAIIEe K 9TOMY BHIY, JJisi KBAJIPaTHIHb
dopm F u3 samanuit 4 u 5.

7. Beraucaure n0N0XNATENbHBIN H OTPUIIATEIHBIA HHI
CbI HHepIMN KBaApaTHunbx Gopym Gy, Gy n3 3ajanns 2. p
JISIOTCA JTH 3TH (HPOPMBI TIOJIOKHUTETHHO OTpeIeleHHbIME (|
pn§z:nmo Onpee/IeHHbIME ) 7

8

SO OO O e Gt Ot O ot ot g
»—-»—u—-t'oooﬂmcn.bmw
Bios.o $

. IIpu Kakux 3Ha4YeHUsIX A\ KBaIparudHas dopma
1OJOXATENHHO (OTPHLATENBHO) OMpe/Ie/IeHHOM?
8 1. F= 512% o z% + Az2 + 43179 — 23173 — 2T9T3.

JIs

8.2. F=2z%+ z2 + 325 + 2Az125 + 27, 23.

8.3 F= z2 + 22 + 532 + 2A\11 29 — 22175 + 42273

8= x . 41.' i 1' + 2)\Z1$2 + 10.’1}1$3 + 612.’53

8.5l l‘% AZCZ + x5 — 43129 — 8T93.

8.6. ' = \z? + 222 + 3m3 221y + 22173 — 2To73.
140

8.7. F = 227 + 2z} + 23 + 2\2y 25 + 62,203 + 22:2.'::3
8.8 F= 2x] + 22129 + 8Az 123 — 1222.’5’3 + 1‘2

8.9. F= )\zlzg - 61‘2$3 + 2z337 + .'172 + 4:61

8.10. F = £+ S5 7:1:% = 2\z125 + 42175.

8.9 it a:l + 2:02 ~ 5m3 + 22, 75.

8.12. F =2} + Xz + 23 + 22175 — 27175.
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