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Iycts I' — pucTaHuMOHHO peryisipubiil rpad quamerpa d = 3 u 6y > 6; > -+ > 6; — cOOCTBEHHBIE 3HAYE-

k k _ kagby
wus I'. Torna BeImotHseTCS (hyHIaMEHTAIbHAS TPaHUIIA (91 + —a1+1) (Hd + a1+1) = @D [onoxum
b b
bt=—1-—— b =—1-—11+
1+64 1+6,

HenBynomnbHblil rpad, st KOTOPOro AOCTUrAaeTCsl PABEHCTBO B (DYHIAMEHTAIBHOW IPAHHUIIE, HA3BIBACTCS
WIOTHBIM. ['pad) sABIAETCS MWIOTHBIM TOTJA U TOJLKO TOT/A, KOT/d OKPECTHOCTE JII0OO0M BEPIIMHBI B HEM
CHJIEHO PETYJISIPHA C COOCTBEHHBIMH 3HAYEHUAMU d,,p = bT,—q = b". B aToM ciyuae Bce mapameTpsl I’
BBIPAKAIOTCS YEPE3 P, ¢, ¥ Mbl HA30BeM |’ aHTHUIONATLHBIM IUIOTHBIM Tpadom guamerpa 4 ¢ mapamer-
pamu p,q,r (AT4(p, q,r)-rpadom). B AT4(q — 2,q,r)-rpade I' s mo6oii Bepumnsl U € I' noarpad
I;(u) sBisleTcss MMCTAHIMOHHO pETYISIPHBIM rpadoM uamerpa 4 C MACCHBOM IepeceveHHit
{(a-2)q*@-13%0-1)qQRq—-2)/r,1;1,4(2q—2)/r,(g — 1% (¢ — 2)¢°}. B pabore pac-
cMotpenbl  rpadpl ¢ g=05 u wMaccuBamu nepecedenuit  {144,125,32,1;1,8,125,144},
(204,175,48,1; 1,12,175,204}.

KirroueBsbie caoBa: rpadpsl, mapaMeTpsbl, YiCIia, BEpIIHHA.

Let 7" be a remotely regular graph of diameter d = 3 u 6, > 6; > --- > 6, be the eigenvalues of I". Then
the fundamental boundary (91 + ﬁ) (Hd . ) > — Kb s satisfied. Let's put
1

a;+1 (ag+1)%"
by by
bt =-1-— ,b-=-1-— .
1+64 1+6,

A non-bipartite graph for which equality is achieved in the fundamental boundary is called dense. A
graph is dense if and only if the neighborhood of any vertex in it is strongly regular with eigenvalues

a,p = bt,—q = b". In this case, all I" parameters are expressed in terms of p, g, r and we will call I" an
antipodal dense graph of diameter 4 with parameters p, q, r (AT4(p, g, 7)-graph). In the AT4(q — 2,q,1)-
graph I, for any vertex u € I', the subgraph I, (u) is a distantly regular graph of diameter 4 with an

intersection array {(q —2)q% (q—1)3,(r—1qQ2q—2)/r,1;1,9 (2q —2)/r,(q — 1)3,(q — 2)q?}.
Graphs with ¢ = 5 and intersection arrays {144,125,32,1;1,8,125,144}, {204,175,48,1; 1,12,175,204}
are considered in the paper.

Keywords: graphs, parameters, numbers, vertex.

BBenenue. PaccMarpuBaroTCsi HEOpUEHTUPOBaHHBIC Tpadbl 0e3 MeTeNnb W KPaTHBIX peodep.
Ecnu a, b — Bepiunsl rpada I', To uepes d(a, b) o603Ha4aeTCs paccTosHUE MEXIY @ U b, a uepes
I;(a) — noarpad rpada I', HHIYIUPOBAHHBII MHOXECTBOM BEPIIHH, KOTOPBIC HAXOSITCS Ha pac-
crostuuu i B I' ot Beprumusl a. [Toarpad 7 (a) Ha3sIBACTCSA OKpecmHocmoio éepuuuibl @ ¥ 0003Ha-
uaercs uepes [a]. Uepes at o6o3navaercs noarpad, asusomumiics mapom paauyca 1 ¢ HEHTpoM d.

