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Abstract
If σ = {σi : i ∈ I } is a partition of the set P of all prime numbers, a subgroup H of
a finite group G is said to be σ -subnormal in G if H can be joined to G by means of
a chain of subgroups H = H0 ⊆ H1 ⊆ · · · ⊆ Hn = G such that either Hi−1 normal
in Hi or Hi/CoreHi (Hi−1) is a σ j -group for some j ∈ I , for every i = 1, . . . , n. If
σ = {{2}, {3}, {5}, ...} is the minimal partition, then the σ -subnormality reduces to the
classical subgroup embedding property of subnormality. A finite group X is said to
be a Schmidt group if X is not nilpotent and every proper subgroup of X is nilpotent.
Every non-nilpotent finite group G has Schmidt subgroups and a detailed knowledge
of their embedding in G can provide a deep insight into its structure. In this paper, a
complete description of a finite group with σ -subnormal Schmidt subgroups is given.
It answers a question posed by Guo, Safonova and Skiba.
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1 Introduction and Statements of Results

All groups considered in this paper are finite.
Recall that a group G is said to be aminimal non-nilpotent group or Schmidt group

if G is not nilpotent and every proper subgroup of G is nilpotent. It is clear that every
non-nilpotent group contains Schmidt subgroups and so a detailed knowledge of their
embedding in the group can provide deep insight into its structure.

The following classical result describes the structure of Schmidt groups.

Lemma 1 ([3, 8]) Let S be a Schmidt group. Then S satisfies the following properties:

1. The order of S is divisible by exactly two prime numbers p and q;
2. S is a semidirect product S = [P]〈a〉, where P is a normal Sylow p-subgroup of

S, and 〈a〉 is a non-normal Sylow q-subgroup of S and 〈aq〉 ⊆ Z(S);
3. P is the nilpotent residual of S, i.e., the smallest normal subgroup of S with

nilpotent quotient;
4. P/�(P) is a non-central chief factor of S, and �(P) = P

′ ⊆ Z(S);
5. �(S) = Z(S) = P ′ × 〈aq〉;
6. CP (a) = �(P);
7. if Z(S) = 1, then |S| = pmq, where m is the order of p modulo q.

Knyagina and Monakhov proved in [6] that a group G is metanilpotent if every
Schmidt subgroup ofG is subnormal and Vedernikov [10] proved that the commutator
subgroup of such a group G is nilpotent, and obtained the complete description of
groups with all Schmidt subgroups subnormal.

Skiba [9] extended the concept of subnormality introducing σ -subnormality asso-
ciated with a partition σ of the set P, the set of all primes. Hence, P = ⋃

i∈Iσi , with
σi ∩ σ j = ∅ for all i 	= j . We say that σ is a binary partition if σ = {π, π

′ } for some
set π of primes.

From now on let σ denote a partition of P.
A group G is called σ -primary if the prime divisors of |G| all belong to the same

member of σ .

Definition 1 A subgroup H of a group G is called σ -subnormal in G if there exists a
chain of subgroups

H = H0 ⊆ H1 ⊆ · · · ⊆ Hn = G,

where, for every i = 1, . . . , n, Hi−1 normal in Hi or Hi/CoreHi (Hi−1) is σ -primary.

It is rather clear that a subgroup H is subnormal in a group G if and only if it is
σ -subnormal in G for the minimal partition σ = {{2}, {3}, {5}, . . .}.

Bearing in mind the above-mentioned results and the strong structural impact of
the σ -subnormality, the following interesting problem posed by Guo, Safonova and
Skiba in [4, Problem 2.10] naturally emerges.

Problem 1 Describe the groups whose Schmidt subgroups are σ -subnormal.
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This problem is closely related to the Question 4.7 proposed by Skiba in [9] and its
solution will give us clues on how to solve Skiba’s question.

