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Abstract

In this paper we study the groups all whose maximal or all Sylow subgroups are K-
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is the class of all o-nilpotent groups.
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Introduction

Throughout this paper, all groups are finite, G, p and X always denote a finite group, a prime
and a class of groups, respectively.

Recall that every group G has the largest normal nilpotent subgroup F(G). This sub-
group is called the Fitting subgroup. The generalized Fitting subgroup F*(G) was introduced by
H. Bender [3] and can [I0, X, Theorem 13.13] be defined by

FY(G)/F(G) = Soc(F(G)Ca(F(G))/F(G)).

Another generalization F(G) of the Fitting subgroup was introduced by P. Schmid [26] and
L.A. Shemetkov [31], Definition 7.5]. This subgroup is defined by

®(G) C F(G) and F(G)/®(G) = Soc(G/D(G)).

P. Forster [6] showed that F(G) can also be defined by F(G)/®(G) = F*(G/®(G)). Note that
F(G) = F*(G) = F(G) for a soluble group G. It is well known that C(F(G)) C F(G) for every
soluble group G. In the universe of all groups F(G) does not have this property but F*(G) and
F(G) have.

Let § be a formation. Recall [I, Definition 6.1.4] that a subgroup H of G is called K-
§-subnormal in G if there is a chain H = Hy € H C --- C H, = G with H,_; < H; or
H,;/Corey,(H;—1) € § forall i =1,...,n. Denoted by H K-§-snG.

If § = 91 is the formation of all nilpotent groups, then the notions of K-§-subnormal and
subnormal subgroups coincide. Groups with different systems of K-F-subnormal are the main
object of many papers (for example, see [16], 24], 25 28]). The main idea of this paper is to
consider K-F-subnormality of a subgroup not in the whole group but in some subgroup related
to some generalization of the Fitting subgroup in the sense of the following definition:

Definition 1. Let § be a formation and R be a subgroup of a group G. We shall call a
subgroup H of G R-K-§-subnormal if H is K-F-subnormal in (H, R).
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If § =M, then we just obtain the notion of R-subnormal subgroup. In [IT] [15] [I8] 22 23]
the products of R-subnormal subgroups were studied for R € {F(G),F*(G)}. It was shown
that if G is the product of two nilpotent (resp. quasinilpotent) F(G)-subnormal (resp. F*(G)-
subnormal) subgroups, then it is nilpotent (resp. quasinilpotent).

It is well known that a group is nilpotent if all its maximal or all its Sylow subgroups are
subnormal. In [19] it was shown that we can replace subnormality in this result by F(G)-
subnormality for maximal subgroups and F*(G)-subnormality for Sylow subgroups. The main
results of this paper are

Theorem 1. Let § be a formation. Then

(1) § contains every group G all whose mazimal subgroups are F(G)-K -F-subnormal iff §
1s saturated and contains N.

(2) § contains every group G all whose mazimal subgroups are F*(G)-K-§-subnormal iff §
1s the class of all groups.

Corollary 1 ([19]). A group G is nilpotent if and only if every its mazimal subgroup is F(G)-
subnormal.

Corollary 2 (Kramer [12]). A soluble group G is supersoluble if and only if F(G) < M or
M N F(G) is a mazimal subgroup of F(G) for every maximal subgroup M of G.

In the paper [I3] another generalization of Kramer’s result was obtained with the help of
F‘(G) In the spirit of Definition [I] their result can be reformulated in the following way: <A
group G is supersoluble if and only if every its maximal subgroup is F‘(G)-P—subnormal». Note
that P-subnormality and K-i-subnormality coincide in the class of all soluble groups. In the
general case these notions are different [24].

Let 0 = {m; |7 € I} be a partition of the set PP of all primes. According to A.N. Skiba
[28], a group G is called o-nilpotent if G has a normal Hall 7;-subgroup for every ¢ € I with
7(G) Nm; # 0. The class of all o-nilpotent groups is denoted by M,. This class is a very
interesting generalization of the class of nilpotent groups and widely studied.