I'pad I' HasbIBaeTCs pezyasphvim 2pagom cmenenu k, ecnu [a] cogepKuT TOYHO Kk BepIIMH
st ir060# BepivHbl a u3 ['. I'pad I Ha3bIBaeTCs pebepHo peeyiapHuiM epaghom ¢ napamempamu
(v, k,A), ectu I' coep>UT U BEPLIKH, ABJISETCS PETYJISIPHBIM CTEIEHU k U Kaxoe pedpo us I je-
*UT B A TpeyronbHukax. ['pad I’ Ha3wpIBaeTcs 6nosime pe2ynapHuiM 2epagom ¢ napamempamu
(v, k, A, 1), ecnu I' pebepHO peryispeH ¢ COOTBETCTBYIOIIUMHU Mapamerpamu u noarpad [a] N [b]
colepKUT  BepmmH B ciydae d(a, b) = 2. BronHe peryiaspHsiii rpad aumamerpa 2 Ha3bIBacTCs
cunvbHo pecynapuvim epagom. Hucno sepimt B [a] N [b] o6o3naunm vepes A(a, b) (uepes u(a, b)),
ecmu d(a, b) = 1(ecmu d(a, b) = 2), a cooTBeTcTBYIOIUI moarpad HazoseM (U-) A-noozpaghom.

Ecnu Bepmmnbl U, w HaxozsTcst Ha paccTosHud [ B I', 10 uepes b; (u, w) (uepes c;(u, w)) o6o-
3HAYMM YMCJIO BepmMH B nepeceueHnu [, (u) (B nepeceuennu I;_(u)) ¢ [w]. I'pad nuamerpa d

* HccnenoBaHne BBINONHEHO TIpH mouiepkke EcTecTBeHHO HayuHoro (onma Kuras (mpoext Ne 12171126) u rpanTa
JlaGopaTtopun HHXEHEPHOTO MOJICITUPOBAHUS W CTATUCTHIECKUX BHIYUCIICHUH TPOBUHITNN XaiHAHb.
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Ha3bIBACTCS TMCTAHIIMOHHO PETYISIPHBIM C MacCHMBOM IiepecedeHuit {by,...,b4_1;Cq1,...,Cq}, €CIN
snauenus b; = b;(u,w) u ¢; = ¢;(u, w) He 3aBHCHT OT BEIOOpA BEPIIMH U, W Ha paccrosuuu i. ITo-
noxum a; =k —b; —¢; u k; = |I;(u)| (3HaueHue k; He 3aBUCHT OT BBIOOpa BepmIMHBI U). Uncna

nepeceueHuit rpada pl@ ; 1 mapametpbl Kpeiina qf ; onpenenensl B [1] (ctp. 43 1 48 COOTBETCTBEHHO).
[Tycte I' — nUCTaHIIMOHHO peryisipHbIi Tpad nuamerpa d = 3 u 6y > 6, > -+ > 6, — cobcT-
BeHHbIe 3HaueHus ['. I1o BeimonHseTcs GpyH1aMeHTanbHas TpaHHIa

(9+ k )<9+ k )> ka,b,
Yo+ e 41T (a+ D

by P by
1+6," " 1+6,

HensynonbeHelii Tpad, 11 KOTOPOTO TOCTUTAETCS PaBEHCTBO B ()yHAAMEHTAIBHOW TpaHUIIE,
HAa3bIBAETCS IIJIOTHBIM.

