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O MNMPE®PATTUHNEBBLIX NMOAIPYINAX
KOHEYHbIX PA3SPELLUNMBIX TPV

C. ®. KaMOpHUKOB

Annorauus. VM3y4yarorcs 4acTU4HO Nped@pPaTTUHUEBBI HOATPYIILI KOHEYHON paspelu-
MoO#l rpynmnei. JIoKaz3aHO, 9TO MHOXKECTBO BCEX YACTUYHO MPEPPATTUHUEBBIX MOArPYIII,
ACCOLMMPOBAHHBIX C TAUIIONEBON CUCTEMON JNOMOJHEHUH KOPOH, ABJAeTCH OysieBoil pe-
MIeTKOH.

KuiroueBble ciioBa: KOHEYHas pa3peluMasi IPYNa, YaCTUYHO NpedpaTTUHUEBA MO/~
rPyINa, perieTka HOATrPYII.

Tocpsimaercss MoeMy yIuTe o
apodeccopy JI. A. IllemerkoBy
B CBSI3U ¢ ero 70-jgermem

1. BBeaenne

B 1962 r. Tamror [1] gokazai CyIecTBOBaHHE U YCTAHOBHJI OCHOBHBIE CBOIi-
cTBa pedPATTUHHUEBLIX MOATPYIN KOHEYHON pazpenumMoil Tpynnsl. B gajbHelineM
pesynsrar Lammona weoguokparao obobimasica. Ilpu sToM paccMaTpuUBaIHCcCh pPas-
JINYHBIE BOMPOCHL: TIPEJJIAraJiiCh XapaKTepUu3alliui MpedpaTTHHHEBBIX MOJIPYIIIL,
M3Yy9aJI0Ch CYIIeCTBOBaHNE UX B YACTUYHO Pa3pemuMBIX TPYMNaX, UCCAeI0BaIACh
CBAZD C JIPYTUMHU KaHOHUYECKUMH TIOATPYIITaMU T'PYIITIHL.

B psme pabor uzydansocs mecro npedpaTTHHHEBBIX MOATPYIII B PENETKE OJ-
IPYII 33JaHHoil rpymnel. B uactaoctn, B [2] Kypiseiiiem npedpartuiuess noj-
TPYIIIHLI OXapaKTePU30BAHEI B TEpMUHAX 3H71€pOBOH XapaKTePUCTUKH CUMILTATTHAb-
HOI'O KOMILJIEKCA, CBSI3aHHOTO ¢ peieTkoil seex noarpynn rpymel G, a B [3] Xayk
u KypiBeiisie mpeqioxXmia caeayomnil SIeraHnTHRI KpUTepnii: mpedpaTTHHHEB
TOATPYIITEI KOHEYHOIT pazpemmumoii rpynnsl G COBIAIAIOT ¢ MUHUMAJIBHBIME 3JTe-
MEHTaMH MHOYKECTBA BCeX TakuX moArpymm U rpymmsl G, 9TO WHTEPBAJ PENeTKH
[U, G| nonoasiem.

K namHOMYy HampaBJIeHUIO OTHOCHTCH W HACTOSAINAs paboTa. 3Jech OIpemesis-
FOTCsT 9aCTUYIHO TpedPATTUHUEBBI TOATPYIITLI U H3YJar0TCs uxX ceoiictsa. [Ipu sTtom
6OJIBIIIOE BHUMAHIE YEJsIeTCs PEMIETOYHBIM CBOMCcTBaM. B 9acTHOCTH, JOKA3bIBAET-
cst, a0 MHOKEeCTBO ®((G, X)) Beex YacTU4IHO NpedPaTTUHHEBBIX TOAIPYIIT KOHEUHOH
pazpentumMoii Tpymnnsl (G, aCCONUUPOBAHHBIX ¢ 33IAHHO TAITOIEBOIT clCTEMOM X, B~
JisteTcs TOAPENTeTKON pereTku Beex noArpymnmn rpynmnel G. Bojtee Toro, ycranapsm-
Baercs, 4ro pemerka & (G, X) uzomopdHa perieTke Beex MOAMHOKECTB MHOKECTBA
Bcex KopoH rpymnbl G. Orcioza ciepyer, HanpuMmep, uro pemerka O (G, X) asasercs
aTOMHO, KOaTOMHOH 1 Oys1eBoii.

Bce paccmaTpuBaeMble B HACTOAIMENH CTaThe TPYIIBLI TPEJITOIarafoTca KOHEY-
HBIMHU U Pa3peliuMbIiMU. B omnpezeeHusx Mbl cyiefyeM MoHorpadusaM [4, 5].

(© 2008 Kamophukos C. D.
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2. Omneparopnbie dhopmarum