Theorem 2. Let § be a hereditary formation. The following statements are equivalent:
(1) § contains every group G all whose cyclic primary subgroups are F*(G)-K-§-subnormal.
(2) § contains every group G all whose Sylow subgroups are F*(G)-K -§-subnormal.
(3) There is a partition o of P such that § is the class of all o-nilpotent groups.

The next result follows from the previous theorem.

Theorem 3. Let § be a hereditary formation. The following statements are equivalent:

(1) § contains every group G = AB where all cyclic primary subgroups of A and B are
F*(G)-K-§-subnormal.

(2) § contains every group G = AB where all Sylow subgroups of A and B are F*(G)-K-§-
subnormal.

(3) There is a partition o of P such that § is the class of all o-nilpotent groups.

Recall that a subgroup H of G is called R-conjugate-permutable [17] if H"H = HH" for
all r € R. If R = G, then we obtain the notion of conjugate-permutable subgroup [5]. From
(1) of [I7, Lemma 2.2] it follows that F*(G)-conjugate-permutable subgroup is F*(G)-K-0-
subnormal. Hence the main result of [33] follows from Theorem Bl

Corollary 3. Let A and B be a subgroups of a group G and G = AB. If every Sylow subgroup
of A is BF*(G)-conjugate-permutable and every Sylow subgroup of B is AF*(G)-conjugate-
permutable, then G is nilpotent.



1 Preliminaries

The notation and terminology agree with [I, [4]. We refer the reader to these books for the
results about formations.

Recall that a formation is a class of groups which is closed under taking epimorphic images
and subdirect products. A formation § is said to be: saturated if G € §F whenever G/®(G) € §;
hereditary if H € § whenever H < G € §. The following two lemmas follow from [I, Lemmas
6.1.6 and 6.1.7].

Lemma 1. Let § be a formation, H and R be subgroups of a group G and N < G.
(1) If H K-§-snG, then HN/N K-$-sn G/N.
(2) If HIN K-§-snG/N, then H K-§-snG.
(3) If H K-§-sn R and R K-$-sn G, then H K-§F-snG.

Lemma 2. Let § be a hereditary formation, H and R be subgroups of a group G.
(1) If H K-§-snG, then HN R K-§-sn R.
(2) If HK-§-snG and R K-§-snG, then HN R K-§-snG.

The following lemma directly follows from Lemma [II

Lemma 3. Let § be a formation, H and R be subgroups of a group G and N < G. If H
K-§-sn R, then HN K-§-sn RN.

The following result directly follows from [4, B, Theorem 10.3].

Lemma 4. Let p be a prime and G be a group. If O,(G) =1 and G has a unique minimal
normal subgroup, then there exists a faithful irreducible F,G-module.

Recall [I, Chapter 6.3] or [20] that a formation § has the lattice property for K-§-subnormal
subgroups if the set of all K-g-subnormal subgroups is a sublattice of the lattice of all subgroups
in every group.

Lemma 5 (see [20], [28, Lemma 2.6(3)]). Let o be a partition of P. N, has the lattice property
for K-N,-subnormal subgroups.

2 The main steps of the proof of Theorem

The proof of Theorem [2 is rather complicated and require various preliminary results and
definitions.

Let X be a class of groups. A chief factor H/K of G is called X-central in G provided
(H/K) x (G/Cs(H/K)) € X (see [32, p. 127-128]). A normal subgroup N of G is said to
be X-hypercentral in G if N = 1 or N # 1 and every chief factor of G below N is X-central.
The symbol Zx(G) denotes the X-hypercenter of G, that is, the largest normal X-hypercentral
subgroup of G (see [32, Lemma 14.1]). If X = N, then Zy(G) is the hypercenter of G.

Let H be a subgroup of a group G. According to [4, p. 50] a subgroup T of G is called a
subnormalizer of H in GG if H is subnormal in 7" and if H is subnormal in M < G, then M < T.
A subnormalizer, if it exists, is unique. A subgroup T of G is called a weak subnormalizer
of H in G [14] if H is subnormal in 7" and if H is subnormal in M < G and T' < M, then
T = M. A weak subnormalizer always exists but may be not unique. We introduce the
following generalization of the previous concept:

Definition 2. Let § be a formation. We shall call a subgroup 7" of G a weak K -§-subnormalizer
of H in G if H is K-§-subnormal in T" and if H is K-§-subnormal in M < G and T' < M, then
T=M.



