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Abstract

In this paper the concept of F-functorial of a finite group was introduced. These
functorials have many properties of the Fitting subgroup of a soluble group and the
generalized Fitting subgroup of a finite group. It was shown that the set of all F-functorials
is a complete distributive lattice and the cardinality of this lattice is continuum. The sharp
bounds on the generalized Fitting height of mutually permutable product of two subgroups
were obtained.
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Introduction

Throughout this paper, all groups are finite, GG, 1, p and X always denote a finite group, the
unit group, a prime and a class of groups, respectively.

H. Fitting [5] showed that the product of normal nilpotent subgroups is again nilpotent.
Hence every group G has the largest normal nilpotent subgroup F(G). Now this subgroup is
called the Fitting subgroup. The following properties of the Fitting subgroup are well known:

Proposition 1. Let G be a group. The following holds:
(1) f(F(G)) CF(f(Q)) for every epimorphism f : G — G*.
(2) F(N) C F(G) for every N < G.
(3) If G is soluble, then C(F(G)) C F(G).
(4) F(G/?(G)) = F(G)/?(G) = ASoc(G/P(G)) < Soc(G/P(G)).

The Fitting subgroup has a great influence on the structure of a finite soluble group. An-
alyzing proves of theorems about soluble groups which use the Fitting subgroup, one can note
that they often use Properties (1), (2) and (3). In the class of all groups the Fitting subgroup
does not have Property (3). Moreover there are infinite number of non-isomorphic groups with
the trivial Fitting subgroup.

Recall that a group is called quasinilpotent if every its element induces an inner automor-
phism on every its chief factor. The generalized Fitting subgroup F*(G) is the set of all elements
which induce an inner automorphism on every chief factor of G |11, X, Definition 13.9]. It is
also known as the greatest normal quasinilpotent subgroup and has many properties of the
Fitting subgroup of a soluble group. The generalized Fitting subgroup [11, X, Theorem 13.13]
can also be defined by

F*(G)/F(G) = Soc(F(G)Ca(F(G))/F(G)).

Note that the generalized Fitting subgroup is non-trivial in every group but there are groups
in which it coincides with the Frattini subgroup. That is why there is another generalization of
the Fitting subgroup F(G) introduced by P. Schmid [18] and L.A. Shemetkov [19, Definition 7.5]
and defined by

(@) C F(G) and F(G)/®(G) = Soc(G/D(G)).
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P. Forster [7] showed that F(G) can be defined by
®(G) C F(G) and F(G)/®(G) = F*(G/®(Q)).

D.A. Towers [21] defined and studied analogues of F* and F for Lie algebras.

According to B.I. Plotkin [I7] a functorial is a function § which assigns to each group G its
characteristic subgroup 0(G) satisfying f(0(G)) = 0(f(G)) for any isomorphism f : G — G*.
He used this concept to study radicals and corresponding to them classes of not necessary finite
groups in the sense of the following definition.

Definition 1. A functorial v is called a radical if

(F0) v(7(G)) = ~(G),
(F1) f(v(@)) C~(f(@)) for every epimorphism [ : G — G*,
(F2) v(N) C y(G) for every N < G.

Nowadays these radicals are called Plotkin radicals and also have applications in the ring
theory [, p. 28].

Let F: G — F(G), F*: G — F*(G) and F : G — F(G). Then F,F* and F are functorials.
As was mentioned in [I7, p. 240] it is rather important to study functorials that contain their
centralizer.

In this paper we will use the concept of functorial to study the generalizations of the Fitting
subgroup and their applications in the structural study of groups.

1 The algebra of Fitting like functorials

Recall [17] some definitions about functorials. Let v, and 72 be functorials. The upper product
71 %2 of 1 and s is defined by (v1x72)(G) /7 (G) = 72(G /7 (G)) and the lower product v 07,
of v1 and 5 is defined by (71 0 72)(G) = 72(71(G)); functorial « is called (lower) idempotent if
Y(v(G)) = v(G) for every group G. For a functorial  the following subgroups are defined

YD(G) = v(G), YI(G) = v(v')(GF)) and v*(G) = Nien??(G).

Note that (F*)> = F*. According to [6] F>® # F.

Let {; | i € I} be a set of functorials. Then (A\,;.; 7)(G) = ;e; %(G) and (V;c; %) (G) =
(7:(G) | i € I are functorials.

Analyzing the properties of the Fitting subgroup of a soluble group and its generalizations
in the class of all groups we introduce the following

Definition 2. Let X be a normally hereditary homomorph. We shall call a functorial v an
F-functorial in X if for every X-group G it satisfies:
(F1) f(v(GQ)) C~y(f(G)) for every epimorphism f: G — G*.
(F2) v(N) C y(G) for every N < G.
(F3) Ca(1(G)) € (G).
(F'4) 7(G)/®(G) € Soc(G/2(G)).

If X is the class of all groups, then an F-functorial in X will be called an F-functorial. Note
that an F-functorial is a Plotkin radical iff it is idempotent.

Definition 3. We shall call a functorial ¢ a Frattini functorial if it satisfies (F£'1), (F2) and
p(G) € (G).

The main result of this section is



Theorem 1. Let R be the set of all F-functorials.

(a) (R,V,A) is a complete distributive lattice, F* and F are its the smallest and the largest
elements respectively.

(b) (R,0) is a semigroup, F* and F> are its zero and the largest idempotent elements
respectively.

(¢) If v and ¢ are an F-functorial and a Frattini functorial respectively, then ¢ * v is an
F-functorial and o x F = F.

(d) The cardinality of R is continuum.

Corollary 1.1. Let v be an F-functorial and o € {79 | i € N}. If v is an (idempotent)
F-functorial, then ¢ is also an (idempotent) F-functorial.

Corollary 1.2. The cardinality of the set of all idempotent F-functorials is continuum.
Theorem 2. F is the unique F-functorial in the class of all soluble groups.
We need the following propositions in our proves.

Proposition 2. Let v be a functorial.
(1) If v satisfies (F'1) and (F2), then v(G1xG2) = v(G1) xy(G2) for every groups Gy and Gs.
(2) If v satisfies (F2) and (F'3), then F*(G) C v(G).
(3) If v satisfies (F4), then v(G) < F(G) for every group G.
(4) v*° is idempotent.

Proof. (1) From G; < G x Gy it follows that v(G;) C v(G1 x Gs) by (F2) for i € {1,2}. Note
that ’Y(Gl X GQ)GZ/GZ - ’Y((Gl X GQ)/GZ) = (’y(G;) X GZ)/GZ by (Fl) for i € {1,2} Now

Y(G1XGa) € (V(G1xG2)G1)N(Y(G1x G2)G2) € (v(G1) x G2)N(G1 x7v(Ga)) = 7(G1) xv(Ga).

Thus (G x Ga) = v(G1) x 7(Ga).

