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Awnnoranus. [Tonrpynna H komeuwnoii rpynnsl G HazeiBaercs P-cybropmanvrot B G,
ecsim H nub6o coBnasaer ¢ rpynmnoii G, ub0 ee MOXKHO COEIMHHUTH C rpynnoil G Ienbro
MIO/ICPYTI C TPOCTBIMU MHAEKCaMu. Fcym mobas criioBckas moarpynna rpynnsl G siBis-
ercst P-cybropmasnbaoil B G, To G Ha3bIBAETCS W-Cc8eprpadpeutumoli epynnot. Ilomydensr
cBoiicTBa P-cy6HOPMAILHBIX MOAIPYIII U CBOWCTBA I'PYIIN, KOTOPBIE SABJISAIOTCHA TPOU3BE-
JIeHreM JBYX cBouX P-cyGHOPMAaJIBHBIX TIOArPYIII, B 9aCTHOCTH, CBOUX P-CyOHOPMAJIBHBIX
W-CBEPXPa3PENIUMbIX TOIPYIIIL.

KuroueBbie cjioBa: KOHeYHasl Ipylina, P-cyGHOpMaJibHAs MOArPYIINa, W-CBeEpXpas3pe-
mIuMasi IpyIa, IPOU3BeJeHNne IOArPYIII.

1. BBenenue

B pabore paccmaTpmBaroTCst TOJNBKO KOHEUHBIE Tpynmnbl. CTpoeHme TPYIIIbI,
dakTopuzyemoii 1ByMsl IUKJINIECKUME HOArPYyIaMu, upuseaero B [1, ri. 6, §10].
IIponomkast mauuble nccieposanus, JI. C. Kasapun [2] Hauan nsyuenne crpoenust
rpyunbl G, npejgcrasumoii B Buje G = X1 X5 ... X, rae X; — NUKJIMIecKasi TPYIIa
qutst moboro @ = 1,2, ... ,nm X;(X1Xe. .. Xo1) = (XaXe. .. X;—1)X; nuist Beex ¢ >
1. Oxn namen Bce HeabesleBbl KOMIIO3UITMOHHBIE (aKTOPHI rpymnnbl (G, obragaromeit
pagom nomarpynn 1 = Xog € X; C -+ C X, = G, toe |X; : X;-1| — upocroe
qUCI0 st Beex ¢ = 1,...,n. OTMeTnM, 9TO JaHHAS IEIb HAUNHACTCS C €IUHIIHON
noarpynmnsl Xo. B cBsiau ¢ atum B [3] BBEIEHO CaleyIonee ecTeCTBEHHOE

OnPEAENEHUE 1. Iloarpynmna H rpynnsl G HasbiBaercs: P-cybropmanvroti 6 G
(o6oznauaercs uepes H P-snG), ecan qub6o H = G, mmbo cymecTByeT Nelb 101
rpymn H = Hy C Hy C --- C H,—1 C H,, = G rakas, aro |H; : H;_1| — upocroe
qucso it aroboro i = 1,...,n.

BosHukaer 3aj1ad4a u3ydeHus TPYII, y KOTOPBIX KaxKJas MOArPYIIIa U3 3a/1aH-
HOIl CHCTeMBbI TOAIPYIII siBjisieTcss P-cybHOpMaJsbHOil. 11oCcKOIBbKY CTpoeHne CUJIOB-
CKUX TOArpyHI Ipynmbl G ¥ UX BJIOXKEHUE B JAHHYIO IPYIIY B 3HAYUTEIBLHON Me-
pe ompesiesisieT CTPYKTYpy Tpymibl (G, €CTECTBEHHO B KAYeCTBE CUCTEMbI ITOIPYIIIT
paccMaTpuBaTh MHOXKECTBO BCEX €€ CHJIOBCKUX TOArpyni. s uzydeHus: nanHON
curyarun B [3] BBEIEHO

ONPEAEJEHUE 2. Ipynna G HasblBaeTcs pacwuperto ceeprpaspewsumoli (Kpat-
KO W-C8epIpa3pewumots), ecim Jobasi CUIOBCKasi TOATrPYNIa rpynnsbl G siBJsleTCs
P-cy6nopmasibHOit B G.