The aim of the present paper is to solve Problem 1.
Our first main result shows that Problem 1 can be reduced to binary partitions. As

usual, we denote π(G) the set of all primes dividing the order of G, and σ(G) = {σi :
σi ∩ π(G) 	= ∅, i ∈ I }.
Theorem 1 Let G be a group and suppose that σ(G) = {σ1, σ2, ..., σk}, k ≥ 2.
Then all Schmidt subgroups of G are σ -subnormal in G if and only if the following
statements hold:

1. every Schmidt (σi ∪ σ j )-subgroup of G is contained in Oσi∪σ j (G), for all i 	= j ∈
{1, 2, ..., k};

2. every Schmidt subgroup of Oσi∪σ j (G) is {σi , σ ′
i }-subnormal in Oσi∪σ j (G), for all

i 	= j ∈ {1, 2, ..., k}.
Our next two main results solve Problem 1 for binary partitions. In order to state

them, we need to introduce some notation.
Following [6], we denote by S〈p,q〉 the class of all Schmidt groups with a normal

Sylow p-subgroup and a non-normal cyclic Sylow q-subgroup.
An F<p,d>-group is a Frobenius groupwhose kernel is an elementary abelian group

of order pm with cyclic complement of order d, where m is the exponent of p modulo
q, for any prime q ∈ π(d), where π(d) is the set of all primes dividing d.

A chief factor H/K of a group G is said to be σ -central in G if the semidirect
product [H/K ](G/CG(H/K )) is σ -primary.G has a largest normal subgroup Zσ (G)

such that every chief factor of G below Zσ (G) is σ -central in G; Zσ (G) is called the
σ -hypercentre of G. If σ is the minimal partition, then Zσ (G) = Z∞(G) is the
hypercentre of G.

The relevant properties of the σ -hypercenter are proved in [5, Proposition 2.5].

Theorem 2 Suppose that σ = {π, π
′ } for a set of primes π . Assume that G is a group

such that Zσ (G) = 1. Then all Schmidt subgroups of G are σ -subnormal in G if and
only if the following statements hold:

1. Every minimal normal subgroup of G is abelian and Soc(G) is complemented
in G by a self-normalizing π -decomposable subgroup H of G, that is, H =
Oπ (H) × Oπ ′(H);

2. every S<r ,s>-subgroup of G is contained in Oπ (G), for all r , s ∈ π ;
3. every S<r ,s>-subgroup of G is contained in O

π
′ (G), for all r , s ∈ π

′
;

4. Let Socπ (G) = Oπ (Soc(G)). Then Socπ (G)H
π

′ /(O
π

′ (G) ∩ H
π

′ ) ∈ {1, A1 ×
A2 × ... × An}, where Ai is a F<pi ,ci>-group with pi ∈ π , π(ci ) ⊆ π

′
and

(ci , c j ) = 1 for all i 	= j ∈ {1, 2, ..., n};
5. LetSocπ ′(G) = Oπ ′(Soc(G)). ThenSocπ ′(G)Hπ/(Oπ (G)∩Hπ ) ∈ {1, B1×B2×

...× Bm}, where Bi is a F<qi ,di>-group with qi ∈ π
′
, π(di ) ⊆ π and (di , d j ) = 1

for all i 	= j ∈ {1, 2, ...,m}.
Theorem 3 Suppose that σ = {π, π

′ } for a set of primes π . Let G be a group. Then all
Schmidt subgroups of G are σ -subnormal in G if and only if the following statements
hold:
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1. every S<r ,s>-subgroup of G is contained in Oπ (G), for all r , s ∈ π ;
2. every S<r ,s>-subgroup of G is contained in O

π
′ (G), for all r , s ∈ π

′
;

3. G/Zσ (G) has the structure described in Theorem 2.

We shall adhere to the notation and terminology of [1] and [2].

2 Preliminaries

Our first lemma collects some basic properties of σ -subnormal subgroups which are
very useful in induction arguments.

Lemma 2 ( [9]) Let H, K and N be subgroups of a group G. Suppose that H is
σ -subnormal in G and N is normal in G. Then the following statements hold:

1. H ∩ K is σ -subnormal in K .
2. If K is a σ -subnormal subgroup of H, then K is σ -subnormal in G.
3. HN/N is σ -subnormal in G/N.
4. If N ⊆ K and K/N is σ -subnormal in G/N, then K is σ -subnormal in G.