(2) Note that (1) = 1. Assume that there is a p-group G with v(G) # F*(G) = G.
Suppose that G is a minimal order group with this property. It means that v(G) < G and
v(M) = F*(M) = M for every maximal subgroup M of GG. Since all maximal subgroups of a
p-group are normal, by (F2) «v(G) contains all maximal subgroups of G. If G has at least two
maximal subgroups, then v(G) = G, a contradiction with v(G) < G. Thus G has a unique
maximal subgroup. It means that G is cyclic. Now G = Cg(v(G)) C v(G) < G by (F3), the
contradiction. Thus v(G) = F*(G) = G for every p-group G.

From O,(G) = v(0,(G)) € v(G) by (F£2) and F(G) = Xper(@)Op(G) for every group G it
follows that F(G) C v(G).

Let show that 7(G) = G for every quasinilpotent group G. By [11, X, Theorem 13.§]
G/F(G) is a direct product of simple non-abelian groups. Let H/F(G) be one of them. Note
that F(G) = F(H) and H < G. So H is quasinilpotent. Now H = DF(H) where [D,F(H)] =1,
DNF(H) = Z(D) and D/Z(D) is a simple group by [1I, X, Theorem 13.8]. It means that
v(H) € {F(H),H}. Assume that v(H) = F(H). Now D C Cy(F(H)) = Cy(y(H)) C v(H)
by (F'3). Hence v(H) = H, a contradiction with v(H) = F(H). Thus v(H) = H. Now G is a
product of normal subgroups H = v(H). It means that G = v(G) by (F2).

Note that F*(G) = v(F*(G)) C v(G) by (F2).

(3) According to (F4) v(G)/®(G) C Soc(G/P(G)) = F(G)/®(G). Hence v(G) < F(G) for
every group G.

(4) Since G is a finite group, there is n € N such that 4™ (G) = v™(G) for all m > n.
From v (G) < 49(Q) for all i € N it follows that v°(G) = Mieny™ (G) = v™(G). Now

7 (r*(6)) = Ny (7°(G)) = NienyP (1™ (G)) = Nienizn17 P (G) = 1(G) = 1=(G).

Thus ~*° is idempotent. O



Recall that a functorial is called hereditary if it satisfies
(F5) v(G)N N C y(N) for every N 4 G.
Note that if v satisfies (F2) and (F'5), then v(G) N N = ~(N) for every N < G.

Proposition 3. Let v, and 7y, be functorials. If 41 and 7y, satisfy (F'1) and (F2), then 73 7
satisfies (F'1) and (F2). Moreover if 41 and o also satisfy (F'5), then vo x v, satisfies (F5).

Proof. (1) o x v satisfies (F'1).
Let f : G — f(G) be an epimorphism. From f(72(G)) € 7(f(G)) it follows that the

following diagram is commutative.

a )

b

G/(G) —2 F(G) [(f(@))

Let X = 1(G/(G)) and ¥ = (f(G)/a(f(G))). Note that (15 % 1)(G) = fi''(X) and
(v x v1)(f(Q)) = f3*(Y) by the definition of 75 x ;. Since ~; satisfies (F'1), we see that
f2(X) €Y. Hence X C fy (V). Now (y2x71)(G) € fi' (£ (V) = fi ' (¥)- So

F((e*7)(G) € (V) = £ (V) = (r2x 1)(f(G)).

Thus 7, * 77 satisfies (F'1).

(2) v x 71 satisfies (F2).

Let N < G. From v(N) char N < G it follows that 72(N) < G. Since v, satisfies (F2),
we see that v2(N) C 72(G). So the following diagram is commutative.

G —LG/(N)

RNy

G/7(G)

Let X = 1(G/72(N)), Y = 11(N/2(N)) and Z = 11(G/72(G)). Then (y2 x)(G) = f5 ' (Z)
and (71 % 72)(N) C f7*(Y). Since 7, satisfies (F11) and (F2), we see that fo(X) C Z and
Y C X. Now

(e x)(N) C [ (V) C X)) CHNAN2) = f51(2) = (e +m)(G).

Hence 75 * 7y, satisfies (F2).
(3) If v and o also satisfy (F'5), then vo xy1 satisfies (F5).
Assume that v, and v, satisfy (F2) and (F'5). Let N < G.
Since Nv1(G)/71(G) N (2% 1)(G)/1(G) D (12 x1)(G)/71(G) = 12(G/11(G)), we see that

V2((N71(G) N (2 * 1) (G))/11(G)) = (N7 (G) N (e x 71)(G)) /1 (G).
Note that
(N7(G) N (y2 % 1)(G)) /n(G) =

(NN (2 *x7)(G)7(G)/1(G) = (NN (y2 *71)(G))/ (N N7(G))
= (NN (y2x7)(G))/7(N) < N/7(N).

It means that (N N (y2*71)(G))/71(N) C Y2(N/71(N)). Thus NN (y2*x71)(G) C (2% 71)(V),
i.e 79 % 7 satisfies (F'5). O



Proof of Theorem[1. Let prove the statement (a).

(a.1) F* is the smallest F-functorial and idempotent.

According to (2) of Proposition 2l every F-functorial contains F*. From [11, X, Lemma
13.3(a), Corollary 13.11, Theorem 13.12] it follows that F* is idempotent and satisfies (F'1), (F2)
and (F3). Now F*(G)/®(G) C F*(G/®(R)) = F(G)/®(G) = Soc(G/P(G)). So F* satisfies
(F'4). Hence it is the smallest F-functorial and idempotent.

(a.2) F is the largest F-functorial and non-idempotent.

According to (3) of Proposition P every F-functorial is contained in F. From [7, Lemmas
1.3 and 1.4] it follows that F satisfies (F1) and (F2). According [19, Theorem 7.12] F satisfies
(F3). Note that F satisfies (F'4) by its definition. Hence it is an F-functorial. The following
example was suggested by P. Forster [6] and shows that F is not idempotent:

Let £ ~ Aj be the symmetric group of degree 5. There is an F5F-module V' such that
R = Rad(V') is a faithful irreducible F5 E-module and V/R is an irreducible trivial F5 E-module.
Let H =V XN E. Then H' = RFE is a primitive group and |H : H'| = 5. Now ®(H) = R by
[4, B, Lemma 3.14]. By [4, B, Theorem 10.3] there is an irreducible F;H-module W with
Cy(W)=H'. Let G=W X H. Note that W is a minimal normal subgroup of G. Now every
maximal subgroup of G either contains W and a subgroup isomorphic to a maximal subgroup
of H or is isomorphic to H. Since R < (G, we see that it is contained in both types of maximal
subgroups of G. Thus ®(G) = ®(H) = R. Note that Soc(G/R) = (WR/R) x (ER/R). So
F(G) =W x ER and ®(F(G)) = 1. It means that F(F(G)) = Soc(F(G)) = R x W < F(G).

The module from this example can be constructed in GAP by the following commands.

This command creates a permutation F5FE-module of dimension 5:

K := PermutationG Module( AlternatingGroup(5), GaloisField(5));

This command finds the socle of the previous module:

L := MTX.BasisSocle(K);

This command finds the quotient module of our permutation module by its socle:

V := MTX.InducedActionFactor Module(K, L);

We can check that this module is indecomposable:

MTX.IsIndecomposable(V');

Now we can find all its composition factors of it.

