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BBEJAEHHE

Hsyuenne J/0GOH anre6paMyecKkoli CHCTEMEI HeH36exkHO
CBSI3aHO ¢ HEOGXOJHMOCTBIO PacCMOTPEHHsi €€ NOACHCTEM H
dakTopcucTeM, O0/MAfAIOMAX TeMH WJIH HMHLIMH CBOHCTBAMH.
Ilpu 5TOM MHOTHe pacCMaTpHBaeMbie CBOHCTBA OKasShBAIOTCA
a6CTpPaKTHHIMH, H NOSTOMY YCHEX HCC/IeNOBaHHA NPAMO SaBH-
CHT OT 3HAHHS OCOGEHHOCTEH COOTBETCTBYIOIHX aGCTpaKTHBIX
KJaccoB airebpauuecKux cucreM. Bpaa Jau KTO-1160 GYyAeT
OCIapHBaTh 3TO IOJIOXKEHHE; OHO MOXKET 6LITb TPOHJIIIOCTPH-
POBAHO MHOTOYHC/ICHHEIMH CIIPHMEDAMH H3 XKH3HW» Ty,
KoJlell ¥ APYTHX CTapHX, KJIACCHYECKHX OOBEKTOB aJreOphi.

PaccMoTpeHHe KJacCoB  ABJSETCS XapaKkTepHOH uepToH
¥ oblieli TEOpHH aire6paMyecKHX CHCTEM, LIAPOKOE pA3BUTHE
KoTopoli Hayajoch B 90-x rojax HalUero BeKa. Bonpuo#
BKJaj B DA3BHTHE W IpONaraujy 3Tod OGNaCTH BHEC, Kak
uspectho, A. Y. Manpnes. B nokaanax [46, 48] na IV Bcee-
COIO3HOM MaTeMaThieckoM chesfje H Ha MexayHnapojoM
KoHrpecce mareMaTHkoB B Mockse B 1966 r. uapamy ¢ Apy-
rumu Hanpapiennsmu A. M. Manbues paccMaTpHBAaeT Kak
OZHO M3 HauGoJiee BaXKHBIX TEOPHIO KJaccoB ajire0panyecKux
cucrem. Kiaccam cucreM (B YacTHOCTH, MHOrooGpasusiM H
KBa3HMHOT00Opa3usM) NocBseH psia pador A. H. Manbuesa
(cm. [49]), a Takxe sHauuTeNbHAs 49aCTb €ro MoHOTpadHH
«Anre6pauueckne cucremb [50]. HanomHuwM, 4TO Kjace
ajreGpauyecKuX CHCTEM Ha3HBaeTCs MHOrooGpasueMm, €cilH
CYIIECTBYET TaKas COBOKYNHOCTb % TOXIECTB CHIHATYDBI Q,
gto YN COCTOMT ¥3 TeX H TOJLKO TeX CHCTeM CHIHATYPhl Q,
B KOTODHIX MCTHHHBI BCE TOXJECTBA H3 Y. OKBHBAJEHTHOE
ompejie/lenne—Ha f3bIKE CBOACTB KJACCOB— JIa€T TeopeMa
Bupkroda (eciu OHITh TOYHHIM, CJEAYET OTMETHTL, yro Bapk-
rod AOKaspiBaJl CBOIO TeopeMy st mHoOrooGpasuii aqareop,
a TO, 4TO OHAa MOXKer GuiThb pacnpocrpaHeHa Ha NPOH3BOJL-
Hble aJreGpanuecKHe CHCTEMbI, 3aMEYCHO A. . Manpue-
BbiM [50]). CoraiacHo 3Toit Teopeme Henycrofi kjacc I anre6-
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pamieckux CHCTEM CHUTHATYyphl Q ABJsercs MHOTOOGpasHem
TOTAa M TOJbKO TOTAd, KOrJa BBIIOJHAIOTCSA CJERYIOLIHE
ycqoBus: 1) J€KAapTOBO NpOH3BEZEHHE IPOM3BOJLHOH MOCJe-
nosarenpHoctd M-cucrem ecrs Mi-cucreMa; 2) Jwbast noi-
chucTeMa npOU3BOJNBHOH Mi-cHCTeMB! SBJISIETCA IMN-cucremoii;
3) moGo#t romoMopdubll 00pas npon3BobHOA AM-cHCTEMBI
ecth M-cucreMa. AHaNOTHUHBIN pe3yJbpTaT CIpaBelIHB H MJIs
kBasuMHoroo6pasuit (cM. [50]); B wacTHoCTH, OHH TaKMe
ABJAIOTCS MYJbTHNJHKATHBHO 3aMKHYTHIMH KJaCCaMK.

Beuay nocienuero o6CTOATEAbCTBA MHOTHE KJ1aCCHl CHCTEM
C YCJIOBHSMH KOHEUHOCTH He SBJSIOTCH HH MHOMOOGDasHsAMH,
HH KBasMMHOrooGpasuaMu. He saBasiorcs ¥MMH, INOHATHO, H
HeHacJeNCTBeHHbIe KJaaccel. Tak, HappuMep, He ABJAKIOTCA
MHOrOOGPa3HAMH KJacchl KOHeyHOMepHBIX ajirelp JIu, knacchl
rPYNN C rAaBHLIMH psifamu H Ap. Ilpu uayuennu asreGpa-
MUECKHX CHCTeM ¢ YCJIOBHSIMU KOHEUHOCTH (B YacTHOCTH,
KOHEUHBbIX CHCTEM) HMEeT CMBIC/ HUCIOJIb30BAThH KJACCHI, I10XO0-
;KHe» Ha MHOroobGpasusi, HO Heob6s3arejbHO HACJ/Ie/ICTBEHHbIE
¥ Heo6s3aTeNbHO 3aMKHYTHIE OTHOCHTENBHO GeCKOHeHBIX
JeKapToBbix npouspefienuii. TakoBHIMH Kak pas sBJISIOTCA
(opManaH, KOTOPHIM MOCBsIEHa HACTOSNAs KHHra.

Ilonsitne ¢opMauun 6uiio BBefieHo B 1963 r. lamionom
[149] B cBssm c paspaGoTkoi OOIHX METOJOB OTHICKAHHA
NOACPYNI B KOHEUHHX paspeluMbX rpynnax. B panbuefinem
pasBUTHE TaK Ha3biBaeMbiX (POPMALHOHHHX METOJOB IO
BECbMA MHTEHCHBHO NPH M3y4eHHH KaK pa3pelllMMblX, TaK H
HepaspelIMMbIX KOHEUHHIX M OecKOHe$HHX rpynn. TakuM
o6pa3oM, B paMKaXx TEODHH TPYil BO3HHKAO H BHoJHE odop-
MHJOCH HOBOE HAYUHOE HAMNpaBlieHHe—TeopHs (opMauHi.
- @opmauus Tpynn—sTO KJacC rpynn, 3aMKHYTHHA OTHO-
CHTEJBHO B3SITHA rOMOMOp)HHX 00pa30B H KOHEUHBIX MOXJE-
KapTOBbIX NpOu3BeJeHH# (Kak oOHuHOo, KOHedHOoe NPOH3BEJE-
HYE~3TO NPOU3BEJeHHE C KOHEUHHIM WHCJIOM MHOXHUTEJIe).
[ToHsTHO, YTO 3TO ONpeleeHHe MOXHO PACIIHPHTL H FOBOPHTH
o dopmaumsix KoJaew, aiare6p Jlu u 1. A. Ho Bce ke J0 KoHIA
CEeMHIECSATHIX FOJIOB IMHUIEHTP TEOpHH (GOpManHHA JAexasl B npe-
JieJiaX TEOPHMH KOHEYHHIX Tpyii.

[NepenomubiM cran 1978 roi. VmenHo B 3roM roay Ghina
ony6ankoBana MoHorpagusi «QPopmanHH KOHEWHHX Trpynm»
[107], xoropas noampesa HTOTH NpPEAHAYINEro pPa3BHTHA,
H ¢ 310rO Xe roja B I'oMenbCcKOM rocyAapCTBEHHOM YHHBED-
cuTere Hayas pabotarb CEMHHAp No OOLied TEOpHH dopmanui
alre6panHuecKnx cucTeM. IlocTeneHHO cO3peo YGexaeHHe
B TOM, YTO MHOTHE HJIeH H KOHCTPYKIIHH H3 apCEHaJia TeOpHH
(opmanmii KOHEYHBIX TPYIIT HA CaMOM JieJie HOCAT yHHBEpCalb-
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Hblil XapakTep ¥ MOTyT GbiTb HCIOJb30BAaHBI TPHU H3YHEHHH
Apyrux anrebpanueckux cucreM. [pyrofi BaxHo#l ocoGeH-
HOCTBIO JIESITe/IBHOCTH CEMHHApa SABUJOCH MNPUCTaAbHOE BHHU-
MaHue K paspaboTKe METOJOB H3y4YeHHS caMHX dopMmauHi.
K Hacrosmemy BpeMmenu yke HAKOIJIEH NOCTATOYHO COLEpIKa-
TEJIbHBI H GOraThidl B HAEHHOM NJaHe MaTepHaJ, NO3BOJSIOWHH
rOBOPUTL 06 odopMJieHHH Teopud PopMaiHii B CaMOCTOSITE]b-
HOe HanpasJieHHe obmed anareOpbl.

[pennaraemass yuTarejio KHUTa NpeAcTaBaseT cofod No-
NBITKY aHaausa 1 obobleHys TOCTHKEHHH YKa3aHnHOro Hanpas-
nenusi. Kparkuit 0630p comep:aHus J1aB KHUTH Jaer npef-
CTaBJIeHHe O TeX HAeHHBIX UEJIfAX, KOTOPble CTaBUJH Nepe.,
co60H aBTOpPHI.

B raaBe 1 onpenenensl HauGosee BaxHble THIIb GopMaiH,
a TaKke NPeJJOKeHBl cnocolbl 3aJaHusl U KOHCTPYHPOBAaHHSA
dopmanuii. 3pece MOryT ObiTh BbIeJ€Hbl TPH OCHOBHBIX
crocoba.

ITepBBIf M3 HHX COCTOMT B HCHOJIb30BAHHH HJEH BbljesIe-
HHS1 BHYTPH (PUKCHPOBAHHOro KJjacca ajireOpaHyecKux CHCTEM
COBOKYMHOCTH CHCTEM, KOTODbIC B ONPEJEeJEHHOM CMBICJIE Npa-
BUJIBHBIM 06pa3oM JEHCTBYIOT Ha HEKOTOPOM MHOXKECTBE BCIIO-
MoraresibHbIX 00BeKTOB. B § 2 ata uses AerajbHO peann3yercs
B KJacce myjbTHKOAed. [lof MyJbTHKOMBLOM B JAHHOH KHMI€
noHuMaercs aJare6pa A curHarypul {+, —, 0} UQ Takas,
uto <A, 4, —, 0>—rpynna u npu Q== J Kaxias onepa-
nua M3 Q HMeeT HEHYJEBYIO apHOCTb H CBsi3aHa C onepa-
uvedl -+ 3akoHaMH IHCTpUGYTHBHOCTH. BBomutcst nomsrue
uentpanusatopa C,(H/K) dakropa H/K wmynasruxkoasua A,
KOTOpOE B CJIyyae KoJlell 5KBUBAJIEHTHO MOHATHIO aHHYJATOPA,
a B coryyae rpynm M anre6p Jln coBnafaetr ¢ oObMHBIM LEHTpa-
ausaropoM. Ilyers f—dynkuns, conocrapisiomas KaxaoMy
MYJbTHKOMBIY A GuKCHpoBaHHOH HacjaeAcTBeHHOH dopManuu
myabTHROME X ee noxdopmanuio f(A). HopmanabHbifi ¢ak-
top H/K wMynbTukoJblna A HasbiBaercsi f-HEHTPaJbHBIM,
ecmu A/C 4 (H/K) € f(H/K). YcranaBauBaercsi, 4To COBOKYII-
HOCTh <f> Bcex Tex myabrukosen u3 X, Kotophie 06J1afaioT
HOPMaJIbHbIMH PSNAMH C f-LHeHTpaJbHbIMH GaKTOPaAMH, ABASETCS
gopmauueﬁ. Ilpu 3toM [ HasbiBaeTcs 3KpaHOM (OPMaUHH

=<f>. Poab 3kpauoB mnposiBasiercst J1BOSIKAM 0GpasoM.
C onnoit CTOPOHEI, 3KpaHbl NIO3BOASIOT C MOMOL{LI0 UMEIOIHXCS
B HasinuuK opManuil cTpouTth HOBBIE GOpMAalHK C 3aJaHHBIMH
cpoiictBaMH. C JpYTOf CTOPCHBI, BaXKHO H3y4aTh pas3HUHbIE
3kpaHbl (HKcHpoBaHHOH ¢oOpMaLlHH, TOCKOJALKY Hepeako
ylaercsi peAyuMpoBaTh peluaeMble 3aJaud K 3HaYEHHAM
3KPaHOB.



JTlpyrofi cnoco6 3ananus dgopmanu, paccMorpennsif B § 3,
COCTOHT B HCIOJNB30BAHHH HAeH TopoxAeHns. I[lycrb 3alaHa
HEKOTOpasi COBOKYNHOCTh O dopmannii anre6paHdecKHX CHCTEM.
Ecnu §—nepecegenne Bcex Tex dopmamufi us 8, xoropsie
copepxar Janmmf knace X, 1o § nasuBaercs O-gopmanued,
nopoxaeHnofi Kaaccom X, u ofosnauaercs vepes Bform X.
[Tpu TakoM cnocoGe 3ajaHHS OCHOBHOE BHUMaHHE YAENSETCHA
TOoMy, Kak cpofictBa Knacca X cBsi3aHEl co cBoficrBamMy ¢op-
manun Oform X. ' »

Knace § anreSpamueckHX CHCTEM SIBJISIETCS HACJAENCTBEH-
Ho# ¢opmanuefi, KOTZa OH YJIOBJETBOPSET CJIERYIOUHM YyCJIO-
pasaM: & romomMopdHO 3aMKHYT, Hac/eACTBEHEH H SaMKHYT
OTHOCHTENbHO B3SITHSI KOHEYHBIX JIEKAPTOBBIX IPOH3BENEHHH.
Vmess B BHAy OTMe4eHHYIO Bhlue TeopeMy Bupkroda, ecrecr-
BEeHHO MNOCTABHTH 3afladyy XapaKTepH3allHH HAaCJENCTBEHHBIX
dopManuii ¢ MOMOLIBIO -TOXKAECTB. DTa 3a/aya peleHa B §4
JUISl KJacca KOHEUHHIX HACJENCTBEHHHX ¢opmanuii (KOHeTHas
dopmauus—3To GopManus, cCOCTOAMAsT H3 KOHEUHBIX cucrem).
OcHOBHasl MJesl COCTOHT B PACCMOTPEHHH GecKOHEeyHOH mnocie-
JOBATEJLHOCTH MHOMECTB TOXJECTB H B BEIIEJIEHHH TeX ajrel-
pavYecKHX CHCTEM, B KOTODHIX HCTHHHEI TOXIECTBA U3 NOYTH
BCEX MHOXECTB 3TOM I0CJeN0BaTeNLHOCTH.

Tnasa 2 nocesmena npousseneHusM dopmauuit U pemer-
kaM opmaumi. HanommmM, uro B paGorax [47, 48]
A. Y. MainueB BBen TOHSTHE TPOM3BENEHHS MPOH3BOMBLHBIX
KJ1ACCOB a/ireGpaudeckux CHCTEM H 0GOCHOBaN HEOGXONHMOCTD
BHIIGJICHHS M M3YUEHHs PasJHYHHX TPYNMOHJOB KJAacCOB
anreOpaHyecKHx cucreM. B janbpHefimeM STO NPOH3BEACHHE
NONYUHJO HasBaHMe MajbueBckoro Mi-npoussenenns. Maib-
nesckoe IM-npoussenenne yA06HO HCIOJIb3OBATH TPH TIEPEMHO-
KeHHH HACJAeICTBeHHHX dopmaumii. B pabore [113] Gulno
NpeVIOKEeHO NOHsTHE penvimgHoro M-mponsBeneHHs KIACCOB
anreGpanueckux cucreM. OHO okaskBaercsi Gojee YAOGHBIM
HpH HM3YYeHHH Heo6s3aTeNbHO HACJAeICTBeHHLIX dopmanu#.
B § 6 ycramaBiuBaercsi CBSi3pb MeXJY MAJbLEBCKAM H peH-
auaseM R-MPOH3BeNeHHAMH K/acCoB M NMPHBOASATCS HX ofumye
CBOMCTBA.

TTycrs dopmanus § sBasercs penswanbim IM-npoussese-
Hiem nByx dopmanuii X u §. BrosHe ecrecTBeHHO paccMmat-
pHBaThb Saja4y YCTAHOBJIEHHS CBfisell Mexny cBOfiCTBAMH
dopmanun ¥ w ceoficreavu dopmaunit X u §. Baxwoctb
3TON 3ajlayH OGYCJOBJE€Ha TeM, 4TO GONBINUHCTBO “HCMOJb-
3yeMBIX KJaccHuecknx (opManuii Moxer OHTb MNOCTPOEHO
¢ NOMOLIBIO Onepanuil NPOH3BeJeHHs M NepecedeHus U3 6onee
npocto ycrpoensnix ¢opmawmuii. B § 7 pewaercs 3ajada
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| HAXOX/JEHHS 3SKPaHOB ¢opMauMH § C NOMOIIBIO SKPaHOB
dopmanmit X u §. Ilaparpad 8 nocssimer npoGieme H3yde-
HHS OJHONOPOXJEHHBIX Npou3BejeHuit ¢popmauui. Ilocaennsis
npobsema pelieHa 3fleCb B KJacce KOHEYHBIX TpYINI, HO H3
NOJIY4EHHOTO PEIleHHs BEITEKaeT M3BecTHHIM pesyapraT [115]
O KPOCCOBBHIX NIPOH3BEJIeHHAX MHOrooGpasuit rpyni.

~ PaccMorpum Temepn onepanmu nepeceuenHus () ¥ 06benH-
Henusi \/ Qopmaunii. Uepes F\/§ obosHauaercsi nepeceueHyne
Bcex ¢opManuii, cojepkalx kiace & U§. Pemerkoit ¢op-
MalMi HashlBAaeTCsl BCAKOE MHOXKeCTBO (popManHil, 3aMKHYTOE
OTHOCHTeNbHO onepauuit N u \/. Ilpumepom pemerku ¢op-
Manui MOXKeT CJIYXKHTb MHOXECTBO Fg BCceX KOHEUHHIX (op-
mauufl curHatypsl Q. B § 9 uayueHa cBA3p MeXIy pelner-
Ko#i Fg u pewerkoit Mg MHOrooGpasuii curHatypel Q B Cly-
yae, Korja § He COJEPXKWT NPEJHUKATHBIX CHMBOJIOB. 37€Ch,
B YaCTHOCTH, 3aMeYeHO, YTO BCfKas pelleTka JOKajlpHO
KOHEYHBIX MHOrooGpasuit ajre6p H3oMOPQHO BKJAABIBAETCH
B pemleTky dopmanuifi KOHeuHnIX aare6p. D10 03HAYaeT, 9TO
pemerka opManuit KOHeUHHIX anrebp GoJiee CJOXKHO YCTPOEHa,
yeM pelleTKa JOKaJbHO KOHEYHbIX MHOroobpasuii aareGp.

Bmecto onepanun ob6beauHeHHs \/ MOXKHO paccMaTpHBaTh
ee MOJIH(UMKaALMKH B 3aBHCHMOCTH OT THIIA PacCMaTPHBAEMbIX
tdopManuit. Ha 3toM nyTH MHI NpHXOIHM K HOBLIM THIIAM
pewerok dopmaunii. IIpuMepbl Takoro pofa paccMOTPEHHI
B § 10.

TnaBa 3 nocesilena obmiell 3ajaue H3y4eHHs NOJACHCTEM
anreGpanyeckolfl cucTeMbl A C NOMOMIBIO KJacca CHCTEM .
MoxHO BBIZENHTH TPH Kpyra BompocoB. IlepBmii H3 HHX
COCTOHT B M3YY€HHH %-Maxcnmammux NOACHCTEM cHcTeMbl A,
T. €. TaKHX IOJCHCTEM, KOTOPHE BXOAAT B % H He colep-
xKatcsh B ApYrux @-noxcucremax us A. Ilupoxu#i Kpyr Bom-
pPOCOB BO3HHKA€T NpPH H3YUYEHHH MAKCHMAJBHBHIX IOJCHCTEM
cucreMbl A M HX TepeceueHHH, B YacTHOCTH, B BbIIBJIEHHH
H HCCJEeJOBAaHHU F-NIOACHCTEM, SIBJASIOMUXCA TepeceueHHeM
HEKOTOPhIX MAaKCHMaJbHHIX MOJACHCTeM. TpeTu#l Kpyr BOnmpo-
COB CBSI3aH C H3YYEHHEM g§-TNIOJCHCTEM, COERHHEHHBIX C CHCTe-
MOA A [enei0 NOJCHCTEM C OnpefieJIeHHEIMH CBOHCTBaMH.
3ajaun Takoro poia pewlaloTcst B IMlaBe 3 s aire6p M3
MaJIbLIEBCKMX MHOTO0Gpasuil (B 4aCTHOCTH, AJIsi MYJILTHKOJEIL)
C YCJTOBHSIMH MHHHMaJbHOCTH H MAKCHMAaJbHOCTH M NOX-
anre6p.

CusnioBCcKHe MNOATPYNNEl H HX 0600meHus (NOATPYNNB
Kaprepa, XoJsa, @-npoektopsl H Jp.) COXPaHSIOT CBOH
CBOMCTBa B COJlepXKalMX HX MOArpynnax ¥ OpH romMoMopgus-
max. TakoBa ke CHTyalus ¢ KapTAaHOBCKHMH mOjajreGpaMu
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anre6p Jlu. B naparpace 11 Msl BBOAUM OnpesieieHue §-noay-
npoekTopa u -npoektopa anrebphi. [loganre6pa H anrebpet A
Ha3blBaeTCsl F-NOJAYIPOEKTOPOM, €ClH IJ1si JTI0G0H KOHTpY3H-
utH n Ha A wmomanrebpa nH/n F-makcumanpHa B A/m.
Ecan §F-noaynpoektop ocraercs §-nojaynpoekTopoM U B J060#
cofiepKalieft ero nofaare6pe, TO OH Ha3bIBAETCS g§-NIPOEKTO-
poM aare6pu. B § 11 mbt BhisicHSIeM YCJIOBHSI CYLIeCTBOBAHHA
&-NOJYIPOEKTOPOB H -NPOEKTOPOB M M3yyaeM HX CBOHCTBA.

Ha nepsnift B3rasa 3afaua pacnpocTpaHeHHs! pe3yJ/bTaroB
®. XoJs1a O CHCTEMHBIX HOPMaJu3aTOPaxX KOHEYHHIX paspe-
HIHMBIX TPy HA TEOPHIO ajre0p MOXeT INOKas3aThCsl napa-
JokcajbHOH. B § 12 Mbi BBOAMM noHaTHe F-HOpMaaM3aTopa
anre6psl A ¥ H3yuaem ero cBOWACTBA; B YACTHOCTH, ecjd A —
KOHEYHasi paspellldMasi rpyniia, a g— KJacC HHJbINOTEHTHBIX
Tpyin, Mbi BO3BpPAaIaeMCsl K CHCTEMHOMY HOPMaJiH3aTopy.

B § 13 Teopus npodparrunuesnx noarpynn Iaunona [ 147]
u ux obobmenudi [20, 144, 158] panpocrpansercs Ha MyJib-
THKOJbHIA. IlpeanaraeMbiii HaMH NOAXOA sBJAsi€TCS HOBBIM H
B KJacce KOHEUHhX rpymn. OH OCHOBaH Ha aHaju3e CBOACTB
nepeceyeHHl HEKOTOPHIX MaKCHMaJjdbHHX nojaJrebp. Paccmor-
PEeHHIO nepecedeHHH BceX MAKCHMaJbHHX TNORajarebp ¢ onpe-
JleleHHBIM CBOficTBOM mocBsmen § 14. '

Ilpu u3yuenun ¢opmauuii MOXKHO BHAEIHIH JBA OCHOBHAIX
nojxofa. C ofHONl CTOPOHEI, MOXHO CTaBHTL 3ajady H3yde-
HHA (opMalui, Y KOTOpDHIX HEKOTOpas BHJeJeHHas cHcTeMa
‘noadopMauuit  yIOB/AETBOpSiET OnNpeiedeHHbM TpPeGOBAHUSIM.
C npyro#i CTOpOHbI, €CTECTBEHHO BHAEAATb M H3yyaTb NOJ-
¢dopmannu 3ajianHoil dopmanuu. Ilyere © u Q—HekoTophe
coBokynHoctd opmaunit. Ilycre @ —Takas dopmanus, 4TO
& €O\ Q u Bcsikas cobcTBeHHass O-noadopMauHs U3 F TpH-
Hagnexur Q. Iupokuit kpyr 3amau cBsi3aH ¢ H3yueHHeM
dopMaunil §F, BHJENsEMbIX yKasaHHbM o6Gpasom. OTMeTHM
JBe KOHKPETH3allMH B KJjacce KoHeuHbx rpynm. Ilycts ©—
MHOXeCTBO BCeX JIOKaJbHbIX (opmaluii, a -—COBOKYNHOCTb
noadopmanui dukcuposanHoit dopmauuu §. Toraa & Hasbl-
Baercsi MHHHMaJbHOH JIoKaJbHOH He §)-dopMmanueidr. Ecau xe
©—mMmHoxecTBO Beex dopmanuii, Q— K/1acc OAHONOPOXKAHHbIX
¢dopmanuit, 10 §—MuHHMaJbHAsT HEOXHOMNOPOXKAeHHas (op-
Malus.

OcHoBHast uenb TJ1aBel 4 COCTOMT B W3YYeHHH MHHHMAJb-
HBIX JIOKQJbHBIX He $-hopMmanuii. Mbl BeIsICHSIEM TaKKe poJb
Taknx ¢GopMauMii NpH HccieaoBaHuH GopManHi ¢ 3afaHHON
cucTeMoil noagpopmanui. ‘

H3syuenne MMHMMaJbHBIX He -Tpynm, rie §— JOKajibHas
dopmauHs, HMeeT B TEOPHH KOHEYHBIX IPynn GOJbILYIO HCTO-
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pwo. Tnapa 5 Hauunaercs ¢ U3JOMKEHHA NOJYYCHHHX B
nocsiefiHee BpeMsl PE3YJIbTaTOB O KOHEYHBIX Pa3pelHMBLIX MH-
HuMaJbHbIX He &-rpynnax. CpaBHHTeNbHO HEJNABHO BhISIBH-
Jach HeOXXHAaHHas POJib MHHHMaJbHHIX He F-Tpyni B BONPO-
cax kjaccupukauun cdopmaumit. Ilocnennee HITIOCTPHPYeETCA
B IJlaBe 5 Ha psjle KOHKPEeTHHX 3ajad.

O6patiM BHHMaHWe Ha Takylo OOyl 3ajady: nepeuuc-
JAHTbL JOKajJbHHE (opMmanuu &, IJad KOTODBIX BCsKas He-
UMKJHYECKasi MHHHMAJbHas He &-Tpyinmna sBJsiercsd MHHH-
MaJbHO# He {-rpymnnoi, rae F— QHKCHPOBAHHAS JOKaJbHAsA
dopmanusi. Pesyabrathl IVIaBel 5 yKasblBarT Ha 0co0yi0 PoJb
Takux opmanuii § B KiaccHbHKAIHOHHBIX 3afiayax.

Xorsa ryasbl 4 1 D mocBsilieHH TOJbKO (hopMmalusM  Ko-
HEYHBIX TPYNN, MBI HajeeMcsl, 4TO COAepKamyecsd B HHX
HJEH M pasBHTHiE MeTOIhl MOryT OBITh HCIMOJb30BAHBI NPH
pa3paGoTKe aHAJOTHYHHIX BONPOCOB JJISi APYTHX CHCTEM.

B OTHOmEHHH TEPMHHOJOTHM Mbl cJefyeM MoHorpapnu
A. Y. Manbuesa [50]. Urto kacaercsi (popManyii KOHEUHBIX
rpynil, TO 3%€Cb MbI TOJb3yeMcsi YCTOSBHIEACS TepPMHHOJIO-
ruefi, Koropas B CBOJHOM BHje cobpaHa B Monorpaduu [107].

B ocHOBHOM TekcTe KHHFH MBI HE YKasbiBaeM aBTOPOB
bopMyIHpYeMBIX pe3yJsbTaToB. Bce HEOGXOAMMBIE CCHIIKH H
HCTODHYECKHE CIPABKY MOMEIIeHH B KOMMEHTApHUsX, KOTOPLIMH
3aKaHYHBAeTCSl Kax/Jasd IJaBa.

B cnucok suTeparypel Ml BKJAIOYHMJIH Bce AOCTYIIHBIE HAM
CTaTbH, HMEIOIe OTHOLIEHHWe K H3JaraeMoii Teme M He BO-
weaue B kuury [107]).

Mbl npugep:kuBaeMcs COTJIallleHHss O TOM, 4YTO KJacc
anre6paHuecKHX CHCTEM—3TO COBOKYIHOCTb CHCTeM ORHOM
CUTHATYPHL. ‘

B Kuure npHHsTa CKBO3Hasi Hymepauus naparpagos. Xors
BHYTpHM TNaparpada MOryT BCTpeyaThCsi CHCTEMbl DA3HOH CHI-
HaTyphl, HO BHYTPH KaXJAOrO OTAEJbHOrO IYHKTa, HAa KOTO-
phie  pacnanaercsi nmaparpad, paccMaTpHBAIOTCst Bcerja JHIb
CHCTEMBI OfIHOH M TOil ke cHrHarypw. [as ynobGerBa HauH-
HAIOUIEI'O YHTATENSE B KOHLE KHHIH NOMeINeH NepeyeHb OCHOB-
HBIX HCIIOJIb3YEMBIX ONpefiefieHHA W 0GO3HAYeHHH.



FJTABA 1
CIOCOBbl 3AJAHHS ®OPMALIUHA

§ 1. OcHoBHBIE OnpeacieHud

1.1. Tlycrs X — HeKoTopbi# Ki1ace aare6panyecKUX CHCTEM.
ToBopaT, 4to crcrema A sBJSETCS KOHEYHbIM NOOOEKAPMOBHIM
npousgederuen X-cucmem, ecid B X HaHAyTCSA TAKHE CHCTEMBI
Ay ooy Ay ur0o A= D=A,X...XA,, npuieMm AIs BceX
ie{l, ..., n} cnpasegnuso A™ = A;, rIe I;— MPOEKTHPO-
Banue D nHa A,;.

Kaacce anreGpanueckHx cucTeM § HasbiBaetcs: gopmayued,
€CJIH BHINOJHSAIOTCS CJERYIOUHe YC/IOBHSA:

1) kaxapifi roMoMopHHE 06pa3 JoGOf F-CHCTeMH NpH-
HapJexHuT &;

2) BCIKOE KOHEUHOe NOAKEKAPTOBO NPOH3BEAeHHE F-CHCTEM
NPUHANJIEKHAT .

Ecsm ke mpo kiacc § m3BecTRO JHINb, 9TO OH YZAOBJIET-
BOpsieT ycaoBHIO 1), TO MBI GyseM TOBOPHTb, YTO & —7noAy-
¢opmayus. TloHsiTHO, YTO BeAKas ManHA  ABJSeTcs H
noaycbopmanueit.

MHorse KOHKPETHBIE KJIACCH aJreGpaMyecKHX CHCTEM
sBasoTca GopManusiMi. TakoBhl, HampHMep, KJAacchl TIpynn
C TJIaBHBIMH. MJIH KOMIO3HLHOHHEIMH PAAAMH, KOHEJHOMEPHHIX
JUHEAHEIX ajare6p, apTHHOBHX H HETEPOBHX KOJEN, paspe-
IIMMBIX H HHJABNOTEHTHHX aire6p Jin. Besxoe mBorooGpasmue
anreGpauuecKux CHCTeM siBJsiercs ¢opmanmeli, Ho oGpaTHoe
B ofileM ciayyae HeBepHO (Ha3BaHHbIC BHINe (QOpPMAalHH MHO-
roo6pasusaMH He SBJSIOTCA).

Eciu dopmanus § Bxogur B KJace aare0paHIecKHX CH-
ctem X, 1o § HasuBaor nodgopmayueld knacca X.

1.2. Tloacucrema H anre6pamdeckoii cHcreMH A HasH-
Baercst Hopmaasnoth B A, ecqd H sBisercs CMEXKHBIM KJjac-
COM MO HeKoTopol Kourpysumuu cuctemu A. Iloagnace §
HEKOTOpOro KJjiacea anrebpamdecknx cucrem IR Hasnpaior
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(ropmanvro) nacaedcmsennoin B M, ecnu xampas (coorBer-
CTBEHHO Kaxjas HopManbHas) IN-mofcucreMa IIPOH3BOJILHOH
H-cucremu  aBasiercst  §-cucremoii. Kmace § HasbiBaercs
HacredcmeenHbim (HOPMALLHO HACAEOCMBEHHbIM), €CIH OH Ha-
CIeJCTBEHEH (COOTBETCTBEHHO HOPMaJbHO HACJEACTBEHEH) B
Kaacce BCeX anreGpaHMuecKMX CHCTEM CHTHATYpH Kaacca §.

Jlerko BuJeTh, YTO KJacc aare6pamyecKHX CHCTeM §) Torfa
M TOJIBKO TOTAA ABJASETCS HACJNEACTBEHHOH popMaiuel, KOorxa
BHIMOJMHAIOTCA CJAELYIOIHE YCJOBHSA:

1) § sBaserca HacaeAcTBeHHOR mnonydopmanues;

2) BcAIKOE KOHEYHOE JLEKapTOBO NpOH3BeleHHe §)-CHCTEM
NPHHALIEKUT §.

Kaacc Bcex rpynn ¢ IViaBHBIMH pfilaMH— IIpHMep HEHa-
cjieicTBeHHOH (opMaluH. ’

1.3. Kourpysnmuio n anreSpanueckoit cucrembl A Haso-
BeM ¢ppammunuesoti, ecin nH = A pis moGo# coGCTBeHHON
noacucremsl H us A. Bynem rosoputb, 4TO Kaacc X Hacbi-
wen B Kaacce §, ecau us RE€H u R/9€ X, rae ¢—HEKO-
Topasi (paTTHHHEBAa KOHIDY3HIHMA R, BCerjaa cjelyer ReX.

Knaccel paspemmMbiX H HHJIBNOTEHTHHX anrep Jlu sB-
asoTcs mpumepaMu (opManumii, HacHIEHHBIX B KJacce BCeX
KOHeuHOMepHEX aare6p Jlu (em. [1], m. 1.7 u 1.8). Pax
npumepoB ¢opManuil TIpynn, HACcHIUEHHKIX B KJacce BCEX
KOHEYHHIX [pynm, onucaH B kuurax [107, 162].

1.4. ®opMamuio ajreGpaMuecKuUX CHCTeM & OyleM HasH-
BaTb KOHe4HOli, €C/H KOHEYHa BCSKas F-CHCTEMA.

1.5. ®opMauyio BCEeX OJHOIEMEHTHHX anre6panyeckux
CHCTEM 3aJaHHON CHTHATYpH Gyhem oGo3Hauath cuMBosioM €.

§ 2. Crynenuatnie dopManuu

‘MyabTHKOAbLO. 2.1, Anrebpy A curnarypst {+, —, 0} U
GyieM  HasHBATh  MYIbMUKOALYOM,  €ClH  ajarebpa

<A, +, —, 0>—rpynna, Bce onepauuy H3 £ HMEOT HeHY-
JeBble apHOCTH M JVIsi BCAKOH n-apHOR onepaumu f€ Q, Jio-
6oro i€{l, ..., n}, MOONX @, ..., Gj_1, Qps Gy Biy1r - -+
.., a, € A uUMeer MecTo ,
f(al’ LR | ai—l’ a;_'_a;v a,‘+1, e ey an)—‘T-'
. =f(a1’ ceey iy a;, Aigrsy ooy a,,)—i—
+flay, ..., -5 a, Qipis o s a,).

Bce paccmaTpuBaeMbie B JaHHOH KHHI€ MYJBTHKOJILIA
umelor curHarypy {4, —, 0}UQ. HerpyaHo sameruts,
YTO MYJBTHKOABIO SABJSETCH AHCTPHOYTHBHOA Q-rpymmod B
eMbicnie onpeeienns Xmarrunca [160] (cm. Taxxe [43]) u
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MYJIbTHONEPATOPHLEIM KOJLLOM B cMbicae JI. A. CkopHaKoBa
[96]. 310 no3BOMISET HCMOMBL30BATH NPH PACCMOTPEHHH MYJib-
THKOJIELl COOTBETCTBYIOUIYIO TEPMHHOJIOTHIO H pe3yJbTaThl H3
[43] u [96]. B wuactHocTH, wudeaiom MYJbTHKOAbUA A Ml
HasbiBaeM, ciexysa [96], Bcskyio Takywo ero nogaare6py H,
KOTOpasi HOpMaJibHA B rpynme A W yJOBJIETBOpSET CJeAyio-
HEMY YCJOBHIO: JJIS BCSKOH n-apHoH onepauuu f€Q, mnpo-
u3BOJBHOrO i€ {1, ..., n} ¥ MOOBIX a;, ..., Qj_y, Aipqy -- -
s @, €A, W€ Humeermecto f(ay, -+ c, Qj_ys By Qi pqy -+ 50,) EH
(8 yacTHOCTH, eciH [ yHapma, TO 3TO 03Hauaet, uto f (h) € H).

BaxHas oco6eHHOCTL MyJBTHKOJEL, 3aK/IOueHa B CJeRy-
IOIEM YTBEPXKIACHHH. '

2.2. Teopema. ITycme H-—udear myassmuxossya A u
-0 (H)={(a, b)la, beA, acb+H}. Toeda O(H)— xon-
2PYIHUUA U 6CAKAS KOHepysHyus Ha A umeem maxyio gopmy
025 no0xodawezo udeara H.

Jloka3aTesbCTBO 3TOH TEOPEMBI MOXHO HaHTH, Hanpumep,
B kuurax [43] u [96]. B pasbueiimem Ham mnorpebyercs
TaKO€ CJIEJCTBHE 3TOH TEOpPEMB.

2.3. Cnencreue. Omobpanenue H— 0 (H) seasemcs
usomopusmom pewemxu udearos myrvmukovya A Ha pe-
peulemry ezo KoHepYysHuyull,

2.4. Mynprukonsno A= {0} OGyneM HasHBaThb HYACGHM.
MyabTHKONBIIO A HA30BEM MUHUMOAGHBIM, €CIH OHO He-
HyJIeBOE M TNOPOXJAAeTCs JMIOOLIM CBOMM HEHYJIEBHIM  3Jie-
MEHTOM.

Haa mobuix ABYX Henycthix noamHoxects H u K myuab-
THKOMbIA A uepes /K o6osmauum {h+ K|h€ H}. Ecau
H—nopanre6pa A, a K—unean H, to H/K sBasercs ¢ax-
mopom MyJabTHKOJNBLIA A.

Daxrop H/K myabrukoabua A HasoseM:

1) munumanroroim, ecin H/K—MHHUMAJbHOE MYJbTH-
KOJIBLIO;

2) cobemsennoim, ecin au6o K =={0}, aubo H = A;

3) Hempusuaronoim, ecin H/K—Heny/eBoil cOGCTBEHHbIH
_takrop A;

4) nopmaronbin, ecan H u K—upeanst A; )

5) esasnoim, eciv ou nopmadnen, K=H u w3 K=T < H,
rie T—wupean A, Bcerna cuaenyer, uto K=T.

Bynem roeopurtn, uto H/K— A-zaasubili axmop us D,
ecad H/K—raaBubift daktop myastukoabua A u H = D.

Hopmannuule daktopt H/K m D/R wmynvTHkOABIA A
HasoBeM:

1) nepcnexmusneimu, ecan au6o H=K+ D u R=KnD,
60 D=R+H v K=RnH,.
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2) npoexmusnbimu, ecnu B A HafinyTes Takue HOpMaJihb-

uole akropel H/K=A,/B,, ..., A,/B,=D|R, uro pna
moBoro i€ {l, ..., n—1} daxroper A;/B; u A;4i/B;y, ni€p-
CIIEKTHBHBI. X

HanoMHuM, YTO psifi HI€asoB
{0}=A4,cAc...ch=4

MyJbTHKOMbIA A HasbiBaeTcsi 24a8HbIM, €CIH BCE €ro ¢ax-
TOPHI IVIaBHBIE. .

Ciaenyiolasi JIEMMa SBJISETCS YACTHBIM CJIYYa€M TEOPEMB
8.4.2 xuuru [104].

- 9.5, Jlemma. IMycme myasmuxossyo A obaadaem 2iae-
Hoim padom. Toz0a mexdy daxmopamu npoussoLbHbLY osyx
eAqeHbIX pAO0E MYALMUKOAbYA A MOXCHO YCMAHOGUMb MAaKoe
G3ALMHO OOHO3HAYHOE coomeemcmeue, npu KOMOpOM COOmaen-
CImBeHHble (PaKmopst npoeKmusHbL. g

2.6. Jlemma. Tycms N, u N,—maxue uOeans. myromu-
xoasya A, umo N.NN,= {0}, u nycmo H/|K —npou3asoabrbiti
A-zaaenoiti daxmop. Toeda A umeem maxoil pakmop R/N,
npoexmusnsiit paxmopy HIK, umo aubo N,=N, aubo N,=N.

NlokasaTteabcTBo. Ecan N,+H=#N,+ K, 10 ¢ak-
top H/K mnepchextuBeH (HakTopy N,+H/N,+K. Ilycrs
N,+H=N,+K. Torna H=K+(H n N,). 3naunt, Garrop H/K
nepcrekriBer dakropy HNN,/K NN,. Ho mnocaenuuit Qax-
TOp, OYEBUAHO, MEPCIeKTHBEH (aKTOPY N,+(HNN,)/N, +
4+ (KNN,). Jlemma noxasana.

2.7. lemma. IMycmoe A, B, K, H-—udearol myromu-
kosoya G. Toeda ecau A =KcH<=A+B, mo ¢gakmop
H/K nepcnexmuser. dpaxmopy H N B/K 0 B, ecau oe AnBs=
=KcH<=B, mo ¢gakmop H/K nepcrnexmuser ¢haxmopy
A+H/A+K.

Noxkasateanctso. [lyern A= KcHS A+ B. Torzaa
H=Hn(A4B)=A-+ (Hn B). 3uaunr, Hn Bg K. Ilostomy
dakrop H/K=K-+(HNB)/K nepcnekTHBeH ¢axTopy
HnB/KNB.

Ecin ke AnB=KcH<=B, 10 AnH<= K. Cnenopa-
rennuo, daxrop H/K =H/K+(AnH)=H/(K -+ AYNH nep-
cnexrusen dakropy H + A/K4-A. Jlemma jfoxasaHa.

Henrpanusarop. [lycts H/K — NIPOH3BOJbHBIH HOpMaJIbHBIA
akTop MyJbTHKOMbIA A, D—MHOKECTBO BCeX TaKHX Sie-
MeHTOB X € A, uto aas Jwoboro h € H BLITONHSAOTCA CIeNYI0-
e YCJIOBUSA:

1) x+h—x=h+t(h), rae t(R)EK;

6) nns Beskod omepanyu f u3 & apHOCTH n =2, MobuX
pasmmunbix i ouw j w3 {1, ..., n} (i <j), TpOH3BOJIBHBIX
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@ ..., a,€A cnpasegnupo

f@as ..., ay_y, hy a;py, ..., QG_yy % Qppyy - -5 4)EK,
@, ..., a0y x, 0,0, ..., a_y by a4y, ..., a,)EK.

Cymma moGbix ABYX HieasnoB A, BXOAAMHEX B D, cnoBa Bxo-
mar B D. Crenoarensto, BBuny siemmbr Llopra Muoxectso D
BKJIOYaeT B cebst Takod unean C,(H/K) myasTukoabua A,
KOTOpbIH, B CBOIO Ouepeib, COAEPXKHT BCSKHH nieaa A, BXo-
ramuit B D. Wpean C,(H/K) nasoBeM yenmpaiusamopom
¢axkmopa H/K B A.

B ciysae, xorma K={0}, ugean C,(H/K) 6yxem obo-
?aqazb Takxe uepes C,(H) u HasbBaTh yenmparusamopom

B A.

2.8. Jlemma. IMyemo K, H, T, M—udear: myromu-
Koavya A. Tozda:

1) ecaw K= H, mo K = C,(H/K);

2) ecru KsH, T=M u ¢axmope H/K u M/T npo-
exmusnol, mo C,(H/K)=C,(M/T);

3) ecru KsH=T, mo C,(T/K)<C,(H/K)NC4(T/H)
u Cax (T/KV(HIK)) = C 5 (TIH/K.

JloKa3aTeqbCTBO JIEMMBI OCYILIECTBJIACTCH HENMOCPENCTBeH-
HOH mpOBepKo#.

X-sxpan. Ilycre X—npousBonbHas Hemycrast Hacuel-
CTBeHHas: QopManus MyJbTHKOJEH, A-—COBOKYIIHOCTb BCeX
noadopmauui w3 X. Orobpaxenue f: X — A HasoBem X-3K-
Panom, €C/U BHINOJHSIOTCS CJEAYIOMHE YCAOBHS:

1) f(A)=X pna moGoro HyaeBoro My/bTHKOABLA A;

2) ecin A€X n @—romomopdusm A, 1o f(A) = f(A?)n
N f (Ker g). ’

Ilycrs f—X:3kpan, K = H—npeann myastakoasna A € X,
Bynem rosoputh, uro ¢axrop H/K f-yenmpasen B A, ecan
A/C,(H/K) € f(H/K). Hopmanbupii psig (T. e. psif, 4ieHbI
KOTOpOro—mujiealsl B A) :

{O}:—AoEAlg...EAt:A, t>0,

MyJabTHaKONbUA A € X HA30BEM [-yeHmpasbHoiM, €CH BCe ero
GakTope! f-nentpanbHe B A.

O6osnaunM wepes <f> Kaacc Bcex Tex A€ X, KoTophie
06J1a 10T f-IEHTPAJIbHBIME PSNaMH.

2.9. Teopema. Kaacc <f>— nenycmas dpopmayus.

Hokasareabcrso. Knace <f> Hemycr, mocKoabKy
€My NpHHAAJEXAaT BCe HYJIEBble MYJBTHKOJBIA.

[ycte AE€<f> n

{0}=AOEA1g.. .EAt=A
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— f-uentpanbubit psag A. IMycrs N—unean A. [Nokaxewm, yto
A+N/N=A,+NIN=... = A+N/IN=AIN

— f-uentpansHuli  papx  Gaxropaarebpm  A/N. Ilycrsb
i€{l,...,t}. Gakroper A;4N/A;,_,+ N u A;A;_,+ (A;NN)
NepCcleKTHBHLL. 3Hauut, BBHAY JemMel 2.8 C,(A;/A;_) =
=C4(A;4+N/A;_,+N). Ho f(A;A;_) = [(A;+ N/A;_+N),
u mnostomy A/C4(A;4+N/A;,_,+N)Ef(A;+N/A;_;+N).
CaieioBaTeNnbHO,

(AIN)ICain ((A;+ NIN)(A;—, + NIN)) =
=(A/NY(C o (A;+N/A;_+ N)/N) =~
~ A[C4(A;+ N/A; 1+ NYEF(A;+ N/A; 1 +N) =
=f((A;+N/N)/(A;-1+ N/N)),

1. e. dakrop (A;4+N/N)/(A;_;+ N/N) f-uenrpanen 8 A/N.
Taxum obpasom, A/N € <f>. Urak, Bce pakTopaireGpsl MyJib-
tukonsa A npunamnexar <f>. IlockoabKy [ npHHHMaer
OJIMHAKOBbIE 3HAUEHHS Ha M30MOPHBLIX MYJBTHKOJbLAX, TO
kjaace <f> abcrpakTeH, T. €. OH CONEPXKHT BCE€ H30MOp-
dubie KOnMH CBOMX MyJbTHKoJel. Ho Beskmii romoMopgublit
o6pa3 MyJbTHKOJbIA A u3oMopdeH OfHOA H3 ero daxrop-
anre6p. 3mauut, kaace <{f)> sBasercs noxydpopmauuei.

Ocraercsi 110KasaTh, 4TO BCAKOE KOHEYHOE TMOJAECKapTOBO
npousBeeHHe anrebp us kaacca <f> npuHamaexut <f>. Ilas
3TOro JOCTATOWHO TPOBEPHTb, WYTO ECHH MYJBTHKOIbLO A
obnamaer Takumu ugeanamu N, u N,, uro N;NN,={0} n
AIN;€<f>, i=1, 2, To Ae<f>. Ilycrb

{NJN,} =A/N,= AN, =...= AYN,=A/N,
— f-uentpabHbifi psf pakropanre6put A/N;, a .
{N,/N,} =By/N, =B,/N,=...=B,/N,=A/N,
— f-nentpaspHbiil pag daktopaare6pu A/N,. Ilokaxem, uyto
{0}=N,nB,=N,NB,=...=N,nB,=A,=
cAcsAce...ce4=4 (1)

— f-ueHTpanbHbii psak MyJabTuKoAbHa A. OueBHRHO, 4TO AJId
seakoro i€{l, ..., t} dakrop A;/A;., [-uenrpanen B A.
Iycers i€{l, ..., r}. ®akrop B/B;., f[-uentpanen B A,
NOCKOJIbKY  [-IeHTpassHbiM B A/N, sBasercs  ¢aktop
(B;/N,)/(B;_y/N,). Tem Gonee f-uentrparen B A axrop
B;_i+(B;nNN,)/B;_;. Ho mnocnexunii ¢akrop nepcneKTHBEH
daxtopy N;N B;/N,N B;_;. 3uauut, N, By/N, N B;_, [-ueHr-
panen B A.Hrak, Beakuit gakrop psja (1) f-uentpanen B A.
Teopema jokasana.
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B 3ak/iouenye 3TOro NMyHKTa NPHUBEAEM OJHH KOHKDETHBI
npuMep, MJJIIOCTPUpYIOWMA TOHsSTHE 3KpaHa (nosxe GyLyT
naubl apyrue npumepnl). Ilycte X—KJaacc Beex accouua-
THBHBIX KoJiell, a X-3KpaH [ comocTaB/sieT KaxKAOMY HeHY-
nepomy X-Koably KJaacc HyqaeBbix kouaen. Torma (f>—-co-
BOKYNHOCTb HHJIbMOTEHTHBIX ACCOIMATHBHBIX KOJeL.

2.10. Mycrs A={f;|i €1}, rne f,—X,-skpan. Jas Bcd-
Koro A€X = _ﬂlaii TIOJIOXHM < n/ f,-) (A)= nl f; (A). Torna
L€ iel. ie
inl f;— X-arpan. Takol skpaH OyjaeM Ha3bBaTb nepeceterHuem

€
9KpaHoB f;.

BysieM roBOpHTb, 4TO 3KpaH h 6a0ier B 3KpaH f, M
NpUMEHsITH NpH 3TOM 3anuchk h<Cf, ecau h—$-3KkpaH,
f—§-okpan, H=F u h(A) = f(A) aas moboro A€H.

2.11. Tlyers {f;|i €/}—npousBojbHasi LeNb 3KPAHOB,
T. €. ans JMobwx i, j€1 aubo f, < f;, mubo f;<Cf;. Ilycrs
npu stoM f;— X;skpan.. OGosHaunM uepes X ¢opMaiuio,
sABJSIONLyIocs ofbenuHendeM uend dopmauui {X;|icl}. Has
Besikoro A € X onpenenum noamuoxkectso / (A) muoxectsa [
tak: i €1 (A) torna u Toibko TorAa, koraa A€ X; Teneps
aas mo6oro A € X NOJIOXHM ( U f;)(A): U f;(A). To-

iel jei(4)

usaTHO, uTo U f,— X-3kpan. Taxo#i skpaH Oy/ieM HashkBaTb
i€l

o6vedunenuem sxpanos {f;|i€l}.

2.12. X-skpaH [ HazoBeM:

1) mpusuarenom, ecin f(A)=X pas moGoro A€X;

2) nocmosHHbIM, €clM IAs JOObIX HeHyJeBnx A, BeX
cnpaeeniuso f(A)=f(B);

3) nycmoim, ecau f(A)—nycras dopMauHs s J0GOro
Henyaesoro A€ X; v

" 4) nyneeoim, ecau f(A)-—dopmanusi HYJAEBHIX MYJAbTHKO-
aen jas JuoGoro nenyaesoro A € X;

5) Hacredcmeennoin (HOPMAALHO HACAEOCMBEHHbIM), €CITH
Ji060e €ro 3HayeHue— HacJieACTBeHHasi (COOTBETCTBEHHO HOD-
MaJIbHO HacJieACTBeHHas) dopmanus;
 6) enympennun, ecin f(A)<=<f> Ann moboro HemyJe-
poro A€ X.

Crynenuatoie ¢opmauuu. 2.13. Popmanuio % HasoBeM
cmynenuamoil 6 X, ecnu Haiifercss rakofi X-3kpad f, 4TO
& =<f>. Tlpu 31OM MBI GyzeM FOBOPHUT, UTO f onpedessem &
unu uto | siBasiercs X-skpanom gopmayuu .

2.14. Jlemma. Hyemo f— X-sxpan Gopmayuu §F. Hdan
ao6ozo . AE€X nosomeum [ (A)=Ff(AINGF. Teeda f,—
X-axpan opmayuu 3.

18



JlokasatenbctBo. [lousTHo, 4ro f,— X-3KpaH, HpH-
yeMm <f>=&. ycrs A €F, H/K—npousposbHblil HOpMaJb-
HBlfl f-renTpanbueiil Qakrop Mmyssrukonpna A. Torza mo-
CKOJBKY BcAKas Qakropanrebpa MyJsbTHKOMbHAZ A  Takke
npuHannexut 5%, To A/C,(H/K)Ef(H/K)NE, 1. e. dakrop
H/K f,-uentpanen. 3Hauur, f-ueHTpanbHbIl psaf A aBadercd
ONHOBpeMeHHO H f,-nenTpaibabim. CiegoBarensHo, A € <f.
Takum obpasoMm, & =<f>.

Jlemma 2.14 mokasbiBaeT, 4TO BCsiKasg CTymeHyatas B X
. ¢opmanus obnagaer mo KpaHHeH Mepe OJHHM BHYTPEHHHM
X-3KpaHoM. :

2.15. JTemma. ITycme {F,|i € I} —yens dopmayuii, {f|i €
€ I}\—maxas yens sxpanos, umo f,— X -akpan opmayuu ¢ ; u
Oan aobuix i, j €I eroocenue f; < f; umeem mecmo 6 mouHocmu
moeda, kozda F; = ;. Toz0a %ztul Fi=<f>, eoe f= Ul f:

€ L€

Hokasateanctso. Ilyctrb A€F. Torma Haiijercs
takoe i €1, yro A €§;. 3amerum, uTo f-HEHTPAJbHBIA PAN
MyabTHKOABNA A siBasiercs u f-uenTpanbHbiM. SHaunT, A € <f>.

IMycts AE€<f> n

{0}=4,=4,=..=c4;=A (1)

— f-IenTpanbHBIA psAA MyJbTHROMbIA A. BBHAY onpeneseHus
5Kpana f MOXKHO YKa3aTh TAKHE iy, . . ., iy, 4T0 A/C s(A;1A;_1) €
€fij(A/A;0), =1, ..., t. Tlyets i€{iy --.» is}, npuuem
ans moboro r € {1, ..., ¢} cnpasemmmso fi, <f; Haitnercs
rakoe n €/, uto A€ X,. Ecu X, = X%,, 1o pan (1) asaserca
f-LIeHTpaIbHEIM PSAOM MYJIbTHKOIbLA A, ¥ nostomy A € F,=F-
[ycrs X,¥% X;. Torma f;<f,. 3nauur, pan (1) f,-uentpa-
aen. Coegposatenbho, A €F, = &. Taxum o6pasom, ocraerca
3aKJIOUUTh, uTO % = (f>. JleMma jokasaHa.

2.16. Jlemma. [Mycme f;—Xrskpan dopmayun
€1~ . Toeda ecau kancdoe MYALMUKOALYO U3 iUl.?E,- 00-

€

radaem eaagroim padom, mo f= (\ f; Asasemcs (ﬂ Ii)-ax-
iel ' iel
parom gopmayuu  F= NF;.
iel

HNoxkaszateanctBo. Ecau A €<f>, 10 Beakuil f-uent-
pajibHBIH Psifi MyJabTHKOJMbLA A siBjsiercss [;-IIEHTPAJbHEIM H
11 Besikoro i € J. Tlocnenuee osnauaer, uto A€ NF; =

il

Iycre A€F, i€l. Torna A€X; u A obnapaer f;-neHt-
palbHBIM PALOM

Ol=4,=4,=..s4,=4 M
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Or6pocuB B psifie (1) noBropsIOmMecs: 4WieHbl H 3aTE€M YIJOT-
HHB ero, NMOJyuMM f-leHTpaibHef raasHeii psg A. Cneno-
BaTeJIBHO, TMOCKOJBKY BCAKHE ABa NMPOEKTHBHHIX (akropa A
au6o oba f-uentpanphsl B A, Jn6o o6a He f-UeHTPAJbHH
B A, To BBUAY JeMMbl 2.5 mo6oii rsaBHBIE psif A [;-UeHT-
panen. CnefoBare/nbHO, BCAKHA INIaBHBIA Pl MYJBTHKONBLA
A okasbiBaercsi f-uentpanbHnM B A. D10 O3Hauaer, 4TO
A €<f>. Takum obpasoM, <[> =F. ‘

Cnencreue. Iycmoe §—cmynenvamas 6 X gopmayus,
npudem ecaxoe A€ X o6radaem 2rasuvim padom. Toz0a ne-
peceuerue 1106020 Henycmozo muoxcecmea X-3Kpanos Gpopma-
yuu § crosa seasemes X-sxpanom ¢opmayuu F.

2.17. JlemMma. Bcakas gopmayus, 062a0a10uas HOPMANL-
HO HAcAeOCMEEHHbIM IKPAHOM, CAMA HOPMAALHO HACALOCMBERHA,

Hoxkasartenbcrtso. Ilycte f—HOpPManbHO HacJeACT-
BeHHnift X-3kpaH QopManuu §, H-—mHAean MyJAbTHKOJbLA
AeF. Myers

=4, =4, =... = A=A

—f-uentpanburii pan A. Toraa nockonsky popmanus f(A,/A;_4)
HOPMAJIbHO HAcJIeJCTBEHHA, TO

H/CA.(Ai/Ai—I) n H’_\’_ H+ CA (Ai/Ai—l)/CA (141‘/141._.1)E
» Ef(Ai/A,‘_.l)o

Ho C,(A/A;_)NH=Cy(HNnA/HNA;_)). 3uaunr,
HICu(HNA,/HNA;_)Ef(AJA;_,). 3ameTrM, UTO IOCKOJIBKY
HNA/HNA;_,>HNA)+A; /Ay, 10 [(AjA; )=

=f(HNnA,/HNA;_,). Cnenoparervno, H/Cy(HNA,/HN
NA;_)EfHNA/HNA,_,). Takum obpasom,

{O}=HnA,=sHnA<=...=HnA;=H

— f-nenTpanbBELA pAA ‘MyabTHKOAbna [1. 3nauwr, HEF-
Jlemma jokasasa.
Jlokaabnbie ‘dopmaunu. 2.18. X-skpan [ Ha30BeM A0KkaAb=
HbLM, €CMH IS JI0GOTO HEHYJeBOr0 HEMHHHMAJNbLHOTO MYJb-
“ruxkonpia A € ¥ sumosmserca f(A)= Nf(H/K), rae H/K
npo6eraer Bce HeTpHBHAJbHLIE (AKTOPHI H3
BesikHit MOCTOSIHHEIN 9KpaH, OYeBHAHO, JoKaneH. Takum
o6pasoM, NycTofl, HyJNeBOH H TPHBHAJAbHHEA X-3KpaH —
ApHMEPHL JIOKAJIBHHIX 3KPaHOB.
®opmanmio §F Hazopem soxassrod B X, ecan § obnapaer
no KpafiHeli Mepe ONHHM JIOKaJbHHM X-3KpaHOM. )
2.19. Jlemma. Beaxas opmayus, o6aadarowas Hacaed-
CIMBEHHOIM NOKANGHOIM SKPAHOM, CAMO HACACOCMBeRHA.
Dra neMMa JoKasHBaercs TaK e, Kak H JjemMa 217,



OrmeTuM, 4TO eciiH BCsiKOe MYJIBTHKOAbLO 3 X yIoBier-
BOpSIeT YCJIOBHAM MHHHMANBbHOCTH M MaKCHMaJbHOCTH JUIsl
nojaiare6p, 1o, oueBHAHO, BesiKu# JokanbHeA X-3kpaH on-
penenisiercs CBOMMH 3HaYeHHsIMM HA MHHHMaJbHBIX MYJbTH-
Kosbnax. IlosroMy, uro6el mocTpouts JMokanbHbii X-sKkpaH f,
JOCTaTOYHO KakKAOMy MHHHMaJbHOMY MyJbTHKOMbIY A € X
NIOCTaBUTh B COOTBETCTBHE HekoTopyio dopmanmio f(4) < X,
a 3ateM AJs J000ro HeHyJaeBOro MyJasTHKOJbHA G € X moJo-
xuTh f(G)= Nf(H/K), rne H/K mnpobGeraer MHHHMAaJbHEIE
dakropul H3 G

Jaaum Temepb peKypCHBHOE ONpejeTeHHEe NOHATHA KPaTHO
JIOKaJbHO# opManuy. .

[Tyctes X —Henycras HacneactBenHast ¢opManus. Besikyio
noxdopmanuio u3 X nasosem O-xpamno soxkassroi. Dopma-
nuio § HasoBeM n-kpammuo aoxaavrod B X (n>=1), ecan §F
ofnafiaeT TaKUM JIOKaJAbHbIM X-5KPaHOM, BCe HemycTele 3Ha-
qyeHust KOToporo— (n— l}-kparxo Jiokadbuuie B X dopMaiuu.
Econ xe § n-kpatHo JokanbHa B X Jis BceX IEJNHIX HEOT-
PHUATENBLHBIX N, TO § GyIeM HasHBATb MOMAALHO NOKAAb-
#oii 8 X dopmanues. :

Jlokanbublil X-3Kpan f GyAeM HasHBaTh N-KPAmMHO AOKAAb-
HblM (MOMAAbHO N0KAAbHOIM), €CH BCEe €ro Hemycrhle 3Haye-
HHS1—N-KPAaTHO JIOKAJbHbIE (COOTBETCTBEHHO TOTANbHO JIOKA/b-
ubie) B X dopmanu. ‘

W3 onpexnenenus (n -+ 1)-kpatno JokanbHoi B X dopmanuu
& HemocpeACTBEHHO BhHITEKAeT, 4TO 5Ta (opMamusa obsajaer
n-KpaTHO JOKaabHbIM X-3kpaHom f. Ec/IH 3TOT 3KpaH Takos,
4TO JAJsl BCAKOrO n-KPaTHO JOKaJdbHOro X-3kpaHa h [¢opma-
nun § umeer Mecto f<Ch, To [ GyHeM HASHBATb MUHUMANL-
HOLM n-kpamuo aoxasvroim X-sxpanom dopmaunn §. Anaso-
THYHO MOXKHO ONPEAEJSHTh NOHSTHE MHHAMAJLHOTO TOTAJbHO
JIOKaJIbHOTO 3KPaHa (hopMaiuy.

Komnosuuuonnsie ¢opmanuun. 2.20. ITycrs X—npous-
BOJIbHAs HEIycTas Hac/lefCcTBeHHas GopMauHsi MYyJbTHKOJEI
C KOMIMO3HIHOHHBIMH DsifiamMu. X-3KpaH [ Ha30BeM KOMNOSu-
YUOHHbIM, €CIH JJsi JHoGoro HeHyJseBoro G € X uMeer MecTo
F(G)= nf(H/K), rae H/K npoGeraer Bce KOMIO3SHIHOHHEIE
$aKTope MyJ/IbTHKOMBUA G.

®opmanmio F HazoBeM xomnosuyuonnod e X, eciu Haii-
J%ETCHI:XOTS{ 6b! OMH TaKOH KOMIO3HIHOHHBEI X-3KpaH f, ur0

p—— < >-

ITpumepni. 2.2]1. PaccMoTpaM Tenepsh HECKOJIBKO TIPHMEPOB.

ITycts X —mnpoussonbHas RenycTasi HacjencTBeHHas ¢op-
mauus, f-—mnycroii X-skpan, h-—TpuBHanbHb X-3KpaH.
Torpa, oyeBuaHo, <f>=F—Kaacc BceX HyJEBBIX MYJAbTHKO-
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Jen, a <hy>=2X. ®Popmanun F u X TOoTaNbHO JIOKAJbHH B
X H h—TOTaJbHO JIOKA/IBHBIH X-3KpaH.

2.22. llyerr X —kaacc Beex anre6p JIn nap momem F,
[—mnynepoit X-sxkpau. Ilyctb & =<f>. Jlerko BHIETb, uTO
¢ COBNajaeT ¢ KJaCCOM BCEX HMJIBIOTEHTHBIX aqreGp JIu u3
X (cm. [1], [43]). DopManus § ToTanpHO JMOKadbHA B X u
BBHAY JeMMbl 2.19 HacsieicTBenHa.

2.23. Tlyere X—kaoace Beex rpynm, & — kaacc Beex abe-
JeBbix rpynn. ®opmanns F He sBasercs JokaabHoii B X.
JeiicTRUTEIBHO, NMPEINOIOKHM, UTO & =<f>, rne f—oKaJs-
Hbll X-3kpaH. Torna ecan A—rpynna nopsaka 2, 1o f(A)#=J.
3nauuT, rpynna KBaTEDHHOHOB Nopsfka 8 o6aafaer f-UEHT-
PaJbHBIM PSiIoM, T. €. OHA NPHHajJeXHT §&. [IpoTHBOpeuHe.

2.24. Ilycrb X —kJsacc BCeX TPyNN, M MyCTh ISt BCSIKOM
HeeflMHHYHOM rpymnel A  f(A)—dbopmanus Bcex aGeseBbX
rpynn. Ilokaxem, uto & =<f> coBmamaer ¢ KJaaccoM Bcex
TeX TPYNN, Yy KOTOPBIX KOMMYTAHT HHJbIOTeHTeH. IlycTh
A€<f> n

{l}:AogAIE...gAt:A

— f-uentpatbubiii psp rpynnsi A. Iyere C;=C,(A;/A;_,),
D=C,n...nC Torna A/D—a6eneBa rpynna. Jlerko BH-
zets, wro D= C,(A;ND/A;_,n D). 3uaunr, {1}=A4,nD=
=A,nD=...= A;ND=D—nentpanbnwii pax rpynnst D,
T. €. 3Ta TPylNa HHJbNOTEHTHA. TakKuM 06Gpa3oM, KOMMYTAHT
rpynnbl A HHJIBIOTEHTEH. v

O6patno, mycTs koMMyTaut A’ rpynnsl A HHJBUOTEHTEH.
Tak kak useHH BepXHEro HEHTPAJbLHOro psAja

{h=A, A =..cA4,=A"
rpynnel A’ xapaxrepuctaudel B A’, To, O4eBHAHO,
{l}=4,=4,=..=s4,=A4

€CTb f-LeHTpaNbHBIN psif rpynnel A.

2.25. YUto6H paccMOTpeTh elle ABa NpHMepa JOKaJibHBIX
dopmanuit, onpenesHM NOHSITHS N-HUJILIOTEHTHHIX M JN-pas-
PeLIHMBIX MYJbTHKOJIEL.

Ins moboro Kjaacca MyJbTHKOJEN §§ uepe3 T () oGo3Ha-
UM KJIacC BCEX MHHHMAJbHBIX MYJbTHKOJIEN, $SiBJSIOMHXCS
(axTopamMu MyJbTHKOJEL U3 &F. -

[TycTs m—npousBosibHAsA HemycTasi COBOKYITHOCTh MHHH-
MaJIbHbIX MyJAbTHKOJeH, N —wupeas mynptaxkoasua A. Byxem
roBopuTh, uTo udear N m-paspewsum (ni-nursnomenmen) s A,
ecain B A HalipyTcs Takue uaeanst {0} =N, = N, =... N =N,
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yro aas moSoro i €{1,...,t} ¢ yenosuem nN TN /N;_)#=S
cnpaBegauBo BKmoueHne N; = C,(N/N;_,) (COOTBETCTBEHHO
cnpaBeaauBo Bkmouerne N = C 4 (N /N ;_,)). Bbynem roBopurs,
9TO MYAbMuUKOALY0 A  T-paspettumo (T-HUNBROMERMHO), €CIH
n-paspemumMo B A (COOTBETCTBEHHO IN-HHJBIOTEHTHO B . A)
camo A.

B mocienyioomux npumepax X — HeKoTOpasi Hemycras
HacJeAcTBeHHas (opManus MyJbTHKOJEL, YAOBJETBOPIO-
IMX YCJOBHAM MHHMMAaJbHOCTH H MAaKCHMaJIbHOCTH JJIsl MOJ.
anrelp.

2.26. Tlycte m—HekoTOpbIil aGCTPAKTHBIA KJacC MHHH®
MaJbHBX MyJbTHKoJeH u3 X; & — KJacc BceX f-PasperinMblX
myJabTHKojien u3 X. Beuay aemm 2.5 u 2.6, F —dopmanus.
[Iycrs f—Takoii Jokanbumii X-3kpan, uro [(A)=¢, ecan
A€n, u f(A)=X npu A€t (X)\ n. [lokaxem, uto §F =<f>-
Bkmouenue § = <f> ouesmano. [lycte A€ <f>. Ilpepmosno-
KHM, uTOo A nMeeT XxoTa 6Bl ONHH TaKOH TJaBHBIH (akTop
H/K, wto ant(H/K)* &, u nyers HyK,, ..., HyK;—
Bce (PAKTOPBI HEKOTOPOTO TJIABHOTO psifia A, obJajaiolye TeM
xe ceoiictsoM. Tornaecau D=C, N ... N Cy, tae C,=C ,(H /K ),
10 A/D—mn-paspemnmo. [lycrs R/K —Takoit A-riaBHbii $ak-
top, uto R=D u t(R/K)Nn= . Beuny nemmb 2.5
naiifierca Takoe r€{l,..., ¢}, uro dakropst R/K u H./K,
npoextuBHel. Torga mno Jemme 2.8 C,=C4(R/K), T. e.
R = C,(R/K). Takum ob6pasom, ugean D m-paspemm B A.
3naunt, myabtHkoabio A m-paspemmmo. Hrtak, & =<f>—
TOTaJIbHO JIOKajbHasi B X Qopmanus, [-—ee TOTaJbHO JO-
KaJbHbI X-3KpaH.

2.27. TlycTb T— NIPOH3BOJIbHBI HENYCTOH aGCTPAaKTHBIMA
KJiacc MMHEMAJABHBIX MyJdbTHKosen u3 X, f—Tako# Jokasb-
Helit 3KpaH, 4T0 f(A)—cdopmanys HyJeBbIX MYJBTHKGI/EL,
ectn A€n, u [(A)=X maa Bcex A€ (XN [lokaxkem,
yro <fy—KJacc BCEX T-HUJIBNOTEHTHHIX MyJbTHKOJeN K3 X.
Iycrs A€<f>, H/K—raaBunit dakrop My/brHKOIbLa A.
Toraa A/C 4 (H/K) € f (H/K). CnenoBatenbHo, eciu @ =1(H/K) N
Nn== g, 10 C,(H/K)=A. 3nauur, A R-HHUJIBNOTEHTHO.
C nmpyrofi cTOPOHHL, €ciH A — -HUJABNOTEHTHOE MYJIBTHKOBIO
u3s X, To A€<f>. Takum obpasoM, KJIacc BCEX I-HUJIBMO-
TEHTHBIX MYJbTHROJEN H3 X-—TOTaJbHO JOKajlbHaA (opma-
LHsl U f-—ee TOTAJIbHO JIOKAJbHBI X-3KpaH.

2.28. Byzem rosoputb, uto upeana N MyJabTHKOJbua A
paspewium (Husvnomenmen) B A, eciu OH T-paspemuMm (co-
OTBeTCTBEHHO fn-HuJbnotenten) B A u t(N)=n. Mysabtu-
Konblo A HasoBeM paspewsumbim (HULONOMEHMHOIM), €CIH
pa3pelnMo (COOTBETCTBEHHO HUJIBIOTEHTHO) B A camo A.
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2.29. Tlyctb ©-—Knace Bcex paspelHMBHIX MYJbTHKOJEN,
Bxolamux B X. Beumy n. 2.26 &—rtoranpbHo JOKaAbHadA
B X ¢opMalis U OHAa HMeeT TakoH TOTa/JbHO JOKaJbHHA
X-3kpaH f, uro f(A)=& paa moGoro A €7 (X).

2.30. ITycrs I — Kiace Bcex HUMBNOTEHTHRIX MYJBTHKOJEN
3 X. Beugy n. 2.27 RN =<f>, rae f—muynesoit X-3KpaH.

2.31. [as Bcsko#i COBOKYNHOCTH MHHHMAJbHBIX MYJIBTH-
KOJIel| Tt K JioBoro KJacca MyJbTHKOJeH §) uepes y OyneM
00603HayaTh COBOKYMHOCTb BCeX TaKHX MyJbTHKojen A, 4To
t(A)=snu AeH.

[Tycte m— npousBoabHEI HenycTofi a6CTpaKTHBIM Kjace
MHHHMaJbHBIX MyJbTHKOJEN U3 X H f—TaKoil JOKanbHbIH
X-okpad, uro f(A)=2%,, ean A€mn, u f(A)=¢, eciu
A €v(X)\ . HenocpexncrBenHasi npoBepKka NMOKa3bBaeT, 4TO
f>=2%, Takum oOpasoM, X;—TOTaJbHO JOKalbHAsfA B X
¢dopmanus, f—ee ToTaNbHO JIOKAJBLHBIH 3KpaH.

Tak xak Np=X;NN 1 €;=X;N S, TO BBHAY JIEMMH
2.16 dopmauuu N, u S, TakxKe TOTANbHO JOKAJbHH B X.

2.32. Ilyctb Teneps §—npousBosibHAsi HenycTas Hacjex-
cTBeHHas (OpMalUsl MYJBTHKOJEN ¢ KOMIO3HIHOHHRIMH psi-
namu. Heny/ieBoe MysbTHKOABLUO A H3 §) HA30BEM npocmsiM,
ec/lH OHO He HMeer Hjeanos, orinunbix ot {0} u A. Ilycrs
N —TIPOH3BOJIbHBIA HemycToll aGeTpakTHBIM KJace HPOCTHIX
MYJBTHKOJIENl H3 &), $(x)— COBOKYMHOCTb BCEX TE€X MYJbTH-
KoJIell U3 &), YbH KOMMO3MIMOHHHE (HaKTOPH NPHHALIEKAT .
OGosHauuM uepe3 f TaKOf KOMNOSHIHOHHHHA $)-3KpaH, UTO
f(A) =%, ectu A€xn, u [(A)=¢, ecau A—mnpocroe
MYJbTHKOABLO 43 (H)\ 7. TTokaxeM, uro Hay = <f>. Brio-
yeHHe = <f> ouesmpno. [IpeanonoxuM, uto obparHoe
BKJIOUeHHe <{f> = §n HeBepHO, U nycTh A—MYyJbTHKOJIBLO
H3 <>\ D ¢ HaumeHblied AauHOH TsaBHOro psja. Kaacce

(my» OUEBHJIHO, siBJisieTcs Gopmanueil. 3HauuT, A uMeeT JHIIb
OJlIUH MMHMMAJbHHIA Hjleat, KOTOpHH MEl 0603HauuM yepe3 R.
Tak kak R f-nenrpanen B 4, 1o f(R) %= &. CaefoparelbHo,
KaXIblii KOMNO3HIMOHHKLIA (paKTOp MyJbTHKOJbLA R NMpHHAZ-
JEXKHT T, T. €. R € H(x). C Apyroit croponsl, BBHAY Bhibopa A
umeeM A/R € . Takum obpasoM, A € H(my. [lomyuenHoe
POTHBOpEYHE NOKA3KIBAET, UTO <[> =H(x) . SHAUHT, H(ry = <{f>—
KOMIIO3HIHOHHAsA B & dopmauwsi. :

B 3akdmouenue aToro naparpaga oTMETHM, 4TO Be3JiE B Aa/Ib-
HefimleM B cJydae, Koria kaace X KakuMm-jiuGo o6pa3om 3a-
¢dukcuposaH, X-5kpaH Mbl GyJeM Has3kIBATb NPOCTO IKPAHOM,
a crynenuatie B X dopmauun GyAeM HashBaTb CMYyneH4a-

moimu opmayusmu ¥ T. A., T. €. B 3ToM caydae X Oyner
ONYyCKAaThCA.
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§ 3. Mopoxnenusie dopmaunu

O6mue naGmonmenus. 3.1. [Ina npou3BOJLHON COBOKYI-
HocTH ajrebpanueckux cucreM X cumsosoM HX o6osmaumm
KJacC BceX roMoMopdHBIX 006pa3oB X-cHcTeM, a CHMBOJIOM
R,X—xkJaacc Bcex M30MOpGHBIX KONHH KOHEYHHIX NOAMEKap-
TOBBIX Npou3BefeHHH X-cHCTEM.

IMyctes form X-—coBokynHoCTh Bcex Tex aJreGpaHuecKHx
CHCTEM, KOTOPHIE MOXHO IOJIYYHThL H3 CHCTeM kJacca X B pe-
3yJbTaTe KOHEYHOTO 4HCJsa mpuMeneHuit omepamuit H u R,,
1. e. formX = IEJI,-, rie X, =HXURX u mis Bcsakoro Ha-

typaisHoro n>1 X, ,=HX,_ ,URX,_,. Ilonarno, urto
form X —Hanmenbmias (mo BkJ/OYeHHIO) dopMalus, colepxa-
mass kaacc X. Takywo dopMauuio HaswBaOT ¢opmayuei,
nopoxcdennol cosoKynHocmeto arzebpauteckux cucmem X.

Hanomuum, uro kJacc anireGpanueckux cucreM X Hasbl-
BAIOT abCMpaKmubim, €CH OH co BCAKOH cBoelt cucremoit H
COepKUT H Bce ee H3oMopdHele ob6pasel. B pajpHelimem
cumBosioM (X) Gynem ofosHayaTb aGCTPAKTHOE 3aMBIKaHHE
kjgacca X, T. e. HaHMEHbUWHH (IO BKJIOYEHHIO) aGCTPAKTHHIMA
KJIacC, BKJIOYAIOUIUi B ce6s COBOKYIHOCTb X.

3.2. JTemma. Jaa amoboik cosoxynHocmu aneebpaudecKux
cucmem X umeem mecmo :

form X =HR, (X).

HokaszarenbctBo. [Ipu X = yrBepkaeHue JeMMbl
oueBugHo. Ilycte X == . Slcno, uto X = HR, (¥X) = form X.
CnenosatesbHO, U1l JOKA3aTENLCTBA JIEMMBI ROCTaTOYHO yCTa-
HoBuTh Jumb, uto HR, (X)—c¢opmauus. Ilonsrtro, urto
HHR, (¥) = HR, (X), t. e. xiacc HR, (¥) 3aMkHyT oOTHOCH-
TeJbHO B3ATHA TroMomopdHbIXx 06pasoB. 3HA4YHT, OCTaercs
nokasats, uto R HR,(X) = HR,(¥). Ilycrs M=R, (%),
A € R,HM. Torna uaiinyres takue HM-cucremsr A4, ..., 4,
uTo cHcreMa A sBJsETCS MX MOJMMEKAapTOBLIM TPOH3BEACHHEM.
C npyro#t croponsl, no onpemenenuio kaacca HI na#myres

takue M-cucreMu By, ..., B,, uro A,—romoMopdHbI#i 06pa3
- cucteMbl B; mpu HekoTopoM romoMopdmusMe ¢, i=1, ..., n.
Orobpaxenue

@: (byy ..., b)— (6T, ..., BE"),

rie b;€B,, 3anaer Ttakofi suumopdusm B;X...XB,—
— Ay X ... X A,, IpH KOTOPOM noJHH nipoobpas B cucremsr A
SIBJISIETCsE NOANEKAPTOBLIM NPOU3BEAEHHEM cucTeM By, ..., B,.
3uauur, BERM u AeHRM CleJloBaTeNIbHO,
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A €HR R, (X)=HR, (X). Urak, R,HR, (X) = HR, (¥X). Jlemma
JOKa3aHa.

Dopmaunio F HazoBeM 00HONOPOINCOeHHOU, €C HaBLeTCs
Takast ajirebpanueckas cucrema A, uro & =7form {A}. Tlpu
3TOM Mbl GyJeM TOBOpPHTh, uTo cucremMa A mopoxuaer ¢op-
Mmaumio . Bmecro sanucu form {A} 6yZeM Hcnojb3oBaTh
Takxe Gosee Kparkyio sanuch form A.

Bynem rosoputs, uto dopmanus P ABAAETCA MAKCUMANb-
Hoti nodgopmayueii Gopmanyu F, ecad McCF U Bcerna us
pkniodennit M= H <= F caenyer, urto H € {M, F}.

3.3. lemma. I[Tyeme §— o00HonoposcOennas Hopmayus.
Tozda ecarkas cobemeennas (m. e. #= &) nodgopmayus gop-
mayuu F codepicumcs 8 Hekomopoth MAKCUMANbHOL noddop-
mayuu u3 §.

JdoxaszareancrtBo. [lo ycaoBuio Hafijerca takas afl-
re6pauueckas cucrema A, uto § =form A. [lycre W-—rmnpo-
u3BoJbHAas cobcreennas noadopmauns QopMmanun §. Muo-
KecTBO A BCex Tex coGcTBeHHbIX noadopmaumii dopmauus g,
KoTophle cofepxkar YN, yacTHYHO YHOPAAOUEHO OTHOIICHHEM
Bratovenust. [ycrs V = {§, | i € I} — npousgoabhas nenb 3 A,
M, = _Ul%}i. Torna M, — dopmanus, cogepxkamas M. [lousarHo

L€

rakxe, uro A ¢ M,. 3naunr, M, € A. Teneps, BBUAY JEMMBI
Hopna, sakimouaem, yto 9N BXOJAHT B HEKOTOPYIO MAaKCHMaJb-
nyio noadopmanuio u3 §. Jlemma Jokasana. ‘

Paxmopom TPOU3BOJILHON anreGpanueckoil cHcTeMbl A
(cp. n. 2.4) nasoBem BcsKylo (akropcucremy H/m, rae H —
noicucrema B A. Bynem rosoputh, uto H/m— cobcmeenHoil
paxmop A, ecau aubo H =% A, aubo w==A,.

AunreGpanueckyio cucteMy A HasoBeM OPMAYUOHHO KpU-
museckoti, ecin A ne npunagiexur GopMaLMM, NOPOXACHHOH
BCEMH TEMH ee cOOCTBEHHBIMH (pakTOpaMH, KOTOpBIE BXORAT
B form A. 3nauenue noHsTHA (POPMAUHOHHO KDPHTHUECKOH CH-
CTeMbl 3aKJIOYEHO B CJAEAYIOUEeH JeMMe.

3.4. Jlemma. Beakas uenycmas Koueunas gopmayus §
nopoxcoaemcs KAAcCOM C80UX  (QOPMAYUOHHO KPUMUYECKUX
eucmen.

IlokaszarteancTBo. [lycth X—Kkaace Beex dopmanue
OHHO KPHTHYECKHX F-cucreM. [Ipeanonoxum, uto & == form X.
BuiGepem B F\form X aareGpauueckyio cucremy A ¢ Hau-
MeHDBIIMM BO3MOXHBIM YHCJAOM 3JeMeHToB. Toraa Bce coOCT-
BeHHBIE (JAKTOpH 3TOH cHcTeMbl, BXojsiue B form A, npu-
uapiexar dopmaimu form X, o A ¢ form X. 3uaunr, cucremMa A
dopmanuonso KputHuHa, T.e. A € X. TlporuBopeune. Crego-
BartesnHo, % = formX. Jlemma nokasana.

26



CnencrBue. Beakas ¢opmaytis ¢ KOHE4HOIM HUCAOM
HEUSOMOPPHOLX  POPMAUUORHO KpumudecKux cucmem 0OHONO-
podicdena.

[Tyctb X— npousBoJibHEIE Kaace aireSpaHyecKuX CHCTEM.
O6o3naunm yepes DX kiacc Bcex H30MOPGHEIX KONUH KOHeY-
HBIX (T. €. C KOHEYHBIM YHCJOM COMHOXHTeNelH) JeKapTOBHIX
npousseliennit X-cucrem, a yepes SX —Kiace BCeX NOJICHCTEM
X-cucrem.

[lycte sform X -—coBOKynHOCTb BceX TeX adreGpaHuyecKHx
CHCTEM, KOTOPHIE MOXKHO NOJYYHTH M3 cHcTeM KJacca X B pe-
3y/bTaTe€ KOHEYHOro yHcJa npumeHeHuil omepauuit S, D u H,
1. e, sformX = 936,., rae X;,=SX yHXyDX u gaa mo6oro

HatypaibHoro n>1 X,=SX,_,UHX,_,uDX,_,. Kaacc
sform X saBnsercsi HauMeHbliell (N0 BKJIOYEHHIO) HACJEACT-
BEHHOH (opmalyed cpefiu Hac/eJcTBeHHbX ¢opmauuii, cofep-
xawux X. Takyo GopMaiuio HasHBAOT Hacedcmeennoil gop-
mayued, nopoxOeHHOU COBOKYNHOCMBIO aA2e6pauYecKuUx cu-
cmem X.

3.5. Jlemma. [an aw06oi cosokynnocmu arcebpaudeckux
cucmem X umeem mecmo

sform X = HSD (X).
Ecau ace X—kaacc areebp, mo
sform X = HR,S (X).

Hokasatenncrtso. [leppoe yTBepxieHHe JeMMBl JO-
Ka3blBAaeTCsl TOYHO TaK K€, KaK H TeopeMma 2 § 13 kuuru [50].
YcraHoBHM CrpaBeIHBOCTh BTOpOro yTBepkiaeHHs. Ilycrs
X,=5(X), X,=RX, u A€X, Torpa A—noanekapToBo
npou3sBeJleHHe HeKoTophiX X,-anrebp H,, ..., H,. [lycte H=
=H,;X...XH, n n,—npoekruposauue anrebpet H Ha H,.
OGo3nauum yepes @; SAEPHYIO KOHTPYSHLHIO, OTBEYAIOLIYIO
romomopgusmy n;. Ilyers D— npousBoabHasi nopanireGpa aJ-
re6pet Au g, =D*N¢; i=1, ..., n Tak kak Djp;~ ¢;D/p;
v ¢;D/@; —nopanrebpa anre6pul, uzomopduoi H;, ro D/, € X;.
Anre6pa D/, N ... Ny, u3oMOpdHA TOLAEKAPTOBY IPOH3BE-
peruio aarebp Djp,, ..., Dnp, (em. § 7 ra. I1 xuuru [41]).
Ipusrom y, N ... N P,—HyJeBas koHrpysHIMs Ha D. 3HauuT,
D~Dip,n...NY, €RXE,. Takum obpazom SX,= X%, Hs
NOC/IE/iHErO JIETKO BhiTeKaeT, yto SHX, = HX,. Cnenopatesibho,
knace HR,S (X) nacnepcteenen. Beuay Jemmel 3.2 310T Kjace
apaserca ¢opmaumedi. Hrak, HR,S (¥)—mnacaencrsennas
(opmanus, comepxamas kaacc X. Ho Besikast HacslelicTBeHHas
bopmanus, conepxkamas kiaacc X, BrJwouaer B cebs # Kjacc
HR,S (X). 3uaunr, sformX =HR,S(¥). Jlemma mokasana.
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Caencreue. Ecau X — nexomopoui nacredcmeennoil Kaacc
aazebp, mo :

form X = sform X.

3.6. Ilycts X —nponssospHas QopMaius anre6pandecKux
cacreM, H &= X. Uepes @z o0603HauuM Kaacc BeeX TAKHX
X-cucrem A, uro A/QE€S nns HexoTopoll (PpaTTHHHEBOH
KOHTPY3SHLHH ¢ anreGpauueckoil cucremsl A.

[lycre forme (9, X)—coBokynHocTh Beex Tex adreGpan-
YECKHX CHCTEM, KOTOpbi€é MOTYT ObiThb IMOJYYEHHI H3 CHCTEM
Knacca § B pesyJbTaTe KOHEUHOTO YHMCJa NPHMEHEHHH ome-
pauui H, R, u @y, 1. e. forme (9, X)= l;J.Si,., rae 9, =

=HQ U R,H U DPH u ans Bcsikoro HaTypasibHOro yhcaa n > 1
9, =HH, ;URD,_UD:zH,_,. Ouesnano, kaacc forme (H,
X)—Hachimennas B X ¢opmauus, npuueMm 3ta opMmauus
SIBJISIETCSl HaHMeHbIUeH (10 BKJIOUEHHIO) CPEIH HACHIIEHHbIX
B X Qopmanuil, colepxalux COBOKYNHOCTb anreSpauyeckux
cucreM §. Dopmaumio forme (9, X) HasoBeM wuacouyennod
e X dopmayued, noposxcdennotl xraccom $.

lopoxpaennbie nopdopMaluH MAJLUEBCKHX MHOrooGpasHii.
3.7. MHoroo6pasue Ha3bIBAETCS MAAbYCECKUM, €CIIH OHO CO-
CTOHT W3 aJre6p, B KOTODHIX BCe KOHTPYSHIHH INe€pecTaHo-
BOUHEL. 3aHKCHDYeM HEKOTOpPOE MaJjbleBCKOe MHOrooGpa-
- sue M. Bce paccmarpuBaembie B IaHHOM MYHKTE aJreOphl
NpeAnoJaraloTcs BXOASIIMMH B 370 MHOTO0OOpasue. Kak naBecTHO
(cM. Hanpumep, [50], [41]), ecim A €M, To npoussesenne
JOObIX ABYX KOHTPYSHUHH ajireGpel A cOBmajaer ¢ KOHIPY-
3HIHeH, MMM nopoxjeHHod. U3 sroro, B uyacTHOCTH, BhITe-
KaeT, YTO pelleTKa KOHTPYysHUu# anreGpbl A MOAyJsipHa (CM.
[41]). Tocnennee 06CTOATENBCTBO O3BOMHT NPH PACCMOTPEHHH
anreGp MHoroo6pasusi M HCIOJB30BaTh HEKOTOPHE H3BECTHHIE
CBOHCTBA MOAYJISIPHBIX peinerToK. Mul GyZieM B J0Ka3aTeNbCTBaX
ONHPATbCsi HAa TAKHE CBOHCTBA, KaK NPaBHJO, HE OroBapHBas
sroro siBHO. Llenpio nyHkTa siBasierca KanbHefilmee H3yyeHHe
oneparopa form.

3.8. Ilycts A: X — N—rakoe orobpaxeHne Knacca ajare6p
X B MHOXECTBO HAaTYpPAJbHBIX 4YHCEJ, TPH KOTOPOM BHINOJ-
HEHH CJIEAYIOIHEe YCJIOBHS:

1) ecin A ~ B, 10 A(A)=A(B);

2) ecain A € H (B)\(B), 10 A(A) < A(B).
Ilycte A € form X. Ilo nemme 3.2 natiayres takue X-aareGphl
Ay, ..., A, uto

A~Hin, HeD=A,X...XA, (1)
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rie H-—noxnekapToBo npoussesenne B D, it— KOHIpysHIHUsA
Ha H. Bes morepu o6LHOCTH MOXHO CYHTaTh, uyTo A(A,) =
=AA,)>...>=M(4,) B obwem ciyuae aarebpa A moxer
HMeTb HeCcKoJbKo mnpefxcrasienuit Bufia (1). Ilpencrasnenue
suna (1) nasoBeM A-munumaronoim Jisa A B form X, ecau
cooTBercTByomasi eMy ctpoka (A(Ay), ..., AM(A,)) asasercs
JIEKCHKOrpaHuecKH HauMeHblIeH BO3MOXHOH (HalOMHHM, YTO
NpH JeKcHKorpaguueckoM ynopsiloueHHH OfHA CTPOKA npen-
IIeCTBYeT APYroH, ecjqu ee uJeH, NepBbifi CPENH OTJHYHBIX
OT COOTBETCTBYIOUIUX YJEHOB APYrOH CTPOKH, MEHbIle u/ieHa
ApPYTOHl CTPOKH, CTOSINETO Ha TOM JKE€ MECTE).

3.9. HenyneByio KOHrpysHuHMiO 7t Ha ajre6pe A Has0BeM
MUHUMAABHOL, €CIH BCETAa M3 BKJIOUEHHS @ = 7, Tle @ 5= A,
caepyer, uro @=gmn. Ecau anreGpa A obnajaer MHHHMAJb-
HBIMH KOHI'DYSHUHMAMH, TO KOHI'DY3HIHUIO, NOPOKAEHHYIO BCEMH
TAKUMH €€ KOHTPYSHIHMSIMH, HA30BeM YOKOAbHOU H 0603HA-
yuM yepes soc (4).

Heonnosnementnylo anre6py A HazoBeM moHOAumuueckod,
€CJIH MepeceyeHHe BCEX ee HeHYJ/IeBHX KOHTPYSHIMA—HEeHY-
JieBasi KOHTPY3HILHS.

3.10. JTemma. ITycmo sy, Pyy oo oy Tpy Ppy Tpigy + v vs Tp—
KoHepysnyuu Ha aseebpe A (1 =2, r<t), npudesm 6biNOAHA-
romcs credyougue yeaosus: 1) N ... Na;=A47; 2) ecau i€
€{l1,...,r}, mo akmopaszebpa A/n; mororumuuna u p;/n;—
ee yokoavras Konepysnyus. Toeda ecau npu scaxomi €{l1, ..., r}
umeem mecmo P; No; = A, ede a;=m, N ... NG N T N ...
... N T4, - MO :

(@ NPy). . (e, NP)=P, N ... NP, NT N e N

HoxasareascrtBo. Ilyers i€{l, ..., r}. Toraa no-
CKOMBKY W;Na;5=A u ;Noy;=A, 10 P;Na;gn;. Ho
(P Ne) ny/n; = y/n;. 3naunt, (Y;Ne;)n; =1, Takum, o6-
pasom,

@ nNy)...(@ NYP)=

=(3T2n nntnlpl)(azn\pa)'-'(arn¢r)=

= (@, NY) NN ... n“tnlpx)(asn‘l’s)---(“rn"pr):

= (TN ... N7 NP NP,) (@ NPs). - (@ NP,) =

(@ NPg) e N, N .o Nt NPy NPy) (@ NPy - - (2, N,) =
e =T e NP0 e NP,

il

Jlemma nokaszana. .
3.11. Teopema. ITycmo X— maxas noayopmayus, 4mo
cywecmeyem omobpancenue A: X — N, ydosremeopaowee ye-
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rosusn 1), 2) onpedenetius 3.8. Toeda ecan A¢EX u

Ax~Hin, H=D=A4;X..: XA, 1)
— A-munumanvroe npedcmasrenue 0ia A ¢ form X, mo az-
eebpa H o6aadaem makumu KoHepysHyuamu P, Ty, ..., T,
Py - P, (B=2), umo cnpasedausor caedyroujue ymeepi-

Oenua: 1) Y/n—uyokosenan kowepysnyua Him, 2) mN...
... Nm,=A; 3) H/n;— monorumuueckas X-arzebpa ¢ 4yoKOAb-
Hoil kouepysryued P/m;; 4) ;=m0 ... N NP, N7 N
N ... N, —munumarenas Konepysuyus H, npuvem o, ¢ m u
o7 =0; 5) YN ... NP, =Y.

HdoxkasatenbctBo. [lycrs m;,—sjepHas KOHrpysHIHUs,
coorBeTcTBYIOIas npoekTHpoBanuto f — A ;. Toraa, oueBuaHo,
mN... N, =A 1 n>=2. Ilpeanonoxum, 4to M1 HEKOTO-
poro i€{l, ..., n} aire6pa A; He MoHoautHyHa. Toraa A;
objajaer JBYMs TAKHMH HETPHBHAJIHHBIMH KOHTPY3HIHAMH T
H @, uto nN$=A. CnenoBarenvno, A; usomopdHa MNOANE-
KapToBY IpousBelennio (akropanrebp A;/n u A,/¢, a H uso-
MopdHa MOANEKAPTOBY IpOM3BeAeHHIO aarebp A, ..., A;_ 1,
An, Ao, A;iy, ..., A, Tockossry A(A;/n) <A(A;) m
A(A;/¢) < A(A,), TO nocnesHee npOTHBOPEUHT MEHHUMAJIbHOCTH
npeacrariaenus (1). 3uaunur, nas Besikoro € {1, ..., n} dak-
TopaJrebpa H/n; MOHOJHTHYHA. ]

ITycTs ;—TaKas KOHrpysHuus Ha ajarebpe H, 4to P,/mn;—
IOKOJIbHASL KOHIpy3uUus Ha H/n;. Ecau

;=0 ... NG NP N N .. NI, =A,

to H wuszomopdHa mNOAKEKAPTOBOMY TNPOH3BENECHHIO anredp
Ay, ooy Ajyy Hipy Apyy, .o, A, Ho M(HM) <A (A4), n
Mbl TNIPHXOAHM K TPOTHBOPEYHIO C ONpeleseHHeM MpeJCcTaBJe-
nusa (1). CremoBarenbho, a@;= A. Ilonsitio, uto ;N 7;=A
M UTO o;71,/7,— HeHyJieBasi KOHTPY3HLHSA Ha ¢akropairebpe
H/m;, BXonawas B V,;/n;. 3HA4HT, NOCKOJBKY 1P;/f;—MHHH-
MaslpHasi KOHTDysHuust Ha H/m;, 1O /n;=om,/n;. [losromy
;= a;; § &;—MHHUMAJbHAs KOHTPY3HIHs Ha aare6pe H.
[Tpenmonoxum, uro nasi wekoroporo i€ {l, ..., n} wumeer
MecTo a; < n. [lockosbKy

Ty /oty N o N T gfo N0 Nty Jo ) ... NRja=

=50 ... 0% _ NP; N7, N .. AT, /e,
— HyJieBas KOHIPY3Husa dakropanrebpu Hja;, 10 H/jot; u3o-
MopdHa nojanekapTOBy NpoH3BeAeHHI0 anrebp (H/a)/(w,/a;), ...
o (Hio) (o), (Hija)/(i/a),  (Hie) /(G 44/a5),
wo oy (Hja(my/e). Tlpu atom

A ~ Hin ~ (Hja;)/(w/e)),
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U Mbl CHOBA MNPHXOIHM K IPOTHBOPEUYHIO C YCJIOBHEM TEOPEMBIL.
Hrax, ana sesaxoro i€ {1, ..., n} cnpaseniuso, 410 ;L =.
Ho o;—MuHMMa/ibHAast KOHrpysHuusi Ha asireGpe . 3HauHr,
nNa;=A, H H03TOMY TO;/7—MHHHMaNbHAs KOHTPY3HIMSA Ha
¢dakropanrebpe H/m.

[Tyctb Tenepp {—Takasi KOHrpy3HUHUs Ha ajnre6pe H, 4to
/7 — LOKOJIbHAsT KOHTpY3HLus Ha (akTtopanrebpe H/n. Toraa
T,/ < /e, M nostoMy o; = P. CreoparennpHO, BBULY JEMMBI
3.10 umeem ¢y, N ... NY,=0,...a, = p. TeopeMa HOKasaHa.

Byjem rosoputb, uto aseebSpa A yoosiemsopsem YcA08UIO
MURUMOAGHOCIU  (MAKCUMAABHOCMU) OASL KOHepYsHyui, ecyu
BCAKast CTPOro yGhiBawilasi (COOTBETCTBEHHO BO3pACTaIOIAs)
Iefb KOHTPYSHUHHA Ha aireOpe A oOpriBaercd Iocje KOHeu-
HOTO YHCJa LIaros.

3.12. Jlemma. Kaacc & ecex aacebp ¢ ycaosuem MuHu-
MAnbHOCIU  (MAKCUMAALHOCMU) OAsl KOH2PYIHUUIL A6ASCMCS
gopmayued.

HokasateabctBo. IlousarHo, uro ecau anrebpa A
VIOBJETBOPSET YCJIOBHIO MHHUMAJILHOCTH (MAaKCHMAJbHOCTH)
I KOHIPY3HIMH, TO 3TUM Ke CBOHCTBOM of/1ajaer H BCsiKas
ee dagropaarebpa. 3uauur, KJjacc §— noaydopmanys.

Ilycte anre6pa A umeer TakHe KOHIPYIHIHH ; H I,
uTo T, N7, =Au A/n;—anrebpa ¢ ycIoBHEM MHHHUMAJILHOCTH
st KourpysHuu#t, i =1, 2. Ilpeanosoxum, yto A obiaasnaer
GeckoHeuroil cTporo yObBalolleHl Lenslo KOHTPY3HIHH

¢,09,D...2¢9,D... )

[Tycts I, —MHOXKeCTBO TakMX HHuekcoB i menH (1), uto @, =
=; .17, I,=N\I,. Ilpennosoxum, uro I,—O6eckoHeuHOE
MHOKECTBO. 3aMETHM, UTO €CJAH @I, = Q; 417y, TO @;=¢;
N Q417 = P; 41 (9; N T,). 3HauuT, @, N7, 7=, Nx,. Cieno-
BaTeNbHO, (@, N 7} 7, 5= (@, N ;) n,. Takum ob6pasom, B pac-
cMaTpuBaeMoM ciyuae akropaarebpa A/m, obnanaer Gecko-
HEYHOH CTpOro yOhBalOLIell LeNbl0 KOHIPYIHIUH

(9;, N7y 7./, D(@; N I,) /7, D . ..
(i i, ... €1).
TonyuerHoe npoTHBOpeune NOKasbiBaeT, 4TO [, — KOHEUHOE
MHOKeCTBO. 3HauuT, OeckoHeyHo -MHOxectBo /,. Ho rorna

daxropanre6pa A/m, o6ianaer GecKOHEyHOH cTporo yObBaio-
el menblo KOHTPYIHUMHA

0Q; [T D Q; /7D ... (iy, iy ... €1).

CuoBa NIPUXOJIHM K HNPOTHBOpEnHIo. Hrak, ocraercs 3akJo-
9UTh, UYTO A VIOBJIETBOPSIET YCJOBHIO MHWHHMAJABHOCTH A4
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KOHrpysHuuii. Ananoruyso y6exaaemcs, uto A yAOBJETBO-
psieT YCJIOBHIO MAaKCUMAaJILHOCTH AJI5l KOHTPY3HIUH, ecId 3TOMY
YC/IOBHIO YAOBJIETBOPSIOT obe (aktopairebper A/m, u A/m,.
3nauutr, RF=F, T. e raacc F—dopmanus. Jlemma I0-
Ka3aHa.

Canencreue. Ecau ecakan areebpa us X yoosre meopaem
YCAOBUIO MURUMAALHOCTU (MAKCUMAALHOCML) OAf KOHZPYIH
yuil, mo mem dce ceolicmeom obradaem u 6caxas arzebpa u3
form X.

Kourpysumuio n Ha anrebpe A Ha3oBeM 6noaHe pasroxcu-
MOLl, ec/iu JJisl BCAKOR ee KOHI'DYSHIMH ¢ TAKOH, 4uT0 @ =T,
Ha A Hallercss KOHIPYSHUHS VP, YIOBJETBOpSIOMas YCJO-
Busim: 1) ep=m; 2) pNPp=A. '

3.13. Jlemma. Ilycme w:-—anoane pasrofcumas Koxepy-
snyus areebper A u @—maras KoHepysuyus A, wmo @ = .
Toz0a © maxsce 8NOAHE PAZAOHCUMA.

JdoxasatennctBo. [Iycrs P—Takas KOHTPY3HIHUS HA
anrebpe A, uro P =¢. [To ycaoBuio A ob6nafmaer KoOHIpy-
SHUMEH o, YAOBJIeTBOpstomel yeaoBusaMm: 1) pNa=A; 2) pa=m.
CrenoBarenbHO, BBHIY PABEHCTB

(Pna)p=apNe=¢Nn=0

(ene)nv=9n{@nP)=¢nA=A

KOHTPYSHIHS ¢ BrojHe pasjoxuma. Jlemma nokasaHa.

3.14. Jlemma. Henynesan ronepysnyusa n anzebpor A
mo2da u moabko mo20a 6noAHe PA3I0NCUMA, KO20Q OHA N0 PoXC-
daemcs HEKOMOPbIM MHONCECMBOM MUNUMANLHOLX KOH2PYIHYUL
anreebpor A.

HokasarteancTBo. Jdocrarounocrs. Ilycts @ = m, rae
@—KoHrpysHnHs Ha anrebpe A. OfosHauum depes A muo-
3EeCTBO BCEX TAKMX KOHTPYSHIMA o Ha ajrebpe A, uroa = x
nanNe=A. Ilycts {a;€A|i€]} ectb Uems, T. e &; Sy,
aubo o, <o, mis moobix i, j€l. Ilycth o-—oObefHHEeHHE
stofi menu. IToHATHO, YTO G — KOHTPY3HIHsI Ha airebpe A,
a=mn u an@=A. CregoparenpHo, BBuay Jemmn Llopra A
HMEeeT MaKCHMAJbHLIH sjement . [lpeanosoxum, 4to ¢ - 7.
Torxa A obaafaer Takofi MUHHHMAaJbLHOA KOHrpysHiueii P, uto
Be=n u epnP=A. Ilycrs (a, b)evpno. B A mnaiinerca
3JeMeHT ¢ Tako#l, uro (a, )€Y u (¢, b) €P. Tak xak mpu
stom (a, D)€@ u (¢, a) €Y, 1o (¢, b) €EppNP. 3nraunt, c=b.
[Tosromy (a, b) €Ny =A. Takum o6pasoM, a==b. Ito Bie-
ver PP N ¢ = A. Ho B ne Bxoaur B . CiieffoBaTelibHo, pPa=m,
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§TO NPOTUBOPEUHT OMpeleseHHI0 KOHrpysHuuu P. Ocraercs
3aKJIOUUTD, UYTO (¢ = It.

