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1 Introduction

Hausdorff operators are closely connected with classical harmonic analysis
(see, e.g., ], [16], [1I, Chapter XI], [2, Section 3], or [28]). The modern
stage in the development of this theory begins with the work by E. Liflyand
and F. Moricz [I7]. The concept of a Hausdorff operator in the general
framework of topological groups was introduced by the author in [19] as a
generalization of the classical definition in Euclidean spaces [14], [3] and the
definition in p-adic spaces [30] (see Definition 3 below).

In [19] sufficient conditions were given for boundedness of a Hausdorff
operator on the atomic (real) Hardy space over a locally compact metriz-
able group that satisfies the so-called doubling property. Generalizations to
homogeneous spaces of Lie groups appeared in [22]. The case of locally com-
pact groups with local doubling property and their homogeneous spaces was
considered in [20]. But there are compact connected Abelian groups that are
not metrizable (e. g., the Bohr compactum bR), or metrizable but without
local doubling property (e. g., the infinite dimensional torus ']I‘). The aim
of this work is to give necessary and sufficient conditions for boundedness

IThe author is indebted to Professor A. Bendikov for this observation.
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of Hausdorff operators on Hardy spaces and BMO for this case, as well.
Surprisingly, these conditions turned out to be the same for all groups and
spaces under consideration. The case of the space of continuous functions
and examples that may be of interest in their own way are also considered.
It should be noted that Hausdorff operators on Hardy spaces H! and BMO
over Euclidean spaces R? were studied in [14].

Due to an ingenious identification of Bohr, a lot of theory of ordinary
Dirichlet series may be seen as a sub-theory of Fourier analysis on the infi-
nite dimensional torus. This observation and especially the seminal result of
Hedenmalm, Lindqvist, and Seip [12] give us an opportunity for an applica-
tion of our results to ordinary Dirichlet series. In the case of general Dirichlet
series we use similar results obtained by Defant and Schoolman in [6], [29],
and [7]. Based on this results, classes of bounded Hausdorff operators that
act in some classical spaces of Dirichlet series (ordinary and general) are
introduced.

2 Preliminaries

This section collects all preliminary information we need in the next parts
of the paper.

In the following unless otherwise stated G stands for a compact and con-
nected Abelian group with normalized Haar measure v and a total order
(which agrees with the group structure) is fixed on its dual group X. In
turn, X is the dual group for G by the Pontryagin - van Kampen theo-
rem. Let X, := {x € X : x > 1} be the positive cone in X (1 denotes
the unit character). In other words, X, is a subsemigroup of X such that
X'UXy =X, and X' N X, = {1} (see, e.g., [27, Chapter 8]). We put
also X_ = X\ X;. Then X = X"\ {1}.

As is well known, a (discrete) Abelian group X can be totally ordered
if and only if it is torsion-free, which in turn is equivalent to the condition
that its character group G is connected. In general the group X may possess
many different total orderings.

In applications, often X is a dense subgroup of R? endowed with the
discrete topology and G = bX is its Bohr compactification, or X = Z? so
that G = T? is the d-torus (T is the circle group and Z is the group of
integers). Other interesting examples are the infinite dimensional torus T
(see Section 6 and Examples 1 and 5 below), an a-adic solenoids >, (see
Example 6 below), and their finite and countable products (see, e.g., [6]).



We denote by Aut(H) the group of topological automorphisms of a topo-
logical group H endowed with its natural topology (see, e.g., [13]). If H is
Abelian and A € Aut(H) the dual automorphism A* € Aut(ﬁ ) is defined by
the rule R

A" (§)=€0 A, E€H.

3, (24.37), (24.41)).

In the following Aut, (X) stands for the subset of Aut(X) that consists
of all ordered automorphisms of the group X with respect to the given order.
By definition, these automorphisms preserve the order (equivalently, these
automorphisms map the positive cone X into itself).

We denote also by Aut(G)" the set of such A € Aut(G) that A* €
Aut, (X).

The following simple lemma will be useful.

Lemma 1. 1) Let G be locally compact Abelian group. If A € Aut(G)
then (A*)™! = (A~1)*.

2) Let G be compact and connected Abelian group. Then Aut,(X) is a
subgroup of Aut(X).

3) Let G be compact and connected Abelian group. Then Aut(G)* is a
subgroup of Aut(G).

Proof. 1) The map A — A* is a topological anti-isomorphism of Aut(G)
onto Aut(X) [13, Theorem (26.9)]. It follows that (A~')* = (A*)! for
A € Aut(G).

2) We shall show that if 7 € Aut, (X) then 77! € Aut, (X), as well.
Since X_ = X'\ {1}, the map x + x ! is a bijection of X \ {1} onto X_.
Let us assume that 7 € Aut, (X) and y € X \ {1}, but £ :=7"1(x) € X_.
Then €1 € X, \ {1}, and x = 7(6) = (7€)~ € (X, \ {1 € X, a
contradiction.

3) This is an immediate consequence of 1) and 2).

We denote by $ the Fourier transform of ¢ € L'(G), and by || - ||« the
norm in L*(G). We put also

1/p
11l = / P
G
for f € LP(G) (0 < p < 0).