[Tycte I' — anTUNONANBHBIN rpad nuameTpa 4 ¢ MHIEKCOM aHTUIoAanbHOCTH 1. Torma mo I
umeer maccuB nepeceuennit {k,k —a; — 1,(r — 1)c,, 1;1,¢5,k —ay — 1,k}. Ecnmu I' — mnoTHbIi
rpad, TO OKPECTHOCTh JF000M BEpPUIMHBEI UMEET HETJIABHBIC COOCTBEHHBIE 3HAUeHHs p = bT, —q =

Tlomoxum

bt =—-1-

b~ u Bce mapameTpbl I’ BBIpaXKarOTCs 4epe3 p,q,7. B aTom cinydae HazoBeM [T aHTHIOJATBHBIM
IUIOTHBIM Tpad)oM auamerpa 4 ¢ mapamerpamu p, q, v (AT4(p, q, v)-rpadom) [2].

B AT4(q — 2,q,r)-rpade I' s moboii Bepuasl U € I moarpad I,(u) sBiseTcs AUCTaH-
IIMOHHO pPEry/sapHBIM rpadom auamerpa 4 ¢ maccuBoM mepecedenuii {(q — 2)q?, (g — 1)3, (r —
1929—2r,1;1,q929—2r,q—13,9—292}.

Tunoresa 1. Ecau I' sensemes spagom ¢ maccusom nepecewenuii {(q — 2)q?, (q — 1)3,2q(q —
—-2,1;1,2g,9—13,g—2g2} mo g=4u ["— nepsuvii epagh Cotiuepa.

YacTHUHBIM TIOTBEPKICHUEM THITOTE3bI SIBJISICTCS CICIYIONIUI pe3ybTar.

Teopema 1. Jlucmauwyuonno  peeynsapuwlii  2pagp ¢ MACCUBOM  NnepecedeHull
{144,125,32,1; 1,8,125,144} ne cywecmagyem.

CaencrBue 1. Jucmanyuonno  peeynsapuwiii  epag) ¢ maccusom  nepecedeHutl
{204,175,48,1; 1,12,175,204} (AT4(4,6,5)-2pa) ne cywecmeyem.

TpoiiHble ynciia MepeceyeHu .

B noxazarenbcTBe TEOPEMBI HCIIONIB3YIOTCS TPOMHBIE YUCIIa IEpECEUEHU [3].

[Tycts I' — AUCTAaHIIMOHHO PEryIsipHbIN rpad nuamerpa d. Eciou uq, u,, U3 — BepIInHbI rpada
I, 1,15, T3 — HEOTpHUIIATEIIBHBIC TIeJIble Ynciia, He Gomnbume d, TO {U;UyUs; T1T,T3) — MHOXKECTBO
BepumiH w € I'  takux, urto d(w,u;) =1;, [ujlUusg;rirers] = [{ujuyus; rryrs)|. Ywucna
[uuyug; 71,13 HA3BIBAIOTCS TPOWHBIMH YHCIaMHU repecedcHuid. [l (QUKCHpOBAHHON TPOMKH
BEPIINH Uq, Uy, Uz BMECTO [Ug UyUs; T 1213 ] OyaeM nucaTh [1y1,73].

ITycth u, v, w — Bepumnsl rpada I', W = d(u,v),U = d(v,w),V = d(u,w). Tak kak uMeeT-
Csl TOYHO OJ[HA BepIinnHa X = U TaKas, uto d(x,u) = 0, To uucno [0jh] paBuo 0 mnmm 1. Otciona
[0jh] = 8w Spy. Ananoruuno, [i0h] = 8;y, 6py u [ij0] = &,y 6y

Jlpyroe MHOXECTBO YpPaBHEHHH MOXHO TOJYYHTh, (UKCHUPYS PACCTOSIHHE MEXITY IBYMs
BepmMHaMy U3 {U, V, W} U COCUMTAB YMCIIO BEPIIUH BCEX PACCTOSHHUI OT TPETHEH, MOTYIHM:

Sisallihl = pji — [0jh], Bisalith] = pyh — [i0A], XL, [0 = pif — [0/, (+).