Kiacc w-cBepxpaspemmumbix rpynm obo3nadaercs depe3 wil. 3amerum, 9ITO
Kiacc {4 Bcex cBepxpasperuMbix rpymin cogepzkurca B wil. B [3] upusemen npumep,
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[TOKA3BIBAIOIININ, 4TO 0OpaTHOE BKJIIOUYEHNE HeBepHO. Kak IpaBuiio, pOU3BeIeHIe
JIBYX DY U3 33]AHHOTO KJIACCa He ABJISeTCS IPYIINON 3 9TOr0 XKe Kjaacca. B gact-
HOCTH, XOPOIIO M3BECTHO, UYTO MPOU3BEIEHUE IBYX HOPMAJBHBIX CBEPXPA3PEITNMBIX
HOJIPYIII He BCET/Ia SIBJISIETCSI CBEPXPA3PeInMoit rpymmoit. Bap B [4] gokazan ceepx-
paspemuMocTb rpynnbl G B ciiydae, Korja G ecTh IIPOU3BeIeHNE JIBYX HOPMAJIbHBIX
CBEPXPA3PEIINMbIX TIOJIPYII 1 UMeeT HUIBIIOTEHTHBI KoMMyTaHT. B [5, ru. 4, Teo-
pema 3.4] mokazano, 4o ecsiu rpyima G ABJSETC IPOU3BEICHUEM JBYX HOPMAJIbHBIX
CBEPXPA3PENIMMBIX TOATPYII B3ANMHO MIPOCTHIX HHIEKCOB, TO (G CBEpXpa3pennMma.
Bo muorux pab6orax, B wacrnoctu B [6—-10|, ocsabienne HOHATHI HOPMAJIbHOCTH
U CBEPXPA3PENIUMOCTH [TO3BOJIMIIO MIOJIYYUTh HEKOTOPhIE aHAJIOIMYHBIE PE3YJIBTATHI.
B cuny coorHomenumit Mexkny kKaaccamu U m wil eCTeCTBEHHO PacCMOTPETh aHAJIO-
rugnble (HaKTOPU3ANUOHHBIE 3a1a4un B Oosee mmpokoMm kiacce wil. Jlannas pabo-
Ta ABJIIETCS IPOJOJKEHIEM UCCJIeI0BaHull, HaYaThIX aBropamu B [3|. B meit usy-
9al0TCs CBONCTBA TPYII, IPEJICTABUMBIX B BHje Ipou3BeeHust P-cyOHOpMAaIbHBIX
W-CBepXpas3pemmuMbix moarpymi. ClieicTBUEM TOJYIYEHHBIX TEOPEM SIBJISIETCS Psii]
XOPOIIIO U3BECTHBIX PE3YJIbTATOB O (DAKTOPUBAIMAX CBEPXPA3PEITUMBIMU TOATPYII-
[IaMHU.

2. IlpeaBapurtesibHbIE PE3YJIbTATHI

Ucronib3ytorest crangapTHbie 0003HAYEHUSI U TEPMUHOJIOTHS, TIPU HEOOXOIUMO-
cru cM. [11,12]. HamoMHAM HEKOTOpPBIE NOHSITHsI, CYIIIECTBEHHBIE B JaHHON paboTe.

Yepes |G| ob6o3nagaercs nopsagok rpyunsl G; 7(G) — MHOKECTBO BCEX pa3jmnd-
HBIX IPOCTHIX slesuTeneii nopsiaka rpynnst G; Coreg (M) — simpo noarpynust M B G,
T. €. IepecedeHre BCeX MOArpym, coupsizkeHHbx ¢ M B G; O,(G) — nanbosbinas
HOpMaJIbHasl P-ToArpynna rpymnsl G ist HeKOToporo mpocroro uucia p; F(G) —
monrpynmna Purrunra rpynnsl G, T. €. TPOU3BEJEHUE BCEX HOPMAJbHBIX HUJIBIIO-
TeHTHBIX moArpymn rpynusl G, u F,(G) — p-HmIbmoTeHTHBIN pagukal rpynnsl G,
T. €. MPOU3BEJICHNE BCEX HOPMAIbHBIX P-HUJIBIIOTEHTHBIX TOArPYII TPyl G.

I'pynna G nopsiaga py'ps?...pSm (p; — mpocroe umeso, ¢ = 1,2,...,m) Ha-
3piBaercs ducnepcushot no Ope [11, c. 251], ecoiu p1 > po > --+ > p, u G umeer
HOPMAaJIBHYIO IOATPYIITY MOopsaka py'ps? ... pyt s moboro ¢ = 1,2,...,n.

Ucnonwb3ytores ciemytormue obo3nadenns: S — KIacc BCEX PA3PEITUMBbIX TDYIII;
il — kutacc Bcex cBepxpasperumbix rpymir; A(p — 1) — kiace Becex abesieBbIX TPy
9KCIIOHEHTHI, Jessmei p — 1.

Kiacc rpynn § HazbiBaeTcs ghopmaueti, €CIU BBIIOIHIIOTCS CIIEIYIONINE YCIIO0-
Bus: 1) Kaxkuas pakTop-rpyna Joboil Ipynnbl u3 § Tak:Ke IPUHAIJIEXKAT §; 2) u3
H/A€§, H/B € § cuenyer, uro H/AN B € §.

Dopmarus § HasbiBaeTcs: 1) nacaedemeennol, eciaiu § BMecTe ¢ KayKJIOH rpyIi-
TOH COMIEPKUT BCe ee TOATPYIILL; 2) Hacviuennot, ecmn n3 G/®(G) € § cmenyer,
gro G € §.

Besikas dynkuua f @ P — {dopmanun} Ha3BIBAETCH A0KGALHBIM IKPAHOM.
Dopmarus § HA3BIBAETCS A0KAALHOU, €CTIU CYIIECTBYET JIOKAIBHBIN 9KpaH f Takoi,
aro § cosuagaer ¢ kiaaccoM rpyuu (G | G/F,(G) € f(p) s moboro p € m(G)).

ITo Teopeme Tamroria — JIobezenep — IIvmmma dpopmanms HaCHIIEHHA TOTIA T
TOJIBKO TOT/Ia, KOTJIa OHA JIOKAJIbHA.

IIycts § — memycras dopmarms. Yepes G oboznadaerca F-kopagukan G, T. e.
HamMeHbIIasg HopMadbHas HOArpyma rpymsl G, misa kotopoit G/GS € .

IMoxprpynma H rpynust G HasbiBaeTcs §-cybhopmasvnot B G [11,13], ecan mubo
H = G, mubo cymecrsyer nenb nogrpymn H = Hyc Hy C ---C H,_1 C H, =
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Takasi, uro H; | MakcumaJbHa B H; u Hf CH;, 1 nnasBecex i =1,...,n.
OTMeTnM cjieymoime CBOMCTBaA §-CyOHOPMAJIBHBIX HOIPYIIIL.