Bazkryto posib B gannoii pabore, kak u B [1] npu onpejenenun npedparTuHu-
€BOil TIOATPYIIIEI, UTPAET MOHATHE KOPOHBI JIOTIOJHAEMOTO TJIABHOrO (haKTOPa IPyIi-
mbl. DTO TOHATHE, KaK yKazaj aBTopy mpodeccop JI. A. Illemerkor, MoxkeT OBITH
OIIpeJIeIeHO Ha a3bIKe Teopun dhopMaruii onepaTopHeix rpyin (Gojee mogpobHo o6
OTIEPATOPHBIX TPYIITaxX cM., Hanpumep, B kKaure M. 1. Kapramogosa u FO. Y. Mepz-
asikoBa [6]). Bymem paccMarpuBaTh KJacchl TPYIIL ¢ OJHOW U TOH Ke 06JIacThiO
oneparopos ) (Kak 06BIMHO, KazKJbli orepaTop us ) jeifictByer Ha Tpyliie U3 gaH-
HOTO KJjiacca Kak sHgoMopdusm). Mel 6yjieM paccMaTpuBaTh TOJIBKO abcTpaKTHBIE
KJIACCBL. ITO 3HAYUT, UTO ecan § — Kjiacc -rpynn u H € §, To xkaxmas d-rpymia,
Q-uzomopduast rpynme H, Tak:ke npuHaaiexRut §. HamomunMm, gro Q-rpymmnsr A
u B mazwBarorcsd {2-usomopdroimu, ecn cymecTByer n3omopdHoe orobparkenne f
rpymmer A ma B takoe, ato (af)* = (a®)f ans ecex a € A w o € Q. Tlpocras Q-
IPYyIIna — 9TO HeeIuHNYHas {2-TpyIna, He MMEROIas HETPUBUAJIBHBIX HOPMAaJIbHBIX
Q-nogrpyrm.

OnupPEAENEHUE 1. Knace Q-rpynn § HazbiBaeTcs 2-gopmarueti, €Clm BBIIOJ-
HSIIOTCST CJIEJTYTOIINE YCJTOBUST:

Dmw HeFuNQH, rue N — Q-rpynna, cieayer H/N € §;

2) eciu H/A € §u H/B € §, tie A u B — Q-701ycTUMBIE HODMAJIHHBIE
noarpynnet Q-rpynnet H, 1o H/AN B € §.

OnPEAENEHUE 2. Ilycts § — Q-dopmarmsa. Torma noarpymmna HS Q-rpymmsr
H, paBHast Iepecevennio BcexX TeX HopMasbHbIX (-nioarpynn X w3 H, mjist KOTopbix
H/X npunajyiexur §, HazbiBaercs §-xopaduranom (F-residual) Q-rpymmner H.

Ecnu A — Q-rpynma, 1o yepes formg(A) oboznauaercs Haumenbinasi §2-dbopma-
s, coflepxKaliasa rpynny A. B magsreiiniem mur 6ymem 6€3 ¢ChLTOK UCTIOJIB30BATD
corepyromuii mpocroii pesyasrar o dopmamuu forme(A).

IMpemmoxenne. Ilycrs A — mpocras Q-rpynma. Torga KazKaas HeeTUHITHAS
rpyma us formg (A) aeasercs npsmpiv npoussegenuem Q-rpyiu, 2-u30MopdHBIX A.

JHOKABATENBLCTBO. Ilycres § — Kaacc rpymn, cOCTOANTNI U3 €IUHUIHON TPYT-
BT U U3 BCeX TeX {Q-TPYIIT, KOTOPKIE sIBJISIOTCS MTPAMBIME IPON3BEIEHUAME {-T'PyIIIL,
Q-uzomopdubix A, fcHo, 9T0 KJaacc § BaMKHYT OTHOCHTENHHO 0OpazoBanust {2-
dakTop-rpynn u B3aTHg HOpMaIbHBIX (-oarpymm. [lycrs Ny u N — HOpMaJibHBIE
Q-noarpynner Q-rpynnst H takue, uro H/Ny € §, H/No € §u Ny N Ny = 1. e
HO, uro B (-rpynne H/N; Haiimerca Takas wopMmajbhas (Q-noarpynma B/Ny, uro
H/N; = N;N5/N; x B/N;. Orciona cieayer, 4ro

H=NyB, NoNnBCNN,NB=Nj.
Tax xax N1 N Nz = 1, oTciozia BeITekaeT, a0 No N B = 1, suaunt, H = Ny X B, rxe
NQ =~ NlNQ/Nl S 3, B~ H/NQ S 3

Taxum 06pazom, § — dbopmarus u rem cambiM formg(A) C §F. ObpaTHoe BKIIOUEHNE
ouesuHO. [Ipemyoxkenne noKazaHO.

3. Koponbl u ux J0NOJTHEHUS!

Hawm norpebyercs nonsitue rpynmsl oneparopos (cM. [6]). Toopar, uro rpymma
G aBasieTcs epynnoti onepamopos epynnu, A, €can OTMEYEH HEKOTOPBIH TOMOMOP-
duzm rpynmer G B Aut A; cuuraercs, uTo oneparopsl uz G geiicTByIOT Ha A Kak
COOTBETCTRYIONINE UM ABTOMOP(hUIMEL.
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BadukcupyeM 10 KOHIQ cTaThu rpyiny G B KQUeCTBE TPYIIILI OMIEPaTOPOB /I
BCEX PACCMATPUBAEMBIX T'PYIIIL.

B uacraoctu, rpymmy G GymeM paccMaTpUBATH KaK IPYIILY OMEPATOPOB JIJist
BCEX ee HOPMAJIbHBIX CEKIHiA, TIojiaras, YTo Ha HOpMaJbHO# cekiun H /K rpynma G
JieficTByeT ecrecTBeHHBIM obpasoMm: (hK)9 = h9K nusiBcex h€ Hu g € G.

Jyist npouzsosibhoil G-rpymbt A uepes C(A) Gymem 0603HaYaTh COBOKYITHOCTE
Tex ormepaTopoB uz G, KOTOpble AeficTBYOT ToxkAecTeenno Ha A. Teneps onpeneste-
Hie KOpoHbI 110 mpeyioxkennio JI. A. IllemerkoBa MOXKeT GBITH BBEIEHO CIIEYIONINM
obpazom.