[Tpu 3TOM HEKOTOpbIe TPoWKHU ucue3atoT. [lpu |i —j| > W unmu i + j < W umeem pl-v}/ =0,
nostomy [ijh] = 0 s Beex h € {0,...,d}.

Monoxunm S;j,(w, v, w) = Xik¢ -0 Qri QsjQun[uvw; rst]. Ecin mapamerp Kpeiina q{lj =0, To
Sijn(u,v,w) = 0.

3adukcupyem BepIIMHBI U, V, W TUCTaHIIMOHHO peryisipHoro rpada I' u momoxkum {ijh} =
{uvw; ijh}, [ijh] = [uvw;ijh], [ijh]’ = [uvw;ihj], [ijh]" = [uvw;jih] u [ijh]™ = [uvw; hji].
Beruncnenne mapamerpos [ijh]’, [ijh]” u [ijh]~ (cuMMeTpu3anus MaccuBa TPOMHBIX YHCEl Tepe-
CCUCHMIT) MOXKET JaTh HOBBIC COOTHOIICHUS, TO3BOJISAIONINE J0Ka3aTh HECYIIECTBOBaHUE rpada.

I'pad ¢ maccuBom nepeceuenwmii {144,125,32,1; 1,8,125,144}.
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B »stom maparpade I’ — OUCTAaHIIMOHHO PETYJSIPHBIA Tpad C MAaCCHBOM IepecedeHUi
{144,125,32,1;1,8,125,144}. Torma I’ wmmeer 1+ 144 + 2250+ 576 +4 = 2975 BepmwuH,
criektp 1441, 24476, 4510 1904 2684 4 nyanpuyio MaTpuIly cOGCTBEHHBIX 3HAUEHHIA
1 476 510 1904 84

238 85 —238 -91

3 6 3 6
e=|1 o X o X

3 3
~119 85 119 91

6 6 6 6
1 —-119 510 -—-476 84
Jlemma 1. Yucna nepeceuenuii epaga I' pashoi:

pi1 = 18, pi, = 125, p3, = 1625, p33 = 500, p33 = 72, p34 = 4, p1s = 0;

, p§1 =8, pi, =104, pi; =32, p3, = 1725, pi; = 416, pj, =4, p3; =128, pi, =0,
Pz = U;

5 sz =125, pi3 =18, pis =1, pj, = 1625, p33 =500, p3, =0, p3; =54, pi, =3,
Pz = U,

pis = 144, p3, = 2250, p33 = 0, p3, = 0, p33 = 432, p3, = 0, py = 3.

Hoxa3arenbcTBo. [IpsMble BEIUHCIICHNUS.

[Iycts u,v,w — Bepummnsl rpada I, {rst} = {uvw;rst} u [rst] = [uvw;rst]. Tlonoxum
Y =TI(u), A =2%, Torga A ssusercs peryispHbiM rpadgomM crenenu p3, = 1725 wa k, = 2250
BEpIIMHAX.

Jlemma 2. ITycmo d(u, v) = d(u,w) = 2,d(v,w) = 1. Tozoa eepuvi pasencmaa:

[111] = =3 1r3/4 + 1, /4, [112] = [121] =3 1r3/4 — 1, /4 + 8, [122] =1r3/4 + 1,/4 + 64,
[123] = [132] = —r3 + 32, [133] =13;

[211] = —1r3/4 —1,/4+ 18, [212] =[221] =r3/4 +1,/4+ 85, [222] =-51r3/4—
51,/4 + 1300, [223] = [232] =13 + 1, + 340, [233] = =13 — 1, + 72, [234] = [243] = 4,

[311] =13, [312] =[321] = =13+ 32, [322] =13 + 1, + 256, [323] =[332] = —1, +
128, [333] = 1y,
20e0 <13 <18,0 <1, < 62,13 + 14 denumest wa 4 u ne 6onvute 72.