In the following the compliment X \ E of the subset £ C X will be
denoted by E°.



The next class of spaces is important in particular for general Hilbert
transform [24] and for the theory of Dirichlet series (see, e.g., [6] and section
7 below).

Definition 1. [24], [6]. Let G be compact Abelian group, 1 < p < oo,
and F C X a non-empty set. The generalized Hardy space H%(G) is the
closed subspace of LP(G) defined as follows

HY(G) ={f € L’(G): f(x) =0 V¥x € E°}.

The case where G is connected and £ = X is due to Helson and Low-
denslager (see, e.g., [27]). We shall write H(G) instead of HY (G) in this
case. In particular, H%(G) is the subspace of L?(G) with Hilbert basis
X,. We denote by P, the orthogonal projection L*(G) — H?*(G) , and
P =I1-P,.

Of course, the space H?(G) (as well as the spaces Hi(G), BMO(G), and
BMOA(G) considered below) depends on the chosen order in X.

For every u € L*(G,R) there is a unique u € L*(G, R) such that 5(1) =0
and u + iu € H*(G). The linear continuation of the mapping u + U to the
complex L?(G) is called a Hilbert transform on G. This operator extends to
a bounded operator ¢ — ¢ on LP(G) for 1 < p < oo (generalized Marcel
Riesz’s inequality), in particular ||@|2 < [|¢||2 for every ¢ € L*(G) [27, 8.7],
[24, Theorem 8, Corollary 20]. Let Ff = J?be the Fourier transform on G.
Then the next formula holds

~
-~

f = _isan+f7
where sgny, (x) = 1 for x € X1 \ {1}, sgny, (1) = 0, and sgny (x) = —1
for x € X'\ X, [24].
Note also that the Hilbert transform is a continuous map from L'(G) to
LP(G) for 0 < p <1 (see, e. g., [27, Theorem 8.7.6]).
Definition 2 [9]. We define the space BMO(G) of functions of bounded
mean oscillation on G and its subspace BMOA(G), as follows

BMO(G) :={f+7: f,geL®G)},
BMOA(G) := BMO(G)n H (@),

lellBao = f{|[flloo + lgllc : o = f 4+ 9, f,9 € LZ(G)}
for p € BMO(G).
Lemma 2. |21, Lemma 1]. The following equalities hold:
1) BMO(G) = P_L*(G) 4+ P, L>(G), with an equivalent norm

lell+ := nf{max([| filloo, lg1lloc) = & = P-f1 + Pigr, fr, 1 € L=(G)};
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2) BMOA(G) = P.L*(G). Moreover, for the norm
lell = mf{|[Alloc : ¢ = Pih, h € L™(G)}

in this space the following inequalities take place:

2
slellsao < llell < 2llellzao-

Definition 3. [2I] We define the space HL(G) (the real H' space on
() as the completion of the space Pol(G,R) of real-valued trigonometric
polynomials on G with respect to the norm

lallie = [[P-qlly + [ Pyqlls-

We denote the norm in Hi(G) by || - |14, too.
The notation Hg(G) should not lead to the confusion with H%(G) from

the Definition 1.
Lemma 3 [21], Proposition 1]. (i) Projectors Py, and the Hilbert trans-

form are bounded operators on HE(G);
(ii) restrictions PL|Pol(G,R) extend to bounded operators PL from Hi(G)

to LY(G) and
1F Wl = 1P fllee + NP fll = IPZf s+ 1PNl (f € Hi(G));

(iii) HE(G) = ImP_ 4+ ImPy (the direct sum of closed subspaces);

(iv) Up=1LP(G,R) C HI(G) C LYG,R);

) 1A~ == £l + I Fll s an equivalent norm in HA(G);

(vi) Hi(G) = ReH'(Q).

In [I9] the next definition was proposed.

Definition 4 [19]. Let (2, 1) be a measure space, G a topological group,
A Q — Aut(G) a measurable map, and ® a locally p-integrable function
on ). We define the Hausdorff operator with the kernel ® over the group G
by the formula

(Haoaf)(x) = / B(u) f(A(u) () dpu(u).

In particular, we get a class of discrete Hausdorff operators of the form

Y (u)(f o Alu))

u€eS)

2Here we correct a typo made in [9, p. 139)].
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where () is a countable set endowed with the counting measure.
Throughout we denote by £(Y") the space of linear bounded operators on
a normed space Y.
By [19, Lemma 1] an operator He 4 is bounded on LP(G) (1 < p < o0)
for a locally compact group G provided ®(u)(modA(u))~Y? € L}(Q, ), and

[Ha,allcwe @) < /Q |@(w)|(modA(u) ™ Pdp(u). (1)

Example 1. Let T* be the infinite-dimensional torus (the product of a
countably many copies of the circle group) and C := {—1,1}* a Cantor group
endowed by some regular Borel measure p (e.g., p is the normalized Haar
measure of the compact group C). The group C acts on T* by coordinate-wise
automorphisms A(u)(z) = 2" := (2;’);en Where u = (u)jen, u; € {—1,1},
and = = (z;);en, x; € T. Thus, we get a Hausdorff operator

Haf () = / B(u) f (") dpa(w).