ONPEAENEHUE 3. Ilycrs A — npocras G-rpynmna, § = formg(A), C = Co(A).
®axTop-rpynmy C/CS 6ynem HazeBaTh K0poroti rpymbl A B G 1 0603Ha9aTh Yepes
CI"G<A>.

Wz onpenenenus cieayer, uro Crg(A) subo npsmoe npouzsegenue G-rpymii,
G-uzoMopdHbx A, mubo eIMHIIHAST TPYIIIA.

Ham moTpebyioTcs erie HEKOTOPbIe TIOHSTHSI, CBI3aHHBIE CO CBOWCTBAMU HOP-
MaJbHBIX dakropos. Ilycrs M — nomgrpynma, a H/K — nopMmasibhblii hakTop rpyi-
et G. Tosopst, uro 1) M sapnsercs donoanenuem garmopa H/K, ecim MH = G
u MNH=K (B aorom cayuae H/K HazeiBaetcsa donoansemvim garmopom); 2) M
nokpeiBaer dbakrop H/K, ecou MK 2 H; 3) M usonupyer daxrop H/K, eciu
MnNnHCK.

Ecnu B KauecrBe A B3dTh HEKOTOPBIH JonoHseMblil riapubii daxkrop H/K
rpyunel G, 10 B 31oM ciyuae Crg(H/K) — s10 B Tounoctn Kopona dakropa H/K
B cMbIciie paborer [1] (em. Takxe [5]).

Tamon B [1] nepBeiv 06paTil BHUMaHUE Ha HAJIUYHE Y KOPOHBI 3aMEYaTe IbHBIX
CBOWCTB, CBSI3QHHBIX C TIOKPLITHEM-UZ0JUPOBAHIEM TVIABHBIX (HPaKTOPOB U C JIOTOJI-
HEHUSIMHA caMOl KOpOHBI. [IpiBenem 3ToT pe3ysbTaT B BUIE CJieJyonieil TeopeMbl.

Teopema 1 (B. Tamon). Iycrs A — npocras G-rpyuna. FEcemu rpymaa G
obJ1a1aeT JOMOTHAEMBIM TJIABHBIM harTopoM, G-nzoMopdaEiM A, TO

1) kopona Crg(A) pomonusema B rpymmne G;

2) sro6rte apa gonosHeHns kopors! Crg(A) coupskernsr B G;

3) moarpynua B nz G apisercs gonojrenueM kopoHsl Crg(A) Torga u tobKo
Toraa, Korna B uzomupyer Bee JONOJHSIEMBIE IIaBHEIEe (paKTopsl rpyribl G, KOTOpEIE
G-mzoMopuBl A, 1 HOKPBIBAET BCe OCTAIBHBIE IJIABHBIE haKTOphl rpyuis G

4) ecom sazanHbii raapHell psg rpymasl GouMeer t JJOIOTHSEMBIX IJIABHBLX
¢axropon, G-uzomopdurix A, meciu M1, My, . .., My — MaKcuMajIbHEIE TOATPYIIIBI
rpymsl G, H30AApYIONIE pa3THIHBIE JOIOJHIEMBIE TJIABHBIE (aKTOPEI 9TOTO psja,
ro My NN My — gonosnenue xkopount Crg(A).

4. Yacrtuuno npedparTHiHUEBHI MOATPYIIILI

Bribupasi y1a Kaxk10it KOpoHsI B rpytie G 110 OJHOMY JOTIOJTHEHUEO U epeceKast
ux, Tamron [1] gokazbiBaer, YTO 9TU IEpPECeYeHUs COTPSIZKEHBI, U30JUPYIOT BCE JIO-
TOTHSIEMbBIE TUIaBHBIE (DAKTOPHI U TIOKPHIBAIOT BCe (DPATTUHNUEBHI TJIaBHBIE (DAKTOPHI
rpymmnel G. Takue nepecedennss OH U HAZBIBAET NPePhpammuUuHUES MU NOJZPYNNAM.

FEcrectBennbiM 06pazoM BO3HUKAET BOIIPOC O PACCMOTPEHHUH MOATPYII, U30JIM-
PYIOIIUX He OJ(HY U He Bce KOPOHBI B rpyiie (G, Kak 3T0 ¢iesaHo B [1], a HekoTopyio
BBIJIEJIEHHYIO CHCTEMY KOPOH. DTOT MOAXOJ U PEAJIUIYETCsT HUKE.

Pacemorpum cucremy 90 mpocteix momapuo He G-mzomopduHbIX G-rpymnm co
cBoficTBOM: Kaxkzasd rpymmna uz I G-uzomopdHa AOMOJHIEMOMY TJIABHOMY (ak-
topy rpynnel G. Takyro cucremy 9 OyneM Ha3BIBATH 24G6HOT cucmemoti epynnot
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G. Tnapuerii dakTop rpynnel G OyneM Ha3BIBAThH 24a6HbM I-Parmopom, ecin OH
G-uzomopden rpymme uz M. [nmasuyio cucremy 9N OymeM HA3BIBATE NOAHOU 24G6-
notl cucmemot 1 obozHadarh depes T(G), ecam |M| — umeno Beex MOMAPHO He
G-n30MOpdHBIX JOMOHAEMBIX TJIABHBIX (HaKTOPOB rpymnsl G.