Lemma 3 Let G be a group and S a subgroup of G. Then S is σ -subnormal in S Zσ (G).

Proof Assume the result is not true and let G be a counterexample with |G| + |G : S|
minimal. Let X = S Zσ (G). By [5, Proposition 2.5], Zσ (G) ⊆ Zσ (X) and so X =
S Zσ (X). Theminimal choice ofG implies thatG = X . LetM be amaximal subgroup
of G containing S. Then M = S(M ∩Zσ (G)). By [5, Proposition 2.5], M ∩Zσ (G) ⊆
Zσ (M). Thus M = S Zσ (M). By minimality ofG, S is σ -subnormal in M . If S were a
proper subgroup ofM , wewould have thatM would beσ -subnormal inG = M Zσ (G)

by the choice of the pair (G, S). By Lemma 2( 2), S would be σ -subnormal in G,
contradicting our supposition. Hence, S is a maximal subgroup of G. Assume that
CoreG(S) 	= 1 and let A be a minimal normal subgroup of G contained in CoreG(S).
By [5, Proposition 2.5], Zσ (G)A/A ⊆ Zσ (G/A) and so G/A = (S/A)Zσ (G/A).
By minimality of G, S/A is σ -subnormal in G/A. Applying Lemma 2( 5), S is σ -
subnormal in G. This contradiction yields CoreG(S) = 1 and G is a primitive group.
Let N be a minimal normal subgroup of G contained in Zσ (G). Then G = SN and
[N ](G/CG(N )) is σ -primary. If N is abelian, then G ∼= [N ](G/CG(N )) and if N is
non-abelian, CG(N ) = 1. In both cases, G is σ -primary and so S is σ -subnormal in
G. This final contradiction proves the lemma.

��
The proof of Theorem 2 depends on the main result of [10] that is presented in the
following lemma.

Lemma 4 Every Schmidt subgroup of a group G is subnormal in G if and only if
G/Z∞(G) ∈ {1,G1×G2× ...×Gn},where Gi is a F<pi ,di>-group, and (di , d j ) = 1
for all i 	= j ∈ {1, 2, ..., n}.
Lemma 5 Assume that σ = {π, π

′ }, where π is a set of primes. Assume that G is a
group with a normal Hall π -subgroup. If S is a σ -subnormal S<p,q>-subgroup of G
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with p ∈ π and q ∈ π
′
, then S = Oπ (SOπ (G)). In particular, S is a normal subgroup

of SOπ (G).

Proof Lemma 2(1), S is σ -subnormal in SOπ (G). Hence, there exists a chain of
subgroups

S = S0 ⊆ S1 ⊆ . . . ⊆ Sn = SOπ (G)

such that Si/CoreSi (Si−1) is a π -group for all i = 1, 2, . . . , n. Therefore, Oπ (Si ) ⊆
Si−1.

Thus, we have a subnormal chain

Oπ (S0) ⊆ Oπ (S1) ⊆ . . . ⊆ Oπ (Sn−1) ⊆ Oπ (Sn) = Oπ (SOπ (G))

such that Oπ (Si )/Oπ (Si−1) is aπ -group for all i = 1, 2, . . . , n. By [7, Lemma 3.1.7],

Oπ (S) = Oπ (SOπ (G)).

Assume that Oπ (S) ⊂ S. Since S is a Schmidt group, Oπ (S) is nilpotent. Then
the Sylow q-subgroup Sq of S is normal in S, which contradicts Statement (2) of
Lemma 1. Hence, S = Oπ (SOπ (G)), and S � SOπ (G), as desired.

��
There is a close relationship between σ -subnormal subgroups and direct decompo-

sitions of a group. In fact, the class of groups in which every subgroup is σ -subnormal
is just the class of all groups that are direct products of Hall σi -subgroups, for every
σi ∈ σ . These groups are called σ -nilpotent and the corresponding class is denoted
by Nσ . It is clear that if σ is the minimal partition, then Nσ is just the class of all
nilpotent groups.