Jloka3aTebcTBO. YrpouieHus hpopmy (+).

ITo emme 2 umeem 1210 < [222] = —513/4 —51,/4 + 1300 < 1300.

Jlemma 3. ITycmo d(u, v) = d(u,w) = 2,d(v,w) = 3. Toeoa sepuvi pasencmaa:

[112] = =14 + 8, [113] =144, [121] = =1y, + 193 — 114 + 8, [122] = 1y, + 14 + 64,
[123] = —1ry3 + 32, [131] = 1y, — 13 + 114, [132] = =15 + 32, [133] = 115 — Ty4;

[212] = [221] =1y, + 114 + 85, [213] =[231] = —1ry, — 114 + 18, [214] = [241] =1,
[222] = =51y, — 514 + 1300, [223] = [232] = 41y, + 41y, + 340, [233] = =31y, — 3114 + 54,
[234] = [243] = 3;

[312] = —ry, + 32, [313] = 1y, [321] = —1y3 + 32, [322] = 41y, + 4114 + 256, [323] =
—4ry, + 113 — 41, + 128, [331] = 133, [332] = =31y, — 41y + 128, [333] = 31y, — 193 + 4744,

[422] = 4,
20e 0 <1y, 13 < 18,0 <1, <8, 1, + 174, < 18.

Joka3arebcTBo. Ypomenus Gopmy (+).

Mo nemme 3 umeem 1210 < [222] = —5ry, — 514 + 1300 < 1300.

Jlemma 4. Ilyems d(u,v) = d(u,w) =2,d(v,w) = 4. Toeda evinoansiomes ciedyoujue
VMBEPAHCOCHUSL:

[113] = [131] = 8, [122] = 104;

[213] = [231] = 104, [222] = 1725, [233] = 312, [244] = 3;

[313] = [331] = 32, [322] = 416, [333] = 96;

[422] = 4.

JlokazaTebeTBO. YrpouieHus hopmy (+).
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Haitniem aucno pebdep d mexay A(v) u A,(v). Tak kak p?, = 104, p3, = 1725, p3; = 416,
p3, =4, To 636100 =104 -1210+416-1210+4-1725<d < 104 -1300 + 416 - 1300 +
41725 = 682900.

C napyroit croponsr, d = 1725(1724 — 1), mnosromy 368.75 <1724 — A < 395.89,
1328.11 < A < 1355.25, rie A — cpennee 3naueHue napamerpa A(A).

Jlemma 5. ITycmo d(u,v) = d(u,w) = d(v,w) = 2. Toeda evinoansomes ciedyiowue ym-
8EPIHCOCHUSL

[111] = 1y, [112] = [121] = =130 — 7o + 8, [113] =[131] =1, [122] =7, [123] =
[132] = 1ryp + 19 — 17 + 96, [133] = 13;

[211] = -1y — 1 + 8, [212] = [221] =75, [213] = [231] = —15 — 1o + 32, [222] =
—5r, + 1720, [223] = [232] = 41, [224] = [242] = 4, [233] = —4r, + 1 + 19 + 384;

[311] =1, [312]=[321] =740 — 15 +75+96, [313]=[331] =1, [322] = 4r,
[323] = [332] = —1y¢g — 317, — 19 + 320, [333] =1y + 315 + 19 — 15 — 192;

[422] = 4,
20e 64 <1, < 104,15 + 19 < 32,79 + 145 < 8.