B pambmeiinem w3/0:KeHnn MbI OyJeM 9acTO UCIOJIb30BaTh 3amiuch Buaa M =
{A1,..., A}, Bcerma mpennonaras, uro A, u A; He G-u3oMopdHbI IpH JIFOOBIX © 7# j.

OnPEAENEHUE 4. Ecim MM = {A,..., Ay} — Hexkoropas ryiaBHas cUCTEMA
rpyunet G, o noarpynna By N---N By NG, rae B; — nononuenue kopoust Crg(A;)
B rpyme G, 1 < i < t, Hazwaerca M-npedpammunuesoli nodzpynnoti TPYIIILI
G. Ecmu 9 = @, 1o nojaraem, uto M-npedparrunnesa noArpymnmna rpymmasl G
coBIaiaer ¢ rpymnoi G.

Wz onpenenenus 4 crenyer, uro eciau I = P(G) — noiHas rjaaBHas cucTEMa,
10 M-ipebparTrnnreBa noArpyna rpymuel G — 310 06bruHas mpedpaTTHHHERS IO
rpymmna rpynnel G. Ecau ke muoxectBo I om0 remenTHO, TO -ipedparTuHnesa
IOATPYIINA COBIAJIAET C JOMOJTHEHNEM HEKOTOPOH KOpOHBI B rpymne G.

OupPEAENEHUE 5. [loarpynmna H rpymnmnel G Ha3BIBAETCS “acmusHo npephpam-
munuesot nodepynnoti, ecnu OHa siBjsercs IN-mpedpaTTUHNEBON TOATPYIION J1JTst
HEKOTOPO# raaBHOil cucrembr I rpymmer G.

Teopema 2. /las gwoboii riasroii cucremsr M rpymmner G kaxgas ee M-mpe-
paTTHHEEBA TOATPYIIIa H30JUPYET BCE JOMOIHSIeMBIe TIaBHEIE N-paKTOpE! U 1MO-
KPBIBAET BCe OCTAJIBHBIE IIaBHEIE paKTOPEl rpyriel G.

JIOKABATE/LCTBO. Ecnu || = 0, 10 yTBepKIeHne TeopeMbl oueBuano. Fean
|90t] = 1, To oHO cremyeT uz Teopembl 1. TTosTomy mosnaraem nanee, 4o || =t > 1.

MMycte M = {A1,..., A:} u B, — jgonostenue KopoHsl rpyinesl A; B rpynne G,
i=1,...,t. Ecim H/K — nononusiemurii riasueiii S-dbakTop, T0 BBHLY TeOpeMbl 1
dakrop H/K uzomupyercs noarpynmoii B; mjisg wekoroporo i € {1,...,t}, a 3Hauur,
H/K uzonupyercs u noarpymnnoii BiN- - -NB;. Teneps Jyisi JIOKa3aTe/IbCTBA TEOPEMBI
JIOCTATOYHO TIOKA3aTh, 4To uHEKC |G @ B1N- - <N By| paBeH Npou3BeIeHIO IO JIKOB
BCeX JIONMOJIHIEMBIX TJIABHBIX T-pakToOpoB TIABHOTO psifa rpynnst G.

IMpumenum mugykipro o ¢. [Ipu ¢ = 1 yrBepKaenne 06 WHIEKCE BHITEKAET U3
TeopeMbI 1.

Mycte M(G) = {A;,...,A.}. Beuny teopemer 4.2 u3 [1] npu noaxosriei
nymepaimn G-pocThIX rpynn Ai, ..., A, cyllecTByer riaBHLIH psa;

h:G=G1D - DGiq 2 Fio-- 2 Fip,

=G20D  DGaqy 2 Fog 2+ 2 Fop,
"':GTO:)"':)Grar:_)FrO:_)"':_)Frbr:L

B KOTOPOM st Kaxjoro ¢ € {1,...,r} dakrops Gi/Giky1 nononnsiemsr u G-
uzomopdubl, dakropel Fy/Fy .1 dparTuHnessl, a a; — YUC/I0 MHOYKUTEEH B pas-
JIOYKEHUU COOTBETCTBYIONIEH KOPOHBI B TIPSIMOE POU3BEIEHNE MPOCTHIX (G-IpyTIi.

[Mycts A, — mpoctast G-rpytma uz P Takasi, 9TO BCe JOMOJHsIEMbBIE TJIABHBIE
M-daxTope! psiga h, KoTopbie He G-M30MOPGhHBI Ay, PACIONOKEHBI BBIIIE, Y€M JI0-
MoJTHsIEMBIE TJIaBHBIE hakTOpsl psifa h, G-uzomopdusie A;. Torna

Blm...ﬂBSilmBS+1m"'th/GSO

sapasierca M-npedparrunnesoil noarpynmnoii rpymnst G/Gsy. Tak kKak noarpynma
Gso comepxurct B B1N---NBs_1 N Bgp1N---N By, a By siBIsi€TCA AOTOJIHEHUEM
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dakropa Geo/Gsa., TO
IG:BiN - NBy|=|G:BiN--NBe1NBeyr NN B||G: By.