C

Since T is unimodular, modA(u) = 1 and so this operator is bounded on
LP(T*) (1 <p <o) for ® € L) and ||[Hallzr(re) < | P||L1)-

3 Commuting Relations for Hausdorff Oper-
ator

In this section we shall show that Hausdorff operator commutes in some sense
both with the Fourier transform and the Hilbert transform.

Theorem 1 (cf. [16, Theorem 4.4)). (i) Let G be compact (not necessary
connected) Abelian group, f € L*(G), and ® € L'(u). Then

(H<I>,Af)/\ = ,H<1>7(A*)*1]/C\-

(i) Let G be compact and connected Abelian group, f € L*(G), ® € L*(u),
and A(u) € Aut(G)* for p-a. e. u € Q. Then

Hoaf = Hoaf)™.

Proof. (i) By the Fubini theorem

(Hoad'(00 = |

G

(/Q w)f (A(“)(l“)dﬂ(u)) X@)dv(z)
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= [ ([ rawer@an ) duo

Moreover, since G is unimodular, we have modA(u) = 1, and we get putting

y = A(u)(x) that

— ~

/Gf(A(u)(ﬂf)de(x)I/Gf(y)X(A(u)1(y))dV(y)= ((A(u)) " (x)-
So

)

(Ho,af)" = Ha a1 (f7).
(i) Note that f € L2(G). Then in view of (i) one has for all x € X that

~
~ ~ ~

F(Heaf)00) = He(a)-1F(x) = (He,(ar)-1 (—isgny, f))(x)

~

= —i/Q¢(U)Sgnx+((A*)_l(X))f((A(U)*)_l(X))du(U)-

Since (A(u)*)™' is an order automorphism for p-a. e. u € Q, one has
sgny, ((A(u)*)"'(x)) = sgny, (x) a. e. This yields (again by (i)) that

F(Hoaf)(x) = —isgn, (x) /Q (u) F((A()) ™ (X)) dp(w)

= —isgny, (X)F (Hao,af)(x) = F(Haaf)”(x),

which completes the proof.

Corollary 1. Let ® € L'(u) and A(u) € Aut(G)T for p-a. e. u € Q.
Then the range of He a in the space L*(G) is invariant with respect to the
Hilbert transform.

4  Hausdorff Operators on Spaces H7(G) and
BMOA(G)

The next theorem deals with general compact Abelian groups.

Theorem 2. Let G be compact (not necessary connected) Abelian group,
E C X, and (A(u)*)"!: B¢ — E° for p-a. e. u € Q. The Hausdorff operator
Hao 4 is bounded on Ho(G) (1 <p <oo)if ® € L' (). In this case,

[ Haoallczy < NPl L)



Proof. Let ® € L'(u). Since G is unimodular, modA(u) = 1. Thus, as
was mentioned in the Introduction, the operator Hge 4 is bounded in LP(G)
and formula (1) holds with modA(u) = 1. So, it suffices to show that He
acts in H%(G). In other wards, it suffices to show that for each f € HL(G)
the Fourier transform of Hg¢ 4f is concentrated on E. But by the Theorem
1 (i)

-~

(Hao,af)"(x) = /Q‘D(u)f((A(u)*)_l(X))dﬂ(u)-
Let x € E°. Since [ is concentrated on E, we have f((A(u)*)"!(x)) = 0 for
p-a. e. u € 2. It follows that (He,a)f)"(x) = 0, too. This completes the
proof.

Corollary 2. Let G be compact and connected Abelian group, and
A(u) € Aut(G)" for p-a. e. uw € Q. The Hausdor(f operator He 4 is bounded
on HP(G) (1 <p < o0) if and only if ® € L*(u). In this case,

| Haallczey < (1P|Lrw)-

Proof. Since 1 € HP(G), the "only if” part is obvious. Now let ® € L(u).
In our case £ = X,. So, it suffices to show that (A(u)*)™!: X_ — X_ for
p-a.e. u € €2 Indeed, let y € X = X\ X;. Then x' € X, \ {1} and
therefore (A(u)*(x)) ™' = A(u)*(x™ ') € X4\ {1}. Thus, A(u)*(x) € X\ X,.
This completes the proof.

From now on, we denote by Y* the dual of the space Y and by B* the
adjoint of an operator B € L(Y).

For the proof of our next theorem we need the following

Theorem A. ([21], Theorem 1). For every ¢ € BMOA(G) the formula

F,(f) = G/ fdy

defines a linear functional on H*(G), and this functional extends uniquely to
a continuous linear functional F, on H(G). Moreover, the correspondence
¢ — F, is an isometrical isomorphism of (BMOA(G),|| - |+) and HY(G),
and a topological isomorphism of (BMOA(G), || - |smo) and H(G)*.