JIemma 2.1 [13, semma 6.1.7]. ITycrp § — macaegcrBennas gpopmvarus u G —
rpymma. Torpa cipaBeIMBBI CJCAYIONHE Y TBEPAK TCHHSI:

1) ecim H — §F-cybropmasibaast noarpynna B G, K — noarpynna u3 G, 1o
(H N K) — §-cybnopmasbhas noarpymia B K;

2) ecoin Hy u Hy — §-cybuopmaJibapie noarpynnbst B G, o (Hy N He) — §-cy6-
HOpMAaJIbHAS oArpynma B G.

3. CsoiicTBa P-cyGHOpPMAIbHBIX MOATPYIIIT
B namrOM pazjesie mpuBe/ieHbI OCHOBHBIE CBOiCTBa P-cyOHOPMAIBHBIX IOINPYIII.

Jlemma 3.1. Ilycre H — noarpymma rpynnst G, N < G. Torna cripaBeiuBbt
CJICIIYIONIAE Y TBEPKICHHST:

1) ectu H P-sn G, o (HNN) P-sn N u HN/N P-sn G/N;

2) ecru N C H u H/N P-sn G/N, ro H P-sn G;

3) ecim HN; P-sn G, N; 4 G, i = 1,2, to (HN; N HN>) P-sn G;

4) ecim H P-sn K u K P-sn G, to H P-sn G}

5) eciiu H P-sn G, ro H* P-sn G mus joboro x € G

6) ecmr GY C H, to H P-sn G.

HOKABATEJBLCTBO. 1. Beumy P-cybnopmansraoctu H B G MOXKHO CINTATD, 9TO
HNN # NuHN/N # G/N. B G naiinercs neus noarpyun H = Hy C Hy C -+ C
H,_, C H, = G raxas, uro |H; : H;_1| — upocroe ducyo s joboro i = 1,...,n.
Tak kak HNN # N, o H;NN # H;_1 NN s mekoroporo j € {1,...,n}. Torna
|Hj NN : Hj_1 ﬂN| — |(Hj N N)Hj_1 : Hj_1|. s Hj_1 g (H] n N)Hj_1 g Hj
n MakcuMmaiabHoctn Hj_1 B H; 3akmiodaem, aro (H; "NN)H;y = H; u |H; N N :
H;,_1NN|=|H; : Hj_1| — npocroe aucmo. OrbpaceBas u3 nenu HNN = HyNN C
HNNC.---CH, 1NN CH, NN = N nosropenns, mojgyaaM g H NN B G
Telb TIOJrPYIII € TIPOCTHIMA UHJeKcamu. 3Haqaut, (H N N) P-sn N.

Bamernm, uro HyN/N # Hp_1N/N nns mekoroporo k € {1,...,n}. Torma
|HpN/N : H,_1N/N| = |Hg : Hy—1| : |(He " N)Hp—1 : Hi—1| # 1. Orcrona u u3
toro, uro Hy_1 C (Hy N N)Hy_1 C Hy u |Hy : Hi_1| — npocroe 1ucio, ciesyer,
aro (HyNN)Hy_1 = Hi—1 u |HyN/N : Hi_1 N/N| — npocroe uncno. Or6pacbiBast
w3 nenu HN/N = HyN/N € HyN/N C --- C H, 1N/N C H,N/N = G/N
nosropenus, noiayduM g HN/N 8 G/N uenb moArpyIi ¢ MpocTbIMU UHIEKCAMHE.
Taxkum obpaszom, HN/N P-sn G/N.

VrBepxKenue 2 caeyer U3 TOro, YTo eCau CYIecTByer enb noarpymn H/N =
Hy/N Cc Hi/NC---C Hp—1/N C Hp,/N = G/N ¢ upocrbivu unzexcavu |H; /N :
H; 4/N|,i=1,....m,0o H=Hy C H C --- C Hy_1 C Hp, = G sBasiercs
nenbto noarpymi ¢ |H; : H;—1| = |H; /N : H;—1/N]|.

3. llycte HN; P-sn G, N; 4 G, i = 1,2. Ecim cymectsyer @ € {1,2} Takoe,
uro HN; = G, o HN3_; " HN; = HN3_; P-sn G.

[ycte HNy # G # HN,. Tax kak HN; P-sn G, cymecTByer nemnb morpyIn
HN, = Ky C K; C --- C K;-1 C K; = G ¢ upocrbimu nnnexcamu |K; : K;_1],
j=1,...,t.

Eciu HN; N HNy = HN,, to (HN; N HN3) P-sn G.

Homycrum, uro HN1 N HNy # HN,. Torma mafizercs takoe j € {1,...,t},
qTO Kj n HN2 # Kj_1 OHNQ. Tak kak Kj_1 g (KJ ﬂHNQ)Kj_l g Kj u ( i N

HNQ)KJ‘,1 == (KJ n NQ)KJ',1 — IIoArpyIIia B Kj, TO (KJ n HNQ)KJ‘,1 Kj.
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IMosromy |K; N HNs : K;_1 N HN;y| = |(K; NHN2)K;_1 : K;_1| — npocroe 1ucio.
Or6paceBas B iemtu HN1 N HNy = KgNHNs C Ki1NHNy C--- C Ky 1 NHNs C
KN HNy; = HN; noBropenust u yantbiBas P-cydrnopmaiasaocts H No B G, oty anm
st HNy N HN, B G 1ienib IoArpy i ¢ IpocThiMu uHjgekcamu. 3uaqut, H N1 N H Ny
P-sn G.