Joka3artebcTBo. YpomeHnus GopMy (+) Jal0T paBeHCTBA

[111] = 140, [112] = [121] = =1y — 7o + 8, [113] =19, [122] =1, [123] = 140 + 711 —
r; + 96, [131] =1y, [123] = [132] =19 + 19 — 17, + 96, [133] = —1yg — 171 + 17 — 179 — 64;

[211] = =1, + 15 + 19 + 72, [212] = [221] = 1, [213] = [231] = —1 — 15 + 32, [222]
—5r, + 1720, [223] = [232] = 41y, [224] = [242] = 4, [233] = —47, + 15 + 1 + 384;

[311] = =1y — 15+ 15 — 19— 64, [312] =19 — 15 + 19+ 96, [313] =15, [321] =119 —
r; + 11 + 96, [322] = 4r,, [323] =[332] = —1ry9 — 31y — 111 + 320, [331] = -1y + 15+ 19,
[332] = =119 — 317 — 19+ 320, [333] =149 + 31 + 14y — 15 — 192;

[422] = 4,
rne64 <r, <104,0<1r3<32,0 <719,710, 741 <8, 19+ 19 < 8,15 + 19 < 32.

Cummerpmsamus [111] =1y =10 =119 =To, [113] =19 =19, [122] =1, = [212] =
[221],[131] =1, =7, [313] =rg=rgur, =1 =1, =17,

Hanee, [113] = ry = [131]' = 1y, w3 paBencts [112] = [121] = —ryy — 19 + 8 caenyer, uro
Tio+To =T +7 U 1o =1y =19. llodTOMY To =79 =79 =75 u [311] = —1g + 15 — 15 —
To — 64 = [113] = r5". Otcioma ryg + 1g + 279 + 64 = 1, CICNOBATENBHO, Ty = 1g' =13 = 15

Awnanornuno, [233] = —4r; + 13+ 19+ 384 =[323] =19 — 31, — 19+ 320, 1, —15—
219 — 719 = 64 ¥ BBINOJHSIOTCS PAaBEHCTBA U3 3aKIIOUCHUS JIEMMBI.

ITo nemme 5 umeem 1200 < [222] = —5r, + 1720 < 1400.

IMycts d(u,v) = 2.

IMoacuwnraem yucio f; map BepmuH (S, t) Ha paccrosaum 1, tae s € {uv; 21) u t € {uv; 22).
C oaHo#t croponsl, mo yemme 2 umeem [221] =r3/4 +1,/4 + 85, rue 13 + 1, < 72, mostomy
8840 = 85-104 < f; <103 -104 = 10712. C apyroii cTopoHsl, 1o jemme 5 umeem [211] =
—1r10—19+8 u 8840 < f; = — ¥;(r{, + &) + 13800 < 10712. Takum obpasom, 3088 <
Yi(rio +18) <4960 u 1.79 < ¥(rf, +14)/1725 < 2.88.

IMoxcunraem ymuciao g, nap sepiul (s,t) Ha paccrosuuu 1, tae s € {uv; 23} u t € {uv; 22}.
C omHO¥ CTOpOHBI, O jJemme 3 umeeM [221] =1y, + 114 + 85, e 1y, + 114 < 18, mostomy
35360 = 85-416 < g, <103 -416 = 42848. C apyroii CTOpoHbI, 10 JemMMe 5 umeem [231] =
—15 —T9+ 32 u 35360 < g; = — ¥;(rd + 7&) + 55200 < 42848. Takum obpasom, 12352 <
Yi(rd +18) < 19840 u 5.0777 < ¥,(rd + 1) /1725 < 7.6622.

[Moxcunraem 4ucao g, nap BepiuuH (S, t) Ha paccrostHuu 2, Tae S € {uv; 23} u t € {uv; 22}.
C oaHoii cTOpoHBI, O JemMe 3 mmeeM 392 < [222] < 432, nostomy 163072 = 392 - 416 <
g> <432 -416 = 179712. C apyroit ctopoHsl, mo jgemme 5 umeeMm [232] = 3r, u 163072 <
gp = 3¥;rt <179712. Takum obpazom, 31.51 < Y;rt/1725 < 34.73. TIpotnBopeune ¢ TeM,
yTo 64 < 1.

Teopema 1 nokazana.
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