Theorem 3. Let A(u) € Aut(G)" for p-a. e. uw € Q. The Hausdorff
operator He, 4 is bounded on the space BMOA(G) if and only if ® € L' (u).
Moreover,

[Hao,allcimoay < ([Pl (-

Proof. Since 1 € BMOA(G), the "only if’ part is obvious. Now let
® € L'(u). In view of Theorem 2 for the proof it suffices to show that



Hoa = M, where Hg 41 is considered in H'(G). To this end we shall

employ Theorem A. Let f € H>(G). Then it is clear that Hg 4. f € H>(G),
too and for every ¢ € BMOA(G) we have

e (F(f) o= Fo(Hg 4 f) = /G ( / B (A wdula) ) Sl

= [ ([ s @@ ) au)

by the Fubini theorem.
Further, as in the proof of Theorem 1, we get putting y = A(u)(x) that

| s @@t = | oiRamam )

Thus, (again by the Fubini theorem)

H*

s B0 = [ 1) ([ S ) vt

_ /Gf(y)mm/(y) = Fy(f),

where ¢ = Hg ap. Since by Theorem A every continuous linear functional on
H'(G) is uniquely defied by its values on H*, it follows that Hy 4 (F,) =

F,. If we identify (again by Theorem A) F, Wlth ¢ and F, with w we have

Hoap = Mg 400,

which completes the proof.

For the next corollary we need the following

Definition 5. [27]. We call a subset E C X, lacunary (in the sense of
Rudin) if there is a constant Kp such that the number of terms of the set
{£ € E: x <&<x?} donot exceed Ky for every xy € X,.

Corollary 3. Let the subset E of X, be lacunary, A(u) € Aut(G)* for
p-a. e. u€Q, and ® € L'(n). Then He a is a bounded operator from Ha(G)
into (BMOA(G), || - ||lsBmo) and

[Heallnz—proa < 3V Kp| P 1.

Proof. Let Polg(G) := spanc(F) be the space of E-polynomials. It is
known [0, Propositiuon 3.14], [23, Lemma 1] that Polg(G) is a dense subspace
of HY(G) for all p € [1,00). Since £ C X, we have Ho(G) C HP(G). Let
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¢ € Polg(G). Then ¢ € HL(G) N H*(G) and by [21, Theorem 3] one has
v € BMOA(G) and ||¢||smo < 3V KE|¢| 2. Now Theorem 3 yields, that

|Hae,a0llBro < ||@f ol Brro < 3V Kil|®f 1 [|o]| a2

and the result follows.

In conclusion to this section, we discuss the necessity of the condition in
Corollary 2 of Theorem 2 and Theorem 3.

Proposition 1. Let G be metrizable. Assume in addition to the as-
sumptions of Definition 4 that fE Odp # 0 for every measurable E C (),
w(E) > 0. If the Hausdorff operator He a acts in H(G) or BMOA(G) then
A(u) € Aut(G)* for a. e. u € Q.

Proof. Since X, C BMOA(G) C HY(G), we have for every x € X, and
every £ € X_ = X \ X; by Theorem 1 that

(Ho,ax)"(€) = (Ho,an-1X)(E) = 0.

On the other hand, the orthogonality of characters of G implies that X = 1y,
where 14 stands for the indicator function of a subset A of X. Thus,

0= (Mo 1)) = [ Slu)du(u),

E(x,£)

where
E(x.&) ={ueQ: (A(w)) (&) = x} ={u e Q: A(u)"(x) = &}
Therefore u(E(y,€)) = 0 for an arbitrary y € X, and € € X_. Moreover,
{ueQ:Au) : Xy » Xy} =U{E(x,§) 1 x € Xy, £ € X_}.

Since G is metrizable, X is countable (see, e.g., [25, Corollary of Theorem
29]). It follows that A(u)* : X; — X, for p-a. e. w, which completes the
proof.

5 Hausdorff Operators on Spaces BMO(G) and
1
Hg(G)
Theorem 4. Let A(u) € Aut(G)" for p-a. e. u € Q. The Hausdorff
operator He 4 is bounded on BMO(G) if and only if ® € L'(u). In this

case,
|Hao,allccarmoy < 1P 21 )-
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Proof. The necessity is obvious. Let ® € L'(u). Every function ¢ €
BMO(G) has the form ¢ = f + ¢ where f,g € L>°(G). Then by Theorem 1

Hoap =Hoaf + (Hoag)™.
Note that Ho af, He,ag € L>(G). Thus,

[He,a9llBro < [[Hoafllso + [Haoaglloo < NPz (1 lloo + [lgll0),

and the result follows.
Below we shall use the following
Theorem B ([2I], Theorem 2). For every ¢ € BMO(G,R) the linear
functional

F,(q) = /qwdv (2)
G

on Pol(G,R) extends uniquely to a continuous linear functional F,, on Hg(G).
Moreover, the correspondence ¢ +— F, is an isometrical isomorphism of
(BMO(G,R), ||||l+) and Hg(G)*, and a topological isomorphism of (BMO(G,R),
I IlBmo) and Hg(G)*.

Corollary 4. Theorem B is valid with ¢ € L*(G,R) in place of q €
Pol(G, R).