VrBepxkeHust 4 U 5 IPsIMO CJIEIYIOT U3 OlpejiejieHns P-cyOHOPMaJIbHON 10J1-

TPYIIbI, yTBEPXKIeHne 6 CIpaBeyinBO BBUIY yTBep:KaeHus 2. Jlemma mokazana.
3 cBOMCTB CUTOBCKUX MOATPYI U JIeMMBbI 3.1 moJrydaeTcs

Jlemma 3.2. Ilycre cminosckast p-moarpynma rpynnsl G sBiasercs P-cybrop-
mastbroi moarpymnmoii B G u N < G. Torma cmimoBckasi p-oarpymnmna rpynmnbl N o
custoBckast p-noarpynna rpyiist G /N sapistorcs P-cy6HOpMAIbHBIME HOATDY IITIAMEA
B N u G/N cooTBeTCTBEHHO.

B [11, sameuanne, c. 93] ormedeHo, UTO ecin GY C M jast MaKCHMAJIBHOI 1101
rpyunst M rpynust G, To |G : M| — upocroe gucyio. O6paruo, eciu |G : M| =p —
npocroe uucyio u M ue nokpbiBaer abeses riasublil dbakrop H/K rpyuust G, To
|H/K|=puG* C M.

Orcroza cireryer, 9To Besikast U-cyOHOpMasbHas B rpyiiie G IMOArPyIIa sBJjIseT-
cs P-cybnopmasibHOl B G. B 0611iem citydyae o6paTHOe He BbIIOJIHseTCs. Hampumep,
B 3HAKOIMEPEMEHHON I'PYIIIe CTeIeHn D MOArPyIa, n30MOpdHAs 3HAKOIIEPEMEHHOM
rpymume crenenn 4, P-cydnopmasibaa, HO He U-cyOHOpMasbHa B rpymme. OIHAKO 1j1st
pa3penuMoii TpyIIIbl U3 OnpeeseHns L-cyOHOPpMAaIbHON MTOATPY Bl I OTMEIEHHOTO
samedanus u3 [11] nomyuaercs

Jlemma 3.3. Ilycte G — paspemmumas rpynmna. Ilogrpynma H rpynmner G siB-
Jgsgercst -cybropmaapraoif B G Torma m ToJIbKO Torga, korga H P-cybnopmasbHa
B G.

[Tpumenenne jemm 2.1 u 3.3 gaer cieayrormue cBoiicTBa P-cyGHOPMAJIBHBIX TIO/I-
IPYIIIL.

Jlemma 3.4. Ilycrte G — paspemmumasi rpymnma. Torga cripaBeIInBBI CIAETYTO-
II[H€e Y TBEPIKICHHUS:

1) ecim H P-sn G, K — noarpynna n3 G, o (H N K) P-sn K;

2) ecn H; P-sn G, i = 1,2, To (H; N H) P-sn G.

Hawm morpebyrores ciemyroniye CBORCTBA W-CBEPXPA3PEITUMbIX TPYIII, TOJTY YeH-
HBIE B [3].

Teopema 3.5 [3, Teopema 2.3|. JIrobast w-cBepxpasperumMast TPYIIa pa3penin-
Ma.

Teopema 3.6 [3, reopema 2.6]. Kmacc wil siBisteTcst HACJEACTBEHHOI HACHI-
IIIeHHOI bopMalIrHert.

Teopema 3.7 [3, upemnoxenue 2.8]. Jlrobas w-cBepxpaspeliumas rpynia sgB-
Jsgercst gucrepcusroi 1o Ope.

O6ozHaunM yepe3 Syl(G) MHOKECTBO BCeX CHIIOBCKUX MOArpyNIl rpytst G.

Teopema 3.8 [3, reopema 2.10]. Popmanus wil siBjsiercs JJOKaJIbHOH 1 HMeEET

JIOKaJIbHbI 9KpaH [ takoi, uro f(p) = (G € & | Syl(G) C A(p — 1)) ars sro6oro
POCTOrO p.

Teopema 3.9 (3, reopema 2.11]. I'pynna cBepxpasperiuma Tora u TOJIbKO TO-
J1a, KOrjla OHa METAHWUJILIOTEHTHA U W-CBEPXPAa3PENTHMA.
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4. IIpousBenenusi P-cyOHOPMAJIbLHBIX MOATPYIIIT

Jlemma 4.1. Ilycrs rpynna G = AB — npoussenenne noarpynn A u B. Ecan
CYIIECTBYIOT HENH TTOTPYIIIT

A=AyCcA Cc---CA,_1CA, =G,
B=BycBiCc---CB,_1CB,=G

¢ mpocteive mHAekcamu |A; @ A;_1|, |B; : Bj—1|, i =1,...,n, 5 =1,...,m, 10
(Ai—l NB)P-sn A;—1 u (Bj_l NA) P-sn Bj_q g oborot = 1,...,m, 5 =1,...,m.
JIOKABATEJBCTBO. Hua tex k € {1,...,m}, mua xoropbix A;—1 N Br_1 #

A;—1N By, Bbimoasorcs paserctsa |A;—1 N By : A1 NBi_1| = |(Ai—1NBy)Bg—_1 :
By—1| = |Bg : Bi—1]. loaromy, or6pocus B nenu noarpymn A;_1NB = A;,_1N By C
A 1NBC---CA_1NBp_1 CA_1NB,, = A;_1 IOBTOPEeHHUS, TIOJIyIaeM JIJIsI
A;_1NBBA;_1,1=1,...,n, Ienb DOATPyIII ¢ IPOCTHLIMA HHACKCAMH. AHAJOIHYHbLIE
paccyKaeHnd npoBoauM mag Bj_q, j = 1,...,m. Jlemma gokazana.