Heo6xoaumocts. ITokaxkem, uTo ecian @ —npou3BOJbHAS
HeHyJieBasl KOHTPY3HIMS Ha anarebpe A, BXomsamas B 7, TO
€ COJIEPXHT MHHUMAaJIbHYI0 KOHrpysHuHio Ha A. 3adurcupyem
HEKOTOpPHIH 3JeMeHT (a, b) € P\ A 1 pacCMOTPHUM MHOXKeCTBO A
BCEX TAKMX KOHTPYIHUHH o anreGpul A, KOTOpbE BXOIST B @,
HO He cojepxkar ajaeMeHT (@, b). Beuny aemmst Ilopra A
HMMEeT MaKCHMaJbHBEIR 3/ement y. [To jemme 3.13 anrebpa A
00/1a7aeT TAKOH KOHTPYSHHIHEH y,, UTO @=1vyy, H YN v,=A.
Tak xak y==¢, 10 y; 7= A, [ToxaxeM, uT0 y, —MHHHMAJIbHASA
KOHrpyssnus anarebpel A. Tlpepnosoxum, 4To 370 HE TaK.
Toraa na A moxer GbiTh 3a1aHa Takasi HeHYJIeBasi KOHIDY-
BHIHA ¥,, 4TO Y,C7v;. BBuay saemmer 3.13 MoxHO ykasathb
TAKyl0 KOHTPY3HIHMIO Y, Ha anrebpe A, uto y,=9y,ys H
2N vs=A. Honycrum, uro (@, b) € yy, N yys- Toraa B A uaii-
AYTCsl Takue 3JjeMeHTHl d,, d,, uto (a, d,) €y, (d,, b) €Y,
(a, ds) €y u (d,, b) € ;. CnenoBarennno, (d,, d;) € 7N v,y = A,
T. €. dy=ds. 3naunr, b=d,, u nosromy (a, b) €y. Ilporuso-
peune. Taxum oGpasowm, (a, b)fYYgﬂWs- Tak kak npu 3ToM
HMMEIOT MECTO BKIIUEHHS YCYY, S ¢ H ySYYs S @, TO TO-
cJie/iHee NMPUBOJUT K NPOTHBOPEUMIO C OMpeJesieHHeM KOHTPY-
SHIMH Y. 3HauyHT, OCTAETCs 3aKJIOUHTh, YTO Y;— MHHEMA/b-
Hast KOHTPY3HIHS Ha aqarebpe A.

ITyctb Teneps Y — KOHTpy3uUHKA HA A, NOPOKAEHHAS BCEMH
€€ MHHUMAJbHLIMH KOHIPYSHLIUAMH, BXoisuwumu B 1. [Ipen-
nosioxkuM, 410 7 ==1¢P. Ilo ycnoBuio A ofranaer takoil Kou-
rpysHIHed @, uto =P u P} ¢=A. [loHsTHO, uTO P £A,
¥ TI03TOMY, BBHAY JOKa3aHHOrO BhIlle, HEKOTOpast MHHUMAJb-
Hasi KOHrpysHmusi o anrebpol A Bxomut B @. Ho B 10 xe
BpeMst =1, T.e. PN ¢~=A. Iloryuennoe npoTHBOpeyHe
fI0KasblBaeT, 4To P==g. JleMMa Jdokasana.

3.15. Heonuosnementnyio anre6py H nasosem npocmoil,
€CJIM OHAa HE UMEeT KOHTPYSHUHH, OTJIMYHBIX OT TPUBHAJNBHBIX.

3.16. Jlemma. [Tycme H-—noddexapmoso npoussederue
npocmeix areebp Ay, ..., Ay Toeda naidymcs makue an-
eebpor By, ..., B, (r<t),umo H=B,X...XB, u dia ao-
6oco i€{l, ..., r} ancebpa B; usomoppra 000t us areebp

1y « v ey i

Hoxasareabcto. [lycrs m;,— sifiepHas KOHTPY3HIHUS,
oTBevaromasi npoekrtuposanuio [ — A;. Ecau {m,, ..., ;)=
={A}, To H~A,, u nevmma BepHa. B mporuBHOM cayuae
HalAyTCA TaKHE Pa3/IHyHbIe iy, ..., i, €{l, ..., ¢}, arOo7; N ...
o Nm=A 1 m=n; N...N7,_, A B cunry HHIYKUHH
Jemma BepHa st H/m. Ho s m;,=A u BBHAY NpOCTOTH
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dakropanrebpsl  H/m;, umeer wmecro s, =HxXH. 3auur,
H o Hn;, x Hin. CnepoBartenpro, Jemma BepHa U ang H,
JleMMa nokasana.

3.17. Jlemma. Ecau arcebpa A ydosremaopsem ycao6uso
Munumarbrocmu 04s koxepysnyut, mo soc (A)— npouseedenue
KOHEURO20 4UCAQ MURUMANbHELX KOHepYsHYul areebpet A.

Hoxasareascrro. Iycrs m,— MuREManbHAS KOHTPY-
SHUHA Ha aqrebpe A. Ecau m, 54 soc(4), To no nemme 3.14
anre6pa A o6nanaer Takoit KoHrpysHuHed @1, 4TO soc(A)=mn,p,.
[ycrs s,—muHuMaBbHAS KOHIpY3HIMS anre6pul A, BXoAs-
was B ¢,. Ecan ;, 5%, To BBHAY Nemmbr 3.14 moxHo VKa-
8aTb TAKYI0 KOHTPYSHUMIO @, anreGpul A, uto ¢,=m,p,,
NP, =A u 1. 1. Tak Kak Bo3RHKalOas Npd STOM Memb
P12%, 2. .. sBIAETCH CTPOro y6hiBaKOLIEH, TO BBUAY YCAOBHS
JIEMMBl HaHJeTCAA TaKoe HaTypaJbHOEe 1, uTo T, p1= Qp—MH-
HHMaJlbHast KOHTPY3HUusi anareGpel A u soc (A)=m,..
Jlemma nokasana.

. 3.18. Jlemma. Myeme A=A, x . .. X Ay, ede dra moboezo
ie{l, ..., t} ancebpa A, npocma. Toeda soc(A)=AXxA.

Hoxasareancrro. Iposenem uiaykumio no ¢. Tlpu
t=1 nemma BepHa. [lycrs f>2. O60o3nayum yepes q; anuep-
HYI0 KOHIDYSHIMIO, OTBeyalolylo npoektHpoBanuio A — A4,,
a uepes I;— KOHTPYSHUMIO ¢, N...N¢g;_1Ng;s1N ... Naqg:
Iycre n— npoussoabHas KOHTPY3HUMS Ha aJnarebpe A. Tax
KaK q;N...N¢q=A, To Hafizerca Takoe i€{l, ..., t}, uro
ng q;. ITlockoabky cakropaarebpa A/q;~ A, npocra, To
7q;/q; = A/q; X A/q;. Buauur, ng,— AxA. Tlycts g=mnng,;.
Beuny semmbl 3.16 daktopanrebpa A/m, sisasercs TP SIMBIM
Npou3BeJieHHEeM He Gosee yeM f—] NPOCTBIX COMHOMHTENEH.
3HauHT, O HHAYKIHH SoC (Afm;) = A/mn;x A/n;. Tipusnekas
Tenepn Jemmy 3.14, sakmouaem, uto anrebpa A obaanaer
TaKo# KOHIPYSHIHE 1, uto 51, S, hg=AX A 1 p N gn,=m,.
ITyers %, =% N g;. Toraa y, N ac=n; N q;=A. C apyrofi cToponsl,

Y=Ng)n=PNg)gn=gng)n=gmu=AxA.

Takum o6pasom, xkourpysumus Ax A Broame PasJIoKHMA.
3naunt, no Jsemme 3.14° soc(A)=AXA. Jlemma nokasaHa.
3.19. Psix xourpysuumi

Ty

A=ncmc...ca=AxA )
Ha aire6pe A Gylem Has3LIBaTh 24d6H6M, €CAH JNS JOGOTO
i€{l, ..., {} KOHIpySHUHS /%, , SBASETCS MHHHMAJbHOR

Ha A/m;_,. TIpu stom wHcno ¢ nasoBem daumoii paaa ().
3.20. Pan xourpysuumii

A=mcemc...cny=AxA (2)
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tia airebpe A HasoBeM YOKOAbHbIM, €CNH Ans  Jio6ore
i€{l, ..., t} KOHTpYSHUHUSA /7, _, ABJAAETCS LOKOJbHOH Ha
A/n,_,. Ilpu stom uncio ¢ 6yfeM Haa3biBaTh LOKOJBHOH JJH-
HOH anrebpel A U o6o3Haumm ero uepe3 [ (A). Ycaosumcs
TaKiKe CUHTaTh, UTO LOKO/IbHAA JTHHA OJJHOIEMEHTHBIX aire6p
paBHa HyJIO.

3.2]1. Teopema. Ilycmv n—Hexomopoe yeaoe Heompu-
yameavroe qucao. Kaacc & 6cex mex anrzebp ¢ ycrosuem muru-
MAALHOCTIU OAR KOHEPYSHYULL, YOKOALHAR OAUHA KOMOPLIX He
npesocxodum n, agasemcs opmayued.

JlokaszatenbcTBO. [lokaxkem mpexiae, 4TO BCAKas
anrebpa A u3 § obaajaer IJTaBHBIM PsJOM KOHTPYHLHMH.
[lycTh @ 1 Y—KOHrpYy3HUMH Ha ajarebpe A, npuuem acCP
H P/t =soc (A/n). BBuny ycioBusi MHHHMaJBLHOCTH Hahjercs
TAKOH HaWMEHbWHH (N0 YHCAY 3JeMeHTOB) Habop MHUHHMMaJb-
HbIX KOHIDYSHUMH /7, ..., ¥;/7 Ha A/, 4TO Py/n. . . Py/n=
=/n. Jlerko BuAeTh, yTO AJsi Jiwoboro i€ {l, ..., {} KOH-
IPpYSHUMS (Po/0. . P /T)/(Py/TT. . .Ap;_4/T) ABIAETCA MHHHMAND-
Hol Ha (A/m)/(Ppy/7. . .P;_4/m). 3HAyHT, MHHHMAJbLHOH Ha
Afpy.. . P;_y dABIAAETCA KOHTPYIHLHAS Py. .. Y /P;...P;1-
Takum 06pasom, LOKOJbHLIH Psifi KOHIPY3HUHIT Ha airebpe A
MokeT GbITh VIIOTHEH 0 IJIaBHOTO psijia KOHTPY3HUHMA Ha A.

INokaxem, uro @& -—noaypopmanus. [as 3TOoro BBHAY
npeapaymero absana JOCTaTOYHO YCTaHOBHTb, YTO €CJH aJ-
re6pa A o6Gnafaer I7IaBHEIM PsiJIOM KOHIPYSHLIMH H Q—Tpo-
H3BOJIbHA® ee KOHrpysHuus, to [ (A/9) <[ (A). I10 yTBep*k-
JAeHHe MBIl JIOKa)KeM HHIYKLUHe#l o JMJIHHE TIJIaBHOro psja
KoHrpyanuuii. Ecan ¢=A, To yTBepxkjieHHe cIpaBelJIHBO.
[lyctb @ 5= A 1 n—MHHHMAaJIbHAast KOHTPY3HIMs Ha ajrebpe A,
Bxoasmas B @. Torzaa no unnykuuu [, ((A/%)/(9/n)) =1, (A/p) <
< [ (A/m). CrefoBaTenbHO, OCTaeTCsi MOKAa3aTh, 9To [, (A/7) <<
<, (A). Jlerko Bugets, uro soc (4)/n < soc (A/n), 1 noITOMY,
CHOBa NpPHUBJEKasl HHAYKIHMIO, 3aKJIOUAEM, YTO

L ((A/m)/soc (A[m)) < L5 ((A/m)/(soc (A)/m)) =I5 (Afsoc (A))-

Ho nocnenuee u osnauaer, uro I (A/n) <[, (A). Urak, & —
noaygopmanus. -
ITokaxkem Tenepp HHAYKuHed no n, 4to F— opManus.
Ilpu n =1 a3ro cnpaBesnuBo BBHAY Jemm 3.16 u 3.18 u jpo-
KazaHHoro Bhie. [TycTe Teopema BepHa npu Bcex HarypaJb-
HHX k < n. [Ipeanonoxum, uto X = form §F\F %, 1 nycTb
A€X. ConocraBuM Bcsakol aarebpe A€F unciao A(A),
paBHOe J/IHHE ee IJIaBHOTO psijia KOHIPY3HUMH, H NYCThb

A~Him, He A X... XA,
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— A-MHHHMaJbHO® npejcTaBienue Ansi anre6ps A B form .
Torna no Teopeme 3.11 anre6pa H o6iafaer TakoH CHCTEMOH
KOHTPYSHLIME P, T3, Py, « .., g Py (£ 2=2), YTO BHIIOMHS-
joTcst caeayomue yeaosus: 1) g, N ... N, S; 2) p/n—
LOKOJIbHAsI KOHTPY3HIMSA Ha (akrtopadrebpe H/m; 3) ¥;/m; —
[IOKOJbHAS ~ KOHTpysHums Ha (akropaareGpe H/nie%,
i=1, ...,t Yecnosre 1) oznauaer, yro H/yp € form {HNp,, .. .
..., Hpp}. Y3 3) cnepyer, uto HOKOJbHAs JJIMHA BCAKOH aJ-
re6pe u3 {HAp,, .. ., H/p,} He npesocxomut n— 1. SHauur,
no unaykiun [ (H/1p) <<n—1. Ho

Hp o~ (H/m)/(/m) >~ A/soc (A).

Caenosatennno, [ (A/soc(A))<<n—1, u mnosromy AeR.
[TosiyueHHOE NPOTHBOpEYHE MNOKA3LIBAET, YTO form ¥ = &-
Teopema nokasaHa.

3.92. CaenctBue. [Tycmo kaxdas arcebpa us kaacca X
YO0BAEMBOPSAE, YCA0BUIO MURUMAALHOCHIL OAR KOH2PYIHYULL.
Toeda ecau yoxorvraa Oauna awoGol X-arcebpbi He npesoc-
xo0um n, mo yoxoabras Oauna u ao€od areebpbt u3 form X
He npesocxodum n.

3.23. Caegcreue. [lycms arcebpa A 06aadaem 2aas-
uoin padom kowepysuyuti. Tozda A form (A/soc (A)).

dopMalyH, NOpoXKAeHHble My AbTHKOMbLaMu. 3.24. Tlpexne.
yeM NPOJOIKUTL H3yueHue NOPOKAEHHbIX Gopmauni B KAacce
MYJIbTHKOJIEIl, Mbl YCTAHOBHM HEKOTOPYIO HOBYIO HHGOpMalKIO
0 caMMX MyJbTHKOJbNAX. HanoMHHM, 4To CHrHaTypo# pac-
CMaTpHBA€MBbIX HaMH MYJbTHKOJEL, SBJIAETCA MHOXECTBO
{_I_a T O} U Q.

3.25. Tlycts S/T —HopMmasnbHbll (aKTOp MYJLTHKOJbUA
A, C—raxkoit ngean A, uto C = C4(S/T). O6ozHaynM yepes
S/T » A/C muoxectso {(s47T, a+C)|s€S, a€A}. Ha 3toM
MHOXXECTBE OIPE/IeJIHM OfNepalHio — CJIelyIOuHM 06pasoM:

(SI+T, a, _l' C) +(Sz+Ta az + C) =
=(s;+a,+s,—a,+T, a,+a,+C).
Jlerko npoBepuTh, 4To MHOXecTBO S/T X A/C ¢ BBeieHHOR

onepauueii -+ spJasercs rpynnoii. s BesKo# n-apHoH ore-
pauuu f€ Q2 nosoxum

f((sl""T’ a,+C), ..., (Sn+Tv an+C)):
: =(f(s+ay, - Spt+a)—[(a, e a)+
' +T, fla, ..., a,)+C)
" Hecnoxnasi nposepka nokassiBaer, uto S/T' \ A/C c onpe-

JeJeHHBIMH Bbillle ONEpallHsMH  ABJSAETCS MYJbTHKOJbLOM.
Jlerko noxasarsb, uro {(s+ 7T, C)|s€ S}—nlean B ST~ AJC,
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usoMopduriit  S/T, a {(T, a+C)|a € A}— nonanre6pa, n3o-
Mopduast A/C. Oroxnectsasis S/T u A/C ¢ COOTBETCTBYIO-
My nopanredpamu 8 S/T » A/C, Bugum, uto S/T N A/C={0}
u S/T'»A/C=S8/T+ A/C. O606masi BO3HHKIIYIO CHTYAIHIO,
Gyaem nucatb, uto D= AX B, ecin A—wugnean D, B—rnog-
anrebpa, D=A4+ B #u AnB={0}.

3.26. llyets D=Mx A, R =N » B. Byaem roeoputh, uTO
napel (M, A) wu (N, B) sxeusasenmmuor, ecim CYIIECTBYIOT
TakHe u3omopdusmbl p: M — N u a: A— B, uro BHIOJ-
HSIOTCA C/IEJYIOIHE YCJIOBHA:

1) n1s mobbix me M, a€ A nmeer Mecto

(a+m—a* =a®* 4 m*—a%;

2) ans Beskol omepamuu f€Q, mMoGHIX my, ..., M €M,
ai, -, @y -, A L @il €A HMeer MecTo
f(a%, e eey a}(l), ml, “eay a{, c ey af [03%) mt, a{+1, ey af*('tﬂl,)“=
=f((a)%, ..., (@ta)% mb, ..., @)% ...
o (@ @) mi, (@Y, L (@)Y)-

3.27. Jlemma. ITyemv D=MxA, R=NxB u nape
M, A), (N, B) sxeusarenmnsi. Tozda D ~ R.

HokaszarenbctBo. Jas Besikux meM, a€ A no-
NM0XKHM (m4-a)®*=m"+a* Torma BBHLy 1) paBeHCTBO
(dy+d,)® = d? + dY sbmosnHseTcs as Beex d, d, e D. Ilycto
[—n-apuas  omepauuss us Q, d;=m;--a; rtie m;EM,
a €A, i=1, ..., n Hcnoansyst ycaoBue 2), jerko yo6e-
JHUTBLCS, YTO

fldy, oo, d)°=F(m¥+a2, ..., mt+a%)=f(dY, ...,d9).

Jlemma pokasana.

3.28. Jlemma. Iycms H u K — udeasst mysomuroroya A,
C=C, (H4-K/K)=C ,(H/H N K). Tozda nape. (H + K/K, A/C)
u (HIHN K, A/C) sksusarernmuoL.

Hoxasatenscrsa. Ilyere p h+K —h4+HNK,
h€ H, n o—ToxnecrBennas nepecranoBka Ha A/C. Jlerko
IIDOBEPHUTD, UTO W H G YAOBJETBODPSAIOT ycJoBusM 1), 2) onpe-
Jdenenus 3.26.

HopManbuwiit dakrop H/K myasTukonsua A HaszoBeM
A-abeaeson, ecnn H < C 4 (H/K). Unean N-Myabtirosbiua A
HasoBem A-alesesoim, ecnn A-abenes dartop N/{0}. My.ibTa-
Koaiblo A Has3oBeM abeqesvim, ecau A-abeneso camo A

[lyers H—mnpounssoabnas nopjanrebpa myJasrukosbua A.
Jlerko ybemutbesi, uto A o6najaer TakHM HIEAJIOM, KOTOPBIR
BXOHUT B /1 W KOTOpbIA, B CBOIO Ouepeflb, BKJIOUaeT B cebs
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Besaku#t yaean A, sxopsawuit 8 H. Hna o603Hauenus Takoro
ufeasa Mbl GyieM NpuUMeHsATL cuMBoa H 4.

3.29. Jlemma. Ilycme M -—cobemeennas nodaszebpa
myaomurossya A, H/K-—ezo A-aberes enagrbil gaxmop.
Toeoa ecru K=M u H+-M=A, mo A/M,~HIK »
XA/C 4 (H/K).

HoxasareasbcrBo. Ilycte C=C,(H/K). Jlerko Bu-
Ietb, uto C M—MA CnegoBaTtenbHo, Mockoabky C =
=CNH+M)y=H-+(CnM), 10 C=H+M, 3Haunr,
A/M  =C/IM ;> M/M ,. Tlo nemme 3.28 napbt (H/K AjC)u
(C/M,, A/C) 3KBUBaJEHTHbI, H NO3TOMY BBHUAY Jemmbl 3.27
IOCTaTOYHO YCTAHOBHTH 3KBHBajeHTHocTs nap (C/M,, A/C)

#H (C/M, , M/M,). He rtepsin oGHOCTH, MOKHO IIOJIOXKHTb
M, ={0}. Tlycrs

w: m—=(m, C), meC, n a: ar—>(0, a+-C), ae M.

[IpocThie BHIYHC/IEHHSI TIOKA3bIBAIOT, YTO OTOSPaXKEHHS B H O
YAOBJETBOPSIOT COOTBETCTBEHHO yCi0BuaM 1), 2) onpeneneHun
3.26. Takum obpasom, napsl (C/M,, A/C) u (C/M 4 M/M )
3KBHUBaJeHTHHI. JlemMMma JokasaHa.

3.30. Jlemma. [Tycms m— npou3ssoasHas HeRYcmas cogo-
KYNHOCHb MURUMAAbHbX — myremukosey, K u N-—udeast
myaomuroroya A, npusem K= N. Toeda ecau N m-pas-
pewun (n-ruspnomenmer) 6 A, mo u K mn-paspewum (coom-
8eMICMEEHHO TL-HUABNOMEHMER) 8 A.

HokaszarteabcrBo. Ilyers

[} =N,=N,= ... =N;=N

—Takas wuenkb upeansoB A, uto aas moboro i€ {l, ..., t}
yeaoBue mwt(N/N;_,) =~ Q Breuer N; = C, (N, /Nl 1) (co-
otBetctBenHo N = C A'(N N ;_1))- paCCMOTpHM Takyio ueb

{0} =N,NK=N,nKes...=NnNK=K

njeanos MyJbtHkoabia A. ®akrop N;NK/N;_,NK mnepc-
nexrusen Gakropy (KNN;)+N; ,)/N;_,. 3Hauut, ecau
T(KNN/KNN,_)nNa=*= &, o t(N/N,_)Na+* G, H no-
stomy N; =C, (Ni/N,-_l) (coorBerctBenHo N = C (N /N _,)).
Ho Torna

N:NK=SCya(NnKIN;_,NK)

(coorserctBenno N N K == C ,(N; n K/N;_, N K). 3710 o3naqaer,
4YTO Hiean K J-paspeminM (COOTBETCTBEHHO N-HH/bMNOTEH-
teH) B A. Jlemma pokasana.
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st npoussosnbHbLIX mojanre6p A m B myapruroasua R
yepes <A, B> GynmeMm oGo3HauaTh nopanreGpy, WMH TNOPOXK-
neHHyi0. Byzem rosoputs, uto nogairedpa A myaprukosbna R
nornosHsieMa B R, ecin B R Hafimercsi XxoTsi Obl OfiHa Takas
nonanreépa B (mononnenne ¥k A B R), uto ANB={0} n
<A, B>=R.

Upean N myawtukonsiia A GyneM HashBaTh gparmmunie-
eoim, ecmu <N, H>s=A ans moGolt coGeTBeHHOH mnofal-
re6pst H us A. ,

Unean, nopoxjedHbili BceMH MHHHUMAJbLHBIMH HJeajaMH
MyJbTHKOMIbIA A, HasoBeM yokosem A w obosHaumm Soc (A).

3.31. Jlemma. ITyeme N-—A-aberes udeanr mysvmu-
koavuya A. Toz0a ecau N yCoeremgopaem YCAOBUAM MAKCU-
MArbHOCMU U MUHUMasbHOCcmu 047 nodarzebp, A6ASIOWUXCA
udearamu 8 A, u ecaxuti munumarenoui udean A, exodauiuil
¢ N, nepppammunues, mo N donoinsen 6 A u N = Soc(4).
Ecau, kpome mozo, N— rnauboaswuii A-abeses udear A u
udean C=C ,(N) paspemun ¢ A, mo C=N.

Hokasateasctso. [Tycts uens

{0})=N,cN,c ... cN;=N (N
ueanoB MyabTHKogblla A TakoBa, uto N;/N;_ ;—MHHHMANb-
uoift mpean B A/N;_, nas Besikoro i€{l, ..., t}. Ilepsue

IBa YTBEPXKIEHHS JIeMMbI GyJeM A0Ka3biBaTh HHAYKIHEH 1o ¢.
TMokaxeM npexpge, uro uAeas N, JONOJHAEM B A. Tak xkak
no ycnosmo wupean N, me dpartueneB, 1o B A Hafjercs
Takasi cobcTBeHHast nogjaire6pa K, uto A=N,+ K. Jlerko
uaerb, 4to E=N,NK—unean B A. Ilpu 3TOM OUEBHIHO,
uro K N N, 5= N,. CienoBartesbHoO, IOCKOABKY Ny —MHHHMAJb-
gotit upean A, o KN N, = {0}, 1. e. K—ononieHue K N,s A.

INpeanonoxum Tenepb, uro t>1 n mpean N, , nomor-
useM B A mnonaare6poii R. [lyers D=NNR. Herpyaxo
nokasatb, yto D—wmuauManbHmii Haeaa A. CnefoBaTesbHO,
D o6nanaer ponoanennem F B A. Myers T=RNF. Tloka-
xeM, uto T — fononenve ¥ N B A. 3amerum npexne, 4To

Nt ;+D=N;,;+ (NNR)=Nn(R- N,_)=NnA=N.
3uaunr,
N4T=N;_;+D+(RNF)=N,_,+Rn{D-+F))=

A =N +RNA)=N,,+R=A.
C apyroit cTOpOHHI,
Nn(RnF)=DnF={0}.
DTHM caMbiM 3aBepllieHO JOKa3aTelbCTBO 11epBOro yTBepKae-
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HuS JeMMbl. BTopoe yTBepxkIeHue JeMMBI MO CYLIeCTBY ycTa-
HOBJEHO B XoJle JOKaszaTeJbcrBa mnepBoro. JleAcTBHTENbHO,
no wHayknud N,_,=Soc(4) u N=N,_,+D. 3nauur,
N = Soc (A4).

JlokaxeM Tenepb TpeThe yTBepkAeHue Jemmbl. Ilycrs L —
Jgonosnenve Kk N B A. Toraa

C=CN(N+L)y=N+(CnL)

[Monsitho, yto P=CnL—umean B A. Beuay semmbr 3.30
unean P paspemnm B A. 3naunt, ecan P == {0}, 10 A umeer
takoit A-abeneB wugean T, uro {0}=T <=P. Tak kaK
TNN={0}, To T+ N—A-abeneB ngean A u NcT+N.
IMoayuenHoe npotHsopeune mnokasbiBaer, yto P = {0}, T. e.
N =C. Jlemma aokasaHa.

3.32. Jlemma. lTycme M u N— udearst myabmuxossya A,
npuvem M = C 4(N). Tozda N x(A/M)€ form A.

INokasareanctBo. Ilyets A,={(a, a)|a€ A}, N, =
={(n, 0)|n€N} u M,={(m, m)|me€ M}. Jlerko BuIeTb,
yro N,, M,—ugeaun B <N,, A>=N,+ A,. [lonarno takxe,
uto N, + A /My=(N,+ My/M) X (Ay/M,). Tak kak N, + A, —
noAfeKapToBo npousseenne B A X A, o N;+ A,/M, € form A.
Jlerko y6exutnbesi, uto naphi (N, + M/M,, Ay/M,) u (N, A/M)
3KBHBaJeHTHb. CJleloBaTeNbHO, BBHAY JeMmbl 3.27 N
x (A/NY~ N, + A/M,. 3uauut, N> (A/M)€form A. Jlemma
JloKa3aHa.

Hopmanbawit gaktop H/K mysabTukoabua A Oyjaem Ha-
3blza’l‘b ppammunuesoim, ecni H/K — dpartuineB naean
B A/K.

[Tycts H/K —neppartuanes A-aGenes raaBHBIE (akTOp
myapTHKOMbIA A, C=C ,(H/K). O6o3uauum uepe3 R mepe-
ceuenue Bcex Takux HpieanoB N us A, uto N =C, npuueMm
¢akrop C/N ueppartunmeB u npoektused dakropy H/K.
®axtop C/R HasoBeM Kopowoli, coomeemcmsyrouetl Paxmopy
H/K (unu, unave, H/K-xopoxod My/bTHKOJbIE A).

3.33. Jlemma. ITycme A— myasvmuxoasyo, obdradaroujee
enasroimu padamu, H/K—eeo A-abeneg Heppammurues eaas-
uoiii paxmop u C/R — H/K-ropora mysemuxossya A. Tozda
UMeIOm Mecrmo Credyiouyue Ymeeprcoerus:

1) C/R = Soc(A/R);

2) udear C/R donoausem 8 A/R,;

3) ecau B/P—eaenvii  akmop A, mo 6KMO4eHUS
R-+ P < R+ B<C umeom mecmo 6 mourocmu mozoa, ko2oa
gaxmop B/P neppammunues u npoexmuger ¢axmopy H/K.

IokaszaTteanctBo. Ilyctb D—nepecedeHHe HEKOTO-
peX Takux Haeanop N,, ..., N, myastHkoapua A, uT0
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N;=C, npruem dakrop C/N, nedpatTnHues # npoekTHBEH
daxropy H/K. Manykuuei no ¢ nokaxeM, uro C/D = Soc(A/D),
upean C/D pononusiem B A/D, u ecan rJiaBHbIH takrop B/P
MyJbTHKOABIA ‘A TakoB, yto D'=P u B=C, 10 dakrop

B/P negpartunnes u npoektusen daxtopy H/K. Mol MoxeM
cyurarb, yt0 £ > 1 u

Di=N.n...ON, 0NN ... NN;==D

Ans Beex i=1, ..., {. Kpome Toro, He Tepss OOIIHOCTH,
moxHO nosoxutb D ={0}. Tak kak dakropn C/N, u D,/{0}
nepcnekTuBHbl, T0 D, —Munumanbubii ugean A. [o HHIYK-
un C/D; = Soc (A/D,). Tak kak dakropsl C/D, u N,/{0}
NEPCIEKTHBHBl, TO PEWETKH HAeaJoB A, 3aK/IIOYEHHBIX COOT-
BercTBeHHO MeXkay D, u C u mexny {0} u N, H30MOpP(HHI.
3nauut, N, = Soc (A4). Iostomy C =N, + D, = Soc (4)

[lokaxem, uro upean C fonoJiHsiem B A. Ilyers N—munn-:
MaJIbHBIH Hjean A, Bxopamuii B C. Tak kak N, ) . .. NN,={0},
10 Haijerca r€{l, ..., t} Takoe, yto NEN,. 3Hayuur, eciu
uzean N ¢parTHHHEB, TO QPaTTHHHEBLIM OKA3LIBAETCS H (pak-
top C/N,=N -+ N,/N,, 410 HeBO3MOKHO. CrenoBarenbho,
BCSIKMH MHHMMaJbHbIf uiean A, Bxomsmuii B C, HeppaTTH-
uueB. Mnean C a6ene, mockosnbky oH M30MOpGeH nopaexap-
TOBY NPOU3BEJEHHIO abe/eBbIX MyabThKOJeH C/N,, . . ., C/N;.
Takum oGpasom, Beuny Jemmbr 3.31 uzean C gononmsiem B A,

Ilycts E-—pononnenne x C B A. BBuny caencreus 2.3
H Jemmbl 3.14 B A Hafinercs Takoi ugean Cy,ut0 C,+ B=C
u ;0 B={0}. Jlerko Bugers, uro T=C,+ P+FE = A, no
T + B=A. 310 o3navaer, urto cakTop B/P HeppaTTHHHEB.
IlokaxeM, uto dakroper B/P u H/K npoekTHBHbI. Iyers
N,+ B=N,- P. Toraa ¢akrop B/P NEPCNIEKTHBEH (akTopy

1+ B/IN,+P=C/N,. Tak xak nocjexani ¢hakTop npoexkru-
Ben ¢akrtopy H/K, To dakroper B/P u H/K NPOEKTHBHEL,
Hycts Ny+B=N,+P. B stom cayuae NEPCNeKTHBHEIMH
OKaspiBalTcsd  Qaktopet B/P u N, NB/N,NP nu (baxTopL!
N.nB/N.nP u (N,nB)+D,/(N,nNP)+D,. 3nauur, ¢ak-
topet  B/P u (NyNB)-+-D,/(N,nP)+D, npoekrusns. Ho
B CHJIy HHIYKIHHM TMOCNEAHHH (DaKTOp IIPOEKTHBEH thak-
Topy H/K. Cnenosarensno, daktopst B/P u H/K npoek-
THBHH.

[Tokaxem Tenepp, uto Kopona C/R YAOBJIETBOPSIET YCJIO-
o 3). Ilycte B/P—rtakoit raaBHbii dakrop A, uro
R+Pc R-+B<=C. Toraa dakropst B/P u B4-R/P4R
nepcnekTHBHEl. 3HauuT, B+ R/P -+ R— rJaBHbi takrop A.
CnenoBaTesbHO, BBHAY NOKA3aHHOTO BBILIE 3TOT thakTop He-
(parTHHHEB H nepcnektusen Qakropy H/K. Ho torma stumu
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’e fBymMsi cBodictBaMmu obnamaer u dakrop B/P. O6parho,
nycte B/P—neppartinueB riasueiil (paktop A, npoeKTHB-
BBl ¢akropy H/K. Torna B<=C. Ilpeanonomxum, 410
R+ P=R+ B. Tornga B=P-4(BNR). Beugy nemmn 3.31
B A Hafizerca Takas nomaarebpa M, uro B+ M=A n
MnB=P. CnepoBarenvio, C=B+ M, Pakrop C/M,
HedpaTTHHHEB H nepcnexrTuBeH ¢pakropy B/P. 3uauut, R= M,
H nostomy B=P+4(BNR)= M,. Ilporusopeune. Takum
obpasoM, R+ P < R - B. Jlemma mokasaHa.

‘ MyabTHKONBIO A Ha30BeM @-paspeuumvin, ecid OHO 00-
JlajaeT IVaBHBIM PsJOM H Kaxabii ero ¢paTTHHHEB IMIaBHbIA
dakrop A-abeneB. ByseM roBopuTh, uTO KJacc & @-paspe-
WUM, €CIH Q-paspeliumMo Jo6oe MYJbTHKOJIBLO H3 .

CepHio KOHKDETHBIX NPHMEPOB (-PA3PElINMbIX MYJbTHKO-
Jiell COCTABJISIOT KOHEYHble rpynnbl, anre6pel JIH KOHEYHOH
JauEel  (cM. ra. | kuurn [1]), KoHeuHOMepHbie —anreGphbi
Masabuesa xapakrepucturu %2 (cM. [173]).

3.34. JlemMma. Tycms A — @-paspeuiumoe MYromuKoAbYo.
Toe0a mexndy akmopamu npoussobHbIX 08YX EAQBHLIX PR~
do8 A MONHCHO Yycmanosums maxoe 63aUMHQ OOHO3HAYHOE CO-
omgemcmsue, Npu KOMOPOM COOMeemcmaeyouue  Haxmopol
npoexmusHs. u 060 00HOBpeMeHHO AU6O pammuruessl, aubo
Heppammunuesst.

Hoxkasatenbcrso. [Tycts H/K—rnaBebit dakrop A.
INo semme 2.5 B mo6GOM ri1aBHOM psiie MyJbTHKOJbLAa A co-
JEPXKHTCS ONHO H TO K€ YHCJO (PaKTOPOB, NPOEKTHBHHIX (ak-
topy H/K. 3Hauur, HaM J0CTATOYHO YCTaHOBHTBb, 4YTO B JIIO-
ObiX ABYX IJIaBHBIX psfiax A COHEpPXKHTCA IO OJAHHAKOBOMY
4Hcay HedpaTTHHHEBHIX (PAKTOPOB, NPOEKTUBHBIX GaxTOpy
H/K. Ecnu dakrop H/K He sBasieTcs A-aGesieBbiM, TO BBHAY
yTBepxkgenus 1) Jemmsr 2.8 B KaxkioM [yiaBHOM psge A
uMeeTcs JIHIb OIMH (akTop, npoeKTHBHHEA (aktopy H/K.
BBuay ycnoBusi Bce Takue akroph HedparTHHHeBH. IlycTe
dakrop /K A-abenes. Ipexnosoxum, ato A umeer Hedpar-
THHHEB raaBHEi daktop T/M, npoektuBHbii dakropy H/K.
Iycrb C/R ects T/M-kopona. Torpa BBHAY yTBepXKAeHus 3)
JemMmbl 3.33 B KaXioOM TIJaBHOM psiie MyJbTHKosbIa A
HMeeTcs TOYHO ! He(dPATTHHHEBHIX (PAKTOPOB, NPOEKTHBHBIX
daktopy H/K, rae t—paimna yuacTka riaBHoro psifa A, sa-
KmodenHoro mMexay R u C. Jlemma mokasaHa.

IMycte & —Hekoropuifi Knacc MyJabTHROJeL, N —wujean
MyJabTHROMbIA R. Bynem rosopurb, uto N sBasiercs §-ko-
padukarom R, ecnin R/N € u Bcerma us R/A € F caenyer,
yto Hmean N Bxoaut B A. Ecau myasturonsno R obaapaer
F-KopauukaioMm, To nocaefiHui o603HaunM uyepe3 RE,
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3.35. Jlemma. Hyems F— noaypopmayus, K—udear
myasmukosvya R u H—rexomopas nodaizebpa u3 R. I peo-
noaoxcum, umo R u H obaadarom F-xopaduxaramu. Tozda
cnpasedaussl caedyroujue Ymeeprcoenus:

1) R¥ + K/K = (R/K)¥;

2) ecau R=K+H, mo H¥ 4+ K=R¥+ K;

8 ecru R=H+K u KR8, mo H% 4+ K=RS.

INokasareanctso. Ilycre N/K—rtaroit niaean R/K,

yto (R/K)/(N/K)€F. Toraa v
(R/IK)/(N/K)~ R/N €%
3uaunt, RS < N. Tostomy R®+ K/K = N/K. Kpowme Toro,
(R/K)/(R® + K/K) ~ R/RS + K ~ (R/R¥)/(R¥+K/R®) €&.

CnegoBatensno, R¥ + K/K = (R/K)E.
Ilycts R =K - H, y-ecTecTBeHHBI!l TOMOMOP)H3M MYJILTH-
koaplia R Ha R/K (r.e. y: x+—>x+K, x€R). OueBunHo,

H = RIK, (H¥)? = (R®)* = H® + K/K = R® + K/K,

oTkyza caenyer papenctBo HE + K= R¥ 4 K. B uactHoCTH,
eciu K= R¥, to H¥ - K= R%. Jlemma joka3aHa.

3.36. Teopema. [Tycmo X—mHenycmas Gopmayus
MYAbMUKOAEY, & — Hexomopas @-paspesumas Gopmayus U
M — kaacc ecex makux mysemukorey H, umo H obaadaem
X-xopaduxarom u ecaxuil H-z2aagneul daxmop us HZ% negppam-
munues. Tozda kaace F = H N M—popmayua.

HNokasateanctBo. Ilycts A €F, N—uleal MyabTH-
goapua A. Tlyets (R/N)/(K/N)—npoussonbubiii A/N-raas-
Hui dakrop u3 (A/N)%. TlpeanonoxuMm, 49TO 3TOT daxTop
¢ppartunues. Toraa R/K —dparruHHeB ryaBHeE  (haKTOP
MyabTHKodba A. [To nemme 3.35 (A/N)F = A% 4 N/N. 3na-
yut, R = A%* 4- N. CrenoBare/bHo,

(AZn R)+K=(A* + K)\NR=R,

u nostomy daktopsr R'’K w A% R/A® N K npoexkTHBHbL
1o, B 4YACTHOCTH, o3uasaer, uto ¢aktop A* N R/AT N K
spasiercss A-raasuniM. Tak kak ¢dakrop R/K ¢parrunues, a
Beskuil A-rnasubifi paktop H3 AZf no ycJosuio HedparTi-
nueB, T0 B A mHafigercs Takofi A-rjaBHbi (dakrTop TIM,
npoekTuBHbli dakropy R/K, uwro A¥*c M. ITockosBKY
MeC=C,(T/M) u ¢akrops T/M u A% N R/A% (N K
npoexTusHsl, 10 A% § R =C, T. e. 311 dakToph A-aGeJeBkl.
Kpome Toro, BBHAY JeMMbl 3.28 umeeT MECTO

D=T/MxA/C~F =A% R/A* n KX A/C.
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Ho no nemme 3.32 D€ X. 3nauur, FEX. B cuay Jemmbt
3.31 B A naiinercs rakas nogasnrepa E, uto (AX NR)+E=A
H (A*NR)NE=A%ENK. Tlpu stom BBHLY JemMbl 3.29
A/E ,~ F. CnenoBarensro, A/E € X. 1o Biever A= E,.
Ho rorma A*NR<= E,. Tlporupopeune. Takum oGpasoM, -
Bestkuil A/N-riapubiit gakrop us (A/N)® HedpaTTHHHMEB, T. €.
A/N €F. 3uaunr, §—nonydopmarus.

ITycrs N, u N,—Takne uneans MyJabTHKOJAbNA A, 4TO
AN, €F, i=1, 2, u N,NN,={0}. Tlyerp R/K—npous-
BOJIbHBIA A-T/1aBHBIN (akTop ¢ ycnouem R = A%, AZ NN, =
< K. IlpeanonoxuM, uto 3tor ¢akTop ¢parruuues. Toraa
dpartunueB u daktop R+ N,/K+N,. Jlerko Bupers, uto
dakropet R/K u R+ N,/K-+ N, npOeKTHBHbH. 3HauHT,
¢daktop R--N/K -+ N, A-rnasblil. CrenoBateisHO,
(R +IA{[1/N1)/(K -+ N,/N,)—dparruunesniit A/N,-rjaBHeii dax-
top. Ho

R+ NN, = A% - NN, = (A/N)%.

[Iporusopeune. Takum ob6pasom, dakrop R/K HepparThHHEB.
[lycts tenepe R/K —rtakoit A-rmaBmbii ¢paktop, 9to R =
= A*nN,. Hockoavky K-+(RNN,) =K, To Ttorma sror
daktop npoexrHBeH ¢aktopy R4 N,/K-+N, 3uaunr,
(R+N,/NI(K +NyN,) ects A/N,rTnasubiii (aktop us
(A/N,)¥. Tlo ycnouio 3tor daktop HeppaTriuues. Crefosa-
TenpHO, daktop R/K takxke HepparruuueB. Urak, Bce dak-
TOpHl TVIaBHOTO psja A, npoxoasimero depes N, A¥ na
ydacrke ot {0} mo A%, HedparTuHHeBH. 3HauMT, N0 JeMMe
3.34 Beakui A-roaBubiil (aktop us A* uedpaTTHHHEB, T. e.
A €. Takum ofpasom, §¥—dopmanus. Teopema paokasaHa.

3.37. Teopema. [lyecmo F—npoussosvras Henycmas
opmayus  mysvbmuxosey, §—nexkomopas —G-pasperLumMas
popnayus u X = . T o2da ecau A — monoaumudeckoe myro-
muroabyo us form X\ F u F-xopadukar awbozo HEX ne
colepacum gppammuruessix H-2aaenvix paxmopos, mo A € H(X).

Hoxasarteancrso. Ilycre X, =H (¥). Tlpeanoaoxum,
uto A é%l. Beakomy R € X, conocraBum uncno A(R), pas-
HOe JyuIMHE IJIaBHOro psiia R, W mycTb

A~HIN, HeD=A,x...%XA,

— A-MuHEManbHOe npenctaBienue s A B form X,. Torzaa
BBHAY caenctBus 2.3 u Teopemul 3.11 myabrukoasuo H o6-
Jajaer TakuMmH upeantamu N,, R,, ..., N;, R, ({ =2), uto
BLIMOJIHAIOTCS Caleaytouue yciaopusi: 1) H/N;—moHoauTHYE-
ckas X,-aare6pa ¢ uoxosnem R;/N; 2 T;=N,n...NN;,_n
AR;NN; N ...NNy—mMuuuMaipubii  ugean H, npuuem
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T,zN u T;+N;=R,;. Tlycte R—rtaxkoii ujean H, uro
R/N —uokons Myasturonsua H/N. U3 1), 2) BhiTekaer, 410
dakrop R/N mnepcrnekrusen ¢akropy 7,/{0}, a nocaennui
dbaktop nepcrnektuBer dakropy R;/N;. 3nauur, dakrop R/N
npoektuBeH dakropy R,/N; i=1, ..., t. CrenosarenbHo,
C=Cx (R/N)=Cx (R;/N,;). pennonoxum, uto Rz C. Toraa
MOCKO/BKY MyJabTHkoAbLO H/N wmononuruyno, 10 N;=N.
Ho H/N,€X,. 3uauur, A€ZX,. Ilporusopeune. CrenoBa-
reasHo, R = C. Tak kak AGE%, To BBHIY Teopemul 3.36
¢akrop- R/N Heppartnnmes. 3uauur, no Jemme 3.31 B H
naiifercss Takas nogairebpa M, uto R+ M=H u RN M =
= N. Jlerko Bujets, uto C=R, u mnosromy Mpy=~N. Ho
no gemme 3.29 umeer mecro H/My~ F=R/Nx H/C. Cae-
nosareipio, A~F. Beuaxy aemmnl 3.29 F~D;=
= R;/N;»\ H/C. Tlo nemme 3.32 D,€form (H/N;). 3nauur,
NOCKOJIbKY A ef:%, TO Ha#jercs Takoe r, YTO H/N,QE%}.
Torga R,/N, = (H/N,)®, n nosromy dakrop R,/N, neppar-
tunueB. [lycrs L —takas nopanre6pa uz H, wro L+R,. =H
u R,NL=N,. ITo nemme 329 D,~H/L,; Ho N,= Ly.
3nagur, '

A~D,eH (H/Ly) = H (%) =X,.

TTosyueHHOe NpOTHBOpEUHE 3aBeplIaeT JOKAa3arejbCTBO Te-
OpEeMBI.

JlokanbHble (GOpMALHH, NOPOKEEHHbIE MYJbTHKOJIbLLUAMH.
3.38. B rnanHom nyHkre X-—HekoTOpas Hac/e/ICTBeHHast
dopmanuss MyJbTHKOJEL, YIOBJIETBOPSIONHX YCJIOBHAM MH-
HHMAJILHOCTH JJIs MoJajredp.

[Myers M <= X. Ecam n-kpatHo JokaiabHas B X (opma-
uust § takoBa, yto M = F H BesAKas nN-KpaTHO JOKaJbHas
B X ¢opmaums, coiepxkamas IN, COAepKUT U F, TO & Ha-
30BEM N-KpaAmHo AoKaawnoil 6 X opmayueli, nopoxcOenHol
Kaaccom I, u ob6osnauum F uepe3 [, formzM.

Uto6bl jaTh OMHCanHe MHHHMaJbHOro (n— l)-kpatno Jo-
KanpHoro X-skpana gopMaunn [ formzIN, BBesem caenyio-
mee ofo3nauenne: F ,(G)—nepeceqenHe LEHTPAIN3ATOPOB
TeX T'MaBHBIX (AKTOPOB MY.JIbTHKOJAbUA G, KaXIbIH H3 KOTO-
peiIx ofnanaer GaktopoM, usomoppubM A (ecau ke B G HeT
HH OJIHOTO TAKOTO T'TaBHOTO dakTopa, To nojoxuM F 4 (G) = G).

3.39. Jlemwma. Ilyems H/K—munumarsnoui gaxmop
myavmuxossya G, obaadarowezo 2aasroim padom. Toeda Hail-
demcst makoil G-eaasusui gakmop R/M, umo H/K € T (R/M).

HokasateabcrTBo. [lpoBeseM HMHAYKIMIO 10 IJIHHE
rMaBHOro psiia MyJabTHroJbua G. Ilycts L —MHHHMAIbHBIA
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uzean G. Torma eciu HnLgK, 1o
HIK=HNL)+K/K~HnL/KnL.
[Tyers HNL < K. B 3toM cayuae
HIK=H/(HnL)+K~H+ LK+ L.

Mo wunaykumw wHafizercsi Ttakoit  G/L-raasubifi  dakTop
(R/ILY(T/L), omun u3 dakTopoB koToporo usomopdeH ¢ak-
topy H -+ L/K4L. Ho torma dakrop H/K wusomoppen ox-
HoMy u3 ¢akTopoB G-riaBHoro cakropa R/L. Hrak, Ha#-
zercsi Takot G-roasumiit dakrop D/M, uro H/K €t (D/M).
~ Jlemma pmoxasana.

3.40. Jlemma. [Tyems f-—npoussorbroii a0KaabHbUl
skpar opmayuu F. Tozda 1 moreko moe2da MYsbmMUKOALYO
A npunadrexcum F, koeda daa aobozo P €t (A) umeem
mecmo A/Fp (A)Ef(P).

HoxasarteanctBo. Ilycte A€F, PEv(A). Torna
no gemme 3,39 myabTHKOALIO A HMeer Takoil A-riaBHbIft
dbakrop H/K, uto P €t (H/K)u A/C,(HIK) € f(HIK) = [(P).
Ho f(P)—dopmaunsi. 3uaunr, A/Fp(A)€ [ (P).

O6parno, nyers A/F,(A) € f(P), H/K —rakoi A-rnas-
ueti  akrop, uro P €t (H/K). Torama Fp(A)=C,(H/K).
Cnenosarencro, A/C,(H/K)€f(P). Takum, o6pa3oM, eciu
ang xaxjaoro P €t(A) wumeer mecro A/F,(A)Ef(P), TO
H/K f-uenurpanen B A. 3nauntr, A€7%. Jlemma nokasana.

3.41. Jlemma. [Tyeme M= X, f—maxod aoxarsHoul
X-skpan, umo [(A)=1,_,formg(G/F,(G)|GEM) 022 aro-
6020 Act(M) u f(A)=¢, ecau A€T(EN\T(WM). Toeda
[ —munumaronoui (n— 1)-xpamno soxareroul X-sxpan ¢op-
mayuu 1 forme 0. ‘

Hlokasarteabcrso. [lycts HF=<f>. BBHAy Jemmbl
3.39 M= &F. uauur, [ formeM=F, Tak xak dopMmanus
& MO YCNOBHIO M-KPATHO JIOKAJABbHA.

IMycte Tenepn %,—Takasi n-kpatHo JokaidoHas B X dop-
Manus, yro M = F,. [ycrs f,—muekoropuit (n—1)-kpaTHo
JnokanpHbifl  X-3kpan dopmauuu ¥, #u T -—npousBoJbHOE
Myabtukoabio u3 v (M). [Moxaxem, uro f(T) <= fi(T). Iek-
creurenvio, nycers T o~ H/K, rme H/K—dbakTop MyJbTH-
koabua G € M. o nemme 3.40 G/F; (G) €[, (T). Tlosromy

f(T)=1,_formz(A/Fr(A)| A €M) = [, (T).
Ho Bnoxenue f<f, miever <@, Hrak, dopmauus &
n-xpatHo JokaidpHa B X, M= &F u & sxomur B J06yw n-

KpaTHo jokajabHyio B X (opmanuio, comepxamyio M. 3na-
unt, §F=1[,formzM. Jlemma noxasaua,
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3.42. Caencreue. Mycmo f,—mununasonou n-Kpamuo
Aokarenbil X-sxpan gopmayuu §§;, i=1, 2. Toeda u moas-
Ko mo20a §; =, Kozoa f, < f,.

Ecau My/abTHKONIBLO A MOHOJHTHYHO, TO ero €AHHCTBEH-
Hbll MMEMMaJbHBIA Mean GyxeM HasbiBATb MONOAUMOM.

3.43. Jlemma. Iycme A€l formzM, 20 A— maxoe
MOHOAUMUYECKOE ~ MYALIMUKOADYO ¢ MOHOAumOM R, umo
RgC,(R). Toeda A€H M.

Hokasareancrro. Jlemmy nokamem UHAYKLHEH 110 2.
ITycrs n=0. Toraa A € [,formz M = form M. Ilpennonoxum,
uto A ¢ H (IM). Conocrapum BCAKOMY MyJbTHKOBLY G E€X
uucno A(G), pasnoe mamue raasmoro psga G, u nycTh

A~HIN, HeA;x...xA,,

— A-MHHEMaJIbHOE NpeficTaBJenne 4is A B dopmauuu form .
B cuny cnepcteus 2.3 u teopempr 3.11 H umeer Takue
wpeanst Ny, M,, ..., N, M, (t=2), uro BHIMOJHSIOTCH
caeayomue yeaosus: 1) H/N;—MOHOIHTHYHOE MYJBTHKO/D-
no u3 H (M) ¢ mononnrom M/N;; 2) Li=N:n...nN;_ip
NM;NN; 1N ... N N,—MUHEMaJbHEE  Hueand H, npuuem
LigN u M,=L;+N, Iycts M/N— mMoHOAUT MYJIBTH-
ko/bla f{/N. W3 yciosus 2) Beirekaer, uyro ¢dakropu M/N
u M/N; npoekruBubl. 3naynr, Cy(M/N)=C,(My/N}). Ho
N;=Cy(M/N) u N=Cy(M/N). Caenosarensno, A ~
~ H/IN€H(H/N,) = H(M). Ionyuennoe TIPOTHBOpEYHE NO-
Ka3blBaeT, 4T0 npu n=_0 Jemma BepHa. : i
[lycre Tenepr n>1 u NPEANIONIOKHM, YTO YyTBepIKAEeHHE
JeMMBl TpH n—1 cnpaeegauso. Ilycrs Pgt(R). Torma
BBHAY JemMbl 3.40 A/F,(A)€f(P), rme f—MuHEMaNbHBI
(n—1)-kpaTho .10KanbHLIH 3Kpan (opmanun [ formz M. Tax
Kak 1o ycnosHio C,(R)={0}, 10 u F, (A)=1{0}, 1. e. A€
€ f(P). Ho nosiemme 3.41 f(P)= l,—iformg (B/F, (B)| B€M).
Suaunr, A €H (B/F,(B)|BeM) = H (M). Jlemma pokazanua.
3.44. Teopema. Ilyemo gopmayus % ¢-paspewsunsa,
a gopmayus F codeprcum auwb Koweuroe 4ucno Heusomopg-
HblX Opmayuonno Kpumuseckux mysomuroney. Toz0a ecau
A —roneanoe myrvmurorvyo us X u A% ne umeem ¢pam-
muruegolx A-eaasHmx  gpaxmopos, mo e popmayuu M =
=l formzA umeemes auwe xomesnoe wucno n-gKpamro A0-
kaabnbix 6 X nodgopmayui.
Hoxasateascrso. INposesem HHAYKOHIO 1o n. Ilycrs
n=0. Torza M =form A. Ilycrs G—nponsBosbHOE (hopMa-
UHOHHO KDHTHYECKOe MYJbTHKOABLO H3 M. Ecam G¢gF,
BBUAY Teopembl 3.37 G -— romoMopdubiil o6paz A. Ciiegosa-
TEJbHO, BBHAY YCJOBHS TeopeMbl B ! uMeeTcs Jumb KO-
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HEYHOE MHOXKECTBO HEU30MOPMHEIX HOPMALKHOHHO KPHTHUECKHX
MyJbTHKOJMeN. B cuay Jgemmsl 3.4 orciona sakaiouaeM, urto
B ¢opmanuu I HUMEETCs JIHIb KOHEYHOE MHOMKECTBO noagop-
Manui.

Ilycrb tenepn n> 0 u teopema Bepna i1 n—1. Qbo-
3HAYHM 4vepes m MUHHMaJdpHbIH (n—1)-KpatHo JoKa/dbHbIH
X-skpan  Qopmamun M. [lo  semme 3.41 m(T) =
= l,_sformz(A4/F7 (4)), eciu TE€1(A), u m(T)= &, ecan
T €v(X)\7(A). Beuny Teopemsl 3.36 R-kopammkan MYJIb-
THKObLA A/Fr(A) ue coiepxkut ¢parrunuesbix (A/Fr (A))-
IIaBHLIX (aktopoB. SHaunt, B popmanun [, formg(A/Fr (4))
HMEETCs1 JIHIIL KOHEUHOEe MHOXKECTBO (f— l)-KpaTHO JIoKasib-
HeIX noagopmanuit. Tak Kak npH 3TOM MHOMKECTBO 7 (4) xo-
HEYHO, TO CYLIECTBYeT JIHILb KOHEUHOe YHCJIO (A— l)-KpaTHO
JNOKaNbHbIX X-3KpaHOB A ¢ ycioBueM h < m. Ilpumensis re-
nepb caepctsue 3.42, sakmouaem, uro B (opmamun M co-
AEPKUTCH JIHIID KOHEYHOE MHOMKECTBO 71-KPATHO JIOKAaJbHBIX
B X mnoagopmauuii. Teopema jaokasaHa.

3.45. Ykaxem Temepp Ha npumepbl opManmii, ofiana-
IOLMX JIHIIL KOHEUHEIM UYHCJIOM HEH3O0MOPMHBIX (POPMAIHOHHO
KPHUTHYECKHX CHCTEM.

Jast jauHOTO HaTypanbHOTO yHcAa £ yeped & (n) obo-
SHAUHM KJIaCC BCEX TeX KOHEUHHIX Ppa3pelIMMBIX TIpPyNM, y
KOTODBEIX IOPSIAKY TJIABHBIX (aKTOPOB, CTYNEHH HHUJBIOTEHT-
HBIX CEKIHH M 3KCIIOHEHTHl HE NPEBOCXONAT YHCJO n. Mo
NOKaxeM, 4T0 kJjacc & (n) COEEpXKHUT JHLIL KOHEYHOE UHCJIO
HEeH3OMOPQHEIX (OPMaLMOHHO KpHTHYECKHX rpymn. Ham no-
TpebyeTcs CJEAYIOmAas HHTepNpeTanus OfHOA Teopembr Oyre
u Ilaysna us ux coBmectHoit paGorwl [176].

3.46. Teopema. [Tycme xonewnasn epynna G codepxcum
makue nodepynnot L, My, ..., M,, amoG=<L, M, ..., M, >,
npusem nodepynnor My, ..., M, nopmarsnet ¢ G. O6osna-
aum qepes X muoocecmso ecex mex nodepynn us G, Komopote
mozym Goune  noposcdensr L emecme c cobcmeennoimu nod-
MmHoscecmeamu mHoxcecmea {M,, ..., M,}. Toeda ecau 0as
Moboli  nodcmarnoeku T Ha {1, ..., n} umeem mecmo
[Mn(1)9 ey M;; (n)]={1}, mo GEform.'f

JloxasaresneTBO 3TOH Teopembl ((OpPMaibHO B MeHee 06-
e QOpPMYJIHPOBKE) MOXKHO HAaHTH B KHHre [52] (cm. Teo-
pemy 51.37).

3.47. Teopema. [Jlua ao6oz0 HAMYpPaArbHO20 4HUCAA N
Kaacc ©(n) colepycum autb KOHeYHOe MHONCECMEBO HeU30-
MOPPHOX POpMaYLOHHO KpumuuecKux epynn.

Hoxasareabcrso. Ilycrb G—npoussosbHas dopma-
OUOHHO KpHUTHYeCKas rpynmna uz € (m), F u D—cootBercr-
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BeHHO ee moArpynna Purrumra # nofirpynna Pparrunu.
Kak ussectHo, ®c=F. Kpome roro, scuo, uro F/O— abeie-
Ba rpynna. 3sauut, no Jemme 3.31 F/O umeer B G/@. jo-
nojuende L/D, F/O—mnpsMoe npousBefieHHe HEKOTOPHIX

MHHHMAalbHBIX HOPMaJbHBIX moirpynn M,/®, ..., M, /@ us
G/D u F=C;(F/D).
Ecau m < n, to nogrpynnet L, My, ..., M, ylIoBuer-

BOPAIOT ycJoBHIO TeopeMmbl 3.46. [lostomy ecanm X u3 Teope-
mbl 3.46, to GE€formX u no reopeme 2.3 kuuru [107]
X =< form G. IlporuBopeune. 3uauur, n<m, 1. e. | F/O|<
<<m? Tak kak G/F =G/Cq; (F/®) = Aut (F/®@), 10 |G/F |<<
< | F/®|! Takum obpasoM, |G/D|< m?(m?)!. 3nauur, BBH-
ay rteopemel 19.10 r1. 1 xnuru [162] yneJ0 NOPOXKAAOMHX
rpynnel @ ne npesocxomut (m?(m?)!)®. Ho ®—HuabnOTEHT-
Has Trpynna kJacca <./ MU 9KCIOHEHTH < (m. TakuM
obpasoM, nopsinok rpynnel G orpaHMYyeH 4YMCJIOM, 3a-
BHCAILMM TOJBKO OT m. Ho cymecTByer JIHIIL KOHEUHOe YHC-
JI0 HEU3OMOPQHBIX TpVIN JAHHOrO nNopsika. TeopeMa Jo-
KasaHa. :

OrmeruMm, uyTO B JedcTBUTENbHOCTH (cM. Jemmy 8.12
raasel 2) knace @ (m) sBasercs ¢opmanueii. Takum obpa-
30M, M3 TeopeMbl 3.47 BHITEKaeT TaKoe YTBepiKJIeHHe.

3.48. Canencraue. Popmayus, nopoKOeHHAS KOHEYHOL
paspewumoti epynnotl, umeem AUULL KOHEUHOE MHONCECTBO
Heu30MOPPHbIX POPMAYUOHHO KPUMUYECKUX 2pynn.

Hcnoapsya cnegcreue 3.48 u Teopemy 3.44, noaydaem

3.49. Teopema. [Tycme X —kaacc scex Koneurvix epynn,
E —opmayusn paspewsumsix epynn u A € X. Toeda ecau ©-
Kopaduxaar A€ epynnet A He umeem pammunuesvix A-2aas-
Howx pakmopos, mo 8 ¢opmayuu [ formzgA umeemcs aute
KOHEUHOE MHONCeCMBO N-KPAMHO A0KAAbHOIX 8 X nodgopma-
yutl.

Anajornyno Teopeme 3.49 gokasmiBaercs cJjeAyOIast
TeopeMa.

3.50. Teopema. [lycmp X —kKnacc 6cex KOHe4HbIX KO-
aey Ju, §—opmayus paspewumoix xosey Ju u A€X.
Toeda ecau F-xopadukar A® kosbya A ne umeem Gpammu-
Huesbix A-2nasHvix  akmopos, mo e ¢opmayuu | formzA
LUMEeMCS, AtULG  KOHEYHOe MHONECMB0 N-KPAMHO AOKAAOHbIX
8 X nodpopmayuii.

Bcsi HeoGxoaumasi Ajis HokasaTesbcTBa Teopemsl 3.50 Jo-
HOJEII{HTeJleaﬂ undopmanusa Mmoxer OhITL HafileHa B KHH-
re [1].

3151. I[IpoGaema. Ilyctre A€ X. Bepuo s, uyro dop-
manusi [, formzA uMeer JMiIbL KOHEYHOE MHOMKECTBO N-KpaT-
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HO JoKanbhbX noidopManuii, rae X—ofuH U3 c/eAyomux
KJ/14CCOB:

1) kAacc Bcex KOHEUHBIX TPYII;

2) KJjlacC BCEX KOHEYHHIX KoJer Jlu;

3) KJ4aCC BCEX KOHEUHELIX acCOIHaTHBHBIX KOJEL.

§ 4. IpomnorooGpasua ajareGpaHuecKHX CHCTEM

4.1. Ilyctb M -—npousBONLHBIH KJacc anare0panyeckux
cucreM. Torpa mis Bcsikoi 6ecKOHEUHOH MOC/AEAOBATENbHOCTH
MHOJKECTB TOXKJECTB

Ap Ay ooy A oot @)

(curnatyprl knacca M) cumBogoM <o)y, 06O3HaUHM KJlacc
peex Tex M-cucrem A, Aas KOTOPHIX Hafljercsa Takoe Hary-
panbHOe YHCJIO f, 4to B A MCTHHHBI BCe TOXJECTBa H3
. gtA,.. Kiace anreGpanyeckux cucreM §) HasOBeM NPOMHO-
13

2006pasuen B M, ecan = <a>m WA HEKOTOPOH mnocaeno-
BaTeNLHOCTH MHOXECTB TOXJAECTB . B ciyuae, koraa M —
KJacC BCeX aJrefpandecKHX CHCTeM. 3aJlaHHOM CHIHATYpHI,
BCsIKOe npomHorooGpasue B Wt OyjeM HaszpiBaTb NPOMHOTrO-
obpasuem.

4.2. MMpumep. Ilycts X-—muorooGpasue anareGpanye-
CKHX CHCTeM, 3ajaHHoe cucremoit Toxzaects A. Toraa X —
npoMHoroofpasue, 3ajaBaeMoe INOCJAENOBATENBHOCTHIO A,
Y VR, W

4.3. Tpumep. Ilyctb R—Kaacc BceX HHALNOTEHTHHX
rpynn. DT0T KJAacC, KaK M3BECTHO, MHOroob6pasuem He sB-
aserca. Onnako N sB/AsieTcsi NPOMHOrooOpasHeM, NOCKOJIbKY
€ro MOXHO 33JaTh [0CJENOBaTeIbHOCTBIO

{[xl’ x2]=1}’ {[xl, Xas x,]=l},

44. Teopema. ycme M —Koneunas HacredCMeeHHAR
gopmayus. Toeda u moavko mozda Henycmod Kaacc § A6-
asemes npomnozoobpasuem 6 M, Koeda §F— nacredcmeeHHas
nodgopmayus 8 M.

Hokaszateabcrtso. [IpeanosoxuM, 4TO CYUIECTBYET
TaKasi NOCJENOBATEAbHOCTb MHOXECTB TOXAECTB ¢, UTO
X = <a>m. Jlerko Bugers, uto D (Kadm) = <adm, H (Kodm) =
=<a>m B S(Kad>m) = <ad>x. 3uaunt, BBHAY n. 1.2 kaacc
& —HacJaencTBeHHast (opMalHUs.

TMpeanosoxumM Tenepb, 4TO 3% —HEmycTas HaCJEACTBEH-
Has noidopmauus ¢opmauun M. Herpyaxo nousts, dYTO B
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S uMeercsl JULIL CYETHOE MHOXKECTBO HEH3OMOPGHBIX aJjires-
paHyYecKHX CHCTeM. BoifepeM B § TaKylo NOC/I€N0BATENbHOCTE
cucrem A,, A,, ..., uro moGasi F-cucrema wnsoMopdHa OA-
HOW W3 cHcTeM 3Toii mociefoBateibHocTH. Ilyers G, =
=A,X ...xA, TM,—mHOrooGpasye, NOPOKIEHHOE CHCTEMOR
G;, u A,—1npou3BOJbHOE MHOXECTBO TOXKIECTB, 3ajawollee
ato MHoroofpasue. Ofo3HauMM uyepe3 o NOCJIENOBATENbHOCTD
A, A, .., A, ... Tlogaxem, uto § ==<o>m. Ilycts A
~A, Torma Ae n M, T.e. B A BHNOMHAOTCA BCE TOX-

izm
mectBa u3 U A, 3maunr, A € (a>y. O6patHO, NYCTH Aeg
i>m
€ <a>q. Torma Hafijiercss Takoe HaTypajJbHOE YHCJIO r, 4YTO
AEM,. Myers |A|=a. Beuay n. 14.1 kuurn [50] nas
cpoGouo#i B MHOrooGpasuu M, cucrembl F panra a cmpa-
BefsiuBa GopmyJia
Fc G\rGr ‘a.

Ho A—romomopduuit obpas crcremsl F. CienosarenbHo,
A€HSD(G,)=%. Takum ofpasom, & =<a>m. Teopema
JOKa3aHa.

4.5. Bysem roeoputh, uto aireSpaHueckas cucrema A
ABJSIETCH MUHUMAMbHOL He  F-cucmemoll, eciu A é%’,
HO Kaaccy § npuHajsexar Bce ee COOCTBEHHbIE TIOJICH-
CTEeMBI. ,

4.6. Teopema. ITycmo M—xoneunas HacreOCMBEHHAS
dopmayus arzebpaudeckux cucmem KOHEHHOU cuesHamypol,
& — nenycemoil nodkaacc M. Toz0a caedytouyue Ycaosus sKeuU-
BQACHMHBL:

1) % —makas HacreGcmeennas Gopmayus, 4mo 6CaAKasn
sxodauan 8 M MunuMarbHAA He T-CUCMEMA N-NOpodNCOeHa;

2) F=<ad>m, 20e a—nocaedosamenbrocmo moscdecms
panea < n. A

INoxasatenbcTBo. [Iycth & YIOBJIETBOPSIET YCJIO-
Buio 1), p— Takas nocaenoparenvHocTb §-cucreM A, A, ...,
4TO BCAKas CHcTeMa M3 & u3omopdHa Xord Obl OJHOH cH-
cTeme u3 3TOf mocheoBaTennHocTH. OGosnaunmm uepes M
MHOrooGpasue, mnopoxinennoe cucremoit G;=A,;X ... X A,
Mycts F; ,—cBoboxnas paHra n cucTeMa MHOToOGpasHs
M;. Bruay n. 14.1 u3 [50] cucrema F; , konewna. Ilo yc-
JIOBHIO ee CHTHATypa TaKke KoHeuHa. 3Hauut, cucrema F;
KOHeuHo ompejesnexa. [loatoMy cymectByeT KOHEYHasi COBO-
KYIHOCTb COOTHOWIEHHH U; 4, ..., U; g ONPEACHSIOMIHX
cucremy F; , B ee M ;-cpoGonuom Gasuce. SlcHo, uTO COBO-
KYIHOCTh TOXKAECTB U; 4, ..., U; () JKBHBAJEHTHa MHOXE-"=
CTBY BCEX TeX TOXJECTB MHoroob6pasusi M;, paHTH KOTOPBIX
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He mpepocxoAaT n. Ilycrs §;—muoroo6pasne, 3ajaHHOe CH-

CTEMOH TOXAECTB U; 1, ..., U; 4 (n- 0603Ha‘-IHM Jyepes a IO-
CJIeIOBATENILHOCTb Uy, 1, . . ., Uy . e Up gy -
IToxaxeM, uTo §¥ = <a>m. HYCTb Ae% " { b oe. A }——

MHOXECTBO BCEX TeX IIOACHCTEM CHCTEMBI A, KOTOpre 1no- -
poxpalorcs n 3nementamu. Torna H=A,X...XA,€F.

CaenoBatenbHo, Hafifercst Takasa cucrema A, nocneﬂosaTe.nb-
Hoct# P, uto H ~ A,. 3naumur, HESD?IC@,C RS NP —

Tlocnennee osnavaer, yto B H MCTHHHBI BCe TOXAeCTBa [O-
CJIeI0OBATE/bHOCTH

Vot oo Uiaays Yidt, 00 ooos Vtdtya ety »o o
T. €. HE<a>;m CrnenoBartennho, A € <adm. Taxum obpasom,
F = <.

[peanosioxnm Teneps, uto <ad>mgt &, u nycrb A-—cn-
CTéMa MHHHMMaJbHOTO nopsjka u3 <ad>m\ . Tak Kak {adm —
Hacse/AcTBeHHast (opManusi, T0 A —MuHUMadbHasi He F-CH-
creMa. 3HAUHT, MO YCJIOBHIO CHcTemMa A NOPOXKAAETCs n dJe-
mentamu. Tak kak A € (adg, TO Haiifiercss Takoe HaTypaJb-
HOE YHCJO [, 4TO B cucTeMe A HCTHHHH TOXKAECTBA Uy 4, . . .

s U, gy B cuay m. 11.2 kuurn [60] sro osnauaer, uto
A aBasiercs roMOMOPGHBIM 06pasoM cucTembl F, ,,Gé]ﬁ, Ho
BBuay n. 14.1 xnurn [50] F, , €. 3uauur, A€F. Ilo-
JYYEHHO® MPOTHBOPEYHT onpe;[e.neﬂmo cucremol A. Crenosa-
TEJIBHO, OCTAETCH 3aKJMIOUHTh, 4TO {a&)>;m = 7%. TaxkuM o6pasom,
%z(u)m H BCSIKOE TOXKIECTBO INOCJAEA0BATEJIbHOCTH O UMeEeT
pair <(n, T. €. BHNOJHseTcs ycaosue 2). HMnaukauus
2)=1) oueBunna. Teopema NoKa3aHa.

B Gosee ofwiefd cHTyauum HMEeT MECTO CJeRylomasi Teo-
pema, IOKasbiBaeMas aHaJoruyHo Teopeme 4.6.

4.7. Teopewma. ITycmy M —kKoHednas HacreOCmBEHHAS
dopmayus, F—renycmoii nodxaacc M. Tozda caedyoujue
YCAOBUS . IKBUBAACHIMHbL!

1) §—makan HacreOcmeennas opmayus, 4mo 8cakas
exodawan 8 M munumarvhas ne F-cucmema n-nopoxcoena;

2) F=<o>m, ede a—nocredosamerbHocmb MHONCECME
mosclecms panea <.

4.8. llpumep. Ilycrs G —kiacc Bcex KOHEUHBIX TpyMm,
N—k1acc KOHEYHBIX HUJIBMOTEHTHBIX rpynn. Xopowo Hs-
BECTHO, 4TO BCSIKasi KOHEYHAasl MHHHMA/bHas HEHHJbIIOTEHT-
Has rpynna 2-nopoxmena (cm. ra. VI kumru [107]). C any-
rofi croponnl, N saBasercs npomHoroo6pasuem B &, 3anama-
“@MBbIM TOCJEI0BATEMbHOCTRIO

{Ix, y=1} {lx, v, yl=1}, ..., {[x, v, ... y]=1},



§ 5. KommeHnrapuu

5.1. Tlonstne dopmauun rpynn u dopmauuu aarebp Jlu
BBEJEHH COOTBETCTBeHHO B paborax [149] u [117]. OGmee
onpefeseHne (OpMauuH aare6pamyecKuX CHCTEM BIEpBhE
paccMarpuBanocs B pabore [113].

5.2. Tlonydopmanuio & nazoBem X-gopmayueii, eciiu Bes-
KO NOJIIEKapTOBO NpPOU3BENEHHE F-CHCTEM, NpHHAJLJIeKalIee
K/1accy anrebpanueckux cucreM X, npHHAMJIERKHT H KJIACCY 5.
Takas momudnkanus onpenenenus 1.1 waxoaur npumeHnenue
B BONPOCAX MNPHJOKEHHS TeOpHH GOpMalMil K H3yueHHIo Gec-
KOHEYHbIX rpynn (cM., Hanpumep, [151]).

5.3. Ormerum, yto Hapsiny ¢ HamuM ompejenexxem 2.1
TePMHHY «MYJbTHKOJBIO» mpuaaercs H HHON cMmbica. led-
CTBHTEJILHO, TEPMHH «MyJbTHaJreGpa» B JUTEpaType HHOrAA
lipuMeHsieTcss IS aire6p ¢ MHOTO3HAUHBLIMH ONEpalUsIMH
(cm. [152, 179] u mp.).

5.4. Knaccupuxauus &-3kpaHoB u onucaHue ux OBLIHX
CBOHCTB B cayuae, korfa & —xkijacc KOHEUHBIX TpYNI, AaHa
JI. A. IllemerxoBbiM [106, 107].

5.5. n-apHele TPyNnsl C f-ueHTpaNbHBIM PAAAMH H3Yyya-
qucy B. W. Trorusem [100].

5.6. Kak mnokaszan II. Umun [178], cnpasennuBa cie-
Ayiollas TeopeMa.

Teopema. Mycme ¥ = ®, ede F — nenycmas gopmayus,
& —kaace koneunvix epynn. Toeda u moavko moeda § Ha-
couyena 8 &, xoeda F seasemcs aoxarvroli 8 & opmayuei.

5.7. B pabore [117] nokasano, 4to B K/Iacce paspemmnMbIX
KOHEYHOMEpHbIX anrebp JIu anasor tTeopembl 5.6 He umeer
Mecra.

5.8. Ananorn ¢opmyn 3.2 u 3.5 aaa NOPOMIEHHHIX Ha-
ChIIEHHBIX (popManHil HeusBecTHnl. ONHAKO, KAK YCTAHOBJIEHO
B paGore [131], ecin X = @ —k/aacc KOHEUHBLIX pa3permu-
MBIX rpynn H § =forme (9, €), rae H <= &, To UMeET MECTO
¢dopmyna

& =HR,®sHR,©s9.

ITpo6nema. Haiitu copmyay aas uacenmeHHoi B X
dopmauuy, nopoxueHHOR knaccoM §, ecam X-—omuH H3
CeNYIOHMX KJAaccoB:

1) Knacc KOHeWHHIX TPynH;

2) KJIacc KOHEYHBIX ACCOLHATHBHBIX KOJIel;

3) K/1aCC KOHEUHBIX JIHEBHIX KOJIel;

4) Knacc KOHEYHBIX aJbTEPHATHBHBIX KOJEIl;

5) KsiacCc KOHeYHBIX HOpHNAaHOBBIX KOJIELL.
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5.9. Teopema 3.11 sBasercs (opMalHOHHOH MOAHDHKA-
upeil NPHMEHsSIEMOTO B TEOPHH MHOr0OOGpasHil MHHHMAJBHOTO
npencTapienus anare6p ¢ nomomplo onepatopa HSD (cM.
r. 5 gkeury [52] u ra. 7 kuura [1]).

5.10. TToHsTHe KOPOHB KOHeUHOH rpymib BBeleHo B. I'a-
unonoM B pat6ote [147].

5.11. Teopemsr 3.36 u 3.37 AJ13 KOHEYHBIX Tpynn JOKa-
sane ‘A. H. Ckuboii coorsercreenno B padorax [78] u [83].

5.12. 3ajpurcupyeM HeKOTOPYIO HENYCTYH KOHEUHYIO Ha-
caecTBeHHYIO opManuio mysbrikosen X. HazoeM n-kpatHo
JOKadbHYl0 B X dopmanuio & o0ronopoxdennod, eciau
& =1 formg A mis nexoroporo MyabTHKoNbnA A € X.

ByzeMm roBoputh, uto Wl—MakcHMa/bHas A-KPaTHO JIO-
KaipHas B X nondopmanua §, ecaw M F u Jas moboit
n-kparHo JokanbHok B X dopmanuu § ¢ yerouem M= § < §F
rMeer mecto § =M.

Jdemma 1. ITyeme {F;|i €1}—npoussorbras yeno
n-kpamno aoxkaseuoix 6 X gopmayuil. Tozda Gopmayus
&= U1 &, n-kpamuo soxasena 6 X.

i€

JokaszaTeabcTBo. JlemMy HOKaXKeM HHAYKUHEH NoO n.
OcHoBaHHe WHAYKUMM TpHBHAJbHO. Ilyere n>1 u f;—Mu-
HEMaJbHBI (72— 1)-KPATHO JOKAJIbHBIH 3KpaH (opMaumuH g,
i€l. Torma no caencteuio 3.42 {f;|i €I} —rakas uens
9KPaHOB, UTO BJOXKeHHe f[;<(f, HMeeT MecTO B TOYHOCTH
TOTJd, KOIJla HMEeeT MecTo BKJIOUeHHe &; = F;. 3HA4HuT, MO
Jgemme 2.15

F= UF, =<, rre f=U [
iel i€r

I[lo MHAYKUHH BCKOe 3HaueHue sKkpaHa [ ssaserca (n— l)-
KpaTHO JioKaabHOH (opmanuedi. Jlemma HokasaHa.

Jemma 2. Hyeme M —npoussosvras cobcmeennas
n-xpamno  aoxkarenan 8 X nodpopmayus odronopoxcdenol
n-kpamno okasenoti 6 X gopmayuu F. To2da B codep-
HCUMCS, 8 HEKOMOPOLi MAKCUMANLHOE N-KPAMHO A0KAAbKOL 8
X nodgopmayuu %.

Nokazateabctso. Ilyets & =[,formG. O6osnauum
yepes Q MHOXKECTBO BCeX COGCTBEHHBIX 7-KPAaTHO JIOKa/lbHBIX
B X nondopmanuit dopmaunn . Ilycts {&;|i € I}—upous-
BoJbHas nenb u3 Q ¥ H= U &F,;. Toraa HEQ, u nosromy

i€l
no aevme Llopua I BXOAMT B HEKOTODPHI MaKCHMaJbHBIA
anement u3 Q. Jlemma nokasana.

Hcnoabsyss nemmy 2.16, jerko ybeautbes, 4TO Tepece-
yenHe JIOGOTO MHOMXKECTBA TOTAJbHO JOKaIbHBIX B X ¢op-
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MalMii CHOBa SIBJSETCS TOTAMbHO JIOKanbHOH B X (opmaituei.
Mycrs H<= X. Torma nepeceyeHue BCEX TeX TOTaJbHO JIO-
KanbHEX B X cdopManui, KoTophle COfepiKaT COBOKYHHOCTD
MYJIbTHKOJEL, &), ABJISETCS HAUMeHbIeH MO BKJIOYEHHIO TO-
TaabHO JOKaJbHOH B X dopmanueii, copepxkamedi §. Takyio
dopmanmio Mur Gyzem o6osnauats uepes [ formg§ (nau uepes
[ form$, ecnn knace X Kakum-in6o o6pasom 3aMKCHPOBaH)
M Ha30BeM TOTAJBHO JIOKaJbHOH B X dopMainuel, MOPOXKJeH-
Holt §. B cayuae, korma §={A}, dopmaumio [ formg$
HasoBeM OJIHONOPOXKIEHHON ToTaibHO JoKaibHol B X dop-
MauHen.

Teopema. Ilycmo X—Hexomopas KOHE4HAS HACAE0-
CmBeHNas  (PopMayus Mysbmuxoiey, F— 00HONopoXdenHas
paspewiumas momanvHo aokaabHas 6 X gopmayus. Tozda 6
& umeemcs auLb KOHeuHOe MHOJCECMBO MOMANLHO NOKAAbHbLY
¢ X nodgopmayui. .

dra TeopeMa MoxeT OHITh JOKa3aHa aHaJOTHYHO TeEO-
peme 3.44.

5.13. Teopema 3.47 pokasama Dbpaiantom, Dbpaiicom
Xapru B HX cosMecTHol pa6ore [127]. Teopema 3.49 B
cnyuanx, xorga n=0, 1, pokasana A. H. CkuGoit B
pa6ore [83].

5.14, ®opmanuio § Ha30BEM MUHUMAAbHOL, €CIH BCErAa
s G c H=§ crenyer, uro Qopmanus § coenafaer ¢ F.

5.15. [Ipo6nema. Bepno .m, uro BcsKasi KOHEUHas
dopmanms anre6panuecKHX cucTeM 00JiafiaeT MHHHMMAJIbHHIMH
noxdopManuaMu? »

5.16. [Ipo6nema. Bepro Jau, uTO BCAKag KoHedHas
OIHONIOPOXKAEHHAsi dopManusi anre6panyecKuX CHCTEM HMEeT
JHIIb KOHEUHOE MHOMKECTBO MMHMMAJbHHIX NoagopMauuii?

5.17. Upes sajaus Hac/JeXCTBEHHBIX Qopmauui ¢ 1o-
MOILbIO TOXKJECTB BOCXOANT K paGore bpanmas [123], nocesa-
IIEHHOM KOHEYHBIM rpynnam. B srofi pafoTe KOHEYHbIE Ha
csiefcTBeHHble (POpMaluy IPYNI NOJYYHIY HasBaHHe KOHEUHBIX
mHorooGpasuii. Tam ke JI0KasaHO, UTO €CJIH g — MPOH3BOb-
HOE KOHeUHoe MHorooGpasue, TO Ha@AeTcs Takasa NOC/IERo-
BATEJILHOCTD TOXKAECTB Uy, Uy ..., Uy, ..., YTO KOHEUHAS
rpynna A npHHAJJEXHT % TOrAa H TOJbKO TOrAa, KOria
CYLIECTBYET TaKoil HOMep R, uTo B A BHIIOJIHEHO TOXJECTBO U;
npu moboM i >k. Otmerum Takxke, uto Teopema 4.6, Aoka-
sanHas B [93], ABygercs paclMPeHHEM OJIHOTO U3 Pe3yJIbTaToB
paGotsr [123].

5.18. Knacc KOHEUHBIX rPynn § Ha30BEM KOHeUHbLM Keasu-
MHO2006pasuem, eCi Hafiilercs TaKas [OCJIELOBaTebHOCTD
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KBA3HTOXAECTB
Uy Ugy o ooy Upy oony (@)

YTO KOHEYHas rpynuma A NpHHAAJIEXKHT § B TOM H TOJNBKO B
TOM cjydae, Korja B A BbINOJNHEHH! IOYTH BCE KBa3HTOXKJE-
cTBa H3 (@).

Hcnoabays nssecrnmil pesyasrar A, 10. Oapimanckoro [53]
0 KOHEe4YHO 6a3HpyeMbIX KBa3HMHOrooGpasHsix TPynm u coob-
paxeHHa H3 JOKasaTeJbcTBa TeopeMmsl 4.4, MOXKHO J0KasaThb
CeAYIOHIYIO TeopeMy.

Teopema. ITycmo §—nenycmoil Kaacc KOHedHbix epynn
c aberesoimu curoeckumu nodepynnamu. Toeda caedyousue
YCAOBUSL 3KBUBANCHMHbL:

1) & —Koneunoe reasumnozoobpasue;

2) kaace §F HacreOcmeeHen U BAMKHYM  OMHOCUMEAbHO
63AMusL KOHe4Hblx 0eKapmosbix npoussederull.



I''TABA 2
AJITEBPA ®OPMALIU

§ 6. Manbueeckoe W penJHYHOE YMHOXEHHS KJIacCOB
ajarebpauyecKHX CHCTeM ‘

OcHoBHble onpepenenns. CBA3b MeXAY MaibleBCKHM H
PENJIHYHBIM NPOU3BEACHHAMH KJACCOB.

6.1. Tlyctb M —npousBombHBIA KJIace anre6paHuecKHX
cucreM, §) H §F—ero noxknacce. Torza uepes lﬁ;% o6osHa-

Haior Kjaacc Bcex Takux M-cucrem H, xortophle o6a1alaior
TaKO# KOHIPYSHUMell 7, 4To (hakropcucTeMa H/m mpuHajgte-
KHT @, a BCe CMEXHBIE KJacchl amn (a € H), siBasiomuecs
M-cucremamu, npunagnexar §. Kaace -@;ﬁ%’ Ha3blBAIOT MANb-

yesckum M-npoussederuem KaaccoB § u F.

6.2. Tlycrh §— npousBonbHb HenmycTol Kjacce aareGpan-
YecKHX cHcreM. Eciau KoHrpysHums n anre6panyeckoil cH-
creMsl A TakoBa, 40 A/R€F M AN BCAKOH KOHTPYSHLHH @
cucremel A ycnoBre A/QE€F Baever n =@, To (aKTOpCH-
creMy A/m GyneM HasblBaTh §y-penauxoli cuctembl A.

ITyers M—nponsBosbabIi Kiaace anreGpaHuecKHX CHCTEM,
$ u F—ero nouknacch. OGosHAUNM Uepes @9338' H Ha30BeM

penauunoin M-npoussedenuem xknaccos H  F COBOKYIHOCTE
Beex Takux Pi-cucrem A, uto A obnamaer F-pemnukoir A/n
H BCe CMexKHBle Kaacchl an (a € A), apasiomuecs M-cucre-
MaMH, TNpHHajIexar §.

Ecin nukakas M-cucrema He HMeeT §§-pel/IMKH, TO Kiace
lﬁ)ﬁ% nycr. Moxer ciyuutbes Tak, uyto W-cucrema A umeer

§-penmky A/m, HO HM ONMH CMEXHBII KJacc am He SIB-
nsiercs M-cucremoli; B sTOM cayuae mo onpenenenuto A Bxo-
JHT B §-§.

n
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6.3. Teopema. ITycmo M— nopmarbHo HacreOcmeenHbil
Kaace, § u F—ee2o0 nodkaaccet, npuiem KAQCC §) HOPMANLHO
nacaedcmeerer 8 M u ecaxas M-cucmema o061a0aem F-penauxod.

Toezoa
H-F=9HoF. (n
) <

INokasatenbctso. [Iycrb A € HoF U KOHIPYsHIHA T

anreGpauueckoil cucremsl A Takoa, uto A/n€F, a BeAKMi
CMEXHBIH Kaace an (a € A), npunaniexamuit M, BXoauT B §.
[To ycaosuio A obnanaer F-penaukoit A/@. I1ycTh cMekHbIA
kaacc a9 (a € A) npunagiexur M. Torna nockonbky ¢ = =,
TO a9 = amn, NO3TOMY an— NOACHCTEMA ajreGpanyecKoi cu-
cremol A. Tak xak A€M u knacc M HOpManbHO Hacnen-
ctBeHeH, To an € M. Crenosarenvho, an €. Ho kiaacc &
HopMaJbHO HacneictBeHen B M. 3nauur, a@ €§. Taxkum
o6pasom, A € H-F. Uraxk, Hoff = H-F. O6parnoe BKIOYUEHHE
m m m

oueBuaHo. CrenoBatenbHo, umeer mecto pasenctBo (1). Teo-
peMa AoKasaHa.

6.4. PaccMoTpuM Temeph npHMep, NOKa3bIBAIOLWIHA, YTO B
ofmem cayvyae paseHctBo (1) u3 6.3 MoXkeTr oOKasarbCsl He-
BepHbIM, [Tyers = form S,, rae S;— cummerpuyeckas rpynma
crenenu 3, f¥—copmanus rpynn skcnoHeHTH 2 u W —Kaace
Beex rpynn. OueBugno, S;€HoF. Ilyctp R—cHioBCKas

=

3-noarpynna u3 S,. Torma S,/R—-pemnuka rpynnbl S,.
Ho BBuny Teopemst 3.37 R ¢ 9. 3naunt, S, ¢ @m-z%, T. €.

HoF#9H-F.
n b

CroitcTea I-npoussenennit. OnuiieM HEKOTOPbIE CBOACTBA
MaJIbLEBCKOTO H pemauyHoro -yMHOXKEHHsS KJACCOB.

6.5. Teopema. [Tycmsp xaacc X nopmaroro Hacredcmeeren
6 kaacce M u &, F— nexomopee nodxkaacce uz X. Tozda
cnpasedaussl credyowue pasescmen:

HoFNXE=HoF, HFnX=9-F.
m x m x
YeradoBuM cnpasejyiHBoctb Broporo paseHctsa. [lycrb
AeH-FnX, A/n—F-peninka cucremst A. Ecan cmexnmbiil
m

kaacc an (a € A) npunagiexutr X, TO IO YCJIOBHIO OH BXOAHT
B M, a snaunt, u B &. Caegoparesvho, A€H-F, T. e

X
@;‘%HBEE@-%. OG6partHo, nycThb Ae@;% u Aln—g-pen-
X
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auka A. TlpepnosioxkuM, uTo CMeXHBI KJacC am NPHHaRMe-

®uT kaaccy M. Torga BBUAY HOpMANbHOM HAc/1eACTBEHHOCTH

kracca X B M noacucrema an Bxoaur B X. CienosarenbHO,

an € §. 310 o3nauaer, yto A € H - F. 3naunT, 'ga}% = @S;R% nx.
Y

TakiM 00pa3oM, HMEET MECTO PAaBeHCTBO
P:F=HFnX
z E
AnaJjloruyHo JOKAa3hBaeTcsl M NEpBOE PaBEHCTBO.
6.6. Teopema. Iycme § u F—Hacredcmeentsvie no0-
KAQCCHL HACAeOCMmBeHH020 Kaacca ancebp M, npudem Kiace
abcmpaxmen. Toeda umetom mecmo caedyroujue ymeeprcoerus:

1) ecau ecakan M-ancebpa umeem §-penauxy, mo Kiacc
H-&F nacaedcmeenen;
n

2) xaacc HoF Hacaedcmeere.
m
HokasareabctBo. [lycte A €9, A;—noganrebpa
b

amre6ppt A u A/n—ee F-penninka. Torza mNOCKOJIBKY
nA/n >~ A,/A N 1 u knace § HacaepcTBeneH, T0 A, /A N € F.
[MpexnosioxkuM, yro asnrebpa A, obnamaer §-pemaukoit A,/@.
Torna ¢ < Ainmn. Tlycrs Ana "Hekoroporo a € A; cMexHBIM
knacc a@ ectb WM-anreGpa. Tak xkak ag < ax, To an—IOA-
anreGpa anre6pui A. M3 nacseactBenHocTd kJacca I BhITe-
Kaet, uto an € M, 1 nostomy an €. [lockoabKy B CBOIO
ouepe/ib HaCJeICTBEHEH KJace &) H ap— nojaire6pa -aareGphl
an, 0 ap €. 3nauur, A, €H-F. Taxkum o6pasoM, eciH
m

kaxkpas W-anre6pa obaagaer %}-pennnxoﬁ, TO KJace .5;*)3;!%

HacJeACTBEHeH. -

YrBepxaenue 2) JoKasviBaeTcs aHAMOTHYHO.

[Moxknacc § knacca M HasbiBaeTCA MYAbMUNAUKAMUEHO
samxnymoim ¢ Wi, ecnn xKaxpasn WM-cucreMma, usoMopbHas
IeKapTOBOMY NPOH3BEAEHHIO )-cHCTeM, npuHaIexuT . Knace
anre6paHYeCKHX CHCTEM  HA3HBAETCH  MYALIMUNAUKAMUBHO
SQMKHYMbIM, €ClH OH MYJbTHIUIHKATHBHO 3aMKHYT B KJjacce
BceX aNre6paHyecKHX CHCTEM €ro CHTHATyphl. :

6.7. Teopema. llyemo D, & u M—abempaxmuoie
Kkaaccol areebpaudeckux cucmem, nputem HUF = M, krace F
MYAGMUNAUKQAMUBHO 3AMKHYM, A KAGCC §) MYAbMUNAUKAMUBHO
samxnym 6 M. Toeda ecau xracc M HopmaabHo HacreOcmee-
HeH, mo KAacc @;z% Mmyabmunauxamuerno samxrym ¢ M.

HNokasatenbctso. Iycto A€M, A=JJA4; ((€l) u
Aie.b;t%. Hasa Beakoro i€/ uepes 0; o6o3HauuM Takylo
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KOHIpysHLMIo Ha A, uto A;/0; € ¥ u ycaosue a0, € M (a, € A;)
Brever a0,€8. [as Besakoro a€ A onpeseanm ¢(a) Kak
Takoii snement us [J (4,/0;)(i €I), uto ¢ (a)(i)=a(i)b; a1s
Beakoro (€7, Ilyers 8—sjepHasi KOHTPY3HIHSI TOMOMOD-
¢usma @. Tak Kak TOMOMODP}H3M @ CHJBHBIH, TO

AR~ Tl A0, i€l.

ITockompky kJacec @& MyJbTHNJIHKATHBHO 3aMKHYT, TO MNO-
cJefiHee osHauaer, uyto A/6 € F.

Ilycte ps Hekotoporo a€ A cMeXHHH Kjaacc ab npu-
Hapnexur kjaaccy M. Toraa ans Besikoro i €1 cMexHbif
kaace a (i) 0;— noxcucrema cucremb 4;. Ho A; € M u xaacc M
HOpMaJIbHO HacjeicTBeHeH. 3Hauut, a(i)0;€$. Cucrema abd
€CcTh JieKapToBo mpousBeneHHe cucreM a (i) ;. CienoBaresbHo,
NIOCKOJIBKY KJacC § MYJbTHIIHKATHBHO 3aMkHYT B M, To
ade . Takum obpasom, A € HoF. ITockoAbKY [0 YCJIOBHIO

n

Kaaccol §, & u M aberpakTHBl, TO Besikast anreGpaHyeckas
cucTeMa, HaoMopdHasi cHereme A, TaKXKe IPHHAIJICKHT
kJaccy Hod. Teopema nokasana.

m

Caenyromuii npumep us paborsl [47] nokasmiBaer, uTO He
BCerja MaJblieBcKoe (pelviHyHoe) MPOH3BeJeHHe ABYX MOJy-
(dopManuii sBasiercs noJydopMmalHei.

6.8. [Ipumep. Ilycte I —muoroo6pasne HOJAYrpynn ¢
{curnaryphot) enwnuneti e u 99— noaMHOroobpasye BeeX
KomMyTaTHBHBIX noayrpynn B M. Ilycrs F—ceoGopuas B M
NoJyrpynna co cBOGOJHLIMH NOPOXKIAOWHMH a, b. PakTop-
noayrpynna F/o no KOHIrpysHuHH O, ONIpeeJeHHOH COOTHO-
ImeHyueM

anupm | q"eb kagPibe . | aPHt ©

om+ ... +my=p+...+ps

SIBJISIETCA KOMMYTATHBHOH MOJYTPYNNOH ¢ OZHHM HOPOXKAalo-

wuM ao, a nostoMy F/o€N. Tak kak eluHHIa e SABJfETCA

CHTHATYPHEIM 3JieMeHToM B ), TO JIMLIb T€ CMEXKHbIE KJacChl

xo npuHamaexar M, xoropuie conpepxkar e. Ho Takux Kiaccos

JHIOb OAHH: ec={e, b, b%, ...}, H OH fIBJAETCA KOMMYTa-

THBHOH noayrpynno#i. ITosromy F €U o¥. Ilyers A, —3HaKo-
m

nepeMeHHasi rpynna crenenn 5. Tak kak A; nopoxiaercs

ABYMSl 3/1€MEHTaMH, TO A, BJAeTCS TOMOMOP(HLIM obpazom F.

C mpyroii croponn, A, He npunamiexur AoY. Crenosa-
;”

TeIbHO, Kaace o He sBasiercs noaypopMauHed.
L
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M-niponsBeileHHe B MOJSAPHIOBAHHBIX Kaaccax.

6.9. IMoaspnot onepayueli B anrebpanueckol - cucreme A
HasblBAETCs TepMadbHas (T. €. Bhpa3uMas TepMOM) YHapHas
omnepaiis e (x), yAoBJaeTBopsioiias yeaosusim: 1) e (x)y=e (y)=e,
Ias Jobbix x, ye€A; 2) Fey ..., €4)=e, Ads n1000H
CHTHATYDHOH onepanuu F. DneMeHT e, HA3bIBACTCS NOMOCOM
cucrembl A. [Toaapod xnacca Y1 HasbiBaercsi YHapHBIH TepM,
NPEACTABJSIOINMA B KakAoh Mi-cuctemMe noaspHyo onepa-
umo. Kaace anreGpauueckux cucreM, obaagaiomuii Xorsi GOl
OJIHOH NOJNAPOH, HA3BLIBAETCS NOASLPUB08AHHbIM,

MHoroo6pasusi Jyn u rpymnin nodaspusobansl. Ilomocamu
IPYIN M JyN SBJSIOTCS MX eJUHHYHBIE 3/eMeHTel. Muoro-
ofpasue KoJiel, B cHruarype {—, -} HMeeT nojasapy x—x.

[TonarHo, uTo KaxApii nosnoc anrebpanyeckodl cucreMsl A
o6pasyeT OJHO3/JEMEHTHYIO IOJICHCTEMY H KaxJas NOJCHCTeMA
cucreMbl A cofiepxuT Bce ee nosiockl. [loaromy Kaxiaas
CHCTEMa MOXET UMeTb He Oosee opHoro mnomioca. OTMernM
TaKXKe, YTO ecyy e,——moJioc cucreMel A u ¢: A — B—ro-
MoMopdH3M, TO @ (¢,)—moaoc cucrembl B. Ecin 6—Heko-
TOpasi KOHTPY3HIMSA Ha A, TO M3 CMeXHHX KJaccoB A/0
KJ1acc €,0 U TOJIBKO OH OfUH sBJSIETCS IOACHCTEMOH CH-
crembl A/8.

Henycryio nonydopmanuio anrebp § HazoBeM maibuyescKol,
ec/d OHA NOJAPH30BaHA H BO BCEX gy-ajrebpax KOHIPYSHUHH
TiepecTaHOBOYHBL.

6.10. Jlemma. [lycmo §—Henycmas noaygopmayus u
aneebpauueckan cucmema A obaradaem §-penauxod A/B. Toeda
Oas w060l  KoHepysHyuu T Ha A gakmopcucmema
(A/7)/(O\/ t/7) —&-penauka cucmemst Alx.

JdokasareancTBo. BBHgy usomopdusmoB

(AR)(OV/ T/T) = A/B\/T = (A/8)/(O\/ /0)

1 H-3amkHyTOCTH Kaacca umeem § (A/1)/(0\/ t/7) € F. ITycts
Tenepb Q/T—Takas KOHrpysHuus Ha A/T, uTo

(Ar)(e/) ~ Alg e F.
Torna 0= ¢. 3maunt, 6\V1/1=@/t. Takum o6pasom,
(A/)/(OV t/T)—F-pennika cucrembl A/t.
6.11. Teopema. ITyemo WM — marvyesckas HOpMAL6HO
HacaeOcmeenHas noaygopmayus, § u F— noaypopmayuu,

exo0suue 6 M. Toeda waacce -F maxxce Aasemcs noay-
: P
popmayuell. : '
HoxkasarteabctBo. Ilyere 'A€X=9H-F, A/0—
m

&-penniuka anarebpor A u e—ee nomoc. Torma e8—nozxan-
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re6pa anrebper A u 3ta nopanre6pa npHHaAJERHUT KJdCCY
$. TlycTh T—npoussobHas KOHTpysHuus Ha A. Tlo semme
6.10 = (A/t)/(0t/1)—F-pensuka anre6pel A/v.  CmexHbIH
kiaace ed spaserca nomocom B A/t. Ilpn srom [et] (Bt/7) =
={[ef] t/v >~ eb/t N (0). Taxk Kak KJaacc §—rnonydopmalus H
e € H, To mocaennee osHauaer, uto [et](Bt/T) €. Cueno-
BaTeJbHO, MOCKOJBKY IN-—noaydopmanus, TO A/ré@ﬁ-{%.

Takum o6pasom, X-—noaygpopManus. Teopema JOKasaHa.
Beuay Teopembl bBupkrogda, us reopem 6.3, 6.6, 6.7 u
6.11 BhiTekaer cienymollee yTBepXKIECHHE.
6.12. Teopema. Jan aobbix Osyx nodmHozoobpasuii O
u § noaapusosanHozo masbyesckozo Mroeoobpasus M kaace
@mc;%} ABASCMCA MH02000pa3Uen.

6.13. Jlemma. [ycme ecaxoti F-areebpe A (F—neny-
cmas (opmayus) CONOCMABAEHA MAKAA ee COBOKYNHOCHb U30-
Moprvix nodaszebp o (A), umo s ecaxoi areebpor H € o (4)
u 012 406020 eomomoppusma ¢ aircebpo. A umeem mecmo
H® € 0 (A%). Toz0a ecau B—aneebpa, npunadiexauas gop-
mayuu, noposcdernoti nenycmoim Kaaccom X =, moa(B) =
= form §, 20e @:RU a (R).

X

JokasateasbctBo. Ilo nemme 3.2 Qopmailus, NOpOK-
Aennas kaaccom X, cosnagaer ¢ HR, (¥). Crenoparenbuo, B
SiBASieTCS.  TOMOMOPGHEIM ~ 00pasoM  HEKOTOPOH  aireGphl
MER,(X). Ilyctb P €a(B) u Lea(M). Toraa P aasercsa
romomopdHEM ©OSpasom anre6per L. Hekoropas cucrema

KOHIPYSHIHH T, ..., 7, anredper M obGnajaer TeM CBOHCT-
BOM, 4TO ;) ... [)%,—HyneBasi KOHrpysHuuss ma M ¥u
M/n; € (%), i=1, ..., n. Ilycts ¢; = L*N xn;. Torna nockop-

Ky L/@;~m;L/n; unno ycnosuto mLin; € (M/m;), 10 L/ €
€form$. C Apyrodl cropoHbl, MOCKOJBKY @30 ...N¢,—
HyJeBasi KOHTpysHuus anre6per L, To L usomopdna nox-
JeKapTOBY IpOH3BeleHHI0 aiaredp L/, ..., L/@, 3uayurt,
Leform®. Tlocnennee osmawaer, uro P €form&. Jlemma
JOKa3aHa.

6.14. Teopema. Hyemo X, § u §F—nodgpopmayuu
MAAbYEBCKOL HOPMAAbHO HacaedcmeenHoil opuayuu N, npu-
wem xawoas X-anzebpa umeem F-penauxy. Toeda M, =
= @s-n% NX ssasemes ¢opmayueil.

NokasarteabcTeo. Jdas Beakoi X-aare6pet A moso-
xum o (A)={en}, rae e—mnomoc anre6pel A, a 1—TaKas ee
KoHrpysHnus, uto A/n—F-penauka A. Ilo semme 6.10 paa
A1060i KOHTPYsHIHY @ anrebput A (A/Q)/(ng/¢)— F-peninka
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aarebpst A/@. Tlpu atom ep—mnomoc anre6pst A/@p. 3uauur,
[e@] ngp/p = [en] p/@. Tlocnennee o3nauaer, uto OTOOpaxeHue
P: A — a(A) ynosnersopsier yciosuio gemMmer 6.12. Takum
ofpasoM, ecau

H € form (‘%18: nx).

o a(H)yform¥%,, rne X,= U a(B). Ho ecit B€EW,,
BeMm

10 a(B)€H. Cuegosarevio, formX, =, 1. e. HEM,.
3uauut, kaace H-F N X—dopmanus. Teopema noKasaHa.
o

6.15. CaencrBue. [Tycmo M—Hopmaroro rHacredcm-
senHan marvuesckas dopmayus, § u F—ee nodpopmayuu.
Ecau xaxcdas M-arzebpa umeem F-penauxy, mo kaacc §-F

' m

aeasemes opmayued,

6.16. Crencrue. [Tycmo M—nopmarvro nacredcmeer-
Has Maavyesckas opmayus, X—co8o0KynHoCmb 6CeX KOHeH-
notx M-anzebp. Toz20a 0as awbbix nodgopmayutd H u F u3
M xaace ('69;?) N X ssasemecs dopmayuer.