Proof. Since Pol(G,R) C L*(G,R) and Pol(G,R) is dense in Hg(G),
it suffices to show that the right-hand side in (2) is continuous on the set
L*(G,R) with respect to the HL(G) norm. Let (Lemma 2) ¢ = P_g + P, h,
where g,h € L®(G). Then for every ¢ € L?(G,R) one has that (q is real
valued)

/qudl/:/P_qul/+/P+hqd1/:/gP_qdl/+/hmdl/.
G G G G J

This yields that

/ qpdyv
G

So, | [ apdv| < [l¢ll+]lqll1« (we used Lemma 3 and the fact that Plg = Pyg
for ¢ € L?(G,R)) and the proof is complete.

Theorem 5. Let A(u) € Aut(G)" for p-a. e. uw € Q. The Hausdorff
operator He a with real valued ® is bounded on the real Hardy space Hi(G)
if and only if ® € L'(). Moreover,

< max({|glloo; [[2lloo) (1 P-glls + [ Prall1)-

HHcp,AHL(HD@ < ”q)”Ll(u)'
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Proof. As above, the ”only if” part is obvious. Let ® € L'(u). We shall
employ Theorem 2 and the fact that Hg(G) = ReH'(G) (Lemma 3). Let
g € Hi(G). Then g = f + f where f € H'(G). But since @ is real, we have

Hoaf(@) = | @) FATEduta).
Since Hg 4 is linear in LY(@G), it follows that
Ho a9 = Hoaf +Hoaf =Hoaf +Hoaf € ReH'(G) = Hi(G).

Thus, He 4 acts in Hg(G). Now we shall apply the closed graph theorem. Let
fo — fand Ho afn — g in HY(G). Since there is a continuous embedding
Hi(G) C L'(G,R) (Lemma 3), it follows that f, — f and He afn — Hoaf
in L'(G). Thus, g = He af and the proof of the continuity of He 4 is
complete.

Finally, due to Corollary 4 as in the proof of Theorem 3 we have Hg 4, =
Ho a-1, where He 4-1 is considered in BMO(G). Then by Theorem 4

[ Heoalleyy = He,a-1llcsro) < 1Pz (3)

Remark 1. It is clear that 1 € HE(G) and |1, = 1. If & > 0, we have
Hoal = ||] L1yl Thus, [|[Hae allz) = |®]lLi. Then formula (3) shows
that | Hae,allcsroy = || @] L1, as well. For & > 0 similar equalities hold for
the spaces H?(G) (1 < p < o), HE(G), and BMOA(G).

6 On the Action of Hg 4 in C(G)

The next simple proposition gives sufficient conditions for boundedness of a
Hausdorff operator in C(G).

Proposition 2. Let G be compact (not necessary connected) Abelian
group, and one of the following two conditions holds:

1) G is first-countable;

2) Q is a completely reqular topological space with a bounded Radon mea-
sure pt, ® is a bounded and continuous function on €2, and the map QO x G —
G, (u,z) — A(u)(x) is continuous.

Then Hao a acts in the space C(G) and is bounded if and only if ® € L*(p)
and in this case ||[He all < ||P] 11w

Proof. The necessity in obvious. In the case 1) the sufficiency follows
from the Lebesgue theorem, and in the case 2) this follows, e. g., from [1]
Chapter IX, §5, Corollary of Proposition 13].
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The following example shows that the conditions of the previous Propo-
sition are essential, because in general He a does not act in C(G).

Example 2. Let G = bR be the Bohr compactification of the reals
(see, e. g., [27, Section 1.8]). This means that G is the dual group of the
additive group X := R, where the group R of reals is endowed with the
discrete topology and the usual order. Then X is the dual group of bR by
the Pontryagin - van Kampen theorem. The map 7,(7) := wy belongs to
Aut(X) for every u € R, u # 0.

For each t € R let £() = e~ be the corresponding continuous character
of R (v € R). Then the map 3 : R — bR, ¢ — t is a continuous isomorphism
of R onto a dense subgroup of bR (see, e. g., [27, 1.8.2]). So we identify t
with ¢ € R and consider R as a dense subgroup of bR.

The space AP(R) of uniformly almost periodic functions on R (endowed
with the sup norm) is isometrically isomorphic to C'(bR) via the restriction
map C(bR) — AP(R), g — g|R (see, e. g., [27, 1.8.4], [18, Chapter VIII,
§41)).

Let Q = R, du(u) = du, ® € L'(R). If we assume that the Hausdorff
operator

Horg(z) = / B(u)g (! (2))du

acts in C'(bR) then the operator

Hof(t) = / B(u) f (ut)du
R
acts in AP(R).

For the proof it suffices to show that Hef = (He,:9)|R, where g €
C(bR), f:= g|R. But for t € R one has

o~

Ti()(7) = tuy) = e = ut(y) (y€R).

Thus, 7(t) = ut. It follows that for ¢ € R

Hors(t) = Moo ® = [ (o @du = [ Sf@n = [ o fut)in
(recall that we identify ¢ with ¢ € R), which completes the proof.