Teopema 4.2. Ilycrs rpymmna G = AB — npowusBeneHHe Pa3pelIdMbIX IT0J1-
rpynn A u B. Eciinm A u B P-cybrOopMmasipabl B G, To G paspeniuMa.

HOKABATEJLCTBO. Ilycrs G — rpymma HauMEHBIIErO MOPSAKA TaKas, ITO
G = AB, A u B — paspemmumble noarpynnbl, A u B P-cybnopmasbabl B G, a G
He sBjsercd paspemumoi. B G maiiayres nemm moarpynn A = Ag € Ay C -+ C
A, 1 CA,=GuB=ByCB; C---C By—1 CA,, =G c IpoCTbIMHI UHJIEKCAMU
|Aic1 : Ail, |Bjy @ Bjl, i =0,1,...,n—1,j =0,1,...,m — 1. Ilo nemme 4.1
(A1 N B) P-sn A1 u (By,—1 N A) P-sn B,,,—1. Torna A,,—1 = A(BNA,—1) —
npousBejieare P-cyOHOpMAIbHBIX B A, _1 paszpemumbix moarpynn A uw BN A,_1,
By-1 = (Bm—1 N A)B — upoussenenne P-cy6HOpMAIBHBIX B Bj,_1 paspernmmbIx
noarpyun B,,—1 N A u B. Beuay Boibopa G noarpyuist A, _1 u B;,_1 pa3spemmmMsi.

O6osuaunm M = A1, W = B,y u D = MNW. Torma G = MW, |G :
M|=p, |G:W|=gq, rue puq— upocrsie yucia. Tak kak G &€ &, o D # 1.

Ecmu Coreg(M) # 1, to G/ Coreg(M) € & BBuny BeiGOpa G. OTCioma no-
gygaeM, yro G € &. Dto nmporuBopeduT BuIGOpY G. AHAJOIAYHO TPUXOIUM K
nporusopeunto npu Coreg (W) # 1.

Buauur, Coreg (M) = Coreg (W) = 1. Torma, paccMaTpuBasi IPeCTABICHAS T1
u Ty rpynnbl G TepecTaHOBKAMU CMEXKHBIX KjaccoB rmo moarpymmam M u W coor-
BeTcTBeHHO, noyydnm, uro G/ Kerm ~ G uzomopdHa noarpyine cuMMeTpuiecKoil
rpynust S, Ha p cuMBosax, a G/Kerm, ~ G uszomopdHa HOArpyNIe CHMMETDH-
YecKoil rpymnsl S, Ha ¢ cuMmBosax. Tak kak |Sp| = pl u |Sy| = ¢!, o p = ¢ —
HanGosbiuit gesmrens |G|. oarpynma D sisasiercs makcnmanbHoit B M u W. Tlo
sgemme 4.7 n3 [11] Corepr (D) C Coreg(W) =1 u Corew (D) C Coreg(M) = 1.

IMockosbky M u W paspemmmbr, 110 Teopeme 15.2 u3z [12, ra. A] M = DNy
u W = DN, tne N1 u N — MuHUMAJbHBIE HOpMaJbHbIE moarpynnsl B M u W
coorBercrBenHo, N1 = Cy(N1), No = Cw (N2), NyND =1, NoN D = 1. Orcrona
|N1| = |N2| = p. Torma uz M/Ny ~ D u W/Ny ~ D caenyer, uro D usomopdua
noxarpynme u3 Zp—1. Ilo Teopeme 1.7 u3 [5] M u W cBepxpa3pelnnMel, a 3HAHT,
muctepcuBabl 10 Ope. TlosTomy cumosckas p-onrpymnmna P w3 M mopmansua B M u
cwI0BCKas p-ioArpymna Py uz W nopmasasua B W. Ilo semme 11.6 u3 [11] cusoBekas
p-nonrpynmna P rpynust G umeer Bug P = Py P,. Tak xak |[M| < |[MP| < |G| =
|M|p, To |P : (PN M)| = p. Aranoruuso |P : (PN W)| = p. Orciona caenyer,
aro PN M u PN W — makcumasbhble toarpynmnel B P u PN M = P < P,
PNW = P, < P. Takum o6pazom, G = MP C Ng(P1) u G =WP C Ng(P). 1o
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osHavaer, uro P; I G, i =1,2. Orciona P I G. Us G/P ~ M/M NP € & caenyer,
gro G € 6. Ioxy4uennoe IpOTHBOpPEYHE 3aBEPIIACT JOKA3ATEILCTBO TEOPEMEL.

Jlemma 4.3. Ilycte G = AB, e noarpynnbl A u B aucnepcusabr mo Ope n
umeror npocteie uaaekcol B G. Torga G gucnepcusra mo Ope.