M-npoH3BefeHHEe B TPaHCXApaKTEPUCTHUECKHX KJaccax.
6.17. Hanomuum, uto dakropcuctema A/0 HasslBaeTCs xapax-
mepucmuseckoti, €ciH ANf Kaxporo aBromopdusma ¢: 4 — A
u Kaxporo P € {Q, =} (3mecb Q-—curnarypa cucreMe A)

P(a®, ..., a,0)=>P(a,99, ..., a, 90 (a;, ...,a,€A).

ITycrs M — dukcupopanublil Kiacc aare6pandecKHX CHCTEM,
A €Mu A/0—xkakas-Hubyap GpakTopcHCTEMa, TPHHALIEKAIAS
M. Ha raxpom cmexuom kaacce a,B, ssisiomeMcs IM-cu-
creMofi, 3afanuMm KakoH-HuGyRs dakrtop a,,0/p,, € M. Torpa co-
BokynHoctb {a,0/B,|m € M} naswBaercs wacmudrnoin M-noo-
pakmopom  ¢pakmopcucmemsr  A/0. Uacrnunuifi nopdaxrop
Ha3BIBACTCS XAPAKMEPUCMUYLCKUM, €CH OH COCTOHT H3 Xa-
PaKTepUHCTHYECKHX (aKTOPOB.

Yacruuneiii noadakrop |a,0P,|m € M} HaseBaerca M-
npodoascaemvim, eciiu Bee ero GaKTOpbl COBMECTHO NPOJOJIKAEMB
Io nopxonsawero cdakropa A/Be W (B=0), 1. e. ecan

Xﬁ = xﬂm (x€ ame)

H KaHOHH4ecKoe oroGpaxenue xf+—>xf, (x€a,D) ectb u3o-
mopdusm a,9/8 Ha a,0/B,.

Cucrema A € M uHasnBaercs B kaacce M mpaucxapaxme-
pucmudeckoli, eclld KaxJIbIi ee XapaKTepHCTHYECKHH 4acTHY-
ubili M-noxadakrop xapakrepucrnueckoro M-paxropa M-npo-
JOJIKaeM,

63



S TR T e

Kanacc N HaswBaeTcst mpaHcxapaxmepucmuseckum, eciu
KaXkaas ero cucreMa TpaHcxapakrepucTuuHa B .

XapakTepucTHu€ecKasi MOArpynna HOPMAJbHOrO JeNHTeNs
KaXJOH rpymnubl sABJASETCS HOPMAaJbHBbIM JAENHTEeM TIPYINMbL.
[Toaromy MHoOrooGpasue rpynn sBJS€Tcss TpaHCXapaKTepH-
CTHUECKUM.

Muoroo6pa3ue Bcex accOlHaTHBHLIX KOJIEL He sBJsieTcs
TpaHCXapaKTEPHCTHUECKUM (TpHMep, TOATBEPXKAAIMA 3TO,
MOXHO Haltu B pabote [47]).

6.18. Teopema. B nacaedcmsenHoM MPAHCXAPAKMeEPU-
cmuueckom Kaacce arzebp MM 0aa 400020 €20 HACACOCTBEH-
Ho2o nodkaacca X u aoboix nodmnoz2o00pasuil &, & eoinos-
HAEMCS YCA0BUE ACCOUUAMUBHOCHIL

Fo(HoR) = (XoH)of.
m oM Mmoo oMm

JokasaTeabcTBo. [lokakeM mpexje, 4To B J0GOM
HOPMaJIbHO HACJEJCTBEHHOM KJacce ajrebpaniyecKux CHCTEM
M ana mobhx ero mopkaaccoB X, § U §F HCTHHHO BKJIO-

YeHHue
Xo(HoF) = (Xof)oF.
m m m m

JefictButensno, nycte A € Xo(HoF) H, caeroBaTenbHO,
AEM u pas  noaxopsmed (bitKTglpCHCTeMbI A/®  nmeem
ABEHoF n

aAeEM=ab€X. (D

Yenosue A/0EHoF osznauaer, uyto A/BEM u nas He-
KOTOpPO# Q)aKTOpCHCTemI\}IbI (A/0)/(c/0) umeem A/CEF u

ao/feM=>a0PEH. - )

Ilycts ac € M. Hano noxkasatb, 4YTO OTCIOAA CHAGAYET
ac € XoH. Tak Kak ao—noncucrema B A, To ac/0 sajsercs
n

noacucremoii cucrembi A/0. IMockoabky A0 €M u knace M
HopManbHO HacjieAcTBeHHH#, To ao/® € M. B cuay (2) orcio-
Aa noiyuaeM ao/0 €9, uto B cuay (1) Raer ac € Xo$).

n

Jloka3aTenbcTBO 0GPAaTHOTO BKJIIOYEHHS
(X0H)oF = Xo(DoF)
n M "

6y/leT OCHOBAHO Ha JKeCTKHX ycioBhsx Teopemul 6.18. Ilycte
A 6(35;@);!% u A/y—F-penmuka anrebpu  A. Tlycts
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A ={a,y|m € M}—mMHoxecTBO BceX TeX CMEXHHIX K/1accoB

u3 A/y, kotopeie sBastoress M-aare6pamu. Ecaum 310 MHO-

KECTBO MNYCTO, TO BBHIY BKJIOUeHHS §F < HoF nMeeM
m

A e.?ig;(@;l%). Ilycts A& ¥. Beuay teopemnt 6.6 knace Xof)
P

i
nacsencreenet. CiegoBatenbHo, nockosbky A € (Xo)oF, o
m pid

A= X09. (3)
m

OGosHauuM uepes a,y/B, $-pennuxy anre6psl a,y. Hs ycio-
Bus (3) M Hac/eICTBEHHOCTH KJaacca X cJIefyer, 4To

B, EM=>B,€X (x€a,y). (4)

TousitHo, uto akropanrebpa A/y u Bee (akTopanreGpst
a,v/B, xapakrepuctuunsl. CrefoBaTeNbHO, BBHLY TPaHCXapak-
TepHCTHUHOCTH KJaacca M cHCTeMbl §-peluK a,y/B, AomkHa
uMeTb obmee npogoxkenne A/BE MV (B =), npH KOTOPOM
a,y/P >~ a,y/B,, v ecnu xp €M, 1o HallneTcs m TAKOE, YTO
x€a,y u xB==xp,. 3uauur, uto6bl MNOKaszaTb, WYTO
Ac 355;(@;1%), B cuay (4) nocratouro ycraHoBHTb A/B € @;%

Ho (A/B)/(v/B) ~ A/y € ¥, H mo3ToMy Hago [0Ka3aTb JHb,
ato eca xy/B ~ [xB]y/BEM, To [+B]v/BEH (xE€A).

[ycrs xp/Bp€IM. Tak Kak xy sBAseTCA TOJTHBIM npoob-
pasoM nojajireSpsl xy/p = A/p npu romomopdH3ame A —
— (A/B)/(y/B), To xy—nonanre6pa ajareGpal AeM. Vs na-
cJefCTBEHHOCTH KJjacca Wt BhlTekaeT, 4TO xy € M, u nosromy
xy=a,y€ 35;!@, OTKYJa

xv/B 2 a,v/Ba €D,

y10 U TpeboBasnoch. Teopema JaoKasaia.

6.19. Jlemma. ITycmoe A—ancebpa, yO084em8opAIOUaAs
YCAOBUI0 MURUMAALHOCTU OAS KOHepysHyull, &—Henycmasn
opmayus. Tozda A obradaem F-penauoll.

HNokazarteanctpo. Ilycts A={n;|i € ]}-—MHOXKECTBO
BCeX TAKHX KOHTPYSHUMi 7, Ha aare6pe A, uto A/m;€F H
¢  m; Beerna Bieuer A/p¢ . MuoxecTso A, oueBHJHO,
nenycro. Tlycte 7, ¢ €A. Torna AN ERG = &. 3nauwr,
nN9€A. CregoBarenvHo, m=¢ u A/m—7-penanka A
JlemMma J0Ka3aHa.

6.20. Teopewma. lTyemo X, § u §F—nodkaacc. HOp-
MAABHO HACACOCMBEHHOL MaAbyesckol Mpancxapaxmepucmu-
weckoil gopmayuu M. Tozda ecau & u F—popmuayuu u 6ca-
kas M-arzebpa ydosaemsopsaem YcAOBUI0 MUHUMAALHOCITIU 0an
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KOH2PYIHYULL, MmO
(X 9)-F=X.(5.3) (1)
m m M -

NokasateabctBo, Eciau xora Obl OJHH M3 KJACCOB
X, 9, & nycr, 1o pasenctBo (1) oueBugno. [losToMy B Aajb-
HeiimmeM OGyleM CYHTaTh, YTO BCE TPH KJacca HEmycCThl. Beray
nemmbl 6.19 310, B uacTHOCTH, O3Hayaer, YTo Kaxjaas anred-
pa us M obragaer H-pensvkoil U F-penJiKon.

Ilycrs A € M, e—noumoc anre6pbl A, A/n—ee §F-peniuka.
Torna cMexHBI KJacc en—nojanreGpa anre6per A. Beuay
toro, uro KJaacc M HopManbHo nacaeacTBenen, en € M. Iyerb
en/p—-penanra anrebpn em. O6e dakropaare6pul A/ H
emn/ XapaKTePHCTHYHbI, M NOITOMY IIO YCJOBHIO (haKTop en/¢
o6najaer npono/ukenuem A/P, TIe

p=n, xp=xp (x€en), en/@xen/p. 2)

OS03HauuM yepe3 T MepeceyeHHe BCeX KOHIPYIHUHH aareopsi

A, ynoenersopsomux yeaosuioo 2). Iloxkaxkem, uro At —

- F-pennka anre6per A. Beuny Jgemmsr 6.10 (A/7)/(wv/t) —
M ) ;

&F-peruiuka ¢akropasnre6pet A/v. [lpu srom, BBHAY yCJIOBHS

(2), [er]n/r =en/t € H. Tockonbky A €M u M—¢opmanus,

1o A/t € M. 3nauut, A/t €H-F. Ilpennosoxum, uto Ha A
n

MMEeeTCsl TaKasi KOHTPY3HIUHMSA T;, YTO T, C T H A, €H-F.
: m
Torna 1, = nn. CrneloBare/bHO, :
[er,] /v, =en/T, € 9.

3uaunt, 9 <=7, N[en]?, u mnostomy TN [en]® =7, N [en]®.
IMocaenHee o3HAYaeT, YTO KOHTPYIHUMsA T, YHOBJETBOpSieT
yeaosmio (2). Caesoatenbho, T < T,. Ilporusopeune. Mrak,
JJI BCAKOH KOHTPY3HUMH T, C YCJAOBHEM T, C T HMeeM
A/tlé.@ﬁ%. Beuay ycaosusi Teopembl, Jemmbl 6.19 u cren-

crBusi 6.15 Kiace - —dopmanus. 3uaunt, anre6pa A o6-
m
nanaer (9-F)-penaukoit A/y. Ilpn stom cTporoe BKJIOYEHHE
n

v < © HeBo3MoxHo. CieloBarensHo, y=71. TakuM o0pasom,
Alx—(H-F)-penauka anarepnl A.
n

Mpeanonoxum, uro A €(X -@)g; &. Toraa en€ iﬁ;@ "
m 1 )
ep=et € X. 3Haunt, A€ Xg;}(@-%), T. e.
m
(%:5).3 = X.(9.9). 3
m M m M
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Mycrs Temepp A€X-(D:-F). Torna et=ep €M. Ho
e/ — §-penyuka anreﬁpzjlt ezt. 3Hayur, eneim-t@_. Sto BAE-
yer AE(XS);EL@))]-M%}, T. €.

X®-FPH=E9H T : (4)
m oM m M

HUs pxaouenudt (3) u (4) BoiTekaeT PaBeHCTBO (1). Teope-
Ma JOKasaHa. 4

621. Caencreue. [ycmv M—dopuayua epynn ¢
Komnosuyuonromu padamu. Tozda 042 at066ix mpex nodgop-
mayut X, H u F us M evinoansemea  ycrosue accoyuamue-

Hocmu
(X-9)-F=X-(D: &)
mom n oM

6.22. 3adurcupyem dopManuio @ Bcex KOHEUHBIX Tpynn
W s J0GBX ABYX noxdopMaumii O H F H3 ® penauunoe

®-npousBefenue -7 OyneM HasbBaTH MPOCTO npousgedeHuem
&)

gopmayuii H U F v 0003HauaTH yepes H-F nan HF.

MHuoecTBo Beex (opMamuii, sxoisumx B &, paccmar-
pHBaemMoe BMecTe C onepamued -, SBJAETCS BBULY CAEACT-
gus 6.21 noayrpynnoit ¢ Hyjem & u equnnuest €. Taxkyo
noayrpynny o603HauuM uepes G®. Tloayrpynna G® ofaa-
JaeT HIEMIOTeHTaMH (TaKOBBHIM, Hampumep, BJASETCS ¢opma-
must N, BCEX KOHEUHBIX p-Tpynn JIs AaHHOTO IPOCTOTO
gucaa p). ClefoparebHO, B OTJIMYHE OT TOJMYrPYMMbl MHO-
roo6pasuit (cM. [52]) moayrpynna G ne cBOOOMHA.

@opmauuio F = & nasosem Hepassoncumoll, ecau paBeH-
creo § = HX Boamoxuo qumb npn EE€{H, X}.

6.23. TIpo6aema. Ssaserca JH cBOGOJHON NOAMNOJY-
rpynna noayrpynnsi G®, nopoxnenHas B Hell HepasJoXH-
MBIMH (popManusMHA?

6.24. [Tpo6aema. [lonyckaer M BCsiKas ¢dopmanus U3
®, ne sBasomascsa HaemnorenToM B GO, mpeicras/enne B
BHJE NMPOM3BELEHHsI KOHEUHOro 4YMC/Ia Hepas/OoKUMbIX dop-
MapHi?

6.25. [Ipo6Gaema. BepHo sy, yTo BCAKas dopmauusi,
aBasOmAsAca niemnorenTom B GO, ne Moxer 6uITh . npel-
cTaB/J€Ha B BHJE NPOH3BEJEHHS KOHEYHOTO HMC/IA HEpasJo-
KUMBIX QopManui?

6.26. IIpo6aema. KakoBa dopmauus M, ecau Has
JOGBIX ee ABYX noadopMaimit § M § BBINOJHEHO yC/IOBHE

KOMMYTaTUBHOCTH
o~
9,589

»
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§ 7. NMpoussenenne JfokanbupIX dopmanui

7.1. Tlycrb X-—nuenycrasi Hac/leACTBEeHHAs ¢GopManus
MYJIbTHKOJIEL], YAOBJIETBOPSIOLUIMX yCJAOBUAM MHHUMAJbHOCTH
¥ MaKCHMaJbHOCTH s moganre6p. [lycre @ —J0KanbHas B
X ¢opmaumus, $H—mnenycras noapopmanusa X. Ilpu kakux
ycqoBuax dopmanns & -8 nokanpna B X? StoMy Bonpocy

3

MOCBsileH HacTosiuil naparpad.

7.2. Ilycts & — 0KaabHas B3L¢OpMaHHﬂ A € X. Dyzem
roBOpuTh, uyto uiaead N MyavTukoabua A &-es0xen B A,
eciu A uMeeT Takue MAeaJbl

{0} =N, =N,=...=N;=N,
yto jansa Jioboro i€ {l, ..., {} umeer Mecro
NINNC, (NN ;) EF(N/N;_y),

rie f-—MHHUMaJbHBIH JOKadabHbi X-3KpaH (opMaluu .

7.3. Jlemwma. [lyeme §—aokareros 6 X popmayus,
ReX. IHyeme A u B—udearr mysomuxossya R. Toeda
udear A4 B/A  F-eromen 6 R/IA 8 mom u moavko 6 mom
cayqae, kozda udear B/ANB §-eromen 6 R/ANB.

HokasarteabctBo. Ilycrs H/K—Takoil HOpMaJbHbIH
takTop MyJabTHROAbIA R, uto ANB=KcH<=B n
B/Cg (H/K)nBEf(H/K). BBuay semmur 2.7 daktoper H/K
u H+4-A/K+ A nepcnekTuBHb. 3HauuT, 3TH (HAaKTOPH H30-
mopuel ¥ C=Cp(H+A/K+ A)=Cgr(H/K). Cnenopareib-
Ho, f(H/K)=f(H+A/K+4 A). Kpome TOro, nOCKOMLKY
Cn(A+B) A4 (CnB), To

(A+B)/(CN(A+B)~B(BnA)+(BNC)=BBNC.

3HauuT,

(B+A)(B+A)NCEF(H +AIK+A).

Takum o6pasom, ecau uznean B/BN A &-Baoxed B R/B n A,
To uaean B+ A/A  §-Baoxen B R/A.

Ipexnonoxum tenepp, uro ugean B4 A/A  F-BiokeH B
R/A. Tlycrvb H/K—takoli HOpMajbHbIH ¢akTop R, uTO
A=KcH=A+Bu (B+ANB+ANC)EF(HIK), rtre
C=Cr(H/K). Torpa sBuny nemmn 2.7 dakrop H/K nep-
cnekTuseH akropy H N B/K N B.3naunr, C=Cr(H N B/K N B)
u f(H/K)=f(HnB/KnB). 3ameruM, 4to

B/BNC~B--C/C=(B+ A)+ C/C ~
~ (B+ AY(B+A) N C) € | (HIK).
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Cnenosatennio, B/BNCef(HNB/KNB). 310 o3nauaer,
uto ugean B/ANB §-saoxen B R/ANB.

7.4. Jlemma. ITycmo §— soxarvnas 8 X gopmayus, A,
A, u N—udeanrst mysomurxosvya R € X. To20a ecati A, = N
u udear N/A; F-eromen e R/A;, i=1, 2, mo udear
N/A NA, &-sroocen ¢ RIA, N A,.

Hdokazareascrro. He Tepss OOLIHOCTH, MOXKHO TM0-
aoxutb AN A,={0}. Mycrs H/K—npoussosibHbiii R-ri1as-
Hoid aktop u3 N. Torga no Jevme 2.6 Halifercst Takofl
R-rnaBubiit haktop T/M, npoektusnbiii dakropy H/K, uto
TN wuuanbo A,=M, mbo A,=M. Tlo yciosuwo
N/Cr(T/M)N N € f(T/M). 3nauut, N/Cx (H/K)N N € f(H/K).
Takum obpasom, ugean N F-sroxed B R. Jlemma nHoKa-
3aHa.

Ilycte §)—npoussosnbuas menycras noapopmauus X.
OGosnaunm uepes F*§ kaacc BCeX TAKHX MYJIBTHKOJIEL
A€X, y KOTOPBIX §-KOpaiHkaJ §-BaoxeH B A.

7.5. Teopema. ITycmo $—nenycman nodpopmayus X,
fr—munumanoroi aokarvnodi X-sxpan gopmayuu F. 0603-
Hadum vepes [ maroti rokaroroul X-skpan, wmo f(A) = f, (A)aé@

Oan ecaxoeo A€T(F) u f(A)=¢, ecmw A€t (EN\T(F).
Toz0a ecau v (H) =t (F), mo FH=<f>.

HokasartenbcrBo. Jlokaxem cHadana, uto Fxd =
=<f>. Ilpeanonoxum, uro F«H\<f> 5% &, H BhHbepeM B
kaacce F#H\<f> MyJbTHKOIBIO A ¢ TJIaBHBIM pPAAOM Ha-
UMEHbIIEH BOSMOXKHOH NMMHBL. BBHay Teopemer 2.9 kaacc
{f>—dopmanus. 3uauur, A monoantHuto u L = A —munu-
MaJbHBIH upean A. Jlerko Bugers, uto $H = <f> U nostomy
A®=2{0}, T. e. L= A%, Iycts C=C,(L). IlockomsKy
A€ F=8, To BBUAY Jemm 2.5 u 2.8 umeer mecto A®/A%(
NC€fi(L). Crenosarensno, C-+ A®/C€f,(L). Tockombky
C 1 A®/C = (A/C)®, 1o nocaenuee osnavaer, uro A/C € f, (L) H.
Tak kak npu 3TOM CnpaBeannBO

LLD)O=( n LBNH= n (f(B)H)=f(L)
Bet (L) Bet (L)

10 A/CEf(L), T. e. L f-uenrpanen B A. Ho A/L€<f>.
3uauur, A €<f>. INonyuennoe npoTHBOpPeUHe NOKA3LIBAET, UTO

Ilokaxem Tenmeps, uro <f> <= F=H. [lpeas apurensto jo-
KaXeM, 470 KJaace gF#$)-—dopmauus.

ITycrs A € F=9 u N—unean A. Toraa (A/N)® = A® 4 N/N.
[louarno, uro unean A®/ASON §-Bnoxen B A/A®NON.
3uauut, 1o Jemme 7.3 Huaean (A/N)®> F-aoxen 8 A/N, 1. e.
A/N € §+9. Ciuenosatenpro, knace gF+$— noaydopmanus.
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Myt A/N,; € §xH, i=1, 2. [Toxaxem, uro A/N,nN,€
€ ¥+H. He Tepas obmmoctd, nosoxum, uro N, N,={0}.
Tockoabky (A/N)® =A® 4 NyN; T0 BBHLy JemMb 7.3
unean A®/N.(A® F-aoxen B A/N; N A®. CrenoarenbHo,
no Jemme 7.4 ugean A® H-Broken B A, 1. e. AEFH.
3HaynuT, KAace F#H-—dopmauus.

[peanonoxum, uto <f> & FxH. Boibepem B <ONG#H
MYJABTHKOMBLLO A C TJIaBHBIM PsiJioM HaHMeHbLIeH BO3MOXKHOH
aaviel. Torga A MoHOAMTHYHO M L = A¥*®— MUHMMAJBHbIH
unean A. TMockoabky § = F=d, 10 A== {0}, L = A®. Tak
kak A€<f>, 10 L f-uentpanen B A, 1. e. A/CEf(L), rne
C=C,(L). Monsrxo, uro f(L)=Ff,(L)$. Caexosare/bHo,
nockoabky (A/C)® =A% +C/C, To

A% 4 C/C ~ A®/A® NCEfy (L)

Benomunas Takxke, yto A/L € Fed, . e. mpean (A/L)® =
= A%/L &-Bnoxen B A/L, 3akmouaeMm, uTO HAean A® F-
paoxken B A. 3Haunt, A€ F«H. INpornpopeune. Crenosa-
TeabHO, {f> = F*H, u nosromy F=H=<f>. Teopema Aoka-
3aHa.

7.6. Cnepcraue. ycme F— rokaswrnas 6 X ¢opua-
yus, §—nenycmas nodpopmayus X. Tozoa_ecau (D=
=t (%), mo F*H—popmayusn, aokarnas 8 X.

7.7. 3adukcupyem Tenepb B KauecTse X KJacc BCeX KO-
Heynnix rpymn &. Bee paccmaTpuBaembie B JAajibHeHneM B
nasHoM maparpade Qopmanuu nNpeAnoNaralTcs BXOAAUMH
B ©.
Tak kak Bcsikas MuHMMaJbHas rpynna A € @ umeer npo-
CTO{l TMOPSJA0OK U BCSIKME JBE TPYMNbI JAHHOTO MPOCTOro TO-
pAfKa W30OMOP(HEI, TO NPH 3ajaHHUH JIOKAJAbLHOTO ®-3kpana
[ ymo6HO ofliee 3HayeHve 3KpaHa Ha rpynnax, H30MOP(QHBIX
rpynne A, o6osnauate uepes f(|A]).

Ilnsi Besikoro kiacca rpynn § = G camBosiom xt (9) Gyaem
0603HaYaTh MHOMKECTBO BCEX MPOCTHIX JIEJIHTEsEH MOPANKOB
rpynn u3 §. Ecau 11— HeKOTOpoe MHOXKECTBO M1POCTHIX YHCE/,
T0 yepes n’ Gylem 0Go3HAuYaTb JONOJIHEHHE KO MHOXKECTBY 7t
B MHOXKECTBE BCEX NpPOCTHIX uHces, a yepe3 My—KJjacc Beex
HUJBIOTEHTHEIX 7i-rpynn. Jlasi KpaTKOCTH Mbi OyjleM NHCaTh
7’ (§) Bmecro (n(F))'

7.8. Jlemma. llyemp f—rkomnosuyuonnoili skpar ¢op-
mayuu F, M—nopmarvras nodepynna KOoHedHold 2pyniibi G.
Toz0a ecau M E€F, mo xawdeui G-enasnvil paxmop u3 M
f-yenmpanen ¢ M.

Nokasareanctso. [lycte H/K—npou3BoJbHBI G-
roaBubil daktop us M. Ilpennonoxum, uro K == {1}. Toraa
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M/K COlIep)KI/l‘TCH,B & u mo nuaykuun (M/K)/Cpux (HIK) €
€ f(H/K). Ho :

Cuix(HIK) = Coix (HIKY N MIK =
— Cq (HIK)/K N M/K = (Co (H/K)N M)/K.

Caenosateanio, M/Cy (H/K) € f(H/K), T. e. dakrop H/K
[-uentpanen B M.

[Mycte Teneps K= {1}, T. e. H—MuHUMaJIbHAsT HOPMAJIb-
nas noarpynna rpymmst G. Ilyers L,—wmunumasnpHasi HOp-
MaJpHasi noArpynna rpynnsl M, cofepxxainascs B /. Torla,
‘oueBnfHo, H npencrasuma B Buse npoussetenus H=1L,...L,,
rie L, conpsikena ¢ L, 8 G mis moGoro i. OueBuano, L,—
MHHMMaJbHast HOpMadbHast moarpynna B M, npuuem f(L;) =
= f(H). Tak xak M€F, 10 M/Cp (L) EF(L,). Takum 06-
pasoMm, nojaydaeMm

M/Cp (L) V... NCy (L) € F(H).

Ho toraa M/Cy (H) € f(H), Tak xak Cy(L)N ... NCx(L,)
cogepxkurcsi B Cy (H). Jlemma noxasaua.

7.9. Teopema. ITycmo [,—KOMNOBUKUOHHbIL IKPAH
opmayuu F, h—enHympernuli KoOMNOSULUORHBUL IKPAH ¢op-
mayuu 9, u nyemo Ny @) = &. Toeda popmayus &FO umeem
KOMNOBUYUOHHObUL 5Kpan [ makoil, umo 0as awbot npocmotl
epynnee H cnpasedauger credyiowie ymeeprcoerus:

1) f(H)=f, (H)®, ecnu f, (H) % &

2) f(H)=h(H), ecau [, (H)= .

HokaszaTeabcTBo. [lycrh f— KOMIO3HIIMOHHBIH 3KPaH,
ynoBaeTBopsiomuil yeaosusim 1), 2). Ham neo6xogHMo J0Ka-
3arb, 4TO % ==<[>.

Jokaxkem cHayana, uro §§ = <f>. Ilyers G—rpynna
HAUMEHBIIETO TOPSIKA CPelH TPYNN, BXOAALHX B FH, HO
He Bxonsamux B <f>. Torga G umeer €IHHCTBEHHYIO MHHHU-
MaJbHYIO HOpMajbHYIO moarpynny L, mpuuem L = G<P. Bos-
MOXKHBI JBa cayuas: G® = {1} u G°=={1}. Ilyets G® = {1},
1. e. GESH. Ecanm K/T —rnasumit dakrop rpynmst G, T
G/C(K/T) € h(K/T). Tlpu atom f, (K/T) == & Baeuer [ (K/T)=
= h(K/T). Eciu xe f,(K/T)== &, TO N0 NOCTPOEHHUIO IKPa-
na f umeeM f(K/T)=f,(K/T)%, npuuem sCHO, 4TO .

h(KIT)=H = [(KIT).

Taxkum ofpasom, G/Cg;(K/T)€E f(K/T). D10 o03Hauaer, 4TO
G e <f>. Tyers Go=={1}. Tak kak GEFH, 10 G° €F. Tlo-
uaTHO Takxe, uto L = G®. CieXoBaTenbHO, BBHIY JieMMbi 7.8
nogrpynna L f-uentpannna B G°, 1. e. G® /CG@ (L) € L (L).
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‘Tak kak Co(L)=Cs(L)NG®, 1o mocrenuee Baeuer

Ca(LYG®/Cy (L) € fy(L).
Ho
Ca(L)G® /Cq (L) =(G/CG(L))® .

Suaunt, G/Cq (L)€ f, (L), 1. e. L f-uentpaiona s G. Mpu
srom  G/L€<{f>, cnepoparensno, G¢€ <f>. IlporuBopeune
TakuM 06pasoM, Mbl JOMKHBI 3aKMOYHTb, UTO FO=<P.
- YcranosuMm reneps cnpaBennBocTb BKJIo4eHHs {f> = FH.
Ilyere G—rpynna Haumenbiero nopsjpka us <f>, He Bxo
Aamast B FH. Tak xaxk H=FH, 1o G He BXOUT B £,
T. e G°5£{1}. Ouesngno, FH-kopasuran L rpynnsl G siB-
JACTCA €€ ENMHCTBEHHOH MHHHMAaJbHOH HOPMAJbHOH TNOJ-
rpynnoit u nosromy L <= G®. Tak kak G/LeFH u (G/L)® =
=GY%L, to G®/L€F. Obosnauum Cs (L) uepes G u pac-
CMOTpHM 1Ba cayuast: f, (Lys= & u f, (L) = &.

Hyers  f(L)s= &, Tornma G/ICEF, (L), a 3Hauur,
G°C/C € f,(L). Ho G°C/C ~ Gb/CG.b(L)‘ [lostomy L f,-uenr-

patbia B G°. Orciona u us G°/LEF caenyer G® €,
JTO HEBOSMOXKHO, TaK Kak G He Bxomut B F9. [yers fy(L)=(; .
Tak kak Ge€<f>, 10 G/C, (LYEF(L). 3uaumt, f(L)s~= &.
CorsnacHo mnocTpoenuio OQyuxkuun f, B 3TOM cayyae f(L) =
=h(L)# &. Takuam ofpasom, L h-uenrpansha B G. [lo-
CKOJBKY IO YCJIOBHIO SKpaH A BHyTpenHH#, To G/C € h(L) =H.
CnenoBaresbno, G® = C, 7. e. L =Z(G®). Takum o6pasom,
L siBnsiercs p-rpynnoit ans nekoroporo npocroro yicaa p. Tak
Kak f,(L)=F, 10 § He COACPAKHUT HEEAUHHYHBIX p-TPYNII.
Ho G%/LEF u no ycnosmio Ny ¢ =F. Suaunr, GO/ —
p’-rpynna. Ilo Teopeme Illypa—Ilaccenxaysa (cm., Hamnpu-
mep, C. A. Uynnxuu [105], Teopema 1.5.2) G® o6namaer
Spr-noarpynnoi T'. IMockoasky npH stoM L = Z (G®), 10 G® =
=LXT. Tak kak noarpymma T XapakrepucTHuna B GP,
T0 T —HopManbHast noarpynna rpymmst G. Ho I — equncr-
BEHHAsl MHHMMa/bHasi HopMmaJgbHas noarpynna B G. Crejo-
BaresbHO, T ={l}, 1. e. G® =L. Benomuuas tenepw, yTo
L f-nentpansia B G, MBI JIOJKHBI 3aKJ04HTh, 4T0 G € §).
Ilonyyennoe nporusopeune nokaswiBaetr, 4to <f> = FH. Tem
CaMbIM 3aBEDILEHO J0KAa3aTe/lbCTBO paBenctBa @§H = <f>. Te-
opeMma JloKasaHa.

7.10. Teopewma. ITycmo gopmayus § umeem womnosu-
yuonnvul skpan f, u codepwcum N, 20e v =n (), u nycmes
$—makas uenycmas popmayun, ymo Ny H=9. Tozda
dopmayus FH umeem romnosuyuonnsui skpan f maxod, umo
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dag modoii npocmoii epynno. H cnpasedausst  caelyrougue
ymeepacoenus:

1) f(H)=F(H)9, ecau [, (H)=* T;

9) F(H) =9, ecat f,(H)=g.

JlokasaTteabcTBO. IlocTpouM  KOMIO3HIHOHHBIH
skpau f, yposaerBopsiomuii yeaouam 1) n 2). Jlokaxewm, uro
o=

[Ipeanoaoxum, uto FH He comepxurca B {f>. Bribepem
toraa B FH\f> rpynny G HaumeHnbliero nopsaka. Jlerko
pugers, uto & = <f>. Cuenomarensto, G*== {1}, u nosromy
L=G%, rae L = G<? —eanHcTBeHHass MHHHMaJibHast HOpMaJb-
nas noarpynna rpynnel G. Tlockonbky G €FH,10G° €F.
3naunrt, BBHLY Jemmb 7.8 G® /Cpg(L)Efl(L).Ho TOrAa

Cs (L) G®/Cq (L) = (G/Cq (L))® € f1 (L),

1. e. G/Cy(L) € f, (L) D. Mocnennee o3navaer, uto L f-ueHr-
panen B G. Ilpu stom, B cuay BuiGopa G, umeem G/L€<f).
Takum o6pasoM, G € <f>. Ilporuopeune. Hrak, MBI HO/KHBI
3aKJIO4HTh, 4TO FH = <f>.

Tpexnosnoxum, yto gopmauus <f> He BXOAHT B (opma-
mmo FH. Ilyerb G—rpynna HauMeHbIIEro Mopsjxka H3
PANFD. Tak xak HEFH, 10 G5 1. 3naunr, GP=1L,
rie L = G% —equHcrBeHHass MUHHMAJbHAS HOpPMaJbHAasA MOJ-
rpynna rpynnst G. Tak kak G/L €FH, To (G/LY®* =G®%/LeF.
Iyers f, (L)7=@, C=Cg(L). Tlockoabky L f-ueHTpasibHa
B G, To G/CEF,(L)H. Orcrona sBupy (G/C)®= G*C/C no-
ayuaem G®C/C ~ G*/G® nC € f, (L). [locneanee o3nayaer, 4To
L f,-uenrpansHa B G°. Orciona u u3 G°/L€E nonyuaem
G® €. A 570 MpOTHBOpeUHT Tomy, uTo G He BXOAHT B 9.
Ocranoch paccMoTpers caydadt f, (L) = .

Ilycts f(L)=&. Torga f(L)=4%, ntak kak L [-uent-
parbia B G, 10 G/C€S. Takum obGpasom, L= @G*=C,
otkyaa caenyer, uro L = Z(G®). 3uauut, L— p-rpynna aas
nekoroporo npocroro umcaa p. Tak kak f;(L)= ¢, 1O L
ne cogepxures B %. Caenosareabwo, p€n’. Ho G®/LEF,
H TOSTOMY BBHAY YCJOBHSI TeopeMbl L-—CHJIOBCKas p-NOJA-
rpynna B G®. 3nauur, G° =L XT, rie T — ponoJ/iHeHHe K L
B G®. Ilogrpynmna T Hopmaibha B G, u 3uaunt, T ={l}.
Cnenosatenibio, G° = L. Ho Tak kak no ycnosuo 9,0 =9,
TO MBI MpHXOAHM K ToMy, uto G € %). IlporuBopeure. Takum
obpazom, < f> = %55 3THM caMbiM Mbl 3aBepLINJIH J0Ka3aTeb-
cTBO paBeHcTBAa D =<f>. =

7.11. Caexcrrue. Mycms opmayus § umeem Komno-
suyuoinbil sxpan f, u RN=F. [yemo H— Hekomopas He-
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nycmas gopmayus. Toeda gopmayus FH umeemn Komno-
suyuonnoul skpan f maxoti, umo 0aa aobod npocmoti epynnot H
cnpagedausb caedyroujue ymeeprcoerus:

1) [(H)=f,(H) D, ecau f,(H)~D:

2) f[(Hy=9, ecau f,(H)=¢&. .

[NycTh ®—HEKOTOpOe MHOMKECTBO INpocThix uHced. He-
nycryio Qopmanmio § HasoBeM w-20KaabHol, ecau (form § =
ES%@’*@. '

DkpaH [ HazoBeM §-3HAYHbIM, €CNH A8 JOGOH TPynnbl
G 5~ {1} umeer mecto [(G) = H. '

7.12. Teopewma. Ilycme [,— aokarvroui 3xpan gopma-
yuu &, u nycme h— §-3Haunbul 20KAAbHOUL IKPAH opMAYUL
lform®, 2de &-—nexomopas =’ (F)-10karvnan popmayus.
Tozda opmayus FOH umeem marol rokarerbild skpan f, 4mo
025 2106020 NPOCITLO20 YUCAQ P CNPABeOAUBL YIMBePHCOEHU:

1) f(p)=F1(p) D, ecau p€En(F);

2) f(p)="h(p), ecau p €' (F).

Jokasarteabcrbo. Ilycrb f—JoKanabHbH 3KpaH,
- yhosJerBopsoolui ycaoBusim 1) u 2). Ham nyxKHO ycTaHO-
BHTb, 4TO <[> =&H. ,

Hokaxem cuauana, uro &9 =<f>. Ilpeanosoxum, uTo
FHN\ > Henycro, U nycTh G—rpynna HaHMEHbILEro nopsiaka
13 FHN>. Torna G umeeT eAHHCTBEHHYIO MHHHMAJIbHYIO HOD-
magabuylo noarpynny L, npuuem L =GP,

3amernm, uto A= f, Tak Kak 3kpaH h sBasercs §-noj-
HBIM N0 yesoBuio. Otciofia caenyer, uto < lform § < <f>.
Iostomy G ue npunamiexut §. CuejpoBareabHo, G2== {1},
‘L= G*% Tak kak GEFDH, 1o G® € §. [Ipumensns nemmy 7.8,
noayyaeMm, 4to L f,-neiitpaibna B G®. 3naunt, G°C/C €
€fi (L), rne C=Cg,(L). Tak kak G*C/C = (G/C)®, To nony-
yaercs, yto G/C € f,(L)$. Tlocaenuee osnauaer, uro L f-
uentpaibia B G u, caeloBateabHo, G € <(f>. Ilonyuennoe
DpOTHBOpEeYUe MOKaskBaeT, uTo FH = <f>.

I[TpennosoxkuM, uTo <f> He cOAEpXKHTCHA B FEH, H BoiGepeM
B {MHON\FD rpynny G HauMmeHpliero mopsaka. Tak Kak
H=FFH, 10 G {1}. Ouesumno, L= G5 —enuncTBeHHast
MHHHMaJbHas HopMajbHasi noarpynna rpynnst G u L= G°.
Tak kax G/LEFH u G®/L =(G/L)®, to G®*/L €F. Obosna-
yum C,;(L) uepes C w paccmotpuMm gBa caydas: f, (L) # &
" f (L) =g. '

[ycers f, (LY==, 1. e. L apaserca n (§)-rpynnoit. Toraa
ag goboro p € (L) nmeem:

G/ICEf.(p)H, GOC/C=(G/C)® € fr(p).
Orciopa caenyer, wuwro L fi-uenrpaipna B G, Tak
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Kak K_tomy xe G®/L €, to moayuaem G° €, 4TO HEBOS-
MO3KHO.

[Myctb Teneps f,(L)= &. Toraa B m(L) Hajnercs Takoe
npocroe uucio p, uto f(p) =, T. e. p€n’ (F). Tax kak
a(<P)=a@uH), 10 pen’ (F)nn(H). CaeroparenbHo,
f(p)=h(p) = H. Orcrona caenyer, uro G/ICEF(P) =Y, T €.
G® = C. 3nauur, L comepxutcs B uentpe G° u aBiamercs
p-rpynmnoli, p € n’ (F). Tak xak G/L BXOIHT B ¢§ H ABJsIETCS
7 (§%)-rpynno#t, To L-—cunosckas p-noarpynna B G® u p'-
xoanoBckas noarpynna T us G® HopMaibHa B G°, a 3Ha-
ypt, # B G. Tak xak B G HeT MHHHMAJbHBIX HOPMaJbHbLIX
nogrpynn, orauunbix or L, 1o T ={1}. Takum oGpasom,
G® =L, npuuem L—p-rpymna u G/C €h(p). D10 O3Hayaer,
47O

G € liorm H n N9, pen’ (&)

Tenepb BcOMHUM, yTo dopmanus § siBasiercss 1’ (&F)-J0Kalb-
Ho#l u, sHaumt, Iform$ conepxurcsi B N . Caeposa-
teapho, GER,HN N 9 H, 1. . GEH. Tlonyyenroe npo-
THBOpeuHe MOKasbiBaer, uto (f> = §FH, H nosromy <f>=FH.
Teopema JoKkasaHa.

7.13. Cnenctsue. [lyemo f,—a0KkarvHoul akpgr gop-
mayuu §F, h—enympennuii roxarorsil IKpan Gopmayuu 8.
Tozda gopmayua §F$ umeem marold A0Karbrol Kpar fy
4mo 045 4106020 NPOCMO20 YUCAQ P CHPABEOAUBLL YMEepHCOeHUS:

1} f(p)=[.(n) 9, ecru pEn(F);

2) f(p)=h(p), ecau pEn' ().
7.14. CregctBue. Mnuoxnecmso R-KpamHo A0KAAbHbLX

dopmayuii seasemca nodnoayepynnoti 8 noayepynne GE.

JlokaszaTenbcTBo. Ilycth & H §—n-KpaTHO JIOKA/b-
uble popmanun. VinayKuueii no n nokaxeM, 4To g — n-KpaTHo
JokaibHas ¢opMauus. OcHoBaHHe HHAYKUHMH TPHBHAJBHO.
Mycte n>1, f,— (n—1)-KpaTtHo JOKaJIbHE 3KpaH &, a h—
BHYTpenHHil (n— 1)-Kpatho JokaibHbiH 3Kpan §. Ilo caen-
ctBuio 7.13 dopmauns F§ umeer Taxoil JoKaNbHEIH KpaH f,
wto f ()=, (p) B, ecan p € (), ' (1) =h (p), ecnu p €' (F).
[To unaykunu Qopmauus f;(p)H (n—1)-xkparHo JoKajbHA.
3naunt, skpan f (n—1)-kparno JokateH, T. e. ¢opma-
uuA F§ N-KpaTHO JOKaNbHA.

7.15. CnexncrBue. MHodxecmgo MOMALGHO AOKAN6HBLX
dopmayuii asasemes nodnoayepynnoii 8 noayepynne GO.

Crenyiomas JeMma RnOKasbiBaer, 4to ycjaoBue 1’ (g)-j10-
KaJbHOCTH QopMaluK §) B yC/JIOBHH TeopeMel 7.12 sapasercs
HEeOOXOJHMBIM.
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7.16. J1emm a. Ecau npoussedenue gopmayuti F$ aeasnetmcs
A0KARoHOU  popmayued, mo gopmayus O 1w (F)-r0KkaibHa.

Hoxasarenncrso. Ilycts dopmauus F§ JMoKagbHA. -
Torpa lform$H = FH. Kpome Toro, BBHAY JemMbl 7.8
v crenctBus 7.6” liorm <= NY. [Nostomy G2 €NNF = Nu 5)
Ans JoGoi rpynnel G € lform$. Ho 310 o3nauaer, uro
liorm = Ny, uto u Tpebopanocs.

7.17. Jlemma. [Tycme o—nexomopoe mHodwecmso npo-
cmblx aucen, ) —marxas_nenycmas gopmayus, wmo N H=H
0 06020 g€ w. Tozda opmayus [form $ umeem maroii
§-araunbul roxareHol skpan h, umo 0aa w6020 nPOCMOZo
pE€o umeem mecrmo h(p)=49.

HNoxasateabctpo. [lycTh f—MHHHMANBHBI JOKab-
HbIH 5KpaH dopmauuu [form §). Beuny jsemmu 3.41 skpan |
sABJIsieTcst §-3HauHbIM. [lycTb h — Takol MOKadLHBI 3KpaH,
uro h(p) coBnanaer ¢ f(p) npu p€w’, a npu pE€w® cosna-
Aaer ¢ §. Torza Iform < <h>. Ecan G € <h>, TO O4EBHAHO
G € S}n 8] '6~

7.18. Teopema. ITycme f,— roxaroroui 3Kpan popma-
yuu §, u nyeme H—makas Henycmas popmayus, 4mo
NH =9 011 mo6ozo q € 1’ (F) N n (D). Toeda popmayusn FH
umeerm maKxoil a0kanbHeil 3Kpan f, 4mo das 106020 npPocmo2o
HUCAQ P CRPaBedAUsbL YmeepHOeHuUs:

1) F(p)=F1(p) D, ecau pen(F);

2) [(p)=9, ecau p €’ (F) N n(D);

3) [(p)=@, ecau pen’(FUH). ,

HokasatenbcTso. Beuay teopemer 7.12 u nemmer 7.17
JIOCTaTOYHO YCTAHOBHTL JHHIb, 4TO (opmanus § ' (§)-Jo-
KaJlbHa.

Hyets 0 = n’ (F) N 5 (D). [okaxkem npexe, yto H = S,9,
rae @,—dopmanns Bcex paspelHMbIX o-rpynn. Briaouenue
€0 = Soh) oueBnano. [lpemnosoxum, uto SO\ £ &,
M nycrb G-—rpynna MHHHMaJbHOTO NOPsiaka H3 &uH\ H.

) & 5
Torra L =G © —enuncTBeHHasi MHHHMAJpHAs HOPMaJbHas
noarpynna 8 G u L = G*. [Nocaennee osuauvaer, yto L€ &,
T. e. L—p-rpynna, rae p €. Ho N, H=25H. 3naunr, GEH.
Ilosyuennoe nporusopeune nokaswiBaer, 4to H< 9, H
nosromy § =&,9H.
U3 pasencrBa § =&,H u caencreus 6.21 BuiTekaer, 4To
Nz D = Nx 5Se) H. Beuny caencreus 7.13 u n. 2.31
n (5)Se—NOKadbHast ¢opmauusi. I[IOHSITHO Takxke, uTO
(D) =7 (Na (5S,). Cnenoarenno, BBUAY CcJaeAcTBHA 7.6
H nemMbl 7.8 g —d0KajabHas  GopMmanHs.  3HauwT,
liorm § = Ny 5)D. Teopema nokasana. #
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7.19. CaenctBue. ITycmo f,—aokasvroii 3Kkpan ¢op-
mayuu F, u nyeme H-—makas Henycmas opmayus, 4mo
n(P) = n(F). Tozda Gopmayus FH umeem maxod A0KAL6-
Hotll 3kpad f, umo 0aa 405020 npocmoeo Hucaa p cn pased-
AUBbL YMEepHCOeHUS:

1) [(p)=F(p) D, ecau p€n(F);

2) f(p) =, ecau p €’ (F)-

7.20. CnepctBue. MHoiecmso A0KAAbHbLY popmayuli F
¢ ycaosuem N=F saersemcs npasm  udeasom 8 noay-
epynne GS.

7.21. TIpo6aema. CywecTByiOT JH JOKa/lbHbe Qopma-
wun §%, Ansi Kotophix M3 F = HM, rae {9, M} n{E, Fi=d,
Bcerga caeayer, uro gopmanuu & u I He JOKaMbHBL.

7.22. TIpo6aema. Pasnaraercs M HOPMAJIbHO HacJael-
cTBeHHasi (opMauus F = JFF B npoussejeHue ABYX dopma-
UMl HeTpUBMAJbLHBIM 06pa3oM?

§ 8. OnnonopoxaeHHble NMPOH3BENCHHS thopmanHi

B jannom naparpade Mbl ONHIIEM YCJIOBHSA, NPH KOTOPbIX
OJIHOMOPOXKAeHHas1 (JoKajdbHas) (popManus KOHEYHBIX TPYII
pasjaraercsi B NpoH3BelleHHe HeelHHHYHBIX ¢opmauuit. Bee
umelolyecst 3Jech (HOPMAIMH MPEANOJIATAIOTCA BXOAAMHMHU
B KJacC KOHeuHnX rpymn &.

[pexie ueM NMPHCTYNHTb K OCYIIECTBJEHHIO HaMeuyeHHOH
HeJdH, HaM HeoOXOLUMO NPOJOJIKHTE H3yueHHe MOPOKACHHBIX
dopmauuit B kracce &.

8.1. Henycroe MHOxecTBO (opMmanuii © HasoBeM noAy-
peuiemnkoil dopMauuii, ecau nepeceyeHue Joboro MHOXKECTBA
dopmauuii 13 © cHoa npuHasiexur ©. JkpaH f HazoBeM
B-3naunbiM, eciu Js ool rpynnsl G 5= {1} dopmanus f(G)
an6o mycra, Ju6o npuHagiexut O.

[lycts ®—nekoropasi noJypeuierka (popMauui, & —dop-
Mallisl, MMelolasi JOKaJbHH ©-3Haumbil skpan f. Ecau |
ABJISIETCS] MHHHMaJbHBIM (MaKCHMaJbHbIM) 3J1EMEHTOM MHOXe-
CTBAa BCEX JOKAJMbHBIX O-3HAUHBIX 3KPaHOB (OPMAIHH ¢, TO
[ Ha3oBeM MuHUMAAbHOLM (COOTBETCTBEHHO MAKCUMANLHOIM)
A0KANbHbLM O-3HauHbLM FKparom POPMALHH .

B cayuae, xorfa © —MHOXKECTBO BCEX noagopmanui ¢op-
Maluy ¥, MakCHMaJbHblil JOKalbHBH ©-3HauHbIA SKpaH ¢op-
MalUH & HaA3bIBAIOT TAaKKe €€ MAKCUMAAbHOLM BHYMPEHHUM
A0KAAbHOIM SKPAHOM. .

B 1pyrom ciyyae, a UMEHHO, Korja ©®-—MHOXECTBO BCEX
(HopMaJibHO) HacJ/e[CTBEHHBIX (opmalui, MUHHMMAJbLHBIE JI0-
KaJbHbll O-3Haynbiil 3KpaH (OpPMalMH HA3bIBAIOT €€ MURU-
MANbHOIM AOKQALHBIM (HOPMAALHO) HACACOCITIBEHHOIM IKPAHOM.
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8.2. Jlemma. Ilycmo f— aokarvnuiii sxpan opmayuu %,
G —rxoneunan epynna. To20a ecau naidemcs maxoe npocmoe
aucro p, 4mo G/O,(G)Ef(pP)NF, mo epynna G npunadie-
scum gpopmayuu

HJokazarteabnctrBo. [lycts H/K—rtakofi raaBHH
akrop G, uro H=0,(G). Torma O, (G) = C,; (H/K). 3ua-
aut, G/Cq(H/K)E H(GIO,(G) = f(p). 7. e H/K fuenrpa-
aed. Ho no ycnosmio G/O,(G)€F. CaenoBarensto, G € F.
Jlemma Jokasana. ’ '

[Tycte ®—nonypemerka ¢opmauuii. Ecau dopmanus &;
obJiajiaeT JIoKaJlbHbIM O-3HayHBIM 9KpaHoM [, (i € ), To BBHAY
aAemmbl 2.16 dopmauns N §; obnagaer JnokaibHbM ©-3Ha-

i€l

€
YHBIM 3KpaHoM [ f;. 3HauuT, MHOXKeCTBO BCex Tex (opma-
iel »

IHH, KOTOPbiE HMEIT X0Ts1 Obl OJMH JIOKAJbHBIH ©-3HauHbIA
9KpaH, sIBNsE€TCS NOoJdypemeTkod ¢opmanuii. Takylo noaype-
IIETKY MBI OGO3Ha4yuUM yepes ©F.

Ectn ©-—mnpouseosibHas  noaypemerka GopMmauuii  H
X=%€6, 10 uepes Bform X 06o3Hauum nepeceyenne Bcex
TeX (opmauuit us O, xotopeie copepxar X.

8.3. Teopema. [Tycmv ©O—mnexomopas noaypewemsa
popmayuii, X =, 20e H€O uF =04orm X. Tozda cnpa-
6e0ausbt credyroujue ymeepacOenls: :

1) opmayus § obradaem eduncmeeHHbIM MUHUMANOHOILM
A0KarbHoLM  O-3naunoim skpanom f, npudem f(p)= &, ecau
pen' (%), uf(p)=0form(A/F,(A)| A € X) npuecex p € n (X);

2) ecau h—npousgorsHoil  roxaroHoul ©-3naunbil  IKpaH
dopmayuu F, mo npu ecex p € n(F) umeem mecmo

f(p)=Oform(A|A€Fnh(p) u O, (A)={1}).

HokasateanctBo. ITycTh Q—MHOMXKECTBO BCeX JO-
KaJlbHBIX ©-3HauHBIX 3KpaHOB dopManuu F. SlcHo, uto Q£ J.
- Ilyers f—nepeceuenne Bcex 3kpanos u3 Q. IlomsTHo, uTO
[— JioKanbHbIi 8-3HayHbli 9kpan. Beuny nemmbl 2. 16 <f> =§.
Takum o6pasoM, f— exuHCTBeHHBIH MHHUMAJBHBIH JOKAJBHEIH
©-3HauHEIH 3KpaH Qopmamuy F.

Ilycts f,—takoil Jgokanbublil 3kpan, uto f, (p) = &, ecau
pen’(X) uf, (p)=6form (A/F,(A)| A € X) npu Bcex p €  (¥X).
Beuny Jsemmbi  3.40 cnpaBeanuBo  BkJioueHHe X = < f.
Ho <f;>—dopmauus us 6!, Cregosatensro, 8ormX =% =
=<f>. C npyrofi cropous, no Jemme 3.40 gaace
(A/F,(A)JA€X) sBxomnt B f(p) npu Beskom p € n(¥),
T. € [, <f. 3naunmr, <f; = F u f,=f. Yrepxaenue 1) no-
Ka3aHo.
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Tlyers Témepb A-—NMPOM3BOMBHBIA JIOKAJIbHEIA ©-35auHH#A
skpaH dopmauni . OGosHaunm uepes f, TaKOH JIOKaJbHbIH
sKkpaH, uto f,(p)=&, ecan pen'’ (&), u

fo(p)=6form (A|A€Fnh(p) u Op(A)={1}

npu Jwbom pEn (F). Torma f<f,. JleficTBHTENBHO,  €CJIH
Be® u pen(B), o BIF,(BYEFNA(p) O,(B/F,(B)) =
= {1}. Cnenopare/bHO, BBHIY JOKa3aHHOTO yTBEpKAEHHS
1) umeem f(p) = [, (p).

TTokaxem Tenepb, uTo f, << f. [lyctb p € n (). Ofosnaunm
uepes ¥, kaacc (A|A€FNh(p)u 0, (Ay={1}). C kaxnoh
rpynnoit G M3 ¢, CONOCTABHM pery/spHOe CIljeTenne PegG,
rize P—rpynma npocroro rmopsika p, W TYCTh X, =
=(P2G|GE€F,). Beuny Jemmul 8.2 X,=%. Caenosa-
TeabHo, F,=OtformX, = . Obosnaunm uepes f, MUHIMAa/b-
Hefl JIOKaJbHBI ©-3HAuHbII SKpaH Qopmauui F,. Beuay
yrBepx/eHus 1) umeem [y <{f u

F (p) = Olorm (A/F,, (A) | A €X,).

Ho, kak HeTpymHo 3ameruth, &,=(A/F, (A)|A€X,), T e
fs (p) = f2(p). 3uaunur, f,(p) = [(p)- [Mockosibky p 6Gpanoch
npousBosibio, To f,<<f. Takum obGpa3zom, f=f, Teopema
JOKa3aHa.

M3 teopemsl 8.3 HENOCPEACTBEHHO BHITEKAET

8.4. Caegncraue. ITycmo f;— MUHUMAAOHbIL A0KANbHOLL
©-anaunsui sxpan gopmayuu F;, i=1, 2. Tozda u moAabKo
mozda F, = F, koz0a f;<f,.

Yro6bl MPHBECTH ellle OJHO TOJ€3HOe CJEACTBHE Teope-
Mbl 8.3, HANOMHHM CJEAYIOILYI0 XOPOINO H3BECTHYIO JIEMMY.

8.5. Jlemma. ITycms H|K—enasnoul gpaxmop Koneurol
epynnot G, p €x(HIK). Toeda O,(G/Cq (HIK)y={1}.

Jl0Ka3aTeJbCTBO 3TOH JIEMMbI MOXHO HaiTH, Hanpumep,
B kaure [107].

86. Cnencraue. Jlokarwnaa opmayus ¢ umeem
COUHCMBEHHbIL MAKCUMANLHOL 8RYMPEHHUL AOKAAbHBIL IKPAH f
npuden f ydoseremegopsem Ycaosuro f (p) =N, f(p) 021 mobozo
npocmozo Hucaa p.

- IlokasatedbcTso. Ilyctb h—MHHHMaIbHEH JOKa1b-
Hbll 9KpaH (opmauun F, f.— nNpoH3BONbLHBIA BHYTpEHHHHA
JokajbHEI 3kpan §. Ilyceth f—rakoft JIOKaJIbHBIA  3KpaH
dopmanun &, uto [(p)=MNh(p) m1 JI060TO  POCTOro
uncna p. Beuny teopemnt 8.3 fi<f. CaenoBare/ibHO, OCTa-
ercsl JHIb MOKas3arh, 9ro <f> = &. Ilpeano/soxuM npoTHs-
Hoe, W nycTb G —rpynna MUHAMAJIbLHOIO NOpsAJKa H3 NG
Torxa G — vunumanbyas HopManbHas noarpynna B G. Ecan
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pEn(G¥, 10 G/Cg(GP) € f(p)=N,h(p). Ho no nemme 8.5
0,(G/Cyx(GB)y={1}, T. e G,Cx(GHER(p). 3nauur, G¥
h-uentpanbHa B G. CnenoBarenbto, G € . Ilonyuentoe npo-
THBOPEUHE NOKAa3biBAeT, 4To <f> == . ,

8.7. Jlemma. ITycms ©® —noaypewemra scex (HOPMAALHO)
Hacaedcmeennolx opmayuii. Toeda ©' cosnadaem ¢ noaype-
wemkotl ecex (HOPMAALHO) HACACOCMBEHHDLX AOKAALHLIX op-
mayuii.

IlokasaTeabcTBO. Beuay aemm 2.17 u 2.19 HeoG-
XOJMMO JIHIUb T0KA3aTh, YTO €C/IH g — (HOpMaJbHO) Hacjel-
CTBeHHasl JioKanbHas Gopmauus, TO & 06/1ajaeT (HOpMaJbHO)
HaCJ/Ie[ICTBEHHBIM JIOKAAbHBIM 3KpaHoM. Ilycte f—makcumaln-
HbIl BHYTpeHHHH JOKa/ibHbIE 3kpaH dopMauun . Ilokaxem,
yTO 3KpaH [ (HopMasnbHO) HacaefictBeHeH. Ilyers H € f(p)
u T-—(nopmanvuas) moarpynna u3 H. Ilycte P =0, (H).
Bougy semMbl 8.2 peryasipuoe crierenne A= P,e(H/P),
rae | P,| = p, npunagnexur §. Tak kax BcsiKas (HopManbHas)
gourpynna us A takxe npunaunexur §, 1o P 2 (PT/P)€F.

HayHr,

T/O,(T) =~ (PT/P)/O, (PT/P) €[ (p).

CnepgoBarensuo, mo Jjemme 8.2 T Ef(p). StuM Mbl JOKa-
sajid, uTO 3KpaH [ (HOpMajbHO) Hac/aeicTBeHeH. JlemMma
JOKa3aHa.

8.8. Jlemma. Tycmov A—«xoneunasn epynna. Toeda 6 ¢op-
smayuu sform A colepacumen auuis KOHEHHOE MHONCECMEO HA-
caedcmeentolx nodgopmayull,

HdoxkasateabctBo. [lyerb M =var A—wmHorooGpa-
3ue, mopoxjeHHoe rpynnoil A. MuorooGpasue WM Jn0KaNBHO
KoHeuHO, a pemerka L (M) ero mogmMHOrooGpasuit KoHeuHa
(em. ra. 5 xuurn [52]). Herpyano nokasate (cm. § 9), uto
sform A —xknacc Bcex koHeynbix M-rpynn. HMcnonbsys te-
nep» Teopemy 9.4 us § 9, Buaum, uro pemerka L (W) uso-
MopcdHA pelueTKe HACJeACTBEHHBIX NoAdopMaiuii (opMaluy
sform A. CnenoBarenbHo, B sform A HMeercsi JHIIb KOHEYHOE
MHOKECTBO Hac/eICTBeHHbIX nojdopmanui. Jlemma noka-
3aHa. ,

8.9. lemma. Mycms A—rxoneunas epynna. Toeda e pop-
mayuu lform A codepacumes auib KOHEUHOE MHOXCECMBO
HacaeOcmeeHHoIX AOKAAbHOLX nodgopmayull.

Hokasarenbcrso. [lycte ©O-—mnoaypermerka Bcex
HacJseficTBeHHuX (opmanuii, IN =OHform A. TlonsartHo, uro
[form A = M. Tokaxem, uyto B I conepkUTCS JHLIL KOHEU-
. HO€ MHOXKECTBO HACJEACTBEHHBIX JOKaJbHBIX NoA(opMauHil.
[Tycts & —npousBosibHas HacjefCTBeHHAs JOKajibHas (op-
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Mauds, sxopsmwas B M. o semme 8.7 FeO Mycrs f
W m-—MHHHMaJbHbIE JIOKAJbHbIE HACJeJCTBEHHBIE 3KPaHl
dopmanuit § u M coorsercTBenno. Torga no cjeficTBuio 8.4
[<m. Ho BBHzy Teopembl 8.3 u Jemmn 8.8 CyIIecTByer
JIHIIb  KOHEYHOE MHOXKECTBO HACJENCTBEHHBIX JIOKAJbHBIX
9KPAHOB [, V/IOBJETBOPAIOWHUX BJIOKeHUIO ¢<Cf. 3Hauwr,
B I u TeM 601ee B [form A COAEPKHUTCS JIHILb KOHEYHOE
MHOKECTBO HaC.1€ICTBEHHBIX JIOKaJNbHbIX Noidpopmauuii. Jlemma
JloKa3aHa.

8.10. Jlemma. IMycmo G=NM, 20e N <]G u N € Nr+1,
Tozda M€, formG.

Hokasateabctso. [Iposenem unaykuuio no n. Jdoka-
3aTeJbCTBO .1€MMBl J1s1 cayyas, koraa n=0, npuBeJeHO
B kHHre [107] (cm. Teopemy 2.3). Ilyctb n>>1 yTBEpXK]e-
HHE cnpabepauBo npH n—1. Huaykumeii no |G:M | noka-
xeM, ut0 M € F = [,form G. O6osnaunm uepes f HEKOTOpBIH
(n—1)-kpatHo aoKaABLEMIA 3kpan ¢opmauun . Ilycrs
pEn(M), T =F,(G). INokaxem, uto M/F,(M)€f(p). Ecau
MT =G, 10

GIT=TMIT~M/TnMEef(p).

Ho TnM<F,(M). 3usauur, M/F (M)ef(p). Ilycrs
McTMcG. f‘or‘na NOCKOJIbKY IG:'II]M|< |G: M|, To MbI
MoxeM cuyutath, yto TM €. ITostomy TM/F,(TM)Ef (p).
Ho :

TM/F,(TM)=F,(TM) MJF,, (T M) ~ M/F,(TM)n M

uF,(TM)n M <=F,(M). CrnepoBarensuo, M/F, (M) € f (p).

ﬁymb, Hakonen, T = M. Ilockoabky F (N)— xapakre-
puctuueckas noarpynna 8 N u N G, 10 F(N) <JG. Cne-
RoBaresibHO, F (N) = T'. 3nauur, Beugy usomopdusma TN/T ~
o N/T' NN dakroprpynna TN/N npunamiexur R*. Ho TOrAa
B culy ¢akropusaunu G/T = (TN/T) (M/T) nosyuaem, uro
M/T €1,_,form (G/T) € f (p). Tlocnennee Breger M/F,(M)e
€f(p). Hrak, pas Beex pEn(M) cnpaBennnBo, uTO
MIF, (M)€Ef(p). Snaunr, M€ F. Jlemma nokasaua.

. 8.11. Jlemma. Mycmo A €form X, Q— cusosckas g-noo-
epynna us A u kaacc § codepacum 2106Y10 cunr06cKyto §-nod-
epynny aobotl epynnoe uz X. Toeda Q € form §.

HoxasarenbcrBo. ComocraBam BCAKOH KOHEUHOI
rpynne G mHOXecTBO @ (G), cOCTOSIIEE H3 CHJOBCKHX g-noj-
rpynn G. OroGpaxenue G — a (G) YJOBJIETBOPSIET Y CJIOBHIO
semmbl 6.13. 3nauut, semma 8.11—cencreue Jemmbl 6.13.

8.12. Jlemma. IMycms A€sformG, 20e G—koneunas
epynna. Toz0a umerom mecmo caedyrouque ymeepicoenus:
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1) sxcnonenma epynne. A He npesocxodum SKCHOHEHIMY

epynnot G; . ' '

2) xascoui eragnoui pakmop epynnel A usomopger Hexo-
mopomy erasromy ¢paxmopy epynnet G;

3) Kancdoul KOmnosuyuonnvitl axkmop epynne. A usomop-
(her. nexomopomy Komnosuyuonromy paxmopy epynnot G;

4) cmynenb a106020 Huabnomenmuozo gakmopa epynnol A
He npesocxodum HAauboAbLy0 u3 cmynenel HUNbNOMEHIMHbLX
paxmopos epynnor G. . ,

HokasartenbcTBO. YTBepxiAeHHe 1) BbITeKaeT H3
neMMbl 3.5. YTBepxKieHHe 2) BbITeKaeT U3 JeMMbl 2.6. YTBepxk-
zeune 3) B cuay teopembl )Kopaana—I'€nblepa BbiTeKaer
u3 2). Yreepxienue 4) caenyer u3 Jjemmn 8.11. Jlemma
JokasaHa.

8.13. Jlemma. Ecau §F=M9, 20e F n M—needuruy-
Hble A0KaAbHble opmayuu, a H—maxas Gopmayus, 4mo
n (D) En (M), mo mHoxecmso HACNCOCMEEHHBIX AOKANbHLIX
nodgopmayuti opmayuu F GeckoHeuHo. :

HoxasateabctBo. I[lyets pé€m(H)\a(M). HcHo,
yro § = §. 3uauur, p € n (F). Popmauus F Jokanpha. Cie-
zosarensHo, N,=F. Ilycre A-—mnpoussoibHas rpynna
ns N, Tak xak AE€F=MH, 1o A2€M. Ho p ¢ (M.
Iostomy A €§. Takum obpasom, N, = . Iycrb g€ 7 (M).
Torna g==p u N, =M, nockonbky dopmauus M MoKanbHA.
J1J1s1 BCIKOrO HaTypaJIbHOTO YHCJa 1 3aPHKCHPYEM HEKOTOPYIO
HMKAHdecKylo rpynny P, nopsiaka p. Ilycets Q,=QeP,—
peryJspHoe cnierenue, rae Q—rpynna nopsaka q. O6os-
HauuM uepe3 ¢, JOKalbHYyl0 (opmaluio, NOPOKAEHHYIO
rpynmo#t Q,. Ipynna Q, siBaseTca paciuHpeHHeM ¢-rpymnibl
¢ nomotpio p-rpynisbl. Ciefosarensuo, Q, € N N, = MH =.
[Mostomy &, = &. [ockoabKky rpynna Q, MeTaHHJbIOTEHTHA,
TO =9 Bsuny Jemmbr 8.10 Bce JiOKajbHBIE TIOA-
dopmanun u3s N? nacienctBennnl. TakuM 06pasoMm, &, —
HaC/e[ICTBEHHAs JIoKaJbHas noadopMauns B .

[TokaxeM, 4TO €ClIH n M m-—pasjHUHbIE HATypaJsbHbIE
uucna, 10 F, #=Fn Ilyerb f, u f,—MuUHAMAJbHBE JOKAJb-
Hele 3KpaHbl dopmaunuii &, u &, coorBercrBenHo. ITo Teo-
pewe 8.3 f, (g) = form (Qu/F 4 (Q,) H f,, (9) = form (Q/F 4 (Q,)-
Jlerko BHAETH, 4TO 1/ JIOGOr0 HaTypajbHOrO YHC/IA 7 HMEET
mecro Q,/F,(Q,) >~ P,. C apyroit cropoHsl, no nemme 8.12
3KCMoHeHTa Jo60oH rpynnel u3 form P, He NpeBbILIaeT 3KCMO- -
HeHry rpynnsl P,. Ho rpynma P,—uukJjnyeckas rpynna,
M TIO3TOMY €e 3KCIIOHEHTA COBMAajaer ¢ NOPSJAKOM. Takum
o6pazoM, [, (g) 5= f.(q). Tlocrenuee osnauaer, uto §F, 7 &,
Urak, B 'z% CoJiepKUTCA GecKOHeuyHoe MHOMKECTBO JIOKaJib-
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HBIX HAC/JEJCTBEHHBHIX TOAPOPMALMH 1, Hgr -~ - JlEMMA
IoKasaHa.

8.14. Jlemma. Toeda u moavko moeda aokarbras ¢op-
mayus ¥ 00Honopoxcdena, ko2da T (§)— KOHEUHOe MHOJKHCeCT 80
u § umeem makoti 6HympenHull AOKAAbHBIL IKpan [, 4mo
[ (p)—o00nonoposxcdennas ¢opmayus npu .6CIKOM p En(F).

IlokasaTeabctBo. [lycrb naiisercsi Takas rpynua G,
yro § =IformG. Torna no Teopeme 8.3 m (F)=n(G)—
KOHEYHOEe MHOXKECTBO H (opMalLusi §§ MMeeT TaKOH JIOKaJbHbIi
skpat f, uto f(p)=form(G/F,(G)) npu Bcex p €n(G).
~ O6parno, nycrb 1 (F)={p;, ..., P,}—KOHEUHOE MHO-
XKecTBO M =<f>, rae f—Tako BHYTPEHHHH JIOKaJIbHBIA
skpan dopmauuu &, 4to f(p)— oxHONOPONKAEHHAsH (hopMaLHs
npu mobom p € n (F). Has Beskoro i€{l, ..., n} uepes G;
0603HaYHM rpynny, nopoxjawoumyio dopmauuo f(p;), a ue-
pes F,—peryaspuoe cruerenne L;2(G;/0,(G))), rae L;—
HeKOTOpasi HeeMHWuHasi p-rpynna. [lokaxeM, 4TO F=,=
= lform F,X ... XF,. Tlockonbky f-—BHYTpeHHHH JIOKaJb-
Hblii 3KpaH § u F,—pacwmpenue p, Tpynnbl C IOMOILbIO
rpynnet G;/Op,(G)) € f (p;), TO no Jnemme 8.2 F;e%. Cneno-
BatesibHO, &, = &. Hlasi nokasaresnbcrBa 0OpaTHOrO BKJIOYe-
HHA NOKaxeM, uto f<{{, rje {—MakcHUMa/bHbIH BHYTPEHHHH
NOKaJbHBIE 3KpaH Qopmamuu &, Tak kak F;€, TO mo
nemme 3.40 F;/F, (F,)€t(p;). Ho, KaK HeTpylAHO 3aMETHTb,

F[/Fpl' (Fz) ~ G[/Oﬂ,' (Gl)

3uaunur, G, €N, f (p;). Beuny crencrsusi 8.6 1 (p,)= ip,t (P)-
Takum o6pa3som,
f(pz) = form G[ = t (pi)r

1. e. f<t. Tlostomy F <=, Caenosarenpho, §F=F, =
= lform F; X ... X F,—oJHOmOpoXeHHas JoKaJbHas ¢op-
mauusi. Jlemma JnokasaHa.

Cnenyiouasi JieMMa siBJISIETCsl YacTHBIM C/JyYyaeM pesyJib-
Tara pa6othl [172].

8.15. Jlemma. ITycme A—npocmas aberesa epynna,
n—Hamypaavtioe qucao. Toez0a cmynenv peeyrpHoeo chie-
menus Az A" ne menowe n-+ 1.

B nemme 8.15 u B jasbHefiliem A" 0603HayaeT HEKOTOPYIO
rpynny, sBJASIOMYIOCS TPsIMbIM NPOH3BEJieHHeM n H3oMOpd-
HBIX KOMHUH rpynnel A.

8.16. Teopema. Tozda u moasko moeda npoussede-
Hue M Heedunuunoii aokaroroli gopmayuu M u HeeQuruy-
Hoil gopmayuu §) = & — 00HONOPONCOEHHAS N0KANLHAR (Op-
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mayus, kozda esinosnsomes credyrouyue yeaosus: 1) m(9H) =
=a(M); 2) M—memanuronomenmnas 00HONOPOKIeHHAS
aokasenas  opmayus; 3) n(D)Nn(m(p))=F 0aa 6cex
pEn (M), 2de m— munumaroHoul A0KAAbHLUL IKPAH popma-
yuu M; 4) ecau | (M) | > 1, mo H— o0nonoporcdernas ¢op-
mayus, npudem MEN ereven H=A.

HokasateabcTBo. OGosHauum dopmauuio MY
yepes . [IpennosiokKuM, YTO g — JIOKaJbHasi OAHONOPOXKIEH-
Hast gopManus, T. €. AJs HEKOTOpo# rpynnbi A crpaBelTHBO
% =lform A. Honycrum, uro n(H)Ex (V). Torma mo
aAemme 8.13 B dopMmainuu @& comepKHTCS OECKOHEYHOe MHO-
3ECTBO HACJEJCTBEHHBIX JIOKaJbHBIX TNoAQOpMAlHMi, dYTO
nporuBopeunt Jgemme 8.9. 3Hauut, n(9H) <= 7 (M), T. e. dop-
mauuu M u H ynosnaersopsior 1).

[lycth h— MUHMMAJIbHBIH JIOKAJbHBIH 3KpaH popMaluH &F.
Beuagy caenctBusi 7.19 Qopmauusi § HMeeT TaKkKe TaKOH
JOKaJIbHBIH 3KpaH f, uto f(p)=m (p)H Ans Beex p € n (M)=
=n(®) u f(p)=C npu Bcakom p€n’ (F). Ilockonbky
m—BHYTpeHHHHA 3KpaH ¢opmamuu I, To [—BHYTPEHHHH
skpan Gopmaunu . I[lpeamosoxkuM, YTO HAHAYTCSA TaKHe
pas/iHYHbIe TPOCTHIE YHCAA p W ¢, 4T0 B (opmauuu m(p)
cofiepKuTCs rpynna Z, mopsiika q u gen(H). Iycre H—
HekoTopasi ¢d-rpynna u3 §. Jlna BCAKOro HaTypajbHOTO
ypcsia n yepes H, 0603Hauum peryJisiproe ciierenue Z, e H".
Slcho, uto H,€m(p)$H u O, (H,)={1}. Cienosarennto, no
teopeme 8.3 H,€h(p). Ecim L—rmoarpynna nopsjka g
us H, 10 Z,2L" nsomoppHO BKIaAbIBAETCS B H,. BBuny
JemMmbl 8.15 CTyNeHb HMJBIOTEHTHOCTH TIpynmel Z,2L” He
menbwe n-+ 1. Tlo Tteopeme 8.3 h(p)="form (A/F,(4)).
CnenoBarenbdo, mo Jemme 8.11 Bcsikass CHJIOBCKast ¢-NOA-
rpynna u3 H, npuHapiexkut GopMainH, NOPOKIEHHOH CHIOB-
ckoit g-noarpynnoit u3 A/F,(A). IlocienHee BBHAY JEMMBL 8.12
03HayaeT, YTO CTyNeHb HHUJbINOTEHTHOCTH rpymmsl Z, 2L" He
npesbiliaer (pu JOGOM HaTypajbHOM f) CTyNeHb HHJBIO-
tentHoctH rpynnsl A/F, (A). IlporuBopeune.

Urak, B Ja/jbHeflleM MBI MOXEM CYHTaTbh, 4YTO €CJH
p H g— pasiuyHble NPOCTHIE YHCIA W Tpynna Z, mopsijka g
NpHHAJIEXKUT ¢opmanuu m(p), TO q(f;n(éj)). boasee ToOrO,
NMOKaXeM, 4TO B TaKoil cuTyauuu (Qopmanus § abenesa.
[peano/siokuM NpPOTHBHOE, H mycTb M-—TNpOU3BOJIbHAS HE-
a6esesa rpymna u3 §). [lonsitHo, uro g ¢ m(M). Ilycrs F,—
rnojie U3 ¢ 31eMeHToB, F,—ero anreGpanyeckoe 3aMblKaHHE.
ITockonbKy rpynna M HeaGeneBa, TO CyLIeCTBYeT N0 KpaiHei

Mepe OJHH HEelpPHBOJXHMBIH F(I[M]-MO}lleb T paura =>2.
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[lyctb  D—Buewnee TensopHoe npoussesenne (cm. § 43

KHUTH [44]) n sksemmasipo mopyas T. F,[M]-wonysb D
HenpuBoiuM (cM. [44], c. 184) u ero panr >2". 3Haunr,
HalJgercs Takoi nenpusoaumbiii F, [M"]-monyib L, uto D —

npsimoe cnaraemoe Moayas L™ (cm. ynpakHenue 8 ua c. 199
u3 [44]). Tlocnensee osuavaer, uro panr MonyJass L He
MeHblle 2", Tlockoibky M € u L—3snementapHas aGesieBa
g-rpynna, 10 R=L>xM"em(p)$H. Ho m(p)H=f(p). Cne-
AoBaresbHo, 10 Teopeme 8.3 R/O,(R) € h(p). 3amerum, yro
rpynna R/O, (R) o61anaer raaBHbIM GakTopoM LO,(R)/O,(R)
nopsinka =¢q**. C apyroii cropousl, h(p)=form (A/F, (A)).
3HayHT, MOPSIZIOK BCAKOTO TJIABHOTO (akTopa /060l rpynmbl
U3 h(p) HE NPEBOCXOLHT | A/F,(A)|. Tlporusopeune. Takum
o6pasom, §)—abesieBa (opMarus.

ITokaxem Tenepb, uTo IN—MeTaHHIBNIOTEHTHASI OIHOMNO-
poxXJeHHast  JloKasibHas Qopmauus. IIpemnosoxum, uto
ME N2, Onupasice Ha Teopemy 3.49, HETPYAHO MNOKA3ATh
(cM. nemmy 19.6. raBer 4), uto B M HMeeTcsi HeMETaHHJIb-
NOTEHTHAs1 JIoKaslbHast noxgopmauus M,, y KoOTOpoi Bee
COGCTBEHHbIE JIOKAJIbHBIE TOAPOPMALHH METAHHJIbIIOTEHTHHI.
Crpoenue Takux dopmauuii 6yser usyueno B riase 4. B uacr-
HocTH, crenctBHe 19.11 ycrawaBausaer, uyto I, = (form G,
rie rpynna G yloBNeTBOPSET OAHOMY U3 CJIELYIOUHX YCJIOBHII:
1) G* — HeaGe/ieBa e[IMHCTBeHHAs] MHHMMAJbHAS HOpMaJsbHas
noarpynna B G; 2) G= P x M, rae P = C, (P)—MHHHMaJbHAs
HopMasnbHas moxrpymna B G, a H=Q X N=~{l}, rue
Q=Cy (Q)=H" —muHuMabHAs HOPMAJIbHAS noxrpynna B H.
[lycts G ynosnetsopsier yeiosuio 1), p € (G®). IMockonbky
GEMy=M, 10

G/C;(G*) € m(G*) = m (p).

Ho C4(G%) =({1}. 3uauur, G € m(p). Iycrb M— neenuuuy-
Has rpynna u3 §. Jlasi BCAKOro HaTypasbHOrO 4Yucia 1
yepes G, o603HauMM peryJspHoe cmnjereine GeM®. Tloka-
KeM, 4TO NpH HeKoTopoM p € n(G®) rpynna G, npuHAMEKHT
m (p)§). 310 oueBuIHO B Ciyuae, Korma G—npocras rpynmna.
Ipeanonoxum, uyto G* 5= G. Tycts g € 1 (G/G®). Toraa BBHAY
HHJIBNIOTEeHTHOCTH rpynnbl G/G® B Heli HalijeTcss MaKcHMasb-
Has MOArpynma MHAEKCa ¢. 3HAayHT, ofHa H3 (aKTOPrpymn
rpynnbt G HMeeT NopsioK, paBHI . CiieloBaTesbHO, npu
J1o6oM p € n(G?) dopmauns m(p) umeer HOATPYNIy Mopsijka q.
[lycrs p € n(G*)\{q}. Toraa BBuAY 3ameuanmii us npespi-
aymero a6sana gopMauus §) abesepa u qén (9). Uz nocaen-
HEro JIErko BBITEKAET, 4To §)-Kopamukan rpynnb G, coBnajaer
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c ee 6asoit T. Ho T sBasieTcs npsIMbIM INPOH3BENEHHEM
rpynn, usomopdubix G. 3uauut, T €m(p). Takum oGpasom,
G,€m(p)9. Jlerko Bugerp, uto O, (G) = {1}. CnenoaresbHo,
BBuay teopembl 8.3 G, €h(p). Hcnoabsys cBoficTBa cChJe-
TeHHH, HeTPyAHO y6eauthbesi, yto rpynna G, obJagaer MHHH-
MaJlbHOMH HOpMaJbHOM NoArpynnoii nopsigka | G* || M 1", Ho kak
yKe OTMeYasoch, MOPSIAKH TIJaBHbIX (PAKTOPOB BceX rpynn
us h(p) ve mpesocxoasr | A/F,(A)|. Ilporusopeune.

Ilycts G ynosaersopsier ycaosuio 2), p € n(P), g€ n(Q).
Torga nockoabky G €M, TO :

H~G/P=G/Cg4(P)em(p)

N ~ G/PQ=G/C, (PQ/P) € m (q).

Beupy anemmb 85 O, (N)={l}. Tak kax, Kpome TOrO,
rpynna N HHJBNOTEHTHa, TO B Qopmauun m(qg) HMeercs
takas rpynna E npocroro mnopsiika, uro ¢ ¢ (E). 3uaunr,
H—abenesa dopmanus U w(N)Nn(H)=&. [lycte M—me-
KOTOpasi HeefWHHuHast rpynna u3 §. Mcnoabsysi caenaHHbie
3aMeyaHusi, Jerko yOeouTbCsl, 4TO HPH JI000M HATypPaJbHOM-7
peryaspHoe crjetenne H e M npunaniexut m(p) . Beuny
nemmbt 8.5 O, (H)={1}. 3naunr, O, (H e M") = {1}. Cnezno-
patesibHo, HeM*€h(p). Ho rpynna HeM" umeer MHHH-
MaJbHYO HOpMajbHylo noArpymnmy mopsika |Q[IM1%. 3ro
NPHBOAMT K MPOTHBOpeuHio. Mrak, ocraercs 3aK/IOYHTb, YTO
M < Nz

[MokaxeM, uto 9N —onHOMOPOXKIEHHAs! JOKanbHasi (op-
manusi. Beuny semmbl 8.10 Bcsikasi siokaJbHasi nojpopmanus
u3 M Hacaencrsensa. CaegosatenpHo, M =&, U N03TOMY
BBUAYy JemMbl 8.9 B 9 uMeeTcst JIHIUb KOHEUHOE MHOXKECTBO
JoOKaNbHBEIX noAdopmanui. Ilycrs

C=F,cF.c..cF,=M

— TaKasi liefb JOKa/JbHbX Qopmanuii, yto I, —MaKCHMab-
Has JoKaJdpHas mnoapopmauus B M,,,, i=0, 1, ..., n—1.
Mycre H, € M\ M;_y, i=1, 2, ..., n. Torna

M=llorm{H,, ..., H,}=lorm H,X ... XH,,

T. e. M—J0KkajbHas ofHonopoxAaenHas ¢opmauus. Hrak,
M ynoBaerBopsier yciaoBuio 2).

IIpennosoxum, 4To HAUAYTCS TakHe NPOCThIE€ YHCJA p H ¢,
yto g €n(H)Nn(m(p)). Tak kak dopmanus I MeTaHUIb-
notenTHa, 1o no teopeme 8.3 m(p) = N,-. CaenopareibHO,
gs=p #H B dopManuu m(p) HMeercs rpymnma Mnopsiaxka g.
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3naunT, KaK nokasano pauee, ¢ n(H). [lporusopeyne. Takum
oopasom, M u F yIOBIETBOPSIOT YCJIOBHIO 3).

Iycte MEN. Torma nHailjercs Takoe p€n (M), uro
& < m (p). Ho m (p)=N,-. CrenoparennHo, B popMaLHu /m (»)
HMeercsi Takas rpynma M mpoctoro. nopsaka, 4To p=| M|
B sTOM cayyae, BBHUAY YCTAHOBJIEHHOTO paHee, (opmanus
abenesa. Ipeanonoxum Teneps, uto | (M)| > 1. ObosHaunm
yepes g, opmanuio :

form {A/F, (A) | p € n(A)}.

[MockosbKy (opManusi, MOPOKAeHHAsi KOHEUHBIM MHOXKECTBOM
rpynn, coBnajaer ¢ Qopmaunued, MOpOXKJEHHOH NPSMbIM NIPO-
H3BeJIeHHEM TPYIIN 3TOTO MHOXKECTBA, TO g, — OAHOMOPOXKIEH-
Has ¢opmauusi. Ilycts A,—npon3Bo/ibHAss MOHOJTHTHYECKAs
rpynna us §. IlonsTHo, uTO O, (A))={1} ais Hekoroporo
p € (M). 3nauwut,

A, € h(p) = form (A/F, (A)) = .-

Cle0BaTeIbHO, BCAAKAs MOHOJMHTHUECKAsi Tpynna us §) BXO-
wmr B $%,. Hostomy H=g,. IHyers H=A. Toraa uuciao
HEN30MOP(HBIX MOHOJIMTHYECKHX TPYNN H3 $ xoHeuHo, H6O
BCe OHHM SBJSIIOTCH UMKJAHYECKHMH TpYyNnamH nopsjka He
Goabiie | A|. 3HauuT, B pacCMaTpUBaeMOM C/y4ae popmauus H
opuonopoxaena. Ilyers HEA. Toraa BBHAY AOKA3aHHOIO
Boime I = N. Cregosareasro, m (p) =& npu Beex p € 7 (M).
Takum obpasom, [(p)=m(p)H=9. Ho A<f. 3naunt,
A/F,(A)€H npu Beex pen(4), 1. e. F <. Takum obpa-
30M, &) = 3, — opHonopoxentas dopmanus. Hrak, M u H
YJIOBJIETBOPSIOT YCJOBHIO 4). OTHM Mbl 3aBepIIMJIHM JOKa3a-
TeJbCTBO HEOGXONMMOCTH.

JlokaxeM Terepb HOCTaTOYHOCTb. IlycThb (M) = {p}-
Torga BBHAYy JOKadbHOCTH (opmanuu IR uMeeT MeCTO
M =N, Beuny ycnosus 1) H<=N,. 3nauut, F=MVH =
= M=RN,. Cnenoparenvro, &= form B, rae B—npous-
BOJIbHAS HeeIHHHUHasl p-rpynna.

Paccmorpum cayuaii, korpa |m(M)|>1. Beupy ycuao-
pusi 1) u caencreus 7.18 dopmauus §F UMeeT TAKOH JOKalIb-
ubii skpan f, uto f(p) =m(p)$, ecan p€n (M) u f (p) = I,
ecan pen’ (M). Kpome toro, (M) = (F). Tlo yenosuio 2)
i — ofHOMOPOXK/EHHAst  JIOKalabHas — dopmanus. 3Hauur,
7 (M) — koHeyroe MHOxectBo. CiefloBaTeNbHO, BBHAY JEM-
vbr 8.14 ocraercs nokasarb, uyro s odoro p € (M)
dopmanus m (p) § onHonopoxuena. Eciu MR, To m(p)=E€
u, cJefoBaTenbHO, m(p)$) = §-—O0AHONOPOXK/EHHAS topma-
wusi mo yeaosuio. [lycrs ME N. B atom ciyyae no ycJlOBHIO
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reopembl H= A u M = N2. Tak kak M —oaHONOpOKAEHHAS
JoKanpHas Qopmauus, To ¢opmanus m(p) OAHONOPOKIEHA.
[To ycnoBuio onHomopoxjeHa Takxke ¢opmauus §. ITycrs
m(p)=formA, $=formB, u nycts L-—npousBosbHas
rpynna u3 m(p)§. Tak kak L® €m(p), TO 3KCNOHEHTa
rpynnbl L. He MPEBOCXOHT MPOM3BENEHHs SKCMOHEHT Tpynn
A n B. Tlycrs Q—-cuiosckas g-nogrpynna rpynnsl L, rae
q—TNPOU3BOJBHBIA  NpocToi neautenns mopsiika L. Tak kak
QL®/L® ~Q/L*NQ u mno ycaosuio w (m(p))Na(H)= &, T0
au6o Q = L®, 6o QN L®={l1}. Io semme 8.11 B nepsom
cryqae Q € form A ,» BO Bropom Q€ form B,. CuefioBaTe/bHO,
CTYNeHb JII060H HHJIbNOTEHTHOMH CeKuWH W3 L He npeBOCXOAHT
HauboJbLIYI0 H3 CTyneHefl CHJOBCKMX Moarpynn rpynnst A
(nanomuuM, yto § < A). Paccmorpum raasHbiil dakrop H/K
rpynnel L. Tak kak [®—HuibnorentHass rpynna, To L°=
=CL(H/K). 3naunr, L/Cp(H/K)—uukauueckass rpynna,
IIOCKOJIbKY OHA ABJSETCS HEeNpUBOAUMOH a6esieBOH IpyNnoH
astomoppusmos. Ho L/C, (H/K) € §. CnenoBaresbHo, nop a0k
rpynnel L/Cp (H/K) He npeBblliaeT 3KCnOHEHTY rpynnbl B.
Ho rtorpa no nemme 52.24 kuuru [52] |H/K|<|A|-|B|'Bl.
Hrak, nopsjaxu Tr/aBHBIX (PAaKTOPOB, SKCNOHEHTHI H CTYNEHH
HUJbIIOTEHTHREIX CeKUMH Bcex rpynn u3 m(p)§) o6pasyioT
KoHeuHoe MHoxecTBo. CieloBartesbHO, BBUAY TeopeMbl 3.47
B m(p)$) uMeeTCs JIMIIb KOHEYHOE MHOXKECTBO HEH30MOPGhHBIX
(OpMaUHOHHO KPHTHYECKHX TIpyIi. 3HAYMT, BBHAY CJEACT-
Busa 3.4 dopmauus m(p) opanonopoxpeHa. Teopema Jo-
Ka3aHa.

8.17. CnencrBue. Tozda u moavko moada npousse-
Oerue M HeeOurudHbix r0KarbHbLX hopmayuil M u H— 00Ho-
nopoxcdertan aokarvHas gopmayus, Kozoa M= =N, 20e
P — HEKOMmopoe npocmoe 4ucio.

8.18. Teopema. Toeda u moreko moezda npoussede-
Hue MY HeeOunuunox Gopmayuti M u §— 00Honoporcdennasn
popmayus, Koeda cnpagediusol credyloujue YmeepHOeRUs:
1) gopmayuu M u & odnonopoxcdenss; 2) M=N, H<=U;
) aM)nn(H)=g.

HokasarteabctBo. [lyctb MY =form G, n=n(G)U
Um (M) U{qg}, rae g—HekoTopoe npoCTOE YHCJIO, HE NpPH-
Hagnexauee w(G). Beumy caeacrBus 7.18 dopmanuu
F1=NaW u F, = Ny (MH) uMeOT TakHe JOKaJIbHbIE IKPAHBI
[1 u [, coorBercTBeHHO, uTO f, (p) =MW, f, (p) =M npu Bcex
penuf, (p)=F[,(p)=, eciu p€n’. Beuay caencreus 6.21
T =&1D. Ilpennonoxum cuauana, uto = (W)—KoHeyHoe
mHoxectBo. Torga no Jsemme 8.14 g, —onHONOpoXAeHHAs
JokaipHas Qopmanus. CrenoBaresnbHO, BBHAY Teopembl 8.16
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§—abeneBa OJHONOPOXKIEHHAS dOpmauus, F—MeTaHH/b-
OTEHTHAsA OJHONOpOXAeHHas dQopMmanust. 3HauuT, m(p)—
HHJILTIOTEHTHAsI OHOTIOPOXKJAEHHAs (hopmanuusi, Tie /1 —MHHH-
MaJbHBI JIOKaJbHBIE 3Kpan QopMauuH &, pET. BBu-
Iy TeopeMbl 8.3 s J060H MOHOJHTHUECKOH rpymnubl f
us I Haiigercst Takoe p € m, uro H € m(p). MMosromy M=
=form ( U m(p)) u BBUAy TeopeMbl 3.47 I — HuAbTIO-
peET

TeHTHas ojHonopoxkjieHHasi ¢opmanusa. ITockosnbKy 1o ycJjo-
Buio 3) Teopemsl 8.16 m (D) N 7 (m (p)) = & npu BCex pE M,
to (M) N7 (H) = . Hrak, dopmanuu M u § yrosierBO-
pstor ycaosusm 1)—38), ecan muoxectso n (M) KoHeyHo.

[MoxaxkeM, 4To MHO¥ecTBO 7 (M) NEHCTBUTEILHO SIBTSETCA
koHeunbiM. Ilpexkne ycrasosum, urto MNH=E. [Ipeanoso-
XHM TIpOTHBHOe, u mycTb A—npocras rpynna us MM N$.
Torna AeAlGIed. Ecmu A€, 1o no aemme 8.15
A 2 A'Gl—uunbnorenthas rpynmna crenenn >=|G|-+ 1. Ho
3TO HEBO3MOXKHO BBHAY Jemmbl 8.12, mockombky A2AlGle
€ form G. Ecan :xe A—ueabesnesa rpynna, 1o Az Al¢! obaa-
aeT MHHMMaJbHOH HOpMajbHOH MNOATPYNNOH  MOPSIAKA
|ANANSY 310 rakke HesosMoxmno. 3naunt, MNH=GC,
u, CJeIoBaTeNbHO, eciu B—mnpoussosibHast rpynma us M,
to B®={1}, 7. e. BEM. 3nayur, M =7, u mnosromy
mHoxecTBO 1 (M) KoHeuwo BBUAY JemMbl 8.12.

Ecan xe M u H—Takde ogHONOPOXKIEHHBIE (hopMa-
wui, uto M=N, H<=A u x (M) N n(H) = F, T0 Kak OblIO
NoKa3aHo B XoJe JoKasarenbcTBa Teopembl 8.16, (opma-
uua M oaHomopoxkneHa. Teopema JokasaHa.

8.19. Caenctreue. Tozda u moasko mozda npousse-
denue N Hempusuarorolx mHo2o06pasuti M u §—mHozo-
o5pasue Kpocca (m. e. M =varG, ede G—Hexomopas
KoHeunas epynna), kozda M u § umerom Henyresole 83AUMHO
npocmote sxcnorenmot, M Husvnomenmno, §) abereso.

NokasateabcTBo. Jas Beskoro kiaacca rpynn X
cumBosioM fin X 0603HAaYHM COBOKYMHOCTb BCEX KOHEUYHBIX
rpynn u3 X. Ilycre MY =var G, rae G—KoHeuHas rpynna.
Torza Beuay Jemmbl 9.3 fin (M) = (fin M) (fin H) —oxworo-
poXIeHHas popManusi. 3HauuT, BBHAY TeopeMbl 8.18 fin M =N,
fin®=A u n(fin M) n n (fin H) = . Muoroobpasue var G
JIOKaJIbHO KOHEuHo, H moatomy WM = var fin M HHJBIOTEHTHO,
H=varfin$ abenepo u skcnonents: MHoroo6pasuit M u &
B3aUMHO ITIPOCTHI.

O6parno, nycTb IN— HUABLNOTEHTHOE, §— abesIeBO MHOTO-
06pasusi HeHyJeBHIX B3aUMHO NPOCTHIX 3JKcmoHent. Toraa
mHoroo6pasusa M u § kpoccosbl (cM. Teopemy 35.11 kHHrH
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[52]). Carenosareasto, MuorooGpasue M JOKaJIbHO KOHEUHO,
a popmanuu fin M u fin§ onnonopoxnaens:, npuuem finM =N,
finO=A u afinMnnfinM)=g. INo Teopeme 8.18
fin (MH) = (fin M) (fin ) — oxHomopoxkaeHHAsE  popManHs.
3naunt, MEH—mHoroo6pasue Kpocca. CnexcrBre J0Kas3aHo.

§ 9. Pewerku dopmanuii

Cessb pemerok Fo u Mg. 9.1. [nst moGbix ABYX (opMa-
uuit M 1t § nonoxum MAH =M N H, MV H =form (VU H).
Beakoe mnosecmso ¢popmayull, 3aMKHYmoe OMHOCUMENbHO
onepayuii N\ u \/, aersemcs peuwemoti. TakoBbIM, HampH-
Mep, ABASIETC MHOXKeCTBO Fg BCeX KOHeUHbIX (hOpMalui CHr-
HaType Q.

Hapsiny ¢ pemerkoit Fq B JaHHOM NYHKTE Mbl OyjeM
HMETb JIeJI0 ¢ peleTkoll Mg BceX MHOrooGpasuit CHTHATY bl Q.
Tlpn 3toM A5 Jo6bix AByX MuorooGpasuit M u H us Mg
nostoxuMm MADH =M N H, M/ H = var (MU D).

9.2. Jlemma. [aa awboix 08Yx AOKANGHO KOHEUHbLX
MHO2006pasuii F, u F, mroeoobpasue F,\/ §, marice 10KAA6HO
KOHEHHO. ‘

HOokasatennctso. Kak nssectso (cM. 1. 13.1 KHHTH

[50)), |
var (§, U§,) = HSIL(&, U F>),

rae IT(&, U §,) — ki1acc u3omopdHBIX KONMHH AEKaPTOBBIX NPO-
ussenennit (&, U &,)-cucreM. Ilycts H —KOHEYHO NOPOXKIEH-

Has ToicHcTema  asareGpamyeckoii  cuctemnl G =H1 H;
i€
(H;€F.UF,). Ilycrp m;—saepHas KOHrpYSHIHMA, OTBEUalo-
mas npoektuposanuio G — H,;, ¢;=mx;N H2 O6osnaunm
yepes /; TaKoe [I0JMHOXKECTBO MHOXKeCTBa I, uto snement a €l
B TOYHOCTH TorjJa nmpuHapnexut I, xoraa H,€F, i=1,2,
u nycts A;= 1 ¢, Beuay teopem 1 u 2 u3 n. 2.4 xuury [50]
iel;
I Kaxoro j € I; cymectsyer B3aMMHO OAHO3HAYHBIH IOMO-
mopdusm H/p;— D;, rae D,—mnekoropas noicuctema ag-
reGpauueckoil cucremsl ;. Ho Torna BBuay n.2.5 KHHTH [50]
CyLIECTBYET B3aUMHO OAHO3HAUHBIH IOMOMOPGHH3M .

a; R;= II Hjg; — Dy= 11D,
lel[ . [61;

Ias Bcskoro h€ H nonoxum B, (hA;)=t, l‘,tlé:, t.—Té_\KOI"l
Snement w3 R, wro f(j)=hq, (j€I,). Honatno, uto B, —
WHDBEKTHBHBI roMomoppusm H/A; B R;. Tlyers K;=Imf;.
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dakropcucrema H/A; koneuHo mnopoxkjeHa, NOCKOJbKY KO-
HEYHO TOPOXKJEHHOH sBasercs ajnreGpauyeckasi cucrema H.
3nauur, a; (K;) KOHeuHO mopoKAeHHAs NoACHCcTeMa anreGpau-
yeckoii cucremsl D;. Ho D; € &; u mHOroo6pasue g; JIOKaJIbHO
koneuHo. CuenosareabHo, a;(K;), a snaunr, u H/A;—Ko-
HeuHble anreGpauyeckne cucteMmel. [lockoabky A;NA,=A —
HyJeBasi KOHTPY3HIMs Ha H, TO mocsaeanee osHa4aer, 4YTO
cucrema H Takke koneuna. [IpeanmoJoxum Tenepb, uto H—
HEKOTOpasi KOHEUHO TOpOXKJAeHHasi ajreGpanyeckasi cHCTeMa
u3 HSIL(F, U Q,). Torna H siBasieTcst roMOMOP(HBLIM 06pasoM
HEKOTOPOH KOHEYHO MOPOXKAEHHOH ajnre6paHyecKod CHCTEMbI
T €SI (¥, U,). BBuny Tosbko uto jokaszaHHoro cucrema T
koHeuyna. CrefoBaTenbHO, KOHEYHOH sBJseTca M aJjreGpau-
yeckas cucrema H. Takum o6pasom, MHOroo6pasue &\ &, =
= var (&, U &,) 1okanbHo KoHeuHo. JleMma JokasaHa.

JleMma 9.2 moxasbiBaer, 4TO JIOKaJbHO KOHEYHBLIE MHOTO-
obpasusi 06pasyior noapewerky pewerkH Mgq. Takywo nox-
pelleTKy Mbl 0603HauMM uyepes Lg.

B janbHelimeM Jas Kaxaoro kKjaacca ajre6pavnyecknx
cucreM M uepe3 fin M oGo3HAYUUM COBOKYNHOCTH BCEX KO-
HeyHblX Mi-cucrem.

9.3. Jlemma. Ecau IM—r0kareno Koxeuroe mro2006pa-
3ue, nopoddenHoe KAQCCOM Koeunvix aree6p X, mo fin M =
= sform X.

IOokasateabctBo. [lycte A €fin M. Toraa nockosp-
Ky M =HSI(X), rue IT(¥)—kmacc Bcex NEKapTOBbIX NpO-
uspefennit (X)-anre6p, 10 A sBjisiercsi roMoMOp(HbBIM 00pa-
30M HEKOTOpOH KOHeuHO nopoxjieHHol aareGpel B € SII(X).
Tak Kak MHOroo6pasue I JOKaJbHO KOHEUHO, TO B-— KOHeu-

Hast anre6pa. [lyers B= [ H; (H;€ (X)), n;—npoekru-
i€l

poBaHHe asre6psl 11 H; na H,, ¢,—snepHas KOHrpysHUHS,
oTBeyatomasi romomMopdusmy w; u ;= B2N ;. IlonsrHo, uro
HafilyTcst Takue iy, ..., ii€1, uto Py N ... NP, =Ap. 3Ha-
yur, B-—rnoanekapToBo npoussenenue anre6p B/,
-ow» B, Ho B, =~ 9;B/¢; €S (X). Caenosatennho, Be
€ERS(X) u AcHRS(X)=sformX. Takum oGpasom,
fin M = sform X. 3uauwut, fin M = sform X. Jlemma noxasaHa.
9.4. Teopema. OmobGpasxenue fin, conocmagasroujee 6ca-
Komy muo2006pasuto arcebp MM kaacc fin M, sadaem moro-
mopgpusm pewemxu Lo 6 pewemky Fao.
HdoxkasaTteabcTBo. [lycrs & H &F,—IBa NPOU3BOJb-
HbIX MHOroo6pasuss u3 Lg. Kak wussectHo (cM., Hampumep,
n. 14.1 xuuru [50]), BCsikoe JIOKAJbHO KOHEUHOE MHOrooG-
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pase Mopoxiaercs CBOWMH KOHeuHbiMH cucreMamu. Crefto-
BaTesbHO, MHOroo6pasue g, U, MOpOXKAaeTcst KJaccoM
fin (§, \V &,)- C Apyroil CTOpOHBI, MOCKOJIBKY MHOr00GpasHs
%, U &, B CBOIO odepellb NOPOXKAAKOTCSI COOTBETCTBEHHO KJac-
camu fin &, u fin §¥,, To MHoroo6pasie F, \/ &, = var (& U&F,)
nopoxjaercst kaaccom fin g, \/ fin§,. Ilo Jemme 3.2

fin®, V fin g, =HR, (fin§, U fing,).
Tak kak fin§, u fin §,—HacaencrBennbie popmaLyH, TO
HR, (fin &, U fin §,) = HR,S (fin &, U fin &,).

3uauur, no jgemme 3.5 fin §, \/ fin &, —HacaencrsenHas gop-
mauud. Ilpumenss tenepb Jemmy 9.3, 3akioyaem, uTo

fin (F, V &,) =Iin&, V finF,.
flcno Takxe, 4TO
fin (&, A &) =fin(@F N &) finF n linF,=finF, A finF,.

3ameTuM Takxke, uto paBeHctBo fin &, =f{in &, Baeuer Fi=F.
Takum o6pasoM, OToOpakeHue, CONOCTaBJAloLlee KaXJIOMy
mHoroo6pasuio I u3 Lg kaacc fin M, sBaAsieTcS MOHOMOP-
duamom peuerku Lo B pemerky Fo. Teopema Jokasana.

9.5. [Ipo6Gaema. Spasercs Ju oroGpaxenue fin romo-
Mopduamom pewetkd Mg B pemerky Fo?

9.6. MHokecTBO MHOroo6pasuii © Ha30BEM 3aMKHYMbIM,
ecJM OHO CO BCSIKUM CBOMM MHorooGpasinem U comepxut
u Bce noamHoroo6pasusi u3 M.

Teopema. [Tycmo A—Hexomopoe 3amkHymoe noOMHO-
Jcecmso peutemky MHo2000pasuii areebp Mo, C— mHoocecmso
BCEX MeEX KOHEHbIX HACAeOCTBeHHbLX (hopmayull, Kaxoas us
Komopeix 6xodum 8 Hexomopoe mHoeoobpasue us A. Ilycms
L u D—nodpewemxu pewemox Mg u Fq, nopoxdentvie 8
Hux coomeemcmeerto nodmnoncecmeamu A u C. Toeoa ecaKoe
moadecmso peuwsemiu L evinoansemes u 6 pewemse D.

NlokasateabcTBo. Ilpexe NokakeM, YTo ecad &
u §,— npousBospubie dopMauun # AE€F AT, A N\ —
OfHA M3 onepaumii A H \/, TO HaBAyTCi TakHe areGpal
A €F, m AE€T, wto AEDAD, rae §,—dopmauns,
nopoxaennas anarebpoit A;, i=1, 2. 910 OUEBHIHO, €CJH
A= A. Ilycrp

A€F,\V &,=Torm (& UF)-
[To nemme 3.2
form (&, U &) = HR, (&, U &2)
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CirepoBarensno, A —romomopdubifi 06pas HekoTopo# anre6phi
BER,(F.UF,) Ilo onpenenennto xiaacca R, (&, U F,) Hail-
LyTCs TaKue gy-anre6pul A,, ..., A, u F,-anreépe By, ...
..., B,, uto B u3oMopdHa mNOJJEKAPTOBOMY INpPOH3BEAEHHIO
srux aJare6p. CiefoBaresibHo,

AgformN \/ form M =
= form (form N U form M) = form (N, M),

rme N=A,X... XA, u M=B,x ... xB,. Ilpu stoM scHo,
uro ME€F, u N €F,.