MT X .CompositionFactors(V);

It has two composition factors. The dimension of them are 3 and 1.

(a.3) Let {v; | i € I} be a set of F-functorials. Then (N;c;7)(G) = Nie; Vi(G) and
(Vicr 7)(G) = (vi(G) | i € I) are F-functorials. In particular (R,V, ) is a complete lattice.

Let f: G — G* be an epimorphism. Since every element of {v; | i € I} satisfies (F'1),

F(Nier (@) = F(Mies %i(G)) € Micy F(i(G)) € Nier n(F(G)) = (Aies %) (f(G)) and
F(Vier 7 (@) = f((nu(G) |1 € D) = {(f(%(G)) |1 € I) € (%(f(G)) | i€ 1) =
(Vier 1) (f(G))-

It means that A,_, v and \/, ;v satisfy (F'1).
Let N < G. Then by (F2)

(/\iel Vi) (N) = ﬂzel %i(N) C ﬂ icl 7i(G) = (/\zel 7:)(G) and
Vierv)(N) = (u(N) [ i € 1) € (3(G) i € 1) = (Vie; m)(G).

Therefore A,;.; 7 and \/, ;v satisfy (F'2).

Since F*(G) € (;¢; 7%(G) € (vi(G) | @ € I) by Proposition 2 we see that A,.; v and \/,c; v
satisfy (F'3).

From v;(G)/®(G) < Soc(G/®(G)), i € I, it follows that

(Nier 1)(G)/®(G) = Mg, (1(G)/(G)) < S

) < Soc(G/®(G)) and
(Vier 1)(G)/@(G) = (n(G)/@(G) | i € I) < Soc(

G/O(G)).



So Nic;vi and \/,; vi satisfy (F4).

Thus A,.; v and \/,.;7: are F-functorials and (R, V,A) is a complete lattice.

(a.4) Let L(G) = {v(G) | v is an F-functorial}y. Then L(G) is (lattice) isomorphic to a
sublattice of a subset lattice. In particular, (R,V, ) is a distributive lattice.

Since F*(G) C v(G) for every F-functorial v, we see that L(G) = {v(G)/F*(G) | v is
an F-functorial} is isomorphic to L(G). Then ~v(G)/F*(G) lies in the non-abelian socle S of
G/F*(G). Note that S = N, x --- x N,, where N; is a minimal normal subgroup of G /F*(G).

Let f : L(G) — P({1,...,n}) where f(v(G)) = {i | N; € v(G)/F*(G)}. Note that
[ is injective. According to [11, X, Lemma 13.6(a)] every normal in G/F*(G) subgroup of
S is a direct product of some N;. It means that f((71 A 12)(G)) = f(1(G) N %(G)) =
Fn(G)) A F(3(G)) and F((3 vV 12)(G)) = Fn(Gn(G)) = fOn(G) V f(3(G)). So f is a
(lattice) isomorphism between L(G) and some sublattice of P({1,...,n}) which is distributive.

Now the distributive laws hold for values of F-functorials for every group G. It means that
(R,V,A) is a distributive lattice.

Let prove the statement (b).

(b.1) (R,0) is a semigroup and F* is its zero element where (y2 0 11)(G) = 71(72(G)).

To prove that (R, o) is a semigroup it is sufficient to prove that 6(G) = v1(72(G)) is an
F-functorial where v, and 7, are F-functorials. This statement will follow from the following 4
claims.

(b.1.1) If v and o satisfy (F2), then § also satisfies (F2).

According to (F2)

(N) = 1(12(N)) € 1((G)) =d(G).

Hence 0 satisfies (F2).

(0.1.2) If vy and v satisfy (F'1) and (F2), then § also satisfies (F'1) and (F2).

By (b.1.1) § satisfies (F'2). Let show that it satisfies (F'1). Let f be an epimorphism. Note
that f(7(G)) L %(f(G)) by (F1), i € {1,2}. Now

f0(G)) = f(m((G)) € n(f(12(G))) € n(n(f(G)) =0(f(G)).

Hence 0 satisfies (F'1).

(0.1.3) If v1 and 7o satisfy (F2) and (F3), then F*(G) C 6(G) for every group G. In
particular, & satisfies (F'3).

From Proposition 2lit follows that F*(G) C v;(G) for i € {1,2}. Then F*(G) = v, (F*(G)) C
N(72(G)) = 4(G).

(b.1.4) If v, and o satisfy (F'4), then § also satisfies (F'4).

Since 12(G)/P(G) C Soc(G/P(G)), we see that

0(G)/P(G) = 1 (12(G))/2(G) € 72(G)/B(G) € Soc(G/2(G)).

Hence 0 satisfies (F'4).

Thus (R, o) is a semigroup. Let v be an F-functorial. Then F*(y(G)) C F*(G). From
F*(G) C v(G) Q G it follows that F*(y(G)) = F*(G). Note that F*(G) = F*(F*(G)) C
v(F*(G)) C F*(G). Hence v(F*(G)) = F*(G). It means that F* oy = v o F* = F* for every
F-functorial v. Thus F* is a zero element of (R, o).

(b.2) Let v be an F-functorial and 6 € {y® | i € N} U {y>*}. If v is an (idempotent)
F-functorial, then § is also an (idempotent) F-functorial.

From (b.1) it follows that if § € {4 | i € N}, then ¢ is an F-functorial. Since R is a
complete lattice, we see that 0 is also an F-functorial. Note that if v is idempotent, then
Y(G) = vV(G) = v (G) = --- = v°(G). Hence § = v is idempotent.

(b.3) F> is the largest idempotent F-functoral.



From (b.2) it follows that F* is an F-functorial. From (4) of Proposition it follows that
F> is idempotent.

Assume that an F-functorial v is idempotent. Note that 4(G) C F(G) = FO(G). Assume
now that v%(G) C F(G). According to (F2)

v(iﬂ)(G) _ 7(7(i)(G)) C 7(15(@')(@)) C F(F(i)(G)) = F(i+1)(G).

Since 7 is idempotent, v(G) = v°(G) C F>*(G).

(¢) If v and ¢ are an F-functorial and a Frattini functorial respectively, then @ x vy is an
F-functorial and o x F = F.

(c.1) pxy satisfies (F'1) and (F2).

Directly follows from Proposition [3

(c2) o« F =F.

From ¢(G) C ®(G) it follows that ®(G/¢(G)) = ®(G)/p(G) and the following diagram is
commutative:

G—=G/e(G)

RN

G/o(G)

Let X = Soc(G/®(G)). Then F(G ) £ Y(X) and F(G/¢(G)) = f;1(X) by the defini-
tion of F. Note that gp*F)( ) = fi ~(G/cg( ))) by its definition. Hence (¢ x F)(G) =
FONNX)) = £71(X) = F(G). Thus g+ F = F.

(¢.3) ¢ * 7 is an F-functorial.