The following result plays the main role in the proof of Theorem

Theorem 4. Let § be a hereditary formation. The following statements are equivalent:
(1) The intersection of all weak K-§-subnormalizers of all cyclic primary subgroups is the
§-hypercenter.
(2) The intersection of all weak K -§-subnormalizers of all Sylow subgroups is the §-hypercenter.
(3) There is a partition o of P such that § is the class of all o-nilpotent groups.

Corollary 4 (P. Hall [9]). The intersection of all normalizers of Sylow subgroups is the hyper-
center.

In [30] L.A. Shemetkov possed the problem to describe all formations § = (G | G = Z3z(G)).
This class of formations contains saturated (local) and solubly saturated (composition or Baer-
local) formations. We shall call formations from this class Z-saturated. In [2] it was shown
that for a formation § the class Z§ is a formation and § C ZF C EsF. From this it is
straightforward to check that Z(ZF) = Z§ and Z is a closure operation on classes of groups.

Proposition 1. Let § be a hereditary formation and H < G. Then Zz(G) N H < Zz(H) and
Z5(G) = Z5(Z5(G))-

A subgroup U of G is called X-mazimal in G provided that (a) U € X, and (b)ifU <V <G
and V € X, then U = V [4, p. 288]. The symbol Intyx(G) denotes the intersection of all X-
maximal subgroups of G [29].

Corollary 5. Let § be a hereditary Z-saturated formation and H be an §-subgroup of G. Then

Proposition [Il and its corollary are well known for saturated formations. But in that case
their proves are based on the properties of the canonical local definition. That is why these
results require a new method of a proof for Z-saturated formations. Now according to the
following result we may assume that § is a Z-saturated formation in the proof of Theorem [4]

Proposition 2. Let § be a formation. Then Zz5(G) = Zz(G) for every group G and a subgroup
K-§-subnormal iff it is K-Z§-subnormal.

The next step in the proof of Theorem @ is to characterize the intersections Sz(G) and C3(G)
of all weak K-§-subnormalizers of all Sylow and all cyclic primary subgroups of G respectively.

Proposition 3. Let § be a hereditary formation.

(1) S5(G) is the largest subgroup among normal subgroups N of G with P K-§-sn PN for
every Sylow subgroup P of G.

(2) C3(G) is the largest subgroup among normal subgroups N of G with C' K-§-sn CN for
every cyclic primary subgroup C of G.

Let § be a hereditary formation. In [I6] 25] the classes of groups wg and v*F all whose
Sylow and cyclic primary subgroups respectively are K-§-subnormal were studied. In these
papers the following results were proved.

Proposition 4. Let § be a hereditary formation.
(1) W§ and v*§ are hereditary formations.
(2) M C wF and N C v*5F.

(3) § CwF and § C v*F.

The connections between the previous steps are shown in the following proposition:



Proposition 5. Let § be a hereditary formation and G be a group.
(1) C3(G) = Intw5(G).
(3) S5(G) < G5(G).
(4) w§ and v*§ are Z-saturated.

Recall [21] that a Schmidt (p, ¢)-group is a Schmidt group with a normal Sylow p-subgroup.
An N-critical graph T'n.(G) of a group G [21] Definition 1.3] is a directed graph on the vertex
set (@) of all prime divisors of |G| and (p, q) is an edge of I'y.(G) iff G has a Schmidt (p, q)-
subgroup. An N-critical graph T'n.(X) of a class of groups X [21, Definition 3.1] is a directed
graph on the vertex set m(X) = Ugexm(G) such that I'yo(X) = Ugex'ne(G).

Proposition 6 (|21, Theorem 5.4]). Let 0 = {m; | i € I} be a partition of the vertex set
V(I ne(X)) such that for i # j there are no edges between m; and 7;. Then every X-group is the
direct product of its Hall m-subgroups, where k € {i € I | w(G) Ny, # 0},

It is important to note that the main idea of the proves of Theorems [I] and Pl is

Proposition 7 ([8, 1, Theorem 2.8(ii)]). Let § be a saturated formation. If F*(G) < Zz(G),
then G € §.