In particular, taking f(t) = e~ %, we get that for ® € L*(R) N C(R) the
Fourier transform ® belongs to AP(R). But it is known (see, e. g., [10]
Theorem 3]) that in this case the measure ®(u)du should be discrete, and we
get a contradiction.
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7 Applications to Dirichlet Series

7.1 Ordinary Dirichlet Series

In this subsection we consider the action of a Hausdorff operator on ordinary

Dirichlet series -
=y
n=1 n

Let Z°° be the additive group of infinite sequences of integers with finite
support, Z° = {a € Z* : Vkay > 0}. Since every natural n has the
prime number decomposition n = p® = p" ... p}Y where a € Z, and

= {2,3,5,...} the set of all primes, one can identify the series D with
the corresponding coeflicient function Z* 5 o+ a(p®) supported in ZF. In
this case the action of a Hausdorff operator on D means the action on the

function a(p")) and Definition 4 takes the form

(Hana(pO))(a) = / B(u)a(p™ ) du(u).

Q

(Since the function a(p")) is supported in Z, one can consider only such
automorphisms 7, that 7,(a) € Z%.)

We show that a certain class of such operators acts in the Banach space
D4 of all sums of ordinary Dirichlet series D which converge and define a
bounded and holomorphic function D(-) on the half-plane {Res > 0} (D
is endowed with the supremum norm || - ||« on {Res > 0}). We identify the
function D(-) € Dy, with the coefficient function a(p')) as mentioned above
and put a(pO)]| = D).

Theorem 6. Let ® € L'(u), and a family (T,)ucq of automorphisms of
7> enjoys the property 7, : (Z2)¢ — (ZF)° a.e. w € Q. Then a Hausdorff
operator He » acts in Doy and ||He | zip) < || 9|11

Proof. The group Z> can be identified with the dual of the infinite-
dimensional torus T* via the map « +— x,, where the character x,(t) =
t* =t Y and a = (g, ..., an,0,0,...) € Z*.

It is proven in [12] (see also [5, Corollary 5 3] or [26, Theorem 6.2.3, p.
145]) that the map ¥ that takes a function a(p")) from Dy, to a function f,
on T with the Fourier transform f,(a) = a(p®) (a € Z%) is an isometric
isomorphism of Banach spaces Dy, and H. zﬁo(T‘x’)

Now Theorem 1 with G = T* shows that for a € Z3° one has

(Ha (o)1 fa) (@) = (Hor fa) (@) = (Ho-a(p?)) ().

14



Putting A(u) = (77)~!, p = oo in Theorem 2 we get

Ho, )1 fa = [o,

where f, € Hz% (T*°) and therefore (He r+)-1fo)" = Jo. Since fy(a) = b(p®)
for all a € Z5°, it follows that

Haoa(pt)) = b(p")),

i.e. Ho, acts in Dy,
Finally, for the isometric isomorphism ¥ : Dy — Hzs (T>) we have

U1 f, = a(p®) for each f, € H35(T*). So,

UHe, UL, = UHg ra(pV)) = Ub(p")) = f,.

Thus ¥He , U~ = Hg (-+)-1 and therefore

|Hao ||l c(po) = ||H<I>,(T*)—1||£(H§§o) < [|®|

which completes the proof.

The next corollary is a generalization of a Theorem of Bohr (see, e.g., [27]
p. 224]).

Corollary 5. Let ® € L'(p), and a family (7,)ueq of automorphisms of
7> enjoys the property 7, : (Z5°)¢ — (ZF)° a.e. u € 2. Let E be the set of
all o € Z° with Y a; = 1. Then for every D(-) € Do, with the coefficient
function a(p®)) we have

> | (Hara(p)) (@) < @]l fae™)].

acl

Proof. By Theorem 6 the function ¢ on {Res > 0} which is a sum of a
Dirichlet series with the coefficient function

c(p?) := Mo ra(p")

belongs to Dy,. Then by Theorem of Bohr mentioned above

Y [Hasae)) (@) =D le(@) =D le®)] < 6l = (@)

ack acl pep

= Mo ra(p) e < [Ha (e < 2] (e

what was required.

15



Now we consider the concrete family of automorphisms of Z> that meet
the condition of Theorem 6.

Let Q = Z° (with the counting measure). For each u € ZS° define the
map o, : Z*° — 7> as follows

ou(@) = (ag, —uroy + g, ..o, —Up_ 101 + Qg ... ).

Then o, € Aut(Z*>), and its inverse is given by the rule o, (3) := a where
B € Z* and o € Z* satisfies the following recurrent relation: «y := [y,
ap - — 619 + Up_10—1 (/{3 Z 2)

Corollary 6. Let ® € (*(Z5°). Then a discrete Hausdorff operator

(Hooa(p)) (@)= > P(ua(p™) (4)

u,au(a)ech

acts in Doy and |[He ol o) < || P[0

Proof. The automorphism o, of Z* do maps the set (Z)¢ = {a € Z* :
Jkoy, < 0} into itself (indeed, if ay is the first negative entry of a € (Z7)°
and = o,(a) then 8, < 0). It remains to note that in our case the operator
Hg , has the form (4) because the function a(p')) is supported in Z%.

For another result in this direction see Corollary 7 below.

7.2 General Dirichlet Series

To formulate and prove similar results on general Dirichlet series we need
some notation, definitions, and results from [6], [29], and [7].