Note that F*(G)/o(G) C F*(G/¢o(G)) C v(G/¢(G)). Hence F*(G) C (¢ *v)(G). It means
that ¢ x v satisfies (F'3). From definition of x it follows that if 7, (G) C 42(G) for every group
G, then (¢ * 7)(G) C (¢ * 712)(G) for every group G. Now (¢ x7)(G) C (¢ x F)(G) = F(G).
Hence (¢ x7)(G)/P(G) C Soc(G/P(G)), i.e. ¢~y satisfies (F'4). Thus ¢ %+ is an F-functorial.

(d) The cardinality of R is continuum.

According to Cantor—Schroder—Bernstein theorem to prove this statement it is enough to
prove that there are injections from R to P(N) and from P(N) to R.

(d.1) There is an injection from R to P(N).

Let G be the set of non-isomorphic finite groups such that for every finite group H there is
unique G € G with H ~ G. It is known that G is countable. From the definition of functorial
it follows that to define an F-functorial ~ it is sufficient to define it on each member of G. For
H € G let N(H) be the set of all characteristic subgroups of H. Note that N(H) is a finite set.
Let N be the disjoint union of N(H) for all H € G. Then N is countable and every F-functorial
7 is uniquely defined by the subset {y(H) | H € G} of N. Hence there is an injection from
R to P(N). Since N is countable, there is a bijection from P(N) to P(N). Thus there is an
injection from R to P(N).

(d.2) There is an injection from P(N) to R.

Recall that the set of all primes is denoted by P. Let 7 C P and ®,(G) = O,(®(G)) (if
7w =0, then ®,(G) = 1). It is straightforward to check that ®, is a Frattini functorial.

Let m # w9 be a subsets of P. WLOG we may assume that there is a prime p € m \ ma. Let
G ~ A, be the alternating group of degree p. Note that p € 7(G). From [9] it follows that there

exists a faithful F,G-module A such that A - E — G where A £ ¢(E) and E/P(F) ~G.
Note that O, (®P(F)) = ®(F), O (®(FE)) = 1, F*(F) = ®(F) and F*(E/®(F)) ~ G. It
means that (O, x F*)(E) = ®(F) # E = ($,, x F*)(F). Hence &, x F* # &, x F*.
So there is an injection from P(P) to R. Since P is countable, we see that there is a bijection
between P(N) and P(P). Thus there is an injection from P(N) to R. O

A/_\
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Proof of Corollary[11. Directly follows from (b.2) of the proof of Theorem [I O

Proof of Corollary[1.2. Note that the set of all idempotent F-functorials is a subset of R.
According to (4) of Proposition [2 and the proof of Theorem [ (®, = F*)* is an idempotent
F-functorial. Note that in (d.2) of the proof of Theorem I (®,, * F*)((®r, x F*)(E)) = ®(E) #
E = (O xF*) (P, * F*)(E)). So (P, x F*)°(F)) = ®(F) # E = (P, x F*)*(F). Hence
for m # my functorials (®,, x F*)* and (®,, » F*)> are different. So the set of all idempotent
F-functorials contains a subset of cardinality continuum. Thus its cardinality is continuum. O

Proof of Theorem[d. Note that F*(G) = F(G) = F(G) in a soluble group G. Now the statement
of Theorem [2] directly follows from (2) and (3) of Proposition 2 O

2 [F-functorials and classes of groups

Recall that a class of groups X is called

(1) Q-closed or homomorph if every homomorphic image of an X-group is an X-group;

(2) formation if it is Q-closed and G/(M N N) € X whenG/M € Xand G/N € X;

(3) Ny-closed if from G = NM where N and M are normal X-subgroups of G it follows
that G € X.

If X is an Ny-closed class of groups with 1, then Gy = (H < G | H € X) is the largest
normal X-subgroup of G.

Proposition 4. Let v be an F-functorial and F(y) = (G | v(G) = G). Then F(v) = F(v*°) is
a {Q, No}-closed class of groups and Gy = v>*(G).

Proof. Since ~y satisfies (F'1) and (F'2), we see that §(v) is a {Q, No}-closed class of groups.
Note that v(G) = G iff 7(7(G)) = G. Hence v(G) = G iff y*°(G) = G. So F(v) = F(v™°). Now
Gsy =(HLG|HEeF(y)=(HIG|H=~>(H)) Cy>(G) by (£2). From v>*(v*(G)) =
7>°(G) it follows that v*°(G) € F(v). Hence v*(G) C Gg(y). Thus v°(G) = G- O

Recall that a formation § is called saturated if from G/®(G) € §F always follows G € §.

Theorem 3. Let § be an Ny-closed formation.

(1) If § is saturated and F(G) C Gz C F(G) holds for every group G, then § = N is a
formation of all nilpotent groups.

(2) If F*(G) € Gz C F(G) holds for every group G, then § = M* is a formation of all

quasinilpotent groups.

Proof. (1) From F(G) C Gy for every group G it follows that 91 C §. Assume that § \ 91 # 0.
Let chose a minimal order group G from § \ 1. Since § and I are saturated formations, we
see that ®(G) = 1 and G has a unique minimal normal subgroup. From F(G) C G5 C F(G) it
follows that G = Soc(G) is a non-abelian group. From [9] it follows that there exists a faithful

F,G-module A for a p € n(G), such that A — E — G where A £ O(F) and E/P(E) ~ G.
Hence F € §.

Since A is a faithful F,G-module and G is a non-abelian simple group, we see that there
is a chief factor N/K of E below ®(F) with F/Cg(N/K) ~ G. Note that H = (N/K) %
(E/Cg(N/K)) € § by [3, Corollary 2.2.5]. Since N/K is the unique minimal normal subgroup
of H, we see that F(H) ~ N/K < H = Hg, a contradiction. Thus 9t = §.

(2) From F*(G) C Gy for every group G it follows that 91* C §. Assume that F\ 9T° # (.
Let chose a minimal order group G from § \ OM*. It is clear that G = G5 = F(G). Since § and
M* are formations, we see that G has a unique minimal normal subgroup N. If ®(G) = 1, then
G = Soc(G) € MN*, a contradiction. Hence N < ®(G) and N is a normal elementary abelian
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p-subgroup of G for some prime p. By our assumption G/N € M*. If Cq(N) = G, then G is
quasinilpotent by the definition of a quasinilpotent group, a contradiction. Thus Cg(N) # G.
Now N is a unique minimal normal subgroup of H = N x (G/Cg(N)) and H € § by [3,
Corollary 2.2.5]. Note that ®(H) = 1. Hence F(G) = N and Hy = H, the contradiction. Thus
N =3. O]

Corollary 3.1. If §(v) is a formation, then §(v) = IN*.

Recall that the Frattini subgroup is the intersection of all maximal subgroups. The Jacobson
radical is the analog of the Frattini subgroup in the ring theory. It is the intersection of all
maximal (right) ideals. Note that the concept of ideal in the ring theory corresponds to the
concept of normal subgroup in the group theory. Here we proved:

Theorem 4. A group G = F(G) iff the intersection of all maximal normal subgroup of G
coincides with ®(G).

Proof. Let M(G) be the intersection of all (proper) maximal normal subgroups of G.