JIOKABATEJBCTBO. Ilycrs G — rpyia HauMEHBIIEro MOPsIKa TaKasl, UTO
G = AB, noarpyunsl A u B aucnepcussabt o Ope, |G : A|, |G : B| — mpocteie
qncia, a G we pucnepcusua mo Ope. o Teopeme 4.2 rpymma G paspermuma. [lycrs
N — MuHUMAJbHAS HOpMaJbHas nmoarpynna rpymmsl G. 13 mucniepcuroctn o Ope
rpyun A u B u BeiGopa rpynusl G caeayer, uro G/N mucnepcusna 1o Ope. Tax
KaK KJacc Bcex JucrepcuBHBIX 110 Ope IPyIIl siBJISIETCsl HACBIMIEHHOH hbopMariueii
[11, . 7, c. 35], To N — equHCTBEHHAS] MUHUMAJbHAsI HOpMaJbHas noarpynna B G,
N = Cg(N), ®(G) = 1.

Ecmu N C AN B, o N comepKurcs B CUJIOBCKUX p-TioArpymmnax Py u Py rpynn
A u B cooTBETCTBEHHO, p — HambOJbIIHi pocToi jesmurens |A| u |B|. Torma P =
P, P, — cuioBckasi p-noArpyiima rpyuibl G, p — HauOOJIBIIUA TPOCTOM JeTUTe b
|G|. N3 N C P u aucnepcusroctn 1o Ope G/N mosydaem, uro G AuCIEPCABHA 110
Ope. DTo nporuBopeunt BoIOOPY G.

ITycte N € ANB. Eciu N € A, 70 G = AN u ANN = 1. Torga |N| siBasiercs
upoctbiM ynciaoM. I3 N = Cq(N) u A ~ G/N caenyer, uro G — cBepxpaspenmunmasi
rpynna. llosyumin nporuBopeune ¢ Beibopom G. Ecoiu N € B, o G = BN,
BN N =1 u, paccykast, Kak BBIIIe, IPUXOINM K IIPOTUBOPEUUIO ¢ BBIOOpOM (.
JlemMma mokazaHa.

Teopema 4.4. I'pynna G gucnepcuBaa mo Ope Torga U TOJIBKO TOTAA, KOTJA
G = AB, rue noarpymibsl A u B aucriepcusabl mo Ope u P-cybropmasibabl B G.

JIOKA3ATE/ILCTBO. HEOBXOAMMOCTD OYeBHUIHA.

HOCTATOYHOCTL. Ilycts G — rpymnma HAMMEHBINETO MOPHAIKA TaKas, ITO
G = AB, A u B — mucuepcusnbie 1o Ope P-cybHOpMasibhble B G moarpymisl, a G
ue juctepcuBHa 110 Ope. Torma cymectByroT menu moarpynn A = Ag C Ay C -+ C
Apn1 CA, =G, B=ByCBy C- - C Bpp_1 C By, = G Takue, uro |A; : A;_1]
u |B; : Bj_1| fBIAIOTCS MPOCTHIMA IUCIAME IJIs MOObIX ¢ = 1,...,n, j=1,...,m.
ITo semme 4.1 (A1 N B) P-sn A1 u (Byp—1 NA) P-sn By,—1.

Tak kak A, _1 1 By,_1 ABISIOTCA MPOU3BEICHAAMEA AUCIIEPCUBHBIX 110 Ope 1mo-
rpymn A, (A,—1 N B) u (Bym—1 N A), B coorBercTBeHHO, TO A1 U By mucHIEp-
cusabl o Ope BBuay BBIOOpa G. Torma mo jemme 4.3 rpymna G = A, 1By, -1
nucnepcusra o Ope. IMoydyennoe mpoTuBoOpeyne 3aBepiiaeT JOKa3aTeIbCTBO TEO-
DPEMBI.

B paGore [9] BBezeHO caemyromee noHsiTue: moarpynna H rpynmnel G Hasbl-
Baercsa P-enooicennoti 6 G, ecom ymbo H = G, nubo jobass MakCHUMaJbHAs IEb
noarpynn or H 1o G uMeer pocThle WHIEKCHI.

CuencrBue 4.4.1 [9]. I'pynna G aucnepcusra mo Ope Torja  TOJIBKO TOIJIA,
Korga ona umeer gucrepcusnbie mo Ope moarpymnbl A u B takue, uro (|G : Al |G :

B|)=1u A, B P-Broxenst B G.

Coruacuo [6,7] rpynna G = AB Ha3BIBAETCS NPOUBEIEHUEM B3AUMHO NEPe-
CMaHOB0UHHLE (63aUMHO SN-nepecmarosounsir) nodepynn A u B, ecim A nepecra-
HOBOUHa ¢ JI000# (cooTBeTCTBEHHO CyOHOPMAJbHOI) noarpynmoit u3 B, a B mepe-
CTaHOBOYHA C JII000H (COOTBETCTBEHHO CyOHOPMAJIBHOM) NOArpy o us A.
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Coruacno [10] myst moarpynn A u B rpynner G moarpynna A Ha3bIBAETCH Ha-
caedemeenno G-nepecmanosounott ¢ B, ecrm ABY = BYA s HekoTOporo g €

(A, B).

Jlemma 4.5. Ilycres G = AB, e A — pasperiumast IoArpyIa, a HoArpya
B jmu60 niepectaHOBOYHA € JII0OOI CyOHOPMAJILHO TOATPYIIoii u3 A, jmbo Hace1cT-
BerHo G-nepecraHoBo4dHa ¢ jir06oit moarpynmnoi uz A. Torga B P-cybHOpMasibHa B G.