Let A = (A\,) be a non-negative strictly increasing sequence of real num-
bers tending to oo (”a frequency”). The value L(\) := limsup,,_, . (logn)/A,
(the maximal width of the strip of convergence and non absolutely conver-
gence of the corresponding Dirichlet series) is associated to a frequency A.

A compact Abelian group G is called a A-Dirichlet group if there is a
continuous homomorphism 8 : R — G with dense range such that every
continuous character \, = e~ of R has an "extension” hy, € X (which
then is unique) such that hy, o § = .

We consider formal general Dirichlet series

D)\ = Z an(D)e_)‘"s.
n=1

In [6] the next two spaces were introduced

Do (A) :={D, : Dy converge to a function from H*({Re > 0})},

16



and D(\) of all somewhere convergent A\-Dirichlet series, which have a
holomorphic and bounded extension to the right half-plane {Re > 0}. In
general Dy (A\) C DH(\) and Theorem 2.2 from [6] gives sufficient conditions
for the equality here. Moreover, if L(\) < oo then the space DZ()\) is
complete with respect to the supremum norm over {Re > 0} [29, Theorem
5.1].

Let (G, B) be a A-Dirichlet group. Following [6] for f € L'(G) we consider
formal general Dirichlet series of the form

Dpx = flha)e ™. ()

If the space D()\) is complete one has
D(N) = Doo(N) = {Dyx : f € HY(G) where E = {hy, : n € N}}  (6)

(see [7, Theorem 4.1] and references therein).
We introduce a Hausdorff operator on (formal) general Dirichlet series

of the form (5) as follows.
Definition 6. Let (G, ) be a A-Dirichlet group, ® € L'(u), and {7, :
u € Q} C Aut(X). For f € LY(G) we put

Ho Dy = Dy,

where g = He (r)-1 [
(This definition is correct, because g € L'(G).)
Since g = Ho . f by Theorem 1, Definition 6 means that

Hort Y flha)e™ =Y (Horf)(ha, e .
n=1 n=1

Theorem 7. Let (G,[) be a \-Dirichlet group, E := {h,, : n € N},
7w B¢ — E° and ® € L'(u). If L(\) < oo then Hg, acts in Doo(\) and
[Ho ety < €)1

Proof. Since L(\) < oo, DZY()) is complete by [29, Theorem 5.1] and
therefore (6) holds. Let Dy € Doo(A). Then f € H(G) and the function
g = Ha (r)-1f belongs to the space Hz'(G), too, by Theorem 2. Thus, the
operator Hg , acts in Do ().

Following [6] consider the Bohr map

B: HJ?EO(G> — Doo()‘>7 f = Df,)\-
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As was mentioned above, in our case D (\) = Dy (A). So, Theorem 4.12
from [6] states that B is an isometrical isomorphism of this Banach spaces.
But the equality He Dy = Dy means that He Bf = Bg = BHe (7)1 f
for all f € H(G). In other words,

HCI),T = BHCI),(T*)_IBil-

It follows that ||[He || c(pw) = [[He, ()1 lege) < | @[Lr. This completes the
proof.

One can apply Theorem 7 to the space Dy, = Doo((logn)) of ordinary
Dirichlet series and get the next

Corollary 7. Let G = bR be the Bohr compactum, Q = {1/q : q €
N}, and 7,(y) = wy foru € Q, v € R. If ® € (1(Q) then the discrete
Hausdorff operator He . acts in the space Dy of ordinary Dirichlet series
and [Ho ] o) < 1@,

Proof. First note that by [6, Example 3.19] the Bohr compactum (bR, 3)
where [(t) = t is a A-Dirichlet group for any frequency A. Further, in our
case A\, = logn. If we identify the group R, with the dual for bR then
E ={hy, :n € N} ={logn :n € N}. Since 7, : B¢ — E° for all u € Q2 and
L((logn)) = 1, the result follows from Theorem 7.

8 Examples in the Case of Ordered Dual

Example 3. Let G = bR be the Bohr compactification of the reals, X = Ry
as in Example 2. The map 7, : X — X,y — w7y belongs to Aut, (X) for
u € (0,00). Since (17)* = 7, [13| (24,41)], it follows that the map A(u) := 7
belongs to Aut(bR)™ for each u > 0. If 4 is some regular Borel measure on
2 := (0, 00), the corresponding Hausdorff operator on bR is

Hpreg() = /( @))€ bR

(recall that 7f(x) = x o 7). This operator is bounded on H?(bR) (1 < p <
), BMOA(bR), Hi(bR) (for real valued @), and BMO(bR) if and only if
® € L'(p) and its norm does not exceed || P 1,

Example 4. Let G = T¢ be the d-dimensional torus (d > 2). Let
be the subgroup of the arithmetic group GL(d, Z) which consists of matrices
u = (u;;)¢;_, with detu = £1. Then every map

A(u)(z) = 2" = (M 2a" o2y, o 2 M2y 2y
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(z = (2j)}=; € T?) belongs to Aut(T?) (see, e.g., [13, (26.18)(h)]). Thus, the
corresponding Hausdorff operator over T¢ takes the form

(Hoaf)(:) = [ B fG1)dutw
where p stands for some regular Borel measure on € (e. g., p is a Haar
measure of the group Q).