[Myctsy w=w(x,, ..., X,)—IPOU3BOJNBLHBI TEPM CHCHA-
Typel Q;=<A, V> u &y, ..., §,—HeKoTopsle dopmauum.
[lokakeM MHIYKUHEH MO yuC/Ty m BXOXKIEHHH B @ CHMBOJIOB
u3 Q,, yro ecau A€w(F,, ..., F,)» TO HalHAyTCS Takue
anre6pol Ay, ..., A,, uro A€w(formA,, ..., formA4),)
umAEF;,i=1, ..., n Yreepxaeaue oueBHAHO npu m=10.
BepHocTe yTBepakIeHusi npu m=1 J0KasaHa B NpelblAyLIeM
a63aue. Ilycts

wW=w, (x,-l, ey xif)A wz(le, . ey xjm),
rae /\ €9, w, ¥ W,—TepMbl CHTHATYphl Q, H
{xip s Xin Xppo woen X y={%1, ...y X5}

Toraa :
A Gwl (%il’ ceey %’-r) A W, (%fl’ ey %fm)'

CinienoBartesibHO, CYLIECTBYIOT Takue adjrebpul A, u A,, uro
AgformA, N\formA, u A, €w, &y -0 &) A€

€W (F)p s %jm). [To uHAyKUHH HAHAYTCS Takue aareGphl
B,‘l iens B, Gy ooy Gy o
A; €w, (form B, ..., form B, ),
Agewg(formcl-l, ..., formC; )
n B eF, (t=1,...,7), C; €%, (k=1, ..., m). Creno
BaTeJIbHO,

A€w, (formB, , ..., form B;) ANw,(formCy,, ..., formC; ).
3Haunt, TeM GoJsee

Aew, (M, ..., M ) A w, (M
rae M;, = lorm B,
Ww,, SR,szorm C,k, ecJlH NepeMeHHast X ;, He BXOJHT B TepM
w, u M, =M, =form B;,xC,,, ecmu i;=j, Tenepn, no-

IR
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CKOJIbKY

{Xipp o0 X X ooy x; Y={%n - Xn}s
MOXKHO YTBEpKJHATh, uTo HaiiayTcs Takue dopmauuu N, . ..
ooy M, uto A€wMy, ..., M,) u M;—dopmanus, no-

pOXJeHHasi HEKOTOPOH 7§ ;-aJreGpoi.
IIpeanosioxkum Tenepb, uto B anre6pe L BHIMOJHSAETCS

TOXAECTBO W, = W,. IlycTh X, ..., X,—HaGop NepeMeHHbIX,
BXOZSIIMX B T€PM @y Xy, - .., Xp Y1, - - -» Y,—HAGOp mepe-
MEHHBIX, BXOJSLHX B TEPM W,, IpHueM p < n H {Y1, - -, Y,} N
N{xy, ..., x,} = . [lokaxem, yro M5 NPOU3BOJILHBIX top-
Manud [, - K My, ..., M, €D crnpaBepuBO BKJIO-
yeHue ,

0, &y o F) =0 Fas s T My, ey D).

Halinytcst Takne TepMbl

ml(xlvl’ T xl’a(l))v BRRR} mn(xn.l’ SRR xn‘a(n))v )
U1 o0 Ys@) oo Urlrn oo Yrip)
curHarypbl Q,, uto F=m; & v oo Fiaw) B W=
=0, (M, 1, .-, My, y) AN HEKOTOPBIX (opMauuit

Fiitr oo Friaar Wn oo My €C
(=1, ..., n; j=1, ..., 1)

Ilycts A—npoussosbHas aare6pa, npuHajnexamas (popma-
LIHH

W F s )= (G s Fram o

- . 4 B mn(%n. 1y =" %}n,a(n)))‘
BBuay J0Ka3aHHOTO B mpeibiAylieM aG3aue HadAyTCs Takue
aJireOphl

Al.h ceey Al,a(l)’ ORICE An‘,l’ ety An'a(n)’

NpHHAJJIEXKALIHe COOTBETCTBEHHO (OpMalHuaM

o C
%1,1) LA ] U'I,a(l)’ R ] gn, 1y == %n.a(u)’
qTO

Aewl(ml(gl. 1y -y 5g-l,a(l))’ R ] mn(%?_n,lv Tt gn.a(n)))r"

rie §;, ;—dopManns, nopoxjeHHas anreGpoH A; ;. Tlyers
B,, ,—Hekoropasi anre6pa us M; ;, i=1, ..., j=1, ...
..., b(i). Obosnaunm uepes X, ; MHOrooGpasue, NOPOXKACH-
Hoe anre6poit A; ;, a uepes §, ,—MHOrooGpasue, NOPOXKACH-
HOll aJsre6poll B, ,. 3amerum, 4TO KaxJA0€ U3 TaKHX MHOTO-
obpasuit npunaniexur K. B camoMm Jene, Tak Kak aarebpa
A;, ; npunannexut dopmaunn F;, ;» a &, j» B CBOIO OuYepelb,
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npuHanexut MHoxectBy C, to B K Haiijlercs Takoe MHO-
roo6pasue X, uro A; ;€X. Scho, uro X; ;= X. Cnenosa-
TeJIbHO, TOCKONbKY MHOXecTBO K 10 YCJIOBHIO 3aMKHYTO, TO
X, ;€K. Tenepb Mbl MOXeM 3aKJ/IOUHTb, YTO

m, (xlv, Iy = o0 3’:1' a (1))* ceey My (‘xn, 1y e xn. a (n))’
Ui o Dipw) s U (D s Drp ) EL.
Takum obpasom, v
%zwi(ml(xl. 1y * ~)el,a(l))v MR ] mn(in, 1y + = xn, a(n)))=
=w,(my Xy, 1, - X g oo mpEp oo Xy ap)s
Uy ('611 1y =+ '*51. b (1))1 L ] vr (@,, 1y e+ 0 5:),' b (r)))= S:R

Bcesikoe MHOroo6pasne, BO3HHKawIlee B Ipolecce MocTpoe-
HHSi MHoroo6pasus M u3 mMHOrooGpasui

X oo X gay o X o Xl g
o) '551.1’ e vy '5,:31,1;(1), oy ‘ﬁ»,n LI} 'Sz)rvb(r)r

JIOKaJbHO KoHeuHo. JlefictButesnbHo, BBHAy m. '4.1 KHMTH
[60] 10kanbHo koHeuno Bcsikoe MHorooGpasue X; ;, . 4
Kpome Toro, ecau X u §—npou3BosbHbIE J10KaJbHO KOHEY-
Hble MHOroo6pasusi, To BBHIY JieMMbl 9.2 JIOKajJlbHO KOHEYHBI
mHoroo6pasust X \/ §, X A 9.

BBuay Teopembl 9.4 nns mo6bIX JBYX JIOKaJbHO KOHedY-
HbIX MHoroo6pasuit X u § umeer mecro fin (X \/ H)=finXV
V fin, fin(X A §)=1in X A fin$H. Ucnoap3ysa 3to, a Takxke
3aMeyaHHe H3 MpembiAyLlero a6sana, MOXKHO NOKa3aThb HHAYK-
uHell MO YMCJY BXOXKIEHHH B TepM W, CHMBOJIOB H3 ;, UTO

finM=w, (m, finX, ,, ..., fin¥X; . ---
Lomy(finX, o, ..., finX, , ), v(find,
ey ﬁn@l,b(n), ceey U, (firllﬁ,,l, ey ﬁn«b,_b(,)))-

Beuay asemmni  9.3. fin¥; ;=sformA; ; n fin$, =
= sform B,, ;. 3uaunr,

finémg w2 (%1’ ) %p’ '611 LR ] '9r)'
CJ]e}lOBaTEJIbHO, [OCKOJIbKY

Aewl(ml(‘%’l,h cey gl.a(l))v )
MRS ] mn(gn,lv LEEIES ] gn.a(n)))gﬁn%.:ﬁnmt’

10 A€W, (&1 ---y Fpo Huv - S:'),) TakuM o6pasom,

wl(%i’ L] %n)ng(%b L) %p' @1’ vy ‘S:)r)'
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AnasioruuHo MOXHO MOKas3aThb CIpaBeAJHBOCTb OOpPaTHOro
BkJioueHusi. CieoBaTelbHO,

wl(%h L) %n)=w2(%1, ceey %}p» ‘-@19 D) ‘br)

3HauuT, TOXKAECTBO W, = W, BhnoJHsieTcss B pemerke D. Teo-
pema JoKasaHa.

9.7. 3ameuanue. IlokaxeM, uro B obLieM cJayyae pe-
wetka D u3 Teopembl 9.6 He siBasieTcsi roMOMOpP(HBIM 0o6pa-
som pemetkd L. Ilyctb 9 — mHOroo6pasue aGeJieBbiX Ipymi,
L—pemerka noamHoroo6pasuii MHorooGpasus U. ITycte D —
pemerka Bcex GopMauuii KoHeyHbIX abeseBrix rpymnmn. Herpya-
HO YCTaHOBHTb, uTO MHoxecTBo D KoHTHHYyasnbHO. C mpyroi
CTOPOHBI, MHOXKeCTBO L cyeTHo. DTO O3HAYaeT, YTO HeJb3s
3ajaTb roMoMopdusM pemerkn L Ha pemerky D.

[Ipexkme 4yeM KOCHYTbCs BONMpoca IIPHUMEHEHHSI TeopeM
9.4 u 9.6, yCTaHOBHM CJIEAYIOLHH TOJIE3HBIA (aKT.

9.8. Teopema. Ecau eo ecaxoil ancebpe popmayuu M
peuiemka  KoHepyIHyulk modyasapra, mo 0as At0bblx mpex
nodgopmayuii X, O u §F uz M makux, umo X =8, cnpa-
8e01UB0 PABEHCMBO

HAEVH=XV (DA B

JloxasaTteabcTBoO. g AoKasartejbCTBa TEOPEMBI [l10-
CTaTOYHO IOKas3aTb, YTO

HANEVH=XEVEOAD):
ITycts
AeH N (EV F)=Hnform(XUJF).

Beuny semmbr 3.2 A -—romomopdHbifi 06pa3 HeKoTOpOi ai-
re6pel BER (XU ). Jlerko BuaeTh, 4TO MJIs1 HEKOTOPBIX
KOHTPY3HIME 7, M &, aireOpl B umeer MecTo B/n, € X,
B/n, €F u m, N m,—HuyJeBas Kourpysuuus Ha B. Ilycte n—
Takas KOHTpy3Huusi anre6pnl B, wro A ~ B/m. Tak kak mo
YCJIOBHIO pelleTka KOHTpy3Hiuil anre6pnl B MmonynaspHa, TO
HMEET MeCTO PaBEHCTBO
7, N (72, N 1) 1,) = (78, N 7) (71, N ) =7, N
Takum obpasom,
/7 NN (Tt N J'l:) T/ N A= (nl N (m, N ) J'[z)/ﬂ'l nn

— HyJIeBasi KOHTPY3HIHs Ha dakTopaire6pe B/m, N n. Ciaeno-
BarTeJIbHO, MOCKOJBKY

(B/m, N m)/(ny/n, Nn) ~ B/m, € X
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(B/sty N 7u)/((7ey N 70) 305/70, () 30) 2 Bj(m, N m) 7, € &

10 Bin,Nn€R, (XUY). Tak kak B/meH u X=9, 10
B/, N €. 3Hauwur,

B/in,nn€ Ry (XU (HNT)).

[MockoibKy anrebpa A sBasercs roMoMop@HeM 0OGpasoM
dakropaare6psl B/m, (7, TO M3 MOCJAEAHEr0 3aKJO4aeM, 4TO

A€HR,(EUONTN=XV (DA D).

Teopema HoKasaHa.

Hanomnum, uto Teopema 9.4 Obuia yXKe HCNO/NL30BaHA
Hamu B § 8. Paccmorpum eme jABa mnpHMepa npUMeHeHHH
teopeM THna 9.4 u 9.6. .

9.9. CnegcTBHe. Peuemka ¢opmayuli KoHeuHblx epynn
L modyrapra, Ho He OucmpubymusHa.

INokaszateabcTBO. MoAy/sipHOCTb PEIIETKH L BhiTE-
kaer u3 teopeMbl 9.8. Jlns JOKasarejbCTBa BTOPOrO YTBEp-
kIeHHs paccmoTpuM Kjaacc I JokaJdbHO KOHEUHBIX TpyInn
npoctoii akcnonents p. CoraacHo [42] 9N —mHorooGpase.
Iycrb L (M) —pewerka ero noamuorooGpasuit. Toraa BBHLY
pesyabratoB I. Xurmena [161] (cm. m. 54.24 xuuru [62])
pemerka L (M) He auctpuGyTuBHa. 3HAYHT, BBHAY TEOPEMEI
9.4, He aucTpuOyTHBHA pemerka L.

Tl OMMCAHWS HETPUBHANBHLIX IPHMEPOB AUCTPHOYTHB-
HBIX TIOJAPEINETOK pEeLIeTKH L MOXHO HMCNO/Nb30BAaTh Kak Teo-
pemy 9.4, tak u Teopemy 9.6. [lokaxem, KaK MOXKeT ObI1b
npumeHeHa Teopema 9.6.

9.10. CanencTBHue Pewemka popmayuil KOHEUHbIX
HUABROMERMHbLX epynn Kaacca <3 ducmpubymusHa.

NokasateabcTBo. Kak ussecrso ([56], [166]), pe-
[merka MHOroo6pasuii HHUJBIOTEHTHBIX TPYNN KJjacca <3
ndcTpubytuBHa. Kpome TOro, corsiacHoO JieMMe 8.10 Bcskas
dopManHsi HHJIBNOTEHTHBIX TPYMNN Hac/eICTBeHHa. Teneps
HaM oCTaeTcs BOCMOJb30BaTbCsi Teopemod 9.8.

9.11. Canencteue. Pewemka opmayuii KOHE4HbLX
HUAbNOMeRMHbLX 2pynn Kaacca <4 He sABAAEMCA Ooucmpuby-
musHoti.

D10 yTBepKIeHHE BhiTeKaeT BBHAY Teopembl 9.4 M pe3y.ib-
tatoB pa6oter [40].

PelneTka KPaTHO JIOKaJbHbIX (opMaLMil KOHEUHBIX TIpymil.
9.12. Has mo6oro LeJoro HeOTPHUATEIbHOro YHCja n 4epes
G, 0603HauHM MHOXECTBO BCEX nM-KPaTHO JOKaJbHBIX ¢op-
mauui Koeunslx rpynn. Jas mio6bix AByx dopmanmit M u H
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u3 G, uepes M/, §H obosnaunm dopmaumo [, form (MU H).
Beuay semmbr 2.16 M A H =V N H—n-kpaTtHo JOKabHASE
. .tbopmaumus. 3nauur, <G,, A, V,> — pewerka. Takywo pe-
nieTky Mel Gylem o6Go3Hauath uepe3 L,. B jpanHOM nyHKTE
MBI YCTaHOBHM, YTO JJisi JioGbIXx n W m-pemwerku L, u L,
NPHHAJIEKAT ONHOMY MHOroOGpasHIO peLIeTOK.

9.13. Jlemma. Iycms [-—enympernuii aokanrorbil 3Kpan
popmayuu F, n=mn(R), ede R—yokoav epynnot A. Toeda
szug{?ﬂﬂ kamdoeo p € umeem mecmo A/F,(A)€f(p), mo

€.

Hokazareancrso. Ilyere H= n F, (A). Tak xak
qET

noarpynna H  p-HUJABNOTEHTHA JAJs Kaxgoro p€m, 10 H
o6najaer m-XOJJIOBCKOH mnoxprpynmo#i L, npuuem L umeer
HopMasbHoe gpomodHenwe T B H. fcHo, uto moxrpynma T
HopMasbHa B A. INpexnonoxum, uto T 5= {1}. Toraa T N R+~
= {1}. Ho T —n'-noarpynna. IlporuBopeune. 3unaunr, T =
= {1}, 1.e. H=L—a-rpynna. Ilpu strom A/H € §. HeficrBn-
TenbHO, A/H n3oMoptdHa TONNEKAPTOBOMY INPOH3BEAEHHIO
rpynn  (A/H)/(F,(A)/H) € f(p) =&, rne p npoberaer Bce
npocthie uycaa w3 x. 3Hauut, A/H € RF =&

Ilycte Temepp p-—npoOM3BOJIBHOE IIPOCTOE YHC/IO M3
a(A)\n. Torza nockonbky H—p'-rpynna, to H = F,(4)
u F,(4)/H=F,(A/H). Ho A/H €. CnenoBare/bHo,

AJF, (A) >~ (A/H)/(F, (A)/H) = (A/H)/F , (A/H) € | (p)-

Takum o6pasom, A/F,(A) € f(p) ans moboro p € nt (A). B cuay
JgemMbl - 3.40 3to osHauaet, uto A € F. Jlemma pokasana.

9.14. Jlemma. Tycmo O, (A)=1{1} u A€ F =1, form M.
Toeda A€\, formM,, 20e W, = (G/O,(G)|G € M).

HoxasarenbctBo. Ilycte n=0. MoxHo cuHTaTh,
uto A ¢ M, =HM. ConocrasuM Bcsikoit rpynne T € form M
guco A(T)=|T|. Ilyctp

A~H/N, H<A;X...XA,

— A-MHHEMa/bHOe mnpepcTaBienue A1 A B form M. Beuny
caencteus 2.3 u Teopembl 3.11 H umeer HopMaJbHbE NOA-
rpymnsl Ny, Ky, ..., Ny K, (£>=2), ynroBJeTBOpsIOLIHE
caenyomum ycaousm: 1) mis Beskoro i€{l, ..., ¢} non-
rpymna L;=N,n...NN,_;nK;NN;:N...NN,; sBasercs
MHUHMMaJIbHOM HopmanbHOH B H, npuuem L, g N n L;N;=K;
2) H/N;—wmoHoautudeckass IM,-rpynna c moHoautoM K /N
3) N.n...NN;={l}. Uz ycrosuit 1)—2) caenyer, uTO
O,(H/N,)={1}. Tak kak npu srom H/N,€M,=HM, 10
H/N, e HM,. Ho ycaoeue 3) osnauaer, uro A € form {H/N,, ...
..., H/IN,}. Cnenosaresibo, A€ farm M,.
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Mycts Ttemepp n>0, gen(A)N\fp} u H=LformM.
OGosHauuM yepe3 [ U h MuHHMaJbHbIE (11— 1)-KpaTHO JIOKaJlb-
Hble 3KpaHbl dopmauuii § u § coorercrBenHo. Torxa mo-
CKOJIbKY JAJist Jo0o#i rpynnsl G HMMEEeT MecTo

G/F, (G) ~ (G/O, (G))/F,(G/O, (),

to BBHAYy Teopembl 8.3 [(g9)=h(g). Tak Kak no YCJIOBHIO
A€F, mo A/F, (A)€h(qg). Takum oO6pasoM, Al BCSKOrO
MPOCTOTO JeJHTENs ¢ TOpsfka uokoast rpynmsl A umeer
mecto A/F, (A)€h(g). Ucnonb3ys Tenepb Jemmy 9.13, 3a-
K/aouaeM, uto A € . Jlemma jokasana.

9.15. Ilycts f, u f,—n-KpaTHo JoKaabHbie 3KpaHsl. OGo-
3HauuM uyepes f, \/ ,f, TAKOH n-KpaTHO JIOKANbHBIH 3KpaH,
uro  fi Vg fz P)=F(p) V., fz (p) amaa  BCAKOro MpOCTOro
ygcaa p.

Jlemma. [Tycmo [;—enympennuii (n— 1)-kpamno r0Karb-
noui akpan gopmayuu F, i=1, 2. Tozda &V ,& =
= <f1 \/n—-lf2>'

JdokasarteabcTtBo. [lokaxem  npexpae, 4TO
o Voporf> =& VoS, [IpeanonoknM NpoTHBHOE, H MYCTb
A—rpynna HauMeHbLIEro MOpsjKa CPeAd rpynn, BXOASIIMX
B KAaCC <f, Vo1 f>\&F1 V&, Torna A MOHOJHTHYHA U €€
MOHOMHT R Hebppartuuues. Ilycrb p€n(R), C=C,(R).
Tockoabky A € <f1 \/ y—1f2>» T0 A/C € 1 (P) V n-1fa (p)- TIpen-
réo.nomuM, yro R —HeaGenea rpynna. Torga C,(R)={l}.

HAuHT,

A€ (p) V uerfa (p) =Vy_sform (f1 () U, (P))-

Orciofa u u3 JeMMbl 3.43 Buitekaer, uto A€ f,(p)Uf,(p) =
=& V. &, INporusopeune.

Ilyctb R—a6esneBa rpynna. Boibepem B A Takyl0 MakcH-
ManbHylo noarpynny M, yro A=RM. Torna C=CNRM=
=R (Cn M). Tousito, yro CN M —HopmasibHas B A no-
rpynna. 3unaunt, CN McR, t.e. C=R. Takum o6pasom,
AIRE [ (P) \/ ur o (p)- Bonly nemwss 8.2, O, (A/R)={1}.
CnegoBatenbio, no Jemme 9.14 A/R€l,_,form(B/0,(B)|
BEf,(p)Uf,(p)). lpumensis Tenepb Teopemy 8.3, BUAUM, YTO
A/R€h,(p) \V n-1 hy(p), The h;—MuHuMaTbHBEIH (n— 1)-KpaT-
HO JIOKaJbHbIH 3KpaH dopmauuu &;, i=1, 2. 3nauur, rpyn-
na R (hy, \/ ,_1 h,)-uentpanbha. Jlerko BAeTb, 4to Ay \/ 1 f,—
JOKaJbHBIE 3KpaH dopmauud &, \/ , &, CirenrosarenbHo, Io-
ckonbKy A/REF,V , &y 10 AEF, \V ,, &, [lonyuerHoe mpo-
THBOpEUHe NOKasbiBaer, uto <f; \/ ,_1f,> = &1 V4 &, Crpa-
BEJVIMBOCTb OGPaTHOrO BKJIIOUEHHSI BBITEKAET H3 BJIOXKEHHS
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MV hy <V if,. Takum  obpasom, <fy\/,_if> =
=1V, ¥, Jlemma lokazana.

9.16. Jlemma. Mycmo A€w (&, .- ., Fn), 206 w(xy, - ..

- oy Xp)—mepm cuenamypor { N\, \ )y Fi - .r Fn— HeKo-
mopole n-Kpamno aoxasvHole gopmayuu. Tozda Halidymes.
maKkue epynnor A,, ..., A, (A;€F,)), wmo AcwM,, .
oo M), 2de M; =1, form 4.

Hokasatenbctso. [IpoBeneM MHAYKUHIO NO YHCTY 7
BXOXJEHHH cumBosioB u3 { A, \/,} B TepMm w. Ilpu r=0
YTBEpP2KJ€HHE JIeMMbl OueBHJHO. MHAyKLHeH 1o 1 JOKameM,
YTO yTBepxkJeHue Jemmbl BepHo npu r=1. Ilycts n=0,

T.€e. 60 A €F, A F,=F, nNF, aubo
AE€F Vo &, =form (F, U F,) =Tform (F, UF,).
B nepsom cayyae A€formA A formA. Bo BTOpoM cay-

yae A~ H/N, rne H € R, (¥, U,). Monsruo, uro Hé: ) H¥=
={1}. 3nauur,

A gform {H/H%, H/H%} = form (H/H®) \/ form (H/H?%).

[yete n >0, {py, ..., ps}=n(A) u A€F, V,&, Torna
BBHAY Tcopembl 8.3  A/F, (A)E€fi(p) V p-rf.(p:), THE f;—
MHHHMAaJbHBIA (n— 1)-KpaTHo JIOKa/bHBIA 5KpaH hopManuH &,
j=1, 2. Tlo unpykuuu waitnytes takue rpymnst A; € f, (p,-{
Aiz E f2 (pi)’ qgTo

AF, (A)el,_form A, \/,_, 1,_,form A;,.
flcHo, uto
L,_iform A, \/ 1, _Jform A, =1, _form {4,, A.,}.

CnenoBaresibHO, BBHAY JemMbl 9.14 MOXHO CUMTaTb, YTO
|Op; (A)|=10p,(A;,)|=1. Tlycts Z;—rpynna nopsgka p;,
B,=2;2 A, B;,=Z; 2 A;,. Beugy Jemmbi 8.2 B; €F,,
B, €®,. 3unaunr, A,= B, XB, X...XB; €& Ay=B; X
X B, X...XB; €%, Tlokakem, uro

AeF =\, formA, v/, ,form A,.

’

Ilia 3TOrOo MOCTATOYHO YCTAHOBHTH, HTO A/Fp (A) € (p),
rie f—MuHEMaNbHBIA (n— 1)-KpaTHO JIOKaJbHBI 3KpaH (op-
mauuH . [MousrHo, uto B;, € . 3naumut, B;,/Fp (B;) € (p))-
Ho mnockonexy O, (A;)={1}, To Bi/Fp,(B;,) >~ A, T.e.
Ai, €[ (p;). Auanornuno yGexpaemcs, uto A, € f(p;). Caeno-
BaTeJIbHO,

AlFp,(A) €1, _form {4y, A} = (p).
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OTUM caMbiM Mbi 3aBEPLIHJM JI0KA3aTeNbCTBO JIEMMBI INPH
r=1. :

[Myctb Tenepb TepM w HMeer r > | BXOXJEHHH CHMBOJIOB
3 {A, V,} H LJs TepPMOB C MeHbLIHM YHCJIOM BXOXIEHHH
Jemma BepHa. [lycth w uMeer BHJ

Wy (Kiys vy Xig) AWy (Xjis -5 Xj,)s
{xl‘n ceey xia}U{xl',, ey ij}={x1, ey x,,,}.

OGosnaunm uepes ), dopMaumio @y (Fi, - .» Fia)r @ uU€PeE3
9, —popmaumio w, (F;,, ..., §j,}. Toraa nalipyres Takue
rpynnel A, €8, A, €9, uro Aglform A, AL, form 4,.
C npyroii CTOPOHBI, COIVIACHO MHAYKTHBHOMY MpeArNoJIoxKe-

HHMIO HafilyTca Takue rpymnsl By, ..., B, Cy, ..., Cp, uTO
B,€Fip CLEFiw» Ai€w,(lformB,, ..., L formB,), A4,€
€w,(l,formC,, ..., [,formC,). Ilyctb nepemMeHHbIe X;,, .

..y Xif He BXOJAT B CJIOBO W,, a BCE MEPEMEHHBbIE Xi, ., ...
..y X;, B 370 ciioBo BxoasT. Ilycts D;,=B,, ecin k< t+
+1, D;,=B,xC, rae g Ttakoe, 4T0 X; =X; TNPH BCEX
k>t+1, n nycts Dj=C,, ecmu xjp@{xiy o --os X}
O6osnaunm uyepes M, popmaumio [ form D;,, a uepes X, —
dopmanuio [, formD;,, p=1, ..., a, c=1, ..., b. Torza
ICHO, YTO

A€o, Wy, ..., M), A, €w,(X,, ..., %)

3nauut, HalixyTcs Takue dopMamuH i, ..., Py, UTO
.Aewl(‘@i" SRER) lSjgt'a)lx wz(‘g)j,r .. "@jb) = w(‘bl’ ceer D)y
kpome Ttoro, §;=1[,formK;, rze K;€ &;. Jlemma nokasaua.

B nocienyomux Jemmax Ajsi BCIKOrO TepMa W CUrHaTyphl
{A, V,} uepes w Oylem o6o3HauaTb TePM CHTHATYpPHI
{A\s Vgn_1}, noayuaembii H3 TepMa W 3aMeHOl KaxJaoro
BXOXKIEHHUsS] CHMBOJA \/, Ha CHMBOI \/ ,_;.

9.17. Jlemma. Mycmo w(xy, ..., X,)—Mmepm CueHamypol
{Ns Vo Fi—6nympennuii  (n—1)-kpamno  20KAA6HOUL
akpan gopmayuu F;, i=1, ..., m. Tozda

W(F oo or F)=<O(Frs - s [u)>-

INokaszateanbcTBo. [IpoBeieM HHAYKUHIO 1O YHCAY 1
BXOX/EHHH B T€PM @ CHMBOJIOB U3 { A, \/ ,}. BBHJlY JieMM 2.16
u 9.15 yreepxaenne Jsemms cnpasepauBo npu r= 1. [lycrs

W(Xpy ooy X)) =Wy (X o os Xig) AW (X <00 Xj)s
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e AE{AS Vab ;
(Xip oo Zigd URg s Xl = {20 oo o Xahs
U JemMma JJjis TEpMOB W,, W, BHLINOJHAETCA. Torza
w,y (%i,’ ey C}ia);:<al(fi,’ teey fia)>’
w, (%j,v ey %/b) =<—Z-¢!2 (fj.' vy f/b)>

TNonsiTHO, 4TO 06a 3KpaHa W, (Fip -+ -s fia) ® w, (f,‘, v fy b)
BHyTpeHHHue.” 3HauuT,

w(%l’ KRN r‘ym)zwl(%i,’ sy %M)sz(&jl’ ceey %jb =
=<t};1(fil; "'vfia)Aa}z(fjp SR fjb)>=<{v-(fh cees fmd
e A=A, et A=A, H A=V, €I A=V,

Jlemma nokasaHa.

HasoBeM n-KpaTHO JIoKaabHYI0 GOPMALHIO §F 00HONOPOXKC-
dennoti, ecnn Haigercs takas rpynna G, uro & =, formG.

9.18. Jlemma. Tycmv M—makas nodpewemxa peuiem-
ku L,, xomopas co ecaxoil ceoed opmayuei F colepycum
u éce 00HONOPONCAeHHble N-KPAMHO AOKAAbHLIE N0OGopmayul
us . Tosxcdecmeo w,=w, cuenamypoi {N\, \V,} UCMUHHO
6 M, ecau OHO 6binoinsemcs 0 6cex OOHONOPONOEHHHX
n-Kpamno A0KaabHoix opmayui us M. ”

JlokasaTeabCcTBO. [ycts x;, -y X;,— NePEMERHbIE,

BXOJISIHE B TEPM Wy; X;, ..., X;,—TepeMeHHbIe, BXOAAlIHE
B TEPM W,, H MYCTb &,y - -+ Fiar Fyp - - -0 &4, € M. TIOKa-
KEM, 4TO

Few,Frr . T = @, By -0 Fy) =M

He tepsisi OGLIHOCTH, Mbl MOXKEM CYHTaTh, 4TO Xj, ..., Xj, €
E{xiy - Xighy HO {x5, ., ..o, %30 (X e Xigt=O.
[lycrs A€&. Toraa no Jjemme 9.16 HaiiayTcsl TakHe rpynnbl
Aiy s Aigyaro Ay €%, 1 A€w, (Lform Ay ..., Lform Ay).
Mycts §:, =1, form Ay, §;,= iy ecm xj, =Xi, W MYCTH
s kaxporo k>t §; =1,form B;,, rae B;,— Hekotopas
rpynmna us3 %,k. ITo ycnosuio

W, ('sjl',’ sy '@ia) =W, (‘9},1 ey @jb)-

Ho w, (9, .. -» @,b) = M. 3uauur, A € M. Tarum obpasom,
& =M. AnanornuHo JokasbiBaercs OOpaTHOE BKJIOYEHHE.
CnegoBaresnbHo, & =M. Jlemma nokasana.
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9.19. Moaoxum N°=@E, u nycre npu n>1
Rr=9N ... N

N s
n

Ws crexctsusi 7.21 BhiTeKaer, uto Ans JoGoH (opMauuu
M L5 BCSKOTO IeJIOr0 HEOTpHUATENbHOro yheaa n (opma-
st N*F n-kpatHo JoKanbHa. MHOMKECTBO BCeX f-KpaTHO
JOKaJIbHBIX ToapopManuit u3 N°F sBisiercs NOAPEIIETKOM
pemretkd L,. STy noapemerky Mel o6o3naunm yepes L, NF).

9.20. Teopema. [Ipu 6cakom HaAmMypasbHOM n peutem-
ku L, "F) u L,_,(M*"'F) nopoxdaom 00HO u mo e
MHO02000pasue.

NokasaTeabcTBO. 3abHKCHPYeM HEKOTOpOe TOX-
IeCTBO

Wy (xi,o ceey xia) =W, (le, RS} ij) (1)

curarypbl { A, V,}.
[Mpexnonoxum, 4To TOKAECTBO (1) BLINOJHSIETCA B PELIETKE

L, (M"F). TNokaxeM, 4TO TOXKIAECTBO
wl(xi‘, . ..,xia):wz (le) LIS ] ij) (2)

pomonHsiercs B pewerke L,_, (Mr~1F). Hasa sroro BBUIY

gemMmbl 9.17 JOCTaTOYHO YCTAHOBUTb, UTO €CJH %i,'
covy Fiar & -1 Fj,—NPOH3IBONIBHEIE ONHOMOPONIEHHBIE

(n—1)-kpaTHO JIOKa/bHbIE (oOpMAUHH M3 L,_,(M*"¥), To
0, i Fia) = By () -oor §yy)- Tlyes Fip = sform Au,
%jdzl,,_,formA,-d, c=1, ..., a d=1, ..., b. BriGepem
TaKoe POCToe YHeJI0 p, ut0 pE (A, .oy Aigy Ajp -+ s Ap)
u nycte Bi,=PeAi, B;,=PeA; —peryiapubie cniere-
Husd, rae P—rpynna nopsigka p. IloHstHo, 4tO (OpMauHH

M, =LformB,, ..., Mi, = [,form Bi,,

M, = LformB;, ..., M; =I,lorm B;,
npunajgnexar pemerke L, (N"F). 3uaunr,

% =W, (S)J’ail, ey mtia) :S]R-_—_wz (mjl' ce ey ‘J‘be)
[ycrb fi,—MuHHAMANbHBIA (n—1)-KpaTHO JIOKaJbHBIA 3KpaH
dopmauns My, a f; —MHHHUMANbHBIH (n—1)-KparHo JIOKaJIb-
Hblit 3kpan Qopmauun M, . Toraa BeHAY JeMMbI 9.17

w, (M, ..o M) = <-§1 (Fiv v Fra)>s
w, (gjﬁjl, ceey s)ﬁjb)-::.<{.(’.!2 (fil’ ooy fjb)>'
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Mycts f W m—wmuHHMadbHBIE (n— 1)-KpaTtHO JIOKaJbHbiE
skpanbl dopmauuit F u M coorBercrenno. Herpyano yGe-
IUTbCSI, YTO

@ (fip - fi) (D) =T (p)

w, (Fio -2 F1) (p)=m(p)-
3Hauur,
@y (F1,0)s « - Fia (D) =2 (F1,(P)s - - -, [, (P))-
Ho BBuay Teopemsr 8.3.
fic(P)-':%ic, fjd(p)=%jdv c=1, ..., a d= I, ..., b
CaienoBaTenbHO,

5’1 (%i,s ceey 8%) Z—E’Uz (%J';’ teee %J'b)’

T. €. ToxzectBo (2) ucTuHHO B pemerke L,_,(N*~1F).

[Mpeanonokum Tenepb, YTo TOMKAECTBO (2) BhINONHSETCS
B pemerke L,_, (M*1F). TIyetb &\ - - o» Fias Gy -+ 8y —
npousBosbHble (opmauuu u3 L, (N"F), fi,—MHHHMAIbHBIA
(n—1)-kpatHO JoKaJIbHBI 3KpaH dopMauuH Fi,, f;,—MHHH-
MaabHbifl (n— 1)-KpaTHO JOKaJbHB 3KpaH opMauHH &, .
ITo nemme 9.16

w, (%i,s DR %ia)=<l_01 (fil’ ey ffa)>9
@y (Fjp -0 §1,) = <@ (i -5 Fip)>-

Jlisi mpoM3BOIBHOTO NPOCTOro YucJa p dopmauuk f; (p), - ..
covs fia(P)y F,(P)s -..s [j,(p) mpHHALTENKAT  peLIeTKe
L,_; M*~1F). 3nauur,

a1 (fi.’ .o "fia)(f)’:a’(iil(p)v Y] fia(P))_=

=W, (fj, »), ..., fjb(p))=w: (fi,' ERE) fi,,) (p)-

CnenoBaTtenbHoO,

w, (%[1, ceey %ia) =W, (%J’.' ce %Ib)

Takum o6pasoM, ToxJecTBO (1) BHINOJNHAETCS B peIUETKE
L, (N"%). Teopema nokasaua.

9.21. CnenctBue. [ moboix yeavix Heompuyarmenob-
HbLX 4UCer N U M umeem Mecmo

varL,=varL,.
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M3 caencreuit 9.21 u 9.9 BhITexkaer

9.22. CanexacrBue. J[aa 06020 yeaozo Heompuya-
meabHozo ducaa n pewemxa L, modyaspha, HO He Oucmpu-
6ymusna.

IMpumensa caeacrsue 9.10, noayyaem TakoH pe3yJbTar.

-9.23. Canencreue. [Tycmo §—popmayus KOHeUHbLX
Huavnomenmuobix epynn kaacca <3. Toz0a 018 a06ozo ye-
2020 Heompuyamenbroeo uucaa n pewemsa L, (N"F) oucmpu-
bymusHa.

§ 10. Kommenrapuu

10.1. TMaparpap 6 Hanucan Ha ocHoBe paGor A. W. Maxsp-
ueBa [47] u JI. A. IllemerkoBa [113]. Besi TepmuHOJIOTHSA,
CBSI3aHHAs C MOJISPU30BAHHBIMH H TPAHCXapaKTEPHCTHYECKHMH
KJaccaMu ajire6pauyeckux cucreM, npuHagiaexut A. M. Manb-
nepy [47]. TlousTHe penJiMyHOro yMHOXKEHHs KJaccoB aired-
pauueckux cuctem npemioxkerno JI. A. Ilemerxkosbim [113].

10.2. Ha accouuaTHBHOCTb YMHOXEHHs (hOpMalHil KOHed-
HpIX Tpynn o6patui Buumanue [amnon [148]. Tlo Bcei
BHAUMOCTH (penyinyHoe) yMHOxKeHHe (opMallHii KOHEYHbIX ac-
COLIHATHBHLIX KOJEl He SABJSETCS acCOLHATHBHBIM. DblIO Gbl
HHTEPECHO pPacCMOTPeTh NpHMepHl, TNOATBEpXKAAIOIHE 3TO
npeanosoXeHue.

10.3. Tlaparpad 7 mnocBslleH H3JIOXKEHHIO pPe3yJ/bTaTOB
pator JI. A. IllemerxoBa [110(]}u [rezy.

10.4. ‘O6o3nauum uepez G mnOANOAYrpynny TOTaJbHO
NOKaMbHBLIX (opmanmit nonyrpynnst GO. dnevent FeG,
HA30BEM Hepa3A0NCUMbIM, €CJIH PaBEHCTBO F=MH, rzme
M, H€G,, BoamoxHo auub, ecan &€ {M, H}.

[Ipo6aema. $Basiercss s CBOOOAHOH TMOAMOJYrpymnna
nonyrpynnsl G, nopoxieHHasi B Hell HepasiOXuMbIMH (op-
MalHsIMH?

10.5. TIpo6.aema. Jlonyckaer /iu BCsikuil sement u3 G,
He siBJasIOWMicA uaemnorentoM B G_, mpeicraBJeHHe B BHJE
NPOU3BEJIeHHS KOHEYHOro YHCJa Hepas3jiokHUMbIX 3/IEMEHTOB
u3s G_?

10.6. [Ipo6aema. Bepuo s, uro BcAkas ¢opmauus,
sBaffomancs uaemnoredtroM B G_, He MoxKeT ObITb NpeACTaB-
JeHa B BHJE TMpOH3BeJeHHs KOHEYHOro YHCJa HepasJo-
KHUMBIX 3JemeHTOoB 3 G_?

10.7. Ipo6aema. Kakopa ToTaibHO JoKajibHas B &
dopmauusa W, ecau Aas MOGLIX ee ABYX TOTaJbHO JIOKalbe

o~

Hbix B O noppopmauuit ) 11 §F BLITOJHEHO YCJOBHE KOM-
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MYTaTHBHOCTH
H-F=F-9
n n

10.8. Pesynbratel § 8, 9 npunaznexxar A. H. CkuGe
[85, 92). Cnencreue 8.6 nokasano Kaprepom u Xoykcom [130],
a raxxke [1. IImugom [177]. Cnencreue 8.19 npuHANJIEXKHT
A. J1. HImenekuny [115].

. 10.9. MTpo6aema. Ilycte M, H u F—npousBoJbHbIE
dopMauuu HHJBIOTEHTHHIX rpynn crynenn < 3. Bepuo am,
4TO

MABVH=DMAHVMA F?

10.10. [as mo6bIX IBYX TOTanbHO JIOKaJbHEIX B & dop-
mauuit M v H nonoxum

9)? v«;‘@ = Ieoform (g)’t U @)‘

Besikoe MHOXeECTBO ToTaJbHO JoKadbHeIX B & dopmanui,
3aMKHYTOE OTHOCHTENbHO omepamuit A H V,, OyleM Hasbl-
BaTh peulemKoll momanrbHo A0KAAbHbX opmayull. ‘

Teopema. Pewemka paspewiumblx MOMAILHO AOKANb-
noix 6 & dopmayuii oucmpubymusna.

JloKa3aTeJabCTBO 3TOH TEOpeMbl aHAJOTHYHO JAOKa3arelb-
cTBYy Teopembl 9.18.

10.11. TIpo6aema. [ductpuGyTHBHa JH pelleTKa TO-
TaJbHO JIOKaNbHbIX B & dopmanui?

10.12. TIpo6mema. Onucarb TakHe KOHeUHble GOpMALHH
anre6paHyecKHX CHCTEM, y KOTOPBIX pelleTka noAdopmauuit
ABASIETCS] PEIIeTKOH C JIOMOJIHEHHSIMH.

B cBssu c 3TOf 3ajavelt oTMeTHM O0e3 JOKa3aTeJbCTBa
CJIEAYIOIUMI MONYyUeHHBIH HAMH pe3yJbTart.

Teopema. Ilycme §F—Hekomopas KOHedHAs Manvyes-
ckan gopmayus. Tozda pewemka nodpopmayud F 6 mom u
MOALKO 6 MOM Cay4ae SBASEMCA peutemKoli ¢ QONOAHEHUAMU,
kozd0a §F=TormX, e0e X—mnexomopeui Habop npocmivix
anreebp.

10.13. ®opmanuio KoHeuHwX rpymnn §F Hasosem A-gpopma-
yueil, ecau y JOGOH TPYNNBI H3 g CHJAOBCKHE MOATPYIIbI
abeJieBhI. ‘

Teopema. Pewemka nodpopmayuii aobol A-popmayuu
JuempubymusHa.

Sra TeopeMa, Kak U cdopMyJupoBaHHAs BHIlE TeopeMa
10.12, Moxer 6HITb JOKa3aHa Ha OCHOBE Pa3BHTHIX B Iiiase |
PEe3yJIbTATOB O TOPOKAEHHBIX (opManuax. BBuay Teopembl
9.4 wu3 Tteopembl 10.13 BoiTekaeT H3BECTHBIA pe3yJbTaT
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Jlxk. Koccn o ToM, uTo BCsKas pelleTka JIOKa/JbHO KOHed-
HBIX MHOrooGpasuii A-rpynn aumcrpuGyrtusna [132].

10.14. B caysae rpynn npoGiema 9.5 SKBHBaJIEHTHA
sanave KoBaua (3ajaua 8.22 u3 cGopuuka «Koyposckas Ter-
paib: Hepewennbie BONpOCH TEOPHH rpynm»—9-e u3n. —
Hosocu6upek: Un-t matemarnkn CO AH CCCP, 1984).

10.15. OTmeTHM, 4TO pesyJbTaThi § 9, JOKasaHHEIE AJIsi
anre6p, MoryT ObiTb pacnpocTpaHeHbl Ha ajreGpanuecKHe
CHCTEMBI, CHTHATypa KOTOpbIX HMeeT JIHIIb KOHEYHOe
MHOXECTBO MNpEeIHKaTHbIX CHMBOJIOB.



' TABA 3

MOJAJITEBPbI AJITEBP MAJIBLLEBCKOI'O
MHOI0OBPA3MUS

Bce paccmaTpuBaeMble B JaHHO# IviaBe aJjre0pbl mpeano-
JaraloTcsi BXOASIIMMH B HEKOTOpoe (PHKCHPOBAHHOE MaJbLEB-
cKkoe MHoOroo6pasue. Kpome Toro, Mbl GyAeM MNpearosararb,
YTO Bce BCTPeualoliuecs 3Jiech aaredpbl YAOBJETBOPAIOT yC-
JIOBHSIM MaKCHMAJbHOCTH H MHHMMAJbHOCTH AJs MOAA/redp.

§ 11. F-npoexTopsl H &-NOJNYN POEKTOPbI

[Monanre6py H anre6pni A HaswiBaloT X-makcumasbrod,
ecan H npunamiexut knaccy X n Beerma us HEeT = A,
rae T € X, caenyer, uto T =H.

11.1. Tlycrs & —npoussonbHbiii Kaacc aare6p. Iloxan-
rebpy H aarebpel A HasoBeM ee F-npoexmopom, eCliH BCeraa
s H=T<=A caenyer, 4to AjAs J1000# KOHTPYSHUMH T
na T anarebpa mH/n sBaserca §-MakcHManbHO# B T/m.

PaccMOTpUM HECKOJIbKO H3BECTHBIX NPHMEpOB.

11.2. TIpumep. Ilycts P—cujoBckas p-noArpynna
koneuHoli rpymne G. Torza P— &-npoextop G, rie §F— Kiaacc
BCeX KOHEUHBIX p-TpyI.

11.3. Ipumep. Ilycts & —¢opMauus HHJIbNOTEHTHBIX
anrebp Jlu, A—paspemmmas KoneuHomepHas aare6pa Jlu.
INokaskem, uto nopanreGpa H Toria M TOJbKO TOTJa SABJIAETCS
noganreGpoit Kaprana, korga H—g-npoektop aiareGpl A.
IeiictBurenbro, nycts H—nonanre6pa Kaprana, T. e. H=
=N (H) n H uunbnorentua. [Ipeanonoxum, uto H = T=A
u T/N €% nas nekoroporo uzeana N nonanre6psl T. MoxHo
nokasatb, uro H + N/N—noaanrepa Kaprasa 8 T/N. Ho
T/N —HuJbnoTenTHas ajarebpa, M MOITOMY Kaxias ee co6-
CTBEHHasi mojajre6pa OTJHYHA OT CBOEro HOpMaJjiu3aropa
B T/N. 3nauur, H4+N/N=T/N, 1.e. H+N=T. Takum
obpasom, H—F-npoektop A. C Apyro# croporn, ecau H—
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&-npoekrop aare6poi A, T0 H—HuabnoreHTHas anarebpa.
Kpome Toro, ecin x € N, (H), to <H, x>/H€F, n nosromy
KH, » =H+H=H, 1.e. x€H. 3naunr, H—nonaarebpa
Kaprana anre6pu A.

11.4. TIpumep. Ilycrs F-—cdopManus HUILNOTEHTHBIX
rpynn, G—kKoHeyHasi paspemuuMasi rpynna. PaccyxieHus u3
NpeabiyLIero npuMepa I[0KasplBawT, uyTo mnoarpynna H
rpynnsl G TOrla M TOJNBKO TOTJAA SIBJISIETCs €e TNOArpYyInmno#
Kaprepa (r. e. H Hunbnorentsa u H =N (H)), korna H—
&-npoektop A.

JJais paccMOTpeHusi NoOcCJaeAyOMMX IPHMEPOB AaJuM ONu-
caHue FF-NPOEKTOPOB B ciyyae, Korjga gy — noaydopmanus.

11.5. Jlemma. ITycme H—nodanrcebpa areebpor A, Q —
MHOXCECMB0 6Cex maxkux Kowepysnyud  wa A, umo nH =H.
Ilyeme H j—rKonepysnyus Ha A, nopoxOeHHAs MHONCECHL-
gom Q. Tozda H,€Q.

HokaszarteannctBo. Ilycte tH h, rne h€H. Toraa
B Q HalAyTCs TaKue KOHTPY3HUHMH Ty, . .., T, 4TO M, ... 7 h
(cM. § 2 ra. 1 xuurn [50]). 3nauur, t € H. CrenosatennHto,
H,H=H. Jlemma jokasana.

[Mopanre6py M anreGpbl A Ha30BeM MAKCUMAAbHOU, €CIIH
Mc A un Bcerna us M=T < A caepyer, uto T coBna-
naer ¢ M. .

[ycte % —HekoTOphIH Kaace anare6p, M -—makcuManabyas
nojaire6pa aire6pet A. Byaem rooputb: M §-nHopmasena
B A, ecin AIM,E€F; M F-abropmarsra B A, eciu A/MAGE%.

[Mopanre6py H anre6psl A ‘Ha3oBeM g§-abHOPMALbHOU,
ecin Becerda u3 He M < T = A, rae M—wmakcuMainbHas
noganre6pa B T, caemyer, yto M &-abHopmanbHa B T.

11.6. Teopema. [lycme §— Hekomopas noaygopma-
yus. ITodarcebpa H aneebpor A moeda u moasko moeda
aeasemecs  F-npoexmopom ¢ A, xoeda HEF u H F-abrop-
MmanpHa 8 A.

IokasarteabcTBo. [Ipennosoxum, uro H—g&-npoek-
top anre6put A. Torna H € . [lyctre HEeMcT<A, rae M—
MakcHMaJibHasi mogaJjreGpa anare6pet T. [omycrum, uTO
T/M;e&. Toraa nockoibky H—§-npoekrop A, o M, H =
=T. Ho M{H=M = T. llporusopeune. 3uauur, T/M ¢ F.
Takum o6pasom, H &-abHopmanbHa B A.

[Mpeanosoxum tenepb, yto HEF u H F-abuopmanbHa
B A. Honycrum, yto H He siBasiercs §-npoekropoM B A.
BuiGepem B A Ttakyio nopanre6py K, cogepxauiyto H, uro H
He siBJsieTcs §-npoekropoM B K, Ho H —§§-npoekTop B JIK0GOH
co6cTBeHHON nojanre6pe u3 K, comepxkauein H. Ilyets L —
Takas nogajre6pa anre6pul K, uro H=L, L/n€F u nH <L
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AJ1st HEKOTOPO# KOHrpysHuuH ¢ Ha L. Torna L=K. ITycte M—
Takas MakCuMaJbHas nopaJnre6pa us K, uro il = M. Tak Kak
HenH=Mun H -abuopmansua B A, 10 K/My ¢ . Tlpexn-
noJI0KHM, 4T0 = My Torna K/My ~ (K/n)/(M/n)— romo-
MOpOHbI 06pas F-anre6per K/n. Tak kak @ — nomydopma-
uHs, TO NOCJEJHEee O3Hayaer, YTo K/MKE& HO 3TO HEeBO3-
MoxHO. 3HauuT, nZ& My, 1. e. McaM. Ho M—wmakcumanb-
Hasi nofanre6pa B K u nosromy M =K. CiieioBatesibHo, BBHAY
usomopousma M/n~ M/n ) M? umeer mecto M/n M2 € F.
U3 onpenenenns anre6pni K Bbitekaer, uto H— §-npoektop
B M. 3naunt, M = (n N M2)H =nH. CnenosarensHo, nH =M,
u nosromy K=anM =n (nH)=aH. TlonyueHHoe nporusope-
yue nokasbiBaetr, yto H—g-npoekrop B A. Teopema poka-
3aHa.

11.7. Tlpumep. Ilyctp G-—KoHeuHass —paspelmHMas
rpynna. [Todepynnoi I auroya rpynnsi G Has3bIBAIOT BCAKYIO
TaKylo ee cBepxpaspelnmyio moarpynny H, kortopasi ynos-
JIETBOPSIET CJEAYIOWIEMY YCIOBHIO: I/t JIOGBIX JBYX MOJ-
rpynn M u T u3 G, rne M—wmakcumanbia B T u H= M,
uucao |T: M| He sABJIS€TCS NPOCTBIM.

Ilycrb & — dopManus KOHEUHbIX CBEPXPA3PELIMMbIX TPYIIII.
ITokaxem, yro noarpynna L rpynnel G Toraa u ToabKo TOria
ABJIsieTCA ee -npoekTopoM, Korga L—noarpynna ammona G.
Beuny teopemsl 11.6 nocratouso ycraHoBuTh, uTO ecanm E —
MaKCHMaJslbHasi MOATPYNIa KOHeYHOH pa3peliuMol rpynisl F,
10 yenosue F/Ep¢ @ skBuBasentHo ToMy, yto umcao |F:E|
He mpocro. Ilyerb R/Ep—MuHHMa/bHAass HOpPMaJibHasi MOJ-
rpynna B F/Ep. Toraa |R/Eg|=|F:E|. Kpome Toro, BBHAY
nemmbl 3.29 F/Ep~ R/Epx G/C;(R/Ef). Iycrs |F:E|—
npocroe uucao p. Torma rpynna F/Ep cBepxpaspelinma, Tak
KaK OHa SIBJISIETCS PACIUHPEHHEM WHKJHYECKOH TPYMNIbl IIO-
psiflkKa p NpPH NOMOIM HEKOTOPOH TpyNNbi aBTOMOP(HH3MOB
sroii rpynnsl. C npyroii croponsl, ecnu F/EF€F, 10 R/Ep—
rpynna mnpocroro rmnopsiika, T. e. |F:Ep|—npocroe umucio.

11.8. Tlycrb & —dopmauns ceepxpa3pewnMbix aire6p Jlu
(anre6pa Jlu HaswlBaeTcs céepxpaspewsumodi, eciu OHa KOHeU-
HOMEPHa U ee rJaBHble (DAKTOpHl OJHOMEPHbI), A— KOHEeYHO-
MepHas paspemumas anre6pa. Mcnosib3ys paccyxueHus u3
npumepa 11.7, MoxxHo nokasarb, uyrto nogasnre6pa H anre6pu A
TOT@ H TOJIbKO TOrja fiBJsieTcs g-npoektopoM B A, korna H
CBEPXpa3peliuMa M BbIOJIHSETCS CJEAYIOllee YCJIOBHE: s
JoObix BYX nomanre6p M u T u3 A, rae M makcHMmaJ/bHa
BT u H= M, umeer mecro dimT—dim M == 1.

11.9. Tlyers & —npoussonbueiit knacc anre6p. Iomas-
re6py H anre6per A HasoBem ee F-noaynpoexmopom, eciH
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A18 060N KOHrpysHuHd st Ha A nopanre6pa nH/m  g-vak-
cumasibHa B A/m. '

[TousitHo, uto BCSKHE -mpoekTop ajtre6psl A sp/sercs
ee -nomynpoekropoM. Kak nokasbiBaer c/enywolui Npumep,
o6paTHoe B OOLIEM cillyuae HEBEPHO.

11.10. Tipumep. Ilycrb G—npocras rpynna nopsaxa 60,
G,—HeKoTopasi ee cuoBckas 2-nogrpynna. O6osHauum yepes N
KJ1acC KOHEUHBIX HHJIbIOTEHTHBIX rpyni. Toraa nockoabky G,—
N-makcuMasbHas noarpynna B G, To G,—IN-noaynpoexkrop
B G. C npyroii cropoHsl, nockosibky Ng(G,)/G,—rpynna
nopsigka 3, 10 Ng(G,)/G,€éN nu Ng(G,) #=G,, T. e. mOA-
rpynna G, He siBasercs Jt-npoekropom B G.

11.11. Jlemma. ITycme § — npoussororsui adcmpakmrolti
Kkaacc anreebp, H—-npoexmop (F-noaynpoexmop) areebpor A.
Toeda 0an aoboti Konepysnyuu © Ha A nodaseebpa sl /m —
K-npoexmop (coomeemcmeenno F-noaynpoexmop) 8 A/m.

JdokasatenbcTBo. Ilpexmosoxum, uro H—g-npo-
ektrop B A. [lycrb M/n—npousBosibHas nopajire6pa us A/m,

cozepxamas M/, U T—HeKoTOpasi KOHrpysHuus Ha M/m.
Tonycrim, uro (tnH/m)/tc (L/m)/x, tae (L/n)/t— Hekotopas
noganre6pa us (M/x)/t, Bxoxsmas B . ITyctb T=1/n, TAe T—
KoHrpysuuus Ha M. Torja nocko/bKy (L/n)/ffz L/t, 10
Lix€®. Ho H=L u nostomy L =+H. 3nauur,

(vrH/m)/v = ((v/m) (eH/m))/(v/m) = (TH/m)/(t/m) =
= (L/m)/(tv/n) = (L/m)/7.

[TosyueHHOE MPOTHBOPEYHE MOKA3bIBAET, YTO 7UH /7t — F-npoek-
Top B A/m.

AHaJIOrHYHO noKasbiBaercsi, yto ecau H—F-nonynpoek-
top B A, To nH/n—&-noaynpoekrop B A/m. Jlemma Joka-
3aHa.

11.12. Jlemma. [Tycmo F— noaygopmayus, x— HeKomo-
pas Koxepysnyua Ha areebpe A. Toeoa ecau T/n—F-npoek-
mop (F-noaynpoexmop) 6 A/n, a H—F-npoexmop (coom-
semcmeenno F-noaynpoekmop) 6 T, mo H—F-npoexmop
(coomeemcmsgenno &-noaynpoexmop) 6 A.

JdokasarteabctBo. [Ipeanosoxum, 4To T |n—-npo-
ektop B A/n, a H—g-npoekrop B T. Ilyerb H=SU=A n
IJ1si HEKOTOpOil KOHTPY3HUHH @ Ha U uMeeT MecTo Uipeg.
Orobpaxenue f: [x]uiqn— [¥]a, X€U, aBaAsAEICA H30OMOP-
dusmom anrebpw U/U*Nn na aare6py nU/n. Qyukuns f
nepesogut (nNU?) H/nnU? B nH/x. Beupy aemmbr 11.11
nH/n—g-npoekrop B T/n. Ho no ycnosuio T'/n— F-npoekrop
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B A/n. 3Hauur, nH/m= T/:c;ﬁ}-npoeKTop' B aU/n. Cae-
JoaresbHo, (nN U?) H/(nn U?)—@F-npoekrop B U/nn Uz
ITockosnbky

L=UnU*na)/e U na)/(Unw) = Ul (U Nn)
— roMoMopdusiii o6paz U/p e, 0 L € F, u nosromy
UU nm) = (e (U nn)[(U nw) (e U?) H/(U? N w)) =
= U*nn)H/(U?Na).

Snaunt, U=¢ (U?nn)H. Tak xak (U*Nnn) H=UNT, To
nocanennee Bieder U=¢(UNT). Kpome Toro,

Up=oUnT)/e~UnT/(UNT1Nn¢EF.
[Tockonbky ~H—@-npoektop B UNT, 10 UNT=
=((UnT)*ne)H. 3uauur,

U=o(UNT)=¢((UNT)*ne)H)=oH.

Takum o6pasom, H—&-npoekrop A.

IIpexnonoxum renepn, uro T'/n— F-noaynpoekrop B A/m,
a H—-nonynpoekrop B T. Ilycth (— NpoH3BONbHASA KOH-
rpysuuusi Ha A, U/@—rakas noganre6pa B A/¢, uto H=U
u Upe@. Torna nplU =zU u

(nU/n)/(ng/n) >~ nU/np &~ UU* N g =
=UlenU)(nnU?EF.
ITonstho, yro T = nH. Cnenopatensno, T/n=nU/n. TTostomy
BBHAY TOro, 4ro T'/m— &-nonynpoekrop B A/m, HMeeM
(e (nT))/n = n@T/n =T /n = nl/n.

3naunr, nU = @T = @nH. Takum o6pasom,

U=UnoeaH=Unon)H=Une¢)(Unmn)H.
Tlockoabky (U2Na) H=UNT, 1o 3 noc/eliHero BhITEKaer,

yto U=Une)(TnNU)=9¢(TnU). Ho U/p €F u nosromy
BBHAY H30MOp(hH3MAa

Ul=o(TnU)o~TnU(TNU):*N

3akaiouaeM, yro TNU/(TNU)Ne€eF. Tak Kak, Kpome
toro, (T*Ne@)(TNU)=TnU, 10

TnUITNU?Ne=TNnU/T*NYEF.

[To nemme 11.11  (T2n@) H/T? N ¢—F-noaynpoekrop B
T/T*N@. 3naunr, TNU/T*Ne=(T*N¢) H/T?*N ¢. [Tosromy
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TnU=(T*ne¢)H. Takum obpasom,
U=o(TnU)=¢(T?ne)H=0H.

CuaenoBarenpto, H—&-nonynpoekrop B A. Jlemma nokasaHa.

11.13. Tyers H —nmnopanreGpa anre6psl A, @ — HekoTopast
kourpysuuust Ha A. Bynem rosopurb, uro H Odobasasem @
¢ A, ecntt pH=A. Ecau ¢H=A u H*N@=Ay,, TO OyAem
roBopuTh, 4To H donosnsem ¢ 6 A. Ecam nopanrebpa H
TaKOBa, 4TO JJis JI06OH mopaire6psl T, 106aB/AIOIEN ¢ B A,
u3 T=H Bcerna caenyer T =H, To H HasoBeM muHnumary-
Hoim Oobasrenuem Kk ¢ 6 A.

11.14. Jlemma. [Iycmo ¢—Konepysnyus Ha areebpe A.
Toeda u moavko mozda H— munumareroe dobasretue K @
8 A, koeda oH=A u H?( Q—ppammunuesa KOHepYIHYU:
Ha H. :

HINokasateabctBo. Ilycte nojanre6pa H TakoBa,
yro ¢H=A u H?( @—dparTTunuea KOHIpysHUMs Ha H.
[peanosiokuM, YTo mpu 3ToM H He SBJASETCS MHHHMAJbHBIM
no6asjenneM K @ B A. Torga B H umeercst Takasi COOCTBEH-
Hasi nogaare6pa M, utro oM = A. 3uauur, H=HNoM =
=(pnNH?) M. Ho 310 o3Hauaer, 4ro KOHIpysHuus ¢ H*
Ha H He siBnsieTcs dpartunuesoii. [IporuBopeune. 3naunt, H—
MHHHMaJIbHOe JHoGaBieHue K ¢ B A.

O6patHo, nyctb H—MuHHMaJbHOE Jio0aBjieHHE K ¢ B A.
[Mpennosioxxum, uro H2M ¢ He siBasiercs (GPaTTHHHEBOH KOH-
rpysnuueii Ha H. Torga B H Haiimercsi Takas COGCTBEHHas
nopanre6pa M, uro (H2n @) M= H. 3nauur,

A=9H=q((H:N o) M)=0M,

‘yro nporuBopeunt ycaosuio. CnenoBatenbHo, H?N ¢—opar-
THHUEBAa KOHrpysHuus Ha H. JleMmma JokasaHa.

11.15. Teopema. ITyemo F<=X, 20e F—Henycmas
popmayus, a X —«roneunas HacredcmeeHHas noayGpopmayus.
Tozda u moavko mozda kaxdas X-arcebpa 06.1a0aem xoms Obl
00Hum F-noaynpoexmopon, Kozda gopmayus F Hacouyena 6 X.

HokasarteabctBo. Jocraroudoctb. [Ipeanosoxum,
yto B Kaacce X colepKaTcs aare6phbl, He HMelOLIHe -NOay-
npoeKkTopoB. Beibepem cpeau Takux aare6p anare6py A nau-
MeHblero mnopsifka. IlycTb 7t—MHHHMAJbHAsi KOHTPYSHLHSA
Ha A. Toraa gakropanre6pa A/ umeer &-noaynpoekrop T/a:.
Ecin T=#A, 10 T wumeer H-noaympoekrop H, u mo
aemme 11.12 H—F-noaynpoekrop B A. Tak kKak B CHIY
BbiGOpa anre6pel A mocsejHee HEBO3MOXKHO, TO OCTaercs
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3akiwountb, 4yto T = A. CnenoBareabHo, A/n €. Urak, ana
JI000H MHHHMAJbHOH KOHTPYSHUMH 7t Ha A HMeer MecTo
A/n €. Tak xak no ycnosuio F—popmanus u A¢F, to
anre6pa A MOHOJMHTHYHA. .

[Mycrb ¢— eauHCTBEHHAs MUHHMa/bHASL KOHTPYSHIMs Ha A,
H—wunnmanbHoe poGaBienne x ¢ B A. Torma BBuay
Jdemmel 11.14  H?( ¢—¢parrusuesa kourpysuuusi Ha H. Ho

H/IH*N @~ oH/p=A/9 €,

H Kkaacc @ HachimeH B X. 3nauur, H€§. Ilycre E—nan-
Goabluasi nojanrebpa anreGpnl A, cofepxamasi H u npuHan-
Jexawas gopmauuu . ITokaxeMm, yro E— F-nosynpoekrop
B A. JlefiCTBHTEJIbHO, NyCTb \)— NPOU3BOJIbHAS KOHTPYSHIHUS
Ha A um U/p—rakas mnomanre6pa B A/p, uto EcU n
Unped. Ecan vp=A, 10 Ug€F. CrenoarenbHo, B cHIy
BbiGopa moganre6pel E umeem U =E =¢E. Ilyets Y= A,;
Toria Q<=+, u, 3Hauut, U =A =¢E. Takum o6pa3om, E —
&-nonynpoekrop anre6per A. ITosyuenHOe NPOTHBOpEYHE MO-
KasblBaeT, 4T0 Kaxjaa X-aiare6pa o6Jafaer g-mnoJaynpoek-
TOPOM.

Heo6xonumoctb. ITycrh ¢ —Takas gppaTTHHHEBA KOHTPY3H-
uua Ha X-anre6pe A, uro A/p € F. O6o3nauum uepes E Heko-
TOpBIH -mosynpoekrop ajare6psl A. IToustro, uto @F = A.
CnenoarensHo, A=FE €. Takum obpasoM, dopMmauus ¥
HaceilleHa B KJaacce X. Teopema nokasaua.

11.16. Anre6py A HasoseM npumumusnoii, ecin A umeer
TaKyl0 MaKCHMajbHylo nopaire6py (mpuMmutuBatop) M, urto
M,=A, n nmu6o anre6pa A MoHoJMTHYHA, JHOO M — romo-
MopdHbIil 06pa3 A.

Bynem rosopute, 4to Kiacc aaredp § npumumusHo samk-

Hym B Kjaacce X, eclu eMy NpHHajIexuT Besikas X-anre6pa,
BCe ngnmmusﬂme roMoMopgHbie o6pa3bl  KOTOpO# NpHHajIe-
KaT .
11.17. Teopema. Iyemos F<=X, 20e X—xoneunasn
HacaeOcmeenHas noaygopmayus, F— nenycmoii Kaacc, npu-
mumueno samknymowi 8 X. Toeda u moavko mozda kajxc-
das X-areebpa 06.1adaem xoms 6or 00HUM F-nOAYNPOEKMOPOM,
Ko020a F — noaygopmayus.

HokasarenbctBo. J[loctatounoctb. IlpeanoJioxum,
4To B Kiacce X cojeparcst ajreGphl, He HMeIOLUe F-romy-
npoekTopoB. BriGepem cpexn Takux asire6p asnre6py A Hau-
MeHbliero fopsaka. Ilyctb m—MHHHMa/bHAS KOHTPYIHIHS
Ha A. Toraa anrebpa A/m umeer &-nonynpoekrop T/m. Ecan
T+A, 10 T wumeer F-noaynpoekrop A. Ho torma mo
aemve 11.12  H—F-nonynpoekrop B A. IlporuBopeune.
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3uaunt, T=A. Takum o6pasom, 11 0GOH MHHHMAJBLHOM
KOHTPY3HUHH 7t Ha A umeer Mecro A/n € §F.

Ipexnonoxum, uro anre6pa A He sBasercs NPUMHTHBHOH.
Toraa BeskHH NPHMHTHBHBIA roMoMOpGhHLI 06pa3 anre6pul A
npuHaiiiexuT §. Tak Kak nmo yc/oBHIO KJacc g MPHMHTHBHO
3aMKHYT B KJacce X, To 3710 o3HauaeT, uto A € §. Ho B 3TOM
ciayyae A coBmajaer co cBoum F-nosynpoextopoM. Tak Kak
noc/efiHee HEBO3MOXHO, TO Mbl JOJKHBI 3aKJIOUHTh, YTO
anre6pa A npUMHTHBHA.

IIpennonoxnm, uto anre6pa A uMeeT eIHHCTBEHHYIO MHHH-
ManbHyl0 KOHrpysHuuio m. Ilycte H—munuManbHoe n06aB-
Jenue Kk n B A, E—&-MakcuMalibnas noaanrebpa anre6pnl A,
copepxkamas H. Torga E— &-nonynpoektop B A. Ho 310
NPOTHBOPEYHT ompefenentio anre6pel A. CienoBaresibHo,
anre6pa A He MoHOHTHYHA. [lycTh M — HEKOTOpHIH TPHMH-
THBaTop anre6pet A. Torma M—romomopdHbiii 06pas aj-
re6ppt A. 3nauur, M=~ A/p u 1019 HEKOTOPOH KOHIPY3H-
unn Y Ha A. Tak kak M=£A, To Y%A, H N03TOMY
AnpeF. Cnenoparesnbio, M €. C npyroit CTOPOHBI, €CJIH
A/t €F nna HeKOTOpO# KOHrpysHmuu T Ha A, To T==A,.
3nauut, nockoabky M, =A,, 10 TM = A. Takum o6pasoM,
M —F-nonynpoekrop B A. [lonyuenHoe mpoTHBOpeune Moka-
3bIBaeT, UTO Kaxnaas X-anre6pa o6aanaer F-nosynpoeKTOpPOM.

Heo6xonumoctb. Ilycrs A €F u m—npousBonbHasi KoH-
rpysnuus Ha A. Torga nockonbky =X u kaacc X—noay-
¢opmanusi, To A/n € X. 3Hauur, pakropaarebpa A/ obnanaer
&-nonynpoekropoM T/n. B cBoto ouepenp, anre6pa T o6nagaet
&-nonynpoektopom H u no semve 11.12 H—F-nonynpo-
exrop B A. Ho A€, 1. e. A coBnagmaer co cBoum F-noay-
npoekropom. CienoBarenbto, H=A u nostomy A/n=T/n € F.
Takum o6pasom, knacc F—mnonypopmaunusi. Teopema noKa-
3aHa.

Ananoruyno JokaseBaeTCsi CJefylolias TeopeMma.

11.18. Teopema. [yemo F=X, 20e X-—KoHeunas
Hacaedcmeennas noaygopmayus, §—rnenycmas noaydopma-
Yus, NpUMUMUBHO 3amKHYymas 6 X, u nycme 60 ecakod X-aa-
2ebpe npumumueamop OONOAHAEM LOKOAHYIO KOHZPYIHYUIO.
Toeda ecakas X-arecebpa 064adaem xoma bt 0OHUM F-NpOeK-
mopom.

11.19. Jlemma. IMycme M—maxcumarenas nodarzedpa
myavomurosya A, Ny u N,— pazauunoie munumansuve ude-
aror A, npusem Ny&M u N,g M. Tozda

Ny~ L=(N,4+N)NM=~N, N,nM={0}=N,nM
u cnpagedausol C/zedyfou;ue ymeepacOerus:



1) ecau udearee N, u N, abesesor, mo udear L npoexkmu-
een oboum udearam N, u N, u, kpome mozo, N+ M, =
= N2+ MA; ’

2) ecau udearsr N, u N, neaGeresor u N—npousgororoutl
munumaneuoii udear 6 A, mo au6o N,+M, =N+4M,,
aubo Ny+M4=N+M,. ‘ v

HokasaTeabctBo. Ilonarso, uro N, =C, (N, u
A=N,+ M. 3uauur, N,N M—ugean A. Ho no yciaoBuio
N, & M. Cnenosaresbio, N,f M ={0}. AnanornuHo yGex-
naemcst B ToM, yto N; N M ={0}. Tak kak

N1+N2:(N1+N2)H(N1+M):

=:N1+((N1+N2)ﬂ M)=N1+L,
TO
Ny~ N,/N,NN,~ N, + Ny/N,~ N, +L/N,~ LN, N L~L.

TouHo Tak e ycrauaBiauBaem N,~ L. Ecau npu 3toM
upeanst N, u N, A-a6enesbl, T0, oueBupgHo, L—wunean A,
npoekTHBHbIE oGoum uueanam N, u N,. CielosareibHo,
B 3ToM cayyae N, u N, 0poeKTHBHBI APYT JAPYTy, H MO3TOMY
BBUAY JemMbl 2.8 umeet mecto C = C 4(N,) = C 4(N,). IlousrHo,
yro N, =C,(N,). 3uaunur,

C=CN(Ny+M)=N,+(CnM)=N,+ M,.

Ananoruuno nposepsercsi, uto C=N,+ M, . Takum oGpa=
3oM, ecau uaeaasl N, u N, aGenessl, o N+ M, =N,+ M,.
[Noxo6Hble paccyKaeHUsi HCMOAb3YIOTCS H IIPH J0Ka3aTesabCTBe
nyHkta 2). Jlemma soka3aHa.

Jlemma 11.19 nokasbiBaer, 4T0 MyJIbTHKOJBIO A B TOYHOCTH
TOrjJla NMPHUMHUTHBHO, KOTJa OHO HMEeT TaKyl0 MaKCHMaJbHYIO
noganreépy M, uto M ,={0}.

[Tycts % —npousBoJibHas Henycras noJyQgopManus MyJb-
THKOJel, A —Hekotopoe MyabTHKObIO. OGo3HaunM yepes A¥
COBOKYIHOCTb BCEX TaKHX HpeatoB N u3 A, s KOTOPBIX
BHIIONHAKTCS ciaelytomue yciosusi: 1) A/N €§; 2) Bceraa
us A/TEF u T = N caenyer, uto unean T conanaer ¢ N.
Hpean N myibTHKOJbIA A Ha30BeM F-KOpaaHKajlbHbIM, €CJH
N € A3. B cayuae, korza A%= {N}, numem N = A% u Hasul-
BaeM N (cM. ompefiesenue Ha c. 42) &F-xkopadukarom A.

11.20. Teopema. [Tycms & —mnenycmoii nodkiacc Ha-
caedcmeennoti  noaygopmayuu  myavmuxosey X. Toeda u
moabko moeda Kkasxcdoe myabmuxoasyo u3 X obradaem
&-noaynpoexmopom, Kozda F—noaypopmayus, nPUMULMUEHO
samkuymas 6 X.

HokasateanbcTBo. JocratouHocts. [lokaxkem mnpex-
Ie, 4YTO -MOJYNPOEKTOPOM 06/afaeT BCAKOE TAaKOE MPUMH-
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THBHOE MYJbTHKOMbUO A u3 X, y KOTOPOro OJHMH M3 MHHH-
MaJbHBIX HIeatoB npuHaunexur AS. JleficTBHTENbLHO, NYCTb
M — npuMuTHBaTOp MYJbTHKOMbUA A, L—Takoi ero MHHH-
MalbHbil unean, uto L€ A% Ecim LNM={0}, To M=~
~ A'L€F, u nostoMy M sBasercsa §-noaynpoekropom B A.
[Mycts LN M =={0}. Toraa BBuny semmbl 11.19 L-—enun-
CTBeHHBbIHl MHHHMAaNbHbIH naean myabrukoabua A. Iycte H—
MuHHMaJAbHOe jgobGaBiaenne K L B A. Toria BBHIY YCJOBHA
TeopeMbl H Jemmbl 11.14 H € . O6o3naunm uepes E  F-mak-
CHMaJbHYIO Tiofanrebpy myJbTukojdbna A, conepxamyio H.
[MokaxeM, uro E —&-noaynpoekrop B A. Ilycte R-—munean
myabTHKoMbna A, U/R—rtakas mnojanre6pa B A/R, utoO
EcU u U/R€F. Ecau R={0}, to U€F, n nosromy
U=E=R+E. llyctb R={0}. Torna L=R. 3naunr,

A=L4+E=R+E=U.

[NpeanosnioxuM Tenepp, uyro kjaacc M TeX MYJbTHKOJEL
u3 X, KOTOpble He MMEIOT -ToJyNnpoeKTopoB, Hemycrt. Bes-
KOMY MyJbTHKOJbIY A € M conocrasum uucio f (A), paBHoe
HauMeHbLIeH M3 JJHH KOMIO3HIHOHHBIX PSJ0B MYJIbTHKOJEL]
uz A5 Tlyete G €M, npuuem ¢ (G)=min{t(A)|A€M}.
TMousitho, uto G ¢&. Tlycrs N—rtaKoii -KopauKaibHbIH
ugean G, AJIHHA KOMIIO3HIIHOHHOTO psAia Kotoporo pasHa ¢t (G).
[Mycts L—Munumanbhbiil uaean G, Bxopsmuit B N. Tlpearo-
nAoxuM, uto L=~N. Scro, uro ¢(G/L) < t(G), u nosromy
B G/L umeercs ¥-noaympoektop T/L. Tak Kak LcN, To
t(T) < t(G). Cnenosarenvno, T umeer &-nomynpoexrop H.
[To nemme 11.12 H—@-noaynpoekrop B G. Ilonyuennoe
nporuBopeyre mnokaseiBaer, yro L =N. IlocnenHee Bmecre
¢ JOKa3aHHbIM B NpefuaylueM a63ane o3Hayaer, YTO MYJbTH-
Koabuo G He NPUMHTHBHO.

[Mpeanosioxum, uTo JJsi Ji000H MaKCHMaJbHOH Tnojal-
re6pel T u3 G umeer mecro G/T; €. Torna Kaxipil npu-
MHUTHBHBII TOMOMOP(hHBI 06pa3 MyJbTHKOJbUA B G npHHAI-
aexur 5. Tak Kak KJaacc § NPHMHTHBHO 3aMKHYT B X, TO
ato Biaever G € §. IlonydeHHOoe NpOTHBOpEYHE TNOKA3bIBAET,
yro B G HaiieTcs Takas MaKcHMaiabHasi nojaarebpa M, urto
G/Mg¢&. Tak kak G/L=G/N€F n kaacc §F—nonydop-
manus, To L & M. CreposarenbHto, L+ Mg'Mg—MuHuMalb-
npiii npean 8 G/Mg. Tlonsitho, uro (G/MG)/(L+ Mg/ Mg) €.
3uauut, L+ Mg/ Mg € (G/Mg)8. Takum obpasoM, BBUAY JIOKa-
sanHOro panee G/M, obaanaer &-noaynpoekropom T/Mg.
B cuay onpenesneHus §-noJaynpoeKkTopa HMeeMm

G/Mg=(L+ Mg/Mg)+T/Mg=L+T/Mg.
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CnenoBaresbio, L+ T=G, u nostomy T/TNL~G/LEF.
Tak kak G/MGQ%, to T %= G. 3unauur, LNTcL. Takum
obpasom, ¢(T) < t(G). I1o osnauaer, yro T ob.1ajgaer F-noay-
npoektopom B H. Ho mno aemme 11.12 H 6yager &-noay-
npoekTopoM H B G. CHOBa NpHULIH K NPOTHBOpeYHIo. Takum
00pa3oM, OCTaeTCsi 3aKJIOYHTb, YTO BCSIKO€ MYJbTHKOJbLO
13 X obsanaer g-HoJyIPOEKTOPOM.

Heo6xoaumocts. Tlycts Besikoe MyabTHKOMBIO H3 X HMeeT
xorst 6bl OIMH F-nosynpoekTop. Paccymkpias Tak e, KaK H
NpH JoKasaTelbcTBe Teopembl 11.17, MOXHO noOKasaTb, 4TO
& —nonydopmanus. [Tokaxkem, uTo 312 NOAYyPOPMALHSA TPHMH-
THBHO 3amkHyTa B X. [Ipennonozxum, uro B kjacce X umerorcs
MYJILTHKOJIbIIA, He NPHHAJIeXallHe g, HO y KOTOPBHIX Bce
NPHMHTHBHEIE TOMOMOp(HEIE 06paskl Kaaccy @ NpHHaAJIexar.
Cpenu Takux MyJbTHKOJEL BhIGEpPeM MYJbTHKOJIBLO G C HaH-
MeHblle# AJIHHOH riaBHoro psiga. IlousitHo, uto G He MpPHMH-
tuBHO. [lycre E—@-nomynpoektop G, M —MakcuMma/bHas
nojaaredbpa u3 G, comepxkamas E. Scuo, uro M =~ {0}.
IMycre L —MuHuMadbHbil uieaa G, sxomsuwuid B M. Toraa
BBHAY Bhiopa G umeem G/L €. 3nauur, G=L-+E. Ho
L+E=M 5 G. TloayuenHoe npoTHBOpeUHe NOKA3bIBaeT, YTo
nonybopmanust § npumutHBHOo 3amkHyta B X. Teopema
JI0Ka3aHa.

IMycte A—wmyabTukogbuo. O6osnaunm uepes F (A) u Ha-
30BeM udearom Pummunea nepeceyeHHe IIEHTPATH3ATOPOB
BceX IVIaBHEIX (hakTopoB A.

11.21. Jlemma. Toeda u moasko mozda udear N Hunro-
nomenmern 6 A, kozda N =F (A).

HoxaszartenbcrBo. Ecim N<=F (A4), to, oueBHAHO,
urean N Huabnoreuren B A.

Ilycts Tenepn unean N nuabnorenten B A. PaccMorpum
NPOH3BOJIBHLIA TJIaBHBIH psj

{0} =NycN,c...cN,=N=A,cA,c...cA,=A

MyqabTHKOgbIA A, npoxoasimuii yepes N. o nemme 2.8 pas

mo6oro i€ {1, ..., r} umeer mecro N=C,(A,/A;_,). C npy-
rol CTOPOHBI, H3 YCJOBHA M JemM 2.5, 2.8 BhITeKaeT, 4TO
N=C,(NyN;_,) nna moboro i€ {l, ..., t}. [pumensns eme

pas Jgemmy 2.5 u gemmy 2.8, sakaiouaeM, uto N<=F (4).
JlemMa JokasaHa. i -

11.22. Teopema. [Mycmo F<=X, 20e X — nacredcmsen-
Has noaygopmayus mysbmurosey, a & — noaygopmayus, npu-
mumusno 3amsnymasn ¢ X. Tozda ecau A=F(A)+E€X u
E€F, mo E exodum e Hexomopwidi F-npoexmop mynromu-
Koavya A. ,
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HNokasareanbcrBo. ComnocraBuM BCAKOMY MYJIbTH-
koably R u3 X uucio ¢ (R), paBHoe HauMeHblUed H3 IJIMH
KonlgnosuuHOHme psiioB My bTHKosel, u3 RS, BXoasux
B F(R). :

IlpenmonoxuM, uro kaacc It Bcex Tex MYJIbTHKOJEN
u3 X, B KOTODPHIX BBINOJHEHO yCJOBHE TeOPeMbl H HE BHINOJI-
HseTcs ee 3akJioueHHe, Henycer. [lycte A€M u t(4) =
=min{¢(B)|B€M}. OGoznauum uyepes R Takod wupeal
myJabtukoibia A, yto R=F (A), R€ A% n t(A)— aauna
KommnosuuuonHoro psajaa R. [ycrs L — muHuMadbHeil naean A,
Bxogsamuit B R. Ilpennmosioxum, uro LcR. TloHsitHO, uTtO
F (A)/L<F (A/L). Tosromy F(A/L)+4(L+ E/Ly=A/L. Tlpu
3TOM

(A/L)(R/L)~ A/L€®, R/L=F(AL).

3uauur, t(A/L) < t(A), u nosromy L+ E/L BXOOHT B HEKO-'
Tophift  F-npoekrop T/L myavtukoabua A/L. Jlerko BufeTs,
uro F (A)N T —mnunenorentnnisi B T unean. CnenoBaresbHo,
no aemme 11.21 F(A)NT =F(T). Tak kak

T=TnNA=Tn(F(A)+E)=E+(TnF (4)),

To u3 mociepHero Boirekaer, uro T =F (T)+E. Ilockonbky
TILeF, L=F(A) u LcR, 10 t(T)<t(A). 3nauur, E
BXOIHT B HEKOTOPHIH F-npoektop H myavrukoabna 7. Ho
no aemme 11.12 H—gF-npoekrop B A.. Ilonyuennoe npo-
THBOpEUHEe NoKa3sbiBaer, yto R=L.

[Nokaxkem, uto ecsiu M — npou3Bo/bHAst MAKCHMAaJIbHAsA TI0J-
asnre6pa MyJbTHKOJbLA A, He coftepxkawas L, To M — F-npoek-
top A. Jlerko BuaeTh, uyto upuead L A-aGeneB. 3Hauwur,
LN M={0}, u nosromy A/L~ MEeF. Ilpeanonoxum, A
umeer Takoit uaeaan K, uro A/K€F u K+ M=£A. Torna
K = M. CnepoBarenvno, A/M,€F. Tlo nemme 3.29 aas Besi-
KOH MakcuManbHOH nojanrebphi D, He comepkaieit L, umeer
MecTo

ADy~LxAIC,(LY~A/M,€F.

C npyroit croponn, ecnu L=D, 10 u3s A/LEF caenyer
A/D4€&. Takum o6Gpasom, KaxkIblil IPHMUTHBHBIH roMoMOpg-
HBIll 06pas MyabTHKoO/bUA A npuHaniexur . 3Hauut, A €F.
[TonyueHHoe nporuBopeune nokaswiaet, uto K & M, u nosromy
K+ M =A. CnepoBarensHo, M—g-npoexrop B A.

[lokaxem Ttenepp, uro M ,+E—MaKkcuMaibHas TNOJ-
anre6pa B A. Ilpexme 3amerdM, yToO MOCKOJABKY

F (A)=F (A)n (L+ M) =L+ (F (4) n M)
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u F(A)=C, (L), o F(A)n‘M = M ,. 3uauur,
—E+F (A)/M,=A/M,.

Jlerko Buperb, uto L+ M 4/ M y—rnaBHbiii A-abesieB pakTop
myaptukonsua A. Kpome Toro, mockonsky A/M,¢F, To
M4+ E = A. CaenosareanHo, M ,+ E/M ;—makcumaJjibHast
noxaareépa B A/M 4. Tlostomy M 4+ E—makcumasbHas noj-
anre6pa B A. Ilpennonoxum, uto L = M, +E. Toraa

[Mporusopeune. 3uauur, LE M+ E, ¥ N03TOMY BBHAY AOKa-
sanHoro Beime M , -+ E—&-npoektop B A. IlonyyenHoe npo-
THBOpEUHe 3aBepllaeT IOKa3aTeJbCTBO TEOPEMBI.

Jlerko BHJETb, YTO eciu uieatnl A U B m-paspeminMbl
B MyJbTHKOJbUE G, To uiean A -4 B takxke n-paspeuuM B G.
3unaunt, G obsajaer TakuMm mn-paspelwtnMeiM B G HjeaoM
Ry (G), futo Besikuil m-paspewnmbiii B G Hjeas COAEPKHUTCSA
B R;(G). Unean R, (G) nasoseM m-paspeusumvir paduxkaiom
MyabTHKOJMbIa (. B ciayuae, Korja sm—KJsacc BCeX MHHH-
MaJbHEIX MyJbTHKOJel, BMecTo R (G) 6yzem nucatbe R (G)
1 ujean R (G) GyneM HasbiBaThb paspeusumbim paduKarom MyJibTH-
Kosbna G.

11.23. Teopema. Tyemv F =X, 20e X —nexomopas
HACACOCMBEHHAS NOAYGOPMAYUSL MYAbMUKOACY, T — NOAYGHOP-
mayus, npumumusno samxuymas 6 X. Toeda ecau GEX u
G/Rx(G)EF, 20e n=1(F), mo ecakui F-noaynpoekmop G
A6ASEMCA €20 F-NPOeKmOpPOM.

IokaszarenbctBo. OGosHauum uepes M nojkJace
ka1acca X, COCTOAIIME M3 BCeX TAaKMX MyJbTHKoJen A, uTo
no kpaiiHeil Mepe ofuMH u3 ujeanoB MHOxectBa A% T (F)-
paspemmrm B A. Jlas Beskoro myJbTHKo/IbUa B €M uepes
t (B) 0603HauuM HaHMEHBIIYIO H3 JAJHH KOMIIO3HIIHOHHBIX PSII0B
Tex uieanop u3 B¥, koropwie T(gF)-paspeunmbl B B.

Beuay Teopemer 11.20 Bcsikoe MyJbTHKOABIO H3 X 06ia-
zaer xorsi Gbl oauuM F-nodynpoekropoM. [Ipennonoxum, 4to
KJacc §) Bcex Tex myqabtukoJen 3 WM, y KOTOPHIX HMEIOTCA
F-NONYNPOEKTOPEI, He SIBJSIOUMECS g-NPOEKTOPaMH, HEmycT.
Ilycre G—rtakoe MyJabTHkOoabmo H3 &), uro {(G) =
=min{¢{(A)|A €}, u nycts E—npoU3BOJbHBIA F-NOJY-
npoektop B G. O6o3nauum uepes R rtakoil muean us G¥, uro
R t(%)-paspewmm B G u ¢ (G)—A1MHA KOMIO3HIHOHHOTO
psaa R.

IMycts A—npou3BoNbHEIA MHHMMaJbHBI Haean G, BXO-
aamuit B R. Tlokaxem, uto E—F-npoektop B A 4 E. Ilpex-
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nosioxuM, uto T(F) Nt(A)=@. [yer ESU=A+E, Uy —
takoit ugean U, uto U/U,€ . Toraa nockoJbKy

Us+(AnU)U, >~ AnUNANU)NU,,

t0o AnU=U, Ho U=Un(A+E)=E+UnA). 3uaunr,
U =U, + E. CnenoarennbHo, B paccMarpiBaeMoM ciyuae E—
%-npoektop B A -+ E. Tlpexnosoxnm, uto T (&) N T(A) %= J.
Jlerko Bujgerb, uto B 3ToM cayyae A =Cg;(A). 3naumt,
A= F(A+E), u nostomy no teopeme 11.22 E = H, rue
H—§-npoektop B A+ E. Ho E—&-nonynpoekrop B G. Cre-
noBatenbho, E =H —&-npoekrop B A-+E.

TMokaxem Tenepb, uto E—-npoekrop B G. 310 BEPHO,
ecin G=A4E. Tlycte A+ E 5~ G. PaccMotpuM MyJIbTH-
koapo G/A. Tlo nemme 11.11 E 4+ A/A—F-noaynpoekTop
B G/A. TonsitHo, uto upean R/A = (F)-paspemmm B G/A
u R/A€(G/A)®. Cnenosatennuo, G/A €N u t(G/A) < {(G).
3naunr, E + A/A ssaserca g-npoekropom B G/A. Boiue Gbiio
ycranoB.ieno, uto E—&-npoekrop B A+ E. CieloBaresbHo,
no semme 11.12 E—&-npoektop myJbTHKoAbua G. Takum
obpasom, Kaumuiil F-nonynpoektop G sBASETCS F-NPOEKTO-
pov B G. Ho 310 NpOTHBOpEUHT OlNpee/eHHIO MYJbTHKO/Ib-
na G. 3HauuT, OCTaercsi 3aKJIOUHTb, 4TO KJacc § nyct. Teo-
peMa JOKas3aHa. ]

IMycte § —HekoTopbiil Kaace ajre6p. MakcuMalsibHylo Nnof-
anre6py M anre6pui A HasoBem F-npedesvnoil, ecmn M &-
abuopmaibia B A u M/M,€F.

11.24. Temm a. Tycmo F<= X, 20e X —Hexomopas nacaedcm-
BEHHASL NOAYPOPMAYUA MYALMUKOAEY,, T — NOAYPOpMAYUS, NpU-
mumueno samknyman 8 X. Tozda ecau A € EN\F u AR (A€,
mo ecakub F-npoexmop A codeprcumcs 6 HeKOMOPOL MAKCU-
ManbHol F-npedeavrol nodareebpe us A.

NokasateabcTBo. Ilyctb H-—npousBOJbHBIH -
MIPOEKTOp MYJIbTHKOJbLA A, B—MHHHMANBHBIH njeal A, BXO-
asumit B R (A). Unean B abenes, u nostomy ecian B -~ H =A,
10, oueBHIHO, H —MakcumanbHas nogajire6pa B A. Ilpu stom
nockoabkKy H sBaserca -npoekropom B A, 10 A/H 1¢F.
3HaunT, B paccMaTtpuBaeMoM ciyuae H—MakcHMaJlbHas
S-npenenbnas nonaareépa B A. Ilyers B+ H +# A. Tlo nevme
11.11 B-+H/B— &-npoekrop B A/B. Caenosarennsto, A/B¢ .
[lousitho Takxke, uto Haean R (A)/B paspemum B A/R u
(A/B)/(R (A)/B) € &. Tak Kak JIMHA TJ1aBHOrO psijia MYJ/bTH-
Koablia A/B MeHbLie JJIMHBI [VIaBHOTO psiia A, TO Mbl MOXeM
CUHTATb, YTO yTBEPXKJEHHE JEeMMBI OTHOCHTeJbHO A/B cmpa-
BeasuBo. 3Hauut, B A/B Hafigerca Takas MaKCHMaJbHas-
&-npenenpnas nopaareépa M/B, uro H+ B/B= M/B. Toraa
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H<= My M—makcumanbhas §-npefenbnas nogaireépa B A.
Jlemma pokasana. o

11.25. Teopema. IMycms F =X, ede X —mnexomopas
HacredcmeenHas noaygopmayus, F— Henycmas noaygopma-
yus, npumumusno 3amxwymas 6 X. Ilpednosroxcum, - umo
A€X uA/R(A) € &. Toeda nodareebpa H ssasemces §-npoek-
mopon 6 A 8 mom u moavko 6 mom cayuae, kozda H € F
u cywecmasyem yens ’

A=MODM13...DMt=H, t>09 (l)

8 /comopo% - M, —makcumaronan F-npedesvras nodarzebpa 6
Mi—l’ i:,...,t. ’

HoxasarenbctBo. Ilycts HEF u A umeer uens (1).
Hunykuueit no ¢ moxaxem, uto H apasercss §-npoekTopom
B A. YTBepxienue oueBuino, ecau t=0. Ilyctb £>1. Mul
MOXeM cuuTarbh, 4yto H—&-npoekrop B M,. Jlerko Buuets,
uto M,/(M,) ,—&-npoekrop B A/(M,),. 3Hauut, no Jemme
ll.lﬁé/] H—&-npoektop B A.

ycrb Tenepb H— npousBosibhbiil -npoektop B A. Toraa
He®. Ilo nemme 11.24 H<= M,, rne M,—makcuMmasnpHas
&-npenenbHast nopanre6pa B A. [lonarno, uto R (A)ZE M,,
1 nostomy M,/R(A)n M, €F. [lpu 3TOM, OUeBHIHO, HAea
R(A)n M, paspeunm B M,. Tlosromy au6o H = M,, ubo
H<=M,, rie M,—Makcumadbuas -npejeibHas nojairedpa
B M,, u 1. 1. B pe3yabrare mu npugem K uenu (1). Teo-
peMa JIokasaHa.

11.26. JTemma. Laa aoboix mpex nodepynn A, B u C-
epynno. G caedyrouyue 08a Yca08UA IKBUBANCHMHOL:

1) AnBC=(AnB)(ANnO);

2) ABNAC=A(BnC).

HoxasateabcTBo. Ilycrs umeer Mecro 1). ITousitho,
uto A(BNC)= ABN AC. YcranoBum cnipaBeJJIMBOCTb 06paT-
Horo BkJouenus. Ilycre ab=a,c€ ABNAC, rze a, a, € 4,
beB, ceC. Torpa a™'a,=bcr€¢ ANBC=(AnB)(AnC).
CanenoBarenbHo, bc~l=by,, rae b€ ANB, c,€e AnC. 3Ha-
uuT, bi'b=c,c€ BNC u ab=(ab,) (b;'b) € A (B n C). [Tosromy
ABNAC = A(BnC). Takum o6pasom, ABnNAC=A(BnC).

[IpeanonoxuM Tenepb, UTO CNpaBeJMBO pPAaBEHCTBO
ABNAC=A(BnNC). Iycrs a=bc, rae a€ A, beB, ceC.
Torna b=ac~*€ ABNAC=A(BNC). 3uauut, b=ac™'=
=ab, tne a,€A, b€ BNC. Orciona caegyer, 41O 4, =
=bb;*€ AN B. B cBowo ouepenp, byc=ar'a€ ANC. Tosromy
a=a, (b,c) € (AN B)(ANC).3uauur, AN BC =(AnB)(AnC).
O6partHoe BKOYeHHe oueBuAHO. ChaegosarenbHo, AN BC =
= (AN B)(ANB). Jlemma Aokasana.
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11.27. Teopema. ﬂycmb & —nexomopan  ¢popmayus

u H—F-npoexmop myrvmurosvya A. Tozla 013 a00bix 08YX

udearoe N, u N, mysvmurosroya A umerom mecmo paseHcmsa

(N1 +N,)NH=(N,nH)+N,nH), (1)

(Ni+H)n (N, 4H)= (N, N,) + H. )

HokaszateabcTBo. Bsuay Jemmel 11.26 mocratouHo

YCTAaHOBUTb CNPaBEAIHBOCTb OAHOrO 3 paBeHcts (1), (2). [lo-
KaxeM, 4To HMeeT mecto paBeHcTBO ().

MoXKHO cuHMTaTh, YTO TEOpEMA CHpaBeAJHBA OTHOCHTEJIbHO

Bcex coOGcTBeHHBIX pakTopoB MyabTHKOMbLA A. [Ipexnonoxum,
yto N,+H == A. Toraa

(Ny+N)NH =((Ni+N)n (N + H)NH =
- =N+ W, NN+ ) NH=

= (NN H)+((N,n (N, + H)) n H)= (N, n H)+ (N, n H).
Ananornuso y6exmaemcsi B chpaseiiuBocTH paBeHcTBa (1)
B npeanoJoxenuu, uto N, + H 5= A. Takum o6pasoM, B ajb-
HellleM Mbl -MOXeM cuutath, yto A=N,+ H=N,+ H. Tak
kak H € %, To u3 nocsenuero suirekaer, uto A/N; €&, i=1, 2.
3unauur, A/N,NN,€F. Mycrs L=N,NN,. Eciu L={0}, T0
A=H—B 3moM cayyae paBeHctBO (1) BHIMOJIHSIETCS TPH-
BHanbHBIM 06pasoM. [1ycrs L {0}, TTo nemme 11.11 H+L/L—
&-npoekrop B A/L. 3nauur,
(NyJL+ NyLyn(H+ L/L)=

S =(NJ/LNH+ L/L)y+ (NyLnL+ H/L).
[Tostomy
(Ny+ Ny (H+ L)y= (N, n (H 4 L)) + (N, n (H + L)).

CuieioBaTeNbHO,

(Vo + N)NH = (N, + N0 L+ H)nH =
=(N:N(H+L)+N,n(H+ L) NH=
=(N,0H)+N,nH)+L)nH=

= (N, n H)+ (N,n H) + (LN H)=(N.nH)+ (N, 0 H),
1. e. (Ny+N,)NH = (N, n H) + (N, N H). 3naunr,
(N1+Nz)nH:(N1nH)+(Nan)°
Teopema jgokasaHa.

§ 12. ¥-HopmaaH3aTopbl

[Mycts & —HekoTophlil KJacc aare6p. KoHrpysHuuio i Ha
anre6pe A HasoBeMm F-kopaduxarsrou, eciw A/n€F, HO
A/p ¢ & pns Beakoi Takol KOHTPYIHIHH @, YTO QC L. Mto-
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SKECTBO BCeX gF-KopaaMKanbhbiX KOHTpysriui nHa A o6o3Ha-
yuM cumBosioM A%. Mul Gygem nucath n= A%, ecan A% ={n}.
Ecnu N —§-kopaaukanbupiil Haeas MyJabTHKoJbla A (cM.
onpefesenue 3.34), TO 5ICHO, YTO 3afiaBaeMasi UM KOHTPY3HIHUS
Ha A §-KopajuKaJbHa.

[pepnosiokum, uto anre6pa A NpHHAANEKHT HEKOTOPOH
HacsieicTBeHHO# dopManud X U §— NpoU3BoJbHAs Henmycras
noaydopmaunsi. Torma Muoxkectso A% Henycro. JleHcTBH-
TeJbHO, TaK KaK B COOTBETCTBHH C TNPHHSTHIMH B JaHHOH
rjiaBe COrJalleHHsIMH Bce X-aareGpbl YAOBJETBOPSAIOT YCJO-
BHIO MHHMMaJIbHOCTH JIJisi mojanrebp, To Besikasi X-anre6pa
YJIOBJIETBOPSIET H YCJOBHIO MUHHMaJbHOCTH AJ151 KOHTPY3IILHA.
CaenoBaresbHo, nockoiabky A/A*€ &, 10 MHokectBo A% He-
nycro.

12.1. KonrpysHuuio ¢ Ha A HasoBeM -npedeabHoll, €ciu
HalIyTCsl Takue K-KopajuKajbHasi KOHTPYSHLHS T M (parTH-
HHEeBa KOHTPY3HLHs P Ha A, uTo Y= @ & U U ¢/p— HeppaTTH-
HHeBasi MHHHMaJbHas KOHrpysHuus Ha A/}. B cayyae MyJibTH-
KOJIell -npedesbHoin GyNeM HaspiBaTh BCSIKUH Hieas, COOT-
BETCTBYIOLIUHA -NpeNeNbHON KOHIPYSHLHH.

BygeM roBoputh, 4TO MakcuMaJsbHas nojganare6pa M anre6-
pul A sBasercs §-xpumuueckoii B A, ecan M po6asaser B A
HEKOTOPYIO §-IpelesibHYI0 KOHrpysHUuio Ha A.

12.2. Tlycts & — npousBosbHbiii Kaacc anre6p. Ilopanreo-
py H anrebpbi A nasoBem F-nopmaausamopom, ecin HEF
H CYLIECTBYeT TaKasi lleNb

A=M>M,>...oM,=H, =0,

B KOTOpOil M,—MakcuMaJbHasi %-KpHTHYeCKas nojajirebpa
anrebpel M;_,, i=1, ..., t.
12.3. Jlemma. Ilyemo Q— mHOMeCMB0 6CeX MAKCUMAAb-
Hoix nodaacebp aneebpor A. Toeda ¢ (A)= N M ,—ppam-
MeQ

muHuesa KoHepysHyus Ha A u ecakaa pammunuesa KonepysH-
yus A exooum 8 ¢ (A).

HNoxaszateabctBo. Ilycte H—npoussosbHas cobCT-
BeHHas nojajre6pa anre6pnl A. Toraa Hafjercs Takasi Mak-
cumasbHasi B A noganredpa M, uro H = M. 3naunr, M,H=M
u Tem Gosee ¢ (A) H = M = A. Crnenosaresbho, ¢ (A)— ¢par-
THHHEBA KOHTPY3HUHUs Ha A. :

Ilyctb Tenepb 1p—npousBosibHast $paTTHHHEBA KOHTPY3H-
uust anre6psi A, M —nponsBosibHasi MaKCHMaJbHast nojianre6-
pa u3 A. Torma yM=M, r. e. y = M,. CnepoatebHo,
Y=g (A)= an M ,. Jlemma nokasaHa.

oc ,
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12.4. Teopema. flyems § <X, 20e X — nacredcmsen-
Has (opmayus, a F— Henycmas popmayus, HacouyeHnas 6 X.
Toz0a ecaxas X-areebpa A o6aadaem xoms Go. 00HUM F-HOP-
Mmarusamopom, npuwem ecau H — npoussonbroul F-nopmarusa-
mop A, mo A=A%H. :

JokaszareabcTBo. IlokaxkeM mpexJje, 4ro ecau G —
npou3BonbHas adrebpa u3 X, He npuHajexamas g, 10 G
obnajfaer F-KPUTHUECKOH MakcuMasbHOH nojpanre6poi. Tak
KaK no ycjopHio (opmauus § Hacbiuena B X, o n=¢(G)N
N G¥ = G%. Tlyctb T—TaKas Kourpysnussi Ha G, yron=1<= G
M T/T—MHHUMa/bHasi KoHrpysHuusi Ha G/m. IloHsTHO, YTO
t/n& ¢ (G/n). CnenosarenbHo, BBHAY JeMMbl 12.3 KOHTpY3H-
uus t/n HedpaTTHHHeBa, M B G/m HalJeTcs TaKds MaKcH-
MaibHas nojanre6pa M/m, uto t/n M/n=G/n. 3naunt, M —
MaKcHManbHas -KpuTHueckasi nojasreépa B G.

[Mokaxem, uto A obsanaer xoTsi Gbl ONHHM gF-HOpPMaJ/H3a-
topom. Ecin A€F, 1o A, oueBuaHO, COBNajaeT CO CBOHM
&-nopmanusaropom. Ilycre AQE%. Torga BBHAY JOKa3aHHO-
ro A uMeeT MaKCHMAaJbHYIO %-KPUTHUECKYIO mojanrebpy M,.
Eciu M, €&, 10 M,—&-Hopmanusatop A. B mpoTHBHOM
caydae M, MMeeT MaKCHMalbHYIO -KpHTHYECKYH mnojaires-
py M, u 1. n. Tak kak A yJOoBJeTBOpSi€T YCJOBHIO MHHH-
MaJIbHOCTH AJ1si mojajire6p, TO Ha HEKOTOPOM luare { Mbl IpH-
JeM K nojaiarebpe M;€ &, Kotopasi U SABJSETCS gF-HOPMAJIH-
3atopoM A.

Ilycts Tenepb H — Npou3BOJIbHBIH -HOPManH3aTOp ajres-
pot A. Torna H€ & u cymecTByer Takas lelb

A=M,>oM,>...oM;=H, t=0,

B KOTOpoH M ;— MakcuMa/ibHas -KpHTHUecKas MojajireGpa
B M;_,,i=1, ..., t. Unnykuueii no ¢ nokaxem, uro A=A%H.
[pu t=0 310 oueuano. Ilyctp #>1. Tak xkak H siBasiercsi
&-HepManuzatopoM B M;, TO Mbl MOXKEM CUMTaTh, 4yTo M; =
— M%H . TlockonbKy M, —MaKcuMa/ibHas §-KpUTHIECKast TIOJ-
anare6pa B A, 10 A=ASM,. 3uauur, A/A% ~ M,/Min AS.
Cnenosarennno, M® = M¥n A% . Takum obpasom, A = A5 M, =
= A3 (MSH) = ASH. Teopema nokasaHa.