JIOKABATEJIBCTBO. Ilposesem pokasareinberso unaykuumeii no |G|. Jua G = 1
gemma BepHa. Ilyers |G| > 1. Moxuo cuurars, uro G # B. B A Haiimercs
cyObHOpMaJIbHbIH psigx 1 = Ag C Ay C --- C A, = A ¢ IpOCTBIMU WHJIEKCAMU
|[A; : Aj—q], 5 = 1,...,n. Torma u3 B # G cuenyer, uro A;_1B # A;B nua
HexkoToporo j. Beibepem manbosbuiee j, niasa koroporo A; 1B # A;B, a A;B = G.
Bamerum, uto A;_1 C (A; N B)A;_1 C Aj.

Ecnu B nepecranoBouHa ¢ Jt00oil cybHOpMaJbHO#M moarpymnmoit u3 A, To A; N
A;j_1B = (A;NB)A;_1 — noarpynna rpyuusl G. Ipegnonoxum, uro B HacIeacT-
Benno G-repecranosotma ¢ jioboii mogrpymmoit uz A. Torma BAY | = A | B nia
HexoToporo g € (B, A;_1). Ilo toxnecrBy Hemexkuuna (B, A;j_1) = ((B,A;_1) N
A;)B. Tlosromy maitnyres a € (B, Aj_1)NA; ub € B rakue, aro g = ab. Orciona u
u3 cybnopMaspHocT A;_1 B A; ciemyer, 1To A?_lB = A?_lB = BA?_l. 3HauuT,

-1
(A?_lB)b =A;,_1BuAjNA;_1B=(A;NB)A;_1 — noarpyumna rpymust G.
Tenepb n3 1 7é |AJB : Ajle| - |AJ : Aj,1| : |(AJ ﬂB)AJ‘,1 : Aj,1| 3a-
kiodaeM, 4to |A;B : Aj_1B| = |A; : Aj_1| — npocroe uncio. Tak xak B mmbo
IIEPECTAHOBOYHA ¢ J1I000i cyGHOpMaJsbHOM moarpymmoit uz A;_q, mmubo HacIencT-
Berno (A;_qB)-mepecranoBouna ¢ Jyio6oil noarpynmnoit uz A,_i, no uaaykuuu B
P-sn (A;—1B). Curenosatensuo, B P-sn G. Jlemma mokasama.

OrmernmM, uto ecim A n B — noarpymnnst G, To u3 yenosus (|G : Al, |G : Bl) =1
cienyer G = AB.

Teopema 4.6. Ecuu rpymma G umeer w-cBepxpasperiumMbie moarpyimnsl A u B
rakue, uto (|G : A|,|G : B|) =1 u A u B P-cy6rOopMassabl B G, To G W-cBEpXpas-
perrnMa.

JTOKA3ATEJBCTBO. Ilycts P — cunoBckast noarpymnmna rpymmnst G. Ecim P* C
A s HekoToporo x € (G, To BBUIY W-cBepxpaspemnmmmoctu A mojydaem, uro P*
P-sn A. 3 yreepxkuennit 4 u 5 jemmbl 3.1 u A P-sn G 3akiaouaem, yro P P-sn G.
[Tpu P? C B aHAJIOTUYIHBIME pacCyzKaeHnsaMu ycranapauaeM, 9to P P-sn G. Uraxk,
(G — w-cBepxpa3permmMas rpyImna. leopeMa JI0Ka3aHa.

Caencreue 4.6.1. Ecan rpynmna G umeeT cBepXpa3peliuMblie HOATPYIL A 1
B rakwe, uro (|G : A|,|G : B|) =1 u A u B P-cy6uopmaibnsl B G, To G w-cBepx-
paspermmMa.

Orciona ¢ yaerom Teopembl 3.9 ciaenyer Teopema 3.4 u3 [5, v 4].
Bsuny nemmer 4.5 nosrygaercs

Canencrue 4.6.2. Eciu rpynmna G umeer w-csepxpasperiumble (CBepxpaspe-
mmmMbie) noarpymnbl A u B rakue, uro (|G : A|,|G : B|) =1 u A u B B3anMHO
SN-mepecTaHOBOYHB! (B3aMMHO MEPECTaHOBOYHBI), TO G W-CBepXpa3peInnMa.

Obobuwerrvim Kommymarmom Tpynibl G HA3BIBAETCS HAMMEHDINAS HOPMAJIb-
Has noarpymna N rpymmnel G rtakast, uro G/N sBisercs rpymmoi ¢ abeseBbIMI
CHJIOBCKUMU TIOJ/ITPYTITIAMI.
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Teopema 4.7. Ilycrs rpynmna G = AB — npousBejeHne w-CBepXpa3perIuMbIX
moarpynn A u B. Eciu A u B P-cy6ropmasibabl B G 1 0600IIIeHHBIH KOMMYTAHT
rpynnber G HuasmorerTeH, T0 G W-CBEDXPa3PEIuMa.

HOKABATEJBLCTBO. Ilycts G — rpymnma HAaNMEHBITErO MOPSIKA, JJIsi KOTOPOi
TeopeMa HeBepHa. Bauiy Teopem 3.5 u 4.2 rpynna G paspemmuma. Ilycre N —
MHUHUMAJbHAs HOpMaJbHast noarpynmna rpyunsl G. diast G/N Bce ycioBust Teope-
MBI BeIOsIHSAOTCs.  Torga G/N — w-cBepxpaspemmMas rpymma. 1lo Teopeme 3.6
kiacc wil siBjsiercsa Hachimennoit dpopmarmeit. [lostomy N — enuncrBeHHas mMu-
HUMaJIbHAsT HOpMaJibHas noarpyima rpymunst G, ®(G) = 1, N = Cg(N) = F(G),
N — p-rpymnma, rae p — HeKoTopoe mpocroe umucio. lorma G = NM, tnme M —
HEeKOTOpasi MakcuMaJsbHas noarpynmna u3 G, N N M = 1. Toxrpynna M ~ G/N
w-cBepxpaspemuma. 3 Teopem 3.7 u 4.4 ciemyer, uro G mucnepcusta 1o Ope.
IMosTomy p — maubosbinee npocroe 9uco, gesusdmee |G|.