Mo unaykiun ungeke |G : By N -+ N Bs_1 N Bgyy N -+ - N By| paBen npouzseieHuio
HOPSIZIKOB BCEX JIOMOJIHAEMBIX MIaBHBIX T, -dakropos psua h, rue T, = W\ {A,}.
Beusy reopembr 1 ubgekc |G : Bg| paBeH NPOHU3BEEHUIO TIOPSJKOB BCEX JOMOJIHSIE
MBIX TJIaBHBIX dakTOpoB psja h, G-uzomopdubix A;. Orcioma craenyer Tpebyemoe
yrBepxaenne 06 ungekce |G : By N --- N B|. Teopema sokazaHa.

Hawm nonao6uTes fadee ey onias JeMMa, N3BecTHas Kak apryMenT Larona
(mokazaTenbeTBo eM. B [1]).

Jlemma 1. FEcmm A, B u AB — noarpymmsl rpyrnst G, To fJIst TI06BIX 3J1eMEH-
T0B 2,y € AB mogrpymusr AN BY uw AN B conpszxens: B AB.

Jlemma 2. ITycrs {Aj,..., A} — Hexoropas riaasuas cucrema rpymnsl G u
myers B; — pomoymmenne Kopousl rpynmsl A; B rpymme G, i =1,...,t. Ecmt > 1,
TO (Bl n---nN Bt,1>Bt =G

JIOKABATE/LCTBO. Ilycrs C'/R — kopona rpynust Ay B rpymne G. Tak kak
noarpynna By monoausier dakrop C/R, o B;C = G u B;NC = R. Beu-
ay rteopembl 1 mogrpynma By N --- N By nokpeaer dakrop C/R, a 3Hadur,
C C R(B1N---NB;_1). Orciofa OKOHYATELHO UMEEM

G=CB:C(BiN---NB;_1)RB: = (ByN---NBt_1)By.
Jlemma 0KazaHa.

Teopema 3. /lns aroboii rmasroii cucremsr N rpynmer G robsre nBe M-
npedparruanepsl nonrpyuiel n3 G CONpPsAKEHBL.

JHOKABATENBLCTBO. Ecmm 9N = &, 10 yrBEpKAeHNE TEOPEMBI OYeBUAHO. Fcmu
ke || = 1, To oHO crenyer w3 Teopembl 1. ITosromy mosaraem ganee, aro || =
t>1.

Mycte M = {A4,..., As} u B;, B, — fonofHenns KOpOHBI TPYINLL A; B IpyTiie
G,i=1,...,t. TlokaxeM, aro noarpymnsl By N---N By u BN - N B} cONpsizKeHBL.
[Tpumennm wHIYKIMO 110 .

Tax kak syid Bcex m < t TeOpeMa BBITIOJHSETCS M0 WHIYKITHH, TOATPYIITHI
Bin---NBi_1 u B{N---NBj,_; conpsikensl. Ha ocHOBaHNY TeOpeMBbI 1 CONpsizKeHBI
u noarpynnsl By u B;. Kpome Toro, BBHAY JeMMBI 2

(BiN---NBs1)B: =G.
Orcrofa Ha OCHOBAHUU JIEMMBI | HaiieTcs Takoil sjeMenT x € G, 410
BiN---NBy=(B;N---NB".
Teopema mokazana.
Crenyroiast leMMa, IPsiMO BBITEKAET M3 TEOPEMBI 1.

Jlemma 3. Ilycrs 9 — memycras rmaBaast cucrema rpyamnel G. IHoarpynma
B rpynner G seastercs IM-npecbparTurnesoli moarpynmod Torqa U TOJBKO TOLAA,
KOI/1a OHA HPEJCTABHMA B BUE

B=MnNn---NnM,,
rae My, ..., M, — MakcumaJpHBIE TOATPY I TPy sl G, H30APYONIHE Pa3/IHIHEIE

JToro iHsieMble rytaBHbIe S-(pbaKTOpEl HEKOTOPOro rIaBHOrO psina rpynmel G, a r —
YUCJI0 BCEX JOMOTHSIEMBIX IIABHBIX I-paKkTOpOB 2TOrO0 psna.
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Teopema 4. Ilycrs 9 — Herkoropas riaapHas cucrema rpyiunsl G. Ecmm B —
M-upecpparrunnesa noarpynia rpyuisl G u N < G, ro BN/N —M-upedparrunue-
Ba moarpynmna rpyuib G/N.

JHOKABATENBLCTBO. Ecmu 9 = @, 1o yTBepxR AeHMe TEOpEMBI O4eBUAHO. [lycTh
h:1=GoCGyC---CG,=0C

— TJIaBHBIN psj rpymnsl G, npoxoasimuii vepes moarpyany N, 1. e. N = G4 s
Hekoroporo s € {0,1,...,n}. Iyers Gy, /Gy -1, ..., G, /Gi.—1 — Bce nonosHAEeMBIe
rnaBuble M-dbakTopsl paga h, npudem noArpynnsl G, ..., G, cojep:karca B IV, a
nogrpynnst Gy, ..., Gy comepikar N.

Beuny nemMmbr 3 HaliyTcd TaKue MaKCHUMaJbHBIE TOATpyIIbl My, ..., M, 1TO
B = MiN0---NM,, npuuem noarpynna M; usommpyer riaubiii dbaxrop Gy, /Gy, 1,
j=1,...,r. Torna

BN/N=(M;n---NMu,NMpu10---NM)N/N
=M n---NM,)NN(Mp1N---NM,.)/N
=(GNMyu1N---NM)N=M, +/NNn---NM,/NNG/N.