12.5. Teopema. IMyecms F =X, ede X — nacredcmeer-
Has opmayus, a F—wHenycmas opmayus, HacouyeHHasn 6 X.
Tozda ecau H— F-nopmarusamop ancebpor A€ X u ¢—npo-
ussorbHbil 2omomopgpusm A, mo H® —&F-nopmarusamop e A®.

HokasarteabcTBo. JloctaToyHo nokasaTb, YTO €CJIH
7 —NpPOM3BOJILHAA KOHTpPYsHuMsi Ha A, T0 nH/n—F-HOopMa-
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ausatop B A/n. Ilyets
A=M,>M,>...oM,=H, t>0,

—uenb, B KOTOPOH M;—MakcHMaJlbHas §-KpHTHYECKasi NOA-
anrebpa anre6pet M;_,, i=1, ..., t. Eciu t=0,To A=H€EF.
3naunr, A/n€F, 1. e. dakropanrebpa A/m coBnagaer co
CBOMM g-HopManusatopom. Ilyers ¢>>0. Torza mockoJbKy
H —&-Hopmanusatop B M, TO BBHIY COOOpaXKEHHH HHAYKIHH
(M3 &) H/ M2 N i—&-nopmannsatop B M,/M?n . Creno-
BaTeJbHO, IIOCKOJbLKY OTOOpaxeHue [m]Min x> mlume

€ M,, — usomopdpuam M,/M:Nm na mM,/m, npy KOTOPOM
(Minm) H/Minn nepexoaur B mH/m, 10 nH/m—F-HOpMa-
Jusarop B uM,/n. Suauut, eciu M, = A, To nH/n —F-Hopma-
Jausarop B A/m.

Ilycre nM,= M,. TlokaxeM, 4TO MaKcHMaJbHas MOJ-
anre6pa M,/n sBasiercsi g-kpuruueckoit B A/m. I[yctb ¢ —
Takas g-npejesabHas KOHrpysHUHs Ha A, uto A=9M,, H
nycrtb @ =@ (A) N . [Mpennonoxum, uro mp = ng. Toraa p=
=yYNng=¢ (PpNmn). 3Snauur, A=YM;=@WPnNna)M,=
= ¢M, = M,. Tlporusopeune. Cnenosare/bHo, mp == ng. Tak
KakK pelleTKa KOHIPY3HUH# A, 3aKJ/IOYeHHBIX MEeXAY 7@ H mp,
M30MOp}HA pelleTKe KOHIPYIHIUH A, 3aKJIIOUEHHBIX MeXAy
@($NT) H P, TO U3 MNOCJEJHEr0 BBHITEKAET, UYTO TAP/TP —
MHHHMAaJIbHasi KOHTpY3HIHs Ha A/ng. [Tostomy (mp/m)/(mp/m) —
MHHHUMaJIbHAas KOHTpY3HIUHs Ha (A/m)/(n@/m). DTa KOHrpysH-
uuA HedpaTTHHHEBA, MOCKONBKY /M, /n=pM,/n=A/n
H n@/n = (M/n)ax. TlonstHo Takxke, uro ng/n = ¢ (A/n).
[Mockonbky Py = A%, u sBHAy Jemmul 6.10 A¥n/m = (A/n)?,
T0 Yn/n = (A/n)3. Takum oGpasom, P/t — F-npenesbHas
KOHIpY3HIHS Ha A/m, M mno3tromy = M,/n—MaKCHMa/lbHAas

-KpHTHYeckas nojanarebpa B A/n. Ho kak nokasaHo Bwlille,
:rcH/n—%-Hopma.anaTop B M,/n. CnenoBatenbHo, nH/n—
&-Hopmamuzatop anrebpnl A/n. Teopema nokasaHa.

126. Teopema. Mycmo F =X, 20e X—Hekomopas
HacaedcmeenHas Gopmayus, F— Henycmas Gopmayus, Hacol-
wennan 8 X, u nycmo A € X. To20a maxcumarbnas nodarzed-
pa M F-abropmarena 6 A 8 mom u MOALKO 6 mom CAy4ae,
ko0eda M codepocum Hekomopeii F-nopmasusamop arzebpol A.

HokasateanctBo. [Tyctb M COmEPKHT HEKOTOPHIit
&-Hopmanusatop H anrebpui A. Tpennonoxum, uto M &-
HopmanbHa B A, 1. e. A/M, €. Torna AS= M ,. Caeno-
BaresibHo, A% H = M. Ho 1o teopeme 12.4 A% H=A. Ilpo-
Tmﬁ)peque. 3uaunt, A/M,¢ %, . e. M—F-abnopmasnnHa
B A. : :
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Ipexkne ueM nokasaTb oOpaTHOE YTBEPXKIAEHHE TEOPEMBI,
nokaxem, uto ecqid T €X, M u L—Takue MakCUMaJbHbIE
nonaareépet B T, uto T=L,M u L F-abuopmaivua B T,
To L N M—MakcuManbHas g-abHopMasisHas nojganareépa B M.
Oro6paxenne ¢: [m], . — [m]m> nn, mE M, sBAsIETCH H3O0-
moppusmoMm anarebpel T/L, Ha anrebpy M/M?*nL,. Jlerko
BufleTb, 4T0 L =L (M NL). CaenoBarennto,

(LILy)®= (M2 L) (MNL)Y/M2 Ly=MnL/M20 L.

3HauHT, NOCKOJBKY L—MakcumanbHas §-aGHopManbHas MO
aarebpa B T, To MNL/M?N L,—makcumanoHas -aGHOp-
MaJjbHas nopanreépa B M/M2*NL,, a MO L—mMakcumaib-
Hasi gF-aGHopMaJsbHast nogjanre6pa B M.

Iycts Teneppr M-—mnpousBosbHas MaKcuMasdbHas &-a6-
HopMaJbHas nopaiare6pa B A. Ilokaxkem, yto M couepRut
HEKOTOPBIH & -HOopMasausarop ajaredpnl A. ITo Teopeme 12.4 M
HMeer F-Hopmanusatop H. Ecau M- §-kputuusa B A, TO
H sBagercs M -Hopmanusatopom aarebpsl A. Ilycts M He
&-kputHuHa B A U M,—npousBonbHAas MaKCHMaJabHas -
KpHTHYyecKas nopajreépa B A. Torma, oueBugno, M M, = A.
CrnenoBare/ibHO, BBHAY JOKa3aHHOTO BHIIIE M,=MnM,—
MaKcHMaJibHasl gF-abHopMasbHasi nojaire6pa B M,. Ecau
M, &-xkputnuna B M,, To F-nopmanusatop H anre6psr M,
SABJISIETCS  gy-HOpMaJu3atopom agre6pel A M, Kpome TOrO,
H =M. B nporuBHoM cayuyae, B3siB B M, IPOH3BOJILHYIO
MaKCHMAaJIbHYIO -KPHTHUECKYI0 Tnoganrebpy M, Tnoayuynm
MaKCHMasIbHYIO F-aGHopMalsibHylo nopaareépy M,=M,N M,
B M, u 1. 1. Tak Kak B pesysbTare ONHCAHHOIO NpoLEcca
BO3HHKAeT CTPOro yOhIBaloIas LEMb

AoM,oM;o ...

nojaare6p auare6pnl A, TO Haiijercs Takoi Homep {=2k—1,
uto M,, —MaKcHMasbHas §-KpuTHUecKas nofairedpas M,,_,.
[Tostomy F-HopMaausarop H anre6pui M,, saBasercs §-Hop-
Manusatopom anrebpnt A u, oueBupno, H = M. Teopema mo-
KasaHa. ’

12.7. Tlycrb H/K —HopMaibHbiii (DaKTOp MYJBTHKOJbLA
A, M—mnexortopasi ero nonasire6pa. Bynem ropoputs, uto M
nokpoweaem (usoaupyem) dakrop H/K, ecim H= K+ M
(coorBercrBenno M N H = K). Ecau npu stom K= {0}, To
Mbl OYyZ€M TOBOPHTb, 4TO M mNOKpHIBaeT (COOTBETCTBEHHO
H3oqaupyer) upnean H.

ITycTs & — npou3BosIbHEIA Kiace MysbTHKOJEL. HopMaiib-
Hblil (pakTop H/K MyJbTHKOJbLA A HA30BeM G -yeHmparoHom
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(F-sxcyenmparonoin), ecmn H/K > A/C 4 (H/K) €F (coorser-
crBenno H/Kx A/C 4 (H/K) ¢ ). o

12.8. Jlemma. ITycmo §—Henycmas opmayus myae-
mukoney, H/K— zrasnoui pakmop mysbmuroseya A, M —
makcumansras nodarzebpa & A, e noxkpesarwas H/K. Toeda
u moavko mozda M F-wopmarena 6 A, koeda ¢axmop H/K
F-yenmpanrer 6 A.

IlokaszateabctBo. [lyctb C=C,(H/K). Jlerko BH-
zets, uto dakropst H/K u H-+ M,/M 4 nepcneKkTuBHb. 3Ha-
yur, C=C,(H + M /M) n BBURY JemM 3.28 1 3.27 umeer
MeCTo

Ipennonoxum, uto M &F-HopmansHa BA, T. €. A/MEF.
Torza mo Jemme 3.32 H+ M, /M x A/C €F. Crenosaresp-
Ho, dakrop H/K @-uentpanen B A. '

O6patho, nycts dakrop H/K §-uentpanen B A. Torna,
eciu H=C, 10 BBHAY Jemmbl 3.29 A/M,~ H/ KX A/C€F.
[ycrs H & C. Ecin C= My, 1o A/M 4€F. TIpennonoxum,
yro C = M,. Toraa no jemme 11.19 B A/M, umeiorcs B
TOYHOCTH JBa MHHHMaJbHbIX uaeana H -+ MMy u T/My,
u o6a 5TH wuneaja jonoaHsiorcsi B A/M, nozanre6po#
M/M ,. Herpynuo sametutb, uro T/M,=C/M,. 3uaunr,

(AIM)I(H + M4/ M ) ~ (AIM)/(CIM 1) €F.

CnepoBarenbio, A/M,—nomnpsMoe npousBeleHHe IBYX
myabTaKonen u3 §%. Takum obpazom, A/M,€F. Jlemma no-
Ka3aHa.

12.9. Jlemma. lycmo §&—popmayus myremuxosey u
M — maxcumaronas nodarzebpa myrbmuKosoya A, He noKpol-
gatouyas Hexomopoui ezo eaasnuiti gakmop L/K. Toeda cnpa-
8e0.au6bL caedyiouwjue YymeeprcOeHUs:

1) ecaw LIK ~ F-yenmpanren, mo M He noxpoisaem ¢aK-
mop L4 A8/K 4 A%, komopueui nepcnexmuger gpaxmopy L/K;

2) ecau L/K §-sxcuyenmpanren, mo M He nokpoieaem
(fallémop LN A%/KN A8, xomopeiui nepcnexmusern ¢axmopy

/K.

NokasateabctBo. Ilycers dakrop L/K -ueHtpa-
aen. Torza no gemme 12.8 M F-nopmansha B A. Cieno-
BatenbHo, A% = M. Tlpeanonoxum, uro M nokpeiBaer dak-
top L+ A%/K + A%. TornaL = M+K + A¥ = M + K. Tlporu-
Bopeune. 3Haunt, M ne nokpniBaer L+ A¥/K + A%, dr0, B
CBOIO ouepeib, o3Hauaer, urto L+ A% K+AF, 1. e
L #(Ln A%) + K. Tosromy dakrop L + A8/K 4 A® nepcnek-
tused ¢akropy L/K=L/(LNA%)+ K.
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[IpennonoxuM Tenepb, 4To (GakTop L/K &-akcuenTpa-
nen. Ecm K+ (LnAB) =L, 1o dakrop L/K mnepcnekrase
dakropy L+ A%/K + A%. Ho BBHAy JIeMMEI 12.8 nocaenHui
dakrop &-uenrpase. CierosaTenbHO, IO nemme 3.28 F-
LeHTPaNbHBIM JOJIXKeH ObiTb M (hakTop L/K. Takum o6pa3oM,
K +(LnA%) =L, u nosromy {akTop L n A%/K n A% nepcnek-
tusen dakropy L/K =K + (LN A%)/K. TIpn 5TOM IOCKONEKY
M ue noxpwiBaer ¢paxrop L/K, TO LnA%S & M, 1.e. Mue
nokpuiBaer dakrop LN A%/K N A3.

TMpu u3yuyeHHH MYJBLTHKOJEI 4Yepes ¢ (A) Gynem o6o3Ha-
qatp mpean (M, rae M npoGeraer Bce MaKCHMAJbHBIE
nopanre6psl u3 A. Hjgean R MyJabTHKO/BIA A nasoBev &-
npedesouoim, ecmn R =A% u R/R N @ (A) —MUHEMAJTbHBIH
unean B A/R N @ (A). 0606uwennoim udzarom dummurea MyJb-
rukonbua A HasoBeM Takoil ero upean F(A), uto (A=

=F (A) u F (A)/¢ (A)—1u0KoAb MYJbTHKOMbIA Alo (A4).
12.10. Teopema. ITycmo &—nenycmas popmayus,
M — maxcumarvras nodaicebpa MYyAbMuUKOILYQ A. Toeda u
moabko moeda M F-xpumuuna e A, xozda M F-abrop-
marena u A=F(A)+ M.
Nokasateabctso. [ycts M ¥-kputnuna B A, T. €.
A uMeer Takoil (-TpefesbHb upean H, uro M+ H=A.
Tak xak H = A%, to A= M. 3uauur, M % -a6HopMaJib-
wa B A. ®axrop ¢ (A)+ H/@(A) mnepcnekTHBEH dakTopy
H/p(A)n H. Ho nocnenuuit siBasiercs rjaBHbIM daxropom A.
3paunr, ¢ (4)+ H/@ (A)— A-raasHbrit ¢akrop. Ciepona-
renpho, @ (A)+ H =F (A). TMosromy F (A& M.
TIpeanosioKuM Ternepp, HTO M ¥-abuopMajbHa B A
u A=F(A)+ M. Tlycte M ne mOKphLIBaeT raaBHbIH dakTOp
H/p(A). Torma BBuay Jemmsl 12.8 ¢dakTop Hjp (A) &-3Ke-
nentpased. CinenoBaresbHO, MO JeMMe 129 M ne MNOKpHI-
paer ¢akrop HnA3/p(A)Nn A%, HepcrneKTUBHLIA (HAKTOPY
H)p (A). TonstHo, uto nxean H n A* %-npenenen B A. TakuMm
06pa3oM, MakcHMaJjbHast nomanre6pa M F-KpuTHuHA B A.
12.11. Caencraue. Myems §—nenycmas gopmayus,
H —nodancebpa myrsmuxosya A. Tozda H sgasemcs -
HOPMAAUSAMOPOM 8 A 6 moM U MOAbKO 6 MOM cayuae, K020a
HeF u cywecmeyem yens

A=M,oM,>...oM;=H, t>=0,
8 komopoti M;— makcumaroHas F-abHopMaANLHAR nodaszebpa
M;_,, He codepiauasn F(M,_), i=1, ..., L
[Mycte X u §—npousBOJbHbE KJACCHI MYJIbTHKOJELL.
ByzeM roBopuTh, uTo Kiacc X pezyaspen B Kiaacce ¥, ecan
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KaxIbli F-npenenbHbIl uaean L npoH3BONBHOTO MYJBTHKOMb-
na A€ X ylNOBJETBOPSIET OJHOMY H3 CJEAYIOIHX YCJIOBHM:
) LeF(4); 2) t()nt@F=g.

12.12. Teopema. IMyemv F =X, 20 X—mnexomopas
HacedcmeeHHas noaygopmayus myrbmurosey, F— Henycmas
Haceuyennan 8 X gopmayus. Mycms A € X u H—npousgoss-
nol F-nopmasusamop A. Tozda umetom mecmo credyrouyue
ymeepicoeHus: ‘

: I)AH nokpoieaem xascloul F-yenmparotoul erasnoul dax-
mop A;

2) ecau noaygopmayus X @-paspewana, mo H xe noxpe-
6aem Hu 00ur Heabeies F-akcyenmparbroul 2aasHbti akmop A;

3) ecau kaacc X peeyrspen e kaacce §, mo H usorupyem
ece F-sKcyenmpanrouoe 2rasnvle axmopor A,

JlokaszarenbcTB 0. Mbl MOXEM CUHTaTh, UTO YTBEPXK-
JIeHHE TEOPEMBbI CIPAaBENJIUBO JJisi BCEX TeX MYJBLTHKOJEI H3
X, y KOTOpHIX IJMHA TJIaBHOTO Psfia MeHble JJIHHBI TJIaB-
Horo psja A.

Iycrs L/K—npousBosbHeiil TiaBHeill dhaktop A. IMo Teo-
peme 12.5 H 4 K/K—&-nopmanusatop 8 A/K. Tlpu 31OM,
oueBuHo, H 4 K/K B TOUHOCTM TOrJa TNOKpHBaeT (H30.H-
pyer) L/K B A/K, xorna H nokpmiBaer (COOTBETCTBEHHO
usoaupyer) L/K B A. CuenoBatenbHo, s JOKAa3aTeAbCTBA
TEOPEMBI  JIOCTATOYHO OTPAHHYHTHCA . HUIb PACCMOTPEHHEM
cinydasi, Korfia L—MunuManpHbift HRean A.

ITycrs

A=M>M,o...o0M;=H, t>0,

—1uenb, B KOTOpoH M;—mMakcuMaJbHas -KpHATHUECKAS
nopanre6pa B M;_,, i=1, ..., t. YTBepxnaenne Teopemu
OTHOCHTENbHO HfAeana L gnokaxem wuuayxkmmed mo f. Ecam
t=0, To H=A€®, u mnosromy no jemme 3.32° Kaxamit
raasubit  dakrop A F-umenrpanen. Ilycrs ¢>1. Ecan
L & M,, 1o mockonbky M; $-abuopManbha B A, TO BBHAY
nemmel 12.7 unean L §-skcuentpanren B A. HUs 3roro, B
YaCTHOCTH, BHITeKaeT, yto L= A%, t. e. unean L $-npe-
nened B A. Tlousitho, uto H ne mnokpuBaer L. Ecan xe
L=C4(L), To LN M;={0}. 3nauur, H usoaupyer L.
ITyete L= M; u R—rakoit unean A, uto R+ M;=A
u R=C,(L). Torna L—wmunumanbuniii unean M,;. Kpome
Toro, oyesuaHo, Cy (L)=C,(L)n M,. TlpoBepka mnokasH-
er, uto napu (L, A/ a(L)) u (L, M,/Cy, (L)) 5KBHBaJIEHTHH.
CnenosarensHo, BBuAY  Jemmbl 3.27 ufean L B TOYHOCTH
torfa §-uentpanen (F-skcuenrpasen) B A, Korga oH F-
LeHTpaleH (COOTBETCTBEHHO §§-3KcueHTpasneH) B M;.

130



MpeanoioximM, uto L  F-uemrpaten s A, T. &
LxA/C,(L)€F. Torma A/C,(L)€F. 3uauur, A =C,(L).
Ho A% ¢ M,. CnenoBaresibHO, BBHAY JAOKa3aHHOro B IHpe-
IbAymeM absaue L— §-HeHTpaibHEI MHHHMAIbHBEIH Hiean
B M,. Ho H—&-nopmanusarop B M;. 3unauutr, 1no HHAYK-
uuu H nokpoiBaer L.

Iycrs Teneps L $-skcuentpaned B A. BriGepem B A
TaKoll {-npefepHbiii wiean R, uro R-+ M,=A. Ilpeano-
J0KuM, uTo L HeabeseB H BO BCAKOM MYJbTHKOJbLE H3 X
Kax/Ipli  (paTTHHHEB TIJIaBHBIH (pakTOp abenes. Torza
L & RN ¢ (A). 3uauur, eciu L= R, 1o R=L +(RNe(A)=
= M,. Tlporusopeune. CienoBatebHO, L& R u mnosroMy
LnR={0}. Ilocnennee osxayaer, 4TO R=C,(L). Takum
06pasoM, BBHAY AOKasaHHOro panee L—HeaGeseB &-3KCLeHT-
pa/bHBEIl MHHUMAJbHBIA Hiead B M;. 3HauuT, 1O HHAYKIHMH
H ue nokpniBaer L.

I[Tpemnosoxum, uro Kiaacc X pery/sped B KJjacce &
Toraa au6o ©(R)N T (F) = &, 160 Hiean R HUJbIOTEHTEH
B A. 310 osHasaer, uro au6o t(L)Nt(F) =, aubo
R=C,4(L). Ecain nmeer mecTo nepBoe, TO NOCKOJIBLKY Heg,
10 HNL=1{0}, 1. e. H nzsoaupyer L. Ilycts umeer MeCTO
ropoe. Torja L—MHHHMaJIbHBI §-9KCUEHTPAJbHbIH HAea
B M,, u nostomy no meaykmuu H nsonupyer L. Teopema
JIoKa3aHa.

12.13. CaexctBue. ycmo F = X, 20e X —rexomopas
HACACOCMBERRAS NOAYPOPMAYUL MYALMUKOAEY, T — Henycman
Hacouuennas 6 X gopmayus, npudem X peeyrsapna 6 %. [ycmo
ReX u A, B—nexomopoie F-nopmarusamopo. 8 A. Toeda
ecau

{0}=4,cA,c...cAy=A (1
— Hekomopouil KoMnosuyuorHbui psd A,
{(0}=B,c B, ...cB,=B 2

— KOMNO3UYUuoHHowi pad B, mo t=r, npuiem mexncoy pax-
mopamu smux poos MONCHO YCMAHOBUML MAKOE 63AUMHO 00-
HO3HA4HOE COOmeemcmsue, npu KOmopom COOMBEMCIMBERHbIE
pakmopoL U30MOpPPHbL.

NokasaTteabctBo. Ilycrs

{0}=R,cR,= ... cR,=R

— NPOH3BOJIbHEIA TMIaBHBIA paj R. JlocTaTouHO MOKA3ark,
yro aas Besikoro i€{l, ..., m} ¢akTOpHI R;NA/R;_,NA
u R;NB/R;_,N B nzomopdpusl. Ilo Teopeme 12.12 A u B
au6o wmsoaupyor dakrop R;/R;_,, AH60 NOKPHIBAIOT €ro.
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[Tycre umeer Mmectro mnepsoe. Torma R;NB/R;_;NB =~
2Ri—1 =+ (RinB)/Ri—l = Ri/R[_l = Ri—l + (A n R,')/Ri_l2
~R,NA/R;_sNA. Eciu wumeer Mecto Bropoe, TO
RiNB/R;i_sNB~R; ,+ (R;NB)/R;_;=Ry/R;_;=R;_1+
+ R+ A)R;-1 ~R;NA/R;_,NA.

12.14. CnepctBue. [lycme F = X, ede X —Hexomopasn
HACACOCMBEHHAS NOAYPOPMAYUS MYyAbMUKOAeY, T — Henycmas
Hacouyentas 6 X popmayus. I1pednorosxcum - maxsce, 4mo
kaacc X peeyrapen 8 §. Toeda ecau H— Hexomopoui §F-Hop-
marusamop myaromuxovya A€X u N,, N,—udearr 6 A,
MO UMeIOm MeCmo pPaseHcmea

(HEN)N(H+N)=H+N,NN,), (1)
(HON)+ (HON)=HN N+ Ny) 2)

JdokxasarteabcTBo. MoXHO cuWTaTh, YTO CJEACTBIi€
BEPHO OTHOCHTEJIBbHO JI060ro COOGCTBEHHOTO (paKTOpa MYJIbiH-
Kosmplia A. BBuay aemmbr 11.26 1ocTaToyHO YCTaHOBHTH
crnpaBelMBOCTb paBeHcTBa ().

Mer MoxeM mosokHTh, uto N, 54 {0} % N,, N, NN, ={0}.
[lycrs L—wmuHuManbHb# Hiean A, Bxopsiui B N,. Ilo Teo-
peme 10.4 L+ H/L—F-nopmanusarop B A/L. 3Hauwr,
(N, +H/L)n(H+L+Ny/Ly=H+ L/L. Tlostomy (H+L)N
NHA+N)=N,+H)NH+L+N,)n(H+Ny)=N,+H)n
N (N,+ H). CnepoBaresibHO, MOXKHO CYHTaTh, 4TO N,—MH-
HUMaJbHbIH uieas A. IloHATHO Takke, YTO aHAJOTHYHOE JO-
NyLieHHe MOXHO IPHHATb U OTHOCHTeNpHO Hieana N,. Ecan
xoTs Obl ouH M3 HfieamoB N,, N, F-uenrpairen B A, To
no teopeme 12.12 H nokpeiBaer 3TOT Hjueas, W NO3TOMY B
' paccmarpuBaeMod curyauuu paBeHcTBo (1) cnpasensuso.
[Tycte o6a uneana N,, N, @-skcuentpansisl B A. Torzaa
H wusoimnmpyer o6a ¢akropa N,+ N,/N, u N,. 3nauur,
Hn(N,+ N,)={0}. ITosroMmy Hmeer MecTo paBeHCTBO (2) H,
cJefoBaTeNbHO, BBHAY JemMMmbl 11.26 Takxke u paBeHcTBO (1).
CreznctBHe JOKas3aHo.

J1s1 npousBoJibHOTO KJacca ¢ uepe3 Pg(A4) o6o3naunm
MHOXKECTBO BCEX %-NPOEKTOPOB aJjreGpel A.

12.15. Jlemma. Mycme &, =, =X, 20e X— nexomo-
pas HacredcmeerHas noaygopmayus mysvmukorey, F; U F,—
Hacvuyennoe 8 X gopmayuu. Iycme n=1(F,), A€X u
A/Ry(A) €. Toeda ecau Py (A)=P; (A), mo raxcloeul
&, -yenmpanonoul eaasnoui gaxmop A F,-yenmpaser.

JdokasareabcTBo. [ljis BCAKOrO MYyJbTHKOJbLA B
u3 X uepes ¢ (B) 0603HaYUM JJIHHY KOMIO3HLHMOHHOTO psja
MyabTHKOJbLA B%. Tlpeanonoxum, uyto kjacc I Bcex Tex
MYJIbTHKOJEL U3 X, B KOTOPBIX BBINOJHSIOTCS YCJIOBHS JIEMMBI
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U HE BBINOJIHsETCS] €€ 3aKJlo4yeHue, Hemycr. [Tycts A —rakoe
MYJbTHKOJBLO U3 M, uto f(A)=min {¢(K)|K € M}. Toraa
A8 5£{0}. Ilycrs L—MuHEManbHBIA HAeal A, BXOIALIMHA B
A%, Tlokaxkem, urto Pg (A/L)=P;, (A/L). Ilyets U/L€
€P;s, (A/L). Beupy Tteopemsr 11.23, Pg (U)s= &. Ilycts
H € Pg, (U). Torna no nemme 11.12 H € P3,(A). 3Hauut, no
aemme 11.11 U= L+ H. o ycaosuo H € Pg,(A), u nosro-
My BBULY Jemmsl 11.11 U/L=L + H/L € Pg,(A/L). Anano-
ruyHo Yy6exjaemcs, uto Pg, (A/L) = Pj, (A/L). CaenoBareinb-
Ho, P, (A/L)=P;,(A/L). Tlpu stoMm, oueBnmHo, ?(A/L)<
< t(A). Takum obpasoM, BCSIKHH ,-LleHTPaJNbHBIA TJIaBHBIA
dakrop MyJabTHKoJbuA A/L §,-ueHTpased. BcnomuHas, Kak
OblT NpPOH3BeJleH BbIGOP MYJbTHKOJbIA A, Mbl JOJXKHBI 3a-
KJIOUHTDb, yTO Hiean L &,-uentpaned u &,-3kcuentpanen B A.

[ycts U/L—npousBonbubiil  &,-npoekrop B A/L, H—
&,-npoektop B U. Torna H—&,-npoekrop B A. 3HauuT, 10
ycaosuio H—& -npoekrop B A. CiuepoBarensHo, H—F,-
npoektop B U. AHaJOrHYHO MOXKHO I0Ka3arth, 4to Pg, (U)=
= Pg, (U). Takum obpasom, Pg, (U)=Ps, (U). Tlpernodo-
xkuM, yto ((U)=1(A). Torma A%:=L. 3Hauut, BCAKHH
rJaBHBIH (akTOp MyJbTHKONbUA A ,-LEHTPaseH, H I03TOMY
BBUAY JeMmMbl 12.8 s /oGoii MakcHMaJbHOM NoJaare6psl
M u3 A umeer mecro A/M,€F. 3nauur, no Jemme 12.3
A/p (A)€F, Takum obpasom, A €F,, 1. e. {A}=P;,(4) =
= Pg, (4). CnenoBarensho, A € §,. [IporuBopeune. Hrak, Mbl
JOJIKHBI 3aKJIOuuTh, uTo f(U) < t(A), M 103TOMY BCAKHH
&,-LeHTpaNbHblll TyIaBHEH daktop U @, -LieHTpajeH.

[Mockosibky umean L &,-uentpanen, to A/C, (L)€ F,.
CnepoBarenvuo, (A/L)/(L+C,(L)/L)€F, 3nauur, L+
+C,4(L)/L+U/L=A/L, u nostomy A=C,(L)+U. Ilo-
clefHee o3HayaeT, uto L—wmuHumanbhbiit uaean B U. Tak
Kak npu srom napst (L, A/C,(L)) u (L, U/Cy (L)) 3xBHBa-
JeHTHbl, To L $&,-neHtpaneH u &,-3kcuenrpaiet B U. Ho 3ro
NPOTHBOPEYHT YCTAHOBJEHHOMY Bbillle. JleMMa JoKasaHa.

12.16. Jlemma. [Tycmv M —nodasrcebpa, a R—udear
aneebper A. Tozda ecau R= F(A)u A=R+ M, mo RN M—
udear A.

HJokasareabctBo. [lycte L—MHHHMa/bHBIA HIeas
A, Bxomsmuit B R. Ilpeanosoxum, uto L= M. Toraa,
TNpHBJIeKass HHAYKLIHIO N0 JJIHHE [VIaBHBLIX PSJ0B, BUIHM, UTO
R/LN M/L=RnN M/L—unean B A/L. 3nauut, R N M—munean
BA. Ilyctrb L& M. Torma nockombky A=L+M u
R=C,4 (L), To MNR—unean B A. .

12.17. Teopema. [Tycme §, u F,—Henycmoe Hacol-
wierHoble  nodgopmayun  HAcreOCmBeHHOL - PopMay Ul MYyasb-
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RN T

mukorey X, npuwem X peeyrapua 6 xaacce ¥, UF,. IMycmb
F=8:NF.. Toeoa ecau A€X u P; (A)=P;, (A) =Pz (4),
mo MHoXcecmso F-Hopmarusamopos A coenadaem c MHOMNCe-
CIMBOM T ,-HOpPMAAUZAMOPOS.

JdokxasateabctBo. [Ipexne mokaxeM, 4To BO BCAKOM
myJabtHKoblle G €X umeer Mecro GS=R;(w), rae m=
= T(F.UF,)- [Ipeanooxum npoTuBHOE, H NycTb B—MyJb-
THKOJIbLIO ¢ HauMEHbIIeHd IJHHOH TIJIaBHOTO psiia CpPeiu TeX
MyJbTHKOJEL u3 X, JJsi KOTOPBIX 3TO YTBEpXKJECHHE HE BbI-
nojHsiercst. Ilyere L—MuHHMMasibHBIR Hpeatl B, BXOASUH B
B3 . Torpa (B/L)® =B3/L. CnenoBate/bHO, NO HHAYKLHH
B%/L = Ry (B/L). Tlokaxem, uto L BXOZMT B HEKOTOPHIA &-
npeenbHbifl uuead B. Ecan L& ¢(B), To cam uaean L
&-npenenen. Ilycrs L= T = BS Ne(B). Tak kak Bé% H
dopMauusa § wachimena B X, To T < B¥. CrenosarenbHo, B
uMeer Takoi F-npenespHei ugean M, uro L=T = M.
3nauut, ugean L m-paspemnm B B. CienoarenbHo, B® =
= R, (B). TlonyuenHoe npoTHBOpeure IOKas3blBaeT, 4TO /s
BCSIKOTO MyJbTHKOAbLAa G € X umeer Mecto G = R, (G).
BBuay ycaoBus teopembl u Jemmel 12.15 310 O3Hauaer, yTO
KaXIbll $,-leHTpaJbHbIH IVIaBHBIH (haKTOp MYJbTHKOJbLA A
ABJISIETCS 7¥,-LEHTPAJbHEIM H Hao6opoT.

IMycte H —npousposipHBI $,-HOpmaausatop A. Torza A
HMEeT TaKylo ILelb

A=MyoM,o...oM,=H, t=0,

B KoTOpoii M;—MakcuManbHas &,-KpuTHueckasi nojpanrebpa
B M;_,, i=1, ..., t. Uuaykuuei no ¢ nokaxem, 4ro H —
& ,-nopmanusarop A. Ciyuait ¢=0 tpusnaies. Ilycts ¢ >1.
BBuay Tteopembr 12.10 u jaemmbm 12.8 M, &,-KpHTHUHA.
CnezoBatesbHO, HEOGXOAUMO JIMIUbL T0OKA3aThb, YTO MHOXKECTBO
&1 LleHTPAbHBIX TJIAaBHBIX (paKTOpoB M, COBNAJaeT C MHO-
JKECTBOM €€ g,-IleHTPaJIbHBIX IVIaBHBIX (akTopoB. Ilycth R —
Takolt F-npepenvubiii uuean A, uto R ¢ M,. Torma A/R =
=R+ M,/R ~ M;/RnM,. 3nauur, eciu E/K—Ttaxkoh M,-
raaBHBIH ¢aktop, uto RN M; = K, To 3TOT (aKTOp B TOY-
HOCTH TOTJA -LEHTpa/eH, Koria oH {-ueHtpajted. Ilycts
H/K —takoit M,-rnasupii ¢aktop, uto H= RN M,. Tlo
ycaoBuio 160 T(R) N T (F,UF,) = &, 6o R = F (A). Ecau
MMeeT MecTo nepBoe, To haktop H/K & -skcuentpaned B M,,
i=1, 2. IlpegnoaoxuM, uto R = F (A). Toraa BBUAY JeMMHI
12.16 H/K—rnaBHbiii ¢daktop wmyJbtHRoabua A. Jlerko
BUIeTb Takxke, uto mnapel (H/K, A/C,(H/K)) w (HIK,
M,/Cy, (H/K)) skBuBanentHel. 3Hauut, daktop H/K
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ueHTpaded B M, TOra W TOJbLKO TOTAA, KOTa OH &,-UEHT-
painedr B M,. Teopema xokasana.

12.18. Teopema. ITycmo § =X, 20e X —mnexomopas
HACAeOCMBERHAA — NOAYGPOPMAYUSL  MYAbMUKOAEY, & — Heny-
cmas gopmayus, nacouyennas ¢ X. ITycme @: A — A* snu-
smoppusm, 20e A€X. Toeda Kasdell F-Hopmaruszamop
myabmukosbya A* aeasemcs o6pasom HeKOmopozo F-Hopma-
auzamopa myabmuxossya A.

JNokasaTeabcTBo. [IpeamosoxuM, 4TOo TeopeMa He
BepHa. BhoifepeM B Kiacce X Takoe MyJbTHKOJIBLO A, 4TO
yTBEpXKJEHHE TEOPEMbl BHITOJNHSETCS OTHOCHTENBHO JIGOro
co6cTBeHHOTO (akTopa A, HO He BBHIIOJHAETCS OTHOCHTEIBHO
camoro A. Torma A umeer takoil uiean N, 4to JJisl HEKO-
Toporo F-nopManuszatopa T/N us A/N B MyJbTHKOJIbLE A
He cymectyer ¥-HopMmasiusatopa D ¢ yciosuem T=N +D.

IMycts L —MuHuMa/bHBIR Hiean A, pxogsmuit B N. Toraa
teopema BepHa aas1 A/L. CiepoBare/bHO, T/L=N/L+ H/L=
= N + H/L pas uekotoporo &-nHopmanusaropa H/L myJbTH-
konbua A/L. Tlostomy T = N - H. 3nauur, BBUAY BbiGOpa A
ISl BCSKOTO g-Hopmasiusatopa E u3 A HMeer MecTo
H==L-+E.

PaccmoTpuM nens

HL=H/Lc ...c HJL c HyL=AJL, t=0,

rae H,/L—makcumasibHan F-kputHueckas noganrepa B i i—1/Ls
i=1, ..., t; R/L—%-npepenvuniii ugean A/L co CBOHCT-
Bom R/L + H,/L = A/L. Torna H/l.— §-nopmaausarop B H,/L.
Cnenosatenvio, H— L+ D, rae D—HekoTopbiil §-HOPMaJIH-
satop H,. 3nauut, H, ne &-kpuruuna B A. Ilocennee o3Ha-
yaet, uto F (A) = H,. Ecan npeanonoxutb, 41O L=o¢(4),
1o, oueugno, R<=F(A). Ho R + H=A. IlporuBopeune.
3uaunut, L & ¢ (A).

[Mycrs L §-skcuentpasden. Toraa L—g-npeae/bHbli
ugean A. Ilyets M—takas MakcumalpHasi nojanireépa 4,
yro H= M, L& M. Torga H/M (N L—@-Hopmanusarop B
M. 3uaunr, H=E +(MNL)=E +L n1s Hekotoporo &-
HopMasusaropa E myabtukonbua M. Ho M @-kpuTHuHa B
A u nostomy E—F-nopmanuszatop A. CHOBa NpPHINIH K
nporusopeunto. CiefoBaresbHo, L—f-1eHTpaibHbIl Haeal
A. Beuay Jemmul 12.9, L & A3.

ITyetb R,=RNA% R,=R,n¢(A). Tlockonbky R <
=A%+ L, To R=Rn(L +A%)=L+ R,. 3uaunr, R, & H,
H nostoMy R, He siBasetcs F-npeneannbiM uieanom A. Cie-
noBatebHO, R,/R, He fBJseTCA TIJaBHBIM (AaKTOPOM MYJbLTH-
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kosbla A. Ho ator dakTop nepcnekrusen pakropy R/R, + L.
Hs sroro BhiTekaer, yto R, + L/L = T/L, rae T/L=R/LN
N (A/L). Tlosromy A wumeer Takoii (pPaTTHHHEB IVIaBHBIH
¢daxrop D/R, + L, uro D = T. Jlerko Buzerb, uto D=R,;+ L,
rie Rs—rakoit ugean A, uro Ry=T u R,= R,. Ilousr-
HO, 4TO0 R;3/R,— A-rnaBeblfi (akTOp, NEPCHEKTHBHBIA (hakTo-
py D/R,+ L. Tak xak mnpu stoM R;= A% wu, oueBuIHO,
Rs; & @ (A), To BBHAYy Jemmbl 12.9 R,/R,—HeppaTTHHHEB
&-aKcUeHTpanbHEIH TyaBHbli (aktop A. Ilyets M —maxcn-
MajbpHas nojanrebpa A, He mokpeiBaom@as ¢Gaktop Ry/R,.
Honycrum, uto L = M. Torma M He noKpeBaeT GppaTTHHHEB
A-rnasunit  ¢akrop D/R,-+ L=R,- L/R,+ L. Ilporusope-
yne. 3Hauut, L & M. TakuMm o6pasoM, M He MOKPHIBAET
&F-3KCIeHTPa/IbHbI [VIaBHBIA (hakTop R,/R, U F-1EHTpaIbHEIN
MHHHUMaJIbHBIA HAean L. Ho 310 HEBO3MOKHO BBHAY JIEMMBI
12.8. TloanyyeHHOE NPOTHBOpEUHE 3aBepllaeT AOKA3aTeNbCTBO
TEOPEMBI.

§ 13. &-npodpparTHHHEBH NOKANTEGPLI

Jloka3areJbCTBO C/IEAYIOILEH JIEMMbl aHAJOTHYHO JIOKa-
3aTeNbCTBY JeMMbl 3.34.

13.1. Jlemma. Mewdy A-abenesoimu ¢paxmopamy npo-
U380/bHOIX 08YX 2AQBHOIX PAG08 MYAbMUKOALYQ A  MOKHHO
YCMAHOoBUMb maxoe 63aUMHO 00HO3HA4HOe cOOmeemcmeue, npu
Komopom coomeemcmeyoujue Gakmopo. NpPOeKmusHovl U o0ba
00HO08peMenHo aubo Gpammunuessl, Aub60 HeppaAmMmMUHILEssL.

13.2. Tlyctb @& —npousBOJIBHEIE KJacC MYJBTHKOJIEL,
A—MyJBTHKONBLO, B TIJIaBHBIX psAfaX KOTOPOLO HMeeTCst
poBHO o ¢ A-a6esieBbiX HePPATTHHHEBHIX -3KCIEHTPAJbHBIX
dakropoB. DByzem roBoputh, uro H—F-npoppammunuesa
nodaszebpa MynpTHKObIA A, €caH Jisi BCSKOTO TIJIaBHOTO
psna A Haligytcst TakMe MaKcuMaJsbHBIE noganareGpel My, . . .
..., -My, musonupyiouue pasauunbie A-aGeneBbl HedpaTTH-
HHEBHl -3KCLEHTPasbHEIE (DaKTOpHl 3TOr0 psfa, uro H =
=M;N...NM;. Ectu xe A He umeer A-abeneBbix Hedpar-
THHHEBBIX f§-3KCIEHTPAJbHBIX TJIABHBIX (aKTOPOB, TO &-Ipo-
(bparTunueBoii noxa/nreGpoii A Ha3oBeM caMO MYJIBTHKOJBIO A.

[Mycts H/K—HekoTopbiii HOpMaJjibHBIA (DAKTOD MYJIBTH-
koabna A. Byaem roBopurh, uro nomasnre6pa B Odonoansem
H/K B A, eciu K =B u B/K— nononuenne ¥k H/K B A/K.

13.3. Jlemma. ITycms C/R—Hekomopas KOPOHA MYyAab-
murosbya A. Toeda nodarzebpa B donoansem C/R 6 A
8 MOM U MOALKO 8 mMOM cAy4ae, K020a 0L KaHO020 YHACMKA

R=AcAc...cA;=C
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2a06H020 pada A mewdy R u C Haildymes makue Mmakcu-

manonoie 8 A nodarcebpor My, ..., My, umo B=M.N...

... NM;y u M; usoaupyem gaxmop A A;_,, i=1, ..., L
JdokasarteabctBo. JlocratouHocTh. 3aMeTHM, YTO

C+(M1n PR th)=C+A1+(A,Iln e e th)::
C=CH(AAFMYN M0 ... A M)=CHANM,N...0 M) =
=C+(M,n...NnMp)=...=C+ M;=A.

C npyrofi cTOpoHHI,

CnMinNnM,n...NnM)=((CnM)n(M.n ... N M;_y) =
=A;,NnMyn...NMi_)=...=4,NnM,=R.

Takum o6pasom, M;N ... N M;—nononsenne k C/R B A.

Heo6xoaumocts. Ilyctes B siBasiercss monosHeHueM K C/R
B A, i€{l, ..., t} u H,—Hexoropass MaKcUMaJbHas NOJ-
anre6pa A, usosmpyomasi dakrop A;/A;_,. Torma (H;),+
+ A;=C u C/(H;),—munumanpubiii ugean B A/(H)), Pak-
top C/(H;), HebpaTTHHHEB U npoekTuBeH GdakTopy  A;/A;_,.
3naunr, R<=(H,),. Caemosareasno, Cn((H;),+ B)=
=H),+CnNB)=H),+ R= (H,),. Takum o6pasom,
B+ (H}) 4/(H ;) ;— nononuenue x C/(H;), 8 A/(H;),. 3naumut,
B+ (H;) ,—makcumasbHasi nopanredpa A. Ilycte M;=B 4
+ (H;)4. Slcro, uto M; wusoaupyer dakrop A;/A;_;. Cure-
JoBateqabHo, MM ... N M,—ponoanesne k C/R B A. Ho
B= M;n...N M, 3naunr, B=M,iM,n ...N M, Jlemma
JoKasaHa.

13.4. Teopema. Ilycme §F—npoussorbhvili Kaacc myre-
muxkoaey, A—-Hexomopoe mysvmurossyo. Cnpasedauso. cae-
Oyroujue ymeeprcOerus: »

1) ecau 6 nexomopom erasrom pade A umeemcs mouro t
A-abenesvix He(ppammunuesbix T-IKCUeHMpParbHolx HaKmMopos
u M, M, ..., M,— makcumaisroie nodarcebpor A, 1304u-
pyrowue  pasaudnbie  A-abenesol  Hepammunuess:  -Kc-
yenmpaabubie ¢axkmopbt smoeo se pada A, mo M.N...
... N M;—§-npogppammunuesa nodarzebpa A;

2) ecau B—npoussoabnan §F-npogpammunuesa 1ooan-
eebpa A, mo B usoaupyem ece A-abGeneso. Hepppammuruess
&-IKcyenmpansrvie 2aa8Hble GAKMOpsL U NOKPLIBAEIT. OCMANbHOIE
enasnvle pakmopor A;

3) moz0a u moavko mozda T/N—F-npodpammunuesa
nodaszebpa 6 A/N, koeda T=N -+ B, 20e B—Hexomopas
&-npoppammunuesa nodarcebpa A.

HokasarteanctBo. Ilycrs

{0}=A,cA,c...cA,=A (1)
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{0}=HycH,c...cH,=A 2

— JlBa NPOHU3BOJIBHBIX IVIaBHBIX PsAfa MYJbTHKO/bIA A. Muo-
JKecTBO BceX A-aGeneBbiX HepaTTHHHEBBIX gy-9KCUEHTpab-
HBIX TJIaBHBIX (hakTopoB A siBisiercs OObeAUHEHMEM Hemepe-
CeKaloIHXCsl KJIACCOB MPOEKTHBHBIX MeXLy cO00# (pakTopoOB.
Mycrs {A; /A1 ooy AplAal u {H;/Hj _1,

.., H,/H; _,}—nepecedeHnsi ONHOrO H3 TaKHX KJaccOB
¢ MHOXecTBaMu ¢akrtopoB pagoB (1) u (2). Ilyets C/R —
KOpOHa, cooTBercTByomasi ¢akropy A;/A; _;. Toraa BBHAY
aemm 2.5, 3.33 u 13.1 a=b u

R=R+A;, ,cR+A;, =R+ A, ,cR+A,=...
...:R—FA,-a_lCR—l—Aia:C,

R:R+H11_ICR+HJ'I:R"{“ jg—ICR+Aj,:"'
...=R—|—Hja_1CR+ Hja:C

— yyacTkH .TvaBHbIX psgoB A mexay R u C. Ilyets M; —

MaKcHMaJIbHasi nofianre6pa A, usoaupytomas gaxrop A;, 1A -1
r=1, ..., a. Tak kak dakropnt 4, /A;,_, u R+A4;/R+A;
nepcrnekTHBHEl, T0 C=(M; ) -+ A, u nosromy R=M,,. 3na-
aur, M; wusomipyer dakrop R+ A;/R+A; .. CanenoBa-
TeNbHO, BBHAY Jemmbl 133 M; N ... N M, ,— ponoJiHeHHe
k C/R B A. BBumy oGpartHoro yTBepxIeHHsi JemMbl 13.3
B A HafilyTcsi TaKMe MaKcHMajbHble mnojanredpul 7;, ...

cor Typpuro My n...NM; =T, n...nT,, u T; unso-
nupyer ¢akrop R+ H; /R+H; _,, a 3HauuT, H dakTop

H; /H; i, r= 1, ..., a. H3 3toro BhITEKaer nepBoe yTBEPK-
JeHHe TEeOPEeMBI.
Iyers {A;/A; v ..., A;/A;_1}—MHOXKECTBO BCEX

A-abeneBbix HepPAaTTHHHEBBIX g§-9KCUEHTPAJIbHBIX (HaKTOPOB
psina (1), 3anHcaHHBIX B OPAJKE PACTOIOKEHHS UX B PsaY (1).
[To onpenenennio nojanre6psl B B A HalAyTcs TakHe Mak-
cuMasbHble ofaredpst M, , ..., M;, uro B=M; n...N M,
u M;, usonupyer dakrop A;/A; _, r=1, ..., t. Ho Toraa
TeM Gosee B waomupyer caktop A;/A;_,. Ilycts H/K —
NpOU3BONbHEIA (akTop psiga (1), He NpHHALIERKAUIHA MHO-
xecrBy {A;/A; _y, ..., A;JA;_.}. Tlyere a—rtakoe, uTo
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A, =K, H= A, . Torna .
K+B=K+WM;n...nM, ,nM;, n.. 0M)=
=K+M;n...OMNNMp, N NMp)
CnenoBartesibHO, MOCKOJBKY :
K—l—(M,-ln...nM,.a)=K+A,-1+(M,-tn...nMia)=
=K+((A,-1+M,-‘)nM,.2n...nM,-a =
=K+(AnM; n...NnM;)=
=K+M; n...nM,)=...=K+ M;, =4,
10 K+B=M,,_ N...nM;.HoH=M,;,  n...nM;. 3na-

fa+1 fa+1
uyut, B mnokpwmBaer ¢akrop H/K. Tem cambM JOKa3aHO
yTBepKAeHHE 2).

Ilokaxem Tenepb yrBepxkaeHue 3). He orpannunBas
OGIIHOCTH, MOKHO CUHTaTh, 4yTo N SBJIAETCS YJCHOM Dsiia D,
1. e. N=A, nas uekoroporo m¢€ {0, 1, ..., n}. llyctb a—
takoe HauGoabuiee gucio, uto A; =N u B—mpousBosbHas
¥-npopparTuaneBa mnofanreépa MyJIbTHKOJIbLA A. B A
HafAyTCs TaKue MaKkcHManbHsle nofamrebpot My, ..., M.,
uro B=M,N...NM; u M, usonupyer daxrop A;/A;_1
r=1, ..., t. 3Hauur,

B+ NN=M,n...nM,nM,.,n...NM)+N/N=
=((M,n...nM)+N)N(Mg:N ... NMY/N =
=(ANMgiN...NM)N=M, /NN ...N MyN.

ITousiTHO, YTO
{(Asy, JNY(Asyy ,=o/N), - s (A /NY(A;y—1/N)}

— MHOXecTBO Bcex A/N-aGesieBbix HeppaTTHHHEBBIX g-9KC-
IeHTpaJibHBX (PaKTOPOB IJIaBHOTO psiAa

{(Ny=A,/NcA, /Nc...cA,/N=AN
myabtHkosabua A/N  u M /N  usonupyer takTop
(A;,/NMNA;y,_sIN), p=a+l1, ..., L 3uayur, BBHAY 1)
B+N/N=M,./Nn...NM/N—F-npobpaTruiueBa noi-
aare6pa B A/N.

Iyctb T/N—npou3BosbHast -npodpartuiHeBa 10AaJ-
re6pa B A/N. Torna B A/N HaiijyTcsi Takueé MakCHMajbHbIC
nopaarebpst L, /N, ..., LyN, wuro TIN=L,.NN...
o.NLyN=(L,iN...NL)/N u LyN usonupyer daxTop
(4; d/N)/(A "a'l/N)' [TonstHO, urO0 L,—MaKcHMasbHasi TOA-
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anre6pa A, wusonupymooumas dakrop A,-d/A d=a+1,
a+2, ..., t. Myers L, ..., L,—Takue MaKcHMa/bHbIE
B A nopanre6per, uro L, wusoaupyer akTop A |A; 1,
m=1, ...,a Tormaseuay 1) B=L,N ... N L—@-npodpar-
THHHMeBa nojanre6pa B A. Ilpu stom ,

N+B=N+(Lin...NL)N(LgssN ... NLy)=
=ANL,.n...NLy=L,e;n...NL;=T.

Teopema nokasana.

13.5. CaencrBue. [Tyems F—npoussosvroui Kaacc
myaromukosey, A u B—F-npoppammunuessr nodaireebpo
myromurxorsya G. Toeda ecau

id-lr

{0}=4)cAdc...cA;=A @))
—— HEKOMOpbll KOMRO3UYyUoHHbWL psd A,
{0} =BycB,=...cB,=B (2

— HeKomopbul Komnosuyuonnowi psd B, mo t=1, u mewdy
pakmopamu pados (1) u (2) moxro yemanosums maxoe 63a-
UMHO 00HOSHO4HOE cOOmsemcmeue, NpU KOMOPOM COOMEem-
cmeyiouyue paxmopot U30MopdhHeL.

[Tyctb F—npousBosbHEI Kaacc MyJabTHKogel. Kopoy
C/R myabrukonblia A Ha30BeM -yeHmpasvuoid, ecIH OHa
COOTBETCTBY€T §-LIeHTPaJIbHOMY TJ1aBHOMY daktopy A H F-axc-
YEeHMpaabHol —B TPOTHBHOM cJiyyae (HallOMHHM, 9TO KOpPOHA
COOTBETCTBYeET, MO onpejeneHuio, A-aGeseBhM HeppaTTHHHe-
BEIM TIJIaBHBIM (akTopam A).

136. CnencrBue. [Tyemoe & —npoussorvnoid xaacc
myavmuroney, Ci/R,, ..., CyR;—mrnoxcecmso §F-skcyenm-
parotivix Kopor mysemurxossya A. Toeda nodascebpa H ss-
asemea  §-npogpammunuesoii  nodareebpoti A 6 mom u
moavKo 8 mom caydae, xKoz0a H npedcmasuma ¢ eude H =
={-fln ...NHy 20e H;—Odonoanenue k C//R; 6 A, i=
=1, ..., ¢

13.7. Jlemma. Iycms & = X, 20e X — nekomopas Ha-
caedcmeennan noaydopmayus mysvmuxosey, F—Henycmas
popmayus, Hacouyennas ¢ X. Tozda ecau H— nexomopouti
&-Hopmaruzamop myrsmuxorya A€ X, R—abenes F-npe-
OeabHoul udear A, mo A umeem makyro maxcumairbHyro nood-
anreebpy M, umo H=M u R+~ M= A.

HoxasartenbctBo. [IpexnosoxuM, 4to JemMMa He
BepHa. Ilycrb A-—MysbTHKONBIO ¢ HaWMeHbluefl IJIMHOM
TJIaBHOTO psifia CPefH MYJBbTHKOJEl, OTHOCHTENbHO KOTOPBIX
YTBEPXKIEHHE JIEMMbl He BBINOJIHAETCS .
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IIpennonoxum BHauadse, uto ¢ (A) 7= {0}. Ilycts P= @ (4),
rae P—munuManbibiii upean A. Jlerko npoBepHTb, YTO
P+ R/P—&-npegenbubiii ugean 8 A/P. Kpowme Toro, no teo-
peme 12.5 H -+ P/P—&-nopmanusarop B A/P. Cnenosa-
TeJbHO, B A/P Haliiercs Takasi MakcHMaJjbHasi Tnojajire6pa
M/P, yto H+P/P=M/P u R+ P/P& M/P. Ho Toraa
H<=M, R & M. J1o npotuBopeunt Bpi6OPY MyJbTHKO/bIA A.
3uaunt, ¢(A)={0}. Takum o06pasom, R-—MHHUMAJbHbIH
ugean A. AHalOrHUHO MOXKHO [OKas3aTh, 4TO Al J060ro
HeTpuBHasbHOro Haeana L us A L+ R/L= ¢ (A/L).

[Mycts M —Takasi MakcHMaJsbHasi §§-KPHTHYECKAsl NOAal-
re6pa A, uto H =M u P—F-npenenpunit uaean A c yeno-
BueM P - M=A. Torma P==R. Ilyctb D-—wmakcumasbHas
nojaareépa A, ne comepxamas unean R. Torna P & D, n6o
B npotuBHoM ciayuae D e mokpmBaer dakrop P - R/R, 4ro
neBoavoxHo. CienoBaTenbHo, BBHAY Jemmsl 11.19 P ~R,
U 1osToMy BBHAY ycaoBus L= (P + R)N D —nerpuBHaJIbHbIHA
upean A. 3mauur, L - R/L = ¢ (A/L). Ho, oueBunno, D He
nokpeiBaer ¢akrop L -+ R/L. TlonyyeHHOE NpOTHBOpEYHE 3a-
BepIlaeT JOKa3aTeJbCTBO JIEMMBI. "

13.8. Teopema. [Tyems F =X, e0e X-—nexomopas
HACACOCMBEHHAA  noAyPOpMAYUS — MYAbMUKOALY, & —He-
nycmas gopmayus, naceuyennas ¢ X. Tozda 013 1100020 MYyAb-
murosoya A€ X cnpasedausst credyroujue ymeepucOerus:

1) ecaxas F-npoppammunuesa nodareedpa A codepocum
xomsa 661 00un F-Hopmarusamop A, :

2) ecakuil F-Hopmaausamop A exodum 8 HEKOMOPYO
&-npopammunuesy nodareebpy A.

JdokasarteabctBo. IlpexnosoxuM, 4ro Teopema He
gepHa. IlycTh A—MyJbTHKONbIO C HaHMeHbIleH JJIHHOH
IJIaBHOTO psijia CPEeNH MYJIBTHKOJIEI, A/ KOTOPBIX yTBEpHKIE-
HHE TeopeMbl He BBHINOJHAETCS.

Iyctse T —npousBosibHas —&-npodpaTTHHHEBA MOAaJ-
re6pa A, R—HekoTopbiii MuHKMAaJbHEH Hiean A. Ilo Teo-
peme 13.4 T -+ R/R —$-npodparrunnesa noganreépa B A/R.
CreoBarenbio, B A/R Haiizercs Takoil g-Hopmanusarop H/R,
uro H/R<=T+R/R. Tlo Tteopeme 12.18 H=E+R,
rie E—HeKoTOpHIi &-HOpMasin3aTop MyJsTHKoabla A. 3Ha-
yutr, E< T+ R. Eciu R He siBasiercs HeppaTTHHHEBHIM
A-abenieBbIM ~ F-3KCLEHTpaJbHEIM, TO 10 Teopeme 13.4 T
nokpeiBaer R, T.'e. T+ R=T, u nostomy B 3TOM cCJaydae
E =T, uto HeBoamoxHO. Takum o6pasoM, Hiean R HedpaT-
THHHeB, A-abene u g-skcuentpaned B A. Ilo onpenene-
Mo nojanrebpet T, B A Haiijercs Takasi MakKCHMaJ/bHad
noganreépa M, uro T=M u R+ M=A. Ilpu 3TOM, IO-

141



ckoabky T -+ R/R —-npodpartunuena nopasire6pa B A/R=
= M+ R/R, vo T —&-npobpartunuesa mopanreépa B M.
3uauur, M umeer Taxo#t F-Hopmanusatop H, uto H=T.
3amerum, uto upean R §-npenenen u mostomy M F-kpu-
tuuna B A. CnegoBarensio, H—@-nopmanusatop A. Ilomy-
YeHHOE TPOTHBOPEUHE JOKas3biBaeT yTBepxaeHue 1).

IMycrs Teneph H—npousBoJbHBEI g-HOopManusarop A,
R —wmunumanbeiii unean A. Io teopeme 125 H -+ R/R —
&-nopmanusarop A/R. 3uauur, H-+ R/IR = T/R, rae T/R—
HekoTopas f-npodpartunnesa nojaareépa A. I'lo Teopeme 13.4
T=B-+ R, rne B—uekoropas &-npodpaTTHHHEBa MNojal-
re6pa A. CnemoBartenbHo, eciM Hpaean R He sBiasiercs Hedpar-
THHHEBLIM A-abeneBbM  F-3KcueHTpaibibM, 10 H =T =B,
YTO HEBO3MOXKHO BBHAYy BhmiGopa A. Takum o6pasom, R —
A-abeneB HebpaTTHHUEB F-3KcueHTpadbHbil Hpean A. Cie-
noBateabHo, unean R F-npenenen B A. Ilo nemme 13.7 A
UMeeT Takylo MakKchMasbHyI0 nojanre6py M, uwro H=M
H R+ M=A. Ucnonsayss Teopemy 13.4, nerko nokasarb,
yro T NM—F-npoppartunneBa nonanreépa A. Ho H<=
=TnM. TlonyuenHoe mnpoTHBOpeYHE 3aBepluaeT NOKasa-
TEJILCTBO TEOPEMBI. :

§ 14. Mepeceuenne &-aGHOPMANLHBIX MAKCHMAJbHBIX
nopajre6p

F-runepuentp. [Mycth §—npousBoOJIbHBIA KJIAaCC MYJBTH-
koJien, H —wHekoTophlii uaean myabTHkogbia A. Bynem roso-
pute, utro H §-2unepyenmparen B A, eciu xaxnauifi A-rias-
Hef aktop upeana H &-uentpasen B A. Hynesofi naean

. {0} Takxke GyneM cuuTath F-runepueHTpanbHeiM. Hasosem

K-eunepyenmpom A u o6osHauuM uepes Z5 (A) cymmy Bcex
&-runepueHTpasbHEIX HaeanoB A.

14.1. Jlemma. Ecau §—dopmayus, mo Z%(A) —
F-eunepyenmpanrotvul udear A.

NokasateabctBo. Ilyets A; u A,—&-runepuenr-
panbusie ugeanst A. Beuay jgemmbr 2.7 Besikui A-T1aBHBIHR
dakrop, aexaumin mexny A, u A, -~ A,, F-uedrpanen. Te-
nepb JOCTATOYHO BOCMOJb30BaThesl JemMmoi 2.5.

14.2. Jlemma. Iycme & —popmayus, M— maxcumans-
Has nodareebpa myremurosya A. Ecau M &-abropmareua,
moZ o(A)=M.

HNokasartenbctso. [pexrnosoxum, uto B A nmerorca
&-runepuentpaibible uiaeads, He BxoAsiue B M. BriGepem
cpeny HHX upean H c HauMeHbluel JTHHOH A-T/jaBHOTO pAja. -
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[ycrs H/K—rnapubiit daktop MyJstukoibua A. Torza
K=M, H+ M=A, 1. e. M He noKphiBaer H/K. Taxk Kak
H<=1Z5(A), 10 dakrop H/K F-uentpasned. 3HaYur, BBHAY
aemMu 12.8 M F-nopmasbHa B A. 10 NPOTHBOPEUHT

yciaosuio. CrefoBaTesbHo, Z% (A) = M. Jlemma nokasana.

14.3. Jlemma. ITycmo §—mnenycmas gopmayus, K—
Hexomopoui udeanr myasmuxoasya A. ITycme radxoas Maxcu-
maavHas nodanzebpa A, e codepocaujan K, asasemes &-Hop-
manvroii. Tozda cnpasedausol ciedyroujue ymeeprcoerus:

1) KnA* = ¢ (4);

2) K/Kno(A) =Z5% (AK ne(A)).

lokaszaTeabCTBO. YTBepxaeHue 1) OUEBHIHO. Ilycts
R/S—rnaBHEI dakTop MyabTHKoabna A, npuueM R =K,
Kno(A)=S. Torma nockonbky RNAP=KnAY =S, To
dakropsl R+ A%/S-+ A% u R/S nepcnektupubl. Ho A/S +
+ A% € %, u nosToMy BBHIY JeMMBI 3.32 aKkTop R+ A3/S+AS
&-nenrpanen B A/S+ A%, a snauur, u B A. llpumenss
Teneps Jemmy 3.28, sakmouaeM, 4to R/S—F-1eHTpaIbHBIA
raaBubiil dakrop A. Jlemma jokasana.

ITycTb & —NpoHM3BosbHBIA Kaace MyJbTHKoJed. O6Go3Ha-
yum uepes AF(A) upean D,, rae D-—nepeceueHHe BCEX
&-aGHOpPMa/IbHBIX MAaKCHMAJbHEIX TIOAA/ITe0p MYJIbTHKONbLA A.
Eciu B A Bce MakcuManbHble NMOAANTeGPH! F§-HOPMaJbHEL, TO
noJjioxum A% (A)=A.

14.4. Teopema. [aa a06020 myrsmukosoya A u 210604
opmayuu F == & umeem mecmo paseHcmeo

A¥ (A)/p (A) = Z& (Al9 (A)).

HNokasateabctBo. He orpannuusasi obmuocty, 6y-
geM cunratb, uto @(A)={0}. Ilo nemme 14.3, A¥(4)=
gZﬁ.(A). OGpaTHoe BKJIIOUEHHE€ BBINOJHSETCS BBHAY JEM-
mel 14.2. Teopema JoKa3aHa.

ByneM roBOpUTb, UTO KJAcC MYJLTHKOJMEL & CUAbHO Ha-
couyer. B Kaacce X, ectm Bcersa us N/NNo(A)€F, rae
N —ugean myastukoasua A € X, caenyer, uro N €.

14.5. Teopema. Hycme F =X, ede X—norygpopma-
yus, a §F— Henycmas HOPMAALHO HACALOCMBEHHAS popmayus,
cuasro Hacouyennas 6 X. Toz0a A8 (A) € & 044 4106020 myAb-
muxoseya A u3 X.

JdokasarteabcTBo. [IpeanosoxuM, 4TO0 Teopema He
BepHa M A—MYJbTHKOJBLO C HAHMeHblEH JIWHOH TIJaB-
HOro psAja Cpeid TeX MyJbTHKoJel H3 X, OTHOCHTeNbHO
KOTOPHIX 3aKJ/IOUEHHE TEOPEMbl HE BBINOJIHSETCH.
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INpennonoxum npexpe, uro @(A)={0}. Torma BBuAY
TeopeMbl  14.4 A% (A)=Zg (A). Tlycte L— MuHHMAJIBHDI
unean A, sxopamuit B A3 (A). Ilonstho, uTo A% (A)/L =
= A% (A/L), u nostomy A% (A)/LeE. SAcno, uro L—eguncr-
BEHHBIH MHHHMAJbHBIH HIean A, BXomsmuii B AS (A). Iycrp
C=C,(L). Tak Kak B paccmartpuBaeMoM cayuyae uaeaa N =
= A%(A) F-runepuenrpasen, to LX(A/C)eF. Tockonbky
IDH STOM 10 yCJOBHIO (opManusi & HOpManbHO HacJIeJlCT-
BeHHa, 10 LX(C+ N/C)€ . Kak nokasbiBaer NpOBepKa,
napet (L, C+ N/C) u (L, N/CNN) sxsuBanenTHL. 3Hayur,
no Jsemme 3.28, L\ (N/C\N)€F. Tak kak C N N — npean A,
H L—eIMHCTBEHHBI MHUHHMAJIbHBL uiean A, BxoAsui
BN, 10 6o NNC={0}, am6o L=NNC. Ecin umeer
Mecto nepBoe, T0 LX\N €, u nostomy N =A8(4) €, uro
HeBo3MOkHO. CaefoBareibno, L = N () C. O603naunm uepes M
MAKCHMAJIbHYI0 noAanre6py A, He nokpmiBaomyio L. Toraa
N=WNnM)+L, CnNM=M,. 3uauur,

CnN=L+(Cn(NnM))=L+(NnMA).

Orciona Beirekaer, uto C\ N =L. CuenoBarensho, L x N/L € .
Jlerko ycTaHOBHTb SKBHBaJIEHTHOCTb nap (L, N/L)u (L, M N).
3naunt, no aemme 3.28 L (MNN)=N¢€&. CuoBa npn-
XOLUM K npoTHBOpeynio. Takum o6pasomM, ocTaercs: 3aKJIOUHTD,
ur0 ¢ (A) % {0}. Ho nns AJ¢ (A) Teopema BepHa, u nosromy

A% (A)/p (A) = A%(4/p (4)) € 3

910 Biever A¥(A)€F. dtum cambim TeopeMa J0Kas3aHa.
: 6. Teopema. Mycme & —Henycmas gopmayus u
&-ropadurar AS mysemuxonsya A me exodum e @ (A). Tozoa
BHINOAHACMCS, 00HO U3 CreOylouux ymeepacdenud:

1) ecakan F-abnopmarsnas maxcumaneras nodaneebpa
Myaomuroroya A npunadrencum F u A%/A% g (A)—&-axc-
yenmpanonoul eaasreii gaxmop A;

2) Ao aﬁ%e %féuopma/tbubmu MAKCUMAABHOIMU 10O-
a/zeeépamﬁ,ggr‘np égi't cau D — nepecevenue ecex maxux nod-
aneebp, mo D, = A%(A).

HokasarenbcrBo. Ilycts Beskas &-abHopMasibHas
MakchMaJlbHasi noja/nre6pa MyJbTHKOAbUA A IPHHANIEKUT §¥.
Tax xak A% we Bxogur B ¢ (4), T0 A8=£{0}. Ilycts A8/H—
TJIaBHBIH (DAKTOP MyJIbTHKOJbIA A. Ipexnonoxum, uto H
He cofepxurca B @ (A). Torma H+ M=A, rze M—HeKo-
Topas MakCHMaJsbHasi nojaiareGpa Myastukoasna A. I[log-
anrebpa M F-aGHopmanbHA H NO3TOMY INPHHANIEKHT .
3uaunr, A/JH~ M/MnH ¢ &» orkyma cienyer AS<= H. 310
HeBosmoxkHo. CieoBarensno, H < ¢ (A). Tak kak NpH 3TOM
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A®z ¢ (A), To H=¢ (A)n A%, Takum obpasom, A8/A% n p(A)—
HepATTHHUEB TJIaBHbI (hakTOp MyJbTHKOMbIA A. flcHo, 4TO
HEKOTOpasi MakcuMasibHasi nojanrebpa R u3 A He mOKpbIBaeT
¢akrop A¥/A% ¢ (A4). Tax kak nomanrebpa R F-abHOp-
MajibHa, TO no JemMme 12.8 ruasubii dakrop A%/A% N (A)
&-3KCUEHTpAJIEH, H NepBoe yTBepIKIeHHe TEOPEME! JIOKA3aHO.

Ilyctb A o6najaer &-aGHopMaJbHBIMH MaKCHMAJbHBIMH
nofasre6pamMu, He NMpPHHALJEXAWUMH g, H nycth D—rnepe-
cedyeHHe BceX TakuX nogajredp. OueBuamo, ¢ (A) = A¥(A)=
=D,. Ecn D, = ¢(4), 1o yreepxaenue 2) BepHo. IlycTb
D, He Bxozur B ¢ (A). Torna A=M-+D,, rne M—Hueko-
TOpas MaKcuMaJjbHasi nojaiare6pa A. Ecim MeEF, To
A/D 4 €, orkyna ciepyer, uto D, conep:KHTCs TOIbKO B {-
HOpMaJIbHBIX MaKCHMaJIbHBIX nojanre6pax, 4TO HEBO3MOXKHO.
Ilostomy M He BXomutr B & u sBIsfeTCA gF-HOPMAJbHOM.
Wrak, Besikas MakcumaibHas nojasire6pa, He cojepalas
D,, sBnsercs §-HopMasibHOH, OTKysa cienyeT, uto D, =
= A%(4). CnepoBarenbHo, D, = A¥(A), uTeopema JOKa3aHa.

Iepeceuenne F-aGHOPMANBLHBIX MAKCHMAJbHBIX MOArpYNI
KOHEYHbIX rpynn. HsyyeHue mnepeceueHHii MaKCHMAaJbHBIX
NOATPYNIN KOHEYHBIX TPYNI OCHOBHLIBAETCS Ha CJERYIOMEH
JeMMe H ee MoJAudHKaLHUsX.

147. Jlemma ®partunu. IMyemo K—Hopmaronas
nodepynna Koweurnoi epynnor G, p € 7t (K) u P— nexomopas
cunosckan p-nodepynna u3 K. Toeda A= KNg(P).

ITycte p — Hekoropoe mnpocroe umeao, G-—KOHEYHas
rpynna. OGosHauum uepes @, (G) nepeceyeHHe BCeX TeX
MaKCHMaJIbHBIX TOArpynn u3 G, HMHIAEKCH KOTOPHIX He Jie-
JasTcsi Ha p. Ecam B rpynne G Takue MakcHMaJsibHBE TOA-
TPYIIBL OTCYTCTBYIOT, TO nosaraeM @, (G)=G. ‘

14.8. Jlemma. [lasn a06oii rkowedrod zpynno. G umeem
mecmo @, (G)/O, (G) =D (G/O, (G)).

okasartenabcTBo. HerpyaHo sameruts, uto 0,(0)=
=@, (G). O6osnaunm yepes P HEKOTOPYIO p-CHJIOBCKYIO NOJ-
rpynny u3 @, (G). Torga no semme 14.7 G=0,(G)Ns;(P).
[Ipeanosnoxum, uto N (P) cobeTBennas moprpynna rpynms G.
Toraa B G nafinercsi MakcumanbHas noarpynma M rakas,
uro @, (G)g Mu Ng (P) = M. Sicuo, uto ungexc N (P) B G
He nenurest Ha p. Caefosatensho, @, (G)=M. Ioayunau npo-
THBopeune. Mrax, P—Hopmasbhas noarpynna rpymnsl G.
Orciofia catestyer, uro uncao |, (G)/O, (G)| ne nenntcs Ha p.
Ouesunno, @ (G/O, (G)) = @, (G)/0,(G). Ecin @ (G/O, (G))=
c®,(G)/O,(G), 0 B G Halipercs MakcumanbHas noxrpynna H
rakad, 40 O,(G)=H u H®,(G)=G. CaenosareisHo,
|G:H|=]D, ((f}:(l)}, (G)N H| He penurcs na p. Orciona noJy-
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yaeM, uro @, (G) = H, uto nporHBOpeuHT ONPEAENeHHIO NOA-
rpynnsl H. 3uauur, @ (G/O,(G)) = @, (G)/0, (G). Jlemma no-
KasaHa.

IMycts & —npoussoabHeiii kiaacc rpynn. Toraa uyepes
Ag(G) 0003HauMM TiepeceyeHHe BCEX TeX g§-aGHOPMAaJbHBIX
MaKCHMaJIbHBIX TOATPYINN KOHeuHOH rpynnbl G, HHIEKCH KO-
TOPLIX He JeJTC Ha JaHHOe mnpocTtoe uucao p. Ecau xe
Kaxzias MaKkcMMasibHasi noarpynna u3 G Ju6o F-HOpMalbHa,
an6o umeer WHAeKC B G, Jensmuicsi Ha p, TO IOJOXKHM
A¥(G) =aG.

14.9. Teopema. [aa aoboii gopmayuu F u 6caKod
" Koneurnoll epynnet G umeem mecmo Aﬁ (G/O, (G))=A¥ (G/O,(G)).

JokasaTeabctBo. IlpexmosoxuMm, 4ro TeopemMa He
BepHa M G-—rpynna HauMeHblllero nopsjka Cpexd rpynm,
OTHOCHTEJIBHO KOTOPBIX YTBEPKJIEHHE TeOpeMbl He BHINOJIHSIETCS .
ITpexnonoxum, uro P =0, (G) =} {1}. Torna ansa G/P ytBepx-
Jenue teopembl BepHo. CiezioBaTenbHO,

A7 (GIP)/0, (GIP) =A¥ ((G/P)/O, (G/P))-
Ho O, (G/P)= {1} u, xpome Toro, A} (G/P)=A;(G)/P. 3ua-
uut, AS(G/P)=A8(G/P).

Ilycts O, (G)={1}. Torma BBuAy Jiemmsl 14.8 ®,(G)=
= @ (G). 3uaunr, AS(G) N G¥ = @ (G). [ycrb K/N — raapubii
¢daktop rpymnel G, mnpuueM K< Ag (G), ®(G)=N.
Torra KNG¥ =® (G) = N. Crenosarensto, N (KNG¥) =
= K N NG%. 3uauur, bakropsl KG¥/NG® u K/N nepcneKTHBHBL.

Ho G/NG? € §%, u nosromy BBUAY nemmnl 3.32 pakrop KGE /NG
&-nentpaien. CrenoBarenpHo, BBHAY Jemm 3.27 u 3.28 -

nentpaned u ¢akrop K/N. Takum obpasom, Ag (G)/D(G) —
&-runepuentpanbHas HopMasibHas noarpynna rpynnsl G/@ (G).
Tostomy A% (G)/®@ (G) = Z& (G/® (G)). C mpyroit cTopoHsl,
BBUY JiemMbl 14.2

7% (G/D (G)) = A% (G)/@ (G).
3Hayur, ,

AS (G)/®@ (G) =Z8 (G/® (G)).
[To Teopeme 14.4 _

7% (G/D (G)) = A5(G)/D (G).
CanepoBaTedbHoO,

A (G)/® (G) = A% (G)/® (G),

‘1. e. A¥(G)=A8(G). Teopema nokasana.
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14.10. Caenctsue. I[Tycme %——nexomopaﬂ!//lorca/zbnaﬂ
(popmayus KoHeuHoix 2pynn, colepicauias eéce KOHedHbvie HUlb-
nomenmnoe 2pynnot. Tozda 041 a06oll KOHe4HOU epynnbl G
umeern mecmo A (G)/O, (G)€F. .

NokasaTeabcTBo. Beuay teopems: 4.2 xuuru [107]
dopmauus § CHIBHO HachllleHa B KJacCe KOHEYHBIX Ipymi.
3HauurT,

A (G/O, (G)) = A%(G/O, (G)) € F-

14.11. Teopema. ITycmo p u q— pasaudroie npocmoie
wucaa. Toeda 023 awboil gopmayuu F U 6CAKOL KOHEUHOL
epynnot G umeem mecmo

A7 (G) N Af (G) = A%(G).
HoxkasaTenabcTBo. OueBuaHo,
A8(G) = A% (G) n A% (G).
[Tyctb
AS(G)=K = A§ (G) n Af (G).
Torna B G Haiijercs &-abHopMaJbHAass MaKCuMajbHas TMOA-

rpynna M takas, uro G=MK. Ecmn |G:M| He nenurcs
Ha te€{p, q}, T A¥ (G) = M. Cneposarensio, KM =M,
YyTO HEBO3MOXKHO. 3HauuT, uHAeKC M B G JeJHTCsi- ONHOBpE-
MEHHO Ha p W Ha g. )

Ecmu O, (G)={1}, To mo Teopeme 14.9 A% (G)=A® (G),
1 nmostomy K <= M, uTO NPOTHBOPEYMT ONpEJENEHHI0 TOA-
rpynnsl K. 3naunt, O,(G) = M. Tak Kak g ReJuT |G:M],
10 0,(G) = M. Ilo Teopeme 14.9

A% (G)/0, (G) = A% (G/O, (G)) = M/O, (G).

Orciofia ciefiyer, 4To Ag (G) = M. CHoBa npuuulA K NPOTH-
popeuynto. TakuM o6pa3oM, OCTaeTCsi 3aKJIIOYHTb, 4TO

A5(6) = 85 (6) N A% (G). b
Teopema pmokasaHa. ’ﬁgff M
oS5 &

§ 15. ¥-panukan KOHEYHOH rpynnbi e e¥ W@; -

Bce paccmaTpuBaeMbie B JaHHOM naparpage Kaacchl npes-
OJIATAIOTCSl COCTOSIMMH JIHLIb H3 KOHEYHBIX TpynIl.

15.1. ®opmaumio ¥ HasbiBalOT paduxasbrod, eclH & nB-
AfieTcs PajMKaJbHbIM KJIacCoM, T. €. YJIOBJIETBOPsET CJEAyI0-
WEM JABYM YCJAOBHAM: 1) F HopMasbHO Hac/IeACTBEHHA; 2) u3
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AN

G=AB, AG, B G, Ae®, B€ scerna caenyer G € F.
[TycToe MHOXECTBO MO OMNpee/IeHHIO SBJSETCS PaluKaIbHON
dopmanmeit. Ecin & 5= &, To uepes Gz 0603HayaloT F-panu-
KaJ rpynnsl G, T.e. mNpousBeIeHHe BCeX TeX HOPMaJbHBIX
noarpynn u3 G, Koropble MpHHAAJIERKAT 7. DKPAH HA3HIBAIOT
PAOUKANbHLIM, €CJM BCE ero 3HAyeHHsl SIBJSIOTCA pafnKajb-
HbIMH (OpPMalHUSIMH.

15.2. Tycrs f—o3kpan, H/K-—HeKOTOPHIH HOPMa/bHbIA
dakrop rpynnet G. Ecau f(H/K)= &, To H/K Gynem Ha-
3bBaTh f*-pakmopom. Bynem rtosoputh, uro moxrpymna A
us G neiicryer f-moscdecmeenno Ha H/K (mmm A f-uentpa-
ausyer dakrop H/K), ecam A/C,(H/K)€f(H/K), rme
C,(H/K)=C, (H/K) n A. Hopmanbuas noarpymnna K rpymnmst G

- HaswBaercsi f-aunepyenmpaseroti B G, ecnn G peficteyer

f-ToXnecTBenHO Ha Kax/oM G-raBHoM dakrope moxrpynmst K.

15.3. HanoMHuM, YTO KOMIO3UIMOHHBIH 3KpPaH MOXKeT
6HITH TOCTPOEH caefyiomum obpasom. Kaxmoit mpocroit (abe-
Jaepoft uiau HeaGenmesoft) rpynme H conocraB/isieM HEKOTOPYIO
(Bo3MoxHO, mnycryio) dopmaumo f(H). 3arem naa moGoi
rpynnsl G = {1} nonaraem f(G)= N f(H/K), rne H/K npo-
Geraer Bce KommnosuumoHHbE dakrops G. ITycrs eme f({1})=
= @ —xkunace Bcex rpynn. IloctpoenHast GyHKUMSA [ ¥ €CTb
KOMIIO3UIIMOHHEI 3KpaH, NpuYeM KoMrosuuuonHas ¢opma-
mus <{f> HemycTa, NOCKOJbKY COAEPKHT EIHHHYHYIO Ipymnmy.
Uepes f (p) o6o3nauaercst 3HaueHue f Ha HEEUHUYHBIX p-TPyM-
nax (p—IpocTroe YUCTO).

15.4. Jlemma. [ITycmo [—KOMNO3UYUOHNBUL — IKPAH,
L == {1} — xapaxmepucmuuecku npocmas f-2unepyesmparoHas
Hopmansras nodepynna 2pynnee G. Tozda cnpasedauso 00HO
us caedyrougux ymeepocdenusi: 1) L—p-epynna, G/Cq(L)€
eNF(p); 2) G Oeiicmsyem f-mosxcdecmeenro Ha L

INoxasatenbcTBo. Beumy yciosua G uHAyHHpYeT
B KaxaoM G-rnaBHoMm daktope L; ,/L; rpynmet L rpynmy
aBToMopGu3moB, mpuHatexamyio f(L). Mostromy G/D € f(L),
rne D= n Co(L,_y/L). Tyers C=Cg4(L). Tpynny D/C

MOXHO paccMaTpHBaTh KaK CTaOWJIbHYIO Tpynmy aBTOMOD-
¢dusmoB rpynnel L, mpuueM, Kak H3BECTHO (CM. JIeMMY 9.3
us [107]), =a(D/C)=wn(F(L). Ecm  L—p-rpynna,
10 D/C BXomur B dopmammio p-rpynn N, a ecau L HeaGe-
aeBa, 10 F(L)=1 u D=C. Jlemma noxkasaHa.

CrnencreueM Jemmel 15.4 1 nemmbl 8.5 siBsiercs TOT akr,
yto ecmi M <JG u M € Of>, rie f— KOMNO3HIMOHHBIA 3KPaH,
T0YM JeficTBYeT f-TOXIECTBEHHO HA KaxJoM cBoeM G-riias-
HoM -chakTope.
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Ham noHafio6uTcst CJeNYIOmuH pe3y/bTar, BHITEKaIOmHH
u3 Jemm 3.11 u 3.12 knurn [107].

15.5. Jlemma. ITycmo f, u f,— Komno3uyuorHole 3Kparbl
popmayuu F U 043 HEKOMOPO2O NpPOCMO20 HUCAQ p UMeem
mecmo 1 (p) U, (p) = &._Toeda Rfy (p) =N, f, () = &

dkpaH [ dopManuu §F HaA30BeM NOAYEHYMPEHHUM, €CIH
u3 f(H)=©® Bcerna caenyer f(H)=§. KomnosuuuoHHbI
NONYBHYTPeHHUH 3KpaH [ QopMauuu F OyleM HasbiBaTh ee
MAKCUMONbHOLM NOAYEHYMPEHHUM KOMNOSUYUOHHbIM SKPAHOM,
ecan h<{f nisi n060r0 NOMYBHYTPEHHETO KOMIMO3HUHOHHOTO
3KpaHa h GopMauuu F.

15.6. Jlemma. [Tycmo §F —KOMNOBUYUOHHAS POPMAYUS.
To20a § umeem mMaKcumaroHoill NOAYSHYMPEHHUL KOMIOSULUOH-
Houl akpan f, npuuem 0a3 amo6oii npocmoil epynnet H cnpa-
6602180 00O U3 credyiouux mpex ymeepacdenuil: 1) |H|=p—
npocmoe wucto u f(p) =, (p); 2) [(H)=%F; 3) F(H)=0.

HOokasareabcTBO. Ilyers {f;|i €/} —coBokynHOCTb
BCEX NOJYBHYTPEHHHX KOMIO3HIHOHHBIX SKPaHOB POpMALHH .
[Tycts 2 —MHOXKECTBO NPOCTHIX IPYI, COCTaBJIEHHOE IO CJIe-
AyiOleMy TpaBHJIy: npocras rpynma H cojepxurcsi B %,
ecin f;(H)=® nas mexoroporo i € I. Torxa mo semme 15.5
s moGbix i, j u3 I u moGoit He Bxopsme# B = mpocTOi
a6esieBoii rpynnbl nopsiaka p umeer mecto N,f(p) =N, f; () =F.
[Tycts Tenepp f—TakoH KOMIO3UIMOHHBIA 3KpaH, 4TO I/
mobofi mpocToit rpynnel H BHINONHSIETCS OJHO H3 YCJOBHM:
1) ecin HEZ, 10 f(H)=©; 2) ecnu H neabenesan H¢ =,
1o f(H)=%; 3) eciu H He copepxurcs B X H MMEeT IMpoO-
cro#t mopsaxok p, To f(H)=N,f;(p), i€l. Slcno, uro ;<< f
i Jioboro [ € 1. Jlnsi 3aBepiueHusi J0KasaresbCTBA AOCTa-
TOYHO YCTAaHOBHTb, uTO <f>=&.

[Mpennosioxum, uto & —<f>, u nyctb G —rpynna HauMeHb-
wero nopsaka us {f>\&. Torna G¥ = L —eauHCTBEHHAsi MHHHU-
MaJbHas HopMaJibHas noarpynna rpynnst G. ITyers H—xkomrno-
suLuonHEI dakrop L. Ecan H €2, 1o f(H)=f(L)=f;(H)=8
ans Hekoroporo i €1, 1. e. L fruentpanbHa B G, 4TO He-
BosmoxHo. Ecau H HeabesneBa u H¢Z, o Cq(L)={l1},
f(L)=%, a noromy us G €<f> caenyer G€F. Ecmu H¢2,
|[H|=p, 10 f(Ly=N,f:(p), i€l, a 310 BBURY JemMbI 8.5
osHauaer, uto L f;uentrpanbHa B G. Jlemma JokasaHa.

15.7. Jlemma. [ycme h— noaysHympesHud KoMNo3uyu-
“onmoul sxpan  opmayuu F. Cnpasedrusv.  caedyroujue
ymeepacoenus: ,

1) ecau h paduxaren, mo opmayus F paduxarona;

2) ecau § paduxarvra, mo ee MAKCUMAAbHOLUL NOAYBHYM-
peHHull KOMno3uyuonHsui akpax [ padukaren, npudiem 0as
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06020 npocmozo p gopmayus N,h(p) padukarera u aubo
f(p) =8, aubo f(p) =Nk (p).

NokasaTteabcTBo. Ilyctb skpaH h panukaned. Ilo
nemve 2.17 dopmamus § HopMasipHO HaciencTBenna. Ecuan
G=AB, rae A u B HopMaipuel B G M TIpHHALIERKAT %, TO
G/AnBe. Mycrs AN B {1}, L—conepxamascsa 8 AN B
MHHHMaJbHas HopMaipHas mnoarpynnma rpymmst G. Co-
riacHo 15.4,

AC/Ceh(L), BC/CEh(L),

rae C=Cg;(L). Us pamukanbioctH k(L) Tenmepb mnosyuaem
ABC/C€h(L). A rtak kak no unaykuuu G/LE€F, Tou GEF.
Y1Bepxkaenue 1) nokasaHo.

Iokaxem 2). Ilycts & pamukanbHa M p—TaKoe MpOCTOe
upcno, uto h(p) = §F. Torma seuay 15.5 9h(p) =&. Ham
HEOGXOLUMO YCTaHOBHTb, uto IA(p) pamukanbHa. Ilycts
M=AA,, A;<G, A,eRh(p), i=1,2. Ilycts H—rpynna
nopsigka p. Paccmorpum peryasipaoe cietesne [=He M =
=K x M. Torna KA, =% h(p) =&, i=1, 2. Beupy pamu-
KaJbHOCTH  TOJyYaeM f =(KA,) (KA, €%¥. 3uauut, K
h-runepuentpanbia B I', u no semme 15.4 T/Cr (K) €N (p).
Orciopa ¥ u3 T/Cr (K) ~ M noayuaem M €N h (p).

Iycts Tenepp N <]G €N A(p), |H|=p. Paccmorpum
ciiererue HeG=K x G. Tak kxak KGEN (D) E€F u &
HOpMaJIbHO HaciefctBenHa, To KN €. Beuny Jjemmbl 15.4
KN/Cxn (K)ENA(p). Tak kak K =Cxn (K), To KN/K =~
~ N eN,h(p). Jlemma nokasaHa.

15.8. Jlemma. [Tyems [, u _[,—noayshympennue
KOMNOBUYUOHHbe 3Kpanst gopmayuu §F, H/K —nexomopoul
enasuoill f-gpaxmop epynnoe G u f,(H/K) =&. Ecau nop-
manretas nodepynna A epynno G Oeticmsyem fi-moocdecm-
eenno Ha H/K, mo A Oeiicmeyem u f,-moscdectmserro
na H/K.

~ Jokasarteabctso. Ilycrs C=Cg;(H/K). Ecu H/IK—
p-TpyNNa, TO pesyJbTaT cjaejfyer M3 JieMMbl 8.5 H paBEHCTBA
R,f. () =, (p), KOTOpOe BhmOMHSIETCS TIpH [, (P) 7= 6.

Ilyctb ﬁ/K—Heaée.neBa rpynna. Toraa H/K u HC/C
nepcreKTHBHLL. [103TOMY H3 CripaBeIHBOCTH JeMMbl st G/C
BhITeKaeT ee cnpasBeiiuBocts W A1 G. He orpannunBas
obmmoctH, nosoxum C = K = {1}. Tlo yciosuio A € f, (H) =F.
EcinANH =1, 10 A<= C = {1}, upoxaseiBath nevero. [Tycts
A = H.Torna no 15.4 H f,-uearpanbia B A. Jlemma fokasaHa.

15.9. Temma. [Tycms h— noaysrympernuii KoMnosuyu-
onnbul sxpan paduxaserot gopmayuu F, H/K—rnexomopeiil
eaasnbil h+-gpaxmop epynnot G. ITycmoe A, u A,— Hexomopoie
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HOpManstoe nodepynrive epyninoe G. Toezda cnpagedausst oaé-
Oyiouyue ymeepacOeHus:
1) ecau A, u A, dedicmsytom h-moxcdecmeenno na HIK,
mo u A,A, deticmsyem h-moocdecmeenno Ha H/K;
2) ecau A, deticmeyem h-moscdecmeenno na HIK u A, = A,,
mo A, Oeticmsyem h-mosdecmeenno na H/K.
HoxasatenbctBo. Ilyere C=C,(H/K). Ecau
h(H/K)=®, T0 nemma Bepna. Ilycts h(H/K) = &.
Iycrs A,C/IC€h(H/K). Ecau H/K—p-rpynna, to 10
-Jaemme 15.7 dopmamus R,k (p) pammkanbHa. [lostomy npu
A,C/C € h(p) Bumonnsercst A,A,C/C €N (p), anpu A, 2 A,
umeer Mecio A,C/C€Ih(p). Tpumensa nemmy 8.5, moay-
yaeM, 4TO B 3TOM cayyae Jemma BepHa. Ilycte tenepp H/K
neabenieB. Ilockoneky H/K u HC/C nepcnekTHBHBI, TO, He
orpannumuBas obmuoctH, nojsoxum C = {1}. Ecmn A;n H = {1},
T0 A; = C={l}, u n1emma oueuaua. I[lycts A, 2 H, i=1, 2.
Ecmn A,€h(H/K) wm A,= A,, To 13 paiMKaJbHOCTH &
caenyer coorercTBeHHO A,A, € & nin A, € F. Tenepsb, BBHIY
H <= A,, ocraercsi npumenutb 15.4. JleMma gokasaHa.
Ilycrb f—rmonyBHYTpeHHH# KOMNOSHIMOHHEIHA SKpaH paju-
KanpHO# (opmanuu §, H/K — nekoropsiii riaBHb f+-haKTop
rpynnet G. OGosnauum uepes Cf;(H/K) npousseneHne Bcex
TeX HOpMaJbHLIX moAarpynn rpynnsl G, KOTOpble NEHCTBYIOT
f-roxnecrBenno Ha H/K. Tloarpynny C% (H/K) HasoBem
f-nenTpanusaropom ¢akropa H/K B rpynne G.
15.10. JTemMma. Cnpasedaugor cacdyroujue ymeepicoeHus:
1) CL(HIK) Oeticmsyem f-moacdecmsenno na HIK;
2) ecru N <G u N =CL(HIK), moN f-yenmparusyem
HIK; ,
3) ecau H/K neabenes, f[(HIKY=F u § paspewuma, mo
Cls (H/K) = Cq (H/K). ‘
HdokasarteabcTBo. YTBepxKAeHuss 1) u 2) BHITEKaIOT
u3 Jemmbl 15.9. lokaxem 3). ITycrs H/K neabenes, f (H/K) =
M Bce IPynnhl M3 & paspewnmel. He orpanuumuBasi oGIHOCTH,
Gynem cunrath, uto Cg (H/K) = {1}. Ilycts A =Ch (H) #{1}.
Torma H= A= f(H)= & = &. A 310 nporuBopeunT Heale-
nesocty H. Jlemma nokasama. :
15.11. Teopema. Mycmo f—noayswympennui kKomno-
BUyUOHHbLL IKpan padukarerold gopmayuu §, {H/K |i€l} —
co8oKYynHocme 6cex 2asHbix f*-paxmopos epynno. G. Toz0a

Gy =D= n Ch (H/K),
iel
npuuem 6 zpynne D ece ee 2aastbie f*-akmopot f-yenmpanrvro.
3ameuanue: B ciayuae | = & nosnaraem D=G.
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JokasarennctBo. [Toaemme 15.10, D f-nenrpasiusyer
H,/K; nns mo6oro i €I. Takum o6pasom, B rpynne D Bce ee
G-raiaBHble [*-(akTopbl f-neHTpasbHbl. IlOCKOJIBKY ONUH U3
[JIaBHBIX PSNOB rpynnsl D MblMoxeM NOJYYHTD YIJIOTHEHHEM
ee G-rnaBHOTO psAJa, TO MBI M moaydaeM, 4to B D Bce ee
raaBHble ft-(pakTophbl f-meHTpasbHEL

[Tokaxem Tenepb, uto Gg f-uenrpanusyer H,/K; ans
mo6oro i €. OueBumno, GgK,;NH, coBnagaer nubo ¢ H,,
au6o ¢ K;. Ecan Gz K;NH;=K,, 10 Gg = Ce(H,/K)). Ecau
xe Gg K, = H;, 10, npumensia 15.4 x uenu

G./K,' =26 K/K; = H/K,,

BuguM, uto H,/K; f-uentpamba B GgK,/K; a 3Ha4HTy
G [-uenrpaausyer H,/K, Teopema nokasana.

15.12. CnenctBue. [Tycmo [—noaysnympennuti Kom-
nosuyuonnbul sxparn padurarenol gopmayuu g .I[ycmo sHade-
Hue | Henycmo na Kaodom eragrom gakmope epynnot G. Tozda
Gg = NCh (H/K), 20e H/K npoGezaem ece eaastbie axmopol
epynnot G ,

15.13. JIas QUKCHPOBAHHOTO MPOCTOro yHciaa p popma-
MM BCEX p-HUJBIOTEHTHHIX TPYII NBJSETCS PaiUKaJbHOM
JoKaJbHOH (opMaimell ¥ UMeeT TaKOH JOKAJbHBIA 3KpaH f,
uto f(H)=={1}, eciu p pemur |H|, a ecid p He JEIHT | HY,
10 f(H)=®. Scuo, uto u3 caexncrBust 15.12 BoiTekaer ra-
KOil XOpOWIO H3BecTHblil (akT: Has JoGoit rpynnel G ee
p-HUJIBTOTEHTHBIA - pagukan F, (G) coBnajaer ¢ nepeceueHrem
neuTpanusaropoB B G Bcex Tex IaBHBIX (akropos G, mo-
PSIIKH KOTOPBIX JeJsTCsS Ha p.

ITycTsb f—MakcUMasbHBIH NIOJYBHYTPEHHHA KOMIIO3HIHOH-
HBll 3KpaH ¢opMauuu . M nycre f,—Takoi 3KpaH, 4TO
L (H)=fH)NEF m1s moboit rpynner H. Torpa f,—maxcu-
MaJlbHbIH BHYTPEHHHH KOMIO3HIUHOHHbIN SKpaH dopMaiHu .

15.14. Teopema. ITycmy [—maxcumanrbuoilh 8HYmMpen-
HUtl KOMNOSUYUOHHAIL IKPAH paduUKarbrol Gopmayuu %{, u
nyeme D= nck (H/K), e0e H/K npobezaem 6ce enasHbie
f*-paxmoper epynner G. Tozda Gg = D, npuuem D% asasem-
cs paspewunmoii 1’ (F,)-epynnoii, 2de F,=E NN.

Hokazateancrso. Ilo teopeme 15.11 Gg=D. Ilo
Jdemme 15.6 kamubiil riaBHBIA (akTop, He siBastommics f*-
dakTopoM, saBaserca abenesoit ' (F,)-rpynnoil. Ilpumensas
teopemy 15.11 u TOT dhakT, uTO f-IEHTpPaANbHBIE TJIaBHbIE
(GakTophl UEHTPANHU3YIOTCS §F-KOpaJHKaJIoM, MosydaeM, 4TO
Kaxapli D-raasubiil ¢axtop rpynnet D¥  gm6o  siBasercs
aGenesoit m' (&,)-rpynnoit, aubo f-ueHrpases B D u ueHrpa-

162



Jausyercsa rpynno#t D¥. Ilonycrum, uto cymectByer D-rias-
HBIA pAX

Dés.. .oHoKoLs...o{ll,

B kotopoM H/K—aGenea n'(¥,)-rpynna, a K/L— f-neut-
paiedn B D. Torna K/L—aGeneBa = (&,)-rpynna u K/L <=
= Z(D8/L). Tlostomy

H/L=A/LXK/L,

rie A <D, npuyem A/L ~ H/K. Takum 06pasoM, Mbl MOXKEM
nepeiitd K D-riaBHOMY psiny

DS>.. . oHoAoL>...ofl},

B KOTOpoM H/A sBasiercsi f-neHTpa/jbHBIM TJIaBHBIM (akTo-
pom rpymnel D, a A/L—a6eneBa n’ (&,)-rpynna. Takoi
NPOLECC 3aMEHBl Yepe3 OoNpeJieJIeHHOE YHCJIO [1aroB NpHBEIET
K TIOSIBJIEHHIO f-nieHTpanbHOro B D ruaBHoro dakropa Buaa
D%/R, urto HeBoaMOxHO. IlosyueHHOe npOTHBOpEYHE IOKa-
3biBaer, 4To Kaxabli D-rsaBubiii ¢akrop rpvnmsl D¥ pon-
KeH ObITb abeseBolt mt’ (F,)-rpyniok.

Teopema nokasana.

15.15. Canencrsue. ITyemo [— makcumanronoui eHym-
PeHHuLll KOMNO3UYUOKHbUL IKpan paduxarvholi gopmayuu &,
D—opmayun ecex paspewumvix n' (F,)-epynn, ede Fo =
=FNN. Ecau Go={1}, mo Gg= nCh(H/K), 20e H/K
npobezaem éce eaaguvie f*-gakmoper epynner G.

15.16. CnencrBue. [Tycmo [— makcumansroii ernym-
PEHHULL KOMNOBUYUOKHbIL 3Kpar paduxarsroil (opmayuu F,
npusem F =2 N. Tozda daa o060k epynnee G umeem mecmo
pasercmeo Gz = N Ch (H/K), e0e H/K npobecaem 6ce 2aas-
nole gaxmopor epynnot G.

15.17. Teopema. [Tycmo F— paduxkarvras Komnosu-
yuonnas popmayus. Toeda F-paduxar epynnot C;(Gg) G3/G g
aeasemes eQUHUYHOL epynnotl. .

HokaszateabcrtBo. Ilycrs C=C,;(Gg). Ham Heo6xo-
JuMo  NoKasarb, 4yro rpynmna CGg/Gy uMeeT eIAMHHYHBIH
&-panukan. Ilpeanosnoxum, yto 310 He Tak. Ilycts T/Gg —
HeeMHUYHbIA  F-pagukan rpynusl  CGg/Gg. OueBuzHo,
T=(CnT)Gs.

Tlycrbp f—MakcuMasbHBIH BHYTPEHHHUI KOMIO3HIHOHHBIH
3kpaH dopMauun . PaccmotpuM riaBHeI psn rpynnsl T

To....oG>...o{l}. ()
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OueBuano, Tg=Gg. CornmacHo caexcrsuio 15.12, umeer
'1eCTO PaBEHCTBO

Tg = Gg = N Cr (HIK), (+%)
rie H/K npoGeraer Bce rnasubie (aktophl psja (x). 3ame-
THM Tenepb, uto BBUAY T/Gg €F npu K = G uMeeT MeCTO
Ch(H/K)=T. Ecnn xe H = Gg, 10 (CNT)=Ch(H/K), a

NOCKOJIbKY M3 (x+) BbiTekaer Gg = Ch (H/K), To Mbl noay-
yaeM cjelyrouiee:

(CNT)Gg =T = Ck (H/K).

Cnenosarenbto, Cp(H/K)=T s moboro riaBHoro ¢ax-
topa H/K rpynnet T. Otciona ¥ u3 () nojydaem T =
= Tg = Gg. Teopema nokasaHa.

ITycTh 7—HeKoTOpoe (BO3MOXKHO, TNYCTOE) MHOXECTBO
npocThiX yHcea. MakcuMa/bHbIi BHYTPEHHHH KOMIO3HIHMOH-
Helll 3kpaH [ dopmauun N; BceX HUJIBNOTEHTHBIX T-TPYMNIl
uMeer caeiyiomue sHauennusi: 1) ecau p €m, 10 f(p) =N,
2) eciu pém, 1o f(p)=g; 3) ecim H—mpocras HeaGe-
JeBa rpynmna, TO f(H)zer‘.HOSTOMy u3 Tteopemnl 15.14,
yuntbiBas Jemmy 15.10, Tionyyaem c/enyiomui pesy/brar.

15.18. Teopema. [Tyemo D-—nepecetenue uyenmparu-
3aMopo8 6cex 2AA6HLIX T-hakmopos U Heabenesbix 2nQBHbLX
gaxmopos epynnet G. Toeda D cosnadaem ¢ $-paduxarom
epynnot G, 2de —popmayus 6cex paspeuLumblx T-HUABNO- -
MEHMHbIX 2pynn.

HanoMHHM, uTO Tpynna HasLIBAeTCs Ii-HUAbNOMERMHOL,
ecqi OHA SsBJAfercs pacIIMpPEeHHeM Jt'-IPYIIbl NPH TOMOLIH
HHUJBIOTEHTHOH T-TPYMNIIBL.

15.19. CnexcrBue. Mycms n=mn(F (G)) == &. Tozda
F (G) cosnadaem c nepeceeruem yenmpaiu3amopos 6cex 2aas-
HbLX TU-(paKmopos u Heabeiesbix 2AABHbLX (AKMOPOs 2pynnel G.

Eme oxHo caencrBue Teopembl 15.18 mnoayyaercss TnpH
n=.

15.20. CnenctBue. Paspewunsii paduxkar Hepaspe-
wumotl epynnot G cosnadaem ¢ nepecederuem YeHMpaiusa- .
mopos ecex Heabeaegolx 2aasHbix akmopos epynnst G.

Ipynna G Has3bIBaeTCsl p-pasroHUMOLL, €CH G=AXB,
rae A—p-rpynna, B—p’-rpynna. Ilycrs & —dopmauus
BCEX p-PasNONHMBIX Trpynmn. MapectHo, 4TO @& — pajMKaib-
Hasi JokanbHas dopmanusi. [Tostomy u3 Teopemst 15.17 no-
Jydaercsi B KauecrBe CJIEJCTBHs TAKOH pesyJbTar.

15.21. Teopema. [Tycme R—npoussedenue écex p-pasio-
HCUMBLX HOPMAAbHOIX nodzpynn  p-paspeuwsumol zpynnst G.
Tozda C;(R)=R.
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Paccmorpum dopmaitmio *  BeceX KBasHHMJILNOTEHTHBIX
rpynn. [pynna M HasbiBaeTcsi KEASUHUALNOMEHMHOL, eCIH
Cu (H/K)YH=M pns mc6oro raasHoro ¢akropa H/K rpyn-
net M. Uepes F*(G) obosnavator *-pagukan rpynmbl G.

HerpyaHo sameTutb, 4yTo ecau S—HeabejeBa IpocTas
rpynna, To ¢opmauus formS panvkanbHa H - COCTOHT H3
NpSAMBIX NPOM3BEJeHHUI rpynn, H3oMoppubiXx S. MoxHO moka-
3aTb, 4TO N* HMeeT pajAMKaJbHbII KOMNO3HLHMOHHBIH 3KpaH f
rakofi, uto f(p)=® mis Joboro npocroro p, f(S)=formS
ans o6oi HeabeJieBOH. NPOCTOi TIpyMbl ’

Tak Kak N*—pajauKaibHas KOMIO3HIHOHHAs (opMauus,
To M3 TeopeMbl 15.17 B KayecTBe CJEACTBHSI BBITEKAeT CJe-
AyIOIHUA H3BECTHBIA PE3YJIbTAT. N

15.22. Teopema. [Jaa amoboii epynnoe G umeem mecmo
C; (F*(G)) = F (G). :

Ilycts R =F*(G). Xopomo wussectio, uro R=F (G)D,
rie D=R*=D’', F(GnD=Z(D), [F(G), D]={l} u
D/Z (D)—npsiMoe npousBefieHHe HeaGeJeBbIX MPOCTHIX rpymi.
Kpome Toro, Z(D)=Z(R)NR' = ® (R) = @ (G). B uactHo-
cru, ecau @ (G)={1}, To F*(G) coBmajaer C LOKO/EM
rpynnbl G. Mbl HCIO/b3yeM 3TOT (pakT A/Isi BbIBOAA CJIEAYIO-
liero pesysprata u3 tecpemsl 15.22.