Eciu p € (M), to BBUny nucnepcusHoctu 1o Ope rpymnst M cuioBcKas
p-noarpynna u3 M sasiserca nopMasnbuoit 8 M. C mpyroii croponsl, O,(M) = 1
BBy JemMbl 3.9 u3 [11]; nporusopeune. Cruenoarenbro, N — CHIOBCKas p-TI0J1-
rpymna rpymmst G.

Pacemorpum AN. 3amerum, uro AN = ANNNM = N(AN N M). Tak xax
N =Cg(N)=Can(N), 10 Op(AN) =11 F,(AN) = N. U3 toro, ato AN ewil,
1o semme 4.5 u3 [11] u reopeme 3.8 crenyer, uro AN/F,(AN) ~ ANNM € f(p) =
(H € 6 | Syl(H) C A(p — 1)). Ananormuno moayvaem, uro BN N M € f(p) =
(H € 6| Syl(H) C A(p — 1)). 3amernm takxke, uro M = (AN N M)(BN N
M). Tak kKak 10 ycJOBUIO ODOGINEHHBIH KOMMYTAHT IPYyIIbl G HUIBIIOTEHTEH U
F(G) = N, M gBnserca rpynuoii ¢ abeieBbIMA CUJIOBCKUMU HOArpynnaMu. 1lycrsb
q € m(M). Tlo memme 11.6 u3 [11] HadiayTest cusosekue ¢-noarpymis: Q, Q1 u Qg u3
M,AN N M,BN N M coorBercTBeHHO Takue, 9T0 () = Q1Q2. U3 abeseBoctu Q) u
Q; €Ap—1),i=1,2, cenyer, aro Q € A(p—1). B crry npoussosabHOCTH BBIGOPA
q € (M) nonyuaem, utro M € (H € & | Syl(H) C A(p — 1)). Tak kak G/N € wil
un G/F,(G) = G/N ~M e (H e & |Syl(H) C A{p—1)), mo aemme 4.5 u3 [11]
caenyer, uro G € wil; mporuBopeune. Teopema mokazana.

s U C wil u Toro, 9ro OOOOIIEHHBII KOMMYTAHT TPYIIBbI COIEPXKUATCHA B €€
KOMMYTAHTE, TIOJIyIAI0TCSA CJIEIYIONNE PEe3yJIbTATHL.

Caencrsue 4.7.1. Ilycte G = AB — npoussenenune P-cybropmasibubix B G
cBepxpaspemmmMbix moarpynn A w B.  Ecim 0606menusiit KomMyTanT rpymmabl G
HIIbIOTEHTEH, TO G W-CBEDXPAa3PEIIuMa.

Caencrsue 4.7.2. Ilycte G = AB — npoussenenune P-cybaopmaibubix B G
cBepxpaspemuMbix noarpynin A u B. Ecan komMyranT rpynnsl G HHJIBIOTEHTEH,
To G cBepxpasperniuma.

Orcioia BbITEKAeT OTMEUEHHBIH BbIe pesyiabrar Bapa us [4].
Crenyromuit pesysibrar mojy4daercs u3 reopeM 4.7 u 4.4 ¢ yaerom jemMMmbl 4.5.

Caencrsue 4.7.3 [10]. IIycrs G = AB, rge A, B — cBepxpaspemuMble 1101-
rpymmst rpynnbl G u mmbo KoMMyTaHT rpynnbl G HIJIbHOTeHTeH, J1n6o A u B umeror
B3auMHO IpocTble ropsaku. Ecmm A Haciaencrsenno G-nepecTaHOBOYHA €O BCSIKOH
moarpynnoi rpymsl B, a B Haciaencrenno G-nepectaHOBOYHA CO BCSKOI HOATPYII-
moit rpymmer A, o rpynma G cBepxpaspeninMa.

Bsuny Teopemsr 3.9 mosygaercs
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CaencrBue 4.7.4 [8]. Ilyctb G = AB — npowusBejieHHe HOPMAJbHBIX CBEDX-

paspemumbix moarpynn A u B. Ecim 06061mennbtii kKomMyTadT rpynibl G HUJIBITO-
tearen, To G cBepxpasperuma.

C yuerom jiemmbr 4.5 u3 Teopembl 4.7 BBITEKAIOT U3BECTHBIE PE3YJIHTATHI.

CanencrBue 4.7.5 [7]. Ilyctrb G = AB — mnpousBejieHue B3aHMHO SN-II€pe-

CTaHOBOYHBIX CBepxpaspemuMbrx moarpynn A m B. Eciu xommyrtanT rpymmasl G
HuJIbIoTEHTEH, TO G CBEpXPAa3peIInMa.

Canencrue 4.7.6 [6]. IIycts G = AB — npousBejeHne B3aUMHO IEPECTAHO-

BOYHBIX cBepxpaspermuMbix noarpynn A u B. Ecau komvyrant rpynnbt G HHIHIO-
tearen, To G cBepxpasperuma.

N

'y

10.

11.
12.
13.

Teopemst 4.6 1 4.7 BKIIIOUAIOT COOTBETCTBEHHO TeopeMsl 3.2 u 3.1 u3 [3].
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