(a) M(G) = ®(G) =1 iff G = Soc(G).

Assume that M(G) = ®(G) = 1 and G has a not irreducible indecomposable direct multi-
plier K. Let N be a minimal normal subgroup of G and N < K. From M(G) = &(G) =1
it follows that there is a maximal normal subgroup M of G with N £ M. Note that
NNM =1 From M < MN < G it follows that MN = G. So G = N x M. Thus
K=GNK=NMNK=NMnNK)=N x(MnNK), a contradiction.

Assume now that G = Soc(G). Note that ®(G) = 1. Since every minimal normal subgroup
is a direct product of simple groups, we see that GG is a direct product of simple groups. Not
that if we take all multipliers in this product except one, then we obtain a maximal normal
subgroup of G. The intersection of all such subgroups is 1.

(b) M(G/®B(G)) = M(G)/D(G).

Note that M is a maximal normal subgroup of G if M/®(G) is a maximal normal subgroup
of G/®(G). Thus M(G/®(G)) = M(G)/P(G).

Let prove the main statement of the theorem. If M(G) = ®(G), then M(G/P(G)) =
O(G/P(G)) ~ 1 by (b). So G/P(G) = Soc(G/P(G)) by (a). Thus G = F(G).

If F(G) = G, then F(G)/®(G) = Soc(G/®(G)). Hence M(G/®(G)) = ®(G/P(G)) ~ 1 by
(a). Thus M(G) = ®(G) by (b). O

3 A construction of F-functorials

Recall that the Fitting subgroup is the intersection of centralizers of all chief factors. For a
chief factor H/K of G the subgroup CL(H/K) = HCg(H/K) is called an inneriser (see [3|
Definition 1.2.2]). It is the set of all elements of G that induce inner automorphisms on H/K.
From the definition of the generalized Fitting subgroup it follows that it is the intersection of
innerisers of all chief factors. In this section we will obtain the similar characterization for some
F-functorials.

Theorem 5. Let ¢ be a Frattini functorial that satisfies: H/K £ ¢o(G/K) for every chief
factor H/K of G with ¢(G) < K < H < ®(G). Then

(px F7)(G) = N Co(H/K).

H/KZLp(G/K) is a chief factor of G

Corollary 5.1. Let G be a group. Then



F(G) = N HCu(H/K) and
H/K is a non-Frattini chief factor of G

(®rF)(G) = N HCG(H/K).

H/KLOA(®(G/K)) is a chief factor of G
We need the following lemma in the proof of Theorem [l

Lemma 1. Let H/K and M/N be G-isomorphic chief factors of a group G. Then C5L(H/K) =
CE(M/N).

Proof. Since H/K and M/N are G-isomorphic chief factors of G, we see that Co(H/K) =
Ce(M/N) =C. If H/K is abelian, then C = C(H/K) = C&(M/N). Assume now that H/K
is non-abelian. Note that K < C' and N < C. Since H/K and M/N are non-abelian chief
factors of GG, we see that HNC = K and M NC = K. Now

CL(H/K)/C = HC/C ~ H/K ~ M/N ~ MC/C = C5(M/N)/C.

Note that G/C has a unique minimal normal subgroup L/C and L/C ~ H/K. It means that
CLH/K)/C =L)C =CE(M/N)/C. Thus CL(H/K) = C&(M/N). O

Proof of Theorem[d. Denote

D= N CL(H/K).

H/KZp(G/K) is a chief factor of G

Let H/K £ ¢(G/K) be a chief factor of G. If (¢ x F*)(G)K N H = K, then H/K and
(px F*)(G)K/K permute elementwise. So

(6 +F")(G) < Ca(H/K) < HCo(H/K) = C4(H/K).

Suppose now (¢ * F*)(G)K N H # K. Then H/K < (¢ *F*)(G)K/K.
Assume that H N Kp(G) = H. Then Hp(G) = Kp(G) and

H/K C Hp(G)/K = p(G)K/K C o(G/K),

a contradiction.

Hence chief factors Ho(G)/(K¢(G)) and H/K are G-isomorphic. By Lemma [l we have
CiL(H/K) = CEL(He(G)/(Ke(@Q))). Now (pxF*)(G)K/(Kp(G)) is a quasinilpotent group and
Ho(G)/(Ke(Q)) < (¢*xF*)(G)K/(Kp(G)). Since Hp(G)/(K¢(G)) is a chief factor of G and
(px F*)(G)K < G, we see that Hp(G)/(Kp(G)) is the product of minimal normal subgroups
of a quasinilpotent group (¢ x F*)(G)K/(K(G)). Now every element of K (¢ *F*)(G) induces
an inner automorphism on Ho(G)/(K¢(G)). So

(e x F)(G) < (px F')G)K = Ho(G)Clpurry )k (He(G) /(K p(G)))
SHw(G)CG(Hw( )/ (Kp(G)))-

Hence (¢ x F*)(G) < D.
Let
D, = N HCG(H/K).
H/K is a non-Frattini chief factor of G
It is clear that ®(G) € Dy and D C D;. Note that every element of D;/®(G) induces an
inner automorphism on every G-composition factor of Soc(G/®(G)) and Soc(G/P(G)) is the
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product of minimal normal subgroups of G/®(G). Thus every element 2®(G) € D;/P
induces an inner automorphism on Soc(G/®(G)). So there exists y®(G) € Soc(G/P(G)

5 G)) s
that zy~'®(G) acts trivially on Soc(G/®(G)). From Cg/¢(g)(F(G/<I>(G))) F(G/® G))
(G

I w\_/

! (
/®( )
Soc(G/®(G)) it follows that zy~'®(G) € Soc(G/P(G)). Hence Dy/®(G) C Soc(G/ )

> (
F(G/®(G)). Thus D C Dy C F(G).
Now G has the following normal series

1<p(G)<d(G)<IDAFG) <G,

Since F(G)/®(G) = Soc(G/®(G)) and &(G/P(G)) ~ 1, we see that H/K £ ¢(G/K) for
every chief factor of G between ®(G) and D. Note that the same holds for every chief factor
of G between ¢(G) and ®(G). Consider the chief series of G between ¢(G) and D such
that it contains ®(G). Let N/M be a chief factor of it. Then D = NCg(N/M)ND =
N(DNCg(N/M)) = NCp(N/M). So every element of D induces an inner automorphism on
N/M. Hence D/p(G) has a normal series such that every element of D/¢(G) induces an inner
automorphism on every its factor. Thus D/¢(G) is quasinilpotent by [11, X, Lemma 13.1], i.e
D < (¢ +F*)(G). Thus (¢« F*)(G) = D. O

Proof of Corollary[Zd. Recall [7] that ® « F* = F. Now the first part of Corollary 5.1 directly
follows from Theorem Bl Note that O, satisfies (F'1) and (F2). Now it is clear that O,(®(G)) is
a Frattini functorial. Since ®(G) is nilpotent, we see that ®(G)/O,(P(G)) is a n’-group. Hence
H/K £ 0,(®(G/K)) ~ 1 for every chief factor H/K of G with O,(®(G)) < K < H < ®(G).
Thus the second part of Corollary [5.1] directly follows from Theorem [l O

4 The generalizations of the Fitting height

One of the important invariants of a soluble group G is its Fitting height h(G). This invariant
is defined with the help of the Fitting subgroup. E.I. Khukhro and P. Shumyatsky [12, [13]
defined the generalized Fitting height h*(G) of a group G with the help of the generalized
Fitting subgroup. They studied this height of factorized groups. Here we introduce the height
h(G) of a group G which corresponds to a given F-functorial .