The class Nσ is a subgroup-closed saturated Fitting formation ( [9, Corollary 2.4
and Lemma 2.5]), and the σ -subnormal subgroups of a group G are precisely the
K − Nσ -subnormal subgroups of G, and so they are a sublattice of the subgroup
lattice of G (see [1, Chap. 6]).

Applying [1, Lemma 6.1.9 and Proposition 6.1.10]), we have:

Lemma 6 If X is σ -subnormal in G, then the N⊃-residual XN⊃ of X, that is, the
smallest normal subgroup of X with σ -nilpotent quotient, is subnormal in G.

The Nσ -radical of a group G, that is, the largest normal σ -nilpotent subgroup of
G, is denoted by Fσ (G) and it is called the σ -Fitting subgroup of G. If σ = {π, π

′ },
then Fσ (G) = Oπ (G) × O

π
′ (G).

The following lemma shows that Fσ (G) contains every σ -nilpotent σ -subnormal
subgroup of G.

Lemma 7 ( [9]) If H is a σ -nilpotent σ -subnormal subgroup of G, then H is contained
in Fσ (G).
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The role of the σ -Fitting subgroup in the proof of Theorem 2 is determined by the
main result of [11].

Lemma 8 Suppose that G is a non-nilpotent group. If every Schmidt subgroup of G is
σ -subnormal in G, then G/Fσ (G) is a cyclic group.

3 Proofs of theMain Theorems

Proof of Theorem 1 Suppose that every Schmidt subgroup of G is σ -subnormal in G.
Let i 	= j ∈ {1, 2, ..., k} and let S be a Schmidt (σi ∪ σ j )-subgroup of G. Then S is
{(σi ∪ σ j ), (σi ∪ σ j )

′ }-subnormal in G. By Lemma 7, S ⊆ Oσi∪σ j (G).
Let D be a Schmidt subgroup of Oσi∪σ j (G). Then, by Lemma 2 (1), D is σ -

subnormal in Oσi∪σ j (G). Since π(Oσi∪σ j (G)) ⊆ σi ∪σ j , it follows that D is {σi , σ ′
i }-

subnormal in Oσi∪σ j (G).
Assume now that the group G satisfies Statements (1) and (2) of the theorem. Let

S be an S<p,q>-subgroup of G. Then p, q ∈ σi ∪ σ j for some i 	= j ∈ {1, 2, ..., k}.
By Statement (1), S ⊆ Oσi∪σ j (G) and so S is {σi , σ ′

i }-subnormal in Oσi∪σ j (G) by
Statement (2). Since π(Oσi∪σ j (G)) ⊆ σi ∪ σ j , it follows that S is σ -subnormal in
Oσi∪σ j (G). Applying Lemma 2(2), it follows that we have that S is σ -subnormal in
G. ��
Proof of Theorem 2 Suppose that G is a group with Zσ (G) = 1, and every Schmidt
subgroup in G is σ -subnormal. Since Zσ (G) = 1, it follows that G is not nilpotent
and so G has Schmidt subgroups. Moreover, π(G) ∩ π 	= ∅ and π(G) ∩ π

′ 	= ∅. By
Lemma 8, every chief factor of G is σ -primary, that is, G is σ -soluble. Applying [9,
Proposition 2.2], we have that G has Hall π -subgroups and Hall π ′-subgroups.

We show that G satisfies Statements (1)-(5) of the theorem. We split the proof into
several steps.

Step 1. �(G) = 1.
Assume that �(G) 	= 1. Then �(G) contains a minimal normal subgroup L of G

and L is an elementary abelian r -subgroup ofG for some prime r . Without loss of gen-
erality we may assume that r ∈ π . Since Zσ (G) = 1, it follows that [L](G/CG(L))

is not a π -group. Hence CG(L) does not contain any Hall π
′
-subgroup of G. Let G

π
′

be a Hall π
′
-subgroup of G. Then there exists a p-element x ∈ G

π
′ \ CG(L) for a

prime p. Consequently L < x > is a non-nilpotent {r , p}-group. Let V be a Schmidt
subgroup of L < x >. Then V is an S<r ,p>-subgroup and Vr ⊆ L . By Lemma 2 (4),
V L/L is σ -subnormal in G/L . Since V L/L is a p-subgroup of G/L , we can apply
Lemma 7 to conclude that V L/L ⊆ Fσ (G/L) = Oπ (G/L) ×O

π
′ (G/L). Therefore,

V L/L ⊆ O
π

′ (G/L) = X/L . By [2, TheoremA.11.3], there exists aHallπ ′-subgroup
R of X such that X = LR and all of them are conjugate in X . By Frattini argument,
G = L NG(R) = NG(R) and so R is a normal subgroup of G. This means that V is
nilpotent, contrary to assumption.