Ionsarwro, uro {(G;, ,,/N)/(Gi,..—1/N),...,(Gi, /N)/(G;i.—1/N)} — mHOXKecTBO

BCeX JOMOJHAEMBIX TJIaBHBIX J)-daKkToOpoB psia
1=Gs/N CGssy/NC---CGp/N =G/N.

Kpowme Toro, ms Kaxkaoro j = m + 1,...,r MakcuMaibHas moarpyuna M; /N mo-
nojHser riaasubii bakrop (Gi, /N)/(Gi; 1/N). 3nauur, BN/N = My, i /NO---N
M, /N — S-npedparrunuesa noiarpynna rpymnst G/N. Teopema JokazaHa.

5. Pemerka & (G, X)

ONPEAENEHUE 6. Ilycts M(G) = {A;,..., A;} — mosHas riaBHas cucTeMa
rpynnstl G u B; — fomnoJiHenne K Kopore rpynnsl A; B rpynme G,i = 1,...,s. Torma
cucrema . = {By,. .., B;} HasbiBaercs zawroyesoti cucmemoti rpynisl G.

IIycte Temeps 901 — mekoTopas riapHasi cucrema rpymnsl G. Torma 9N =
{Af,..., A} }, Tme A;‘j G-mzomopdma rpymme A;, W3 MOMHOM TMaBHOH CcHCTeMBI
M(G) = {Ay,..., A}, 5 = 1,..., k. Tosopar, uro M-npedparrutuesa NoArpy-
na B rpynmel G accoyuuposara ¢ 2auiioyesoti cuememoti X, ecyii OHa, TPEJICTaBUMA,
BBuge B =By N---NBy NG, tie By, € X ansa seex j =1,..., k.

Yacmuuro npedpammuniesots nodzpynnoti epynno. G, accoyuuposanmoll ¢ 2a-
wronesoll cucmemoti 3, OyIeM HaZBIBATHL BCAKYIO moarpymmy B uz G, yaoBierso-
PAIOIIYIO ciieytomuM yeaosusamM: 1) B ssiaserca I-upedpartuiuesoil moarpynnoi
JUIsl HeKOTOpOii ryaBHoil cucremer I rpynnel G 2) B accoruupoBana ¢ X.

MHOXKECTBO BeeX YaCTHYIHO MTpedhPaTTUHUEBBIX MOATPYIIT rpydibl G, accorum-
POBAHHBIX C rallioneBoil cucremoil X, oboznadum uepes (G, X).

[Mousatro, uTo B ciyuae M = @ M-npedpartunnesa moarpymnmna rpynmns G,
accolmMupoBaHHasi ¢ X, copnagaer ¢ G, 1. e. Beermga G € B(G, X).

Ha ocHoBaHUM W3/I0YKEHHOTO BBIIE JJIsi TAITIONEBON CHCTEMBI Y. CITPABEIJTUBLI
CTIETYTOIINE YTBEPIKICHUS:

1) B;B; = B;B; = G ms mobeix pasiudausx B; u By uz X;

2) ecrn N < G, 1o ¥N/N — ramrorieBa cucteMa rpymnsl G /N

3) U &(G,X%) — MHOMKECTBO BCeX YacTHYHO NpedbpaTTHHHEBBIX HOAIPYIII
xcG
rpynnst G.
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Jlemma 4. Ecam X — ranmonesa cncrema rpymmnsl G uw B, B’ — smementor us
&(G, %), 1o

1) BNnB € 8(G,X);

2) BB'=B'B € 8(G,Y).

JJOKA3ATENLCTBO. Ilycre M(G) = {Ay,...,As}, ¥ = {By,...,B;s}. Ilycts
B — My -npedparrunnesa noarpynma, B’ — Ma-npedparrnnmesa moarpynma rpyT-
net G. Ecnn

mlz{Ail,...,Aik}, mz:{Ajl""’Ajl}’ m:mlumz,
TO IIO OIIpEeaeJIEHHUIO
BNB =(B;;N---NB;, )N (Bj,N---NBy,)

sapisierca M-npedparrunuesoii noarpynnoii rpynnel G, npunajexaeii (G, X).
VreepxKaenne 1 qoKazaHO.

Paccemorpum muozxkectso T, NIMM,. He mapynras obiHoCTH paccyKIeHmil, MOXK-
HO cuuTarh, uro M NP = {A4, ..., A:}. Torna

BB = (B;,N---NB;)(BjyN---NBj) C B NN By,

1. e. BB’ cogepxurcs B (0 NMs)-upedparrunnesoii noarpynne C = By N---NB;.
Mycrs C;/R; — kopona rpymmel A; B rpynue G u n; = [Cy/R;|, i = 1,...,s.
Beuny teopemnbr 2 nmeem

R IR I
nil...nik’ Mgy - My,
Tak xak B N B’ — Mi-npedparrunnesa noarpynma rpymnsl (G, cHOBa NTpUMEHSS
TeopeMy 2, oJIydaeM
BB - |G|nq .. .1
L R L PR L PR L
Tenepb MOKHO BbIUHCNTE |BB|:
|B|| Bl (€]
BB/| = = =|C].
| | |[BNB| ni...n €]

Orcroma n n3 BB’ C C' crenyer, wro BB’ = C. Jlemma gokasana.