Definition 4. Let v be a functorial with v(G) > 1 for every non-unit group G. Then the ~-
series of G is defined starting from ) (G) = 1, and then by induction v(4.1)(G) = (e *7)(G)
is the inverse image of v(G/v:(G)). The least number h such that v (G) = G is defined to
be y-height h.(G) of G.

Since 1 # F*(G) C 7(G) for any G # 1 and F-functorial 7, we see that the 7-height is
defined for any F-functorial v. Note that if G is a soluble group and ~ is an F-functorial, then
h.(G) = h(G) is the Fitting height of G. If v = F*, then h.(G) = h*(G).

Theorem 6. Let v be an F-functorial. Then hi(G) < hy(G) < 2hi(G) for any group G. For
any natural n there exists a group H with hy(H) =n and h*(H) = 2n.

Proof. Let v be an F-functorial. Since ®(G) and Soc(G/®(G)) are quasinilpotent, we see that
1(G) < F(G) < Fiy (G) < 4 (G). Now (G < Finy(G) < Yam(G). Hence if F)(G) = G,
then v(,)(G) < G and v(2,)(G) = G. It means hi(G) < hy(G) < 2he(G).

Let K be a group, K; be isomorphic to the regular wreath product of A5 and K. Note that
the base B of it is the unique minimal normal subgroup of K; and non-abelian. According
to [9], there is a Frattini F3Kj-module A which is faithful for K; and a Frattini extension

A Ky — K such that A = (k) and Ky/®(K>) ~ K.
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Let denote K5 by f(K). Now f(K)/F(f(K)) ~ K. From the definition of hg it follows that
R (E() = hp(K) + 1.

Note that ®(f(K)) C F*(f(K)). Assume that ®(f(K)) # F*(f(K)). It means that
F*(f(K)) = F(f(K)) is quasinilpotent. By [I1, X, Theorem 13.8] it follows that ®(f(K)) C
Z(F*(f(K))). It means that 1 < B < Ck,(A). Thus A is not faithful, a contradiction.

Thus ¢(f(K)) = F*(f(K)) and f(K)/F*(f(K)) ~ K;. Since K; has a unique mini-
mal normal subgroup B and it is non-abelian, we see that F*(K;) = B. It means that
f(K)/F (£(K)) = K. From the definition of h* it follows that h*(f(K)) = h*(K) + 2.

As usual, let fO(K) = f(K) and fO*)(K) = f(f?(K)). Then hz(f™ (1)) = n and
h* (£ (1)) = 2n for any natural n. O

Recall [2] Definition 4.1.1] that a group G is called a mutually permutable product of its
subgroups A and B if G = AB, A permutes with every subgroup of B and B permutes with
every subgroup of A. The products of mutually permutable subgroups is the very interesting
topic of the theory of groups (see [2, Chapter 4]). The main result of this section is

Theorem 7. Let a group G be the product of the mutually permutable subgroups A and B.
Then max{h*(A), h*(B)} < h*(G) < max{h*(A),h*(B)} + 1.

Corollary 7.1. Let a soluble group G be the product of the mutually permutable subgroups A
and B. Then max{h(A),h(B)} < h(G) < max{h(A),h(B)} + 1.

Example 1. Note that the symmetric group S3 of degree 3 is the mutually permutable
product of the cyclic groups Zy and Zs of orders 2 and 3 respectively. Hence h*(S;) =
max{h*(Zs), h*(Z3)} + 1 = max{h(Zs), h(Z3)} + 1.

The proof of Theorem [7]is rather complicated and require several steps. Some of them hold
not only for A*. At first we will study the products of normal subgroups.

Theorem 8. Let v be a functorial with v(G) > 1 that satisfies (F'1) and (F2).

(1) If G = x, A; is the direct product of its normal subgroups A;, then h(G) = max{h.(A;) |
1 <i<n}.

(2) Let G = (A; | 1 < i < n) be the join of its subnormal subgroups A;. Then h,(G) <
max{h,(A4;) | 1 < <n}. If v satisfies (F'5), then h,(G) = max{h,(4;) | 1 <i<n}.

Proof. Note that v, satisfies (F'1) and (F2) for every n by Proposition [3

(1) From (1) of Proposition @it follows that if G = x}_; A;, then 74, (G) = X} y(n)(Ai). It
means that h,(G) = max{h,(4;) | 1 <i <n}.

(2) Assume that G = (A4; | 1 < i < n) is the join of its subnormal subgroups A;, hy
max{h,(A4;) | 1 < i < n} and hy = h,(G). Since 7 satisfies (F'2), we see that () (V)
Yn)(G) for every subnormal subgroup N of G' and every n. Now

(Nl

G=(Ai[1<i<n)=(yn)(d)|1<i<n) Syn(G) CG.

Hence vy(,,)(G) = G. It means that hy < hy.

Suppose that v satisfies (F'5). Now ~y, satisfies (F5) for every n by Proposition Bl Since
Yy satisfies (F2) and (F'5), we see that v(,)(G) NN = y(n)(IV) for every subnormal subgroup
N of G. Now A; = A;iNG = A; N Yno) (G) = V(o) (Ai). It means that h,(A;) < hy for every i.
Hence h; < hy. Thus hy = hs. O

Corollary 8.1. Let G = (A; | 1 < i < n) be the join of its subnormal subgroups A;. Then
h*(G) = max{h*(4;) | 1 <i<n}.
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Example 2. Let £ ~ Aj;. According to (2) of the proof of Theorem [ there is an F5 E-module
V such that R = Rad(V) is a faithful irreducible F5FE-module and V/R is an irreducible
trivial FsF-module. Let G = V X\ E. Now ®(G) = R by [4, B, Lemma 3.14]. Note that
G/®(G) = G/R ~ Zs x E. So F(G) = F*(G) = G and ha(G) = hieo(G) = 1. Note
that G = V(RE) where V and RE are normal subgroups of G. Since V is abelian, we see
that hz(V) = hp(V) = 1. Note that R is a unique minimal normal subgroup of RE and
®(RE) = 1. It means that F(RE) = F*(RE) = R and hz(RE) = hgo(RE) = 2. Thus
hi(G) < max{hs(V), hg(RE)} and hieo (G) < max{hze(V), hpeo (RE)}.

Let § be a formation. Recall that the §-residual of a group G is the smallest normal
subgroup G¥ of G with G/G% € 3.

Lemma 2. If H # 1, then h*(H™) = h*(H) — 1.