Step 2. F(G) = Soc(G) is abelian.
Suppose that L is a non-abelian minimal normal subgroup of G. Since G is σ -

soluble, it follows that L is either a π -group or a π
′
-group. Without loss of generality,
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we may assume that L is a π -group. Let G
π

′ be a Hall π ′-subgroup of G. Then G
π

′
of G is not contained in CG(L). As above, we can find a prime q and a q-element
z ∈ G

π
′ \ CG(L). Then L < z > is a non-nilpotent subgroup of G. Let S be a

Schmidt subgroup of L < z >. Then S is an S<p,q>-group with p ∈ π and the Sylow
p-subgroup of S is contained in L . By Lemma 2 (1), S is σ -subnormal in LS and so
1 	= SNσ is subnormal in LS by Lemma 6. Since SNσ ⊆ L , we have Op(L) 	= 1,
which is impossible because L is non-abelian.

Consequently all minimal normal subgroups of G are abelian and so is Soc(G).
Since �(G) = 1, it follows that F(G) = Soc(G) by [2, Theorem A.10.6].

Step 3. G has a self-normalizing subgroup H such G = F(G)H and F(G)∩H = 1.
Let F = F(G). By [2, Theorem A.10.6], G has a subgroup H such that G = FH

and F ∩ H = 1. Let K = NG(H). Assume that K 	= H . Then K = H(F ∩ K ) =
H × (F ∩ K ) and F ∩ K 	= 1. Then G = CG(F ∩ K ), and so 1 	= Z(G) ⊆ Zσ (G),
a contradiction. Consequently, H = NG(H).

Step 4. H = Oπ (H) × Oπ ′(H).
Suppose that H 	= Oπ (H) × Oπ ′(H). Then H is non-nilpotent and so H has an

S<p,q>-subgroup S such that either p ∈ π and q ∈ π
′
or p ∈ π

′
and q ∈ π . Without

loss of generality, we may assume that p ∈ π and q ∈ π
′
. Then S is σ -subnormal inG

and so 1 	= SNσ is subnormal in G by Lemma 6. Since SNσ is the Sylow p-subgroup
of S, it follows that SNσ ⊆ Op(G). Hence, H ∩ F(G) 	= 1, contradicting Step (3).

Consequently H = Oπ (H) × Oπ ′(H) is a π -decomposable subgroup of G.
Step 5. If r , s ∈ π , then every S<r ,s>-subgroup of G is contained in Oπ (G). If

r , s ∈ π
′
, then every S<r ,s>-subgroup of G is contained in O

π
′ (G).

Note that in both cases, every S<r ,s>-subgroup of G is a σ -nilpotent σ -subnormal
subgroup of G. The result follows from Lemma 7.

Step 6. Socπ (G)H
π

′ /(O
π

′ (G) ∩ H
π

′ ) ∈ {1, A1 × A2 × ... × An}, where Ai is

a F<pi ,ci>-group with pi ∈ π and π(ci ) ⊆ π
′
, and (ci , c j ) = 1 for all i 	= j ∈