Teopema 5. /s gro6oii rpyrnsr G u j1r000i €e rairroreBoil CHCTEMBL Y CIIPa-
BEJJINBEL CACAYIOIIAE Y TBEPHK TCHUST:

1) (G, X) — noapemerka peurerku Beex momrpyim rpyiisl G; Hysem 910l pe-
MIETKHA ABJISETCS IPEPPATTHHAEBS, HOATPYIIIA, ACCOMUAPOBAHHAS C Y., 8, CIMHUIIEH —
cama rpymnma G;

2) pemerka (G, ) nzomopdua pemerke (P(X),U,N) Bcex mogMuokecTB |X|-
sJTeMenTHOro0 MHOMKecTBa, X ; B wactHocTi, (G, )| = 2%,

JIOKABATENLCTBO. Iycrs M(G) = {A4,..., As}, X ={By,...,Bs}. To, uro
®(G,X) — nogpererka perierku Beex NoArpynn rpymmst G, ciegyer uz jieMMbl 4.
Tak kax mya a6 9acTHIHO TpedpaTTHHUEROH NOATPYIIEL B, accolMMpoBaHHOM
¢ X, CIIPaBeINBO BKJIIOYEHIE

Bin---NB; CBCQG,
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npedpartunuesa noarpymna By N --- N By — uynb pemerku $(G,X), a G — ee
€JTMHNATIA..

Mycrs X = {1,...,s}. Paccmorpum orobpazkenne [, cTaBsiliiee B COOTBETCTBUE
KaZKJIOMY OJMHOKECTBY {i1, ... ,1;} MHOXKecTBa X IM-nipedpaTTUHUEBy HOAIPYIIITY
w3z &(G, X)), tne M = M(G)\{A;,, ..., A;, }. Tlokazkem, 410 f U ABAAETCH NCKOMBIM
mzomopdusmom perterkn (P(X),U,N) Ha &(G, X).

HyCTb X1 == {il, NN ,Z'k}, XQ - {jl, N ,jl}, 9)?1 - {Ail,. N ,Aik}, 9)?2 -
{4;,,...,A; }. Tak xax

DMG)\ (M UML) = (M(G) \ M) N (M(G) \ M),
DMG)\ (M NM) = (M(G) \ M) U (M(G) \ M),

BBUAY JIEMMBI 4 nMmeem
J(X1UXe) = {Bi| Bi€ 5, i€ X\ (X1 U X5)}
= (B 1 Bies iex\X1}) (B | B; €3, j € X\Xa} ) = F(X1)f(Xa),

JXinXe) = {Bi| Bi€ %, i€ X\ (X1 N X5)}
= (NBiIBiex,ie x\x1}) (1B, | By € T, j € X\Xa}) = FXONS(Xa).

Kpowme Toro, orobpaxkenue [ spisiercs 6ueknueii P(X) wa &(G,X). Buaunr, [ —
uzomopdusm pemerku P(X) na & (G, X). Teopema Jokazana.

Caencrsue 1. /s soboii rpynner G u gar0005 €€ rarmoreBol cHcTeMbl Y
pemmerka &(G, X)) apasgerca aromHol n koaromuol. Koaromamn pemterkn (G, X)
SBJSIIOTCS Bce moarpymnnel By, ..., By u3 X, a aromamu — moarpymasl S; = By N
-NB_1NBy1N---NBy gngBecext=1,...,s.

Caencrsue 2. Jlis jroboii rpymasr G 0005t ee ralironeBoi cucTeMEL Y pe-
merka (G, X)) apusercs Gynepoii. Jlonoanennem IM-upedparrunnepoii moqrpyiis
B € 8(G,Y) B penierke &(G, ) apagerca (M(G)\M)-upedpparrunnesa noqrpynia
B’, acconmmpoBaHnas ¢ cucTeMoi Y.

Caeacreue 3. Ilyers M(G) = {A1,..., As}, mw noyers Sy,...,S5, — aromsl
peurersku (G, X)), P — npedparrunuesa noarpymua rpyuisi G, acconquupoBaHHas
¢ cucremoii 3. 'Torna

1) moarpynma S; mokpreiaer Bce paTTHHHEBHI H BCE JONOJHIEMBIE TJIABHEIE
¢axropsr rpynisl G, Kotopeie G-uzoMophHBI A;, I H30IUPYeT BCe OCTAJIBHEIE IIAB-
HEIe paKTOpPH rpynnel G;

2) ecin C;/ R; — kopona rpymust A; B rpymme G, 1o |S;| = |C;/ R;||P|;

3) 4as JIoOBIX pasandHbIX © H j 3 {1,...,S} CcIpaBemIHBBI paBeHCTBa S;5; =
SjSi I/ISiﬁSj = P;
4) ecru B —{A,;,, ..., A, }-upedparrunnesa nogrpynna rpyms G, acconuu-

poBaHHas ¢ raunoiepol cucremoi 3, 1o B =5, ... ;

5) G =Si...8, SiN--N8 =P, |G| =|Ci/Ru|...|Cs/Rs||P).

Caencrsue 4. Ilycre ¥ — HekoTopas ramoreBa cucrema rpymamnel G. I'pyiima
G sBasieTcsT p-rpyIIIoH IS HEKOTOPOro MpOCTOro 9HC/a P TOLJA W TOJBKO TOLA,
korga (G, X) — mems.



1318 C. @. KamopHUKOB

Caencrsue 5. Ilycrs |M(G)| = s, S1,...,Ss — aromer pemerkn &(G,X).
Torpa s yuoboii ruasuoii cucrempl M # M(G) u moboii M-npedparrunuepoii
moarpynusl H rpymuost G HafiayTes takme atoMel S, ...,S;, € ©(G,X) n takoi
sypement x € G, wro H =57 ... 57 .