Every character of T? has the form y,(z) = 2{*...z,%, where n =
(n1,...,nq) € Z%. Thus, the dual of T can be identified with the group
Z4 via the map y, — n. We endow Z? with the lexicographic order. For this
order the positive cone is

X, ={neZ:n >0U{neZ :n =0,n, >0}U

U{neZt iy =ny=...=ng_, =0,ng >0} U{0}.
Consider the arithmetic strict lower triangular group T4 (d, Z). This group

consists of matrices u € SL(d,Z) such that u; = 1, and u;; = 0 for ¢ < j.
Then the map

. T _
Tu(n) :=un’' = (ny,ugny + N, ..., UgMy + -+ + Uga—1Mg—1 + Na)

(here n™ € Z% is a column vector) belongs to Aut(X). Since

* _ u21 Udg1 Ud2 Ud,d—1
To(2) = (21, 21 29, .., 24 25 2,0 2g),

in this case,
(Mo f)(2) = / ( )¢>(U)f(zhz?”zz,---,zi‘dlz;“” 2y 2a)dp(u)
Ty (d,Z

where 1 is some regular Borel measure on T(d, Z).

This operator is bounded on H?(T?) (1 < p < 0o0), BMOA(T?), H(T?)
(for real valued ®), and BMO(T?) if and only if ® € L'(u) and its norm
does not exceed || P||11(,).

Example 5. Let T* be the infinite-dimensional torus and X = Zg5, —
the additive group of infinite sequences of integers with finite support en-
dowed with the lexicographic order. For this order, by definition the positive

cone 18
X ={0tUu{aeZ>®:a, >0} U{a€Z”: a1 =0,a0 >0} U....

In other words, X, consists of sequences whose first non-zero entry is positive
and the zero sequence.
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As above we identify the group Z* with the dual group of T* via the
map a — X Where y,(z) = 27" 25% ... (z € T™).

Let J(o0,Z) consists of infinite lower two-diagonal matrices u of integers
such that u; =1, u;; =0 for ¢ < j, and ug = -+ - = U p—o = 0 for k > 3.

Then the map

N T _
TU(OZ) =ua = (Oél, U101 + A9, Uza(iy —+ A3, .., U k—10k—1 —+ (677N )

(u € J(00,Z), a € Z*°) belongs to Aut, (Z2). Since

TH2) = 2" = (21, 2P 2y 2 2y ),

in this case,

(Hor f)(2) = / )

where 1 is some regular Borel measure on J(oo, Z).

This operator is bounded on H?(T*) (1 < p < o0), BMOA(T>), Hi(T*>)
(for real valued ®), and BMO(T>) if and only if ® € L'(u) and its norm
does not exceed || P|| 11 ().

Example 6. Let a = (2,3,4,...). Then the a-adic solenoid %, (see,
e.g., [13, (10.12)]) is a compact and connected topological group and is topo-
logically isomorphic to the character group @ of the discrete additive group
X = Qg of rationals [13], (25.4)]. On the other hand, by [13], (25.5)] the group
@ can be identified with some subgroup G of the infinite-dimensional torus
T in the following way. Let the sequence o = (@, )neny € T be such that

a, = O‘Zﬂ for all n € N. Then it produces a character of Q; via the rule

Xa (%) = (meZ,neN).
Moreover, each character of Q; can be identified with such a sequence « and
we get an isomorphism « — Yy, of the subgroup G := {a} C T* and X,.
Thus, one can identify the group G with ¥,. Further, for each ¢ € Q, ¢ > 0
the map [,(x) = gz is an order automorphism of the group Q4 endowed with
the usual order. Tt follows that the corresponding dual automorphism [ of
the dual group G = X, belongs to Aut(X,)*. This yields that for every
measurable map k£ : Q — Q, \ {0} the corresponding Hausdorff operator

Ha: f(0) = / D () f (1 (@) dpa(a0)

is bounded on HP?(X,) (1 < p < o0), BMOA(X,), Hg(Xa) (for real valued
®), and BMO(3,) if and only if ® € L'(x) and its norm does not exceed

1Pl L1 u)-
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Example 7. Let G be a compact and connected Abelian group with
totally ordered dual and €2 a compact subgroup of Aut(G) with normalized
Haar measure p. The generalized shift operator of Delsarte [§], [15, Ch. I, §2]
(also the terms “generalized translation operator of Delsarte”, or “generalized
displacement operator of Delsarte” are used) is defined to be

7' f(a) = [ Fhu()dntw) (2.1 G).
Q
Then T" = H, Sy, where

Hof () = / £ (ul))dpu(u)

is a Hausdorff operator on G with ® = 1, A(u) = u, and Sy, f(x) := f(hz).
Let u € Aut(G)" for p-a. e. u € Q. Then for every fixed h the generalized
shift operator of Delsarte is bounded on H?(G) (1 < p < o0), BMOA(G),
BMO(G), and Hg(G). In addition, its norm in this spaces equals to () = 1
(Remark 1).
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