3 Proves

Let § be a saturated formation. Recall [3T], p. 95] that the intersection of all maximal subgroups
M of G with G/CorecM ¢ § is denoted by Az(G). If G does not have such subgroups, then

Lemma 6 ([31, p. 96]). Let § be a saturated formation. Then Az(GQ)/P(G) = Zz(G/P(G)).

Proof of Theorem[l. (1) Suppose that §-contains every group G with all maximal subgroups
F(G)-K-F-subnormal.

Since every maximal subgroup of a nilpotent group G is normal, it is I:“(G)—K -§-subnormal.
Hence G € §. So M C §. From ®(G) C F(G) it follows that if G/®(G) € §, then all maximal
subgroups of G are F(G)-K—S’—subnormal. Hence G € §. Thus § is saturated.

Suppose that § is saturated and 9 C §F.

Assume now that every maximal subgroup of G is F(G)-K-§-subnormal. Let M be a
maximal subgroup of G with Mﬁ‘(G’) = G. Then M < G or G/CoregM € §. From 91 C F it
follows that Z, € § for all p € P. It means that if M < G, then G/CoregM ~ Z, € §.

Now F(G) < Ag(G). So F(G/®(G)) = F(G)/®(G) < A5(G)/(G) = Zg(G/P(G)) by
Lemma [l Therefore G/®(G) € § by Proposition [l Since § is saturated, G € §.

(2) Suppose that F-contains every group G with all maximal subgroups F*(G)-K-F-sub-
normal. Let G and H be a group and a simple non-abelian group respectively. Consider
W = H 4¢y G. It is known that in this case the base B of W is a unique minimal normal
non-abelian subgroup of W.

From [27] it follows that there exists a faithful F,J¥-module A for a p € w(W), such that

A= E — W where A % ®(F) and E/®(FE) ~ W. Note that F*(£) = ®(£). Hence all
maximal subgroups of E are F*(E)-K-§-subnormal. Therefore £ € §. Thus G € § as a
quotient group of E. So & C §. Thus & = §. O

Proof of Corollary[2. Let M be a maximal subgroup of G. If M NF(G) is a maximal subgroup
of F(G), then F(G)/(M NF(G)) ~ Z, for some p € P. Hence |G : M| = p. Since G is soluble,
we see that M is K-{-subnormal by [24] Lemma 3.4] and F(G) = F(G). Thus all maximal
subgroups of G are F(G)-K-4-subnormal. Hence G is supersoluble by Theorem [l O
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Proof of Propositionl. Let H < G and 1 =2y < 7Z; <--- < Z, = Z3(G) be a G-composition
series of Zz(G). Then

1=Z)NnHSZiNHL---QZ,NH=27;(G)NH
is a part of normal series of H. Let Z; 1 < K <T < Z; and T'/K be a chief factor of H. Then
L= (Zi/Zi—1) x (HCa(Zi/ Zi1) | Cc(Zi) Ziw1)) < (Zif Zim1) % (G[Ca(Zi/Zi1)) € §.
Since § is a hereditary formation, we see that
HCq(Zi)Zi 1)/ Ca(Zi)Ziy) ~ H|Cu(Zi/Zi1) € F.

Note that Cy(Z;/Z;—1) < Cy(T/K). Then H/Cy(T/K) € § as a quotient group of an §-group
H/Cu(Zi)Ziy).

Assume that Z;/Z;_ is non-abelian. Then H/Cy(T/K) is a primitive group of type 2. It is
known that in this case (T/K) x (H/Cy(T/K)) is a primitive group of type 3 and its quotient
group by any of its minimal normal subgroups is isomorphic to H/Cy(T/K). Since § is a
formation, we see that (T/K) x (H/Cy(T/K)) € §.