15.23. Teopema. [ycmo F (G)/® (G)—yokors epynno.
G/® (G). Toe0a Cq(F (G)) =F (G).

NoxkasareabcrBo. Ilyerb F(G)=R, C=Cg(R).
Tak xak G/®(G) u R/D(G) uMeloT eJMHHUHYIO NOArpynimy
®partunu, 10 F*(G/® (G)) = R/® (G). Beuay Teopemsl 15.22
C6)/D (G)=F (G/@(G)) = F (G)/@ (G). Ho rorna C<=F (G).
BBHAY Teopembl 4.2 u3 [107]. Teopema jokasaHa.

§ 16. [1Ba npHJoKeHHs F-HOPMAJH3ATOPOB

Bce paccMarphBaemble B JaHHOM naparpade KJjaccel rpynn
NPeANoaraioTcs BXOASIMMH B KjaacC KOHeuHbX rpynn ©

Mpumenenne §-HOPMAIH3ATOPOB AJs HAXOXKAHHS &-npo-
€KTOPOB.

16.1. Jlemma. ITycmo f— maxcumarououli 6HympenHUl
noKkanvbli skpan popmayuu , u nyems G =HP, 20e H €,
a P— nexomopas Hopmarsras p-nodepynna G. Toeda nod-
epynna HC,(H/P) agasemcs §-npoexkmopom epynnol G.

HokasareabctBo. Ilyers C=C,(H/?). Ilokaxem,
dro HC € . 3amerum mpexje, 4TO MOCKOJbKY /s J1060ro
"€ H umeer mecro Ct=C »((H/'")%) u P HopmaibHa B G,
ro C—muopMmaibHasi nogrpynna B CH. IlonsitHo Takxe, 4To
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nopmasbia B HC wu noarpynna Hr» . ®dakroprpynna
HC/H‘P comepKUT HOpPMa/bHYIO p-TIOArpyniy CH/ ‘P |H/ ‘P,
npuyem

(HC/H! »)/(CH/ (»/Hf Py ~ HC/H/ ‘P'C ~
~ H/((HnC)H'*» € f (p).

Snaunt, HC/H/® €N f(p). o caencrsuio 8.6 N,f(p) =
=f(p), u nNO3TOMY I-fC/H/,‘P)ef(p). Jlerko BHWAETb, UTO
H/® = F, (HC). CrenoBareinHo, HC/F,(HC)E [ (p)-

[lycth g— NpOM3BOJIbLHOE YHCJIO M3 T (HCO)N{p}- Tak kak
C —p-rpynna, To F (HC)=F,(H)C. CnenoBaTe/bHO,

HC/F,(HC) = HCIF , (H) C = H/(H N C) F, (H).

Tak kak H €, 1o H/F,(H)€ [ (p). 3nauurt, HCIF,(HC)€
€f(p). Wrak, HC/F,(HC)€f(t) npu Jio6oM ten(HC) n
nostromy HC €.

Ilycrs Tenepp HC=FeE®F. Tak Kak G=PH, 10
F=H(FNP). C npyro#t CTOpOHBI, HOCKOJBKY Fe®, mo
F/O,. (F) € f (p). CnenoBarespno,

F/O,. (F)(FNP)=H (F N P)/O,. (F) (FNP) =~
~ H/(H 0 F 0 P)O,. (F)=H/(F N P) O, (F) €f (p);

u nostomy H/ ' = (FnP)O, (F). Ho Hs® —p'-rpynna.
3uaunt, H/» = O, (F). Takum 0GpasoMm, FnP<=C. Cae-
gosarenpHo, HC=F. Tlocnennee B CHJYy TEOPEMBI 11.22
osnauaer, uto HC —-npoekrop G. Jlemma JoKasaHa.

16.2. Teopema. [Tycmo &—s0KkarbHas popmayus,
H —§&-nopmaausamop epynne. G. Toz0a ecau F-Kopadukar
epynno. G p-paspewsum OAs 6CAK020 RPOCIO20 HIUCAA pE
en@nn(G:H|), mo e epynne G cywecmsyem g-npoex-
mop, colepacaujuti H

lokasatennctno. Ilycrs o=n@nn(G:H|) n

G=M,oM,>...oM;=H, t=0,

rae M;,—MakcuMmasbHas &-KpHTHUECKas NMOArpynna rpyribl
M;_y, i=1, ..., t. BBuay JemMMbl 4.4 xuuru [107]B M;_,
HalileTcsl Takas {y-IpelesbHas HOpPMaJjbHas MOArpynna R;
yro M;,_,=M;R; u n(R)=a(R/R;ND(H;_1)): Ilo yciio-
puo rpynna G¥ o-paspemmma. 3HAYHT, Kax bl G-ryias-
Hblit dakTop us G¥ sBaserca JuGO p-TPYNNo# JyIsi HEKOTO-
poro p €, au6o o’-rpynnoii. Tak Kak MOpsJOK KaxJIoro
rJiaBHOTrO (paktopa Ipynmel R; AeJMT MOpPsAOK HEKOTOpOro
G-raasroro dakropa u3 G¥, 10 R; ABIAETCS aubo p-rpyn-
nofi st HEKOTOPOro p € ®, Ju6o o'-rpynno.
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Iycrs f—MakcumanpHbii BHYTPEHHHH JIOKaJbHbIA 3KpaH

Gopmanun §. Ionoxum F,=H. Ilpuie{l, ..., t+1} no-
p
JIOXKHM
P FiCr,_, ,(FI9), ecin R;_;,,—w-rpynna
7\ Fien ecid R;_; ,—®’-rpynmna.

[Tokaxkem uHAYKUMEH no i (I1<i<t+1),uyr0 F;—F-npoek-
T0p B HR;...R;_;,. OCHOBaHHE WHIYKIHH TPHBHAJILHO.

Honycrum, uto F,—npoektop B HR;...R; 4., ¥ KE
€{2, ..., t}. Ilokakem, uTo noarpynna F,,, siBasieTcs
&-IPOEKTOPOM TpyINIbL FuRi 1. Ecan R;_,,,—o-rpynna,
TO R;_j+1 ABJSETCS NPHMAPHOM IPYNIOH, H NOITOMY Fjyq=
=FkCRt_k+1(F£‘P’) SIBJSIETCS ¢§-NIPOEKTOPOM B F,R; ., 1O
Jemme 16.1. Ilycte R;_,,,—o’-rpynna. Ipeanonoxum, uto
Ri 41 SUSFRy 4y v UIU,EF. Tak kak H <= F,, 10
KaX/IbIH NPOCTOH AenuTens yncaa |Fo Ry ,.q:F,| He BXoaHT
B nu(F). Ho F,€F u nostomy F,— i (F)-xomI0BcKast noj-
rpynna B rpynnax F,R,_,.,u U. 3nauwur, FUUy—n (§)-
XoJasoBcKas noarpynna B U/U,. Tak kak U/U,€F, 10 no-
caepnee osHagaer, uro FUy/U,=U/U,. CienoBateibHo,
FUo=U. Takum o6pasoM, F,,,=F,—&-npoektop B
FyRi g1

LlokaxeM Tenepn, 4to Fj, ;— F-npoektop B HR;. . .Ry_psq.
[lockombky F, siBAsiercs &-npoektopoM B HR;...R;_p.,, TO
no Jgemme 11.11 FRy ,.,/R;_,.,—&-NpOEKTOp rpymbi
HRy...Rt_ps1/R_p+1. Ho FyRi_ 1= Fpi1R4_ 1. Tlo3TOMY
FreaRt_p41/Ri_p 4, ABASIETCS F-npoexTopoM rpymnsi HR,. . .
-+ +Ri_p41/Ri_g41. Tlpu o10M F,, —F-npoexrop B FuR_ g4
3nauut, 1o Teopeme 11.12 F k+1— ¢-MPOEKTOP IPYMIIBL
HR;...Ry_ ;1. K 31OMY oOCTaercs auuwm J06aBUTh, 4YTO
HR,...R,=G. Teopema fokasana.

JAononHenHs K HOpMaJbHLIM nogrpynnam. 16.3. B xan-
HOM pasjie/ie Mbl IOKaXKeM, KaK CBOHCTBA gy-HOPMaJH3aTOPOB
MOTYT OBITb HCNOJIB30BaHbI MPH OTHICKAHHH JONOJHEHHH
K HODMQJIbHbIM MOATpyNNaM KOHeYHbIX rpynn. Hanomuum,
4To mnoArpynna H rpynnei G HasbBaeTcsi fi-JONOJHEHHEM
k noxrpymne K, eciu HK=G u |HNK| ue meanrcs Ha
yucaa u3 n. Ecam n=a(G), to m-zonoanenne k K B G
SIBJISIETCS JONOJIHEHHEM.

Ilyctb  §—dQopmauns Bcex n-pas/oKHUMBIX KOHEUHBIX
rpynn. OHa uMeer JOKaJbHbIH 3KpaH [ TaKOH, 4TO fp)={1},
€Cn pE®, a npu gE€n’ Qopmauus f(g) cosnapaer c ¢op-
Mauuedl BCeX KOHeYHHX m'-rpynn. HerpyaHo nokasatb (cM.
Teopemy 21.1 wus [107]), 4t0 §-HOpMaiH3aTOp KOHEYHOH
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n-paspemnMolt rpynnbsl G HopManusyer Takyio C-chcremy 2
rpynnbl G, 4TO KaX[AblH 3/1eMeHT u3 X siBAseTcs Ju6o IpH-
MapHO# m-rpynmno#, Jau6o n’-rpynnoii. Mcnons3ys srot dakr,
CTaHJapTHHIMH METOJaMH (CM. JOKas3aTeabcTBO Teopembl 21.1
u3 [107]) nokassiBaercs, uro N;(Z) NOKpeIBaeT KaxAbld
§-1eHTpabHbIl I1aBHBIA (akrop rpynnel G, He IOKPHIBaeT
HH ONHMH §)-3KCUEHTPaJbHbIH [JaBHbH ¢aktop G u n30/H-
pyeT Bce §)-3KCIEHTpasbHble IVaBHble fi-pakTopbl rpynmsl G.

16.4. Jlemma. ITycmv K —nopmasvnas nodepynna Ko-
Heuroli epynnor G, = —nexomopas cucmema nodepynn us K,
L=0,.(K), u nyemo Ng,L(ZL/L)=N g (Z)L/L. Toeda ecau
cunosckas p-nodepynna u3 Ny, (EL/L) donosnsema 6 Heko--
mopoi curosckoti p-nodepynne ud Ng/ (XL/L), mo curosckasn
p-nodepynna u3 N (2) donoansema 8 HeKomop ot CUA0BCKOU
p-nodepynne u3 Ng;(Z).

HokasatenbcTBO. PaccMoTpuM roMoMopgusm

¢: x—>xL, x€Ng(2),
noarpynnst N (2) Ha N (2) L/L. OueBupno,
@: Ng(Z) — Ng (Z) L/IL =Nk (BL/L).

[Tycts P—cuiioBckast p-noarpynna u3 Ng(Z). Torna PL/L—
cuJoBcKasi p-noarpynna B Ng, (2L/L). Ilpeanonoxkum, 4ro

PL/L=(A/L)(B/L), AnB=L,
rae B/L—cunosckas p-noarpynna u3 Ny (ZL/L). Toraa
PL=AB, P=A,B, A)L=A, B,L=B,

npuueM B, = Ny (Z)L =K. Hs B, =P = Nj(2) BbiTekaer
B, =Ny (2). Orciona u us toro, uro B, L/L— cuaoBckas
p-noarpynna B Nk (Z)L/L, Beirekaer, uto B,—cHJOBCKast
noarpynna B Ng(2). M3 AnB=L crenyer A,NB,={1}.
JleMma pmokasaHa.

16.5. Jlemma. ITycmv §—rokasvras ¢opmayus, K —
HopmarbHas nodepynna Kouedrod epynnet G. [ycmo K8  p-
paspewsuma u X — Hekomopas murumassnas C-cucmema us K8 .
Ecau nodepynna G,NK aberesa u Oonoansema ¢ G,, mo
cunrosckas p-nodepynna u3 Nk (Z) abesesa u O0NOAHAEMQ
6 Hexomopoil cunoeckoll p-nodepynne u3 Ng(Z).

HokasateabcrtBo. Ilyetre L=0O, (K). Toraa
SL/L—wmunumaibHas C-cucrema (K/L)® =KSL/L, npuuem
Ng; (EL/L)==Ng4(Z)L/L. HerpyaHo nokasaTb, 4TO0 H3 JO-
noausieMocty  G,NK B G, clenyer JONOJHAEMOCTb
(G,NK)L/L 8 G,L/L. Ecnin L=~{1}, 10 Jemma ans G/L
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BepHa no uHaykuuu. Ho Torza mo semme 16.4 oHa BepHa M
s G.

[ycrs  Tenepp O, (K)={l}. Tlo yciosumo G,=
= (G,NK)»C. 3apukcupyeM HEKOTOPYIO CHJIOBCKYIO p-TIOA-
rpymny N, u3 N=Ng;(Z). He orpannuyuBasi OGLIHOCTH, 6y-
neM cuutath, 4to N, = G,. Torma N, sBasercs CHJIOBCKOH
p-nofrpynno# B Ng,k (2). 3nauut, H3 CNpaBeNJHBOCTH JEM-
Mbl 1 G K BhiTekaer ee crnpaBesiuBocTb M Aas G. [TosTomy

‘cumraeM, uto G =G, K=CK. Tak xak O, (K)={l} u K¥

coracHo caeactsmio 5.11.1 u3 [107] umeer p-pauny <1, TO
G,NK® nopmanpno B G. Ilycrth 7—MHOMXECTBO BCEX TeX
p€n(K%), nna xoropuix K& p-paspemnma. U mycrs ) —
dopmanns Bcex m-pasnoxumbix rpynn. Ecmn K¥ = §, 1o
torna N;(2)=G, u nemma Bepua. Ilycrs KSZ§, Torza
(K®)® 5= {1}. Tak kak O, (K)={l}, To orcioga caenyer,
yro p neaut |(K?®)®|, a 3mauur, cymectByer MHHMMAaJbHas
HOpMasibHas p-noprpynna L us G, coxepxkamasicst B (K¥)®.
I[To Teopeme 11.6 uz [107] L ne Moxer GbiThb §)-THIEPLUEHT-
pambhoit B K%, 3maunr, K¥-riasusle QakTophl L ABJSIOTCS
$-skcuentpanpubiMa B K8, Ho Torma corsiacHo c/ie/laHHOMY
paHee 3aMeyaHHIO NKg (2) msosupyer L, T. e.

Ng(Z)NL =N,z E)nL={1}.

PaceMorpum  dakroprpynny G/L. Ilokaxkem, 4ro yciaoBHe
Jemmbl Iis G/L BBHINOJIHSIETCS:

G,/L=((G,nK)/L)(CL/L),
(G,NK)NCL=((G,nK)nC)L =L.

3naunr, a1a G/L nemma BepHa no MHAYKIMH. TakuM obpa-
30M, cujoBckas p-moarpynna u3 Ny (Z)L/L nonosnHsema
B HEKOTOpoil cHJIOBCKO# p-moxrpynne u3 Ng(Z)L/L. Pac-
cMoTpuM orobpaxenue ¢: x+—>xL, x€N;(Z). Tak Kak
Ng()nL={1}, To p—wusomopdusm N (Z) Ha Ng(Z)L/L,
npu KotopoM N (Z) mepexomutr B Ny (2)L/L. 3nauut, u3
CnpaBelIUBOCTH JieMMbl Jnss (/L BbiTeKaeT ee CIpaBelIH-
Boctb H 1nis1 G. JleMMa jokasaHa.

16.6. Jlemma. [MTycme §— aokaronan ¢opmayus, K —
HopMasbHas nodepynna Koneurod epynnet G, K3 mu (&)-paspe-
wuma u 028 HEKOmopozo npocmozo p, Oeafuwseeo nopA0oK
K-npoexmopa T wus K, esnoansiomea credywouyue Yca06UA:

1) K8 p-Huasnomenmna,

~ 2) G,NK aberesa u donosnsema 6 G,
Tozda cunosckasn p-nodepynna T, uz T Oonoaxsema 8 HeKO-
mopet curosckot p-nodepynne N, us Ng(T).
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Hokasateanctso. Ilyerb N=Ng;(T). Ilpeanosno-
xuM, uro L=O0, (K)s£{1}. Ecan P—jononHesue X
G,NnK B G,, To AcHO, uto PL/L.— nononHenxe K (G,nK)L/L
B G,L/L. Tak kak pana G/L neMva BepHa IO MHAYKIHH, TO
T,L/L wveer pononnenue C/L B CHJIOBCKOH p-moprpynme
R/L us Ngir(TL/L). Tax xkak mno Teopeme 15.7 u3 [107]
%-npoektopsl B K conpskens, To T mporopmanbia B G, a
3nayut, 1m0 JemMe 17.5 u3 [107] mmeer Mecto paBeHCTBO

Ng (TL/L)y=NL/L.

3naunt, R/L MoxHOo npefcrtaButh B Bule R/L=N oLIL, rTne
N ,— Hekotopas cusoBcKas p-noarpynnaus N. Hs L=Ce=N, L
crenyer, uro C=C,l, rne C,=CNN,. Wraxk, T,L/L nmeer
pononnesne C,L/L B N,,L/Lp, npuueM |N,|=1C,|-|T,|
Hoarpymna T, conepxutcs B nepecevernu N LNN=N,(LNN).
3HauuT, 415 Hekoroporo x € L N N umeer mecro T, = N =N,
1. e. N¥—cunosckas noarpynna us N, npuuem NiL=N,L.
[TosTomy, He orpaHHuMBasi OGLIHOCTH, GyJeM CYUHTATh, UTO T,
conepxurcs B N, '

[To nemme 15.3 u3 [107] T sBasiercs It (F)-X0NNOBCKOH
noxrpynnoit B NN K, a snauur, T, saBJsercs CHJIOBCKO# TTOR-
rpynmoit B N N K. Orciona sakumouaeM, uto T,=N,N (N N K)
HopmaseHa B N,. 3uauwur, T ,C,—mnoarpynna u3 N,, a Bero-
munasi pasenctBo T,C,L=N,L u |N,|=|C,|-|T,|, nony-
vaem, yro N,=T,C, CpnT,,—_—{l}.

[Tycts Teneps 0, (K)={1}, 1. e. K% sBnserca abesneBoit
p-rpynnoii. Bynem cunrars, uro K%=£ {1}, Tak kak mpu
K% = {1} nemma Bepna. Ilo Teopeme 21.10 u3 [107] T s-
nsercs nononHeHueM Kk K% B K, npuuem T —F-HopMasnsa-
top K. B paccmatpuBaemom cayuae K sisiserca m (F)-rpyn-
no#, a noromy N (T)=T. Ho Torna

G=NK? NNKS=NNKNnKs=TnKs={1},

t.e. N—nononnenue x K% B G. Orobpaxenne ¢: x+—>xK7,
rie x€ N, sBasercs usomopdubnM orobpaxkennem N na G/K?,
nepesojsmum T B TK?%/K% = K/K%. Tlocko/bKy CHJIOBCKas
p-noarpynna u3 K/K? ponoiHsieMa B CHJIOBCKO# p-mioArpymme
u3 G/K?, To u3 ykasaHHoro usomopdus3Ma BHITEKaeT HOMOJ-
usieMocth T', B CHiIOBCKO# mojrpymnme us N. Jlemma okasaHa.

16.7. Teopema. ITycmo §¥— roxkarsras gopmayus, K —
Hopmansras nodzpynna xoweunod zpynnst G, T —F-nopma-
ausamop u3 K, npusem nodepynna K* sersemcs wu(%)-pas-
pewunmoii. IMycmo, daree, drs aobozo p € nu(T) N 5 (G/K) noo-
epynna G,N K aberesa u donoansema 8 G,. Tozda K o051a-
daem 7 (F)-0onoanenuen 6 G.
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INokasaTtenabcTBo. Beuay cnexcrsus 21.5.1 us [107]
HaiilleTcsl Takask MHHEManbHasi C-cucrema 3 rpymmsi K8, uto
T sBaserca -npoektopoM B N (). Ilyere N =Ng(2).
[TockonbKy Jro0ble J[Be MHHHMAaJIbHbIE C-cucremsr B K% co-
npsixkenbl, T0 G = NK?%, a snauur, K = (N N K) K?. [losromy

K/K¥~NnK/NnK? €F,

OTKyla cJelyeT crnpaBeaiuBocTh BKioueHns (N NK)? =
= NNK3. To aemme 20.4 uz [107] noarpynna N nK® ss-
nsercsa 7 (F)-pasnoxumoi. Takum o6pasoM, NNK umeer
7 (F)-pasnoxumeiii  F-kopaaukan. ‘Ho Toraa BBHAY TeopeMbl
21.5 us [107] &-nopmanusaropsl rpynnel N N K cosnajaior
c ee &-npoekropamu. CnenoBarenpHo, T siBJsieTCsi OJHOBpe-
MeHHO H F-mpoeKkTopoM H &-HopMaiuzatopom B NN K. Us
G = NK BeITeKaeT coBnajenue unjekcoB |G:K | u |[N:NnK]|.
Orciona ¥ u3 Jemmbl 16.5 BheITEKaer, 4TO YCJIOBHE TEOPEMBI
BLINOJHSAETCS MJsi rpynnbsl N, ee HOpPMaJbHOH MOATPYMNIBI
NNK u noarpynnsl T, siBAsouleicst gF-HOpPManM3aTOPOM
B NNK. Eciu N 5= G, T0 o HHAYKIMH Teopema BepHa wisi N,
a 3uauut, BBUAY G=NK u n1a G.

IMycts N =G. Torna K% n(F)-pasnoxuma, a T siBJsieTCst
OJHOBDEMEHHO H §}-HOPMAJH3aTopoM H g-mpoektopom B K.
[To nemme 16.6 ans moGoro p€n=n(T)Nn(G/K) cunos-
ckasi p-moarpynna us T aGeseBa W JIONMOJHsIEMa B CHJIOBCKOM
p-noarpynne us Ng (T). [To nemme 15.3 u3 [107] T sBasiercst
7t (F)-xoanosckoit noarpynmnoit B Ny (T'). Takum 0Gpasom, Mbl
TnoJiyyaeM, uto Ajisi JIo6oro p € T CHJIOBCKasi p-MOArpynmna H3
Ny (T) aGeseBa M JONoJHS€Ma B CHJIOBCKOH p-TOATPYINNe H3
Ng(T). Ho Torza no rteopeme 11.3 uz [107] Ng(T) obGna-
naer m-pononnenueM S B Ny (T). 3uauut, Ng(T)=SNy(T),
npudeM SN N (T) sBasercs s’-rpynmoii. Ilycte D-—Hau-
MeHblIAsi N0 BJOMEHHIO NOATPYNNa, CoAepamasca B S H
ynoBnersopsiomas paseHcTBY N (T)= DNy (T). Jlemma 11.2
u3 [107] u ToT (aKT, uTO BBHAY CONPSNKEHHOCTH -NPOEK-
topoB umeeT MecTo G =N (T)K, npHBOAAT K CJeAyiolleMy:

(D) =7t (N (TN () = 7 (GIK).

Kpome toro, G =DK, npuuem DK sBasercs n'-rpynnoi.
ITycrs npocroe uucao p€n(F) npenur |DNK|. Toraa p€
€7 (G/K), a rak kak DN K = Ny (T) u T sBaserca n (F)-xoi-
JoBcko#i moarpynnoit B Ny (T), to p€n(T). 3HaguT, pE .
Ho sto nporusBopeunt Tomy, yro D K—mn'-rpynna. Crexo-
BaresibHO, D— i (F)-nononnenne k K B G. Teopema nokasaHa.
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3ametuM, uTo ecan F 2= N, To B ycIoBHSAX Teopemsl 16.7
noarpynna K nononusieMa B G.

16.8. Teopema. [Tycmo §F—aokarvnas ¢opmayus, co-
Oeporcaiyasn 6ce KOHedHole Huabnomermusie epynnot, K—Hop-
maavras nodepynna Koxeuroti epynnet G. ITycme K3 paspe-
wuma u T—ee cucmemnvii Hopmarusamop, u nycmo 0as
ar06oeo p € nu(T) curosckas p-nodepynna us K3 aberesa. Toeda
K? o6aa0aem Oonoanenuen 6 G.

HokasartenbctBo. [lycts D—§-HopManusaTop rpyim-
net K. Tlo Teopeme 21.5 u3 [107] cyuiectByer Takasi CHJIOB-
ckas cucrema 2 rpynnsl K%, uro D siBasiercsi &-IpoekTopom
B N, (Z), npuuem T coBmajaer ¢ HOPMATH3aTOPOM CHCTEMBI 3
B K?%. 3nauwur,

DNKE=N(E)NKZ=T.

Tak xak ais moboro p €n(T) CUOBCKAasi p-NMOATPYMNNA U3
K?% aGenesa, To cornacho Teopemam 11.6 u 21.1 us [107]
DNK?% ects o' (T)-rpynna. Takum obpasom, DN K% ={l1}.
YuureiBas Tenepb paBeHcTBO K = N (2) K%, umeem:

K/K3 o Ny (S)/Ny (2) N K5 = Ny (S)T €.

Orciona caenyer, yto &-kopamukan rpynnst N (2) cogepxurcs
B T. BBuay ycnoBust T aGenesa. 3Hauut, no teopeme 21.10
u3 [107] - D sBasiercss nomonnenueM K (N (2))¥ B Ni(2).
A rak xak DNT = DN K% = {1}, To DNT = {1}, u nosromy
&-kopanukan rpynnsl Ny (2) cosnamaer c T.

Tak kak §F =29 u D—F-npoekrop B Ny (Z), T0 no JiemMme
15.3 u3 [107] Ngz(D)NNg(Z)=D. BBuay conpsikeHHOCTH
&F-npoektopoB B Ny (Z) umeem:

Ng(Z)=Ng(D)NNg(2)) Nk (2).
Kpome toro, G =N (2) K¥, Ny (2)=T x D. Takum o6pasom:
G=(Ngz(D)nNg; () K7,

K3 0 (Ng (D) N Ng (2)=K7 (N (D) N Ny (£))=K? n D=(1}.
Teopema nokasana.

16.9. Teopema. [Tyemv K— paspewsumas HOPpMANLHAS
nodepynna KoHedroil epynnor G, u nycme T — cucmemuoil
Hopmarusamop epynnot K*. Ecau 045 awbozo p € 7 (T) curos-
ckas p-nodepynna uz K® abeaesa, mo nopmarusamop 6 G
cunrosckotl cucmemol nodepynner K aersemcs Oonoaxeruem
k K* ¢ G.

HdokasarteabcTBo. Ilycth X-—cCHJOBCKAas CHCTEMA
rpynnet K. UsBectHo (cm. semmy 20.5 u3 [107]), uto = siB-
JISIeTCA PacIUMpeHHeM HEKOTOPOH CHJIOBCKOH CHCTEMBI X, MOJ-
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TPy K2, He orpaHiyuBas o6mHoCcTH, GyAeM CUMTaTh, 9fo
ecte Hopmanusdatop X; B K®. Ilycte D =Ny (2). fcHo,
yto D copmepxurcs B Ng(2)) u

DNK*<= Ny (E)nK2=T.

INpumenss rteopembr 11.6, 21.1 u 21.12 us [107], Buaum, uro
|DNK*| ne nenurcs Ha uucna u3 n(T). Takum o6pasom,
DnK* ={l}, r.e. D aBasercs mononuenueM Kk K®* B K. Or-
Cio/la, ucrnosp3yst paBeHcTBo G = N;(2) K, noaydaem

G=Ng;(Z)DK® =N, (Z) K®.

Kpowme Toro, Ng(Z)N K% =Ny (Z)n K% =D n K% = {1}. Teo-
pema JoKasaHa.

§ 17. KommeHnTapuu

17.1. &-NpOEKTOPHl KOHEUHBIX TPYNN HHOTAA HA3HIBAIOT
&-nokpriBaloumK  oarpynnama (cM. [140]), coxpansisi npu
3TOM TEPMHH «FF-IIPOEKTOP» JJisi TMOATPYII, HA3BAHHBIX HAMH
F-nonynpoekTopamu.

17.2. Tlpumep 11.3 paccmorpen Brepsbie B [118].

17.3. Teopema 11.20, pemma 11.21 u Teopema 11.23 no-
KasaHel JpHKCOHOM [140] Ansi Kaacca KOHEYHBIX rpymm.

17.4. Jlemma 11.26 npunamnexur Xynnepry [163].

17.5. Cnenyromas teopema npusejena B MoHorpaguu [107].

Teopema. I[Tycmp & —a0karvras Gopmayus KOHeuHbix
epynn, G—ronednan epynna ¢ nu(&)-paspewumoin F-kopa-
Oukanom. Tozda awbvie dsa F-npoexmopa epynnet G conps-
HCEHOL.

17.6. Crenymoowu#i npumep NOKashBaeT, 4TO HAXOLACH
B yCJOBHAX TeopeMbl 16.2, 10Ka3aTh CONPSIXKEHHOCTb g -NPO-
€KTOPOB HeJIb3sl. :

[Ipumep. IMycts § =G, —dopmanus Bcex m-rpynm, Tie
n={2, 3}. llycrb G~PSL (2, 7). Toraa B G cyleCTBYIOT
ABa KJjacca CONpSIXKEeHHBIX NMOATPYNI, H30MOP(HEIX CHMMETPH-
YeCKOH rpynme 4-i CTeneHH U SIBJSIOIKXCS OJAHOBPEMEHHO
&-npoekTopamu u F-Hopmasusaropamu G.

17.7. Tlopanre6per A u B anreGpst G HasoBeM asmo-
Mmoppro conpsamcerromu B G, ecii JJIsi HEKOTOPOTO aBTOMOD-
¢dusma a anre6per G umeer mMecto A%*= B.

[Ipo6aema. Ilycrs & = X, rue X —Hekoropasi Hacjef-
CTBEHHAs MNONypOpMaLMsi Pa3PElIMMbIX MYJbTHKOJIEL, g —
Henycrasi HachllleHHass B X ¢opmauus. M nycrs A u B —
&-npoekTophl MyJbTHKOMbLA H € X. Bepno au, uto A u B
aBTOMOp(HO compsizkeHH B [H?
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17.8. Tlyets §—npoussoaphbii kaace  anre6p. IMopan-
re6py H anre6pnl A nasosem &-unvexkmopom, ecnu HNT—
%-Maquumanbﬂa B A ana oot HOpMasbHOH mopanreGpsl
T un3 A.

[Tonanre6py H anreGper A nasoseM &-6uexmopom, ecin H
OJHOBDEMEHHO SIBJISIETCS] F-NIPOEKTOPOM H F-HHBEKTOPOM B A.

IIpumep. Ilycrs 9 ,—knacc Koweunslx p-rpymm, A —
NpOH3BOJIbHASI KOHeuHast rpynna. Torja BcsKas CHJOBCKAst
p-nonrpynna A sBasictess ee N p~OHEKTOPOM.

17.9. Tlopanre6per A u B anreGpei H HasoBeM H300p -
HbIMH, ecan |A|=]|B]|. :

B. C. MonaxoB [51] nokasan cienyomyio TeopeMmy.

Teopema. Iycmo X — nacredcmeennoil Kaacc KOHE4HbLX
epynn, o6.radatouquti credyrowumu ceolicmeamu: 1) N, = X daa
écex maxux p€n(X), 0132 Komopeix Hekomopas epynna no-
padka p npunadsexwcum X; 2) X-6uekmoper us00poHoL 8 mex
KOHedHbix epynnax, ede oHu cywjecmeyiom. Tozda X— kaacc
~6cex epynn, aubo Kaacc edunuunolx epynn, au6o X=N, 02
HeKomopo2o npoctmozo p.

17.10. HanomuuM, 4To $-HOPMai¥3aTOPbl KOHEUHBIX Pas-
peliuMbIX TPYII B c/yyae, KOTAA g — KJAAcC HHJIbNOTEHTHBIX
TpyIi, COBNAJAIOT C CHCTEMHbIMH HopMmanusatopamu @. Xosia
(cM. . 4 kuuru [107]).

17.11. Tlonsithe -HopMasnusatopa GbIO BBEIEHO B pabo-
tax [130, 181] 15 k/iacca KOHEUHBIX pa3pelIMMBIX TPYNN H
AJIst OJHOTO KJlacca JIoOKa/lbHO paspeliuMbix rpynm. IToHsitue
&F-HOpMaJIH3aToOpa pPaspeinMoil KOHeYHOMepHOH anre6ps Jlu,
a TaKxke CBOHCTBA TakKHX noja/ire6p uayueHh B pabore [180].

17.12. B pa6ore [109] JI. A. IlleMeTKOB BBOAHMT MOHSTHE
&-HOpMa/IH3aTopa NPOM3BOJLHOH KOHEYHOH TPYNNEI H IOKa-
3bIBA€T, YTO W B NPOHM3BOJbLHBIX KOHEYHBIX IpyMNmax g-Hop-
MaJ/Ii3aTopbl 00/MajaloT PSIOM BaXKHBIX CBOHCTB. Tam ke
JlokasaHa ciefyouas teopema (cM. reopemy 21.4 xkuuru [107]).

Teopewma. ITycmo F—rokarenan Gopmayus KoHeuHbix
epynn, G—koneunas epynna ¢ w (F)-paspewumsin F-xopadu-
karom. Toeda awbeie dsa F-nopmarusamopa epynnet G co-
npAgKCeHsL. .

17.13. Onpenenenne 12.7 F-ueHTpajibHOro U F-3KCUEHT-
pajbHOro HOpMaJbHOTO (pakTopa BOCXOAMT K pabore [117].

17.14. Teopewma. I[Tycmo f—enympennuti X-snparn gop-
mayuu mysomuxorey %, H/K — erasnoui gpaxmop ¢-paspeusu-
Mmoeo myrvmurorvya A€ X. Toeda credywoujue Ycaous aKeu-
BANCHMHbL:

1) gakmop H/K §-yenmpanen 6 A,

2) ¢akmop H/K f-yenmpasen ¢ A.
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Hokasatenbcrso. Ilyere C=C,(H/K) uw D=
=H/Kx A/C. Jonyctum, uto D € F. Ecan dakrop H/K dpat-
TUHHUEB, TO 10 ycnoBuw H = C. 3uauur, Cp(H/K)=H/K,
u nostomy A/C € f(H/K). Ilyctb dakrop H/K HedbparruHHeB
¥ M—rakas MakcuMaiabHasi B A mopanreGpa, uto K= M,
Ho H & M. Toraa no nemme 12.8 A/M,€F. Tak kak npu
stom dakrop H + M, /M, nepcnektuBen dakropy H/K, 10
EBHAY JeMMbl 2.8 :

C=C,(H+MyM)y),
(AIM 2)/Carm y (H+ My M ) = (A/M )/(CIM ) ~
~ AJC € f(H+ MyM,) = (HIK),

T. e. dakrop H/K f-uentpanes B A.

[Ipennonoxum Tenepn, uro umeer mecto 2). Ecau dakrop
H/K A-abeneB, t0 wupmean H/K f-uentpanen B D. Ho
D/(H/K) ~ A/C € f(H/K) = &. 3uauur, D € . [Tyctb aktop
H/K ne sBnsercs A-abenesbiM. Torga BBHAY YCJOBHS 3TOT
tdakrop HedparTuHueB. [lycte M —makcumasibHasi B A noj-
anreGpa, He mokphiBatomasi ¢akrop H/K. fcuo, uto M, = C.
Ecnin C=M,, 10 nockoasky A/C € f(H/K) =&, to nopan-
re6bpa M &-HopmansHa B A. CiefoBaTeNbHO, BBHAY JeMMbI
12.8 dakrop H/K &-uenrpanen B A. [lycts M ,4=C. Jlerko
BHJIETh, 4T0 C/M ;—MuHuManbHEIH uiean B A/M ,, oTiHuHbIA
or H-+ M,/ M,. 3nauur, no semme 11.19 nomanre6pa M/M ,
nonosnuser B A/M, oba upeana M,+H/M, u C/M,. U3
aroro cnenyer, uro M/M,€f(p) =& u A/M,—noanekap-
TOBO IMpou3BelileHHe MyJbTHKoNen (A/M)/(H+ M, /M,) u
(A/M )/(C/M ), npunapnexamux &. 3uaunr, A/M,€F, u
nostoMy ¢akrop H/K F-uenrpanen B A. Teopema goKkasaHa.

17.15. Tousitie F-npodpaTTHHHEBO! NoAANTeOPHl ABJISAETCS
Pa3BHTHEM MOHATHA NPOMPATTHHHEBOH MOATPYINLl KOHEY-
HOM paspemiumoll rpynnsl, BBefeHHoro lauwonmoM B pabo-
te [147].

17.16. B k/1acce KOHEUHBIX paspellMMbIX IPYIN H3BECTHHI
M ApyrHe MOAXOJbl B ONpeleseHHH &-NpodpaTTHHHEBHIX MOJ-
Tpynm, 3KBHBAJEHTHBIE B COOTBETCTBYIOU[HX CJydYasix oIpe-
Aenenuio 13.2 (cm., nampumep, [144, 158]).

17.17. &-npodparTiHueBE nOJANTe6phl KOHEYHOMEPHBIX
anre6p JIn usyvanucn B paGore [24].

17.18. OtmeruM, uto B OT/IHYUHE OT F-NPOEKTOPOB, F-NO-
JIy[IPOEKTOPOB M g-HOPMaJ/IH3aTopoB %-NpodpaTTHHHEBA MOA-
anre6pa He 06fi3aTe/IbHO NPHHAJIEKHT KAACCY 3. ITO NpH-
BOJHMT K CJeAyiolled 3ajaye.
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[Ipo6nema. OnucaThb YcNOBHS, MPH KOTOPHIX §F-NPO-
(bpaTTHHHEBB MOJAJre6pbl MYJbTHKOMbIA A NpHHALNENKAT
 KJacey .

B uactHOM ciyuae, Koria & —JoKaJbHasi (opmaiusi Ko-
HEYHBIX Tpynn, a G—KOHeYHas TPyMna ¢ PaspelnMbiM F-Ko-
pajuKaioM, 31a sajgaua pemena B. U. Toiiko [23].

17.19. B pa6ore [20] nokasaHa cjenyromas

Teopema. Hycmo §—a0kasvHan Popmayus KOHEUHbLX
epynn, G—KOHEUHAS 2pynna ¢ paspeluumsim F-KopaduKaiom.
To20a aoboie dee F-npoppammunueser nodepynnet epynnot G
COnPAdCeHbL.

17.20. Jlemma 14.8 npunagnexur Heckuncy [137]. Teo-
pembl 14.9 u 14.11 nokasauer M. B. Cesnpkunbim v B. H. Ce-
MeHuyKoM B paGore [60] msisi ciyuasi, Koria —./ioKasnbHasi
dopmauus.

17.21. § 15 noCBAIILEH H3JIOXKEHUIO DPE3yJbTAaTOB pPaGoThI
JI. A. lemerkosa [111].

17.22. Teopema 16.2 pokasana C. ®. Kamopuukosbim [33].

17.23. Teopembl 16.7—16.9 nokasausr A. I1. KapmMasuneim
u JI. A. [llemerkoBeiM B paborax [37—39]. B ykasanHbix
paboTax MOMKHO HAUTH MCTOpHUYECKHE CIPaBKH, a TaKke IpY-
rie NPHU3HAKH JONOJHSEMOCTH H 7i-JONOJHAEMOCTH HOpMaJlb-
HbIX MOATPYII KOHEYHBIX rpynn. B 3TuX pesyJsipTarax HapaBHE
¢ ycjoBueM abesieBOCTH NMPUMApHBIX MOATPYNN HCMNOJb3yeTcs
yCJIOBHE NpsIMO# Homosnsemoctd (moxrpymna A rpynner B
HasblBaeTCs NpsIMO JonosHsemoil B B, ecin B=AXC mia
Hekoropoit noarpynnsl C). B kauectBe uimocTpaunuu cgop-
MYJIHpYeM CleAyiolmuil pesyabrat paboTsl [37].

Teopema. ITycmo K — paspewsumas HOpMALbHARL 100-
epynna koneunot epynnot G, T — cucmemnblli HOpMQAU3AMOP
us K, a(T)Nn(G/K)=oU~. odepynna K donosnsema e G,
eCAU. BLLNOAHAIOMCS CAeOyiouie YCAOBUS:

1) daa ao6oeo p€c nodepynna G,N K aberesa u Oonoa-
Haema 8 G,;

62) 045 ar06020 q €T nodepynna G,N K npano donosnsema
6 G,. :

{7.04. OGBeKThl I'1aBbl 3 B KJacce TPYII H3y4aloTcs yxKe

JUIATENIbHOE BpeMsl, M 3JeCh HakomJeH O6OJbIIOH MaTepual.

-~ .)KejmaTeJbHO YrJIVOUTh H3yyeHHE 3THX OOBEKTOB MU JPYFUX

TUNoB anarebp. B wacrHocTH, Hepa3paboTaHHOH OCTaeTcs MOKa
TEMaTHKa, CBfA3aHHAsS C OTBICKAHHEM JONOMHEHH# K F-Kopa-
IukasaM aJjre6p JIu.



FTABA 4

®OPMALIUHU C 3AJAHHOH CUCTEMOH
NMOAPOPMALIMA

Bce paccmarpuBaemble B JaHHOH TIyiaBe TPYNNBI NPEANo-
Jaramrcsi KOHeyHeIMH. s cdopmauuil Mbl cOXpaHsieM Ty XKe
TEPMHHOJIOTHIO, KOTOpasl MCIIOJb3YyeTcsl /s TPy, COCTaB-
JsOMUX 3TH ¢opMauyu. Takum o6pasoM, pa3peliuMOd Mbl
OyleM HasbiBaTh BCAKYIO (JOpPMaLMIo, COCTOSILYI0 M3 paspe-
IUEMBIX TPYIN, HHUJBIOTEHTHOH —H3 HHUJBINOTEHTHHX TIpynn
HT. I

§ 18. MuHHMaJbHbIE JOKAJbHbiE HE $H-(POpMALUH

18.1. Tlycte ©® n Q—zBa NPOM3BOJILHBEIX KJjacca dopMma-
uuit. Popmannio F Hasosem Qe-kpumuueckoil, ecau F € O\ Q
¥ BCsiKast coOCTBeHHas1 O-noabopManysi U3 ¢ NMPHUHALIEKHT Q.

B cayuae, xorga €2—COBOKYNHOCTb BceX IIOJKJIACCOB
KJacca ajare6pauyeckux CHCTeM §), Qe-KpHTHUECKHE GopMaluH
Mbl OYyZieM HasbBaThb TaKkKe De-KpUMULECKUMU.

ITyctb © —COBOKYNHOCTL BCEX JIOKaJbHBIX (opMaiui
rpynn, §)—Inpou3BoOJbHEIE Kaacc rpymn. Toria §e-KpUTH-
yeckue (OpMauyM—3TO B TOUHOCTH MUHUMAAbHLIE AOKAAbHbLE
He H-opmayuu, T. e. NokaibHble (HOpMalHH, HE BXOJSIIHE
B &, HO Bce COOCTBEHHBIE JIOKa/bHbIE MOAPOPMALUH KOTOPBIX
BXOJAT B kJaacc §). Eciu ke O—coBokynHocTb Bcex ¢op-
Mauui rpynm, To §e-KPUTHUECKHE (POPMATIUHE — ITO MUHUMANLL-
Hole He §)-hopmayuu, T.e. hopMaLyu, caMd He BXOJsIIHE B &),
HO Y KOTODHIX BCe COGCTBEHHbIE MOAPOpPMANUU B Kiaacce &
CoZlepKaTcs. ' ,

18.2. Jlemma. ITycmv A — moHorumusdeckas epynna ¢ mo-
noaumom P. Toeda ecau P ¢ ®(A), mo form (A/P)—edun-
CMBeHHAA MaKkcumaronas nodgopmayus gopmayuu form A.

HNokazaTtenbctBo. OGo3HaunMm uepe3 @& GopMaLHio
form (4/P), a uepes §—copmauuio form A. Beuay cuexct-
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Bus 3.23, A_(E%. 3uauut, F < H. Mycte M — npousposbHas
cobcrBenHasi nondopmanus dopmanuu §. [Ipeanonoxum, 9ro
MEF u G—rpynna munumanseoro mopsiika H3 MN\F.
[pumensis Teopemy 3.37, BumuMm, uto G —roMoMOpdHBIH 06-
pas A. Ho A/P€®. Cnenosaressto, G~ A, 1. e. AeM.
IMosromy H =form A = IM. Dro nNPOTHBOPEUHT OnpejesIeHHIO
dopmaunn M. Takum obpasom, M = F. Jlemma JokasaHa.

18.3. Memma. MMyemo § u H—dpopmayuu, npusen
nokarbra u G—epynna MURUMAILHO20 nOpadKka u3 FNDH.
Tozda G monorumuuna, ee monosum cosnadaem ¢ G® u ecau
G® —p-epynna, mo G® = C;(G®)=F,(G).

HDoxkasartenncrtpo. Tak xak § u F—dopmauuu, To
G —wmoHosutHyeckass rpymnma c monostutoM G®. Ilockosbky
dopManust § JokanbHa, TO BBHIY JeMMbl 3.40 OHa HachILIEHA.
3naunr, @ (G)={1}. Takum obpasom, B G Haiilercs Takas
MakcuMaabHas noarpynna M, uro G® ¢ M. Iycrs C = Cg; (G®).
Torra C=CnG*M=G®*(MnC). ousaruo, uto CA M —
HopMaJbHas moarpynna rpymnnbl G. CaeloBarenbHO, BBHAY
MoHosuTHYHOCTH mocieane, CN M ={l}. Takum o6pasom,
C=G*. Tlocnennee osnauaer, yro F,(G)=G®. Jlemma Jo-
Ka3aHa.

HanomuuM, uTo sl KaxJAOro MHoMecTBa ¢opmaunuii ©
uepes O’ Mub 0603HauaeM COBOKYMHOCTH (hopMaiuu#, obraja-
IOIMUX JIOKAJhbHEIM ©-3HauHbIM 3KpaHOM (T. €. JIOKaJbHBIM -
3KPaHOM, BCe HEMyCThIe 3HAaueHHs KOTOPOro mpHHauexar 8).

18.4. Teopewma. ITyemv ® —makas noaypewemka ¢op-
mayuid epynn, umo 0! = 0. ITycms h— maxcumaronould eHym-
pennuil aokarbubil skpan gopmayuu H, a f—munumaroHbll
a0xarvhbill O-snaunoui sxpan gopmayuu F. Tozda §F aearsemes
et -Kpumuneckol opmayuel 8 mom U MOALKO 6 MOM CAY4ae,
kozda & = Olorm G, 20e G-—makas MOHOAUMUYECKAS epynna
¢ morosumom G®, umo 0ra ecex p€n(G®) dopmayus f(p)
(h (p))e-kpumuuna.

INokasateabcTBo. Heobxomumocts. Ilyers G —
rpynna MUHHMaJbHOTO nopsiaka u3 §\$. Torma G-—wmoHo-
JUTHYecKas TPYINa, MOHOMHT KoTopoii coBnasaer ¢ G®. Kpome
Toro, oueBHmHO, &% = OHorm G. Ilycts p € 7t (G®). ITpeanoso-
#uM f (p)=@. Toraa nockosbKy BBHAY TeopeMbl 8.3 mmeer
mecro f(p) =Oform (G/F,(G)), To G=F,(G)—rpynna ro-
panka p. Ho G me mpunamnexur §. 3nauut, N, & &, u no-
atomy h (p) = &. Takum o6pasom, f(p)—(h (p))e-KpuTHUECKas
dopmaums. 4 .

Ilycts f(p) # G u M —npoussospHast cobcTenHas B-nox-
dopmauus dopmanuu f (p). pesnonoxum, uro N He BXOAUT
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B h(p) u A—rpynna MHHMMAJPHOTO NMOpSiAKA M3 M4 (p)-
Torga NOCKOJBKY B CHJIY c/aeicTBHs 8.6 HMeeT MECTO paBeH-
ctBo h(p) =N,k (p), 10 O, (4) = {1}. Ilycrnp H =P e A—pery-
JSIpHOE CIJIeTeHue, Tie P—rpynna nopsika p. Beuay Teo-
pembl 8.3 u BR/ouenHs O/ = O skpaH f saytpennui. Cieno-
BaTesbHO, To Jemme 8.2, H € §. 3raunt, Oform H = &. Ecnu
Oorm H=, TO

f (p) = ©form (H/F , (H)) = © form Ac=sMcip).

[MonyueHHOE TNPOTHBOPEYHE NOKA3LIBAET, YTO OYorm H = .
Ho Besikasi cobeTBenHast ©'-noadopManus popMauus & BXO-
aut B §. Crefosatesbio, ©orm H = §. INocsiennee o3Havaer,
yro H/F,(H) 2~ A€h(p), 40 HEBOMOKHO. ITO NOKAa3bIBaET,
yro M = h(p). Urak, Bcsikas coOCTBEHHAs O-noxdopmanus
dopmanuy f(p) BxoauT B h(p). IlpeanonoxumM, uro f(r)=
= h(p). Eciu G® — neaGeJsieBa rpynna, 1o F,(G)={l}. Cre-
zoBareiibHo, G € f(p) = h(p) =&, 4TO HEBOMOXKHO. 3HayHur,
G® — p-rpynna, U NO3TOMY MO JieMME 18.3 G*=F,(G). Ho
G/F,, (G)€f(p) = h(p). Cnenoparenbo, BBHLY JIEMMbI 8.2,
G € §. CHoBa NpPHUILLIH K NPOTHBOPEYHIO. 3nauwr, f(p) & h(p).
Takum 06pasoM, f(p)— (h (p))e-KpuTHYECKas (HOPMALHS.

JloCTaTOYHOCTb. $ICHO, YTO FF HE BXOIMT B H. Mycrs M —
NpOH3BOJIbHAs coOCTBeHHas Olnoadgopmanust H3 %, m—ee
MHHHMaJIbHBI JIOKaJbHbH ©-3paunbli skpaH. Ilyete p€
€ n (G)\t(G®). IlockonbKy

G/F, (G) = (GIGH/(F, (G)/G®) = (GIG®)/F, (G/G®) € h (p)

U 3KpaH [ BHYTPEHHHH, TO BBUAY CJIEACTBHS 8.4 cnipaBeaJHBO
f (p) = h (p). C npyro#i CTOPOHBI, 1O CJIEACTBHIO 8.4 m(p)=
= f(p). 3naunt, m(p) = h(p). Ilyctb p€ 1 (G®). Ilpeanono-
xum, uto m(p)=/f(p). Ecan G®—neaGeseBa rpymna, TO
F,(G)={1}. Tlosromy G~ G/F,(G)ef(py=m(p). Tak Kak
m— BHYTpeHHUil 3kpaH dopmauun M, 10 mocselHee BieueT
GeM. Torma & =OHormG <M. IIpoTHBOpEuHe. 3uauwr,
G® — abesieBa rpynna. B stom cayuae F, (G) = G® — p-rpynna.
Tak xak G/F,(G)€f(p)=m(p), TO 1o Jjemme 8.2 umeeM
G € M. TloayueHHoe NpoTHBOpPEYHE MOKA3BIBAET, HTO m(p)c
c f(p). Caenopate/pHO, TO YCJIOBHIO m(p) = h(p). Hrak,
, V1 BCeX MPOCTHIX p CNpaBeJJIHBO BKJIOYEHHE m(p) = h(p).
3paunt, M = §. Takum obpasom, F — Hei-kpuTHYeCKas hop-
mauusi. Teopema nokasaHa.
B naspHefimeM HaM noTpeGyioTCs CAEAYIOWHKE 1Ba HACTHBIX
cayuasi Teopemsl 18.4.
18.5. CnencrtBue. [Tycmb h— MaAKCUMANbHbUL BHYMPEH-
Huth 20KaAbKbL SKpan popmayu ), f— munumanrvroui 20Karb-
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Hoi axpan opmayuu F. Tozda §F Aersemces MUHUMANOHOL
A0KaAbHOU He $-gopmayueli 6 mom u MOALbKO 8 MOM CAy4ae,
koeda § =form G, 20e G —makas moHoAumuuecKas epynna
¢ monoaumom G®, umo f(p)—munumaroran He h(p)-gpopma-
yusa 012 ecaxozo p € m(G®).

18.6. CnenctBue. Illycmv h— makcumarbHoll 6HYMPEH-
Hutl r0KarbHbul sKpan gopmayuu §), f— munumarvroul (n— 1)-
kpamHo a0karvroii skpan gopmayuu F. Toeda §F asasemcs
MUHUMAABHOU N-KPAMHO A0KAAbHOL He §)-popmayuei 6 mom
U moabKo 6 mom caydae, koeda § = form G, ede G—makas
monorumuseckas epynna ¢ moroaumom G®, umo f (p)— munu-
manvran (n—1)-kpamno aoxarenas e h(p)-opmayus 042
ecakoeo p € w (G®).

18.7. Jlemma. ITycms G— monosumuueckasn epynna ¢ mo-
noaumom P, G/F,(G)—monorumuueckas epynna ¢ MOHOAU-
mom Q/F,(G), eoe p€mn(P). Mycmo Q/F,(G)— p’-epynna,
ecau P—p-epynna. Toeda ecau

|®(G)|=1=|D(G/F,(G)],

mo ¢gopmayus F =\Lform G umeem eOUHCMBEHHYIO MAKCUMAND-
HYto aokaabhylo nodgopmayuto D, y xomopoil ecmv maxol
eHYmpenHuil r0Kkasbhbil dkpar h, umo h(p)= form (G/Q) npu
écex p€en(P) u h(p)=form(G/F,(G)) npu ecakom pE
€n (G)\n (P).

HokasateabcTtBo. Ilycte §=<h), rae h—3KpaH
u3 ycnosusi semmbl. [lokaxkem, uto skpaH h BHyrpennui. [lis
5TOr0 JIOCTATOYHO YCTAaHOBHTh, uro G/P€H. Ilyere p€
€n (G)\7(P). Torma F,(G/P)=F,(G)/P. 3uaunr,

G/F, (G) ~ (G/P)/F, (G/P).

CaneposatensHo, (G/P)/F ,(G/P) € k (p). Ilyctb p € m(P). Toraa
h (p)=form (G/Q). Ecain P—nea6enesa rpynna, To F ,(G) = { 1}.
3Hayut, Q= P, H N0O3TOMY _

(G/P)/F, (G/P) € h(p)-
IMycte P—p-rpynna. [Mockoabky @ (G)={1}, To u3 nocsren-
Hero BhiTekaer, uto P =F, (G). Ilo ycsioBuio Q/P— p'-rpynna.
CrnepoBaressto, Q/P =F,(G/P). Ho G/Q =~ (G/P)/(Q/P).
3uauwur, ‘

(GIPYIE, (GIP) € h(p).
Urak, npu BcskoM p € n(G/P) umeer MecTo

(GIP)/F,, (GIP) € h(p).

Takum obpasom, G/P € §. CnenosarenbHo, h—BHYTpeHHHH
3kpaH (opMmauuu §
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[Tycte M —rmnpoussosbHasi coOGCTBeHHAsi JIOKaJlbHAsT MOJ-
dopmanus dopMalMH F, m-—ee MUHMMAJIbHbIA JIOKaJIbHBIA
skpaH. [TokaxeM, uro M = H. Beuny crencrsus 8.4 nMeeMm
" m<f, rie f—MHHHMANBHBIA JOKANBHEL 5KpaH (OPMALHH .
[To Teopeme 8.3 f(p)=form (G/F, (G)) npu BCAKOM p €n(G).
3nauwut, ecau p € 1 (G)\ 7t (P), To m (p) =k (p). [Tycts p € (P).
I[lpexnonoxum, uro m(p)=f(p). Torma G €M. [eiicTBH-
TenbHO, eciu P —mneaGenesa rpymna, To F, (G)={1}. 3Ha-
yur, G~ G/F ,(G) € f (p)=m(p) =M. Ecan xe P—p-rpynua, 10
P=F,(G), u mnosromy G/Pem(p). Ilpnvenss Tenepp
JeMMy 8.2, cHoBa 3aksiogaeM, uto G € M. Hrak, GeM.
3nauur, & =I[form G = M. IlocrenHee NPOTUBOPEUYHUT ONpE-
nenenmio popmanun M. Takum obpasoM, m(p) < f(p). Tlo
Jemme 18.2

form ((G/F , (G)/(Q/F,, (G)) =form (G/Q)

— eMHCTBEHHAs MakCHMajbHasi nojdopmanus (GopManuH
form (G/F, (G)). CnenoBaresnnHo,

m (p) < form (G/Q) =k (p)-

Urak, m (p) = h(p) npu Bcex npocthix p. 3Haunt, M= H.

K ckaszanHoMy ocraercs n06aBuTh, 4T0 § C &, TaK Kak
h<f u no nemme 18.2 h(p) < f(p), rae p€n(P). Jlemma
IoKa3aHa.

18.8. Jlemma. Ecau 6 zpynne G umeemcs auub 00HQ
munumarvnas Hopmansras nodepynna u O, (G)={1} (p—
HeKOMOpoe Npocmoe 4YucAo), Mo Cyujecmeyem MmOYHblL Henpu-
600umoiii F,[G]-modyab, 20e F,—noae u3 p 34eMeHMO8.

IOokasatenbctBO. Ilyetb A =P 2G — peryaspHoe
crierenue, rae P—rpynna nopsiika p. Ilycrsb

{1}=B,c B,c ... < B;=B, (1)
rie B—6asa cnaerenus u B,/B;_;—A-rnaBHbA (akTop,
i=1, ..., t. Oycrs C;=C,(B;/B;_,). Toria mnockoJpKy

A=BG, 10 C;=C,NBG=B(C;nG). Ilyctb D=C;Nn...N
NC;NG, R—wonoaur rpynnsl G. Eciu npu BeskoM i€
€{l, ..., t} nmeer mecro C;NG {1}, To R=D, 1. e. R
crabunusupyer uens (1). 3uaunt, R — p-rpynna (cM. nemmy 3.9
kuaure [107]). Ho no yenoBmo O, (G)={1}. Tlonyyenmoe
NpOTHBOpeuHe IMOKAa3bIBAET, 4TO AJsi Hekoroporo i€ {1, ..., t}
nepeceuenre C;N G tpusuasbHo. Takum obpasom, B;/B;_; —
TOUHBIH HenpusoauMbIA F, [G]-Mony.ib. Jlemma nokasana.
18.9. Teopema. ITycmo §—2-kpamHo a0KarbHas Gop.
mayus, h—ee MaKCUMArbHOUE BHYMPERHULL 20KANbHOIL SKPAH,
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Toed0a & ssasemcs Munumarvroli nokarbHot He H-gopmayuel
8 MOM U moabKO 8 mom caydae, koeda & = lform G, ede G —
maxas. MOHOAumu4eckas epynna ¢ mowoaumom P =G®, umo
BLLNOAHALMCA 00HO U3 CAeOYlowuUx ymeepicoerus: 6) el -M;bf'l: _
1) P—neabenesa epynna u P = G*‘P) daa aobozo p €t (P); &
2) G=P>H, 2de P=Cg;(P)—p-ecpynna, a H—maxas
Moroaumuseckan epynna ¢ mouoaumom Q, umo Q & @ (H),
(P, 1QRN=1, Q=H~"® u H/QE€ h(q) npu awbom q € n(Q).
oKaszaTenbcTBO. Heo6xoaumocts. Ilpenmonoxum
npexJe, YTO HMeeTcsl TaKasi MOHOJMTHUeCcKas rpynna G c Hea-
GesnieBbiM MoHOJMHTOM P, uto G €F\$. Torma NOCKOAbLKY
BCsiKasi COOCTBEHHAs JioKaJbHas nojpopMmaius hopMaluH
BXOJUT B &, To % =IformG. TloHsATHO, UTO MJIsi BCSIKOTO
p€n(P) nmeer mecro F,(G)={l}. CnenoBarenpHO, BBHAY
aemmbl 18.7 bopmanus ¥ uMeer e JMHCTBEHHYIO MaKCUMAJIbHYIO
JIOKaJpHyl0 noidpopmauuto M, npuuem I objafaeT TaKuM
BHYTPEHHHM JIOKaJbHBIM 3KpaHoM m, uto m(p)= form (G/P)
npu Jawbom p € x(P). Ilo ycnopuio M = §. 3HAuUT, BBHAY
cneactBus 8.4 m < h. Ilostomy s Jwoboro p €  (P) cnpa-
BelnuBo, uto G/P € h(p). Tlpu stom MNOCKOABKY h(p) =&
u G¢H, 1o tem 6onee G ¢ h(p). Crenoparenbuo, P =Gk
npyu BcsAKoM p € m(P). Takum obpasom, ecau G —MOHOJHUTH-
yeckasi rpynna c HeabesieBoiM MoHoaMTOM P u G € F\ D, TO
& =Uorm G, P=G® u G ynosaerBopsier ycjaosuio 1). Yuu-
ThIBasi 3T0, B JaJjibHefiieM Mbl GyJeM CUHTaTb, 4TO ec1H A —
MOHO/MMTHYecKast rpynna U A € F\ D, T0 MoHoaHT A abe.eB.
O6o3naynM uepe3 [ MHHHMaJIbHBIH JOKAJbHBEIH 3KpaH ¢op-
manuy . [To Teopeme 18.4, ¥ = [form G, rae G —Takasi MOHO-
JMTHUECKasi rpynna ¢ MoHoautoM P = G®, uto f(p)—MHHH-
ManbHasi He h(p)-bopmauusi npu BcsakoM p € m(P). Beuay
BLILIIECKA3aHHOTO MBI MOXKEM CUHTaTh, uT0 P — p-rpynna. [Tycrs
H—rpynna MuHHMajbHOro mnopsiika 3 f(p)\/A(p). Torma
f(p)=form H, H-—wmoHonuTHYecKas rpynna u MOHOJHT Q
rpynnsl H coBmnamaer ¢ HRP, [lycte ¢—MUHHMAaJbHBIA -
1-kpaTHO JIOKaNbHEIH 3KpaH opmauuy . Beuny reopems 8.3
3KkpaH ¢ BHyTpeHHHH. 3Hauut, f(p) < h(p). Ilpumenss ewe
pas Teopemy 8.3 u ciencrsue 8.6, BuauM, uto k (p) =Nt (p).
3Hauut, 1o caeacrsuio 7.14 h (p)—Jaokanvuasi popmanus. Ho
H/Q€eh(p). Takum o6pasom, Q& ®(H). IloxkaxeM, uTO
(P}, |Q|)=1. IeiicrBurensno, mnockoaeky N,k (p)=~h(p),
To Q He sBasieTcsi p-rpynnoi. IlpexnosoxuM, uto Q—Hea-
GeneBa rpynna nopsiika, Jedsinerocs Ha p. Toraa eciu
HeH, 10

H/F, (H) = H/{1}; H €k (p),
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UTO NPOTHBOPEUHT ompefesenuto rpynnut H. Snaunt, H ¢ 9.
[pu stom H € f(p) =& Takum obpasom, H-—mMoHONHTHYE-
ckas rpynna c HeaGeneBhiM MoHomuToM H H € F\§. Mbi npu-
LIH K CHTyallH, KoTopasi HamH yxe HckiioueHa. CnenoBa-
. TesibHO, OcTaercsi sakmouutb, uto ([P, |Q[)=1.

[MokaxeM, uto H/Q € h(qg) npu BesikoM ¢ € 7 (Q). Ipeano-
aoxum mpexne, uro H¢$. Torma & =liorm H. Crnezosa-
TeJbHO, BBHIY TeopeMsl 8.3

f (p) =form H = form (H/F , (H)).
Tak xak Q—p'-rpynna, To Q = F, (H). [Tosromy
form H = form (H/Q).
Ho no nemme 18.2 _
form (H/Q) < form H.

Iporusopeure. Cieposarensro, H € H. Ilycts Q— HeabeJeBa
rpynna, q€n(Q). Torma F (H)={1}. 3naunr,

H/F (H)=H/{1} ~ H€h(q).

[lycts Q—g-rpynna. Torza BBuAy Jemmbl 18.3 nmeem Q =
= F,(H). 3uauut, H/Q€ h(q).

ITo siemme 18.8 cymectsyer Tounsiii HenpuBomumblit F, [H]-
monynb L. Tlyets F =L x H. IoustHo, uro L =F, (F). Cne-
nosatesibHO, Mockonsky H €h(p), To F¢$H. C apyroi cro-
po: bl, nockobky H € f(p), 10 F €. 3nauur, F =IliormF,
L =F® u rpynna F yjoBjerBopsier yc/I0BHIO 2).

IlocratouHocth. BBHAy Teopembl 18.4 JocTaTouHO JHIID
nokasarb, 4to ecad peEn(P), 10 f(p)—MmuHMMaNbHAs He
h (p)-popmanus. [Tycts P-—mneabeneBa rpynna. Toraa

f (p) =form (G/F , (G)) = form (G/{1}) =form G.

Mo nemme 18.2, form (G/P)—enuHcTBEHHAss MaKCHMaJbHast
noadopmanus dopmauun form G. Ho no ycnosuio P =Gk P
u nosromy form (G/P) = h(p). Takum ob6pasoM, f(p)— MHHH-
MmajibHasi He h(p)-bopmauus.

[Tycts P—p-rpynna. Toraa Beuay ycaosuss P =F, (G).
3nauut, f(p)=1{form H. Tak kak no yciouio Q= H*'?’, To
f(p) & h(p). C npyroii cropoHsl BBHAY JeMMbl 18.2 Besikas
co6eTBeHHas noAdopMauus hopManuH f(p) BXOAMT B popMaiHIO

form (H/Q) = form (H/H" ?’) = h (p).
CnenoBartesbHO, B paccMaTpuBaeMoM caydae f(p) Takxke siB-
nsieTcsi MHHHMaJIbHOH He h (p)-popmanueii. Teopema nokasaHa.
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OrmeruM, yto Jemma 18.7 HaeT onucaHHe eJHHCTBEHHO
MaKCHMaJIbHOW JIOKaJbHOH mnoidopMauuu ¢opMauuu & Hus
Teopemsl 18.9.

B nanpHefiemM 1 — HEKOTOpOE MHOMKECTBO NMPOCTHIX YHCE.
Hanomuum, 94to 17151 BCSIKOrO MHOXKECTBa MPOCTHIX YHCET @
yepes ¢’ Mbl 0003HAayaeMm JOTOJHEHHE KO MHOXKECTBY @ BO
MHOJKECTBE IIPOCTHIX YHCes.

BLiBeieM HECKOJIbKO MOMe3HBIX CJeACTBHH Teopembl 18.9.

18.10. CnencrBue. ycme M — rokarvras gopmayus,
H=6,9,M. Tocda F sasrsemcs MUKUMANLHOL AOKANOHOL
He §)-(hopmayueil 8 mom u moavko 8 mom caydae, Kozda F =
= lform G, ede G —makas MOHOAUmMUHECKAS 2PYRNA C MOHO-
aumom P =G®, ymo n(P)Nn=~ & u 6oinoaHsemes 00HO u3
CAEOYIOWUX YCAOBULL:

1) P— neabencsa epynna u P =G™™ npu awobom t €N
N (P); ; .

2) G=PxH, e20e P=Cg,(P)—p-epynna, a H—makas
MOHOAUmueckas epynna ¢ monoiumonm Q, umo Q & @ (H),
Q=H*" (|P|, |H))=1 u aubo nnNn(Q)=¢, aubo Q=
= H™—t-epynna, 20e t € m.

HoxasatenbctBo. Heobxoaumocts. [Tyct h— mak-
CUMaJIbHBIH BHYTPEHHHHl JIOKaJbHBIH 3KpaH (opMauHH §.
Beuny nynkros 2.30, 2.31, Teopemsl 7.12 u caexcteus 8.6
umeer Mecto h(p) =9, M, ecin p € wu h(p) =D NpH BcAKOM
pe€n’. 3Haunt, BBHAY caelctBHs 7.13 3kpan h l-kpaTHo
JIOKaJeH, T. e. §—2-kpaTtHo JokasibHass (opmauus. Caexo-
BareJbHO, 1o Tteopeme 18.9 F=Iiorm G, rae G—rakas
MOHOJIUTHYECKAasA Tpynna ¢ MOHOJUTOM P =G®, uro BHMNO.I-
HSIETCA OJHO H3 CJEAYIOUMX YCJIOBHH:

a) P —mneabenesa rpynna, u P=G™"" npu BcAKoM £ €
€nnn(P) '

6) G=PXH, rie P=C,(P)—p-rpynna, a H-—rakas
MOHOJIUTHYECKAs Tpynna ¢ MoHosautoM Q, uto Q & @ (H),
Q=H"'7, (|P], |Q)=1 nu Q= H* npu mobom q € n(Q).
Tak kak G =9, 1o, oueBnmno, m(P)Nn=# . [ycrs G
YZOBJIeTBOpsieT ycaoBHio 6). Toraa p € nt U nostromy Q = H%W™,
[Ipeanonoxum, uto ¢ € nN n(Q). B atom cayuae k (f) =N M.
CnenoBarenbHo,

HIQeN,MNRN,M= (9, nRN,) M=M.

3naunr, Q=M™ [lonyctum, uto Q—mneaGeseBa rpymmna.
Torza, ouesnmno, H ¢ §. CnepoBarenbho, & = (form H. Ilo-
HATHO, uT0 P =F,(G). Takum oGpasom,

f (p)=form (G/F, (G)) =form H = form (H/F , (H)),
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rfe f—MHHMMAAbHEIE JIOKA/BHBIA SKpaH (opMauuH . Ho
nocKo/bKy Q— p’-rpynna, 1o Q = F, (H). 3nauur,

form H = form (H/Q).

dro mnporuBopeuut Jjemme 18.2. CrefoBaresbHO, OCTaeTCs
3aKJIIOUHTb, uTo Q—¢-rpymmna. Takum o6pasoM, G ynosnet-
BOpsieT YCJIOBHIO 2).

JTOCTaTOYHOCTL BBITEKAET H3 IIPHBEJEHHOTO BbILIE OMHCA-
Husi 3KpaHa h u teopemsl 18.9. CrezncTBre ‘N0Ka3aHo.

AnaJorHuHbIM 06pasoM MOXKHO YOeIuTbCst B CNpaBelJu-
B0CTH CJEAYIOUMX YTBepPKACHHH.

18.11. CaenctBue. Mycmo =68 M, 2de M — re-
komopas AoKkabHas gopmayus. Toeda ¥ Aeasemes MUHUMAND-
HOL 0KaAbHOL He -hopmayueil 8 mom UL MOALKO 8 MOM CAY-
uae, koe0a $ =IformG, ede G—maKas MOHOAUMUUECKAA
epynna ¢ monoaumom P =G®, umo n(P)Nn= I u evinor
HAaemcs 00HO U3 CACOYIOUUX YCAOBULL:

1) P= GO ™ — neaberesa epynna;

2) G=PxH, 20e P=Cg;(P)—p-epynna, a H—maxas
MOHOAUMUYECKAS 2PYNNA ¢ MOHOAUMOM Q=H®", umo Q&
¢ O (H) u (|P|, |Q)=1.

18.12. CnepcrBue. Mycmo H =G M, 20e M— ne-
komopas Aokarvhas gopmayus. Toz0a F A6ASeMCS MUHUMAND-
HOUl A0KAAbHOL He D-hopmayueri 8 mom w MOAbKO 8 MOM CAY-
wae, koeda § =Iform G, e0e G-—makas MOHOAUMUYECKAA
epynna ¢ moroaumom P =GP, umo 6bnoanAemca 00HO U3
caedyrouux Ycaosull:

1) P= G®™ — neaberesa epynna;

2) G=PxH, 2de P=C;(P)—p-epynna, a H—maxas
MOHOAUMUMECKAR 2pynna c abeiesbim Moroaumom Q, 4mo
(P, |1Qh=1 u Q=H™

18.13. Jlemma. Toedaumoavko moeda F— MURUMANLHAS
Heabenesa opmayus, kozda F=formG, 20e G—o0Ha us
caedyroujux epynn:

1) Henurbnomenmnas MOHOAUMUHECKAS 2pYnNa ¢ MAKUM
monoaumom P, umo PZ ® (G) u paxmopepynna G/P abearesa;

2) epynna keamepruonos nopsoxa 8;

3) neabenesa zpynna nopadka p® npocmoil Hedemnol IKCno-
HeHmoL p.

NokasaTteabcTBo. Heo6xopumocTs. [lpeanosoxum,
yro FEN, u nycrs G—rpynna MHHHMAJbHOTO NoOpsijika H3
F\N. Torza G—MoHoJIHTHUECKAs [PyNNa C TAKHM MOHOJH-
ToM P =G%, uto P& ® (G). [Nonstro Takxe, uro F =form G.
Beuay semmer 18.2, form (G/P)cformG. CuexopatelbHO,
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BBUAY Yycnosusi form (G/P)— aGenena ¢dopmanus. ITosromy
G/P—abeneBa rpynna, T.e. G YJIOBJIETBOPSET YCJAOBHIO 1).

Hyers F =N, A—rpynna munumanbroro Nopsiika H3
F\Y. Torma Bce coberBeHHbIE ¢dakropel rpynnsl A a6esneBbl
M A—p-rpynmna s HekoToporo npocroro p. Onupasice Ha
XOpOLIO H3BECTHOE ONHCAHHE TIpYMMN, Y KOTOPHIX BCe COGCT-
BeHHbIe (akTopbl abesieBbl (CM., HampuMmep, [162]), nerpynno
llokasarte, uto npu p>2 B form A comepxurcsa rpymna G
NMOpsiAKa p® SKCIOHEHTH p, a mpu p=2 B form A BXOmUT
rpynna G kBaTepHHOHOB mnopsinka 8. Ilpu stom sicho, uTo
& =formG.

Hocratoynocts. Ecnu G YZoBJ1eTBOpsieT ycaoBHio 1), To
& —MunuMaibHas we Y-rpynna B cuny Jemmnl 18.2. IMycrs G
YAOBJIETBOPSIET yC/ioBHIO 2), I = var G — mHOroO6pasue, mo-
poxienHoe rpynnoft G. Xopouwio H3BECTHO, YTO B MHOTOOGpa-
3ud M Bce coGCTBEHHBIE NOAMHOr000pasusi abesneBrl (cm. § 4
ramaset 5 kuurd [52]). Tak kak npu srom MHOroo6pasue M
JIOKa/JLHO KOHEYHO,” T0 1o Teopeme 9.4 pemwerka L (M) ero
TNOAMHOr006pashii H3OMOpP(HA pelleTKe HAC/IELCTBEHHBIX MO/~
(opmaimit u3 sformG. Ho BBumy Jemmbr 8.10 Besikasi HHML-
NOTEHTHAsA (OpMauMsi HacJeACTBeHHA. 3Hauut, sform G —
=formG wu form G —muuumanbuas meaGeseBa dopmanus.
Auanoruyno pasbupaercst cayuaii, korza G YOBJIETBOPSIET
ycnoButo 3). Jlemma mokasaua.

18.14. Teopema. Hycms M — nexomopas abeaesa ¢op-
mayus, H =GN IMN. Toeda F ssrsemcsa munumaronod 20xais-
HoU He -hopmayueri 6 mom u mosko 8 mom cayqae, Koeda
& =llorm G, 20e G — maxas moroiumuueckasn 2pynna ¢ MoHo-
aumon P=G® umonnn(P)s=Q u aubo P — neabenesa
epynna, cosnadarowyas ¢ (I, M)-kopadukarom G das écex t € n [y
Na(P), aubo G=P>x H, 20e P =Cg;(P)— p-epynna, a H —
maKas MoKOAUmU4eCKas epynna ¢ Monoaumom Q= HRM ¢ S,
“4Mo GbINOAHAEMCS 00HO U3 CAQYIOUUX YCA08UL:

1) ®H)={1} u aubo Q—n'-epynna, iubo Q= H™ —
t-epynna, ede t € m;

2) H—munumaroras ne WM-zpynna u H— subo epynna
nopadka q* npocmoti wedemmol sKcnoHermbl q, aubo epynna
Keamepruonos nopsadka 8, aubo yukaudeckas npumapHas
epynna.

HokasateabcTBoO. Heob6xoaumocTs. I[Tyers
FELGL NN, Torna F — muHEUMATLHAS NOKANDHAS He (6. 9L,9)-
dopmanus. o crexcrsuio 18.10 § = Yform G, rne G — takas
MOHOJIMTHYECKAst Tpynna ¢ MoHOMHTOM P = G®%®a% g0
7N 7 (P) == & u 6o P—neabenesa rpymna, au60 G—=P x H,
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rae P=Cg;(P)—p-rpynna, a H-—takag MOHOJHTHYECKAs
rpynna ¢ moHosutoM Q, yto Q£ @ (H); Q— p’-rpynna u au6o
Q—='-rpynna, au6o Q= H®—[-rpynna, rae [€n. [lo aem-
me 18.7 makcumasbHas JokanpbHas noxdopmanus M ¢opma-
LHH 7 HMeeT Takoi BHYTPEHHMH JIOKaJbHBIA 3KpaH m, 4TO
m(p)=form (G/R), rne R/F,(G)—mononur rpynnst G/F, (G),
pen(P) u m(p)="form(G/F,(G)) npu Becex q € n (G)\7(P).
[To ycrosuio M= . 3Hauur, mo caeictBuo 8.4 m<h,
rie h—MakcuMa/bHbIl BHYTpPEeHHHI JIOKaJbHBIH 3KpaH (Gop-
Mauun §. BBupy Teopembr 7.12 h(p)=9,M, eciu pEn
u h(p)=9 nupu BcskoM p € n'. Ecau P—HeabesieBa rpynna,
10 F,(G)={1} npu mobom' p € n(P). CrefoBare/bHO, B 3TOM
c.nyq(ae P coBnapaer ¢ (N M)-kopaaukanom G npu Beex L €n
nw(P).

Ilyctb P—p-rpynna. Torma P =F ,(G). 3uauut, nmeem
form (H/Q)=m (p) = N, M. Tak kax G ¢ G NN, 10 GEH.
Cnenosarensho, H ¢ 9, M. 3uaunr, Q= H*. Ilycrs Q =
= A% —[-rpynna, rge [€n. Torma H €. IefictBUTeNbHO,
ecit H¢§, o lformH=&. Ho Q—p’-rpynna. Caeniosa-
TeJIbHO,

f (p) = form H = form (H/F , (H)) = form ((H/Q)/F , (H/Q)).

Iostomy form H = form (H/Q). ro nporuBopeunt Jemme 18.2.
3uauur, H € $. CnenoBateqanHo,

H/F (H)=H/Q€ h(l) = N,M.

[osromy H/QEN,MNNM =M. 3Snaunr, Q=H™. Hrak,
B paccMarpuBaeMom caydae g% = I[formG, rae G-—rpynna,
YJOBJ/IETBOPSIIOIIAsT YCJIOBHIO.

[Npexnosioxum Tenepnb, uto F = Gy N N. HycTs f—munu-
MaJIbHBIH JIOKAJbHBIA 3KpaH (opMauuH &; h,— MakcHMaslb-
HBIH BHYTPEHHHH JIoKa/bHbi# 5kpaH dopmaumy @ N . Torna
BBUAY cJaefctBusi 8.4 f<Ch,. Tak Kak & —MHHHMAJbHAs
JIoKaJibHas He §-hopmanus, To no Teopeme 18.4 & =Iform G,
rae G-—Takasi MOHOJIHTHUECKAs Tpymnna ¢ MOHoMHTOM P=G9,
yTo f (p)—MHHHUMaNbHas He A (p)-popMainus npH Beex p € 7 (P).
Jlerko Bujgetb, uto nNn(P) =~ &. [lycte p € n N n (P). Toraa
hy (p) =N N. Tostomy f(p) =N, N. [pumensis Tenepp Teo-
pemy 8.3, 3akJ/iouaeM, urto f(p)=N,. Orcioma u u3 Toro,
yTO BCsiKasi coOcTBeHHasi nmojdopmanusi ¢opMauuH f(p) BXxo-
IHUT B h(p)sgl,,sm, cJelyeT, YTO BCsKasi cOOCTBEHHAs MOA-
dopMauusi dopmauuu f(p) Bxoaur B M. dcHo, uto f(p) F M.
3Haunr, f(p)—MuHuManbHas se M-popmauus.

ITycte cdopmauusi f(p) neabenea. Torxa f(p)— Huabno-
TeHTHasi MHHMMaJbHasi HeaGeJieBa opManusi. SHAUHT, MO JieM- -
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me 18.13 f(p)=formH, rae H—uaubo HeabeneBa rpynina
nopsifka g* NpPOCTOil HEUETHOH SKCIOHEHTHI ¢, GO rpynna
KBATePHHOHOB NOpAAKA 8. 3amMeTuM NOnyTHO, 4TO /I —MHHH-
MaabHas He N-rpynna. Ecau xe f(p)—abenesa ¢opmanus,
TO, B3sIB B KauecTBe [ rpynny MHHHMaJbHOrO Nopsjka H3
f(p)\A(p), cHoBa umeeM f(p)=Tform H. B moGom u3 3THX
ciyuaeB rpynna H wmomoautuuna u O, (H)={l}. Cuenopa-
TeJbHO, 1O JeMMe 18.8 cymecTByeT TOUHBHIN HeNPHBOAMMEIH
F,[H}-monyns L. Ilycte F=LxH. Tlo nemme 82 FEF.
Eciu F€$, 10 F/F,(F)=F/L~ H€h(p). 10 nporHBOpe-
aur TOMy, utO f(p)=form H & h(p). 3uauur, F ¢ H. [TosTomy
& =lform F, u rpynna F yHOBJETBOPSET YCJOBHIO TEOPEMBL.
OTUM 3aBepIEHO J0KAa3aTeshCTBO HEOOXOAHUMOCTH.

* ocraTounocts. Ilyers Monoaur P rpynmbt G aGeses,
a H ynosnerBopsier yciosuo 2). Torma F,(G)=P. Cueno-
BatenbHo, f(p)=form H. Hcnoapsyss aemmy 18.13, Jerko
T0Ka3aTh, 4TO [(p)—MHHEMAJbHas He M-popmauus. SHAUHT,
nockoasky A(p)=RN,M u f(p) =Ny, 1O [(p)—MUHAMAIL-
Hast He h(p)-popmanus. [lpusaekas ciejacrsue 18.5, sakimo-
yaeM, 4TO B pacCMaTpHBaeMoM Cjydae g —MHHHMAJ/bHas JIO-
KaqbHasi He §)-hopMaums. B ocTalbHBIX Clydasx g ABJsSETCA
MHHHMAJBHOH JOKaJbHOH He §)-popmauuei BBHLY emMMbl 18.7.
Teopema moKasaHa.

[IpuvennM Tenepn ycraHOBJeHHble HaMu ofliue CBOHCTBA
MHHHUMAaJbHBIX JIOKAJbHEIX He §-hopMaldid K H3YUYEHHIO KOH-
KpeTHhIX (OopMaIHi.

MuHHMaJbHBIE JOKaJbHBE He N-paspeliumbie (opMauHH.
18.15. Ilycts MM —dopmanus m-paspelinMsIx rpynn. Beuay
m. 3.26, 9t sokanpHa. [lousitHo Takxke, 4to O I IM =M.
CuniefioBate/IbHO, BBHAY ciieAcTBus 18.10 nveeM: moeda t moabKo
moeda T — MUHUMONOHAS NOKAALHAA He Ti-paspeuiuman ¢op-
mayus, koeda §F =Iform G, ede G — moHorumuueckas epynna
c maxum neabenedoim monoaumom P, umo mN=n(P)+# I
u epynna G/P n-paspewuma.

MuHHMaJbHBIE JOKAJbHBIE He N-HHJIbNOTEHTHbE (opma-
nuu. 18.16. Jlerko BHIETH, UTO KJACC BCEX J-HUJIBIOTEHTHBIX
rpynn coenagaer ¢ kaaccom ®; ;. Takum obpasoM, BBHAY
caencteusi 18.10 umeeM: moeda u moabko moeda F—MUuHU-
MAIbHAS N0KAAbHOS He Ti-HUAbnOmenmnas (opmayus, xozla
& =lform G, 20e G-—makas MOHOAUMUYECKAS 2pYNNQA C MOHO-
aumom P, umo mnn(P) & u eunosnsemcs 00HO U3 cae-
Oyrowyux ycaosuti: a) epynna P neabGenesa, G/P— p-epynna,
20e pennmn(P), npuuem ecau |mna(P)|>1, mo G=P—
npocmas neaberega epynna; 6) G=P x H, ede P=Cg4;(P)—
p-epynna, a H-—makas monoaumudeckas epynna ¢ MOHOAU-
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mom Q, umo QZ ® (H), (| P],Q|)=1, H/Q— p-zpynna u aubo
n(@Nn=g, aubo Q=H—epynna nopsdka t, 20e t € x.

MunumanbHble JOKaJbHBIE HE T-cBepXpaspelinmbie Gopma-
uu. Jlna KaxJIoro HarypaJsbHOro uucsa n cuMBosioM U (n)
Gynem o6o3HauaTh KJacc BCeX TeX abesieBhIX TIPYII, 3KCHO-
HEHTBl KOTOPHIX NEJIAT f.

18.17. Teopewma. Toeda u moavko moeda F— muru-
MAALHAR NOKANbHASL He T-céepxpaspewiumas gopmayus, kozoa
& =lorm G, ede G—makas MmoHoAumuUUECKAS 2pyYnna ¢ MOHO-
aumom P, umo nnNn(P)s%= & u aubo P—mneaberesa epynna,
cosnadarowian ¢ (NN (¢))-kopadukarom epynnor G npu a1060Mm
tennNn(P), aubo G=PxH, ede P=Cg;(P)—p-epynna,
a H—makxasa monorumuueckas epynna ¢ MOHOAUMOM

Q = H2pU (p-1) € @jp,’

4mo BbINOAHACMCA O0HO U3 CACOYIOU4UX YCA08UL:

1) ®(H)={1} u aubo Q—n'-epynna, aubo |Q|=gq, 20e
g €
2) H—neaberesa epynna nopsdka q° npocmod Hedemuol
aKcnoHenmor q, Oeasweil p—1;

3) H—epynna xeamepruoros nopsdka 8; 4 deaum p—1;

4) H—makas yuxkiudeckas npumapHas epynna nopaoka
q* (n=1), umo (g", p—1)=q"~".

HokasarteancrBo. Heobxogumocts. [lycts §— dop-
Mallusl BCex f-cBepxpaspemuMbix rpymnn. Kak usBectHo (cM.,
nanpumep, [107]), & umeer takoii JioKaJbHBEIH 3KpaH A, 4TO
h(p)=A(p—1) mns moboro npocroro uucna p € n u b (p)=9,
ecan p€an'. 3Hauwr,

5= 1 GNA(p—1)

[TockosbKy mo ycJsoBHIO hopMauusi g He T-CBepXpaspelluma,
TO HaliIeTcsl TAKOE NPOCTO. YHCJIO p, uTo FEH, =6, N A (p—1).
Besikast cobctBeHHasi jokasdbHasi nojigopManus G¢opmanuu &
BXOAHMT B &), a 3HAuuT, U B §;. Takum o6pasoM, & — MHHH-
Ma/bHasi JoKaabHas He §,-popmawusi. Ciie1oBaTesNbHO, BBHIY
teopeMmbl 18.14 & =lform G, rae G —Takas MOHOJHTHYECKAs!
rpynna ¢ MoHoJauToM P, uyto p € m(P) u aubo P =GR (P 1),
nb6o G=PxH, rpe P=C,;(P)—p-rpynna, a H—takas
MOHOJIUTHUECKAsl Tpynna ¢ MoHoJuTOM Q= H¥A (-1 e @,
YTO BHITIOJIHSIETCH OJHO H3 cJeAyomux yeaopui: a) @ (H)={1};
6) H —wmunumanpias ne (U (p—1))-rpynna u H — 6o neaGe-
JieBa Trpylna nopsjka g¢*® NMpoCTOH HeYeTHOH 3IKCTOHEHTH (g,
aubo rpynna KBaTepHHOHOB mnopsiika 8, 160 npuMapHas
UMKJIHYecKasi rpynmna.
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Tlycts P—Heabenesa rpynna. Torja no nemme 18.7 MakcH-
MaJbHasi JokanbHas mnoxadopmamus IN opMalmH F HMeeT
TaKOM JIOKaJIbHBIA 3kpaH m, uto m (f) = form (G/P) npHu BCEX
t €N (P). Mo yenopuo M = G, NN (¢ —1). Snaunt, m<< 1,
Iie 7 —MaKCHMaNbHbLIA BHYTpeHHHH JOKaJbHbIE 3KpaH (op-
mamun &, NN (f—1). Beuay nyskra 2.31 u Teopemsr 7.12
r(t)=NA(¢t—1). Cnenosarensuo, G/PENA(t—1). Ilpu
aroM scwo, uto GENA(t—1). 3uaunt,. P coBnajaer c
(NA (¢ — 1))-kopanukanom rpymnsl G.

[Mycts P— p-rpynna. Pacemorpum cayuait, Koraa H ynosie-
TBOpsieT YycaoBuio a). [Ipexmosioxum, uto Q HE SBJASAETCH
n/-rpynnoit, u nycts g € nuN 7 (Q). Donycrum, uto (form H=%.
Torna nockonbky Q— p’-rpymnna, To

f (p) = form (G/F , (G)) = form (G/P) =
= form H = form (H/F , (H)) = form (H/Q),

. rle [—MHHUMaJbHBIH JIOKAJbHBIA 3KpaH (HOpMalHu & 10
nporuBopeunt Jemme 18.2. Crenoarennto, lform Hc ¥, T. e.
He$. Takum obpasom, rpymna H g-ceepxpaspemuma. 3Ha-
ynt, Q—uukIHuecKas rpymnna, u mosroMy |Q|=g.

U nakonen, ecu H yjosneTBopsieT yciaoBHio 0), TO KaX-
Jasi MakcHMasbHas moArpynna u3 H uMmeer 3KCMOHEHTY, Jejd-
myto p— 1. CrnemoBarenbHo, ecnu H —rpynna KBaTepHHOHOB
nmopsaaka 8, 1o 4 pmemur p—1. Ecam ke H—mnpumapHasn
LMKJIHYeCKas rpynna nopsiaka ¢* (n > 1), to g»~* neaut p—1,
HO ¢" He Jequt p—1, Tak kak H He npuHagnexut ¢opma-
urd A (p—1). 3uauur, B stom caygae (¢°, p—1)=p"~1.

Iocrarounocts. [Mokaxem npexne, uro P = G®. Ecau P —
HealbeseBa rpymnna, WaIH ecaun H yIOBJETBOPSET OLHOMY H3
ycaoBuit 2)—4), To 310 oueuaHo. [lycts P—p-rpynna u H
yrosJjetBopsger yciosuio 1). Tlo ycioBuio

HIQEN A (p—1) = §.

CnenoBarensHo, ecqu Q—m’-rpynna, To H —sm-cBepxpa3pe-
wumasi rpynna, T. e. G/P € $. Ecau xe | Q| =g¢, To H— pac-
IIHpeHHe UHKJIHYeCKOH IPyMbl P MOMOILH JT-CBEPX pasperlH-
MOH, T. €. B 3TOM ciydae Takxke H € §. 3ameTum, yro rmo-
CKOJIbKY TO YCJIOBHIO

"G/Cg(P)=G/P ¢NA(p—1),

T0 G GEJE). 3nauur, P—§-kopaaukan rpynms G. Crenopa-
TEJIbHO, BBUAY caejacTBust 18.5 ans nokasartesnCTBa J0OCTAaTOY-
HOCTH HeOGXOIMMO JIHIIb YCTaHOBUTD, 4TO f (£) —MHHHMabHAS
ne (M (¢—1))-bopmauua npu mobom ¢ € n(P). Ecmn P —
HeaGesieBa Tpymna, uau xke eciu H ynoBieTBopseT ycaoBuio 1),
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TO 3TO BhITeKaeT M3 JeMMbl 18.2 u Toro, uto G/P € N A (1 —1)
(coorBetctBenno H/Q € N, A (p—1)). ,

Ilycte P—p-rpynna u H yIOBJETBOpSIET OZHOMY H3 YCJIO-
Buit 3)—4). Torxaa

f(p)=Tform H = G, \ I, A (p—1).

[Tycte H ynoBsietBopsier ofHomy u3 nyHkToB 2)—3). Toraa
no nemme 18.13 f(p)—MuHuManbHas HeaGeseBa (GopMaLs.
[Ipy 3TOM NOCKOMBKY MO YCJOBHIO 3KCIOHEHTa rpynmel H
Aemar p—1, To Becsikaa cobcTBeHHasi moadopMaius dopma-
uun f(p) Bxomut B A (p—1). Takum oBpasom, f(p)—MHHH-
MaspHas we (N,A (p—1))-bopmanus.

[lycte H ynosnerBopsier yciosuio 4). JIerko npoBepHTh,
uro ¥ (¢" ') — eMHCTBEHHAST MAKCHMaIbHAs TToAGOpMaLHst Gop-
manus A (¢). [onsitHo Takxe, uto A (g")=form H u ¥ (¢"~1)=
=form M, rme M—makcumanbhast moarpynna rpynnsl H.
CrnenoBartesbHO,  MOCKOMBKY ¢"~'=(p—1, g"), 7oA (g"~1) =
=AU (p—1),HO

f(p)=form HEA (p—1).

Takum o6pasom, H B 3TOM ciiyyae f(p) sBASETCS MHHHMAJb-
Hoii me (I, A (p—1))-dopmauneii. Teopema noKaszana.

CnenctBue. Toeda u mosvko mozda F— MUHUMANL-
HAsL  N0KAAbHAS Heceepxpaspewuumas gopmayus, kozda F =
= lform G, e0e G—rmakas monorumuueckas 2pynna c MOHO-
aumom P, umo aubo P—neabenesd epynna, coenadarouyasn
¢ MA(t—1))-kopadurarom epynnet G npu ecaxom t € m(P),
aubo G=PXH, 2de P=C,;(P)—p-epynna, a H—maxas
MOHOAUMUYecKas epynna ¢ monoaumom Q= HRA (-1 @,,
4MO BbLNOAHACMCA 00HO U3 CACOYIOUWUX YCAOBULL:

1) ©(H)={1}; |Q|=qg—npocmoe uucao;

2) H—mneaberesa epynna nopsdka q* npocmoti Hedemroi
aKcnonenmot q, Oessweldi p— 1;

3) H—epynna keamepruornoe nopsdxa 8; 4 deaum p—1;

4) H—npumapras yukauseckas epynna nopadka qv;
(", p—1)=q*"".

MunumanbHbie JIOKAJbHBIE He X-3aMKHYTbie (OpPMaLHH.
18.18. Tpynna HasbiBaeTcs m-3amKkHymoli, €cJH OHA HMeeT
HOPMaJIbHYIO TI-XOJIJIOBCKYIO MoArpynny. Kaacc Bcex m-3aMk-
HYTHIX Tpymmn, oueBHAHO, coBnagaer ¢ &,®,. Takum obpa-
30M, BBUAY cieicTBus 18.11 umeeM: moeda u moavko moeda
T — MUHUMANOHASL NOKAAbHAS He T-3aMKHYMas Gopmayus,
koeda §F=1form G, 20e G—makaa monorumuseckas 2pynna
¢ moHorumom P, umo n' Nn(P)= &, pakmopepynna G/P
T-3AMKHYMA U BbLINOAHAEMCA OOHO U3 CACOYIOWUX YCA0BUL:
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a) P=G®v —neabesesa epynna; 6) G=PxH, 20e P=
= C, (P)— p-epynna, a H—maxas MOHOAUMUHECKAS epYynna
¢ monoaumon Q=G®v, umo ® (H)={1}, (|P|, |Q)=1.

MuHEMAJbHBIE JIOKAJbHBIE HE M-CelHajbHbie (opMalHH.
18.19. Tpynna naswbiBaeTcs f-crneyuasbHol, eciu OHa obiia-
JaeT HUJIbIOTEHTHOH HOPMAaJbHOH Ti-XOJIJIOBCKOH NMOATpYMNIOH.
KJiace Beex fi-CreliMabHBIX TPy coBnaiaer ¢ kaaccoM NGy
3naunr, BBHAY cielcTBus 18.12 nmeem: mozda u MOAbLKO
mozda F— MUHUMAAbHAS N0KAALHAS He TL-CNeyuarbras gop-
mayus, xoeda § = llorm G, e0e G— maxas He T-CneyuarbHas
MOHOAUMUYECKAR 2pynna ¢ monoaumom P, umo ¢gaxkmopepyn-
na G/P m-cneyuaibHa u 6binOAHAEMCA OOHO U3 CAeQYIOUUX
yeaosuii: a) P = G®v —neabescsa epynna; 6) G=PxH, z0e
P = Cg; (P)— p-epynna, a H—maxas MOHOAUMULECKAA 2pynna
¢ abeaesoim monoaumom Q, umo (|P|, Q) =1, Q=H".

MuHHMabHBIE JIOKAJbHBIE HE T-Pa3jioXumbie (opMalHH.
18.20. I'pynna wnaswpBaercs 5-pasnoscumoll, €CiH OHA OIHO-
BPEMEHHO T-cenuanbHa M 5t’-3aMKHyTa. [loHsiTHO, 4TO Knacc
BCeX 71-pasnoxuMbix rpymi cosnanaet ¢ Oy 8y N NGy Beuny
nyukra 2.31 u Teopemsr 7.12 dopmauns &, nmeer Takoi
JOKaJIbHBIH 3Kpa ki, uto A () =GOy, ecu p € 2" 1 b (p)=6y,
ecin pE€n. B cBow ouepens dopmanns NGy obaanaer Jo-
KaJIbHbIM 3KPAHOM f, BCe 3HAaueHHs KOTOporo coBnazaiotr ¢ Gg..
3Haunt, no caencrsuio 8.6 Qopmamus BCeX J-pA3IOKHMBIX
IPYNI MMEeT TaKo# MAKCHMAJbHBIA BHYTPEHHHH JIOKaJbHBIH
skpaH f, uto f(p) =N, ecu p€n, u f(p)=Ox, ecnn pe’.
9T0 B YaCTHOCTH O3HauaeT, uTO (HOpMalHUsi I-Pa3JIOKHMBIX
rpynn 2-kpaTHo JokanbHa. Hcnonb3yst 3T0 06CTOSITENBCTBO,
Teopemy 18.9 u onucanue skpaHa f, JIETKO yOexJAaeMCs, UTO
CIIpaBeJIUBO CJIeyIOlIee YTBEPIKIHHE: M02da U MOoAbKo mo2da
F-MUHUMANOHAR N0KAAbHAS HE T-pASAOKCUMAR  opMayus,
Koeda & =llorm G, ede G —makKas MOHOAUMUYECKAR 2pYynna,
umo 7t (G) N 7 5= & 1 66in0AHACMCS 00HO U3 CACOYIOUUX YMEepIHC-
denuii: 1) G—npocmas Heaberesa epynna; 2) G—epynna
I mudma; 3) G=P > H, 20e P =Cg(P)— MUHUMANbHAS HOD-
marvras nodepynna epynnot G, H—npocmas neabeaesa epynna,
npudem N n(H)= .

MuHHMaJIbHBIE JOKAJbHbIE HE (-JHCTepCHBHbIE GOpMALIHH.
18.21. ITycth ¢ — npou3BoOJIbHOE JIHHEHHOE YIIOPs04EHHE MHO-
JKecTBa BCeX MpPOCThIX umces. I'pynna G HasbiBaercsi @-0uc-
nepcugHoti, ecau oHa o0JajJaeT TaKHM PSJOM HOPMa/bHBIX
NOArpyIn

{1}=GOCGIC...CGt=G’ t>0’
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uto G;/G,_,— cunosckas p,-noarpynna s G/G,_, ¥ p,pp,9. . .
... @p;. OnHileM MakCHMaJIbHbIA BHYTPEHHUH JIOKAJIbHBIA SKPaH
¢dopMauuu BeexX @-AUCHEepCHBHBIX rpynn §. [as kKaxpaoro
[OPOCTOTO YHCJa p CHMBOJIOM @ (p) 0603HAUMM MHOXKECTBO BCEX
TAaKHX MPOCTBIX 4Hcesa ¢, uto p@g. Ilycrs h—TaKo# JoKamlL-
Hbll 3KpaH, 410 h(p) =O¢,NH Ana moboro mpocroro p.
IMokaxem, yro § =<h>. IlpeanonoxuM, uro HE <A 1 G —
rpynna MHHEMaJbHOTO nopsaka us '\ <h>. Ilycrs MoHOIHT P
rpynnsl G sBasiercs p-rpynnoi. Torxa, oueBugHO, G € Gy ()N
NH=~h(p). 3nauur, Tem Gomee G/Cg;(P)€Eh (p). 3amernm,
yto G/P €<h>. Takum obpasom, G € <h)>. [lonyuennoe mpo-
THBODEYHE MOKasplBaer, 4yto § = <h>. Ilpennosoxkum, UTO
o0paTHOe BKJIIOYeHHE HEBepHO, M NycThb G —rpynna MHHH-
MaJjipHOTO mopsjka H3 <A>\§). OGo3HaunM yepes P MOHOJHT
rpynnel G. IlonsitHO, yro P-—aGeseBa p-rpynna Jyisi HEKo-
TOporo npocroro p. Beuny semmb 18.3 P =Cg(P). 3nauur,

G/PEh(p)=8¢nNH.

Ho Torpa G €h(p) = . INonyuenHoe npoTuBopeuHe NOKasbl-
BaeT, uto <h> = §. Takum ob6pasom, § =<h>, OpH 3TOM,
OYEBHJHO, fi—MaKCHMaJIbHbIH BHYTPEHHHH JIOKAJIbHBIA 3KPaH
dopmanun §). M3 onmcauus skpana h ciepyer, uro (opMa-
UHsi BCEX @-AUCIEepPCHBHBIX I'pYNN 2-KpaTHO JoKaslbHa. Boc-
NOJIb30BABIIKChL Tenepb Teopemod 18.9, MOXKHO Jierko ycraHo-
BHTb, YTO CIIpaBeJJIHBO CJeENylolllee YTBepKIeHHe: moada
U MOAbKO mo20a & — MUHUMANLHAS AOKAAbHAA He ¢-Oucnep-
cusHnas gopmayus, koeda § = lform G, 20e G —makas MOHO-
AUMuU4ecKas epynna ¢ MoHoaumom P, 4mo seinoansemcs 00HO
us caedyroujux ycaosuti: 1) P—mneaberesa epynna, ¢gpaxmop-
epynna G/P  @-Oucnepcusna u G/P —n-epynna, ede w— MHo-
HCECMBO 6CeX MAKUX NPOCMblX 4ucer {, 4mo peq 04 a1006020
pEN(P); 2) G=Px(QxN), 20e P =C, (P)—p-epynna; Q=
= Cqsn~ (Q)—g-epynna, s8is104asca MUHUMANLHOE HOPMANL-
Hoti nodepynnoii 8 QX N; epynna Q» N @-Oucnepcusra; Kpome
moeo, qop u pet O0aa awbozo  tE€m(N).

MuuumanbHble JokadbHble He NA-dopmanun. 18.22. Knace
§ Bcex TIPYNN C HUJLNOTEHTHBIM KOMMYTAHTOM COBMajaeT,
oueBHJHO, ¢ npousBegeHueM N, riae A —xkaacc Bcex abee-
BoIX rpymn. ‘Takum o6pasoM, BBHAY TeopeMH 18.14 mmeemt
moz0a u moabko moz2da F— MUHUMAALHAR AOKAALHAS He §-
popmayus, xocda F=Iform G, ede G—maras monorumu-
veckas epynna c¢ moHoiumom P, amo aubo P —neabenesa
epynna, coenadarowas ¢ kommymanmom G, aubo G=PxH,
20e P=Cg;(P), a H—o0na u3 credyroujux epynn: a) QxN,
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2de Q=Cy(Q)=H'=£{l}; 6) neabeacsa spynna nopadxa g*
npocmot Hedemuol KCNOHeHmMeL (; B) epynna KeamepHUOHOB
nopadka 8.

§ 19. MunHMaJbHbIE 7-KPATHO JIOKAJbHbIE
He N™-opmaLHH

[Tpu Bcsikom HarypasbHoM m Qopmanus ™ cosnagaer,
OYEBHJIHO, C KJ1aCCOM BCEX TeX paspellUMbIX TPynil, HHJIb-
NOTEHTHas! JUIHHA KOTOphIX He mpepocxoaut N”. B nanHOM
naparpade Mbl ZafuM KaaccHpHKaLHIO MUHHMAJIbHBIX f-KPaTHO
JOKaJbHBIX He N™-dopmamuil, T. €. N-KPaTHO JIOKAJIbHbIX
dopmauuii, He Bxoaawux B N”, HO y KOTOPHIX BCe COGCT-
BEHHBIE N-KPaTHO JOKajbHbie MNopdopManun B Kaacce I~
cofiep:KaTcsl. DTOT peayJsbTaT HCNOJb3yeTcs AIsi XapaKTepH-
3alMH Pa3pellUMbIX TPYMN ¢ 3aAaHHOH HHJBIOTEHTHOH IJIM-
HoH.

B panpuefimemM npu n>0 &, 0603HaYa€T MUHHMAJb-
Hbifl (n— 1)-KpaTHO JIOKa/IbHBIA 3KPaH N-KPaTHO JIOKAJbHOH
dopmanuu . Ham norpebyiorcsi cileAylolIne YacTHEIE CAy4aH
COOTBETCTBEHHO TeopeMul 8.3 H cJeficTBHsa 8.4.

19.1. Jlemma. Myemo &=1formX, n=1. Tozda
%n (p)= @, ecau pgan(X),u %}n (p)= [n-lform (A/Fp (A) | Ae
€X)=1, form(AJAeFnh(p), Op(A)={l}), ede h—
npousoabtoui (n— 1)-xpamno rokanrsHbul skpan gopmayuu .