SAMEYAHUA. 1. TTocTpoenune 060bImeHHO TPEdPATTUHIEBHIX TOATPYIII TI0 ITy-
TH BBIZEJIEHNsT KOPOH JIOTIOJTHAEMBIX X-9KCIIEHTPAJILHBIX TJIABHBIX (haKTOPOB IPYIITHI
npuBesio K nousaTuio X-npedparrunnesoil noarpynusl (cM., nanpumep [7,8]). Cie-
OYIOIUil TIPUMED TTOKA3BIBAET, UTO YACTUYIHO MTpedPATTHHHEBLIX TOAIPYIIN TOPa3I0
6osibire, yem X-rpeppaTTUHUEBBIX TOATPYIIIL.

IIycte G = Dy X Da, tne D1 u Dy — Tpynmel, n30MOpPQHBIE CHUMMETPHYe-
ckoli Tpynme creniedn 3, u N1, No — CUTOBCKHE 3-TIOJITPYIIIHI COOTBETCTBEHHO TPYII
D1, Dy. Torma M(G) = {Ny, Nz, D1/Ny}. Ecnu X — Haceimiennas $opmaims,
To Uy nzoMopdusma G/Cq(Ny) ~ G/Cq(Nz) MUHUMAIBHBIE HOPMAJbHBEIE IO/
rpymnel N1 u Ny rpynner G iubo ogHOBpeMeHHO X-IIeHTPaJIbHBI, OO OIHOBPE-
MeHHO X-9KcieHTpa bHbL. [losromy X-npedparturueBsr moarpynnel rpymnmnsl G co-
npsizkeHpl ¢ onuoll w3 moarpymnm 1, G, Ny Ny, R1Ry, tne Ry u Ry — cuyioBckue 2-
TIOATPYNIILI cCOOTBeTCTBeHHO rpynn 1D u Dy. B 10 ke Bpemda moarpynmsl N1 u Na
saBsorca Yi-npedpaTTUHIEBBIMUA COOTBETCTBEHHO B ciaydanx TN = {Ng, D1/Ni} u
M = {Ny,D1/N1}.

2. Nz cnepcreus b BeITEKAET, 94TO JIE0DAS 9aCTUYIHO TTPePPATTUHIER, TIOATPYIITa
rpyunet G (B ToM uncsie u Jiobas X-npedparTuHueBa noArpynna) MOXKeT ObITh
nocTpoeHa u3 aroMos perierku $(G, X).

3. Ecau mpedparrunnera noarpynma B rpynnel G accoluupoBaHa ¢ TaITiO-
1epoii cucremoii 3, ro (G, X) — noaperierka unarepsaja [B, G|, koropsiil BBUILY
[3] siBasieTcsa pemierkoil ¢ ponoaHeHusMU. [IpOCThIe IPUMEPHI IOKA3LIBAIOT, YTO B
obiiem ciyuae pemerka [B, G] He Gyuner Jaxe MOLYIsIPHOIL.

4. V3 Teopembl 4 1 cleICTBUSA 3 BUHO, 9TO CBOMCTBA aTOMOB W KOATOMOB pe-
merku ®(G, X)) nBoiicTBEHHBI CBORCTBAM COOTBETCTBEHHO CHJIOBCKUX MOAIPYIIL U P-

ponoauennii rpynnesl. Hanpumep, ecin X = {Py,. .., P,} — cunosckas 6aza rpymms

(G, TO MHOXKECTBO BCEX XOJIJIOBBIX TOATPYIIT rpynibl (G, aCCOIMHPOBAHHBIX ¢ 3 (T. €.
? ?

PABHBIX [TPOU3BEJIEHUIO JIEMEHTOB U3 X.), — NOJPEINETKa PEIeTKH BCeX MOATPYII

rpymmel G IpudeM 9Ta PeIneTKa ABjsgercs OyIeBoil u comepkut 2" 3JeMeHTOR.

JIMTEPATYPA

1. Gaschiitz W. Praefrattinigruppen // Arch. Math. 1962. Bd 13, N 3. S. 418-426.

2. Kurzweil H. Die Praefrattinigruppe im Intervall eines Untergruppenverbands // Arch. Math.
1989. Bd 53, N 2. S. 235-244.

3. Hauck P., Kurzweil H. A lattice-theoretic characterization of prefrattini subgroups // Manus-
cripta Math. 1990. V. 66. P. 295-301.

4. Ilemerkor JI. A. @opmanuu xoneunsix rpymn. M.: Hayka, 1978.

5. Doerk K., Hawkes T. Finite soluble groups. Berlin; New York: Walter de Gruyter, 1992.

6. Kapranosos M. ., Mepssakos FO. . Ocuoebl Teopun rpynn. M.: Hayka, 1982.

7. Hawkes T. O. Analogues of prefrattini subgroups // Proc. Intern. Conf. Theory of Groups.
Canberra, 1965. P. 145-150.

8. Ilemerkor JI. A., Ckuba A. H. ®opmanun anrebpanyeckmx cucrem. M.: Hayka, 1989.

Cmamva nocmynuaa 31 mapma 2007 e.

Kamopuukos Cepreit @enoposuu
T'omenbckuii roc. yausepcurer uM. ©. CKOPUHBI, MATEMATUYECKUI DAKYILTET,
ya. Coserckas, 104, I'omens 246019, Benapyce