Assume that Z;/Z; 1 is abelian. Note that L € § and isomorphic groups

HCG(Zz/Zz—l)/CG’(Zz/Zz—l) and H/CH(Zz/Zz—l)

acts (by conjugation) in the same way on Z;/Z;_ 1. Now L ~ (Z;/Z;—1) x (H/Cu(Z;i/Z;-1)).
From K < H it follows that M = (Z;/K) x (H/Cy(Z;/Z;_1)) € §.

Note that Z;/K acts (by conjugation) trivially on 7'/K. Thus M acts on T//K in the same
way as H/Cy(Z;/Z;—1). From

(H/Cu(Zi/Zi-1))/Crjcuziyz:0(T/K) = H/Cu(T/K)
and [I, Corollary 2.2.5] for M it follows that
(T/K) x (H/Cu(T/K)) €.

Thus Zz(G) N H < Zz(H).

Proof of Corollary[d. From Proposition [ it follows that Zz(G) < Zz(HZz(G)). Since
H73(G)/73(G) € §, we see that HZ3(G)/Z5(HZz(G)) € §. Hence HZ3(G) € §.

Let M be an §-maximal subgroup of G. Then MZz(G) € §. So MZz(G) = M. Thus
Z3(G) < Intz(G). O

Proof of Proposition[4. Note that the X-hypercenter and K-X-subnormality are defined by the
set of all primitive X-groups. According to [2] § C Z§ C Es§. Thus the sets of all primitive
$-groups and Zg§-groups coincide. O

Proof of Proposition[3. (1) Let N < G with P K-F-sn PN for every Sylow subgroup P of G.
If S is a weak K-§-subnormalizer of P in G, then PN K-§-sn SN by Lemma [3l Hence P
K-F-sn SN by (3) of Lemma [l Now SN = S by the definition of a weak K-§-subnormalizer.
Thus N < S3(G).

From the other hand, since § is a hereditary formation and PS3(G) lies in every weak
K-F-subnormalizer of every Sylow subgroup P of G, we see that P K-§-sn PS3(G) for every
Sylow subgroup P of G by Lemma 2l Thus S3(G) is the largest normal subgroup N of G with
P K-§-sn PN for every Sylow subgroup P of G.

The proof of (2) is the same. O



Proof of Proposition[d. (1) Note that 9t C v*F and v*§ is a hereditary formation by Propo-
sition @l Hence Plnt,3(G) € v*§ for every cyclic primary subgroup P of G. Therefore P
K-F-sn Plnt,«5(G) for every cyclic primary subgroup P of G. Thus Int,«5(G) < C3(G) by (2)
of Proposition [3l

From the other hand let M be a v*§-maximal subgroup of G and P be a cyclic pri-
mary subgroup of MC5(G). Since MC3(G)/Cs(G) € v*§F, we see thta PC3(G)/Cs(G) K-
§-sn MC3(G)/C3(G). Hence PC3(G) K-F-sn MC3(G) by (2) of Lemma [II Note that P
K-F-sn PC3(G) by PropositionBl. So P K-§-sn MC5(G) by (3) of Lemmal[ll Thus MC3(G) €
v*§ by the definition of v*§. Hence MC3(G) = M. Therefore C3(G) < Int,+3z(G). Thus
Intv*g(G) = Cg(G)

The proof of (2) is the same.

(3) Since every cyclic primary subgroup is subnormal in some Sylow subgroup, we see that P
K-3F-sn PS3(G) for every cyclic primary subgroup P of G. So S3(G) < C3(G) by Proposition B

(4) Assume that w§ is not a Z-saturated formation. Let chose a minimal order group G
from Z(wg) \ w§. From Proposition [I] it follows that Zwg is a hereditary formation. So G
is w§-critical. Now |7(G)| > 1 by (2) of Proposition @l From w§ C Zw§ C Eewsg it follows
that ®(G) # 1 and G/®(G) € wF. Let P be a Sylow subgroup of G. Then P®(G) < G and
P®(G) € w§. Hence P K-§-sn P®(G). From G/®(G) € wg it follows that PP(G)/P(G)
K-F-sn G/®(G). Therefore PO(G) K-F-snG. Thus P K-§-snG. It means that G € w§, a

contradiction. Thus wg§ is a Z-saturated formation. The proof for v*§ is the same. O

Proposition 8. Let § be a hereditary formation such that one of the following claims holds:
(1) The intersection of all weak K -F-subnormalizers of all Sylow subgroups is the §-hypercenter.
(2) § contains every group G all whose Sylow subgroups are F*(G)-K -§-subnormal.
Then there is a partition o of P such that § is the class of all o-nilpotent groups.