19.2. Jlemma. Iyeme § u §—n-kpamuo nr0KarbHole
popmayuu, n>=1. Toeda F=§ 6 mom u MoAbKO 8 mMoM
cayuae, Kozda §F, <D,

JLisi IpOH3BOJIbHOH MOCJIELOBATENBLHOCTH TNPOCTHIX YHCEJ
Pis ---» Py B BCAKOH COBOKYNHOCTH TIpynn X DPeKypPCHBHO
ompemesuM  XPi--Pn  cjefylomuM  obpasom: 1) XA =
= (A/F, (A)| A€ X); 2) X" P"=(A/F,,(A)|A X Pr).
IocsiegoBaTenbHOCTD Py, ..., P, Ha30BeM nodxodsaued 0
X, ecu p,€n(X) u gaa moboro i€{2, ..., n} 4ucao p;
NPHHANJIEKHUT T (%” 1P, {-1). MHO2KECTBO BCeX NOAXOAALAX IS

X nocuenosarenbHocTell o603naunM uepes P (X).

[lycts & —n-xpaTHo JoKaibHas Gopmamus (n>=1),
D1 ..., Py—HEKOTOpasi NMoAxofsiiasi AIsi §§ nocjefoBarelib-
Hoctb (¢ > n). OnpegenuM pekypcuBHO (n—t— l)-KpaTHO
JOKANbHBIH 3KpaH &, Py ... e 1) &FaPr=Fn(P))a-v;

2) Fuby -+ Pr=@up1 - - - Pt-1(Pu))n-t-1-
19.3. Jlemma. Ilycmo p,, ..., p;—nodxodauwas 012 X

nocaedosamenstiocms, F=\[formX wu n>t  Tozda
&aP1 - .. P—makoll A0KaAbHBUL KPAH, 4mO OAf  6CAK0Z0

pemn (XPPt)  cnpasedauso pasencmso Fup; ... p(p) =
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=1, formXE"P" y Fp .. . p(p)=0, eau p¢
é:l'l? (xm Pt)

HokasarteabcTBo. [Ipennonoxum cHavana, yto £ = 1.
Torna & ,p; —MHHUMAJBHBI (11— 2)-KpATHO JIOKaJIbHBIA 5KpaH
popmauuu F, (p,). [ycrs p € n(XP). Toraa

&1 (p) =1,_.form (({,_,form XP)P) =
=1, JformXrP =\, ,_formXr>,

Ecnn xe p ¢ n(X71), 1o p¢1,_,form X7:. 3uauur, F,p, (p) =
=dg.

Ipennonoxum, uto ¢>2. IousTHO, 4TO F,P; - -

= u (01 Pa - - - Pr Tak Kax dopmammsn &, (pl) (n—l)
KpaTHO JIOKaJlbHa, 70 110 HHAY KUK s &, (p,) = [,_,form X7

nemma BepHa. [Tyerb p € o (X7 Pt). Torma pen ((x”‘ )PP,
CnenosartesibHO,

(&n (P1)n-1 Py - Pt (P) = p_1(¢—1y_.form ((xpl)pz...ptp) —
=1,_;_,form XP' - "t".

3uauur, F,p1...ps(p)=1,_s_form Xpr-.Pr. C pmpyroi
cropoubl, ecmn  pda (X" Pt) =q (X)), O
(%n (P n-1Ps - - p(p)= . Tlostomy F.ps ... pt(p) =D
Jlemma nokasaHa.

19.4. Jlemma. ITycms A—monoasumuueckas epynna
¢ Heabenesvim moroaumom R. Tozda e popmayuu & =, form A
(n =1) umeemcs auwv 00HA MAKCUMANBHAA N-KPAMHO AOKANb=
Has nodgopmayus §=/1,form X, 20e X —maroe mHoxrecmso
epynn, yumo G €X moeda u moasko moeda, kKozda G — pe-
2YAAPHOe cnaemenue

P.2(Pye...2(P,2((AIR)Os, (AIR)) - ..),

863|P|~p‘,pl?(—‘=p,+1<l——l n’—'l)upl"' 7pn€n(R)'

JokasareabcTBO. HposeueM unAykouio no n. Ilycts
n=1. Tlpu Bcsikom p€n(R) wumeer mecro F,(A)={l}.
3Hauwur,

&1 (p) = form (A/F , (A)) =form 4,

u nosromy (4/R)/O, (A/R) € &, (p). Ucnonbays Tenepb JeMMy
8.2, sakmouaem, uro P e ((A/R)/O, (A/R)) € ¥, rae P—rpynna
nopsiika p. Takum oGpasom, i_% CrenioBatenbHO, & =
TlokaxeM, uro § 4. Ilyerb pen(R). Torma 9, (p) =
< form (A/R). Ho 1o nemme 18.2

form (A/R)c=form A =, (p).
3nauur, HF-
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[Mokaxewm, uto ecim IM-—coberBeHnas JoKanbHas MOM-
dopmanns F, o M=§H. Iyers p€n(R). Tpeanonoxum,
uto M, (p) = &, (p). Torna A € M. 3naunr, F == [form A = M.

0 1poTHBOpeuuT onpefeneHuio (opMauun M. Crenoa-
TensHo, W, (p)=F, (p). Beumy memmer 18.2, form (A/R) —
€IMHCTBEHHasl  MaKCHMaJjbHas — noApopmanusi  Qopmanuu
form A. 3uauur,

M, (p) = form (4/R) = N,D, (p).

ITycrs p € (A)\ 7 (R). Toraa BBugy nemm 19.1, 19.2 umeer
MECTO

M, (p) = &1 (p) = form (A/Fp (A)) =form X7 = 9, (p).

Takum oGpasom, aast Besikoro p € n (A) =n () cnpaBemIuBo
srumouenne M, (p) = N,H, (p). Buay caencrsus 8.6 nocaen-
Hee Bieuer M <=8H. CnenosartennHo, &) —equHCTBEHHAS
MaKCHMaJIbHad JOKaJbHasi nojdpopMmanus dopMamuu & .

[lycte n>2, u npemnonoxum, 4TO J€eMMa BepHa IpH
n—1. OGosHauum yepes X, Takoe MHOXKECTBO TIPYIMN, 4TO
Ge€X, Torna M TONBKO TOTZa, KOTJA G — peryJisipHOE cIlJIe-
TeHHe

P,2(Psz...2(P,2((A/R)/O, (A/R))...),

rhe |Pil=pu piFPir (=2, ..., n—=1) u p, ...
ooy Pp€m(R). IlycTh f—Takoll JIOKaJbHBIH 3KpaH, uTO
t(p) =%, (p), ecnu pen(A)\a(R), t(p)=1,_ formX, npu
BCIKOM pEn(R) u ¢(p) =, ecin p ¢ n(A).

[lokaxkem, uro f—BHyTpenHuit 3KpaH (opmauuu <t>.
[Mycts B€t(p), rne pen(R). Torma ana Bcex g€ n(R)
cnpaBefuBo B/F, (B)€t(q). Ilycrs g€ n(B)\a(R). Jlerko
BUZeTh, uTo eciu H € X,, To H/F,(H) ~ A/F,(A). 3nauur,

X, = Gy (N1, form (A/F , (A)).
BBuny cnencrsusa 7.13, .
[,_form¥%, = @m,q)\(q}%,,t,,_ Jorm (4/F; (4)).
ITostomy
B/F,(B) €1,_,form (A/F, (A)) =& (q) =1 (q)-

Wrak, n1s Beex q € m(B) cnpasenmuso B/F,(B)€ t(p). dto
osHauaet, uto B € <t>. Ilycte B € t(p), rae p € n (A7t (R).
Torna nna Beex g€ {p} Un(R) cnpasesyuo B/F,(B)€ t(q).
Tycts ¢ € 7 (A)\({p} U 7t (R)). Tax kak B € ¢ (p) = & (0) = &,
10 B/F (B)EF,(9)=1(q). Takum obpasom, B/F,(B)€t(q)
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npu Bcex ¢€m(B). 3uauur, Be€<t>. Cnenoarenbno, f—
BHYTpPeHHHH 3KpaH (opmanuu <t). '

Ilycrb  Tenepp M —npomsBosbHAs ~ HETPUBHAJbHAS
N-KpaTHO JIOKaJbHasi noadopmaius . Toria BBHAY JIeMMbl
19.2 M,(p)=&,(p) upu Bcskom npoctom p. Crenosa-
TeJbHO, ecaH pER(ANNT(R), 0 M, (p) = t(p)=F.(p).
[lyerb p € n(R). pennonoxum, uto M, (p) =&, (p). Torma
IIOCKOJIbKY TI0 Teopeme 8.3 )

&n(p)=1,_form (A/F ,(A))=1,_,form A,

0 A€M, (p) =M. 3naunr, F=[,formA =M. 310 npo-
THBOpeuHT onpezenenuio M. Cnexosareabro, M, (p)=F, (p).
B cuny namero npeanosioxkenns f(p)— eIMHCTBEHHAs MaKCH-
ManbHasi (n—1)-kpaTHo J0KasnbHas mnoadopmauus B F,(p).
[lostomy cHoBa nosyyaem, uro M,(p) =t(p). Hrak, npu
BCAKOM MpOCTOM p crnpaBefauBo, uro M, (p) =¢(p). Do
o3Hauaet, yto M = <{t>.

[Tycts A—MuHUMaJIBHELH (n— 1)-KpaTHO JOKAJIbHbIH 3KpaH
Gdopmanuu <t>. BBumy semm 19.1 u 19.2 umeer mecro
h(p)=t(p) npu BcsiroM p € it (A)\ 7t (R) u h(p)=!,_.form X,,
rie X,—Takoe MHoxectBo rpymn H us. X,, uro O, (H)= {1}.
[Tokaxem, uto A< @, [Oas 3TOr0 JOCTATOYHO MOKA3aTh,
yro ecan pE€n(R), 10 h(p) = F,(p). Iycrb

H=P,e(Pye...2(P,2((A/R)/O,,(A/R)) ...)EX,,

rae | Pi|=py pi7piss (i=2, ..., n—1) U _p, ..., p, €
€n(R). Torna BBugy semmnr 19.3 L= (A/R)/O,,(A/R)E
E€EF PPz - - - Pur(p,). 3nauur, no Jemme 8.2

PoeLE€Fapps - - Pr-a(Pr_i) P, e(P,el)e
E%}nppz . e pn_s(pn_g), ceey HE%}n(p)'

Takum o6pasom, X, = &, (p). [locaennee Baeuer i (p) = F, ().
Wrak, nas Bcex npocthix p cnpaBemiuso, uto i (p) = &, (p).
3naunr, <> <=g.

[Tokaxem, uro <t> == &. [lycts py, - .., p, € (R). Toraa
FnPi -+ Puo1(py)=formA. C npyroii cropousi,

up1 .. Ppyr(p,) = form (A/R)cform A.

CnenosarenbHo, <t> s~ . Beugy Bcero nokasaHHoro <ty —
€MHCTBEHHAsl MakKCHMaJlbHasi N-KpaTHO JIOKaJbHas noadop-
Mauus . IlpsMoii mpoBepkoH MOXHO Y6emuTbCs, YTO IS
BCSIKOTO p € m (A) 3HaueHue Ha p skpaHa §,, coBnagaer ¢ ki (p).
Takum o6pasoM, <f>=§. 3THM J0Ka3aTeJbCTBO JEMMBI
3aBeplIeHo.
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Has Besiko#t paspetnumoft rpynnet G uepes I (G) Bynem
0003HayaTh HHJbNOTEHTHYIO A1HHY G. Ecin G —enuHnyHas
rpynna, 1o [(G)=0. A

19.5. Jlemma. Ilyeme A—makas MmoHoAUMUYECKAS
epynna ¢ Heabenegbim MoHoaumom R, umo ¢axmopepynna
A/R paspewuma u [ (A/R) =m. Tozda popmayus F=I\,form A
UMeem MAKCUMQAbHYIO N-KPAMHO AOKAAbHYIO noddopmayuro,
Komopas éxooum 6 N*+™ o ne exodum g Rr+m"1,

HdoxasaTenbcTBO. YTBep)aeHue Jemmbl npu n=0
fIBJISIETCA CJeACTBHEM JeMMbl 18.2.

[lycte n>1. Tlo nemme 19.4 § HMeer Takylo MaKCH-
MaJIbHYI0 n-KpaTHO JIOKaJbHylo mnoAdopMauuio &, YTO
H=N*+m. CnenoBarenbHo, 114 JOKA3aTeNbCTBA  JIEMMbI
JOCTaTOYHO TOKasaTh, u4to & & N*+7-1 [locKOJBKY IO
ycnouio [ (A/R)=mu F (A/R)—nepeceyenre BCeX IEHTpa-
JIM3aTOPOB T/aBHBIX (akTopoB ¢akroprpynnsl  A/R, TO
A/R wuMeer Tako#l rsaBHmii ¢aktop (H/R)/(K/R), uro
L((A/R)/Car (H/R)/(K/R))) = m—1. Tlyets L= H/Kx
X A/C 4 (H/K). SIcHo, uto [ (L) =m. Ilycts py, - .., p, € (R),
Pi#pis1 (=1, ..., n—1) u p,¢a(H/K). O6osnaunm
uepes P; oaHy u3 rpynn mnopsika p; i=1, ..., n. Torza
no semme 19.4 rpynna

P,e(Pye...2(P,2 ((A/R)/Op, (AIR))) - . .)
npuHaAnexxuT popMaunu . CienoBarespHO, (A/R)/Opn(A/ R)e
€DuPy .. Pn_y(p,)- B rnaBroM psge rpynnet A/R, mpoxo-
nsmem yepes O, (A/R), naiizercs caktop (M/R)/(D/R),

NpoekTUBHLIA (akTopy (H/R)/(K/R). Tak kak p,,én(H/K),
10 Op, (A/R) = D/R. 3nauut, no jemme 3.32

E = M/Dx A/C 4 (M/D) € form ((4/R)/O,, (A/R)).

Ho BBuny nemmer 3.28 E ~ L. CnenoBarensHo, L€ §,p;. . .
««sPnu-1(p,). Ilpuvensis tenepnp Jemmy 8.2, 3ak/iouaeM, 4To
rpynna T'=P, e(Pye ... e(P,eL)...) npuHagiexur gopma-
uan §. Ipn srom nockonsky O, (L)= {1}, (| P;|, | Pissl)=1
=1, ..., n—1) u I(L)y=m, 10 I(T)=n-+m. 3uauwur,
HENrtm=1 JlemMa HOKasaHa.

19.6. Jlemma. Mycmoe § u §F—n-kpamno soKarbHble
popmayuu (n=>0), npuwem § & F. Toeda ecau odna u3
popmayuii & u F paspewuma, mo 8 § codeprcumcs MuHu-
MAAbHASL N-KPAMHO A0KAAbHAR He F-(hopmayus.

HokasatenbcTBo. [Tycth A—rpynna MHHUMAJLHOTO
nopsizka u3 H\F. Beuny ycsioBusi jiemmbr E-kopanukan A®
rpynnel A He umeerT (pPaTTHHHEBBHIX A-TJIaBHBIX (AKTOPOB.
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3uaunt, B cuny Teopemsl 3.49 B dopmamun [,form A cozep-
JKUTCS JIHLIb KOHEYHOE MHOXKECTBO N-KPAaTHO JIOKAJNbHBIX MOJ-
dopmaumii. Tak xak npu stom [formA g &, Ho E=
=& nl,form A, To us nocnennero BhTekaer, uto B [,form 4
Ha#JIeTCs TaKasi n-KpaTHO JoKanbHas mnopapopmamus M, uro
M F, vo M, =& cnpaBesnuBo A1d BCAKOH COGCTBEHHOM
n-KpatHo JIoKaJbHOH moidpopmauuu M, uz M. 3nauur, M —
MHHHMMaJIbHasl n-KpaTHO JloKasibHasi He g&-(hopMalys, BXOAs-
mast B §). JlemMa jokazaHa.

19.7. Jlemma. I[Tycmo A— paspewsumas epynna ¢ Hiib-
nomenmuoti Oaunoli r=1. Toeda 6 P (A) naiidemcs nocaedo-
6amMeAbHOCMb Py, ..., P, OAUHbL T.

HoxasarteanbctBo. [IpoBegem unaykuuio no r. OcHo-
BaHHe HHIAYKUHMH TPHBHAJBHO.

[lycts 7 >1 u JleMMa BepHa AJisi TPYMNN C HHJIBLIOTEHTHOH

auHO# He - Gonbwe r—1. Tak kak F (Ad)= n F,(4)
p € (A)

H KJacC paspeiudMbIX TPYNN C HUJIbIOTEHTHOH JJHHOH, He
npeBocxosuiel (PHKCHPOBAHHOE HATYPAJbHOE YHCJIO, ABASETCA
opmaumeit, To Haitgercs Takoe p, € m(A), uto [ (A/F, (A))=

=r—1. Torza B P(A/F, (A)) umeercs mnocneioBaTelbHOCTb
P ..., P, IaMHB r—Il. 3HauuT, NOCJENOBATEJbHOCTh
Py -, P, ABISETCS MOAXOAALEH Ansi A U ee ANHHA paBHA 7.

Jlemma nokasana.
19.8. Jlemma. [asn awbozo kaacca epynn X umeem
Mecmo :

P (X)= P ({,form X).

HokxasareabcTBo. Ilycts mocsenoBaTeqbHOCTH TPO-
CTHIX YHCeN ¢, ..., §; He npuHagnexur P (X). Toraa

X g@:@qi%q‘ e @q;l_l%,,,_,@q;l 15 Hekotoporo n < d.

Beupy n. 2.31 ans KaxIOro MHOMECTBA NPOCTBIX YHCEJN It
knacc &y — ToTanbHo sokanbHAas ¢opMmauus. 3HAYUT, BBHAY
caefctBus 7.14, §—n-kpatHo JoKasbHas dopmauus. Takum
obpasomM, [ form X < §. Herpyauno samerurb, yTo mHocselo-
BaTeJbHOCTh (q, ..., §; He NOAXOAUT A &). 3HAUHT, TeM
Gosiee OHa He sIBJsieTCs HoAXoasmeH aaa ¢popMauuu [,form X.
Takum o6pasom, ocraercs 3akJouuTh, uto P ([ form X) =P (X).
Jlemma nokasana.

19.9. Teopema. Toeda u moavko mozda &F— munu-
MAALHAR N-KPAMHO K0KaAbHAS He N™-gpopmayus (m =1, n = 0),
koeda =1, form G, ede G—odna us credytouux epynn:

1) monorumuueckan epynna ¢ maxum HeabereBbiM MOHO-
aumom R, umo  gaxmopepynna  G/R  paspewuma u
n+1(G/R) < m;
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2) Pix(Pyx ... N(PyxN)...), 2de P,—camoyenmpari-
3YeMA MUHUMAALHAA HOPMArbHas no0epynna 8 P (P X - - .
X (PexNY. L)), i=1, ..., t, N—paspewunas epynna u
t+I(N)=m+ 1, npusem ecau n>=m, mo t=m+1, ecau
ae n<m, mo t=n+1.

INIokasaTteabctBo. Jocratounocts. Ecau G ynosie-
TBOpsIeT yc/oBHIO 1), To BBUAY JeMMbl 19.5 & —MHHHMA/Ib-
Hasi N-KpaTHO JIOKa/bHasi He Jt™-opManus.

[lyets G ynosneropsier ycnosuio 2). Ecam n=0, 0
& =1form (P> N), rae P =Cp, n(P)—MHHHMAJIbHAS HOP-
MajibHas noarpynma B P XN, N-—paspemnmas rpynna H
[ (N)=m. Beuny nemmnr 18.2, form N —equHCTBeHHass MaKCH-
ManbHasi ToAbopManus GpopMaluy . SHAUMT, ¢ — MHUHUMAIb-
Hast He N”-chopmanus.

[ycte n>=1 u {p;}=n(P), i=1, ..., t. IloHsTHo, YTO
P,=G%". Beuay coobpakeHHHd HHAyKUHMH (popManus

Fu(py) = L,_sform (G/F, (G)) =
={,_form (P;n(P3x ... X(P¢xN)...))

SIBJISIeTCS] MUHMMAaJbHO# (n— 1)-KpaTHO JoKalbHOH He JN™~'-
dopmanmeii. I[lo semme 8.2 p,=%p, 3naumt, F,(p1)E
& 9, Nm-1. CnenosatesbHO, &, (p1) —MHHEMAIbHAS (n—1)-
KpaTHO JoKajbHas He (N, N"~')-popmauns. Tak Kak
Rm—=NN~-1, 10 nmo Teopeme 7.18 Qopmauua " obGnanaer
TAKUM JIOKaJbHBIM 3KpaHOM f, yTo A (p) =™~ A1s1 BCSAKOTO
IpoCTOro uucsia p. 3HauuT, no caeicTsuio 8.6 sHayeHue Ha p
MaKCHMaJIbHOTO BHYTPEHHErO JIOKAaJbHOTO 3KpaHa (opMaLuH
Jt™ cosmnanaer ¢ N ,IN"1. [Ilpumenss Tenepnb CIEACTBHE 18.6,
3aKJII04aeM, 4TO B pacCMaTpHBAaeMOM CJyuae ¢ TakKxke fB-
JIstleTCsl MHHHMAJILHOM 71-KpaTHO JoKaJbHOH He It™-hopmanued.

Heo6xomumocts. Ilpu n=0 yTBepxkAeHHE CJIEAyeT H3
aemmbr 18.2. Tyers n>>1, u npejnonoxum, 4to npH n—1
Teopema BepHa. Ilo caencrsmio 18.6 & =[,form A, rae A —
Takas MOHOJHTHYecKas rpynmna ¢ MoHosutoM A", uro An1s
Bcex p € m (A™™) ¢opmauus F,(p) sBIAseTcs MUHHMAJIBHOH
(n—1)-kparHo nokanbHOH He (i, N™~*)-popmanuei. Eciu
A®™ _peaGesieBa rpynna, To BBHAY JemM 19.4 u 19.6 nmeer
mecto n + [ (A/A%") < m, T. e. A yHnoBJETBOpSET YCJOBHIO 1).

ITyctp A%” —abenesa rpynna, p € n(A%*"). Tak kak ¢op-
Mauust N” gokanbHa, T0 A% & @ (A). Caenosarensno, A%
o6Jsajgaer gomoaHenuem H B A. Orcioja, B 4acTHOCTH, CJe-
nyer, uro F,(A)= A%". IlousitHo,  4TO &.(p)=
=1, .form H g'N»-1. Tlo semme 19.6 B dopmamuio ¥, (p)
BXOJUT MHHHMaJbHast (n— l)-KpaTHO JIOKaJibHas He Rm-1-
dopmanus M. Beugy Hamero npeanosoxenuss M=I[,_,form B,
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rie B=P,x(Psx ... x(P;xN)...), P,—camouenTpanusye-
Masi MHHHMaJbHasi HopMasibHasi noarpynna B Py X (Pyyqx .- -
... X (PyXN)...), N—paspemumas rpymna, ({—1)+ [ (N)=
=(m—1)41, npuuem ecnmu n—1>m—1, T0 t—1=m,
ectn ke n—l<m—1, o t—1=(n—1) +1.

ITyctb P, He siBasiercs p-rpynnofl. Toraa mo semme 18.8
CyLIeCTBYeT TOUHBIH HempuBoaumbiil F, [B]-monyas P,. ITyctb
G=P,»B. Beuny snemmur 8.2 G¢5%. [Ipu 3ToM, OuUeBHIHO,
[(G)=m+1. 3naunt, F=/[formG. Jlerko BHIeTb, UYTO
rpynna G yIOBJIETBOPSIET YCJOBHIO 2).

IMpennonoxum Tenepb, uro P,—p-rpynna. ITo memme
19.7 B P(B) naiizercss Takas nocJiefoBaTeNbHOCTD

Pas eoey Pty Pti1s =0y Ptepny (OL)

MIHHBL m, 4ro p;e€n(P), i=2, ..., t. Tak xak
Bel, ,form H, To BBHmy Jemmel 19.8 mocsenoBaTesbHOCTb
(o) nomxomutr anss H. 3amerum, yTO MOCKOJBKY p = Py, TO
O,, (H)={1}. 910 o3nauaer, 4yto ecaum TNOCJEIOBATENHLHOCTD
G, - --» ¢ nopxomut g H wu g,=p, 1o r<<m—1. Ho
NocJIeNoBaTeNIbHOCTD (o) uMeer aauHy m. [losydeHHoe npo-
THBOpEYHe MOKa3biBaeT, YTO pacCMaTpUBAeMBIH C/lyd4ad HEBO3-
MoKeH. Teopema JokasaHa.

19.10. Cnencraue. Tozda u moavko moeda ¥ — Muru-
MANLHASL N-KPAMHO N0KAAbHAS HEeHUAbNOMEHMHAR Gopmayus,
20e n>=1, koeda {=1{jJormG u eonoinsemcs 00HO U3
caedyouux Ycaosuti:

1) G—epynna [Imuoma;

2) n=1, G—npocmas Heabesesa epynna.

19.11. CaencrBue. Tozda u moabko mozda K — MUrU-
MAABHASL  NOKAAbHASL — HEMEMAHUALNOMEHMHASL — (POPpMAUUsl,
xoeda § = lform G, e20e G—rmaKras MOHOAUMUHYECKAR 2pYNNQ
c moHorumom P, 4mo 6vinoaxsemcs OOHO U3 CACOYIOU4UX
yeaouli:

1) P = G® — neaberesa epynna;

2) G=Px(QxN), 20e P= Cqs(P), Q= Cqun (Q)—munu-
MarvbHas Hopmarsras nodepynna 8 Qx N u N —Huibnomerm-
Has zpynna.

[Mpumenum Tenepp Teopemy 19.9 jna joKa3aresbCTBa
CJIEMYIOIIEr0 YTBepXKICHHU .

19.12. Teopema. Tozda u moavko mozda epynna G
paspeuiuma u ee HuUAbNOMeHmHas OauHa He npesviuiaem n—+ 1,
ko2da 6 popmayuu \ form G nacredcmeenna Kanedas n-KpamHo
N0KAAbHAS nodgopmayus.

[IpenBapuTesbHO NOKaXKeM CJIEAYIOUIYIO JIEMMY.
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19.13. Temma. Tycmo A=P,*(Pyx .. . X(P,+1xN)...),
20e N — Huabnomenmnas epynna u P;— camoyenmparusyemasn
MUHUMAAbHASL HOPMAALHAR nodepynna 8

Pi>\(Pi+lx"‘>\(Pn+1>\N)"'.)1 i:‘l"-'vn+1-
Toeda
Pix(Pox ... (PyxPyyi)...) ¢ Lform A.

HoxasateanbctBo. Ilyetb n=0. Torna A=P,xN,
rae P, =C, (P,)—MuHHMaJIbHas HOpMaJsibHasi IOATpynna B A4,
NeRN. Tycre pen(P,). Ilo nemme 8.2 O, (4/P,)={l}.
Cnegosarensho, (|P,|, |N|)=1. 3xauur, no nemme 18.2,
P, ¢ form A.

[ycte n>1, u mpexnosoxum, 4ro JieMMa BepHa MpH
n—1. Torza

Py X(Pyx .. . N(PyxPhyy). . )¢
¢, _form (Pyx(Ps> ... X (P, 12 N)...)) =
=1,_,form (4/F, (4)),

rie p,—INpocToi Aeautenb nopsigka rpynnsl | P, |. Cieposa-
TEJILHO,

Pirn(Pyx .. N (PN Ppyyy). .. ) ¢ form A.

Jlemma pokasaHa.

HoxkasartennctBo Teopemb 19.12. JlocTaTOYHOCTD.
[peanonoxum, uro rpynna G He sBJISETCS pPa3peliUMO#
c l(G)<Kn+1. Torna

& =1, formG g Nr+1.

Beuny nemmel 19.6 Hafinercss Takasi MHHUMaJbHAsl M-KpaTHO |
nokasipHasi He N**+1-popmamus M, uro M = F. Ilo Teopeme
19.9 M=, form A, rae A—opHa u3 caelylOWHX TPynm:
1) MoHOnMHTHUeCKasi Tpynma ¢ TakuM HeaGeJeBbIM MOHOJIH-
toM P, uro A/P—uunbnoTeHTHass rpymna; 2) P;X
X(Pyn ... x(P,xN)...), rie N —HuJIbnoTeHTHass rpynna,
P;,—caMoneHTpanu3yeMass MHHHMa/bHasi HOpMaJjibHas TOA-
rpynna B

P X(Pisix .. . X(PpyerxN)...), i=1,..., n+ 1L

ITo ycaoBuio dopmauus M HacreacrBenna. CiepoBatesibHO,
BBHAY JemMbl 19.13 rpymna A He MoxeT YIOBJIETBOPSITH
ycJIoBHIO 2).

IMycrs A ynosnerBopsier ycaoBuwo 1); H-—rpynna
lImunra, seasiomasicas noarpynnoii B P u B=H/® (H).
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[lycre w(B)={p, q}, npuueM B B HOpMajbHa CHJIOBCKas
g-nogrpynna. IlonsthHo, uyro Be€ M. Kpome Ttoro, BBHAY
aemmel 19.13 dopmauusi form B He siBAsieTcss Hac/1eCTBEHHOH.

Cnenosatenbno, n>=1. Ilyets py, ..., p,—Takass TNOC/IENO-
BaTeJbHOCTb NPOCTHIX UHcesa U3 Tt (P), UTO P, = q U p; 7= Pi+i
npu mwobom =1, ..., n—1. Beugy Jemmer 18.8 nafinercs

tagasi rpymna T =P » (P, ... x(P,~B)...), B KoTopoil
P;—camonenrpanusyemMass MHHHMaJbHas HOpPMa/lbHas IOA-
rpynmna B P, x(Piy1 X ... n(P,XB)...) nopsnka pi, i=
=1, ..., n. IlokaxeMm, uro T € M. JIasi 3TOr0 BBHAY JIEMMBI
8.2 gpocraToyHO ycTaHOBHTb, 4TO0 BEM,p; ... Pu_1(Pn)-
[pexne nokaxem upAykuuedl no ¢ (1<t<n), uro dopma-
s Np, M,py ... pr-1(py) Hacnescrsenna. Ilpu t=1 3ro
BoiTekaer u3 jemMer 8.7. [lyers £>1 H NpeanoJoXuM, 4TO
yrBepxkjienne Bepro npu t—1. Torza H=N,,_ M,ps...
.. .Pt—o(pi_y)—HacrenctBeHHass opmauus. BBHAY TeOpeMsl
7.18 dopmauus § uMeeT TAKOH JOKAJbHBIH 3KpaH h, 4TO
h(pr-1)=Mupsr. Ptz (Pr-1)

B(p)=M.p1 -« Pros (Pt-1))n+1-¢(P)

upH JoGOM mpocToM p =ps_;. Ho pys=p;_,. Caenosa-
TeJILHO,

Np, (Mapy - - Proa(Pr-1)n+1-1(P1)) :mpt%npl oo Pr-1(pg)

— HacsecTBeHHas (opMmanusi. Takum o6pa3oM, HacJeACTBEH-
Holl siBaisiercst U dopmauuss N,, M, p; - .. Pa1(p,)- Tak Kax
wst moboro p € (P) umeer mecro F (A)={1},10 A€M,p;. ..
vev Pu_1(p,). Cuenosarenvno, BE€N,,M,p1 ... Pn-1(Pn)-
Ho O,,(B)=1{l}, u nostomy BEM,p; ... Pu_v(p,). Ilpn-
meHuB Teneph Jemmy 8.2, umeem T € M. CioenoBarensHO,
[formT =@&. 3Hauur, no yciosuio ¢opmamus [ .formT
nacaencrBenHa. C japyro#t croponb, no Jemme 19.13 3ra
dopManus HacJelCTBeHHOH He siBisiercs. [TosyyeHHoOe NMpOTH-
BopeuHe NokasbiBaer, yto G €N+, 1. e. (—paspemnmas
rpynna ¥ HHJIbNOTeHTHast IJHHAa G He mpeBocxoiut n--1.

Heo6xomumocts. Ilyers Tenepp G— paspemumas rpynna
C HHUJBTNOTEHTHOH NiHHOM He Gosbie 7 -+ 1. Torma mockoJabKy
BBUAY cJelcTBHs1 7.14 dopmauus N*+! n-kpaTHO JOKaNbHa,
to & =1[formG<=N"+. Ilycre H-—npousBosbHasy MNOJ-
rpynna rpynnet A€M =F, rze M—n-kpatHo JOKalbHAsS
dopmaunusi. Torma no nemme 8.10 H el form A =M. Takum
o0pa3oM, BCsAKasi n-KpaTHO JOKalbHast noidopmaunusa gopma-
uuu & HacjeacTBeHHa. TeopeMa JoKasaHa.
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19.14. Cnenctsue. Tozda u moasko mozda epynna
Hunrvnomenmna, Kozda 6 gopmayuu, e nopoxcOewHol, Ha-
caredemeernol éce noddopmayuu.

19.15. CnencrBue. Toz0a u mtmoasko mozda epynna
MEMAHUNLNOMERMHAA, K020a 8 A0KaAbHOU ¢hopmayull, e no-
pOsCOenHol, HacreOcmeenHb. 6ce N0KAAbHbIE NoOdopmayuu.

19.16. Cnencreue. ITycme F—n-kpamno a0xarbHas
popmayusn. Tozda F = N+ ¢ mom u MmobKo 8 mom cay4ae,
koeda Kasdas n-kpamuo AsokarbHas nodgopmayus u3 F
HacaeOcmeeHHa.

19.17. CaencrBue. Toeda u moavko mozda kaxcoas
KOMNOBUYUOHHAS N0Opopmays KomnosuyonHotl gopmayuu
Hacaedcmeenna, ko2da F = Ne.

HokasateabctBo. [locraroyHo mnokasaTh, 4TO § —
paspemmMasi dopmanus. Ilpeamosoxum mnporuHoe. Torna
BBHJY YCJOBHSI & COJAEPKHT NpoCTyio HeabesneBy rpynny A.
Jlerko BHJETH, UTO KOMNO3HIMOHHAs (hOPMAlHsi, TOPOXKIEH-
Hasg A, coenagaer ¢ form A. 3nauur, mo ycioBHIO (opMa-
uua form A nacnencrBenna. Ilocaennee, oueBHIHO, HEBEPHO,
u6o cdopmauuu form A BBHay Jemmsl 8.12 wWe mpuHajIexar,
HanpHuMep, CHJIOBCKHe MOArpymmel u3 A.

§ 20. INpuveHenne kpHTHYeCKHX Gopmauuit
B BOMpOCax KJacCHOUKALMH JIOKAAbHBIX (opManui

Kpuruueckue dopmauuu, onvcaHHbie B ABYX NMPEIBIAYIIHX
naparpadax, MOryT OBITb HCHIOJL30BAaHBl NPH pELIeHHH pas-
JMYHBIX BONPOCOB Teopuu ¢opmanuii. Hamnomuum, uro npu
JIOKa3aTeJIbCTBE OCHOBHOTO pe3ysbTaTa § 8 HaMH GBIIO HCNOJB-
30BaHO ONHCAHHE MHHHUMAJBHBIX JOKAJbHBIX HEMETaHHJbIO-
TeHTHBIX (opmaumit. Ionyuennas B § 19 knaccudpmkauus
MHHHMAJIbHEIX 7-KPAaTHO JIOKaJbHBIX He J”-hopManuit mo3po-
JUJa JaTh XapaKTepHU3alHI0 KOHEUYHBIX DPaspelllMMBIX Tpymn
¢ 3ajaHHOH HHUJbNOTeHTHOH ajauHOH. OcobeHHO 3ddeKTHBHO
NpHMEHEHHe KPHUTHUECKHX (opmanuit B Bompocax KJacCHbH-
KallUy¥ JIOKaJbHBIX (opManuil ¢ 3anaHHOR cucteMoi moxdop-
Mauuii. Psaj npumepoB Takoro pojpa mpUMeHEHHS] KPHTHUECKHX
dopMauuii MOXKXHO HaWTH B JaHHOM H CJeAyioweM naparpade
TVIaBHI.

Jlokanbnbie dopMamMu ¢ HHJILNOTEHTHBHIM JedekTom 2.
20.1. Tlycre §—mnexoropas JokadpHasi hopMaunus Trpymm,
$H—Henycroit knacc rpynn. OnpenesauM HHIYKTHBHO NOHSTHE
H-nedekra dopmauun F. Ecmu F = H, To H-nederr dopma-
UMK § TOJOXHM pPaBHEIM HYJ0. §-Aedext dopmauuu § mo-
JlaraeM paBHBIM n (n—HaTypanbHOe 4HCso0), ectn FE§H,
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B § HMeercsi MaKcuMasbHas JlOKajbHasi moadopmanus
H-nedekra n—1 U cpeau APYruX MAKCHMAJbHBIX JIOKAIbHBIX
noabopManuil U3 § HeT HH OAHOH C §-AePEKTOM MEHBIIHM,
uem n—1.

B janHOM naparpade Mbl onuiueM JioKaJbHblE (opMaIHH
¢ -nedeKTOM (HIH, HHAUE, C HUAbNOMeHmHoM Oedexmon) 2.

IMycte  u F—aokanpupe dopmauuu, H=F. Toraa
ecnd HafiyTcs TaKHe JIOKaJbHble (GOPMALMH &y - ..y Fpo
yto H=¢,, ¥F,—MaKcuMaJbHasA JOKajbHas NOAPOPMAIHs
B & M §;—MaKCHMaJbHasl JOKajbHasi NoibopMalus B &;_;
(=2, ..., n), To O6ymeM mucate |F:H|.=n. Ecaum xe
H =7, 10 nonoxkuM |F:H|,=0. [das npousBOJbHBIX ABYX
JokasnbHEIX Qopmamuit M u §F, rae M=F, uepes F/, M
0003HAauNM pelIeTKYy BCeX JOKaJbHHIX (OpMalui, 3aKJ/IOYeH-
Heix Mexxy M u §. B panpuedimem Bmecto MV ,F =
= [form (M U F) mbr Gynem nucate MV ,F.

20.2. Jlemma. Iycme § u — rokarvrole opmayuu.
Tozda ecau n—§-Oedpexm opmayuu F, mo n=|F:FN Y|,

HJoxasarteanbcTBo. [IpoBenem unaykuuio no n. Ilycri
n>=2. O6o3HauuM uepes &, TAKyI MaKCHMAJbHYIO JIOKAJb-
Hylo noadopMaumio §, §-aepekr koropoit paBer n— 1. Ilycrs
ONFLF,. Torma BBumy caeiactBhs 9.22 wumeer MecTo
peweroyHbli u3oMopdHaM F/,FNH >~ F/,F: N Y. Tak kak
[ F:&FNH|,=n—1, To U3 nocaeHero BHITEKAET, YTO CYIIE-
crByer elb =MW, 2M,=...2M,_,=FNH, B Koro-
poit M, —makcumasbHas JoKaabHast noidopmauusi B WM, _,,
i=1, ..., n—1. Ilycrp I;—nmepBast (cuHtasi B INOpPSIAKE
BO3pacTaHusi HHJAEKCOoB) dopmamus ¢ §H-nedexkroM = n. Oge-

BHIHO, §-nedekt M; paBeH n—1 u | M M;NH|,=n—1.

Ho M; N H =& N H, n nosromy |M;:M; N H|,=|M;:& N Hl,=

=n—(+1)<n—2. TlporuBopeune.  CieJOBaTEJNbHO, -

FNH=F1, u nosromy F N H=F, N H. 3uauur, |F:HNF|,=n.

Jlemma nokasana. .

20.3. Jlemma. ITyeme M, § u H—sokarenowe gopma-
yuu, nputer M<=F. Toeda ecau m u n—§-0egpexmeor op-
mayuti M u F coomeemcemserno, mo m < n.

HoxasatenbctBo. BBuny ciencrBus 9.20 peueTku

MV, SNFOHNF u M/ MG NF) =W/ MnH
u30MOpdHBL. 3HAUYHT, YTBepKAEHHE JeMMbl 20.3— cielCTBHE
JgeMMbl 20.2.

20.4. Jlemma. [Iycmo &, M, X u §H—rokareHole
popmayuu, npusen F=M\/ X. Toz0a ecru m, r u
t—§-Oegpexnor popmayuii M, X u § coomeememeenno, mo
t<<m-+r.
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HokazatenbctBo. I[lpoeseM MHAYKUMIO 1O M+ 7.
OcHoBanue HHAyKUHHM TpuBHambHO. Ilycts m-r>1. Torma
O-nedexr xorst Gbl ofHOH M3 (opmaunit M u X mnosoxkute-
JeH. Ilycrb, Hanpumep, m>1. O6o3Hauum uepe3 M, Takyio
MaKCHMaJbHYIO JOKaJbHYI0 noipopmanuio u3 M, H-nedekr
KoTopoH paBeH m—1. BBugy coobpakeHH#l HHAYKIHH
H-nedekr £, dopmaumu F, =M, \V ;£ He NPEBOCXOXUT
m—1-4r. Tlokaxewm, uto ¢ < m- r. D10 CpaBelJIUBO, €CJH
t=1,. Ilycrs ¢, 5~¢. Toraa BBUJY pelIETOYHOTO H30MOPHH3IMa

MV X/ M,V X~/ (X0 M)V, M,

dopmauusi , sBJsSETCS MaKCHMaJbHOH JOKalbHOH TMOJ-
tdopmauueil B . B cuny usomopdusmon

Fo/iFNH ~ TV z'i’/z'\:)v FL3N 9~ %Vz'@/z@’

jgemmbl 20.2 u ycioBusi ¢ ==t 3akjawoyaeM, uto &\, F
# & V9. Bnaunr, HV ,F/, DV & ~F/ & CnelopareabHo,
&1V H—MakcumasipHas JokaabHas noadopmauus B §\ ;9.
Ilocaennee osnauaer, uro ¢, =t—1. Ho {;,<<m—14r. Cne-
JoBaTesbHO, t < m-r. Jlemma jgokasaHa.

20.5. Jlemma. B mounocmu moeda HusbnomenmHoil
degpexm aokanvrol gopmayuu § pasen 1, koeda F =MV D,
20e M — HUALNOMERMHAS A0KAALHAR PopMAYUL, §)— MUHU-
MAABHAS NOKANBHAS HEHUAbNOMEHMHAR POPMALUs, RPU IMOM.
1) ecakan Huasenomenmnas nodpopmayus u3 & 6xooum
8 MV (DNN); 6cakas HeHurbnomenmuas A0KAALHASL N00-
popmayus F, uz F umeem 6ud HV (FNN).

HokasateanncTtBo. Heobxomumocrs. Tax kak ¢op-
Mauust § HEHHJIbIIOTEHTHaA, To no Jemme 19.6 B dopmauuio g
BXOJHUT HEKOTOpast MUHHMAaJ/bHasH JIOKaJbHAsi HEHHJIbIIOTEHTHAS
dopmanus §. Ilo ycaosmio N =N N F—MakcumanbHas Jo-
KanpHasi noidopMauusi B §. 3uauut, F =MV 9.

IlocraTouHocTsh BhiTekaer u3 Jemmbl 20.4. [lokaxeM crnpa-
BEJVIBOCTh BTOPOTO YTBepXKAEHHs JeMMbl. Tak Kak I N —

MaKCHMaJIbHasi JIOKajibHasi nonpopMaius B &, To H3 pelle-
~ TOYHOrO H30MOpdH3IMa

(RNH)V MV, D, nH)V M ~
~HHNHNR)V, M) =9/,HNN

caenyer, uro (M NH)V M —makcumasbHas J10KaabHAs MOA-
dopmaunusi B §. CienoBaresnHo, MOCKOIbKY & & N, To BCAKas
HHJIBIIOTeHTHast mnoxdopmauus u3 & Bxoaut B (NN H)V M.
INpexnonoxuM, uyro B  MMeeTcsi MHHMMaJbHasl JOKaJbHasi
HHJIBNIOTEHTHAsT ToApopMauns §),, orauyHas or §. Ilycrs
m, f, h B h;— MHHUMaJbHble JIOKAaJbHblE 3KPaHbl COOTBET-
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crenno dopmanuit M, F, H u &H,. Toraa sBUAY Teopems 8.3
IJisi  BCAKOIO IIPOCTOTO uHcda p HMeeT Mecto f(p) =
= form (h (p) Um (p)). Ilyctb popmauusa § paspewmnma. Toraa
paspeluMoil siBasieTcss U (opMauus §,. Ilo ciaencrsuio 19.10
Haipyres Takue rpynnsl Hlvuara H u H,, uto § = lform H,
§,=lorm H,. [ycrs n (H)={p, ¢}, npuuem B H HOpMasbHA
CHJIOBCKaf p-moArpymna. B srom ciayuae skpaH f TakoB, 4To
f(p)=formZ , rme Z —rpymna nopsaka q u f(1)=@ npu
Beex £ € m (F)\{pr}. E?Buny caencrBusa 8.4 h, <f. 3Hauwr,
n(H,)={p, g} v B H, HOpMa/lbHA CHJOBCKas p-NOATrpynmna.
[MTocnennee B cuny Teopembl 8.3 u cieictBHs 8.4 o3Hauaer,
yto § =,. [IporuBopeune. 3uauut, (opmauus § He pas-
pemnma. Ilo caeactsuio 19.10 = Iform G, rae G —HeKo-
Topas npocras HeabeseBa rpynna. CiejoBatesbHO, 3KpaH f
TakoB, uto f(p)="form G npu Bcex p€n(G) u f(p)=E npu
Bcex p € 7 (F)\ 7 (G). Ucnonbsyss Temepn caencrsue 19.10,
a Takxe TeopeMy 8.3 M caencrBue 8.4, 3akJjiouaeM, YTO
O, =lormG=§. Tlocsennee NPOTUBOPEUHT OIpeLeIeHHIO
dopmanuu §,. Takum ofpasom, B opMauuu & HET MHHH-
MaJIbHBIX JIOKAJbHBIX HEHWJIBIOTEHTHBIX NOAQOpMALHH, OTJIHY-
HBIX OT §).

Ilycts Temeps &, —npous3Bo/ibHAasi HEHWJIBIIOTEHTHAS JIO-
KajpHasa mnoxdpopmanus u3 §. Torma B cuay Jemmsl 19.6
9 = F,. Crenosarenpuo, Beuay Jemmsl 20.3

F1=FNEOV M=V (FnM).

Jlemma Jokasana.

Jlokanbnyo Qopmanmio § HasoBeM npusoOumol, eciau
%=Iform(U fi), rae {X;|i €/}—MHOXecTBO Bcex COOCT-
i€l

BEHHBIX JIOKaJbHBIX Nojadopmauuii us &.

20.6. Teopema. Ilycmo §—npusodumas AOKAALHAA
¢opmayusn. Toeda Husvnomewnmuoui Oegexm ¢opmayuu
8 MOM U MOALKO 8 moM caydae pasen 2, Koeda § yoosaem-
gopsiem 00HOMY U3 CACOYIOWUX YCAOBUL:

D) F=9.V.H, VI, ede M=N, a H, u H,— pasauu-
Hble MUHUMQAbHbIC AOKAAbHbIE HEHUAbNOMEHMHble popmayuu;

2) F=HDV M, 20e M=N, $H—Henpusodumas r0KaAb-

Has opmayus, Husbnomenmuol Oegekm Komopoii pasen 2,

HokasarenbcrBo. [ocrarousoctb. Ilycts & ynos-
aerBopsier ycaosuio 1). Torma seuay Jemmsr 20.4 HHJBIO-
TEHTHbIA JepeKT QopMalHu § He npeBocxoiur 2. Baumy
semmbl 20.4 1 20.5 9,V ,§,—10KanibHas GOpPMALHUS C HUIIb-
NOTEHTHbIM JeekToM 2. 3HauuT, B cuay Jemmbl 20.3 HHJIb-
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norentHull Jedekt ¥ pasen 2. Cnyuail, Koraa § yJoBreTBO-
psieT YCJIOBHIO 2), OYeBMIEH.

Heob6xoaumocrs. Ilycth §,—Takas MakcuMa/bHas JIoO-
KajJbHas uoAdgopmanus B g, HHIbIOTEHTHBIH Ae(PEeKT KOTOpOH
pasen 1. Torza no semme 20.5 &=,V , M, rie M=N,
a §), —MHHHUMaJ/IbHAs JOKa/JbHas HeHHJbIOTeHTHas (opManHs.
[Tpeanonoxum, uTo B § MMeeTcs MHHMMAaJbHAs JIOKAIbHAs He-
HHJIBMOTEHTHAs Nofpopmauusa §),, OTJIHdUHas oT §),. Beuay
aemmbt 20.5 H,E F,. 3uaunr, F=9H,V (H,V M), T. e. B 310M
ciydae & yloBierBopser yesosmio 1). Ilycrs Temepb B &
HET MHHMMAJbHBIX JIOKAJbHBIX HEHHJ/IBIIOTEHTHHIX TOA(opMa-
uuil, OTHYHBIX OT &;. Muaykuuelt no |m (F)| nokaxem, 4yto
B 3TOM cJaydae & yHoBJerBopsier yciosuio 2). Tak kak mo
YCJIOBHIO & — IIPHBOJUMAs JOKanbHast GopManus, T0 B §F N\ &1
Halizercs Takas rpynna G, uto &,=[formG £ &. Ilycts
f— HUJIBTIOTEHTHBIH JedeKT GopMalliu g, BBHAY YCJIOBHA
teopembl ¥ Jemmbl 20.3 n<2. Tak kak &=V Fo» TO
B cuny Jemmbl 20.4 6ymer n>1. Ilycte n=1. Toraa
%ozglv‘%p rue 5))11;92 H

F= DV MV (H:V ) =H: V(DY M)

Tlocnennee BBHAY JiemMbl 20.3 NPOTHBOPEUHT yc/oBHIO. 3Ha-
uut, n=2. [ousTHo, uto ¥, %, CienoBarenpho, ME F,.
[Tostomy |7 (Fe)| < |n(F)|- Takum obpasom, eciau F,—
NpUBOJAMMAsT JIOKa/NbHAasi (opMaLusi, TO Mbl MOXEM CUHTATh,
uTo Fo=M;V 9, rae M; =N, H— HenpHBOAMMAS JIOKAJID-
Has (opMauMs, HUABIOTEHTHbIH JepeKT KOTOpOH paBeH 2
i M;EH. Ho torma F=MV M)V, H, 1. €. § yAoBJeT-
BOpsieT ycaoBHIO 2). DTO Ke clpaBeVIMBO H B Ciyuyae, €CJH
&o— HeNpPUBOAMMAS JIOKanbHasi (opMauus, TaK Kak §F =
=MV ,&Fo ¥ &7+~ & Teopema jnokasaHa.

0.7. Teopema. B mounocmu mozda F— Henpusodu-
MAS AOKAAbHAS POPMAYUS C HUAbnOmeHmHoim Oegexmon 2,
roeda & =liorm G, e0e G —makas monoaumuseckas epynna
¢ Mmonoaumom R, umo aubo R —neaberesa cpynna, G/R —
npamoe npoussederue u3omop@HoLx npocmoix HeabeaesoLx epynn
u n(R)= n(G/R), aubo G=Rx H, 20e R=Cg(R)—munu-
ManbHas Hopmasras p-nodepynna ¢ G, a H—odna us cae-
Oyroujux epynn:

1) npocmas neabeaesa p’-epynna;

2) QX N, 2de Q= Cqsn (Q)—MUHUMANOHAS HOPMANLHAS
g-nodepynna 6 Qx N (g p), a N—aubo epynna nopadka p,
aub0 npamoe npoussederue U30MOPPHHHIX NPOCMbLX Heabesesblx
epynn u p, g€n(N);
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3) Heabenesa epynna nopsadka q° npocmot HedemHol 3Kc-
NnoHenmeol q = p,

4) yuKAu4ecKas npumapHas epynna nopadka g, 2de g—
npocmoe 4ucao == p.

HoxkasaTteabcTBo. Heo6xomumocts. ITycts M —mak-
cHManbHas JoKadbHas noxdopmauusi ¢dopmanun . Torxa
MOCKONBKY § — HeNpHBOAMMAs JoKa/ibHas dopMauus, TO
BCsIKasi cOOCTBEHHAs! JOKanbHAas MOAMOPMALHS H3 & BXONHT
B M. 3nauur, F —MuHUManbHas JokaibHas He WM-popma-
uus. Ilycte f U m-—MHHUManbHBE JOKaJbHbIE 3KpaHbl COOT-
BerctBenno dopmanuit § u M. Torza mo ciexctsuio 18.5
u ciaepcteuio 8.6 & =Iliorm G, rae G—Takas MOHOJIHTH-
yeckasi rpynna c¢ moHojutoM G, urto f(p)—MHHHMAJIbHASA
we (N ,m(p))-bopmanus ais moboro p € x(G™).

BBHLY yc/0BHs TeopeMbl HHJBIOTEHTHbIH AedekT (opma-
uiH M paeen 1. 3naumt, mo demme 20.5 M=, \/, 9, rae
M =N, a H—MUHEAMAILHAA JTOKAJIbHAS HEHHJIBIOTEHTHAS
dopmanus. Ilo cnenctsmio 19.10 § =1Iform G, rae G—.1u6o
rpynna IImuxra, mu6o HekoTopasi mpocTas HeabeJieBa rpynna.
PaccMotpuM cHawaja ciaydail, korga ¢opmanus I Hepas-
pemuma. Torza no Teopeme 8.3 m(¢f)=form B npu Bcex
te€n(B) u m(t)=GC npu Beex ¢ €n(M)\n(B). Ilpeamoo-
xuM, uyto G®—mneabeneBa rpynna. B 3tom ciyyae BBHAY
nemmsl 187 u  9.14 skpan m TakoB, uto m(p)=
= form ((G/G™)/0, (G/G™)) npu Bcex p€n(G™) m(p) =
= form (G/F,(G)) npu Bcex p€n(G)\ 7 (G®). Cuenosa-
TeNbHO, TOCKOMBLKY Ans BeeX p € n(GP) u g € n(G)\ 7t (G™)
umeer wmecro O,(G/G™)=F (G/G™) wu, Kpome TOrO,
F,(G/G®) =F, (G)/G®, 1o G/G™—mpsmoe NpOH3BENEHHE
usomopdubix Komuil rpynnbl B. Ilycre nafizercs Takoe mpo-
ctoe uHea0 p, uto p € n(G®)\x(G/G™). Torma p¢ n(B).
CnegoBarejibHO, B CHJIy NEPBOTO ONMHCAHHSI 3KPaHa fm MMeeT
mecto m(p)=E. Ho u3 Broporo omucanus m clelyer, 4TO
m(p) =form (G/G™). Tlporusopeure. 3nauut, =n(G™) <=
= n (G/G®). Takum o6pa3om, B paccMaTpHBaeMoM CJy4ae
G yIOBJETBOPSIET YCJOBHIO TEOPEMbI.

Ilycrs G™— p-rpynna. Jlerko nokasats, 4to B f(p)\m(p)
HafijieTcs Takas MoHoJMTHYecKas rpynna A, uro O, (4) = {1}.
[MoustHo, uto f(p)="form A. OG6o3nauum uepe3 L MOHOJHT
rpynnst A. Beuay nemmn 18.2, form (A/L) # f(p). 3nauwur,
(A/L)/O, (A/L) € m(p).

IIpeanosioxum, uto pén(B). Torza m(p)=E. Creno-
BatensHo, A/L— p-rpynna. [Tycers p € 7 (L). Toraa nockosbKy
O,(A)=1, To L—mneabenea rpynna. 3nauut, F, (A)={1}.
Crienioarennsho, nockonbky A¢ m(p), o A¢ M. Tlosromy
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&F=UormA. Ilycte g€n(B). Torna BBuAy Teopems 8.3
g€n(L). Ho m<f. 3uauur, BE f(g)=form(4/F, (A))=
=form A. Tlo nemme 18.2 form(A/L)—enuHCTBeHHAA MaK-
cuMasbHas noxgopmauns f(q). CaepoBaresnsHo, form A =
= form B. 3to o3nauaer, yro A~ B. Ho Torma p¢€ n(B).
ITporuBopeune. Takum o6pasom, p¢m(L), u mnosroMy o
Teopeme 8.3 Iform A = . 3uauut, A € M. Iycrs g € (L).
Honycrtum, uto L sBsisercs g-rpymmoit. Toraa, oueBHIHO,
L=F (A). Cnenosarensno, A/L € m(q). Ho A/L— p-rpynna.
3naunt, A=L-—rpynna mopsaka ¢q. B stoM ciydae
&=lormT, rne T'—rpynna UImugra. Ho Toraa BBumy
seMMbl 20.5 HHJIbIOTEHTHBIH HedekT dopMauuu §F paseH 1.
ITporuBopeune. 3nauur, L—mneabenesa rpynna. Crenosa-
TenbHo, F (A)={1}. Tlostomy A ~ A/F (A) € m(q)=formB.
Tak kak mpu srom rpymnna A wmounonutuuna, 10 A ~ B.
Ilo semme 18.7 cymectByer Tounslii HenpuBoAuMblii F, [ B]-Mo-
nyab P. Tlyerb N=PxB. Tornaa, oueBugHo, & = Iform N
u N ynosierBopsier ycsioBuio 1).

Iyete pemn(B), gen(L)\{p}. Torma m(p)=iformB.
INpeanonoxum, uto L—mueaGenesa rpynna. Toraa A[F  (A) ~
~ A€f(q). Ho

G/F, (G) ~ (G/G™)/(F,, (G)/G™) = (G/G™)/F, (G/G™).

3naunt, m(q) = f(q). Us sroro caenyer, uto A ~ B. Ho Toraa
A € m(p). IlporuBopeune. CnefioBaTe/IbHO, B pacCMaTPHBAEMOM
cayyae rpymna L abGeneBa. Ilycre H=LXA/C,(L). Tlo
nemve 3.32 HEf(p). Ilpu stom sicHo, uro [form H == .
3nauur, H € M. Tosromy HJF (H)~ AIC 4 (L) €m(q). Jlerko
Bunerb, uto C,(L)s=A. Cnenosarennno, A/C,(L)—npsmoe
npousBelienve rpynn, usomopdueix B. Ilycte P —TOuHBIHA
HenpuBoauMLIE F, [H]-Monyab u M =P x H. HerpyaHo 3ame-
THTb, 4TO [form M = u g € nt (B). Takum o6pasom, rpynna M
VIOBJIETBOPSET YCJIOBHIO 2).

PaccmoTpuM Tenepn cayuait, korza gopmauust N paspe-
muma. Toraa HUM, =NA.  CnepoBarensro, M= NA.
Ilpennonoxum, uro § & NA. Torma §F—muHUMATLHAS JIO-
KaspHas He -popmanus. 3maumr, BBHAY 0. 18.22,
& =Ilform D, rne D—rakas MOHOMHMTHUECKAS T'PYINa C MOHO-
autoM P, uyro ;u6o P—HeaGeseBa rpynna, coBmafarmouas
¢ KommyTanToM rpynnsl D, au6o D=P X H, rne P=Cp(P)—
p-rpynna, a H—opna us caenyiomux rpynm: a) QX N, rae
Q=Cqs~n(Q) =(QXN)¥s£{1} —munumanbuass HOpMaJbHast
g-moarpynna B QX N; 6) HeaGesieBa rpynna mnopsiika g®mnpo-
CTO# HEYeTHOH SKCIOHEHTHI ¢; B) rpyIna KBaTepHHOHOB MOPSA-
Ka 8. Jlerko BuzeTh, uTO Halgercs Takoe [ € s (M), uto m (/)=
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=lform F, rne F—rpynna npocroro nopsaka es=! u m(r)=GE

‘npu Beex r € (M)\ {/}. [Tycts P—neabeseBa rpynna. Toraa
no Jemve 18.7 m(t)=form ((D/P)/O;(D/P)) mnpu Beex
te€n(P). Ilyctb ren(P)\{!/}. Torma, ¢ OmHOH CTOPOHHI,
m(r)=E, ¢ apyroii—m (r) = form ((D/P)/O, (D/P)). 3nauur,
D/P— r-rpynna. CrezioBare/ipHO, OCKOJBKY | 7t (P)\ {/} | =2,
10 D—npocras HeaGeseBa rpynna. Beuay crieacrsus 19.10
~(opmanus [form D uMeeT HHUJILNOTEHTHYIO MaKCHMAJBLHYIO
JOKa/NpHYI0 MNOADOpManHio. 3TO NPOTHBOPEUHT YCJIOBHIO.
3uauur, P—aGesesa rpynna. Ilycrs H yloB/eTBOpsieT ycio-
Buio a). Torpma, BBHAy Jsemm 18.7 u 9.14, m(p) =
=form (V/Op (N)), m(qg)=formN u m(f)=CE npu Bcex
ten (N)\{p}. CpaBuuBasi Takoe ONnHCaHHe 3KpaHa m ¢ JaH-
HBbIM BbIllle, 3aKJoyaeM, 4to [=q u p=-e. OTCOfa BHITEKaeT,
uyro N € form F. §IBasisicb Henpupoaumoit aGeseBoit rpvnno#
aBToMOpdu3MoB, rpynna N uuk.auyHa, T.e. |N|=e. Takum
o0pasom, B paccMaTpHBaeMOM cJyuyae rpynna H ymoBieTBo-
pfieT yCJIOBHIO 2).

ITycte H ynosneropsier ycaosuio B). Toraa perysspHoe

cisierenve F=FE 2K, rie E u K—COOTBeTCTBEHHO IHKJIH-
- YeCKHe TPYNNBl TNOpPsiAKOB p H 4, DpuHamIexkuT F\IM
u lorm F = §. Ho Bcsikas cob6eTBennas JoKaJbHAasi MOJ-
¢opmanusi dpopmauuu F Bxomur B M. 3Haumur, lform F =F.
IlIporuBopeune. CrenoBartesbHO, paccMaTpHBaeMblil cayyait
HEBO3MOZKEH.

[ycre F =NA. Tak kak popmamus IN JoKajabHAS, TO
G™ ¢ @ (G). CnenosarenibHo, G™ umeer B G ponosnenue T.
Ilousarno, uto G® =F (G). 3nayur, T €. Tak KaK npu 5ToM
T —mnenpusonuMasi rpynna asroMop@uamoB, T0 T — IHKJIH-
yeckas rpynna. Ilpumenss tenepn teopemy 18.4, sakniouaem,
uto | T |=gq?, rae g—npocroe uuciao = p. Takum o6pasom,
G ynoB/ieTBOpsieT yC/IOBHIO 4).

Hocrarounocts. ITycts R—mnea6enesa rpynna. Torza mno
aemve 18.7 B ¥ HMeeTcs JIHUIb OJHA MAKCHMAJIBHAS JIOKAJb-
Hast moapopmamusi N, MHUHHUMAJLHBIH JIOKANBLHBIA 3KpaH m
KOTOPO# TakoB, uTo m (p) =form (G/R) npu Bcex p € n(R).
Tak kak G/R—npsiMoe npousBeleHHe H3OMOPGHEIX IIPOCTHIX
HeaGeseBbix rpynn ¥ nt(R) = xn (G/R), to M =Iliorm (G/R)
u no caeactsuio 19.10 IM—MunuManpHas JOKaJbHAs He-
HUJIBIIOTEHTHAs (opmanusi. CrenoBare/sbHO, B paccMaTpuBae-
MOM CJyyae @ — HeNnpHBOAMMAsH JIOKaJIbHAsl HOPMALHs C HHJIb-
NIOTEHTHBIM JeeKToM 2.

[Tycts H ynosaerBopsier yeaosuio 1). O603naunm uepes M
dopmanmo [form H\/ 9, a uepes m—ee MuHUMANBHBIH
JIOKa/IbHbIA 3KpaH. Tak Kak m(p) = —enuHcTBeHHas MaK-
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cuMasibHas noxdopMauus B f(p) (33eCh, KaK H Bhime, f—
MHHHMAaJIbHBI JIOKaJAbHBIA 3KpaH GOPMALHH ) H, KaK He-
TPYAHO 3aMeTHTb, f({)=m(f) npH Bcex NpoCThX [z p, TO
M —MakcuManbHas JdoKajdpHas noipopmauus B F. Ilycrs
& —INpou3Bo/ibHas cOGCTBEHHAs J0KaAbHAs noidopmanus B,
h—ee MuHHManbHBIA JOKaMbHBIA 3KpaH. Torida h < f, npuyem
HalileTcst Takoe mpocroe yHcio ¢, uto h (t) = f(¢). Ecan t =p,
'ro h(t)y=G=m(t). 3unaunr, h<<m u H<=M. Ilycm

h(p)=Ff(p). Toraa, oueBuano, G e.ﬁj CrenioBatesibHO, F = §).
310 NpPOTHBOpEUHT ompejesieHHio popManuH §). Takum obpa-
3oM, H=M, T.e. F—MunumanpHas JokaabHas He M-cdop-
mauusi. Ilo semme 20.5 nuabnorentHuiit fepext M pasen 1.
3Hnauut, § HenpuBoguMa U uMeeT N-medekTt 2.

[Mycre H ynoBnerBopsier ycaouio 2). Toraa BBHIY
semmbl 18.7 ¥ —HenpuBoMMast JOKaJlbHasi popMauns, npH-
yeM MHHHMAJbHBIA JIOKaNbHBIl 3KpaH m MAaKCHMaJbHOH
JoKaJpHOH monpopmamun I w3 F TakoB, uTo m(p) =

= form (N/O, (N)) u m(t)=form N npu Bcex ¢ € (N)\{p}-
[Tycts |N|—p Toraa m(p)=E, m(q)=formN. B 3toM
cnygae I N WM—mMakcumasnbHasi JOKaJbHas MoApopMas
B M, T. e. HANBNOTEHTHBIH JAedeKT F paBeH 2. Mycrp N —
neaGesesa rpymna. Torza O, (N)= {l}. 3uauur, npu Beex
t€n (G) cnpaBelsUBO m(t)—formN [Tocnennee osHauaer,
uro Mt =lform N. C.ne}J;OBaTeJIbHo B cuny caeactBus 19.10
HUJIBIIOTEHTHBIH JedeKT & paBeH 2.

Cayuaii, korma H ynoBneTBopsieT OJHOMY M3 YcJOBHH 3)
AU 4), OueBHIHBHI.

20.8. ITpo6aema. Onucarb JOKajlbHblE dpopMauHH co
cBepXpas3pelinMbIM JedekTom 2.

20.9. Tlpo6aema. OnwucaTb JOKadbHble (HOpMalHH
C HHUJIBNIOTEHTHBIM JedeKToM 3.

§ 21. JlokajbHble (opMaluH AIMHbI He GoJbiue 5

ByzemM roBopHTb, UTO HeeOUHUYHAS AOKAAbHAS HopMAYUA T
umeem OAUHY N, €CIIH CYLIECTBYET TakKas COBOKyHHOCTb dop-

ManHi %01 %11 e %m LY % % 8:0—& H ? — MaKcCH-

MaJibHas JIOKaJIbHaﬂ nompopMaunﬂ dopmauuu %,, l= 1L ...

., N
CKax(eM, uTO (hopmayus § umeem Oauny t, ecau cyuect-
BYET Takasi COBOKYNHOCTb opMauuil §,, 651, eevy 4 UTO

Hi1=9, @o—Q 9, _ —Maxcumanbﬂaﬂ nompopmaunﬂ ¢op-
Mauuu §, i . Tlo onpegmenenuto epuHHuHas ¢op-
Manus m&éeT nmmy 1

KoppekTtHocTh 3THX 1BYX omnpejejeHudl 6Gasupyercs Ha
OTMEYEHHO! BHILIE MOJYJISIPHOCTH pelleTkKH (opMalnuid u pe-
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LIeTKH JOKaNbHHIX Qopmamuit (cM. caexctsue 9.22). Us
MOJAYJISIPHOCTH CJIeyeT TaKKe, 4TO HeeJMHHYHas JIOKaJbHasl
~ ¢opmauus He obsnajaer INHHOH B CMbICJE BTOPOro U3 NpH-
BEJIEHHRIX OnpefeseHui.

Hcnonpsys pesyabTaThl NpeAbAYIIHX naparpagos, B AaH-
HoM naparpaje Mbl omuLieM JOKaJbHbie (OpMaluH IJIHHbI
He GoJsbLie 5.

Mycrs §—dopmanus, m—uarypajipHoe uncao. Toraa
ecsi SKCIIOHEHTa JIOGOH TPYNNb U3 & LETHT m U B & MMeer-
csl TPYNNa 3KCIOHEHTHI /1, TO M HA30BeM KCnoxenmoil ¢op-
Malud .

21.1. Jlemma. Ecau §—abesesa ¢opmayus 3KCNOHERMbL
m=phpl. . .pi, e0e py, ..., py— pa3Au4Hbie npocmole 4u-
caa, mo ee dauna pagua n,+n,+ ...+ ng+ 1.

IokasareabctBo. Ilpy m=1 jemma BepHa. Ilyctb
m>1 u $H—npoussoibHasi MaKCHMalbHas mNoAdOpMalHs
u3 &. ITokaxeM, uto Ais Hekoroporo i€ {l, ..., f} uucio

prpE. . pligipli-1plisl. . pyt—OKcnoHenTa  dopmauKH 9.
JleficTBHTEIbHO, MyCTh A—Trpynna MHHMMAJbHOTO TOpAKA
u3 FN\ 9. Torma A—npuMapHas LHKIHYECKas rpynna. ITycrb
| A= pp. Tak kak & =form (HU {A}), 1o BBHAY JMemmbl 8.11
IUIsi BCAKOTO j=~i CIpaBeJiuBO, YTO p’j',i JIeJIUT 3KCIOHEHTY
dopmanuu § H, Kpome toro, n=n; Ecau H —MmakcuMalb-
Hasi noarpymna rpynnsl A, To H€§ sBuay BhGOpa rpyn-
oot A. Ho skcnosenTa rpynnsl H coBnajaer c ee NOPSAKOM,
paBubiM p?~. Takum 006pasoM, IKCHOHEHTa dopmanun  §

n. n.—1 _ne: J o
pasHa p™ ... p,/'p;’ PR - ptt. Beuay coobpakeHuH
MHAYKIMH JJiKHA GopManun § paBHa n,+ ... +n,_,+n+
R T R e i o (2 W3 nocJennero 3akJ/iwodaeM, 4TO JAJHHA

dopmanuu F paBHa n,+ ...+ 1+ 1 JleMma JlokasaHa.

21.2. Jlemma. llyemo f, u f,—munumanrbrole N0KALb-
Hble SKPAHbL COOMBEMCMEEHHO opmayuil F u ¥, Toeda
cnpasedausbl caedyrougue ymeeprcoenus:

1) ecau f,(p)=Tf,(p) npu écakom npocmom p#tuf,(h)c
< f, (1), npusen d12 moboii zpynns A € f, (YN (1) ¢ O (A)=
= {1} estnoansemes form ({A} U f, (8)) = [, (¢), mo &, Asanem-
cA MaKcUMAAbHOLL 10KaAbHOL nodgopmayueli F,;

2) ecau Fi— MAKCUMANLHASL AOKANLHAR nodgopmayus F,
" mo 01 6cAKk0z0 npocmozo p maxoeo, 4mo fi(p)<f, (p), u
aoboti epynnot A € f, (P)\J1(p) ¢ Op(A)= {1} umeem mecmo
f, (p) =form ({A} U, (p)), npuuem ecau opmayus %, paspe-
WUMa, MO CYU4eCmBYem mo4Ho 0OHO makoe npocmoe 4ucao t,
amo f ()= f, (0).
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Hokasartenncrso. Ilycrs sKkpanw f, U f, yIOBAETBO
paior ycaoBuio 1). Toraa, oweBumno, { <=, Ilyers F <
cF =&, e F—Hekotopas JokaabHas dopmanus. IToka-
KEeM, 4YTO B Takod curyauun F =g, [lyctb G E€F\F1 f—
MHHHMaJIbHbIA JIOKAIbHBIH 9KpaH dopMauun §. Beuuy cien-
crBusi 8.4 mmeer mecro f;<f<(f, Tak kak f,(p)=Ff,(p)
npu Jo6oM IpocToM p =4 f, TO

GIF+(G)eF(ONL ) SF (N (9).

Ho O;(G/F(G))= {1}, u nosromy form ({G/F;(G)} U f,(2))=
=f, (t). Crenosarensro, f(t)=f,(f). 3nauur, §F==5, Takum
o6pasoM, &,—MaKcHMa/bHas JIOKadbHas MNONpOPMALUA §,.

INpennonoxum Tenepn, uyro &1 —MaKcHMaJbHas JIOKallb-
Has moadopmauus F,. llyers A € f, (p)\f: (p) 1 O, (4)={1}.
O6osnauum uepe3 T Gasy peryJspHoro cmieteHus Pz A, rie
|P|=p. Torma T=F,(PeA) u PeA/T ~A. 3uaumur,
PeAgF:, v BBuny nemmnl 8.2 Pe2A€, CnenoparennHo,
F.=liorm ({P2 A} U,). Ilpumenas remepr Teopemy 8.3,
3aKJoyaeM, uto f,(p)="form ({4} U f, (p)).

[Ipeanonoxum nononuutensho, uto Qopmauus § paspe-
wima. Jonycrum, wto f, (D) f,(p) # i (@)<F,(q), PFq.
ITyete A—rpynna MuHEManbHOTO nopsimka u3 f, (p)\f: (p)
co cBoiictBoM O, (A) = {1}. OBosnaunm yepes G peryasipHoe
cinerenne Pe A, rue |P|=p. Torna GES, n G/F,(G) ~A.
Iocnennee osnauaer, yro G@%l. [TocKosbKyY g, —MaKcH-
MaJbHas JIoKasnbHas nopbopmanus g, To F,=lorm ({G}U
U ). 3uauur, f, (q) = form ({G/F, (G):} U f1(9). Jlerko Bugers,
uro G/F,(G) ~ A/F, (A). CnenoBatenbHo, IOCKOIBKY f, (§) <
<h(q), 10" A, =AJF, (A)€f,(@)\F:(g). Tlyers D=QzA,,
rre |Q|=g. Paccyxpass Tak u BHIIE, BHAHM, YTO A, =
= A, (A) € f, (p)\F1(p)- Ho O,(4,)={1} , ovesnzo,
|A2|<fA|. [Monyyennoe mporuBopeyue 3aBepuiaer AQKasa-
TJILCTBO JIEMMEI.

21.3. Jlemma. Iycme — aoxarvnas gopmayus Oaunss
n, f—ee munumarououi noxareueui sxkpan. Tozda ecau F =
=N, mo n cosnadaem c cymmoii daun opmayuli, asaf0-
WUXCA BHAYEHUAMU IKPAHA [ HA NpPOCMbIX HUCAAX.

HokasatenbcTBo. [IpoBeseM N0Ka3aTeJbCTBO JIEMMbI
uHayKnuei no n. Ilycrs §)—MakcumanbHas JokajdbHasi NOJ-
¢dopmanus B &, h—ee MHHHMANbHBIA JIOKAJIbHHIE 3KPaH.
Tak kak F<=N?, 1o BBHAY nemmbl 21.2 Haiigercss Takoe
pET(F), uto h(p)—MarcumanpHas noabopmauus B f(p) U
h(f)=f () npu Bcex mpocthix =& p. CilefoBaTebHO, CyMMa
AJUH opMaiuui, ABJAIOWMXCS 3HAYEHUsMH 3KpaHa h, Ha |
MeHbllle, YeM cyMMa IJIMH (opManuil, sBJSIOUHXCS 3Hage-
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HHAMH 5KkpaHa f. B cBooo ouepenn, BBHAY caexctsus 9.22.
IuHa (opmanuu § Ha | MeHble, yeMm JIHHA (POPMAIHH &-
Takum o6GpasoMm, NOCKOJBbKY IO HHAYKIHH JIeMMa BepHa
s §, TO ee YTBepXKAEHHE OKa3blBAeTCsl CIPaBEIHBBHIM H
st gopmanuu F. Jlemma mokasana.

21.4. Jlemwma. Ilycme §—makas HUAGNOMEHMHASL A0-
Kkareras opmayus, umo w (F)— roreuroe mroxcecmso. Tozda
oauna opmayuu & pasra |1 (F)|.

INokasaTeabcTBO. [IycTh f—MHHAMAJBHBIA JIOKaJbe
Bl 3kpaH dopmauun §. Torma f(p) =@ npu Beex p € n(F)
u f(p)=, ecin p—mnpocroe uHCIO, He NPHHALIEKAIMECE
7t (%). CaenoBareapno, mo Jemme 21.3 miuHa QopMaunuy &
coBnagaer ¢ |n(&)|. Jlemma mokasaua. :

21.5. Jlemma. B mounocmu mozda OauHa A0KAALHOE
dopmayuu §F pasna 3, kozda F ydosremsopsem O00HOMY U3
CAe0Yrouyux YCRoBULL:

1) & —Huronomenmuasn gopmayus, |7 (F)|=3;

2) F— MUHUMANbHASL NOKANGHAS HEHUABNOMEHMHAS ¢op-
mayus, | (F)|=2.

okaszarteabcTBo. Heobxomumocrs. Ecan F =N, To
no Jemme 21.4 § ynosnertsopser yciaosmio 1). Ilycte § He
xoguT B N. Torma mo semme 18.6 B & mmeercsi MHHHMAaJNb-
Has JIOKaJbHAs HeHMJbloTenTHas nopadopmaunus §. SlcHo
takxke, uro | (9)|=3.

JlocTaTouHOCTh BhITEKaeT u3 JeMmel 21.4.

21.6. Jlemma. B mounocmu mozda Oiuna A0KAALHOL
gopmayuu F pasna 4, koeda F yoosremsopsem O00HOMY U3
credyrouwux Ycaosuii:

& l&%: V N, 20e §H—aoxareras gopmayus Oaunst 3,
D NI, =

2)p%=®1 V.19, 20e , u O,—maxue Ose pasrutrbie
MUHUMAAbHbIE NOKAAbHbIE HEHUAbNOMEHMHbe (Popmayuu, 4mo
7 (H;) =7(Dy), |7 (H) [=2;

3) ¥ — MUHUMANbHAS N0KAALHAA Heruabnomenmuas ¢op-
nayus, |7 (F)|=3;

4) ¥ =llorm G, 2de G=PxH, P =Cg(P)— munumairs-
nas nopmassras p-nodepynna ¢ G, a H—odna u3 credyio-
Wux epynn: a) YUKAUYeCKAs NPUMApHAs epynna nopaoka gt
'6) Heaberesa epynna NhopadKka q° npocmoll HedemHOU 3KCNO-
HeHmbL q; B) p-Huavhomenmuas pd-epynna [mudma ¢ mpu-
suaabtoll nodepynnoii Ppammunu.

NokaszateabcTBo. Heo6xoxumocts. Ecau Huabno-
TEeHTHBIH JeheKT (opMauuu F He NPEBOCXONMT 1, TO BBHAY
aemm 20.5 u 21.5 § yHoBieTBOpsieT OJHOMY M3 YCJIOBHH
1), 8). ITycts HEABNIOTEHTHBI JedeKT (opmanun F Goabiue 1.
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Torma BBHRY cuaenctBus 9.22 u gemmsl 21.4, n=2 u tdopma
uust § paspemmma. Ecau dopmanms § HenpuBogEMa, TO
B cuay Teopembl 20.6 sra opMauusi yIOBJAETBOPSIET YCJIOBHIO
4). Tlycrb dopmanus § npuBoguma. Toraa mo Teopeme 20.6
& —olHa u3 caenylompx dopmamuit: a) O, \/, 9, \V, M, rie
M=N, a H, uH,—pasnuunple MHHHMAJbHBIE JOKATBHBIE He-
HUABNOTEHTHBIE hopmanu; 6) & \/ M, rae M= N, H— nenpu-
BOAMMAs JIOKaJbHas hopMaLHsi C HUJIbIOTEHTHBIM JehEKTOM 2,
Mz H. o crexcrsmo 19.10 kaxkpas u3 dopmauni Hy;, 9,
uMeer NiuHy 3. 3HauMT, B caydae a) no Jemme 20.5 § =
=9V, 9D, 1 a(H)=n(H,), T.e. F yIOBIETBOPSIET YCJIO-
BHIO 2). JIerko mpoBepuTb, UTO BCAKAs HEUPHBOLHMAS JIOKAJb-
Hasg (QOpMAlUst C HUJILNOTEHTHHIM JXeDEKTOM 2 HMeeT JHJIHHY
= 2. CyenoBaresibHO, NiHHA dopmanun & \/, M umeer AIHHY
= 5. Iporusopeune. Takum 06pasoM, ci1ydail 6) HEBO3MOMKEH.

HocratounocTs  ycraHaBmuBaeTcs NpPAMOH  POBEPKOL.
Jlemma nokasana.

21.7. Teopema. [Tyemo F—mepaspewsumas, A0KAAHAS
gopmayus. B mounocmu moeda dauna ¥ pasua 5, xozda &
y0oeremeopsiem 00HOMY U3 CACOYIOUUX YCAOBULL:

) 1) §—munumaronas noxkarvras uerunbnomernmuas ¢dop-
nayus, |5 (F)|=4;

2) F=9V N, 20e H—Mmunumaronas 10Ka16HASL HeHULD-
nomenmuas_gopmayus, |n(H)|=3, HNRN,=E;

) F=HV,M, 20e H u M— pasruunsie MURUMAILHbIE
A0KANbHblE  Henusbnomenmusie  gopmayuu, |n(H)|=3 u
(M) = n(H);

4) F=liorm G, ede G=Px(QxN), P=Cg(P)— munu-
Marvras Hopmarvras p-nodepynna e G, Q = Cos n (Q) — munu-
MarvHas nopmaavras g-nodepynna 8 QX N, N —npsamoe npo-
useedentie U30MOPPHLIX Heabeesbix NPOCMBIX 2pYnMn, NpPUYEM
|w(N)|=3 u p, g€ (N);

5) & =Iform G, 20e G—maras momnosumuueckas zpynna
¢ Heabeaestim monosumom R, umo |w(R)|=3, G/R—npamoe
npouseedenue U0MOp@HOLY npocmuix HeabeaeBbix epynn U
7 (R) = (G/R).

HoxasatenbctBo. Heob6xomumocts. Tak Kak Besikas
GUIIpHMApHAs TPYNNa paspelinMa H 5§ —HepaspeuinMas ¢op-
Mauus, 10 |n(F)| >3. CraemosaresnHo, TOCKOJBKY JAJHHA
opmaury § paBHa 5, TO HHJILIOTEHTHBIH NedeKT bOpMamHHu
& He Gonpme 2. Ecnu HuibnorenTHst JedeKT & pasen 1,
T0 BBHAY Jsemm 20.5 u 21.4 § ynoBsetBOpsieT OJHOMY H3
yeaosuit 1), 2).

Ilycrs HunbnOTeHTHBIA AedekT & pasen 2. Toraa, ouesu aHo,
[ ()| = 3. Monycrum, uto popmanus F npusoguma. TorAa no
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reopeme 20.6 ¥ —onna u3 caenyromux QopMauuit: a) ;\V,
Vi, VM, tae M=N, a H, u H,—pasiuuHble MHHH-
MaJlbHbIE JIOKAJIbHbIE HEHU/IbIIOTeHTHEIe opManuy; 6) § \/ , M,
rae M = N, H-—HenpuBoZUMasi JoKaIbHAA HopMalUs ¢ HUJIb-
noreHTHHIM AedpektoM 2 u M & . [lycts F yAoBJIETBOpSET
yceaoBuio a). Tak Kak ¢opmauus ¢ Hepaspeiiuma, TO IO
KpaiiHell Mepe ojHa u3 Qopmauuii ;, &, Hepaspemuma.
IIycte 3to Gymer §,. Torma |m(9H,)|>3, T.e. miuHa &,
He MeHbine ueM 4. BBugy Jemmer 20.5, £, ==, H N03TOMY
JauHa &), paBHa 4, T.e. §);—MaKcHMaJbHas JOKaJbHas
noapopmanss B F. Jomyctum, uto w(F) £ n(Hy), PE
€ n(F)\7 (D). Torma F=9, vV, N, Ho B paccmarpusae-
MOM CJyyae 3TO HEBO3MOXKHO B cHJay JemMsl 20.5. 3HauuT,
M= Py 1 (D) Sn(H) n |n(H)|=3, 1.e. F ynosrerso-
pser ycaouio 3). Ilyetb & ymosierBopsier ycioBHiO O0).
Torna §—mnepaspemnmasi ¢opmanusi. Jlerko BuAETb, YTO
| ()| =3. CnenoBaresbHO, NOCKOJbKY &) HeNpHBOAMMA H
ee HMJBIOTEHTHBIH JedekT pased 3, To §— dopMauus NIH-
et 5. Ho Torma § =), uro HeBosmoxkHO, HO60 M & H.
Takum ofpasoM, cayyall 6) HEBO3MOMKEH.

[IpennonoxuM Tenepb, 4ro GopMauus @& HENPHUBOAUMA.
Torga BBumy Teopemni 20.7 & =lformG, rme G—rakas
MOHOJIHTHYECKasi TpyIlia ¢ MOHoJHTOM P, uTo /60 P —He-
a6esieBa rpynna, G/P—rnpsiMoe npou3BefieHHe HeH30MOP(HBIX
npocteix HeaGeseBbix rpynn u 1w (P)= n(G/P), aubo G =
= P X H, rpe P=Cg; (P)—MuHHMa bHas HOpMaJibHas p-NOK-
rpynna B G, a H—ofHa U3 CJeAyIOUWHUX TPYNN: a) npocras
Heabenesa p’-rpymnna; 6) QxN, rae Q= Cgxn (Q)—MHHH-
MaJjibHasi HOpMaJibHasi g-moprpymna B QXN (g~ p), a N —
NpsAMOe NpPOM3BEJIeHHE H30MOPGHBIX MNPOCTHIX HeabeseBBIX
rpynn # p, g€ mn(N). Ilyctb P—mneaGeneBa rpynna. Toraa
NOCKOIBKY |7t (F)| =3, To |n(P)|=3 u n(P)=mn(G/P), T.e.
G ypoBnersopser yciaosHio 5). Ilycrs P —abeneBa p-rpynna:
Eciu H ypossersopsier ycaoBuwo a), To {p}Uan(H) = n(F) un
[{pUun(H)| >4, r.e. |n(F)| He meHpuwe, yeM 4, 4TO He-
BO3MOXKHO. 3HAuHT, TaKO# cayuali He umeer Mecra. Ecam ke
H vynosnerBopsier ycjoBuio 6), To, O4eBHAHO, | (H)|=3,
T.e. & YIOBJETBOPSET YCJIOBHIO 4).

Hocraroynocts. Ecin §§ ynosaersopsier yesosuio 1) uan 2),
TO, O4EBHIHO, §F uMeeT AnuHy 5. [TycTs & yAoBJeTBOpSET yCio-
Buto 3). Tak kagk n (M) = n(H), o NRNM=H. Ho RnM —
MakcHMaJsbHas JoKaJbHast noadopmauus B M. Crenosatenn-
HO, BBHAY caeficTBus 9.22,  —MaKcuMaJsibHas JIOKaJbHAst NOK-
dopmauust B F =9 \/, M. Tak kak no semme 21.6 piuna §
paBHa 4, T0 F—cdopmauus Arussl 5. Ilycre & ynoJerso-
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psier ycaosuio 4). Torga no semme 18.7 & obnanaer makcH-
MaJIbHOH JIOKaJbHOH noxpopmaumeit §, y kotopoil umeercs
BHYTPEHHHU JIOKA/IbHBIH SKpaH A cO cJIeAyIomuMHy HEIY CTHIMH
SHaueHUAMH: h(p) =formN wu h(f)=form (G/F4(G)) npm
Beex t€n(G)\{p}. Jlerko Bunets, uro npu Beex € mn(G)
COpaBeAnuBo £ (f) = form N. 3uaunt, § = [form N. Io ycJo-
BHiIO |7t (N)|=3. CiegoparensHo, BBHAY JiemMbl 21.6 u ciex-
crBus 19.10 § — nokasnpHas (opmauusi AIHHBL 4. Iosromy
B PACCMATPHBAEMOM C/y4ae ¢§—JI0KaIbHAS HOPMALUS JJTHHDI
5. AHanoruyHo nposepsercs, uTo nuHA & paBHa 5, ecan §
YAOBJIETBOPsieT yc/1oBHIO 5). Teopema nokasana.
- 21.8. Teopema. B mounocmu moezda & — paspewumasn
npusoouUMas L0KarbHas gopmayus druner 5, xoeda § ydosse-
meopsem 00HOMY U3 CAOYIOU4UY YCA0BUL:
.@ l)t %}:@ HV RN, ede §— roraronas popmayus drunes 4,
N, =@,
2) p%:@ VM, 20e  u M— munumaronoe r0kasornse
Henuonomenmusie gopmayuu, | ()| 7= | x (M) | |7 (F) | =3;
3) F=DV M, 20e H—nenpusodumasn roxasenas ¢op-
mayus Oaunor 4, M—maras munumaronas AOKANbHAS He
D-popmayus dauner 4, umo 70 (£) = 7 (M).
HokasarteabcrBo. Heobxomumocrs. [Tpexnonoxum,
4TO B ¥ HalfieTcst Takas MaKcHMaJbHas JIOKaJibHast nopgdop-
Mauusi §, uro 7 (F) & n(9). Torma =9 V9N, e pe
€7 (F)\7 (D). Beupy caepctus 9.22 AJHHa §) paBHa 4.
€Jl0BaTeJIbHO, & YAOBJIETBOpsAiET ycnoBuio 1). Takum obpa-
. 30M, B JlaNbHEMEM MBI MOMEM CYHTAaTh, YTO A Jioboi
MaKCHMJIbHOH JIOKaJIbHOH moApopMauun X u3 & umeer
Mecro |7 (%) | = | () |
ITockonbky ¢opmanust § mo YCJOBHIO NPHBOAMMA, TO B
Hell HalifyTcst no Kpaiuei Mepe JBe pas/HYHbBIE MaKCHMAaJb-
Hbl€ JIOKa/bHble NOADOPMALUH ¥, H &, Ilycts obe opma-
UuA &, v §, npuBogumel. Tak Kak ANuHBL popmanmil F, u F,
PaBHEl 4 ¥ 7 (F)=n(F) =n(¥,), 10 BBHAY JieMMbl 21.6
JIH60 06e 3TH HOpMALHK HMEIOT BHI &) \/ SEP, the §— JoKaJb-
Has Qopmauus JNuHHI 3 H HNN,=E, aubo kaxnas wus
HHX ecTb §; \/,§,, re H, u §,—TaKHe MHHHMaJbHbIE JIO-
Ka/lbHEIE HEHHJILIIOTEHTHBE (HOPMAIHH, YTO 7 (D,) =5 (D,),
|7 (D) | =2. 3amernm, uro RS KaXJoH JaHHOH napul mpo-
CTBIX YHCET p M ¢ CYLIECTBYIOT JIHIIL JBE Pas/HYHbie MHHH-
MaJIbHEIC JIOKAJIbHbIe HEHHMLNIOTEHTHEIE dopMamun N, u m,
Takue, uro 5 (M) =n (M,)={p, ¢}. Ho F15% F,. Takum
00pasoM, BTOPOE He MOKET HMeTb MecTa. Ipeanonoxum, uro
&1 =N. Torma, BBHAY neMmbl 214, |n(F) |=4=|n(F,)|
ITocnennee osnauaer, uro &, —HUIbIOTeRTHAs popManusi. Ho
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7 (&) =n(F,). Suaunr, F, = F,. [onyuennoe nporusopeune
NIOKa3biBaeT, yto (opManus ¢, He Bxoaur B N. CaenoBareb-
HO, &1 =y \/;93,,,, rfe §),— MHHHMAJbHAas JIOKaJbHasi He-
HWJIbIIOTEHTHAst popManus, |7t (D,)|=2 u p, ¢ 7(H). Paccyx-
Jlast aHaJIOTHYHO, ybexnaemcs, uto &, =8, \/; N,,, rle H,—
MHHHMaJ/IbHasi  JIOKaJbHAsi HEHWJIbIIOTEHTHasi  (pOpMalus,
|7 (D) =2, p,¢n(H). [peanosoxkum, uro p,=p,. Torza
7 (9,) = 7 (D,), npuem H, = H,. o tevme 21.6 §, \/, H,—
JIOKasnbHasi ¢opmauus Aaudsl 4. [lonstHO, uto § =9, V,
Vi, ViR, e p=p,=p, u H;nH,NN,=E. 10 osna-
yaer, 4To ¢ YJOBJeTBOpsier ycaoBmio 1). Ecau p, = p,, TO
=91V, 9,1 n(F)=3,1.e. § yropaersopsier ycaoBHIO 2).

Ilpepnonoxum Tenepn, yTo ofHA H3 dopmanuit F1, F,
HenpuBofuMa. [1ycrs, Hanpumep, TakoBoi Gyger &,. 1o semme
18.6, & conepxur noapopmaumio M, SIBJISIOLYIOCS] MHHH-
MaJIbHOH JIOKaJIbHO# He & -popmanneii. IlonsiTHo, uto § =
=& V.M 1 7(M) = x(F,). Takum o6pasom, B paccMaTpH-
BAaeMOM CJlyyae ¢§ YIOBJIETBOPSIET YCJOBHIO 3).

HocTatoyHOCTh  yCTaHaBIKBAETCS NpPAMOH  NPOBEPKOM.
Teopema mokasana.

21.9. Jlemma. ITycmo §— munumarsran nr0kareras He
NA-gpopmayusn. Tozda Oruna F 6 mom u moavko & mom
caydae pasta 4, koeda ¢ =lform G, ede G—aubo npocmasn
Heabeaesa epynna ¢ |n(G)|=3, aubo G =PxH, 20e P=
= Cg (P)—munumarshas Hopmaronas p-nodepynna 6 G,
a H—o0na u3 caedyiowgux epynn: 1) p-nusvnomenmnas pd-
epynna [lImudma ¢ mpusuasvnod nodepynnoii Ppammunu;
2) Heabeaesa epynna nopadka ¢ npocmoil Hewemuoi 9Kcno-
HeHmeL .

HoxasarenbcrBo. Heo6xomumocrs. Bugy m. 18.22
& =lorm G, rze G—rakas MoHosHTHUECKas rpynna ¢ MoHo-
autoM P, uto Ju6o P — HeaGeJeBa rpynna, coBmajamolas
¢ kommyrtanToM G, yubo G = P X\ H, rie P = Cg (P)— p-rpyn-
na, a H—opsa us crelyomwux rpymn: a) rpynna Kearep-
HHOHOB mopsifika 8; 6) HeaGeseBa rpymna nopsaka ¢° npo-
CTOH HEYeTHOH B3KCNOHEHTHl ¢; B) rpynma Buga Qx N, rie
Q= Coxn (Q)—MunnManbHas MHBapHAHTHAs g-noArpynmna B
QX N, coBnajaiomas ¢ KOMMYTaHTOM Tpymmbi Qx M. ITyctb
P—neaGenesa rpynna. Toraa |7 (P)| >=3. BBuay JemMMbi
21.4 |n(F)|<3. 3uaumr, |n(P)|=3 u BBHAY CJIEACTBHS
19.10 G=P—npocras rpynna.

Ilycts P —aGeneBa rpynma, f—MHHHMAJbHBIH JIOKAJTb-
bl 3kpad . Ecan H yposnersopsier ycsoBuio a), o =
= N*. 3naunr, anuHa §F coBnafaeT ¢ cymMol JUIHH (popMaril,
ABJISIOIMXCS 3HAYeHHAMH 3KpaHa f. ITo Teopeme 8.3 f(p)=
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=formH u [(2)=G. o nemme 18.13 abesneBa dopmans
SKCMIOHEHTbl 4 sBJsAETCA MaKCHMasbHON mnojadopManyeii B
form . CnenoBarenbno, no Jemme 21.1 anuma dopmannuy
f(p) paBHa 4. 3naunr, guHa § paBHa 5. ITO NPOTHBOPEUHT
ycaoBuo. Takum 06pasoM, paccMaTpuBaeMblil cJyyail HeBO3-
MOZKeH.

[Tycrs H ynounerBopsier ycaosuio B). O603Hauum yepes §)
MakCUMaJIbHYIO JIOKaJbHYyl0 MNoApopMauuio U3 &, H NYCTh
h—MuHAMaNLHBIA JIOKaJbHBIE 3KpaH dopmanuu §). Toraa
BBHAY JeMMbl 18.7  h(p)=form (N/O,(N)), h(g)=formN
u h(t)=C€ mpu Becex f€xn(G)\{p, ¢}. Tak Kak mIHHA
¢popmanuu § paBHa 3 U §) He BXoAuT B I, TO IO JEeMMe
21.4 §-—MuHEMaNbHasi JOKaNbHAA HEHMJbNOTEHTHAs (hop-
Mauus u |n($)|=2. Ilpumensis Ttemepp caeactsue 19.10,
BUAUM, 4T0 N—rpynna nopsiika p. 3Hauut, B paccMaTpH-
BaeMOM ciayyae H sBisieTcst p-HUJBIOTEHTHOH pd-rpynnok
[mugra ¢ TpuBnansHO# noprpynnoit PparTHHH.

HocraTouHocTs ycTaHaBaHBaeTcss npsMOil NPOBEPKOH ¢
npuBjeveHuem aemm 21.1 u 21.3.

Anasnoruuno noxassiBaerca ciegyiomasi Jemma.

21.10. Jlemma. [Tycmo § — MUHUMAAOHAR AOKAALHAS He
NA-gpopmayus. Toeda dauna § 6 mom u moabKO 8 mom
cayqae paswa 5, Koeda & =Iform G, 20e G—makxas moHo-
Aumudeckas epynna ¢ monoaumom P, umo aub6o P =G —He-
abeaesa epynna ¢ |n(G)|=4, aubo G=PxH, 20e P=
=Cgq(P)—p-epynna, a H—odna u3 credyromux epynn:
1) epynna xeamepuuonos nopadka 8; 2) epynna euda Q N,
ede Q= Cqsn (Q)—Mmunumaronas nHopmasbras q-nodepynna
6 QX\N, a N —yukauueckas epynna nopadxa p2.

Henpusopumbiii cayvaii. 21.11. Bygem roBoputh, uTO
& —a0kasbras opmayus muna (m, n), €ClH m U A—TaKHe
HauMeHbllIHe HaTypaJibHble YHCJa, YTO BCsKas COOCTBEHHast
JIoKaJbHasi noidopmanus u3 & Bxogur B N” u F= RN~
s nemmbl 21.6 BeITeKaer, 4To THN JI0GOH paspelinMOi He-
NPHBOJAUMON JIOKaNbHOH (pOpMAaUMH JIHHB 5 NPHHALIEHKHT
mHoxecTBY Q={(2, 2), (2, 3), (3, 3), (3, 4)}. Msl noka-
JKEM B 3TOM NYHKTe, YTO B JeHCTBUTEJHHOCTH JIIOGOH 3Je-
MEHT U3 Q fABJISETCS THIOM HEKOTOPOH HENPHUBOJMMOH JIO-
KaJbHOH (opMaluu JJIHHBL 5.

21.12. Teopema. B mounocmu moeda {— Henpusodu-
Mas A0KarbHas opmayus Oaunet 5 00Ho20 u3 munos (2, 3),
(3, 4), xo20a & =llormG, 20e G=PxH, P=Cgs(P)—
MUHUMAALHAS HOpmaabHas p-nodepynna 8 G, H=QXN,
20e Q= Cy(Q)—munumaroras Hopmarsnas q-nodepynna e H,
a N—odna us credyioumux epynn: 1) yukauseckas epynna
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nopadka p%; 2) skcmpacneyuarbhas epynna KCMOHEHMbL p
(p5=2); 3) nodnpamoe npoussedenue MAKUX p-3AMKHYMOLX
epynn Mimudma A, umo ®(A)={1} u n(A)={p, q}.

NoxasatenbcTBo. Heob6xonumocts. Beuny TeopeMsl
19.9 §=1form G, rae G= P> H, P = C; (P)—MHHHMaJIbHAS
HopMaJbHas .p-noarpynna 8 G, H=QXN, rie Q=Cu (Q)—
MHHMMaJIbHAsi HOpMaJbHas g-noarpynna B H u aubo Q=
= H® (ecim F—tuna (2, 3)), qubo Q=H®. Tak Kak
% we Bxomur B N?, To onHa W3 mnopapopmanuil F sBisercs
MMHUMAJIBHOH JoKanbHOH He NA-popmanweii. [TycTs TakoBo#
6yner noapopmauust M. Homycrum, yro M = &. Toraa BBURY
Jgemmbl 21.10 N —uuk/anyeckas rpynna nopsiika pe.

[Mycts M =~ . Beuay nemmer 21.10 anuua Besikod pas-
pelIMMOl MHHMMaJIbHOH JiokasibHOH He (NA)-bopmanuu == 4.
Ho pnuua paena 5. 3uauut, nnuna MM paBHa 4, T. e. M—
MaKcHMaJbHasi JoKajabHas noidopmaius B &. [To nemme 21.9
|t (M)|=2. Tak kak dopmauus & MO YCIOBHIO HENPHBO-
J¥Ma, TO BCsIKasi HETPHUBMAJbHAsi JIOKajlbHas MolbopManus
us % Bxomut B WM. 3uaumt, n(F)=mn(H)={p, gq}. Takum
o6pasoM, no Jemme 18.7 MHHUMAJBHBIH JIOKANbHBIA 3KpaH m
_ dopmauuu M Tako, urto m(p)=form(N/O,(N)), m(q)=
= form N u m(f) = &, ecnu {— npou3BOJIbHOE IIPOCTOE YHCJIO,
oringHoe ot p M ¢. Ilycrb Q= H%. Torma BBUIY JEMMEHI
8.5 N—p-rpynna. 3nauut, no nemme 18.13 m(q)—dopma-
UK, NOpPOXKIEHHasi HeaGeseBoH Trpynnoi nopsiuka p® npocToi
HeyetHoH 3kcnonentsl p. Ho m(q)=form N. CnenoBaTtesbHo,
N—rpynna SKCHOHEHTHl p CTYNEHH HHJBIOTEHTHOCTH 2.
Takum obpasom, ® (N)=N?N’'=N'=Z(N). Ho rpynna N —
HEeNpHBOJAMMAs Trpynna asBToMopdusMoB i Q. 3Hauwr,
Z (N)—uukmuveckass rpynna. Cnenosatensto, ® (N)=N' =
= Z (N)—rpynna nopsizka p, T. €. N—3KcTpacnenuanpHas
rpynna.

[Mpexnosioxkum Teneps, uro Q = H*. CpaBHuBas Hemycreie:
3HAyeHHWsl 3KpaHa M C HeNYCTHIMH 3HAYEeHHSMH MHHHMaJlb-
HOTO JIOKaJLHOTO 3KpaHa MHHUMAJbHOH JoKanbHOH He -
dopmauun pnuubl 4, BuguM, uto form N =form A, rne A—
Takasi p-3aMkuytas pd-rpynna lvuara, uro ®(A)= {1} u
n(A)={p, q}. llycrb L=L, X ... x L ,—1okoss rpynnsl N, re
L;—wmuHuMa/bHast HopMmasibHas moarpymma N, i=1, ...

.., i Umyets N;=L;X...XL;_yXL;j;X...xL,. Ob6o-
3HayuM uepe3 M; HauGo/blIYyI0O HOPMAJBHYIO MOArPYNNy
rpynner N, comepxkaiyio N;, Ho He coiepxamyio L; Torma
N/M;—wmoHonuTHueckass rpynna ¢ MoHomutoM LM /M;.
Bsuny yciosus u emmi 8.5,0, (N)={1}. 3nauur, O, (N I/M))=
={1}, i=1, ..., n. CaegosatesnHo, BBHAY TeopeMbl 3.37,
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N/M;~ A. Jlerko Bugers Takxke, uro M;n...NM,={1}.
CrenoBaresbHO, B paccMaTpuBaeMoM cayuae N — IOAmpsiMoe
MPOM3BEJEHHe Ipynn, H30MOpbhHHIX A. ;

JlocTaToyHOCTh - yCTAaHABJIHBaeTCsl . NPAMOH  MPOBEpKOH
¢ npusneyeHneM Jemm 21.9, 21.10 u 18.7. Teopema noKa-
3aHa.

21.13. Jlemma. ITycmo & — Henunvnomenmuas Henpu-
eodumas rokarvras gopmayus, exodauas 8 N2. Tozda F =
= [form G, 20e H =P x Q—6unpumapras MOHOAUMUECKAS
epynna, y xKomopoi mowoaum P = Cs(P) a8asemcs curo8cKol
nodepynnoil.

HokasatenbctBo. [lycte G—rpynna MUHHMAJIBHOTO
nopsaka U3 F\ 9, rae §—makcumanbHas JoKaJbHas TNOJ-
dopmanus F. ITo jsemme 18.3 G=PxQ, rue P=Cqs(P)—
MoHosmuT G. TloHsiTHO, 4TO Q-—HU/BNOTEHTHAs Tpymna mo-
psiika, B3aUMHO npocroro ¢ |P|. 3Haunt, P—CHJIOBCKAst
noarpynna rpynnst G. [Ipexnosioxkum, uto Q He sBJseTCH
cuyioBckoil moarpynmo#t B G. [ycrs {p}=n(P)u{qy, ..., ¢1}=
=n(Q). Torra Q=0Q,x ...xXQ,, rae Q;—cHI0BCKas §;-NOA-
rpynna B Q, i=1, ..., {. Ilycte D;= R 2 Q;— perynspHoe
cisietenue, rae |R|=p, i=1, ..., t. O6o3Hauum uepe3 F;
dopmanuto [form D;. Jlerko Bugers, uro %,=F. Iycrp M=
=%V iF V. -V, Mm—MIHAMANLHBIN JOKANBHEIA 5KpaH
¢opmanuu M. Tak kak D;/F,(D,)~Q; i=1, ..., {, TO
BBHAY TeopeMbl 8.3 .

m(p)=form{Q,, ..., Q;}=formQ=f(p),

rae f—MHHMMaNBbHBIN JOKaMbHBIE 9KpaH dopmanuu &. C apy-
ro#i CTOpoHhl, oueBMAHO, m(q;)= & =f(g;) npu maoboM i =
=1, ..., t. 3naunr, M=. Ho 310 HEBO3MOXKHO, TaK KaK
N0 YCJIOBHIO & — HenpuBoxuMas jokaJjpHas dopmanus. [Tory-
YeHHOe NPOTHBOpeYHe MOKAa3biBaeT, 4To Q—CHJIOBCKas MOJ-
rpynna B G. JleMma jokasaHa.