{1, 2, ..., n}.
Note that Socπ (G) centralizes O

π
′ (G). Thus, O

π
′ (G)∩H

π
′ �Socπ (G)H

π
′ . With-

out loss of generality, we may assume that O
π

′ (G) ∩ H
π

′ = 1.
If Socπ (G) = 1, then Oπ (G) = 1 and Fσ (G) = O

π
′ (G). Thus, by Lemma 8

G/O
π

′ (G) is a cyclic group. This implies that G/O
π

′ (G) is a π -group and O
π

′ (G)

is the Hall π
′
-subgroup of G. Since H

π
′ is contained in O

π
′ (G), it follows that

Socπ (G)H
π

′ = 1.
Assume that Socπ (G) 	= 1. Let S be an S<p,q>-subgroup of Socπ (G)H

π
′ . Since

Socπ (G) is a has a normal abelian Hall π -subgroup of Socπ (G)H
π

′ and H
π

′ ∼=
H

π
′ Fσ (G)/Fσ (G) is cyclic by Lemma 8, it follows that p ∈ π and q ∈ π

′
. By

Lemma 5, S is normal in S Socπ (G). Since Socπ (G)H
π

′ /Socπ (G) is cyclic, it follows
that S Socπ (G) is a normal subgroup of Socπ (G)H

π
′ . Consequently, S is subnormal

in Socπ (G)H
π

′ .
Consequently, every Schimdt subgroup of Socπ (G)H

π
′ is subnormal. Suppose

that Z∞(Socπ (G)H
π

′ ) 	= 1 and let L be a minimal normal subgroup of Socπ (G)H
π

′

contained in Z∞(Socπ (G)H
π

′ ). Then either L is a π -group or L is a π
′
-group since

Socπ (G)H
π

′ is σ -soluble. Assume that L ⊆ H
π

′ . By Step (4), Hπ centralizes L . Then
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L is a normal π
′
-subgroup of G and so L ⊆ O

π
′ (G)∩H

π
′ = 1, a contradiction. Then

L ⊆ Socπ (G) is a π -group and so Soc(G)H
π

′ ⊆ CG(L). Hence, G = Hπ CG(L).
Note that if x ∈ Hπ , then Soc(G)H

π
′ ⊆ CG(Lx ). Therefore,G = Hπ CG(LG), where

LG is the normal closure of L in G. In particular, G/CG(LG) is a π -group. Since
LG is a π -group, it follows that LG ⊆ Zσ (G), which contradicts our assumption.
Consequently, Z∞(Socπ (G)H

π
′ ) = 1. By Lemma 4, we have

Socπ (G)H
π

′ ∼= A1 × A2 × ... × An,

where Ai is a F<pi ,ci>-group with pi ∈ π and π(ci ) ⊆ π
′
, and (ci , c j ) = 1 for all

i 	= j ∈ {1, 2, ..., n}.
Exchanging π by π ′ in Step (6), we prove
Step 7. Soc

π
′ (G)Hπ/(Oπ (G) ∩ Hπ ) ∈ {1, B1 × B2 × ... × Bm}, where Bi is a

F<qi ,di>-group with qi ∈ π
′
and π(di ) ⊆ π , and (di , d j ) = 1, for all i 	= j ∈

{1, 2, ...,m}.
Consequently, G satisfies Statements (1)-(5) of the theorem.
Conversely, assume that G satisfies Statements (1)-(5) of the theorem. We prove

that every Schmidt subgroup of G is σ -subnormal.
Let S be an S<p,q>-subgroup of G. Then one of the following cases holds:

1. p, q ∈ π ;
2. p, q ∈ π

′
;

3. p ∈ π , q ∈ π
′
;

4. q ∈ π , p ∈ π
′
.

Assume that either p, q ∈ π or p, q ∈ π
′
. By Statements (2) and (3), S is either

contained in Oπ (G) or in O
π

′ (G). By Lemma 2 (2), S is σ -subnormal in G.

Assume p ∈ π and q ∈ π
′
. Then, by Lemma 1, S = [Sp]Sq , where Sp is a normal

Sylow p-subgroup of S and Sq = 〈a〉 is a non-normal cyclic Sylow q-subgroup of S.
SinceG = [Soc(G)]H and H isπ -decomposable, wemay assume that Sq is contained
in H

π
′ O

π
′ (G). Moreover, since S is not nilpotent, it follows that Sq is not contained

in O
π

′ (G). Then Sq ∩ O
π

′ (G) = �(Sq) ∩ O
π

′ (G).
Suppose that Sp is not contained in Socπ (G). Since Sp/�(Sp) is a chief

factor of S, it follows that Sp ∩ Socπ (G) = �(Sp) ∩ Socπ (G). It allows us
to conclude that S Socπ (G)O

π
′ (G)/Socπ (G)O

π
′ (G) is an S<p,q>-subgroup of

G/Socπ (G)O
π

′ (G). But this is not possible becauseG/Socπ (G)O
π

′ (G) ∼= H/H∩
Socπ (G)O

π
′ (G) is π -decomposable by Statement (1).