Proof. Let prove that if H # 1, then h*(H ) = h*(H) — 1. Let h*(H) = n and h*(H") = k.
Then F{, ,)(H) < H and H/F{, ,)(H) is quasinilpotent. It means that HY < Fi, ) (H).
Since FY, ) satisfies (F'5), we see that I (H™) = H". Hence k <n — 1.

(n—1)
Note that H = Fz‘k)(Hm*) < Fiyy(H). It means that H/F; (H) is quasinilpotent. Hence

(
k>n—1. Thusk=n—1. OJ

The next step in the proof of Theorem [7 is to study mutually permutable products of
quasinilpotent subgroups. We will need the following definitions and results in the proof.

A chief factor H/K of G is called X-central in G provided (H/K) x (G/Cs(H/K)) € X
(see [20, p. 127-128] or [10, 1, Definition 2.2]). A normal subgroup N of G is said to be
X-hypercentral in G if N =1 or N # 1 and every chief factor of G below N is X-central. The
symbol Zx(G) denotes the X-hypercenter of G, that is, the product of all normal X-hypercentral
in G subgroups. According to [20, Lemma 14.1] or [10, 1, Theorem 2.6] Zx(G) is the largest
normal X-hypercentral subgroup of G. If X = 91 is the class of all nilpotent groups, then
Zn(G) = Z(G) is the hypercenter of G.

If §,9,8 # 0 are formations, then §9 = (G | G® € §) is a formation, G¥ = (G")¥ and
(9H)R = F(HKR) [4 TV, Theorem 1.8]. That is why the class (91*)" = D" ... IN" is a well defined

n
formation.

Lemma 3. Let n be a natural number. Then (9*)" = (G | *(G) < n) = (G | G = Zymn (G)).

Proof. 1t is well known that the class of all quasinilpotent groups is a composition (or Baer-
local, or solubly saturated) formation (see [3, Example 2.2.17]). According to [20, Theorem 7.9]
(91)" is a composition formation. Now (M*)" = (G | G = Zy+)»(G)) by [10, 1, Theorem 2.6].

From Lemma [ it follows that if G € (G | h*(G) < n), then G™)" = 1. It means
that (G | h*(G) < n) C (M*)". Assume that there is a group G € (M*)" with A*(G) > n.
Then A*(G™)") > 0 by Lemma It means that G™)" # 1, a contradiction. Therefore
(D) C (G | h*(G) < n). Thus ()" = (G | h*(G) < n). O

Lemma 4. If a group G = AB is a product of mutually permutable quasinilpotent subgroups A
and B, then h*(G) < 2.

Proof. To prove this lemma we need only to prove that if a group G = AB is a product of
mutually permutable quasinilpotent subgroups A and B, then G € (M*)? by Lemmal3l Assume
the contrary. Let G be a minimal order counterexample.

(1) G has a unique minimal normal subgroup N and G/N € (M*)2.

Note that G/N is a mutually permutable product of quasinilpotent subgroups (AN/N) and
(BN/N) by [2, Lemma 4.1.10]. Hence G/N € (9*)? by our assumption. Since (91)? is a
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formation, we see that G has a unique minimal normal subgroup. According to [2, Theorem
4.3.11] A¢Bg # 1. WLOG we may assume that G has a minimal normal subgroup N < A.

(2) N<ANB.

Suppose that NN B =1. Then A < Cg(N) or B < Cg(N) by [2, Lemma 4.3.3(5)]. If A <
Cg(N), then N x G/Cg(N) ~ N x B/Cp(N) € (M*)?. If B < Cg(N), then N x G/Cg(N) ~
N x A/C4(N) € (M*) C (91%)? by [3, Corollary 2.2.5]. In both cases N < Zn«)2(G). It means
that G € (M*)?, a contradiction. Now NN B # 1. Hence N < AN B by [2, Lemma 4.3.3(4)].

(3) N is non-abelian.

Assume that N is abelian. Since A is quasinilpotent, we see that A/C4(N) is a p-group.
By analogy B/Cg(N) is a p-group. Note that A/C4(N) ~ AC(N)/Cq(N) and B/Cp(N) =~
BCg(N)/Cs(N). From G = AB it follows that G/Cg(N) is a p-group. Since N is a chief
factor of G, we see that G/Cq(N) ~ 1. So N < Z(G) < Zw12(G). Thus G € (MN*)?, a
contradiction. It means that N is non-abelian.

(4) The final contradiction.

Now N is a direct product of minimal normal subgroups of A. Since A is quasinilpotent, we
see that every element of A induces an inner automorphism on every minimal normal subgroup
of A. Hence every element of A induces an inner automorphism on N. By analogy every
element of B induces an inner automorphism on N. From G = AB it follows that every
element of G induces an inner automorphism on N. So NCg(N) = G or G/Cs(N) ~ N. Now
N x (G/Ca(N)) € (O*)%. It means that N < Zgy2(G). Thus G € (9*)? and h*(G) < 2, the
final contradiction. O

Let v be an F-functorial. Now we are ready to give some bounds on the ~-height of a
mutually permutable product.

Theorem 9. Assume that v satisfies (F'1), (F2) and (F3). If a group G = AB is the mutu-
ally permutable product of its subgroups A and B, then h,(G) < max{h,(A™), h,(B™)} + 2.
Moreover, if v satisfies (F'5), then max{h.,(A™ ), h.(B™)} < h,(G).

Proof. From (2) of Proposition 2 it follows that F*(G) C v(G) for every group G. It means
that h,(G) < h*(G) holds for every groups G.

Let a group G = AB be the product of mutually permutable subgroups A and B. Note
that A’ and B’ are subnormal in G by [2, Corollary 4.1.26]. Since H™ < H’ holds for every
group H, subgroups A" and B™ are subnormal in G. Let C' = (A" B¢ = ({(A™)* |z €
G} U{(B")* | x € G}). Then by (2) of Theorem §

hy(C) < max {{(hy(A™)") | 2 € GYU{(hy(B™)") | @ € G}} = max{h,(A™), b, (B™)}.

Now G/C = (AC/C)(BC/C) is a mutually permutable product of quasinilpotent subgroups
AC/C and BC/C by [2, Lemma 4.1.10]. It means that h,(G/C) < h*(G/C) < 2 by Lemma @l
Thus h,(G) < hy(C) + h,(G/C) < max{h,(A"), h,(B™)} + 2.

Assume that v satisfies (F'5). Now 7, satisfies (F'5) for all n by Proposition Bl It means
that h,(G) > h,(C) = max{h,(A™), h,(B™)}. O

Lemma 5. Let N be a normal subgroup of a group G. If N is a direct product of isomorphic
simple groups and h*(G/Cg(N)) < k — 1, then Fj; (G/N) = Fy, (G)/N.

Proof. Assume that h*(G/Cs(N)) < k —1. Let F/N = Fj,(G/N). Then Fj, (G) C F.
Now F/C%(N) =~ FCkL(N)/CL(N) < G/C%(N). Hence h*(F/Ci(N)) < k — 1. It means
that h*(F/Cr(H/K)) < k — 1 for every chief factor H/K of F below N. Hence (H/K) x
(F/Cp(H/K)) € (91*)* for every chief factor H/K of F below N. It means that N < Z gy (F).