CoopmynupyeM B BHAE JEMMBl CJeIYIOWHHA pesy/bTaT
paboThl [56'5}%

21.14. Jlemma. ITycmo M — mro2000pasue wuronomenm-
Hblx epynn cmynenu He Goasvuie 3. Toz20a ecsakoe moxcdecmso
rHa M sksusarenmno Hekomopod cucmeme moxcdecrns L, 63s-
moix  u3 mHosecms S;=<x*=1la=1, 2, ...>, §,=
=, gP=1] B=1, 2, .., Sy=<x 4 4’| v=
=1,2 .. S,;={x y, 2]P=1]| p=1, 2, ...>, npuden
8 Q exodum He 6oaece 00H020 mogicdecmea u3 Kascdozo MHO-
acecmea S;, i=1, 2, 3, 4.

21.15. Teopewma. B mounocmu moeda F— nenpusoou-
Mas A0KOAbHAR Gopmayus Oauner 5 muna (2,2), Koeda F =
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= lform G, 20e G=P X H, P =Cg(P)—munumaipnas Hop-
masonan nodepynna 8 G, a H—o0na u3 cacdyrouwux zpynn:
1) yuxauseckan g-epynna nopadxa q°; 2) epynna KeamepHuo-
no8 nopadka 8; 3) epynna. npocmol HeHemHol SKCHOHEHMmbL q
CMYnenu HUAbNOmMeRmHocmu 3.

TokasaTteabcTpo. Heobxonumocts. [Iyers §—mak-
cuManbHasi JIOKajgbHasi nonadopmanus %, h U f—MHHHMAD-
Hble JIOKaJIbHBIE 3KPaHbl COOTBETCTBEHHO (opManuii § H .

Mo gemme 21.13, F=lorm G, rae G=Px H, P=Cs(P)—
MHEMMaJbHasi HOpMaJbHasi p-moprpynmna B G, a H-——cujos-
ckasi g-noarpynna G (p==gq). [lycte §F =NA. Torma H —
HenpHBOAMMast abeseBa Ipynna aBTOMOP(U3MOB Trpymmsl P.
CnepoBatensio,  H-—murauueckas rpynna. Ilpumenss
tenepb Jemmy 21.1 u 21.3, Buaum, uro |H|=¢°

Ilycts §§ ne BxozutT B N u I —MuHAMa/IbHAS JIOKAJIb-
nas He NY-bopmanus, Bxomswass B F. Beuay caencTBus
19.10 u semmer 21.5 Bcsikas JokanbHas Qopmanus JIJIUHBL
< 3 sxomur B NA. 3mauyur, M umeer aiuny 4 umu 5. Ilycrs
giuHa M paBna 4. Torma M=$H. Beumy Jgemmnl 21.2,
h(p)—ennHCTBeHHAsi MakcuMasibHas nojgpopmauus ¢opma-
mun f(p). Ilyctp Q—rpynna MHHHMAJBHOTO NOPsNKA U3
f(p)\Jt(p), g*—ee srcnonenta. O6osHaunm uepes B Heko-
TOpYI0 LMKJIHYECKYIO MOArpynny mnopsiaka ¢* us Q. Ilpexn-
nonoxuM, uto B=Q. Torna mnockombky f(p)=7formQ, TO
He. 3naunr, § <= NA. TlonyyenHoe npoTHBOpEUUE IOKa-
sbiBaer, uto Q = B. Beuny semmst 8.10, B € f(p). Cnenosa-
teqsHo, B € h(p). Ho no aemme 21.9 & (p)—dopmanus 3Kc-
noHenTH g (¢ HeuetHo). Takum o6pazoM, Q—rpynna npocToH
HeueTHoH sKcroneHTH ¢. IlomatHo, uto Q/Z(Q)€h(p). Cane-
JOBATENBHO, TOCKOJbKY CTYIEHb HHUJBIOTEHTHOCTH J10G0H
rpynisl u3 A (p) He NPEBOCXOXMT 2, TO CTyNeHb Tpynmel Q
He mnpesbimaer 3. Jlerko moKasaTh, UYTO €CJOH cTyneHb Q
paBHa 2, T0 Q € h(p). DTO NPOTHBOPEUHT ONpeJE/IEHHIO IPym-
mel Q. 3maunr, crymenb rpynmet Q pasia 3. B rpymme Q
HMeeTcsl JIMIIL OXHA MHHUMAaJhHAash HOpMaJbHasi MOArpynHna.
CiieoBaTe/IbHO, CYLIECTBYET TOUHBIH HeNpHBOAWMBI F, [Qlll—
vonysip L. Herpyano samerurs, uto & =Iform(LxQ). Ha-
KoHell, ecau JuuHa M pasHa 5, To M=, U B aroM cay-
yae YTBEPXKJEHHE TEOPEMbI CIpaBeIuBO B cHay Jemmsl 21.10.

Hocrarounocts. ITycrs H ynoBnerBopsier ycnoBuio 1) H
M —ee wmakcumasnbHas noArpymna. Jlerko npoBepHThb, UTO
form M —enuncTBeHHass MakcuMasbHasi mnoxdopmanus ¢op-
marud f(p) =form H. O6Gosnauum uepe3 L TOYHHIA HeNpH-
Bogumbiit F, [M]-Monyas. Toraa §=Iform (L x M)<=%. Bsuny
TeopeMnl 8.3 3HaueHHe MHHHMaNBLHOTO JIOKAJILHOTO 9KpaHa ¢op-
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Mamuu § na p copnamaer c¢ form M. CienoBaTeqbHO, IO
teopeme 18.4 §-—enuHCTBEHHAss MaKCHMaJjbHash JIOKa/lbHas
noabopMauus B 5. 3Hauur, dopmanus & HENPHUBOLMMA H
ee aanHa BBUAY Jemm 21.1 u 21.3 paBua 5. Ecin H ynos-
JeTBopsieT ycaoBuo 2), To no Jemme 21.10 F-—Henpuso-
AuMast JIoKaJbHasi GopMalus IJHHBEL 5.

ITycrs H ynosnerBopsier ycaosuio 3). Tak kKak form H
neabGesneBa opMalms, TO B Hell MMeeTcss MHHHMajbHas He-
abeneBa nogpopmauus M. Beuay semmer 18.13 M — dopmanus
IPYNN 3KCIOHEHTH ¢ CTYNEHH HUJBIOTEHTHOCTH < 2. 3HauHT,
M == form H. Beuay Tteopemn 3.49 uncno noagopmaumit
dopmaunu form H koneyno. CaenosaTesibHO, OJHA M3 TNOX-
dopmanuii 3710l hopMmauKK ABASETCS MUHUMABHOR He Mi-(op-
manuedt. IlycTs TakoBol Gyzer moxpopmaunus §. Tak kak
3KcrionenTa dopmanuu form H paBHa ¢, To §)—HeaGeseBa

pMauusi. [lpumensin emwe pa3 semmy 18.13, BumuM, uTO

NPW=M, 1. e. M—enuncTBeHHass MaKCUMA/bHAS MNOK-
dopmanus dopmanuu . [ycrs §H={form A. [lpeanonoxum,
yro §) 5= form H. lonycruM, 4To BCSAKOE TOXKAECTBO Tpynisl A
Bumosiserca u B rpymne H. Torma Beufly Jdemmer 9.3 H
NPHHAJVIEXHT HACJIEACTBEHHON (opMaluH &), NOPOKAEHHOH
rpynnoii A. Ho Beuay semmsr 8.10 £, =form A. Cneposa-
TeqbHo, form H = §. [lonyyeHHoe npoTHBOpeuyHe NMOKA3LIBAET,
YTO HaMJeTCs] TAKOE TOXKJECTBO U, KOTOPOE BHIIONHSETCS B IPYII-
ne A, Ho He Bumosusiercsa B rpynne H. Tak kak H—HuIb-
NOTEHTHAs TPyNNa cTyneHu 3, To no JemMme 21.14 ToxAeCTBO U
3KBHBAJIEHTHO HEKOTOPOH CHCTeMe TOXKHAECTB Uy, U,, Us, Uy, THE
VES, =X =1|a=1, 2, ..., 1,€8,=x, y]? =1|f=
=1, 2, ...>, v;€8,=<[x, y, yI*=1]|v=1, 2, .. .>, %€
€S,=<[x, y, zPP=1|p=1, 2, ...>. Ilousarno, uro
o, B, p=~1. CiegoBaresbHo, nocKoALKY form H — Qopmanus
9KCMOHEHTHl ¢, TO =P =p=¢. D10 03HayaeT, 4TO KaxHoe
M3 TOXJECTB U;, U,, U, BeiojHsiercs B rpynne H. Cregosa-
TenbHO, B H He BhINOJHseTCS TOXACTBO vy, [lostomy yp= 1.
TToHATHO, YTO CTYNE€Hb HMJLIOTEHTHOCTH rpynnbl A pasha 3.
3naunt, BBHAY Teopembl 6.5 ra. II1 kuuru [162] ¢=3. Ho
torga no teopeme 6.6 1. III kmurum [162] TOXAECTBO Vs
Bhmosnsiercss 1 B rpynne H. Tlonyuennoe nporuBopeune
nokashiBaer, uto & = form H.

[ycrb h—rtakoft JokaibHbii 3KpaH, uro h(p)=M,
h(q)=€ u h({)= & npu Bcex NPOCTHX f, HE PABHHIX p, g.
Jlerko BHAETb, UTO h— MHHHMAJbHbIH JOKAJILHBIH 3KpaH ¢op-
mauuu <h>. CrefoBaTenbHO, MOCKOJBLKY F (p)—€RUHCTBEHHAS
MakcHMasbHas noppopmanus qopMaunn [(p)=formH wu
h(t)=Ff(f) npu Bcex npocTHX [==p (31€ch, Kak H BHILE,
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f— MUHHMA/LHBI JOKANLHBIA SKpaH (OpMALHM %), TO0 1O
cnenctuio 18.5  §F-—MuHHMA/IbHAS JIOKaJbHas HE <h>-dop-
Malus. 3Hauut, PopMauus & HenpuBOAUMA U ee JIHHA paBHa
n-1, rae n—pxauna dopmanun <h>. Tak Kaxk h (p) —MHHH-
MajpHas HeaGeneBa (opMalMst SKCIOHEHTHI ¢, TO 1O JIEMME
21.1 pauna gopmanuu h(p) pasna 3. CrefoBaTesbHO, BBHALY
gemmel 21.3 n=4. Teopema A0OKa3aHa.

21.16. Teopema. [Iyemo §— renpusoOUMASL AOKANLHAR
Gopmayua dauner 5 muna (3, 3). Tozda & =1Iform G, ede
G=PxA, P=Cgs(P)—MUHUMALLHASL HOPMOLOHAL p-nod-
epynna G, a A=A;x A,—maKas GunpumMaproa MOHOAUMU-
weckas epynna ¢ MoHoaumom R, umo R=0(A,)=() =
=Z(A,), A,—osemenmapras epynna 041 ecaxoeo A-z2aas-
noeo gaxmopa T/L us A, npoussedenue T/LXA/C,4(T/L)—
epynna [lImudma.

NoxaszaTeabcTBo. [lycrs §—MuHHMATbHAS JOKA/b-
pass ne NY-popManusi, BroAsmas B . Torga TOCKOJBKY
MaKcHMa/bHas JOKaibHasi Tofpopmanusi dopMaunpu F He
pxomur B N2, 10 §#4F. Ho pruma § pasHa 4 uin 5
3uaunt, §)—MakcHMasIbHasH JOKaIbHas NOApOpMaLHs dhopma-
wn ¥ u AnumHa §) pasna 4. Tlo semme 219 H =
— lformG, rae G=KxH, K=Cg(K)— munumaipHas
HopManpHas p-nofrpynna B G, a H=Q>»N, rie Q=
= Cy (Q) —MuH¥MMa/IbHas HOpMaJbHAsA ¢-TOArpymnna B H, N—
rpynna nopsimka p. OGosHauuM 4epes [ w h MuUHHMAJIb-
Hble JIOKANbHEIE SKPAHBl COOTBETCTBEHHO (opmaluil xF u 9.
Beuay cieactBusi 18.5 Halimercss Takoe NpOCTOE HHCIO 7,
uto [(r)—muaumManbHas He (N,h(r))-bopMauns H f(t)=
= h(t) npu Beex mpocthix f==r. IlycTs B —npoussosibHaA
rpynna u3 f(r)\h(r) ¢ O, (B)={1}. [lpeamonoxum, 4YTO
rpynna B He MOHOJHTHYHA H NYyCThb N,X...XN,—ee 10-
Koab, Tae N;—MuHHMajbHas HOpMajlbHAas MOArpynna B B,
i=1, ..., m. OGosHayum uepes M; moarpynny Nyx...

. XN;_ XN; X...XN,, a uepes L;— nan6oJipliyio
HOPMAJbHYIO MOATPYNNY TPYNnel B, cofepxaiyio M;, no He
cofepxautyio N;. Torma B/L;—MoHOJUTHYECKAS rpynna
¢ monoutom LN,/L;. Tak xak O, (B)={1}, 10 O, (B/L)=
= {1}. 3amerum, uTO L,n...nL,={1}, T e BE
€R{B/Ly .- B/L,}. Cneposare/iipHO, JAJsi HEKOTOPOro
t €{l, ..., m} rpynna B/L; He npuHaAJEXAT dopmauuH A (p).
Urak, B f(p)\/i(p) Haliflercss Takas MOHOJMTHYECKad IpyI-
na A, uro O, (A)={1}. O6o3nayum yepes P HEeKOTOpHH TOY-
HBIH HenpuBOAUMEIA F, [A]-monyns. Toraa, O4eBHAHO, D=
= Px A€F\9. 3uaunr, §F = lform D. [Tosromy AednMN.

3ameruM Takxke, 4YTO MOCKOJIBKY @—EI[I/IHCTBQHHBH MakcCH-
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MaJibHasl JIOKaJbHas noncpopmaunﬂ B %, 10 n(D)={p, q}=
= 11(%). Cnenosatensno, n(4)={p, ¢

Ilpennonoxum, uro r=¢. Toraa MOHOJIPIT R rpynner A
ABjsercs p-rpynnoii. Cieposareanto, F (A)— p-rpynna. Ho
rpynna A 6unpumapHa. 3Hauut, Hafiercs Takod A-T/aBHBIA
daxrop M/K, yto M =F(A) u C,(M/K)=%=A. Tlyctb B=
= M/K x A/C ;(M/K). Torna sBuny nemmbl 3.32 B€f(q).
Jlerko Bugeth, uro h(g)=form N = 9. Cneposarensho, B
¢h(g). Tlycrs L—TouHpit HempuBOIMMEIE F ¢ [B]-Monysib H
T=LxB. Torna T € F\ D, u nosromy %—[formT [ocaex-
Hee O3Hayaer, yTo

f(p) =form (T/F,, (T)) =  (p) = form (Qx N).

Jlerko yGemurbca omuako, uro T'/F,(T)—gq-rpynna. Iloay-
YyeHHOE NPOTUBOpEUHe MOKA3bIBAET, 410 r=-q.

Iycrs r=p. Torga, oueBupso, R-—g-rpynna. Ilpeano-
JaoxuM, uto R He Bxogur B (®(A). Jlerko yOeauThes, uTO
B 3ToM caydae R=C,(R). Tak kak ¢ = N% TO BBHAY T€O-
pembl 8.3 umeeMm f[(p)=MN* 3uaumr, A/Re€N. IllonarHo,
uro f(p)=Iiorm A. CnegoBaresnno, H € form A. Ilpumensas
tenepb Teopemy 3.37, BuauM, uto H~A, 1. e. A€h(p).
Ho 3ro nporusopeunr onpegenennio rpynnet A. Takum 006-
pasoM, ocraercs 3akawouutb, 4to R = ®(A). Tak kak rpyn-
na A MOHOMMTHYHA H MeTaHHJbNOTeHTHa, TO F(A)=A4,—
cusoBcKasa noxarpymna us A. Tak kak R He HMeeT nononHe-
nusg B A4, o ®(4,)~{1}. Ho ®(A,)—xapakrepucTuyta
B A, 3Haqm (I)(Aq)—Hopma.anaH noArpynma rpynnsr A.
CJIeIlOBaTeJIbHO R=®(A,). Ilo cnexcrsuio 3.23 A ne an-
HaJIeXHUT q)opMauHH form (A/R). 3naumr, A/R€IA(p).
ITo nemme 8.11 /R € form Q, u MO3TOMY CHJIOBCKas1 §-TOJ-
rpynna TpyImnsl A/?Q anementapHa. [Tocieanee, B 4acTHOCTH,
osnauaer, uro ®(4,)=R. Takum 06pa30M R=0(A)).
Jlerko y6e;mecsi TaKxe, uto R=(4,)' =Z(4,).

Ilycts Teneps A,—nNpousBosbLHAS ¢noBcKas p-TIOArpyNNa
u3 A. Ilokaxewm, aTo A p—3JeMenTapHas rpynna. JonycraM,
yro O, (A/R)—D/R-#R/R Torga coraacHo Jemve 4.4
KHHTH [107] cuioBckast p-noarpynna K rpynmsl D Hop-
maipHa B D. 3uaunr, K xapakrepuctayna 8 D. Ho D —
HOpMaJbHast B A nofrpymna. Takum obpasom, K —Heenu-
HHUYHas HOpMaJIbHaﬂ p-noarpyuna rpymmsl A. Tlockoabky
F(A)=A g TO TOCTeJlHee  HEBO3MOXKHO. CieoBaTesibHO,
ocraercs saKmoqmb, gyro O,(A/R)={1}. Tax kak A/RE€
691 A (p), T0 H3 noc.ne;u-lero BeiTekaer, yro A/R€h(p) =

~ form H. [lpumensis rtenepp Jemmy 8.11, BuiuM, uTO
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A R/ReformN. 3Iro osnagaer, uro A,—asnemenrapHas
abesieBa p-rpynmna.

PaccMotpuM  npousBosbHberit  A-riaBueid  dakrop T/L,
rne T A, Tlyere C=C4(T/L). Torma C=CNAA,=
= A (CﬂA) 3Hayur,

AIC=A,A1A,(CNA,)~A,A,nC.

[Mpennonoxum, uro C=A. Torga no semme 3.32 dopma-
nuu f(p) npusapnexur rpymna D nopamka ¢. OdeBupo,
f(p) s=form D. Cnenosarensno, D € h(p)="form (Q> N). Ho
BBHAY JemMbl 18.2 rpynma D He MoxeT NmpHHaIJeRaTh Gop-
manun form (Qx N). Ionyuensoe npoTHBOpeuHe MOKA3bIBAET,
yro C==A. Tockoabky A/C ~ A,/A,NC—HenpusoauMas
abesieBa rpynna aBTOMOP(HH3MOB rpyrmbr T/C u 3KcrnoHeHTa
rpynnut A, paBia p, To A/C—rpynna nopsfka p. 3HAYMT,
T/Lx AJC,(T/L)—rpynna IImuara. TeopeMa nokasaHa.

§ 22. Kommenrtapuu

22.1. Ha Baxnocrs wusyueHusi Kpuraueckux ¢opManui
6bio obpamieno BHumanue B jokaage JI. A. Illemerkoa
[106] Ha VI BcecoiosHoM CHMIO3HYME IO TEOPHH TIpyNN
B 1978 r. Tam xe Gnuta mocrasjeHa 3ajlauya U3yYEeHHSI MHHH-
MaJbHBIX JOKaJbHBIX He §-bopmaimii. Perenuro stoit 3aiaun
6bin mocsmennl paGotet A. H. Ckuber [80, 86—89, 95],
OCHOBHBI€ Pe3YJIbTaThl KOTOPHIX COCTaBHJIH couep;xanne napa-
rpadoB 18, 19 manHo#i KHHTH.

22.2. I'Iaparpa(b 20 nanucaH Ha OCHOBe pe3yJIbTaTOB
paboret A. H. Ckubst u E. A. Taprouckoro [94].

22.3. JlokanbHylo noadopmaimio M dopmanun § Haszo-
BeM npedmarcumanrerol, ecmu McF u M He asagerca Mak-
cUMaJIbHOH JIoKanbHOH nonadopmauuei -opManuy .

OcHoBHIBasICh Ha KJIAcCHMUKAIMH MHHUMAJBHBIX JIOKalb-
HBIX HEHHJbMNOTEHTHBIX M MHHHMAaJbHBIX JIOKAJbHBIX HECBEpX-
paspeuiuMbix ¢opmanuéi, E. A. Tapronckuil onucan HeHHJb-
TNOTEHTHbIE JIOKaJbHEIE (GOpPMaIii, ¥ KOTOPHIX BCce MpeIMaK-
cHMaJbHble JIOKaJbHblE MOADopMaiuy HuJbnoTenTHb [97, 99],
'H paspelnyMble HecBepXpaspeuinMble JOKaJbHble (DOpMalMH,
Y KOTOPHIX BCe NpeAMakcuMajbHble moAdopManuH cBepxpas-
pemnMer [98].

22.4. B cBssu ¢ Teopemoit 19.12 BosHMKaeT cJeAyromas
3ajava.

[Mpo6aema. Kak p-pnuHa p-paspemuMoil Tpynnbl CBs-
3aHa ¢ BHYTPEHHUMH CBOHCTBAMH A-KPATHO JIOKalbHOM (op-
MallHH, €1 MOPOXKICHHOH?
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22.5. TI. HefiMmad nokasan, 4T0 BCAKas ToAdopManus
NpOM3BOJBHON (OPMAlMH  HHJBIOTEHTHRIX ~TPymN  HacJeA-
creenna [174]). ObparHoe yTBepkKAeHHe NOKa3aHO A. H. Cku-
goir [81]. Cneacreue 19.16 pacmpocrpanser STH Hab/moeHHs1
Ha CJydail n-KpaTHO JIOKaJbHBEIX (opMaiuil A/s NPOH3BOJbL-
HOTO 1eJION0 HEOTPUIATE/BHOTO 1.

92.6. Hanomuum, uto A-dopmanueil Mbl HasblBaeM BCAKYIO
(opManHio rpynn ¢ a6eNeBbiMH CHJOBCKHMHM NOATPYIIaMH.

[Mpo6nema. Onucath MHHHMaXbHBIE HE A-popmanvs.

22.7. TIpo6aema. Onucarb HEOAHONOPOXKAEHHbIE TO-
TaJbHO JOKAMbHblE (OPMAIHH, Y KOTOPHIX BCe COGCTBEHHbIE
TOTAJBHO JIOKaJbHble MOJGMOpMalUH OJHOTIOPOKJEHHI.

22.8. TIpo6aema. Onxcarb KOHEYHbIE HEONHOIOPOKICH-
Hble (OPMAMHN ACCOLMATHBHBIX KOJEL, Y KOTOPbIX BCE co6-
cTBeHHble NOAGOPMALlUK OJHOIOPOKACHHI.

22.9. [Ipo6aema. Ilycrb F=Ar=A... A rie A —

——
n
(opMalusi KOHEUHbIX aGeseBBIX TPYymN, n— HEKOTOpoe HaTy-
paibHoe umcso. Onucars (opmauuio § Npu YCJOBHH, HTO
OHAa HEOJHOMOPOXKJEHa, HO Kaxhas COOCTBeHHas noapopMa-
A ¥3 ¥ ORHOIOPOXKIAEHA.

OtMeTHM, Y4TO B KJacce Hac/eACTBEHHBIX dopmanuit 3Ta
sanaua pewena [91] ¢ momompio noayuennoft A. I0. Oub-
[MAHCKHM KJACCH(pHKAIMH pPas3peliMMbiX [OYTH KPOCCOBBIX
MHoroo6pasuit rpynn [54]. )

22.10. Mpo6aema. [ycrs §F <= Mr=D... M, rzre Mm—

—_——

n
¢opmalusi KOHeUHBIX abeseBBIX KOJeLl Jlu, n—HeKoropoe
HaTypanbHoe uucao. Onucarb (opMauuio & TPH  YCJIOBHH,
YTo OHA HEOLHONOPOXMIEHAa, HO KaxkJasd coOCTBeHHas HOA-
¢opMalMs U3 & ONHONOPOXKJCHA.

22.11. TIpo6anema. Onucarb n-KpPaTHO JIOKAJIbHLIE dop-
Mall{¥, y KOTOPbIX BCE /-KPATHO JOKaXbHbIC noaopMaIHH
HOpMAJIbHO HAacJIeJCTBEHHBI.

22.12. TIpo6aema. KakoBbl KOMIO3HIHOHHLIE dopma-
MM, y KOTOPBIX BCE KOMIO3HUMOHHBIE MOA(OpMAliH HOP-
MaJIbHO HacJIeCTBEHHbI?



IrJIABA 5

NMPUMEHEHUE MMHUMAJIbHBIX HE 3-TPYIN
B BOMPOCAX KJIACCH®UKALLUH ®OPMALIMHA

Bce ¢urypupyiomue B Hacrosiled TIiaBe (OpPMaUHH H
TPYNNBI TNpEeANoJaralTcs BXOAAIMMH B KJacC KOHEYHBIX
paspelnMbix rpynn &. ViMeHHO B paspeliHMOM cjydae SipKO
NPOSIBASIETCST PO/b MHHUMAJbHBIX He F-Tpynn B 3ajayax
0 mepeyHcJeHHH (opMmaluil ¢ 3aJaHHBIM CBOWCTBOM.

§ 23. MuHuMaibHble He F-rpynnbl

OGumue cBOicTBA MHHHMaJbHpIXx He &-rpymn. 23.1. Ha-
NOMHHM, uTO rpynna G HasbBaeTCst MHHHMaJbHOH He §-Tpyn-
noit, ecin G He NPHHALJIENKHUT KJaccy g, HO 3TOMY KJaccy
NpHHAJJIEXHT BCsikasi COGCTBeHHast noArpynna G.

JlokanbHblll 3KpaH [ HaspiBaercsl MOJIHBIM, €CJH MJif Jito-
Goro mpoctoro uucia p umeer Mecro f(p)=N,f(p).

Ias mo6o# rpynnsl A uepes d(A) o603HAauWM MHHH-
MaJIbHOE UYHCJIO -TOPOKAAIHX A.

23.2. Jlemma. [Tycmo G— munumarvHas He g-epynna,
20e F —aokarvnan gopmayus. Toeda cnpasedrusbi caedyio-
wue ymeepoiLoerHus:

1) epynna G/D(G) MOHOAUMUYHA C MOHOAUMOM
G3® (G)/® (G) u Cq4(G? @ (G)/D (G)) =G*D (G) =F (G);

2) G% — p-epynna 0asn Hekomopo20 NPoCcHIO20 p;

3) G¥/® (G¥)—F-axcyenmparoroii erasnuill gaxmop G;

4) @ (G8) = G¥ N D (G) = Z(G?);

5) ecau epynna G¥ neabenesa, mo ee yeHmp, KOMMYMawm
u nodepynna Ppammunu coenadaom U UMEIOMm 3IKCROHEH-
my p;

6) ecau G% abenesa, mo OHA 31eMEHMAPHA;

7) ecau p > 2, mo p—sxcnonenma G%; npu p=2 sKcno-
nenma G% ue npesvuuaem 4;
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8) das aobod F-abropmarsrol makcumarbroli nodepyn-
nee M u3 G umeem mecmo M Cq;(G¥/D (G?¥) =D (G) u

Cu (GP) =A% (G)=Z§ (G) =D (G);
9) atoboie dee F-abropmarvrvie maxcumarbHole nodepynnol

epynnot G conpscenor 6 G;
10) ecau ®(G)= H=G u nodepynna H codepawcum GS,

mo H/® (G) € f(p) 042 a06020 noanozo rokarvroeo skpana f

gopmayuu -

11) ecauw M —F-abropmarvran maxcumarvhas nodepynna
epynnot. G u f—Hekomopeui noanoul aoKasvrell sxpan F,
mo M/®(G)—munumarenas He f(p)-epynna u aubo M=
=@ (G)={1}, 6o d(M/D(G))>d(G).

HokasarenbcTBO. ~ YTBEpXKAEHHS NYHKTOB 1)—09)
BbITEKAIOT U3 Teopem 24.2—24.5 kuuru [107].

Hokaxem 10). He orpaHuunBasi OOLIHOCTH, MOJIOXKHM
® (G)={1}. Torza G¥ —eIMHCTBeHHash MUHHMAaJbHas HOp-
MasbHast moarpynna G. Jlerko Bugersb, uto Cg;(G%)=G?% w
O, (H) = C;(G%). Ho G% — p-rpynna. 3uaunr, O,, (H) = {1}.
[lo yenosuio H € . CrienoBaresibHO, BBHAY NONHOTHI 9KpaHa f
HMeeT MeCTo

H ~ H/O,. (H)€ f (p).

Hokaxem 11). Ilyers @ (G)=Hc M. Toraa Beuay 1)
HG® 5~ G. 3uauur, B cuny 10) umeer mecto HG¥/®(G)¢€
€ [ (p). Tlockosbky mpu 3TOM

HG? /@ (G) G¥ ~ H/(H n G%) D (G) = H/D (G),

T0o H/D(G) € f(p). Takum o6pasoMm, Bcsikass coOCTBeHHas!
noarpynna rpynnet M/® (G) npunamiexur f(p). Honycrum,
uto M/® (G) € f(p). Toraa

(G/D(G))/Co (6) (G3D (G)/D(G)) =
= (G/D (G)/(G3D (G)/D (G)) >~ M/D(G) €[ (),

u nosromy G/D (G)€F. INonyueHHOe NPOTHBOpEYHE IOKA3H-
Baetr, uro M/®(G)¢ f(p), 1. e. M/® (G)— MHHHMA/bHAS He
F(p)yrpynma.

[Tpeanonoxum tenepp, uro M =@ (G). TlokaxeM, urto
d(M/® (G)) > d (G/® (G)). He Tepsis OOWHOCTH, MOXKHO I0O-
J0XHTb, yt0 @ (G)={1}. Torma G=G¥xM, M;={l1}.

[ycre M=<my, ..., m>, rne r=dM) u G¥=/{n,
ny ..., ng}, the s=|G¥|. Oas Beskoro i€{l, ..., s}
yepes M; o6osHauuM noxrpynny <my, ..., My_y, MM

[Mpeanonoxkum, uro Bce M, ornmunnt or G. Tak kak

1
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GSM;=G, 10 M,—nonoanenue xk G8 B G. Eemn M ;% M,
IJisi BCEX DAasJIMYHBIX { U j, TO

M;li=1, ..., s}={M¥|x€G},
u nosromy my€M; =Mg={1}. Tlporusopeune. 3uauur,

M;=M; nna HEKOTODHIX pasauyHBIX { ¥ j. M3 nocaensero
BLITEKAeT -

(mrni) (mrnj) = mrninf_lm;l E Gﬁ n Mis

YTO HeBO3MOxkHO. [IlosyyeHHOe mnpoTHBOpeuHe NOKa3bIBaeT,
uro M,=G ans Hekoroporo i u, ciefosatenbHo, d(G)<C
< d(M)). Jlemma pokasama.

Hast Beskoro kmacca rpynn X uepes off (X) 0603HauuM
COBOKYITHOCTb BCEX MHMHHMaJIbHBIX He X-TpymIl. '

23.3. Jlemma. Ilycme §— Hacredcmeennas aoKarbHAS
popmayusa, N —maxas Hopmaironas nodepynna epynnot G,
umo N =®(G)NZ3 (G). Tozda XEM(F) pasrocurono
G/N € oA (F)-

Hoxasarenbcrso. Ilycrs G € o (F). Torna G/N ¢ &,
u ecau M—npousBosbHasi MakcuManbHas noarpynna G, To
M, a snauur, u M/N npuxagiexur §. C/eoBaTesbHO,
G/N € A ().

Ilpeanonoxum tenepp, uto G/N € o# (F). TlonsiTHo, uTO
GQ}%. Ilyetb M —npousBosbHasi MakcuMasbHAas NOArPYI-
na G, toraa M/N € &. Tlycrs H/K —npousBosbHbiii G-riiaB-
Het akTop us N; C=Cg;(H/K). O6osnauum uepes f Mak-
CHMaJIbHbI/i BHYTDEHHHH JIOKaJbHBIH 3KpaH (GopMaLuH g,
nycts {p} = (H/K). Tak kak N=Z8 (G), 10 G/C € f (H/K).
[Toxaxem, yrto

M/CNM € f (H/K). (1)

Ilo nemme 8.7 dopmanus f(H/K) uacnencreenna. CiefoBa-
TeNbHO, ecin C =M, 1o cpasy noayunm M/C € f(H/K).
Ecmu e CEM, 1o (1) BhitekaeT w3 usomopgusMa G/C ~
~M/CNM. Urak, Besikuii G-raBHeii dakTop 3 N f-
uenrpanen B M. 3naunr, M € §. Takum obpasom, G € of (F).
Jlemma nokasaua.

23.4. Jlemma. Ilycmo §— rokassrasn wHacredcmeennas
popmayus, f—rnexomopeui ee noanoi sxpan. Tozda G a6
emcs. MUHUMAAbHOU He F-2pynnoli 6 mom U MOALKO 8 moM
cayuae, K0e0a 6bLNOAHAIOMCA CAedyrougue Yca08Us:

1) @(G)=Z% (G);

2) G/D (G) = G¥D (G)/D(G) x M/D(G), 20e G3D (G)/D (G)—
erasroll  pd-pakmop  epynnot G, M/® (G)— munumarerasn
ne f(p)-epynna.
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HoxasarenncrBo. HeofxomumocTs BbITeKaeT H3
JeMMbl 23.2.

Hocraroynocte. Ilyere G=G/®(G) 1 H=H/®(G)—
NPOH3BOJIbHASI MakCHManbHas moArpynna G. Ilokamem, uyto
He & Ecan H §-a6HopManbHa, TO BBHAY JeMMbl 23.2 uMeeM
G =G*x H. 3naunr, HeF. TNyers G5 = H. Tlo yc/oBuio
G/G8~ M =M/D (G) €A (f(p)). CnepoBarensno, HNGSE
€f(P)NF u no nemme 23.2 G35 = G3D (G)/D (G)— p-rpynna.
3uauur, no gemme 8.2 H € §. HUrak, G/D(G) € A (F). [lpu-
MeHsisi Tenepb Jemmy 23.3, 3akaiouaeM, uto G € of (). Jlemma
JOKa3aHa.

23.5. Jlemma. ITyemo & —popmayus, umerowas no-
cmosnneil Haciedcmeennwid  aokaavhbill skpan. I'pynna G
npunadaescum o (§) moeda u moasko moeda, Kozda 8bi-
NOAHAIOMCS CAeOYiouyUe YCA0BUSL:

1) ®(G)=25 (G), G D(G)=F (G);

2) G/F (G) €A (f(p)), 20e p € n (G5 /D (G?)).

Hoka3zareabctso. Heo6xomumocts, Ilycts G € o/ (F).
W3 nemmbr 23.2 cienyer, yro @ (G) =Z3 (G), G5® (G)=F (G),
[Tokaxem, uto G/F (G) €& (f (p)). Tak xak

G/F (G) 2~ (G/® (G))/F (G)/® (G) = (G/D (G))/F (G/P(G)),

TO, HE OTPaHHYHBAsA OOLHOCTH, MOXHO CYHTaTh, yTo @ (G) = {1}-
Hycrb M —npousBojibHas -abHOpMa/bHas MaKCHMaJbHast
noarpynna G. Torga no aemme 23.2 G=F(G)xM
M eN,f (p). Tonsitho, uto O, (G) = {1}. 3nauur, F(M)—p’-
rpynna. Tak kak M€ F u axpaHf nocrosined, To M/F (M) €
€ f (p). ITycte K —npousBosibHasi co6cTBeHHast noarpynna M.
Torza nockonbKy no ycjaoBuio ¢opMauus f(p) HacnelCTBeH-
Hasi, TO K/KnF(M) KF (M)/F (M)€ f(p). Kpome Toro,
KeNf (p), e. K/O,(K)€f(p). Cnemosarenbno, Ko~
NK/(O (K)nF(M)nK)ef(p) Wrak, Bcsikast coOCTBEHHAs
noarpynna M npunagnexut [ (p). Honycrum, uto M € f(p).
Torna G/F (G)€f(p), u mosromy GEF. IlporuBopeune.
Takum obpasom, G/F (G) >~ M € o (F).

HocratouHocts. BBuay Jemmsr 23.3 Heo6XOJMMO JIHILb
ycranoBuTh, 4T0 G/@ (G) € o# (), UTO 110Ka3HIBAETCs TaK
Ke, Kak U B JemMme 23.4. Jlemma JoKasaHa.

Munumanbubie He N*-rpynnbi. [loarpynny 7 rpynnst G
Ha3bIBAIOT MOATPYNNOH wmudmosckoeo muna, ecnd T sBasi-
eTcsi HeeJMHUYHOH p-rpynnofl A1 HEKOTOPOTO MPOCTOTO p H
BBINOJIHSIIOTCSL CJIEAYIOLLHEe YCJOBHSA:
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1) ecin T—mneabenesa rpynna, to ®(T)=T'=Z(T)—
Tpynna 3KCHOHEHTH p; -

2) eciu T —abeneBa rpynma, TO OHa 3J€MEHTapHa;

3) skcroHenta T He MPEBOCXOIHT p?, NIPHUEM €CH p > 2,
TO OHa B TOYHOCTH paBHa p;

4) ecnu T HOpMaJIbHa B G, 10 T/(D(T)—G-maBHin?l
dakrop U O(T)=TND(G) = Z(T).

ITycre G—rmnpousBosbHasi rpynna. Onpeenum peKypan-
Ho noxrpynnsl F; (G) u @, (G): 1) noaoxum F, (G) = (G)—
= {1}; 2) ecan i> 1, T0 NyCTh MOATPYINBL F,.(G) u O, (G)
TaKOBbI, YTO

F, (G)F;..(G)=F (G/F;_,(Q)),
D, (G)/F;_1(G) =D (G/F,_,(G))-

23.6. Jlemma. Ecau G € oM (N*), mo G/F,;(G) € oM (N"~F)
oaa moboeo i€ {1, ..., n}.

HokasaTenbcTBo. JleMmy foKaxeM HHAyKIHeH Mo i.
[Npexkze 3amerum, uto mo ciencruio 7.12 dopmanus N’ npu
BCAKOM 7 =>2 HMeeT TaKo# JOKaJbHHIH 3KpaH f, uto f(p)=
=N~ npu mob6om mnpocroM p. CrenoBaresbHO, YTBEpXKIe-
HYe JieMMbl Tpu (=1 BbiTekaer u3 Jjemmbl 23.5. Ilyerb i€
€{2, ..., n} n nemma npu i—1 BepHa, T. e. G/F,_,(G)€
EM (r—U-1), Tlo nemme 23.5 umeeT MeCTO

(G/F;-1(G))/F (G/F;_1(G)) € o (== 71) = ot (R*7).

Teneps Hcnonb3yeM cJIeAyIOLIEE:
G/Fi-—l (G)/F (G/Fi—~1 (G)) =
=G/F,;_, (G)/F,(G)/F;_,(G) =~ G ,/F; (G).

3uaunr, G/F;(G) € oA (N*~7). Jlemma nOKa3aHa.

23.7.- Teopema. Toeda u moavko mozda G ssasemcs
munumaroroll ne Nr-2pynnoil (n— HamypasbHoe 4ucao), Kozoa
BbINOAHAIOMCS CAOYIOUjUe YCA08USL:

1) F;(G)/®;(G)— G-erasneii  pakmop 0as aoboeo i€

{1, 2, ..., n+1}

2) G™ '*'F,_,(G)/F,_, (G)—nodepynna 1umudmosckozo
muna ¢ G/F; l(G)uF (G)—G"l" D(G), i =1, , nt+1;

3) epynna G umeem mourno n-+ 1 Kaaccos conpﬂo/ceuubzx
Maxcumaronolx nodepynn, npuwem ecaw M, ..., M, ,—
npedcmagumen amux Kaaccos, mo M,;/®;(G) € A (N*~F) 0ra
i=1, ..., nuM,. ,=F,(G);

) oan moboeo i€{l, ..., n} u ecaxoeo G-2aa6H020
tbaéctmopa H/K uz ®,(G)/F,_, (G) umeem mecmo G/C,;(H/K) €
E n

223



{[oxasaTenbcq‘Bo. Mycers F;=F,;(G), ®,=,(G),
i=1, ..., n.

Heob6xonumocrs. Jlerko Bugets, uro [(G)=n-+ 1. Ilyctsb
i€{l, ..., n}. ITo temme 23.6 G/F;,_, €t (N*~+1). 3Ha-
9HT, 1O JemMe 23.2

F(G/F;_)/®(G/F;_;) = (F;/F _)/(D,/D;-.)
—(G/F,_,)-rnasubiit dakrop. C npyroit CTOPOHBI,
(G/F,—_I)SR"_H' — G%n-i-HFt-_l/F[__l

— nogrpynna mmuxroBckoro tuna B G/F,_;. Kpome Toro,
TIOCKOJIBKY

(G/F;_ )"~ "+'® (G/F,_,) =F (G/F,.,),

0 G¥~'"'®,=F, Takum obpasom, rpynna G YIOBJIETBO-
pser ycnoBusam 1), 2).

[Tokaxem, uro G ymoBierBopsier ycsaosuio 3). [Ipexnme
3aMeTHM, 4Tto Jo6asi MakcuManbhas moarpynna G jpomnon-
HSeT OJMH U3 IvaBHHIX dakropoB F,/D,, ..., F, /@, G/F,.
Tak kak G/F, € A (N°) = (€), To G/F,—rpynna npocToro
nmopsinka, T. e. F,—mMakcumanbuasi noprpynna G. Ilycrs
ie{l, ..., n} ¥ M, T—wmarcuManbHble MOATPYNMHI, AOMOJ-
ustomue dakrop F,/D;. Torma nockoneky F;=G*~'*'®,,
to M/F;_y u T/F;,_;, (N*~i+)-a6uopmansunl B G/F;_;. Ho
GIF;_y €M (N*~+1), CnemoBaresnpHo, mo Jemme 23.2 mox-.
rpymnet M/F;_, u T/F;_; conpsxennt B G/F;_, H nosromy
M u T conpsxenst B G. Urak, B G umeercs TouHo n + 1
KJIaCCOB CONpPSIKEHHBIX MakcHManbHeIX noxrpymn. Ilyers
M, ..., M,, M, ,=F,—npencraBurenu 3THX KJIaccOB,
npuueM M; nonosusier dakrop F,/®;, i=1, ..., n. Torna
MF;=G u M;nF,;=®,. IMostomy

G/Fl= M,‘Fi/Fi_N_. M/M nF,‘ == M/@i.

Ho G/F;€ ot (N*~1). Suauur, M/®; € A (N*~7). DTUM caMbIM
3aBEepUIEHO JOKAa3aTe/bCTBO TOro, 4to G YIOBJETBOPSIET YCJIO-
BHIO 3).

Iokaxem 4). Ilycrs H/K—nponsBosbublil  G-T/1aBHbIA
dakrop u3s @O;(G)/F;_,(G), ie{l, ..., n}. Tak kak
GIF; €M (M~*1), 10 mo memme 23.2 @(G/F;_,) =
=Z¥" " (G/F,;_,). 3nauwur, dakrop (H/F;_)/(K/F;_,)
(Nn—i+1).yenrpasnen B G/F;_y, T. e.

(G/F ;- )/Ca, (H/F;_)I(K/IF; 1)) € R,

a nosromy G/Cq;(H/K)€Nr—i.
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Iocrarounocts. Tak kak F,/@;— G-riasubiil gakrop A5
moboro i€{l, ..., n}, 10 [(G)=n+1. 3naunr, G¢N".
[lycte M —nponsBoJibHas MakcumanbHasi nogrpynna G. Ilo-
KaxeM, uto M/®(G)eN*. Ecin F (G) = M, TO, NOCKOJBKY
G/F (G) = G/F,(G) € A (N*"1), umeem M/F (G) e Nr~t. Cue-
posatenbHo, M eN". Tlycrs F (G)% M. Torma M nomon-
naer ¢akrop F,/®,, u nosromy BBHAYy 3) HMEeT MeECTO
M/®, = M/® (G) € A (N*~1). 3nauur, M/D(G)€N". Uraxk,
G/® (G) € 4 (N™). Ho Torna seuny aemmer 23.3 G € oA (N7).
Teopema nokasaHa.

23.8. Jlemma. [Tycmob f— makcumanrsroul 6HympenHUL
N0KANbHBIL IKPaH momarbro Aokarerol gopmayuu . Tozoa
npu ecakom p € n(F) ¢opmayus f(p) momarbHo N0KAALHA.

HokasaTeabcTBO. [lycth n—NpPOU3BOJIBHOE HATY-
panpHoe uncno. Ilo yenoBuio ¢dopmauus & (n-+ 1)-KpatHo
JoKasnbHA. IlycTb h— HEKOTOphI# 1-KPaTHO JIOKAMbHBIA SKPaH
dopManu &, U NMycTb {— TaKOH JOKaJbHbIA 3KpaH, 4TO MpPH
mo6oM TIpocToM ¢ uMeeT Mecto f(q) =& Nh(g). BBuny nem-
Ml 2.14, t—3kpan dopmauuu . I[lo memme 2.16 skpan ?
n-kpatHo JokaneH. [Ipumensas ciencTBue 8.6, Bugu 4, 4TO
Nt (p)=f(p). 3uauutr, B CHJIYy CISACTBHS 7.14 cdopmanus
f(p) n-xpato nokambHa. Hrak, dopmauus f(p) sBIAeTCA
n-KpaTHO JIOKaMbHOH JJs1 JoGOro HarypajbHOro 4uciaa 7.
Jlemma J0KasaHa.

23.9. Teopema. ITycmb HUALNOMEHMHAA OAUHA 2PYNNOL
G pasna n. Toeda ecau Haiidemcs maxkas MOMAAbHO N0KANb-
Has gopmayus ¥, umo G € M (F), mo G € A4 (N**1) u epyn-
‘na G 2-nopoxcoena. :

HokasartenabcTBo. [Ipeanojoxum, 4Yro TeopeMa He
BepHa M G—KOHTPIPHMED MHHHMAJBHOrC  mopsjka. Toria,
oueBuano, G He sBasiercsi rpynno#t mpocroro nopsaka. O6o-
3HAYMM Yepes [ MaKCHMAJbHBIH BHYTPEHHHH JIOKaJIbHBIH
skpaH ¢opMauun §¥. Buay caexcrsus 8.6 skpaH f sBJA-
ercsi MOJHBIM. 3Hauwt, no Jemme 23.4 @ (G)=Z% (G) n
G/® (G) = G3D (G)/® (G)» M/®(G), rme G*D(G)/D(G)—
raaBHbli pd-pakrop rpymns G, M/® (G) € oA (f (p)). Kpome
toro, o Jemme 23.2 @ (G)G® =F (G). Jlerko Buzerb, 4YTO
[ (M/® (G)) =n. 3uauntr, B cuay JemMmsl 23.8 H cooGpaxe-
unit maAyKan M/® (G)€ M (1) u rpynna M/@(G) 2-
nopoxaena. Takum o6pasoM, BBHAY JemMbl 23.2 rpynna G
ABJISIETCS] 2-NIOPOXKIEHHOH. :

Tpexnnonoxum, uro @ (G)7{1}. OueBnmno, G/@(G)€
€ o (%) u [(G/D (G)) =1 (G) =n-+ 1. [o uunykuun G/@ (G) €
€ ot (N*). Tokaxem, uro @ (G) = Z%"(G). Ilycr» H/K —
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npoussonbHE G-raasHbii dakrop us @ (G), C=Cq4(H/K).
Tomycrum, uto H N G¥ =K N G¥. Toraa dakrop H/K npoek-
tuBen (akropy HG¥/KG®. 3amernm, uto G/G¥ eNn. Hetict-
ButesbHo, Tak kKak [(G/GSD(G)=n u @(G)G¥/GF =
= @ (G/G?), To BBHAY H30MOpHH3MA

G/GSD (G) & (G/GF)/(G® (G)/G)

umeer Mecto pasenctBo [ (G/G¥)=n. 3unauut, (QaxTop
HGS/KGS Mr-nentpanen. Ho torma BBHIy JemM 3.28 u
3.27 Mr-uentpasen u dakrop H/K. [lyers H N G¥ ==K nGo.
Torna dakropst H/K u H 1 G¥/K N G® NpOeKTHBHBL. 3uaunr,,
C=Cy,(HNG3/KNG?). Tlyere D=CnM. Tak Kak
F(G)=C, to G=CM. Crnenoare/bHo, G/C ~ M/D. Ilpen-
nonoxkuM, uro D/®(G) =@ (M/D(G)). Toraa TNOCKOJBKY
daktop H/K f-uenrpanen B G (HanOMHHM, 4TO D(0)=
=Z%(G), u ¢opmaunus f(p) TOTANBHO JIOKAJbHE, TO
M/® (G)€ f(p). Ho 3to HeBo3MOXKHO, TaK Kak M/D(G) €
€ ot (f (p)). 3uauut, D/® (G) E © (M/D(G)). [Mycrs T/D(G)—
Takas MakCHMaJibHasi mnoArpynma B Tpyine M/®(G), uro
(D/® (G)) (T/® (G)) = M/® (G). Torna nOCKOJMbKY M/D(G) €
€ oAN""1), TO B CHIY H3OMOP(PHU3IMOB

M/D ~ (M/® (G)/(D/® (G)) ~ (T/® (G)/(T/® (G) n D/D (G))
3akJouaeM, yto M/D, a caenoBaTesIbHO, H D/C npuHaJIEXKHT
dopmaumu N*~t. Takum obpasoM, PaKTOp H/K Nr-uentpa-

ne B G. Ciuemopareasho, ®(G)<Zs (G). Ho G/®(G)€
€ ot (N*). 3uauur, BBULY Jemmbl 23.3 G € ot (N™), uTO MpO-
THBOpEUMT onpejesenuio rpynms G.

Tlycts teneps @ (G) = {I}. Toraa F (G) = G® —MuHuMalIb-
Has HopManbHas moarpynma B G u G =G X M. $lcHo, uto
M e N». Tlycrb H—npousBoJibHas g-HOpMa/ibHas MAKCHMaJlb-
Haa noxgrpynna u3 G. Torja nockoJbKy MeaANR* Y H=
= G5 (M N H), 1o H/GE ¢Nr~1, 1. e. [(H)=n. Takum 006-
pasoM, G € of (N"). BHOBL moJyueHHOE NPOTHBOpEYHE 3aBep-
IIaeT JOKa3aTebCTBO TEOPEMBI.

23.10. CaepgctBue. [Tycmyv §F—momasbHo AOKALbHAR
popmayus. Toeda ecau 6caKas 2-nopoxcdexnas nodepynna
epynnot G npunadaexcum g, mo u GeF.

OGo3uaunm gepes £ , (1) popmauuio rpymnmn ¢ p-AJHHOH < 1.

923.11. CnencrtBue. [Jas 6cAK020 Yeno2o Heompuyameab-
Ho2o wucaa n umeem mecmo ot (L ,(n)) = oA (N).

NlokasaTeabcTBo. [lycts G € ok (Z ,(n)). Inst joka-
3aTeJIbCTBA CJIEACTBHsS BBHAY Teopemsl 23.9 HEeOOXOANMO JIHILIb
nokasarb, uto [(G)=2n-+ 1. 10 OYEBHAHO, €CJH n=0.
[TosroMy B RanbHEHIIEM MOXKHO CYHTATb, 9TO n=> 1. He orpa-
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HuuMBas obuHocts, MoxHo mojoxuts @ (G)={1}. Xopowo
usBecTHO (cM. KHury [107]), uTo MakcHManbHbIH BHYTpeHHUH
JIOKaJbHEIH 3KpaH h dopmauun & ,(n) TaKoB, 4TO h(p) ="

=N, Z,(n—1)uh(q)=2,(n) npu noGomM NpoCTOM q=p.
Beugy Jemm 23.2 u 23.4  G=G¥»M, rre G¥=F(G) =
=C,; (G%)—MuHHMa/bHAs HOpMaJbHasK NOArpynna B G,aM—
MuHHMaJbHas He b (G¥)-rpynna. IloustHo, yro G¥ — p-rpynna.
3naunr, 1o Jemve 8.5 0, (M)= {1} n M €A (N, L, (n—1)).
Mycts D = M/® (M). "OueBupro, O, (D) = {1} x De¢
€t (N, <, (n—1)). Tlpumenu x rpynne D nemmer 23.2
v 23.4, BupumM, uto D/F (D)€ o# (& ,(n—1)). Ilo muaykuun
[ (D/F (D)) =2 (n—1)+ 1. 3uaunr, [(D)=1(M)=2n, 1 no-
stomy [(G)=2n-+ 1. Jlemma mokasaua.

INycth g —IpoU3BOJIbHAS JIOKaNbHAsl GOpMALHS. O6o3Ha-
yuM uepe3 O (%) COBOKYNHOCTb BCEX TaKHX g€ n(F), uro
f(q) =&, The [—MakcuMaJbHbIA BHYTPEHHHH JIOKaJIbHBIA
skpan . Ilo onpegesnenuo ¢ (&)= .

23.12. Jlemma. ITycmo §§— HeeOunuuras r0KaabHas Gop-
mayus. Tozda o(F)=@ 6 mom u MmMoAbKO 6 MoM crydae,
ko2da F=Can).

NokazateabctBo. Beugy n. 2.31 0(Gx@)=d.
C npyroft CTOPOHHI, ecqu O (F) = &, TO BBHAY CIEACTBUA 6.8
& = Sn (). Jlemma JoKasaHa.

23.13. Jlagum omnpejeneHHe paHra TOTAJbHO JIOKA/JbHOH
dopmauuu. IlycTb &—rnpousBosbHasi TOTaIbHO JIOKa/bHAs
dopmaiust, f-—ee MaKCHMAJbHBIA BHYTPEHHHH JIOKaJIbHBIH
skpaH. Eciu o(F) =, To paHr dopmauun ¥ OyJieM CUuTaTh
pasubiM 0. Ilycrb o (F) # . Toraa ecan paHr J1o6o# dop-
mamun u3 A= {f(p)|p €0 (F)} yxe onpeieseH U HE npeBoC-
xomut {—1, rae £ > 1, u no Kpaiineil Mepe ofiHa U3 GopMAaLHil
MHOXKecTBa A umeer paHr {— 1, To panr gopmauuu g Gyjem
cyuTaTh paBHBIM ! M 0B03HauMM ero uepes r(F). B arom
cyyae Mbl GyJieM TOBODHTb, 4TO (opMauusi § MMeeT Kored-
neui pane t. Eciu ke ToTaspHO JOKaslbHAA (QopMALMs &
e HMeeT KOHEYHOrO DaHra, TO TMOJOXKHM 7 (F)= oo H GyleM
TOBOPHTb, UTO & — MOMAALHO L0KAALHAR OPMAYUA GecKoned-
Ho2o paneaq.

23.14. BygeM TroBOpHTb, YTO TOTA/bHO JIOKaJbHAs (Op-
Malus § usomponxa, ecau Ju6o o (F)=J, au60 o (F) 7= I
u s Jwoboro p €0 () nmeer mecto r(F)=r(f(p))+ 1, tne
f—MaKCHMaJbHbIE BHYTPeHHHH JAokanpHbil 3KpaH ¢dopma-
uun . ToranbHO JoKaibHylo Qopmauuio GylieM HaseBaTh
QHU30MPONHOL, €CTH OHA HE SIBJIieTCsl M3OTPONHOH.

[TonsiTHe H3OTPONHOM TOTAJbHO JIOKaJbHOH (hopMankH
103BOJISIET H3BJeub U3 Teopembl 23.9 c/lelyOlHil pesyabTaT.
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23.15. CnencrBue. Mycmo §—usomponnas momarbHo
A0KAAbHAA opmayus Koneunoeo panea n. Toeda o (F) =
= o (7). ,

HdokasarteabctBo. [lycrs G € of (F). Buay nemm 23.2
n 23.4 G/F (G) € A (f(p)), THe p—HEKOTOpPBIA NPOCTOH JeJsH-
tenb |G|, a f—MaKcHMaJbHBIH BHYTPEHHHH JIOKAJbHBIH 3K-
pan ¢opmauun . Tak Kak mo ycJoBuio (opmamusi g H30-
tponHa, T0 r(f(p))=r(F)—1! u, Kpome TOro, H30TPONHOH
siBasiercsl dopmauus f(p). 3HauWt, N0 HHAYKIHH

oA ([ () = o (N5Fom)-

Orciopa BuiTekaer, uro [(G/F (G))=n, 1. e. [(G)=n-+ 1.
CrnepoBaresbHo, 1o Teopeme 23.9 G €o# ("), U mosTomy
G € ot Nz 3))-

Teopema 23.9 no3BoJisieT BhISIBUTH TaKkKe TaKOe CBOHCTBO
H30TPOINHBIX TOTAJbHO JIOKAJbHEIX (opMauui.

23.16. CnencrBue. [Tycmo §— usomponsas momaibHo
f0KaabHas opmayus Konewnozo pauea > 1. Toeda ecau f—
MAKCUMAAbHOIL BHYMPeHHULl A0KaAbHbIL IKpaH gopmayuu &
u pEn(F), mo w(F)=mn(f(p)

JokasateanbctBo. [lpenmonoxum, yro AJas HEKOTO-
poro p € () HalZercs Takas rpynna Q npocroro nopsixa g,
a0 g € T(F)N\T(f(p)). Torma Q€A (f(p)), a G=PXQE
€ o/ (FF), e P—TouHblil HenpuBopumbii I, [G]-mony.is (F, —
nose u3 p siementos). [To ciexcruio 23.15 G €M (I @).
Ho G € o# (N). TlonyyeHHoe mporHBOpeuHe 3aBepllaeT JOKa-
3aTesIbCTBO CJIEJCTBHSA.

23.17. Ilpo6aema. Ilycts & —npousBoabHasi popma-

uusi, npuyeM o () = o# (Jx(3)). BBIACHHTD, ABAAETCA JH
dopmauis §§ JOKaJIbHOH. o
© 23.18. IIpo6aema. Ilyctb & —npou3BosibHass JIOKaJb-
Has Qopmauus, npuueM of (F) < o# (N") Ana HEKOTOPOro
HaTypaJbHOTO yHcsa n. BbisicHuTH, ABJsieTcs JH GOpMalHs &
TOTAJIbHO JIOKAJIbHOH.

§ 24. S‘-q;opmau,nn

B naHHOM naparpade u3yuaercs JioKajabHasi GOpMauus g
C TeM CBOHMCTBOM, YTO Kakiasl HELHMKJ/HYeCKass MHHHMaJbHas
He @-rpynna siBasiercs rpynnoi I[lmuara.

24.1. Ins moboro knacca rpynn X uyepe3 XS 0603HauHM
HanOO/IbIUMA (10  BKJ/IIOYEHHIO) HACJIeACTBEHHBIH IOJKJAcC
kn1acca X. Jlerko mpoBeputh (cM. aemmy 25.4 kuurd [107]),
yro eciH X—dopmauus, o XS—TaKke GopMalHs.
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Ecau f—nokasbubifi skpaH, To uepes fS 6yjem ofosHa-
yaTh TAaKOH JOKaJbHBIH 3KpaH, uto fS(p)=(f(p))S mpu Jo-
60M NPOCTOM p.

IycTb f— Hac/efcTBeHHbIf JIOKANbHbI 5KPaH popMalHH .
ByzeM TIOBOpHTb, YTO f—MaKCHMAJbHbIH HACJIEACTBEHHBIA
JIOKaJbHBIA 3KpaH &, ecnu A< f aas moGOro Hac/eACTBeH-
HOrO JIOKaJIbHOTO 3KpaHa h dopMalmuH .

24.2. Jlemma. [Tycme h— makcumarorolii 6HYmperHull
aokanvueul kpan popmayuu F. Toeda ecau popmayus & Ha-
CAeACMBEHHA, MO OHA 0064a0aem MAKCUMAAbHOLM HACAEOCIBEH-
HOLM  NOKQAbHBIM SKPAHOM @, npuvem 04 4100020 p € 1 ()
umeem mecmo caedyrouee:

¢ (0)=N,0 (p); /(P (p)) = A (h(p))-

NokasatenbctBo. Ilo Teopeme 23.3 kuurum [107]
dopmanua § uMeer Takoil JOKa/JbHBIH 3KpaH f, 4TO t<f
I1si J060ro JIOKaJpHOTO 3KpaHa ¢ ¢dopMalud & H, Kpome
TOro, NMpPH BCAKOM p € 7 (F) dopmanusa f (p) coBnajaer ¢ Kaac-
COM BCEX TeX TpYMI, Y KOTOPBIX @-HOPMAJH3aTOphl NpHHAN-
aexar h(p). IlycTb @ —Takoi JOKa/AbHBIA 3KpaH, uTo ¢ (p) =
= (f(p))S npu mo6om npoctoMm p. ITokaxem, uTo <G> =7¥.
Tak kag ¢ <[, 10 <> = &. C mpyroil CTropoHsl, BBHLY yc-
joBusi u Jemmbl 8.7 h<C¢. 3uaumt, § =<¢>. [losromy
& =<

OueBHAHO, J/sl Ka)XJOr0 HAaCJEACTBEHHOro JIOKaJbHOTrO
‘sKpaHa ! QopMauuu § wumeer Mecto {< ¢@. IlokaxeM, utO
3KpaH @ fABAsETCs TNOJHbIM. [lycTh d—TaKoi JIOKaJbHBIH
aKpaH, uto d(p)=N,P(p) npu BCAKOM NpOCTOM p. Torga
BBHAY JeMMbl 8.5 <{d>= u nosromy d(p) = f(p). Kpome
toro, (opMauusi d(p) HacJeACTBEHHA, TaK KaK OHa SIBJSETCSH
NpoM3BeIeHHEeM JIBYX HACJeJCTBEHHbIX (opMauuii. 3HAYHT,
dip)=e(p), 1. e. ¢(p)=N,9(p). Takum obpazom, ¢ —
MaKCUMaJbHBIH HacJeACTBEHHBIH JIOKaJbHBIH 3KpaH ¢opma-
UMK ¥, TIPHYEM 3TOT 3KPaH FBJSETCH [OJHBIM.

[lycth Tenepb -p— npoOu3BOJbHOE NPOCTOE YHCIO H3 7 ()
u G € o (9 (p)). Ipeanonoxum, uro G ¢ F u D—HekoTopsiil
&-nopmanusatop rpynnsl G. Torma D ==G. 3uauur, D€
€9(p) NF =h(p), u nostomy G € f (p). Hotoraa G € (f (p))S=
= ¢ (p). IlporuBopeune. Caenosarensro, G € F u ecan H—
co6ersennast noarpynna G, o H € § N ¢ (p) < h(p). 3naunr,
oA (¢ (p)) = o (h(p)). Jlevma nokasaHa.

Dopmanmio § HaszoBeM S-gopmayueil, ecnu BCAKasH HEUHK-
JUYecKasi Tpynna u3 off () sBasercs rpynmoit llmuara.

24.3. Teopema. [Tycmo & — aokarbHas HacreOCMBEHHAA
gopmayus. Toeda § 6 mMom u MOALKO 8 MOM CAY4QE ABAALMCA
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S-gopmayueil, kozda § umeem makol nosHvul AOKOAbHbUL K-
par f, umo npu aobom p € 1 (F) umeem mecmo f (p) = Sn ; in-

HoxasatenbcrtBo. Heo6xomumocts. Ilo siemme
dopmauus @& obnagaer MaKCHMaJbHBIM HACJEICTBEHHBIM JIO-
KaJbHbIM 3KPaHOM f, NMpHYEM 3TOT 3KpPaH SABJAETCS NOJHBIM.
[Tyctb T—Tako# JOKaJbHBIA 3KpaH, 4To T (p) = Sx (f (py» €CTH
PER(F), u t(p)=(, eciu pen’(F). Hokaxkem, uto f=T.
BkJiouenne f <t oueBHJIHO.

HonyctuM, uto Kaace T (p)\f(p) Henmycr ajsi HEKOTOPOTO
npocroro p, ¥ BbiGepeM B HeM rpynny G HauMeHbILUEro Io-
panka. Torma G €4 (f(p). O,(G)={l} n, kpome TOro,
rpynna G moHoautuyHa. [lo Jemme 18.8 cymecTByer TOUHbIH
Henpusoaumblil F,[G]-monyab, rae F,—moje U3 p 3/eMEH-
toB. Ilycte T =L G. Tlokaxem, uto T €A (7). Tak Kak
Geo(f(p)), To no nemme 24.2 GeF. INyctb M—mpous-
BOJIbHAs MaKCHMaJbHas moarpynmna T, He usomopduas G.
Torpa L = M. Tak kak T/L ~ G € o#(f (p)) u 10 nemme 24.2
A (f (p)) = # (h(p)), The h—MakcUMaJbHbIA BHYTPEHHHH
JOKaJbHBIH 3KpaH &, To M/L € f(p). Ho Torza mo nemme 8.2
MEh(p) = &. 3nauur, mobas cobcrBeHHass noarpynna T
npuHanaexur . [Ipu stom, oueBuaHo, T QE & . CnenoparesibHO,
T € A (), u nosromy no ycnosuto T —rpynna Hmuxra. Us
onucanusi crpoenusi rpynn Ulmuara (cM. raasy 5 kauru [107])
BhITeKaeT, 4o G —rpynna npoctoro nopsiaka. Ho Toraa G €
€f(p), ubo |G|€n (f(p)), u dopmauus f(p) HacieACTBEHHA.
[TosyyeHHOE NPOTHBOPEYHE MOKAa3biBaeT, 4To f=T.

Jocratounoctb. [lyets G € o# (§). Ecau |n(G)|=1, To,
oueBMaHO, G —rpynna mpocroro nopsiaka. ITyers |m (G)| > 1.

OGosnauum uepes D rpynny G/@(G). Tak kak D € o# (%),
10 BBHAY JemMm 23.2 u 234 D=D%» M, rae D% —wmuHH-
Ma/bHasi HopMmaJsbHas g¢-noarpynma D, a M € o (f (¢)). Tlo-
CKOJIBKY MO YCJO0BHIO f(g) = &; Aa5 HEKOTOPOro MHOXECTBa
NPOCTBIX YHCeJ 7, To M —rpynna npocroro nopsaka. 3Ha-
unt, [(G)=1(D)=2, u nosromy BBHAY Teopemnl 23.9 G —
rpynna HIvuara. Teopema nokasana.

24.4. Jlemma. [laa awobot cosokyntocmu epynn X umeem
mecmo ot (X) = o (X5).

JloKa3aresbeTBO  JIEMMbI  OCYLIECTBJISIETCS NPSAMOM  Mpo-
BEPKOH.

24.5. Kak nokasaiun Kaprep, @uwep u Xoykc [129] (cm.
takxe raaBy 5 kuuru [107]), kaace §° sBasercs JOKaIbHOA
(opmaruelt, eciu JOKaJbHOH opManueil siBjsieTcss KJjace .
Hcnone3ys stor dakr, a rtakxke Jemmy 24.4, nosydyaem H3
TeopeMbl 24.3 TakoH pe3yJbrTar.
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- 24.6. Teopema. ITyemy & —aro0karvHas Gopmayus.

Toz0a & ssasemcs S-gopmayueli 8 ,[Moy U MOALKO 8 MOM

cayuae, Kozda umeem maxoit) 70, 1l aKpa f, 4mo npu
%a &3 N R Rt

mobom p € n(F) umeen mecmo f(p) = St on-

§ 25. ®opmauun, yHROBJIETBOPAIOMHE YCJIOBHIO Kereas

Bynem rosoputhb, uto dopmanusa F ydosaemeopsem Ycao-
suto Kezens, ecnin & copepxur Beskyio rpynny G=AB =
= BC = AC, rue nonrpynnet A, B u C npuHajgnexar g.

25.1. Teopema. Ecau saoxkarbHas gopmayus ¥ ydosae-
meopsem ycaoeuro Kezeasn, mo {5 seasemes S-oopmayueil.

JokasaTeabcTso. Cornacno teopeMe 22.3 kuuru [ 107]
dopmaius ¥ uMeeT Takoi JoKaJbHbIH 3KpaH f, yro ¢ < [ WA
J060ro JIOKaJbHOTO 3KpaHa ¢ ¢GopMaluu %, H, KpoMme TOro,
npu BeskoM p € n(F) dopmanus f(p) coBmnanaer ¢ KaaccoM
BCEX TeX IPYMIN, Yy KOTOPHIX g-HOPMAaJH3aTOPbl MPUHAAJIEKAT
h(p), The h—MaKcHMa/bHBIH BHYTPEHHHH JIOKAJbHbIA SKpaH
tdopmauun F.

Iycte p€n(F) u GeA(f(p). Jlerko ybepurbecs, 4TO
mobast moarpynna rpynnsl G (B ToM yucae u cama G) npu-
HajylexkuT § (CM. JokasateabcrBo JemMmbl 24.2). Ilokaxkewm,
yro rpynna G uukauyna. [Ipexrnosioxum nportusHoe. Torxa
G uMeer mno KpaHHeHl Mepe JBe TaKHe MaKCHMaJbHbIE TOJ-
rpynnsl M, u M,, uto M,; 5= M,;. Tlycrb K —HnauGoabiuast
(mo BKJIIOYEHHIO) HOpPMaJsbHasi mogrpynna G co CBOHCTBOM
G=G/KeA(f(p)). Torna K=®(G) u rpynna G MOHOMH-
THYHa. Kpome TOro, mockoJibkKy BBHIY JIEMMEI 8.5 3kpaH f
apasercs nonubM, 10 O, (G)=({1}. 3Hauur, no Jemme 18.8
cymecTByeT TouHbIH HempuBomumbiii F,[G]-vonyns L. Ilycrs
D =L G.Tlockonbky Cp(L)=L, 10 D ¢ &. Ilycrs D;=LM,,
rne M;= MK, i=1,2,uD,=G. Jlerko BueTb, uro D; € F»
i=1, 2,3. Ho D=D,D,=D,D; = D,D;, u nosromy no ycJo-
suio D € . Cnenosarensno, G ~ D/Cp(L)=D/L € [ (p). Ilo-
JIy4EHHOE [IPOTHBOPEUHE NI0Ka3bIBaeT, 4ro rpynna G UHKIUYHA.
[Nockonbky mnpu arom G € o# (f (p)), TO HaiijeTcst Takoe Ipo-
CTOe YHCJIO ¢ = p, uto |G|=g¢q", TAe n>1.

[Mpennonoxum, yro n > 1. Ilycrb E u B—uuk/iuueckue
TPYNIbI COOTBETCTBEHHO NOPSAKOB "~ H g. O603naunM uepes T
peryaspuoe cmerenne E 2 B. U nycts L —G6asa cnnerenus T.
Tak kak Hekoropas moprpynma rpynnbl T usomopdua G, To
T ¢ f(p). Tlpu s10M, OueBMaHO, rpynmnbi- L ¥ B npuHaLIexRar

dopmanuu f(p). Ilycre R=PeT, rne |P|=p. OGosnauum
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uepes A Gasy cnnereduss R. I'pynny R MOXHO NpeicTaBHTh
B BHJe

R =R1R2 =R1R3 - R2R3)

rie R,=T, R,=AL, R;=AB. Jlerko BuJeTb, 4TO TIDYIbl
R,, R, u R, npunajgrexar dopmauuu 7%. SHauur, R € F. Ho
F,(R)=A, u nostomy T =~ R/A€ f(p). TlonyuerHoe mnpotu-
BOpeuue IoKasbiBaer, uto n=1. :

Takum o6pa3om, Bcsikas MuHHMaJbHasi He f(p)-rpymnna
UMeeT MPOCTOH NOPSIOK. 3HA4uT, BBUAY Jemmbl 24.4 (f (p))S=
= Spn py- IlycTb f—TaKkoH JIOKaNbHBIH 3KpaH, 4TO t(p) =
= (f(p))S mpu .oBoM mpoctoM p. Bmuiy Teopemb 25.2
KHUTH [107] umeer mecto <¢> = FS. 3naunr, no creacTsuio 24.6
& —S-popmanusa. Teopema mokasaHna.

[ HanoMHMM OJMH XOpOWO M3BeCTHHI pe3ysbraT Kereus
167].

2]5.2. Jemma. Ecau G=AB=BC=AC, ¢0e A, BuC—
pasauknble T-3amkrymoele nodepynnet epynnet G, mo G —
N-3AMKHYMAn epynna.

25.3. Teopewma. [Tycmo § — HacareOcmBenHAA N0KANLHAA
opmayus. Tozda § 6 mom u moabko 8 mom cay4ae ydosaem-

sopsem ycaosuto Kezeas, kozda ¥ —S-gopmayus.
HokasareanbctBo. Heo6xopuMocTb ciejlyer H3 Teo-
pemni 25.1.

Iycts §§—S-popmanus. Torga no Teopeme 24.3  §F umeer
TAKOH TMOJIHLIA JIOKAJIbHBIA 3KpaH [, 4To NpH JH060M pEn(F)
umeet MecTo f(p) =Sy . [Ipeanonoxum, uto GopMauHs ¥
He yIOBJeTBOpsieT ycjoBHio Kerens, u nyctb G-—rpynna
HauMeHbllero nopsaka Ttakas, uro G =AB=BC=AC, rae
A, B u C—pasauunpie nogrpynmbl rpynnsl G, npuuem A,
B, C€, no G ¢ §. Jlerko sugetb, uro @ (G) = (1} u rpynna G
monosuTHYHa. [Tyceth N — monosut G. Toraa N = G¥ =Cg (N)=
=0,(G), rie p€mn(N). dro, B 4aCTHOCTH, O3HAYALT, UTO
GINE(p). Ho [(p)=Cuy o uammt, a(G/N)& (i (p).
Iycrb o =5 (G/N)N\n(f(p)) v n=wU{p}. V3 Teopemst 4.6
ra. VI kuuru [162] nerko Beitekaer, uto B G HaflJeTcsi TaKOH
3JIEeMEHT g, YTO [ HEKOTOPBhIX J-XOJIJIOBCKHX TNOArpynn
An, B, u C, coorserctBenHo u3 A, B u C uMeeT MecTo
AxB, = B,Cq= C&A, npnuem C,, = AnBr— n-X0/JIOBCKasA NOA-
rpynna rpynnsl G.

I[lyers |Gr| < |G| Tak kak ¢dopmauusi g Hac/IeACTBeHHA,
1o noarpynnel Ay, By u Cy npHHAaMIE)KaT hopMaluy F. 3Ha-
unt, BBUAY BeiGopa G moarpynna Gy Takxke NPHUHALJIEKHT %
Crnenosarensio, Gg/F,(Gy)€[(p). 3nauut, 7 (Go/F, (Gy)) S
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e (f(p)). Tak-kak N =G, u N=CG(1V), 10 O, (Gr) = {1},
u nosromy F,(G,) = O, (Gy). Ho Toraa

oNa(f (p)) > 0N 7 (GoF, (Ga)) # 3.

[Tonyuennoe nporHBopeure nokaseiBaet, yro G, = G. U3 3roro,
B YaCTHOCTH, BbIT€KaeT, 4to Bce Tpu rpymnsl A, B u C
p-uuabnotenTHel. Ho Toraa mo siemme 25.2 p-HHABIIOTEHTHA
¥ cama rpynna G, 4To HeBO3MOXHO. BHOBB NmoJryyeHHOE TpO-
THBOpeYMe 3aBepluaeT HOKa3aTeJbCTBO TEOPEMbI.

§ 26. KommeHTtapuu

B nauHoM naparpade Bce rpynnbl KOHEYHb, HO He 06s-
3aTe/IbHO pa3pellyMel.

26.1. Teopuu MHHHMAJLHBIX HE F-TPYIN MOCBALIEHA BYH-
RaveHTalbHast paGora B. H. Cemenyyka [63]. Bce pesysb-
tatel § 23 npunagnexar B. H. Cemenuyky.

26.2. CnencrBue 23.11 pokasano Kaprepom, Puuiepom
u Xoykcom [129].

26.3. Kak nokasan Hro [165], Bcsikass MHHHMaJlbHas He
p-HUJBIIOTEHTHAs1 Tpynna siBasercs rpynnoi Hlmuara. C xpy-
roil cTOpOHbl, coryacHo pesysbrary C. A. Uynuxuua [105]
rpynno# Ilmuara sBasieTcsi u Besikasi MHHMMaJIbHAst HE p-pas-
JIOXXUMasi Tpynma. TH H JApyrue pesyJbTaThl TAKOTO poJAa
NPHBOJAT K CleAylollel 3ajave.

[ITpo6aema. Onucars JiokadbHblE (OPMALUH §§ TaKHe,
YTO KaxJasi HEUHMKJUYecKash MHHHMAaJbHas He @-Irpynmna siB-
asiercs rpynnoit HImuara.

B § 24 nano pemieHue sToii 3ajayM B KJacce paspelldMbIX
rpynn [66].

26.4. Teopembl naparpapa 25 mokasauer A. ®. Bacuis-
eBbiM [2].

26.5. Ilyctb X — HEKOTOPOE TEOPETHKO-TPYIIIOBOE CBOKCTBO
(neoGsizaTesbHO abGeTpakTHOE). PopmauHio % Ha3pBeM X-pas-
JIHYUMOH, €C/IH & CONEpXKHT BCsiKylo IPYIMy, Y KOTOpPOH Bce
Z-noArpynnel npHHagtexar . HaxoxaeHdio Z-pasaaduMbix
~ opMaiyi IS HEKOTOPBHIX CBOHMCTB 2 TNOCBSIIEHH PaGOThI
A. @. Bacuawena [3, 4].

26.6. 3HaunTesbHO GoJslee UIMPOKHUM, YEM KJIACC MUHHMAJIb-
HBIX HE @-TPYNI, SIBJsETCS KjJacC He F-TPyMm, y KOTOPBIX
BCe TMOATPYNNbl HENPHMApHBIX HHAEKCOB NpHHAAIEXKAT (op-
Mauun . M3ydenmio Takux rpynn mnocsimieHa pabora
A. B. Cupoposa [73].



NMEPEYEHb OCHOBHbIX OMNPEJEJIEHHH
A OBO3HAYEHUHA

Eciu A—muoxectBo, TO | A|—ero MOWHOCTb; f —HyCTOe MHO-
JKecTBO. MBI pasinuaeM SsHaK < BKJIOUeHHMs] MHOXKECTB H 3HaK C CTpo-
roro BKJIOUeHHS; [) H |J —COOTBETCTBEHHO SHAKH I€peceyeHHs H
obvenunenuss MHoxkecTB; {a|B}—mMHOXecTBO Bcex - o, AIA KOTOPHIX
BHmoaneno P. CoGCTBEeHHOE NOAMHOKECTBO MHOXeCTBa A—3TO IMOA-
MHOXeCTBO, oTauuHoe ot A. Uepes A", rie n—HarypajbHoe YHCIO,
0603HauaeTcss JAeKapToBa n-s cTemeHb MHoxecTBa A. O6pas sieMmeHTa
a€A npu orobpaxenuu a: A-— B oGosHayaeTcst ONHHM H3 CNOCOGOB:
a%, aa, o (a).

Anzebpauneckor cucmemod (4T TPOCTO CUCMEMOIL) HA3bBAETCs OGbEKT
X =<A, 0, R>, cocroamuii H3 HemycToro MHoxecTBa A, ceMeficTBa 0

anre6pamuecKuxX Onepamuit o;: A", A (i€]) n cemefictea R otHo-

WeHH i rngmf (FE€J), sanannbix na muoxectse A. [lokasarenn n;, m;
MpeANoJaraioTcsi UeJHMH HeOTPHIATeJbHbBIMH YHCJaMH H Ha3HBalOTCH
GpHOCMAMY COOTBETCTBYIOMHX omepauuii W oTHomenui. Muoxectso A
HasHBAETCS HOCUMEAeM WJIM OCHOSHOLM MHONCecmeom CHCTeMH X, ero
9/IeMeHTH — 3 1eMenTaMH  5Tof cucteMbl. Momuocts | A | Muoxectsa A
Ha3HBAETCS MOUHOCMbI0 UM nopadkom cucteMul X. O6pas o; (al, cees anl_)

n. n.
3/IeMeHTa (al, e ay ) € A npu otTo6paxennn 0;: A ' — A HasuBaeT-
1
csl 3HaYeHHEM ONlepallly o; B TOUKe (al, cees ani). Ecau (al, ceey amj) €rj,
TO TOBOPSAT, YTO SJEMEHTH 8j, ..., &, HAaXONATCS B OTHOLICHHH rj,
J
H OHWYTf; (al, R ) B 6unaproM caydae (m;=2) BMecTO r; (a1, as)
J
NHIIYT TaKXke ay7;a;. .Bwmecto r; (al', ceey Gy ) OHOYT TaKxe
7
rj (A - amj)=lfl (ucrima), a mpH (g, ..., amj)¢rj numyT
Ny (al, ces Gy ) HJH T (al, cees O ')=JI (noxp). Jpyrumu cio-
J 7

BAMH, HE pPAa3JHYaloT OTHOIIEHWE W OTBEYalmui eMy MpeiHKar. TMosic-
HUM ellle Caydali HyJeBodi apnocTH. Hyavapuod onepanuedl Ha MHOXe-
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ctBe A HaspiBaeTcs (HKCHPOBAHHBIN 5JEMEHT H3 3TOrO MHOXKECTBA,
a HYAbapHLIM TPeJHKATOM— OJHH H3 3JeMeHTOB MHoxkectBa {H, JI}.
Onepauun o; (i€J) n ortHomenus (npemukarsl) r; (j€J), B orauuHe
OT APYFHMX ONEepallHii H OTHOWIEHHH, KOTOpble MOryT OHITh ONpeJeJieHbl
Ha A, Ha3HIBAIOTCH OCHOBHoLMU UMM 2aasHoimu. Tlapa cemeiicts {n; | i€ I};
{m;|j€J}> nasmBaercs munom cucremsl X. Cucrema X HaswiBaercs
KOHeuHOU, eCJH MHOXeCTBO A KOHEUHO, U KOHE4H020 Muna, ecld MHO-
xectBo [|JJ koHeuno. Cucrema X naseiBaercsl as2ebpoi (WIH Yrueep-
canrbHol arze6pol), ecaM MHOMKECTBO R ee TIJIaBHBIX OTHOLICHHH fB-
asietcst mycthiM. Hemycrtoe moamuoxecTBo A; OCHOBHOrO MHOXecTBa A
cucreMbl X Ha3sHBaOT 3aMKHymbLM, ecild A; 3aMKHYTO OTHOCHTEJbHO
KaXJofl I'IaBHON ONepaluH 5TOH CHCTEMSI, T. €. pe3yJbTaT Ji060# rjaas-
HOH omepamnuH, MPOH3BEJEHHON HajJ NMpPOU3BOJbHLIMH 3J€MEHTAMH MHO
xKectBa Ay, MpHHaNIexHT cHoBa A;. PaccmarpuBasi omepanun us O
M OTHOUIEHHS H3 R Ha 3aMKHyTOM moiMHOXKecTBe Ay, MBI MOJydyaem
cucremy X;=<A;, 01, R;>, OIHOTHNHYIO JaHHOH W Ha3bIBaeMylo nod-
cucmemoii cucteMbl X (3anucniBalor X; <= X). Iloxcucremsl anre6p Ha.
3biBaloT nodaszebpamu. Tloacucrema M cucrembl X HasblBaeTcsl MaKCU-
manoroid, eciu M # X u us M= H < X, rae H—noacucrema X, Bcerga
cnexyer M=H. Ecin D—HekoTOpoe HemycToe IOAMHOMXeCTBO H3 A,
TO MepeceuyeHHe BCEX TeX IOACHCTEM cHcTeMbl X, KoTopble coiepxatD,
Ha3blBaeTCs MOACHCTEMOH, noposcdenrol MHOXKeCTBOM D, M NpHMEHSIOT
st Hee 3anuch <D>x uau <D>; eciu npu stoM X =<D)>, T0o D Hasw-
BalOT nopoxcdarouum MHOKeCTBOM cucTeMbl X. ChcreMy X Ha3HBalOT
n-noposxcdeHHol, ecJi OHA HMeeT [0pOoXK/Aalolee MHOXKECTBO MOIHOCTH 1.

Ilycte maua ewme ogna cuctema X' =<A’, 0’, R’> tuna <{n;- | iE]'};
{m}|j€J’}>. Cuctembl X u X' naseiBalotcs o0Homunueimi, ecan I=1I",
J=J"u n,~=n§, mj=m,'~ nas Beex i€/1, j€J. Ecau cucremsl X u X'
OJHOTHIIHH, TO MX TJIABHHIE ONEpaNMH 0;, 0; L5 Kaxuoro i € I, a Takxke
riaBHble MpPEeAMKaTH T, r} a1 Kaxaoro j€J HasbBalOTCS 0JHOUMEH-
Hotmu. Omobpascenuem ¢ cucreMol X B cHcreMy X' (3anmuchiBaercs
¢: X — X’) nasmBaercsi oro6paxkenue ¢: A —» A’ OCHOBHOrO MHOXeE-
cTBa cHcTeMbl X B OCHOBHOe MHoxecTBO cucTembl X'. Cucrema X uso-

MOpHa ONHOTHIIHOH cucTeMe X', ec/lH CYIeCTBYeT Takoe B3aHMHO
OJHO3HAYHOe oToGpaxkeHue ¢ cucteMbl X Ha CHcTeMy X', 4TO

@0 (a1, -5 Gn))=0} (¢ (@), - -+, @ (any)),
r; (al, e a,,,j) =] r". ((p @), ..., @ (a,,,j))

LIS BCeX @y, Qp, ... us3 A u mas seex i€l, j€J. Otobpaxenne @
C 3THMH CBOJCTBaMH Ha3biBaeTCS U30MOPPUIMOM.

B’ naHHOW KHHre KAQCC cucmem—3ITO HEKOTOpash COBOKYNMHOCTb CH-
cTeM OAHOrO H Toro xe Tuna. CucTemb kJacca )} naspiBalorcs -
cucmemamu.
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-IIpu paccMOTpeHHH KJIacCOB BCe CHCTeMBI OJHOTrO KJjacca 3alHCH-
BaloT O6LIYHO B ONpEeJeNeHHOH CHIHaType clefykomuM obpasoM. Ilycts
SOt — nekotophiit kaace cucreM tuna <{n;|i€l}; {m;|j€J}>. Kaxnomy
i€/ comocTaBuM QYHKLHOHAJbHBIH CHMBOJ F; apHOCTH n;, a KaxIoMy
j€J—npenukatubit cumBoa P; apuoctw m,. Ha cumsoas F; ()]
u P; (f€J) MOxHO cMOTpeThb Kak Ha OOliMe MMeHA COOTBETCTBYIOMIUX
omepauuit u fpeinkaToB cucreM kJjaacca . CoBOKYNHOCTh Q yKasaH-
HEIX CHMBOJIOB HasbiBaeTcs: cuesamypoi Kaacca SO, uepes Qf u Qp
o603HavaloTcsl CcooTBeTcTBeHHO coBoKymsoctH {F;|i€l} u {P;|j€J}.
Ecin X —M-cucreMa u o0;—ee rjaBHas oONepamus, TO 3JIEMEHT

0; (a1, -« +» a”i) 3anuchiBaiT B Bule F; (al, cee, ani); aHaJIOTHYHO, eCJIH
rj—raaBHoe oTRomeHne N-cucremnl X u (ay ..., a,,,j)er,-, TO MHWYT
Pj(ay, ..., am;)=HW nau mpocto P (ay, ..., an,). Tockombky Jo6bie

IBe OJHOTHITHbIE CHCTEMbl MOXHO 3aIHCaTb B OJHOH CHTHAType, TEpMHH
«OIHOTHITHblE CHCTEMBI» MOXHO NMOHHMaTh KaK CHHOHHM TePMHHY «CH.
CTeMbl OJHOH W TOH K€ CHIHATYDHI».

Kunace 9t cucrem curuatypbl Q HasbiBaeTCs abCMpPaKmHbim, €CIH
¢ Kaxpo#i cucremoit X kaacc N colepkuT M Bce H30OMOPOHblE eH cH.
cTeMbl curHatypsl Q. Uepes (¥) ofosHauaercss aGCTpaKTHOE 3aMbIKaHHE
COBOKYNHOCTH ¥ OXHOTHITHBIX CHCTEM, T. €. llepeceyeHue BceX abCTpaKT
HBIX KJaccoB, cogepxamux X. Bo usGexanue HelopasyMeHui 3aMeTHM’
4TO MHOTAA B JHTepaType NOJ KJAaccOM NMOHMMalOT aGCTpaKTHBIA KJace
(Hanpumep, B [107] Kaace rpynn — 310 BeerAa a6CTpaKTHHIA KJace Tpynim).

Cucrema X, sanmucannas B CUTHaType Q, HasbBaeTcs Q-cucmemou
u ob6osnayaercsi X =<A, Q> uinu X =<A, Qf, Qp>. Unoraa, nonyckas
HEKOTOPYI0 BOJIbHOCTb, CHCTEMY U €€ OCHOBHOE MHOXeCTBO 0603HauaioT
OXHHUM CHMBOJOM. ['omomoppusmom Q-cuctembl X B Q-cucremy X' Ha-
3bIBAIOT BCAKOE OTOGpaxeHHe ¢: X —> X', yIoB/IeTBOPSIOliee YCIOBUIM

o (F; (2 oo an)))=Fi (@ (ar), - .., @ (an)),
Pj(ay, ..., amj)3P,-((p (a1), - -, q>(amj.))

nas Becex Fi€Qp, P;EQp u 1ns Bcex aj, ay, ... u3 X. I'omoMmopdusm
¢ X — X’ Ha3bIBaeTCS CUAbHOIM, €CH IJIS JIIOGBIX 3JTEeMEeHTOB by, ..., bm/.
us X' u pas xkaxporo P;€Qp us P; (bl, RN bmj):l/l BbITEKaeT CyLie-
cTBOBaHHe B X TakHX Npoo6pasoB aj, ..., Qm; 371EMEHTOB by, ..., bm/.,
LIS KOTOpmX P; (@, -, amj)zl/l. Ipu romoMopdusme ¢: X — X'
o6pas C® moncucrembt C cuctembl X siBASieTCH NOACHCTEMOS CHCTEMbI X .
TFomomopdusm ¢: X — X’ uasbiBaercs cropsexmustoim (HIH InUMOp-

dusmon), ecmu X®= X'
DKBHBANEHTHOCTh 0 = A% HasbiBaeTcs KoHepydHyueld CHCTeMB X =

= (A, Q, ecaun
a10'b1, ey aniO'bn[ = F,' (al, PN an‘.) O'Fj (hl, ey bni)
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s BCeX day, by, ..., an., bn, u3 A u mas scex F;€QF. Konrpysuuus,
l l

coBnajaiomasi ¢ A2, HasbiBaeTcs eJuHuunoi W 0003HAUaeTCH TaKKe
yepes X2, a koHrpysHuusi Ay={(a, d)|a€A} Hocur Ha3BaHHE Hyie-
60i. Bmecto Ay muumyT A, eciau SICHO, O Kakoil cuCTeMe HJeT peub.
Konrpysuunu Ay u X? cucrembl X Ha3BIBAlOTCH mpusUarbHolmil. )

Jns kaxnoro romoMopduaMa ¢: X —> X’ MOXKHO IOCTPOHTH KOH-
rpysHUMIO o, mosarasi ach (@, bEX) HCTMHHBIM TOT/A H TOJNBKO TOTAQ,
koria @ (a)=¢ (b); Takas KOHIpYSHIHS O Ha3biBaeTCs AJEPHOL KOH-
rpysHuueii roMomopguama ¢. Ecau {mn;|iE M}— HekoTOpas COBOKYyIN-
HOCTb KOHTPYSHIHMH cHCTeMbl X, TO IepeceyeHHe BCeX KOHTPYSHUHE @
cucremsl X, ISl KOTOPHIX 7i; & ¢ IpH JioGom i € M, Ha3HIBAIOT KOH-
rpysunuedt, ‘nopoxdennod 3Tolt coBokynHocTbio. Kourpysuuus, no-
pOXKJEHHAs] KOHTPYSHUMSMH T; U Ty, obo3HaYaercs yepes iV Jlg.

Ecau ¢ u {p—GuHapHble OTHOWEHHsI HAa MHOXecTse A, To Yepe3 @y
0603HayaeTcss WX TPOW3BEJEHHE, KOTOPOE BBOAMTCH CJENyIOmUM 06pa-
30M: a@yb HMeeT MecTo TOTAa H TOJBKO Torja, Koria B A Haiizercs
TaKko#t 3JeMeHT ¢, uTo apc H cpb. OTHOLIEHHS @ H P HASEIBAIOTCH NMepe-
CTAHOBOYHHIMH, eca Q=Y. s M0ObIX IBYX KOHTPYSHUHH Iy H Ttp
cucreMnl X CHOpaBelJHBO YyTBepMKJAEGHHe: T;Jly TOTAA M TOJNBKO TOrAd
€CTh KOHTPY3HIMS X, KOrZa Ityflg = J2T;.

IMycts mana Kourpysuumusi ¢ cucteMbl X =<A, Q). s Kaxuoro
b € A MHOXecTBO ao={x | x0a} Ha3bLIBACTCS CMENCHOIM KAACCOM CHCTEMDI X
IO KOHTPYSHIHH G. BMecTo ac mpumeHsiercs Takxke 3amuch [alg. Ecan
H<= X, t0 uepes oH o6osnauanT coBokynuocts {J ac. Has moGoro

aeH
F; €Qp nonoxum
F,‘ (010', ey anl.O'):F,' (al, ey an[) g.
Hna moboro P;EQp monoxuMm
Pj(bw, ..., bmjo)zl/lv
TOTZa H TOJMBKO TOrJa, KOTAAa CYWECTBYIOT TAKHE 3JEMEeHTH Cy, .. < Em;
B A, uto byocy, ..., bmjcrcm/. " P/. (v -+ cm].). Tem caMbiM MBI TOJY-

qaem Q-cucreMy X/o ¢ ocHoBHEIM MHOXecTBoM A/o = {ao | a € A}. Cucre-

Ma X/o HaswiBaeTcs ghakmopcucmemod cucteMbl X MO KOHTPYSHIHH O.
Hycrs nan kaace Q-cucrem {X;=<A4;, Q@ |i€M}. Ilyes D=

= H A;— dexapmoso npoussedenue cucmemss mroscecms {A; | i€ M}, 1. e.
ieM

MHOXeCTBO oToGpaxenuit f: M —s |J A;, yAOBJIETBOPAIOMHUX yCIOBHIO

ieM

F@)EA; (i€M). Mocrpoum Teneps cucreMy X =<D, Q> cienyomum

o6pasom. Ecau F; us Qp umeer apuocts n; u dy, ..., dn;— 3JIeMEHTH

us D, To snauenneM F;(dy, ..., dn;) nonaraem siaemedt d €D, ompe-

JlesisieMblit yCJOBUSIMH

d(®)=Fi(dr(®), ..., dn,())  (LEM).
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o

Ecau Pj’ us Qp uMeeT apHOCTb m; H di, ..., dmj—a.nemembp us D,
TO mnoJjaraeM P; (dl, cees dm,.)_—_I/I TOTZa M TOJNBKO TOrja, KOria Ajas
Kaxjporo tEM 7

Pidi(@®),---s dm]. @)=Hu.

[Toctpoennas Q-cuctema X HasbiBaeTcs dexapmogols npoussederuem
cucteM X; IO MHOXKECTBY HHIeKCOB M H o6o3HauaeTcsi 4epes II X;.

ieM
3aMeTHM, YTO JAJs KaxAoro (QuKCHpOBAHHOIrO t € M otobpaxenue
g dv—>d (2) (¢d€D) ect» romomoppusm X Ha Xt, KOTOpHH Ha-

auBaloT npoexmuposaruem X na Xt
OTHOCHTEBHO (POPMAJIbHOTO A3BIKA TEOPHH Q-CHCTEM CM. [50]. Toxe-

decrnsamu Ha3blBalOT (bopMy.an BHIA
(Vxl) ot (sz) P (flr ey fm)»

rae P— KaKoi-nmu60 NpefHKATHbIA CHMBOJ H3 2 HJIH 3HAK paBeHCTBa =,
a fi, ...y fm—TEPMBl CATHATYDHI Q OT Xy, «++» Xs- Ksasumooxcdecmsa —

370 GopMyJibl BHAA
(V51) o (V2 [P (Fis s [R)& .. & Q (g1 -+ &m) — R (b1, -, Fn))

tre P, ..., Q, R—HekoTopbie NpejHKaTHbE CHMBOJIEI H3 Qp WK 382t »
DABEHCTBA, @ [1, ..vs fpo ovvs &1s -+vr &m> 1 ..., hy—TepMB CHTHa-
Typs Q OT X1, ..., Xs. ECIH 3alaHO MHOXECTBO S ToxaecTB (KBa3H-
ToXIeCTB) curHatyps @, To kaacc KS Bcex f-cucreM, B KOTOPHX
HCTHHHBL B QOpMyJas H3 S, Ha3bBaeTCH MHO2006pasuem (COOTBETCT-
BeHHO KeasumHozo06pasuen) Q-cucteM. Hepes var it 0603HagaeM MHOI0-
obpasue, nmopoxiennoe kiaaccom it

O6partumcsi Temepb K TEpMHHOJIOTHH, HCIOJIb3yeMOH B TEOPHH Py M.
Yepes Ng(H) u Cg(H) obosnayaercsi COOTBEICTBEHHO HOpMAaJIH3aTOP
H nentpamugsatop H B rpynme G. Z (G)—uentp rpynns G, @ (G) —
nodepynna Ppammunu, T. €. Nepeceyenne BCeX ee MaKCHMAaJbHBIX NOJ-
rpynn (ecH TAaKOBHIX HET, TO IOJAraioT ® (G)=0G). I'nauuft pakTOp
H/K rpynnsl G HasbBaeTCs HeppammuHruesois, el HIK & @ (G/K).
Uepes m 0603HAYAETCS HEKOTOPOE MHOXKECTBO IPOCTHIX gncest; u —
JOTONHeHHe K 7 B MHOXeCTBe BCeX NMPOCTHX YHCEN; p, §—TMPOCTHE
ypcaa; "7 (1) —MHOXKECTBO BCeX PasyHYHbIX MPOCTHIX JeJuTeNief HaTy-
pajpHOTO 4HCIA N. Eciu G—koneuynas rpymma, To n(G)y==n( G|)-
Ecnn §§— HexoTOpHil KJacc KOHEUHHX TpYNm, TO depe3 7 (F) obosHa-
qalor o6bennenue Muoxects m(G) ans Beex GEF: o' & =@ @)
HaTypaJibHOe YHCJIO 1 Ha3HBAETCSH J-HUCAOM (sed-uucaon), ecmu 1L (n) = 7
(cootBetcTBEeHHO T[T (1) # ). Koneunas rpynna HasblBaeTcs J-zpyn-
noii (md-epynnoid), ecau ee NCPANOK eCTb J-IHCIO (cOOTBETCTBEHHO
nd-yuciio). OGHYHO B 0603HAYEHHAX BMmecTO {p} mumyT p (Hampumep,
p-rpynmna). Jeanteap d HaTypaJbHOrO YHC/IA N HA3HBAETCH n-Oeaume-
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nen, ecan w(d)=n. Uepes g 66osiaidaior manbonbumi s-aeditedh
matypaabHoro uucaa n. Ecau x, yeG, H=G; 10 H*—=x"1Hx, [%, yl=
=x~1y~lyxy. Eciu A u B—rnoarpynmnsl rpynny G, t0 [A, B]—mox-
Tpynna, MOpoXJeHHas BCeMH [X, y], rie xE€A, yE€B; (A1 oo Al=
=[...[[A1, Aal. 45l ..., Ap]. 3xcnonenma KOHEYHOHR TIPYNHBI—STO
WanMeHnbillee obuiee KpaTHOe MOPSIAKOB BCeX €€ 3JeMEHTOB. Moarpynmy
nopsazka |G |x KOHeYHOH Tpymmbl G uaswBaioT Sy-nodepynnoil Wi -
X04406CK0(l TIOATPYINON H 0003HAYalOT MHOT/A Yepes Gy. Tloarpymnna H
komeumofi rpynnel G HashBAeTCS X04406CKO, €ClM OHA SBJSTETCH Sx-
noArpynmoi AIs moxxoAsmero w. Yepes Hg o6o3navalor nepeceieHue
BCeX TOATPYII, CONPSIKEHHBIX ¢ MOArpymmok H B rpymme G. 3amuce
A < G osuauaer, uto A—HopMaJpHAas MOArPYNNA FPYHIIbI G (He HCKJIIO-
yaetcst cayuait A=G). 3amuce G=AXB npumensercsa Ans 0603Ha-
yeHHsI MOJYNPSIMOTO NpPOH3B2JIeHHS MOArpyIN Au B, e G=AB,
A< G, A(\B—enunnunas MNOArpymuna {1}. Ecam rpynna G mpexcra-
puMa B BHje npoussefenns G=AB IByX CBOMX NOATpyIN H AnB={1}
1o B nasmBaercs donoaneruen Kk A B G. :
Pax moxrpynm

G=HyoH;>... > Hy={1}

swsEBaeICA: 1) HOpMAAbHbLM, €ClH H; G mas moGoro i; 2) cyorop-
maasnein, €cin H; {H;_y nas moGoro i > 0 (npu atom H;_y/H; Haskl-
BaOT JaKMOPOM YKA3aHHOTO pana). I'rasnoul (komnosuyuonHeui) GaxTop
“rpynnn G370 dakTop riaaBHOro (COOTBETCTBEHHO KOMIIOSHIHOHHOTO)
paga rpynns G. Paxmop TpymITHl G—>3T0 HekoTopas (akToprpynmna
KAKOH-AHG0 €€ T ArPYIITH (HHOTAA (GaKTOPH Iy HAaSLIBAIOT ceKLUAMU).
Kouesnas rpynna G, MMelomasi CHJIOBCKYI0 p-MOArpyniy Gp u p’-xon-
noBcKyio moarpynmy (p, HasHBaeTCH: 1) p-pasaoxcumoi, ec.nu;GpnGp,
HopMaib B G; 2) p-#HuAbnomenmtoll, eciu Gpr < G; 3) p-cneyuaavrotl,
ecylH G,,<]G. Koneunas rpynna G HasbiBaercs Tt-pasaoxcumoti (J-Hunb-
nomenmHodl, T-Cneyuasbueld), € OHa p-pasoKHMa (cOOTBeTCTBEH-
HO p-HHJBNOTEHTHA, p-CHeUHapHA) A1 qio6oro p us m. Komeynas -
rpynmma ¢ HOpMajJbHOH N-XOJJIOBCKOft MOATpYNNOH  HashiBaeTcd
-3 MKHYmOU.

[lycte @—JuHe#HOE YNOPSJIOYEHHE MHOMKECTBA BCEX OpOCTHX HH-
.cel. 3amuCh pRg O3HAYaeT, UTO p NPEALIECTBYeT g B yNOPANOUCHHH ?
(8 xnuure [107] samuce p@q npHMeH#AJach {To/1bKO B CaydYae p # ).
:Koneunas rpynna G nopsAKa p7r% ... p%® nasmBaercs @-ducnepcue-
" HOil, €CJH DP1PPsP ... PPn ¥ ANs JIOGOrO i rpynna G uMeeT HOpMaJb-
'HYI0 MOArpymmy mopsnka p‘f‘p‘:' p'fi. Jlucnepcusroii TpyNnoA Hash-
'BAIOT KOHEUHYIO TPYIIy, KOTOpas @-AHCHEPCHBHA AJI HEKOTOPOro @.

Creayss C. A. UyHHXuHY, KOHeUHYIO Ipynmy G Ha3HBAWOT:

1) m-omdesumoi, ecau AIs KaxkAOro ee rIABHOTO ¢pakropa H/K
umeeT Mecro |nNx (H/K)|<<|;
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2) n-paspewunod, ecqn |n(H/K)|=1 pas kaxJoro ee rnaBHOTO
nd-pakropa H/K (ranaBrbiii id-pakTop —3TO FMaBHEI (akTop, HB-
JASIOmHUkcs nd-rpynno);

3) m-csepxpaspewinmod, ecin Kax/iblii ee rJaBHblH d-paKTOpP LHKJIH-
4ecKHH, )

Koneunas rpynna nasoiBaetcsi n-060c06.4eHHOH, ecau KaxIblii ee
raaBHE (axTOp sBASETCS JHOGO N-TPYNNOHN, JH6O N’-rpymmoi.

B Teopun ¢opManuii KoHeuHmx rpynn sa HEKOTOpPbIMH KJacCaMH
Tpynn 3aHKCUPOBAaHB COOTBETCTBYlomHE 0603HaueHHs: & — KJaacc BceX
KOHEYHEIX rpynn, Y —KJacc BCeX KOHEUHBIX abeseBHX rpymm; N —
KJacc BCeX KOHEYHBIX HHJbHOTEHTHBIX rpymn, & —kJjacc Bcex KOHey-
HBIX paspemwnMbix rpynn, (—xkuacc eaunuunbix rpynm, R, — Kaace
BCeX KOHEUHHX p-Tpymm,
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From the book’s review: «... At present formation theory of algebraic
syslems has valuable ideas and methods which are given in this
book. The book is rich in fruitful ideas and consructions for

general theory of algebras congruences».
Professor D. M. SMIRNOV (Novosibirsk)

Summary: Formation is a class of algebraic systems which is closed
under the operations of taking factor-systems and subdirect pro-
ducts. Originally formation theory was developed mainly within
the theory of finite groups. This book for the first time presents
the formation theory in the most general way. A great part of
‘the book gives the results obtained by members of Gomel algebraic
seminar headed by professor L. A. Semetkov.

Contents: Modes of formation building (graduated formations, generated
formations, pre-varieties). Algebra of formations (Malcev’s and
replica products of classes of systems, lattices of formations).
Subalgebras of algebras in Malcev's variety (projectors and semi-
projectors, prefrattini subalgebras, radicals and so on). Formations
with given systems of subformations. Applications minimal non
F-groups to the classification of formations (§-formations, forma-
tions with Kegel’s condition).

Authors. Leonid Alexandrovich Semetkov is Professor of Mathematics
at the Gomel State University, DrSci. in Mathematics, corres-
ponding member of Academy of Sciences of Byelorussian SSR,
the author of numerous papers on algebra.

Alexander Nikolaevich Skiba is Professor-assistant at the Gomel
State University, Candidate of Sci. in Mathematics, the author
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