Consequently Sp ⊆ Socπ (G), and S ⊆ Socπ (G)H
π

′ O
π

′ (G). Note that
Socπ (G)H

π
′ ∩ O

π
′ (G) = O

π
′ (G) ∩ H

π
′ . Thus, Socπ (G)H

π
′ O

π
′ (G)/O

π
′ (G) ∼=

Socπ (G)H
π

′ /Socπ (G)H
π

′ ∩ O
π

′ (G) = Socπ (G)H
π

′ /H
π

′ ∩ O
π

′ (G). By State-
ment (4),

Socπ (G)H
π

′ O
π

′ (G)/O
π

′ (G) ∼= A1 × A2 × ... × An,

where Ai is a F<pi ,ci>-group with pi ∈ π , π(ci ) ⊆ π
′
and (ci , c j ) = 1

for all i 	= j ∈ {1, 2, ..., n}. Furthermore, SO
π

′ (G)/O
π

′ (G) is an S<p,q>-
subgroup of Socπ (G)H

π
′ O

π
′ (G)/O

π
′ (G). By Lemma 4, SO

π
′ (G)/O

π
′ (G) is
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subnormal in Socπ (G)H
π

′ O
π

′ (G)/O
π

′ (G). Hence, SO
π

′ (G) is subnormal in
Socπ (G)H

π
′ O

π
′ (G). Moreover, Sp = Socπ (G) ∩ SO

π
′ (G) is normal SO

π
′ (G)

and SO
π

′ (G)/Sp is a π
′
-group. Thus, S/Sp is σ -subnormal in SO

π
′ (G)/Sp. By

Lemma 2 (5), S is σ -subnormal in SO
π

′ (G). By Lemma 2 (2), S is σ -subnormal in
G.

Assume that q ∈ π , p ∈ π
′
. We can argue as above with the 3-tuple

(Socπ ′(G),Oπ (G), Hπ ) and the structural information contained in Statement (3)
to conclude that S is σ -subnormal in G. ��

Proof of Theorem 3 Suppose that every Schmidt subgroup of G is σ -subnormal.
Assume that either r , s ∈ π or r , s ∈ π

′
. In both cases, every S<r ,s>-subgroup

of G is a σ -nilpotent σ -subnormal subgroup of G. Applying Lemma 7, we have that
Statements (1) and (2) hold.

Let Z = Zσ (G). By [11, Lemma 5], every Schmidt subgroup of G = G/Z is
σ -subnormal in G. Since Zσ (G) = 1, it follows that G satisfies Statements (1)-(5) of
Theorem 2 and therefore Statement (3) holds.

Conversely, suppose that G satisfies Statements (1)-(3). Write Z = Zσ (G).
Let S be an S<p,q>-subgroup of G. Then one of the following cases holds:

1. p, q ∈ π ;
2. p, q ∈ π

′
;

3. p ∈ π , q ∈ π
′
;

4. q ∈ π , p ∈ π
′
.

If p, q ∈ π , then S is contained in Oπ (G) by Statement (1) and if p, q ∈ π
′
, then

S is contained in O
π

′ (G). In both cases, S is σ -subnormal in G by Lemma 2 (2).

Assume that either p ∈ π , q ∈ π
′
or q ∈ π , p ∈ π

′
. By Lemma 3, S is σ -subnormal

in SZ . Moreover, SZ/Z is a S<p,q>-subgroup of G/Z . By Theorem 2, SZ/Z is σ -
subnormal in G/Z . Applying Lemma 2 (2), we conclude that S is σ -subnormal in G.
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