Proof. (a) M C § is Z-saturated.

Assume that (1) holds. According to Proposition [2] this statement means the same for §
and ZF. Note that ZF = Z(ZF) by Proposition 2 Without lose of generality we may assume
that § is Z-saturated. Since in every nilpotent group every Sylow subgroup is subnormal and
Z§ = § we see that 7(§) =P and M C § by (1).

Assume that (2) holds, i.e. § contains every group G all whose Sylow subgroups are F*(G)-
K-F-subnormal. So § contains every group G all whose Sylow subgroups are K-F-subnormal.
Hence § = w§. Now 0N C § by Proposition [ and § is Z-saturated by (4) of Proposition

(b) Assume L is faithful irreducible F,G-module, T = L x G and L < S5(T). Then G € §.

Assume that (1) holds. Now L < S3(G) = Zz(T). Hence L x (T'/Crp(L)) € §. Thus
G ~T/Cr(L) € §, the contradiction.

Assume that (2) holds. So L = F*(T') < S3(T). Now T € § by (2). Thus G € § as a
quotient group of T', the contradiction.

(c) Let m(p) ={q € P|(p,q) € I'ne(§)} U{p}. Then § contains every q-closed {p, q}-group

for every q € w(p).
Assume the contrary. Let G' be a minimal order counterexample. Since § and the class of all

g-closed groups are hereditary formations, we see that G is an §-critical group, G has a unique
minimal normal subgroup N and G/N € §. Let P be a Sylow p-subgroup of G. If NP < G,
then NP € §. Hence P K-§-sn PN and PN/N K-F-sn G/N. From Lemma [Il it follows that
P K-F-snG. Since G is a g-closed {p, q}-group, we see that every Sylow subgroup of G is
K-F-subnormal. If (1) or (2) hold, then G € Z§ = § or G € § respectively, a contradiction.
Note that N is a Sylow g-subgroup and O,(G) = 1. By Lemma @l there exists a faithful
irreducible F,G-module L. Let T'= L x G. Therefore for every chief factor H/K of NL a group
(H/K) x Cyr(H/K) is isomorphic to one of the following groups Z,, Z, and a Schmidt (p, q)-
group with the trivial Frattini subgroup. Note that all these groups belong §. So NL € Z§ = §.
Note that L < O,(T"). Hence L < S3(T") by Proposition[8l Thus G € § by (b), a contradiction.

7



From (c) it follows that

(d) T ne(§) is undirected, i.e (p,q) € Dne(F) iff (q,p) € Tne(F)-

(e) Let p,q and r be different primes. If (p,7),(q,7) € Tne(§), then (p,q) € Tne(F).

There exists a faithful irreducible F,,Z,-module P by Lemmall Let G = P x Z,. Then there
exists a faithful irreducible F,G-module R by Lemma [l Let T'= R x G. From (c) it follows
that F-contains all r-closed {p, r}-groups and {q, r}-groups. Thus R < S3(T") by Proposition B
Thus G € § by (b). Note that G is a Schmidt (p, ¢)-group.

(f)§= 'qujm for some partition o of P, i.e. § is the class of all o-nilpotent groups.

1€

From (d) and (e) it follows that I'y.(§F) is a disjoint union of complete (directed) graphs I';,
i€l. Let m; = V(I[;). Then 0 = {m;|i € I} is a partition of P. From Proposition [ it follows
that § C '><IQ57”.