Thus F € (M)* by Lemmal So F C Fj, (G). Thus Ff, (G) = F. O
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Proof of Theorem[]. If A = 1 or B = 1, then there is nothing to prove. Assume now that
A/ B # 1. Now h*(A") = h*(A) — 1 and h*(B") = h*(B) — 1 by Lemma Note
that max{h*(A™), h*(B™)} = max{h*(A),h*(B)} — 1. From Theorem [ it follows that
max{h*(A),h*(B)} — 1 < h*(G) < max{h*(A),h*(B)} + 1.

Assume that a group G = AB is a minimal order mutually permutable product of groups
A and B with h*(G) < max{h*(A), h*(B)}. WLOG we may assume that h*(A4) > h*(G) and
h*(A) > h*(B). Since max{h*(A),h*(B)} — 1 < h*(G), we see that h*(A) = h*(G) + 1.

Let N be a minimal normal subgroup of G. Then NN A € {N,1} by [2, Lemma 4.3.3(4)].

Assume that NNA = 1. Now G/N = (AN/N)(BN/N) is a mutually permutable product of
groups AN/N and BN/N by [2 Lemma 4.1.10]. By our assumption and h*(G) > h*(G/N) >
h*(AN/N) = h*(A), a contradiction. Hence NN A = N for every minimal normal subgroup N
of G. Note that N < F*(A).

Now h*(G) +1 = h*(A) > h*(G) > h*(G/N) > h*(A/N) > h*(A) — 1. It means that
h*(G) = h*(A/N) = h*(A) — 1. If G has two minimal normal subgroups N; and N,, then
h*(A/Ny) = h*(A/Ny) = h*(A) — 1. It means h*(A) < h*(A) — 1 by Lemma[3] a contradiction.
Hence G has a unique minimal normal subgroup N.

Assume that h*(A/C3(N)) < h*(A) — 1. Then F{. 4 ) (A/N) = Fl._h(A)/N <
A/N by Lemma It means that h*(A) = h*(A/N). Since G/N = (A/N)(BN/N) is a
mutually permutable products of groups A/N and BN/N by [2, Lemma 4.1.10], we see that
h*(G) > h*(G/N) > h*(A/N) = h*(A) > h*(G) by our assumption, a contradiction. Hence
W(AJCH(N)) = h*(A4) — 1

Since G/CE(N) = (ACE(N)/CE(N))(BCE(N)/CE(N)) is a mutually permutable products
of subgroups ACE(N)/CE(N) and BCEL(N)/CE(N) by [2, Lemma 4.1.10] and A/C%(N) ~
ACE(N)/C4(N), we see that h*(G/CE(N)) > h*(A/CL(N)) = h*(A) — 1 by our assumptions.
Note that F*(G) < CL(N). Now h*(G)—1 = h*(G/F*(G)) > h*(G/CE(N)) > h*(A/CL(N)) =
h*(A) — 1. It means that h*(G) > h*(A), the final contradiction. O

5 Some applications of F-functorials

Recall [22] that a subgroup H of G is called R-subnormal if H is subnormal in (H, R). In
[14], 15, 16, 22] the products of R-subnormal subgroups were studied for R € {F(G),F*(G)}.
It was shown that if G is the product of two nilpotent (resp. quasinilpotent) F(G)-subnormal
(resp. F*(G)-subnormal) subgroups, then it is nilpotent (resp. quasinilpotent).

Theorem 10. The following holds:
(1) A group G is nilpotent if and only if every mazimal subgroup of G is F(G)-subnormal.
(2) Assume that § is a Q-closed class of groups which contains every group whose maximal
subgroups are F*(G)-subnormal. Then § is the class of all groups.

Proof. Let G be a nilpotent group. It is clear that every maximal subgroup of G is F(G)-
subnormal.

Conversely. Assume the theorem is false and let a group G the the minimal order coun-
terexample.

Assume that ®(G) # 1. Since F(G/®(G)) = F(G)/®(G), we see that every maximal
subgroup of G/®(G) is F(G/®(G))-subnormal. So G/®(G) is nilpotent. Now G is nilpotent, a
contradiction.

Assume that ®(G) = 1. Then F(G) = Soc(G). Let M be an abnormal maximal subgroup
of G. Since M is F(G)-subnormal maximal subgroup, we see that M < MF(G). Hence
F(G) € M. It means that F(G) < A(G), where A(G) is the intersection of all abnormal
maximal subgroups of G. From ®(G) = 1 and Gaschiitz result (see [10, 1, Corollary 2.36]) it
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follows that F(G) C Z(G). Since Cq(F(G)) € F(G), we see that G C F(G) € Z(G). Thus G is
nilpotent, the contradiction.

(2) Let G be a group. Then F*(f(G)) = ®(f(G)) (see the proof of Theorem [B)). Now all
maximal subgroups of f(G) are F*(f(G))-subnormal. Hence f(G) € §. Since § is Q-closed, we
see that G ~ f(G)/F(f(G)) € §. Thus § is the class of all groups. O

Theorem 11. The following statements for a group G are equivalent:

(1) G is nilpotent;

(2) Every abnormal subgroup of G is F*(G)-subnormal subgroup of G;
(3) All normalizers of Sylow subgroups of G are F*(G)-subnormal;
(4) All cyclic primary subgroups of G are F*(G)-subnormal;

(5) All Sylow subgroups of G are F*(G)-subnormal.
Proof. (1) = (2). Let G be a nilpotent group. It is clear that every subgroup of G is F*(G)-
subnormal. Hence (1) implies (2).

(2) = (3). It is well known that all normalizers of Sylow subgroups are abnormal. Therefore
(2) implies (3).

(3) = (4). Every cyclic primary subgroup H of G is contained in some Sylow subgroup P
of G. So H << P 4 Ng(P) << Ng(P)F*(G). Hence H <4< Ng(P)F*(G). In particular, H is
subnormal in HF*(G). Hence (3) implies (4).

(4) = (5). Let P be a Sylow subgroup of G and € P. Then (z) is the F*(G)-subnormal
subgroup. So (z) << (z)F*(G). Note that (z) I< P. Since (z) < PN (z)F*(G), by [2,
Theorem 1.1.7] (x) is the subnormal subgroup in the product P({z)F*(G)) = PF*(G). Since
P is generated by its cyclic subnormal in PF*(G) subgroups, we see that P <4< PF*(G). So
(4) implies (5).

(5) = (1). Let P be a Sylow subgroup of GG. Since P is pronormal subnormal subgroup of
PF*(@G), we see that F*(G) < Ng(P) by [4, I, Lemma 6.3(d)]. Now F*(G) lies in the intersection
of all normalizers of Sylow subgroups of G. So F*(G) C Z..(G) by [1}, 5, Corollary 3]. Note that
G™ < Cq(Zo(G)) by [1, 4, Claim (10)]. From Cg(F*(Q)) C F*(G), we see that G < Z.(G).
It means that G is nilpotent. U
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