1€

Let show that &,, C § for every p. It is true if |m;| = 1. Assume now |m;| > 1. Suppose
the contrary and let a group G be a minimal order group from &,, \ §. Then G has a unique
minimal normal subgroup, 7(G) C 7; and |7(G)| > 1. Note that O,(G) = 1 for some ¢ € 7(G).
Hence there exists faithful irreducible F,G-module N by Lemma 4l Let 7= N x G. Hence
NP € § for every Sylow subgroup P of T by (¢). Now N < S3(T') by Proposition[38l So G € §
by (b), the contradiction.

It means that ‘><IQ57” Cg. Thus § = 'qujﬂ“ i.e. § is the class of all g-nilpotent groups. [l

(1S IS

Proof of Theorem[j. (1) = (2). Since § C w§ by Proposition [, we see that Zz(G) < Zuz(G)
for every group G. Note that Zzz(G) < Intgz(G) for every group G by Corollary Bl and (4) of
Proposition Bl According to Proposition B S3(G) = Intzz(G) and Sz(G) < C3(G) for every
group G. From these and (1) it follows that

23(G) < Zug(G) < Intyz(G) = S3(G) < C3(G) = Z3(G)

for every group G. Thus Zz(G) = S5(G) for every group G.

(2) = (3). Directly follows from Proposition [§

(3) = (1). Assume that there is a partition 0 = {m;|i € [} of P with § = X;c/B,.
Then § is a lattice formation. According to [16, Theorem B and Corollary E.2] v*F = §. By
[29, Theorem A and Proposition 4.2] Intz(G) = Zz(G) holds for every group G. By (2) of
Proposition Bl C3(G) = Int,«z(G) for every group G. Thus

Cg(G) = Intv*g(G) = Intg(G) = Zg(G)
for every group G. O

Proof of Theorem[2. (1) = (2). Note that every cyclic primary subgroup is subnormal in some
Sylow subgroup. Hence if all Sylow subgroups of G are F*(G)-K-F-subnormal, then all cyclic
primary subgroups of G are also F*(G)-K-§-subnormal. Thus G € §.

(2) = (3). Directly follows from Proposition [8

(3) = (1). Assume that all cyclic primary subgroups of G are F*(G)-K-F-subnormal. Then
F*(G) < Zz(G) by Proposition Bl and Theorem [l Now G € § by Proposition [1 O

Proof of Theorem[3. (1) = (2). Assume that G = AB where all Sylow subgroups of A and
B are F*(G)-K-F-subnormal. Since every cyclic primary subgroups C' is subnormal in some
Sylow subgroup P of A, we see that C' I P K-§-sn PF*(G). Now C K-F-sn CF*(G) by
Lemma [I Hence C is F*(G)-K-F-subnormal. Thus all cyclic primary subgroups of A are
F*(G)-K-F-subnormal. We can prove the same statement for B. Now G € § by (1).

(2) = (3). From G = GG and (2) it follows that § contains every group G all whose Sylow
subgroups are F*(G)-K-§-subnormal. Thus there is a partition ¢ of P such that § = 0, by
Theorem 2



(3) = (1). Let G = AB where all cyclic primary subgroups of A and B are F*(G)-K-§-
subnormal. By [31, Lemma 11.6] there are Sylow p-subgroups P;, P, and P of A, B and G
respectively with PP, = P.

Let C' < Py be a cyclic primary subgroup. Since C' K-§-sn Py, we see that CF*(G) K-3-
sn P F*(G) by Lemma Bl From C' K-F-sn CF*(G) it follows that C' K-§-sn P\F*(G) by (3) of
Lemma [Tl

Since § has the lattice property for K-F-subnormal subgroups by Lemma [ and P; is
generated by all its cyclic primary subgroups, we see that P, K-§-sn PIF*(G).

From P, K-§-sn P it follows that Pi\F*(G) K-§-sn PF*(G) by Lemma Bl Since P, K-§-
sn PF*(G), we see that P, K-§-sn PF*(G) by (3) of Lemma [Il The same argument shows
that Py K-§-sn PF*(G). Thus P K-§-sn PF*(G) by the lattice property.

Since all Sylow p-subgroups of G are conjugate, they all are F*(G)-K-F-subnormal. By
analogy one can show that all Sylow subgroups of G are F*(G)-K-F-subnormal. Now G € §
by Theorem [2 O]
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