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JlokasaHo ciejyrolnee: KoHeyHas rpynna G p-cBepxXpas3pelinMa TOTJja M TOJIbKO TOT/a, KOTrJa OHa MMEET HOPMAJIbHYIO MOJI-
rpymiy N ¢ p-cBepxpaspemumoii dakrop-rpymnmoil G / N takoid, uto nu6o N — p' -rpynmna, mu6o p nenur |N|, u |G : Ng(L)| 8-

JISIETCSI CTETICHBIO YMCIIa p JUIs JII000H UKIMYEeCKO! p-noarpynmsl L u3 N nopsaka p win nopsiaka 4 (ecnmup =2 u B N cUIoB-

cKas 2-NOATpYIIA SIBIIAETCS HeabeneBoii).

Kniouegvie cnosa: koneunas epynna, p-HulbnOmenmHas epynnd, p-ceepxpaspeuiumas spynna.

The following is proved: A finite group G is p-supersoluble if and only if it has a normal subgroup N with p-supersoluble quo-
tient G/ N such that either Nis p’ -group or p divides |N| and |G : Ng(L)| equals to a power of p for any cyclic p-subgroup L of

N of order p or order 4 (if p =2 and a Sylow 2-subgroup of N is non-abelian).
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Introduction

Throughout this paper, all groups are finite. A
group G is said to be p -supersoluble if every chief
factor of G is either cyclic or is a p'-group. There

are a large number of criteria supersolubility groups
(see [1]). And at the same time p -supersolvable
groups remain relatively poorly understood. In this
note we prove the following result in this trend.
Theorem. Let G be a group and p a prime.
Then G is p-supersoluble if and only if it has a nor-
mal subgroup N with p-supersoluble quotient G/ N

such that either N is p' -group or p divides | N | and
|G:N.(L)| equals to a power of p for any cyclic
p-subgroup L of N of order p or order 4 (if p =2 and
a Sylow 2-subgroup of N is non-abelian).

Bercovich and Kazarin proved [2, Theorem 1]
that if for any cyclic p-subgroup L of G of prime
order or order 4, | G: C;(L)| equals to a power of p,

then G is p-nilpotent. From our theorem we obtain
the following similar result for the p-supersoluble
groups.

Corollary 0.1 Let G be a group and p a prime
divisor of |G |. If for any cyclic p-subgroup L of G
of order p or order 4, | G : N;(L)| equals to a pow-
er of p, then G is p-supersoluble.

Corollary 0.2 (Ito, Gaschiitz [3, IV, Theorem
5.71). If every minimal subgroup of a group G is
normal in G, then the commutator subgroup G' of
G is 2-closed.

Corollary 0.3 (Buckley [4]). Let G be a group
of odd order. If every minimal subgroup of G is
normal in G, then G is supersoluble.
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All unexplained notations and terminology
are standard. The reader is referred to [5] or [6] if
necessary.

1 Some lemmas

In order to prove the theorem we need the fol-
lowing lemmas.

Lemma 1.1 Let L<G and p be a prime divi-
sor of L. Suppose that L is p-closed and |G : N;(L) |
is a power of p. Then the Sylow p-subgroup of L is
contained in O,(G).

Proof. Let L, be the Sylow p-subgroup of L, P
a Sylow subgroup of G containing L,. Since L, is
characteristic in L, N, (L)< N;(L,). Hence

(L) =) =(L,)" <0,6G). O

Lemma 1.2 [7, Theorem 2.4]. Let P be a p-
group, o. a p' -automorphism of P.

1) If [0, Q,(P)] =1, then a.=1.

2) If [0, (P)] =1 and either p is odd or P is
abelian, then o =1.

Proof. We use, following [5], A(p—1) to de-

note the formation of all abelian groups of exponent
dividing p-1. The symbol Z,(G) denotes the

largest normal subgroup of a group G such that
every chief factor of G below Z,,(G) is cyclic. O
Lemma 1.3 [8, Lemma 2.2]. Let E be a normal
p -subgroup of a group G. If E<Z,,(G), then
(G/CL(E)*"™" <0,(G/C4(E)).
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Lemma 1.4 Let P be a normal p -subgroup of a
group G. Let D be a characteristic subgroup of a p-
subgroup P such that every non-trivial p'-auto-
morphism of P induces a non-trivial automorphism
of D. Suppose that D < Z,/(G). Then P < Z,,(G).

Proof. Let C=C,(P), H/K any chief factor
of G below P. Then

0,(G/Cz(H/K))=1
by [1, Appendix C, Corollary 6.4]. Since
D<Z,(G), then (G/C, (D))" is a p-group by
Lemma 1.3. Hence (G/C)**™ is a p-group. Thus
G/C,(H/K)e A(p-1)
and so | H/K |= p by [1, Chapter 1, Theorem 1.4].
Therefore P<Z,(G). O

Lemma 1.5 Let G be a p-group of class at most
2. Suppose that exp(G/ Z(G)) divides p.

() If p>2, then exp(Z(G)) = p.

(2) If G is a non-abelian 2-group, then
exp(X(G)) = p.

Proof. See page 3 in [2].

Lemma 1.6 Let P be a normal p-subgroup of a
group G. Suppose that |G : N;(L) equals to a pow-
er of p for any cyclic p-subgroup L of P of prime
order or order 4 (if P is a non-abelian 2-group).
Then P<Z,(G).

Proof. Suppose that this lemma is false and let
G be a counterexample with |G || P| minimal. Let
Z =Z7,(G). If P is not a non-abelian 2-group we use
Q to denote the subgroup Q,(P). Otherwise, Q =
=Q,(P). Let D be a Thompson critical subgroup

of P.

(1) G has a normal subgroup R < P such that
P/ R is a non-cyclic chief factor of G, R<Z and
V <R for any normal subgroup V # P of G con-
tained in P.

Let P/R be a chief factor of G. Then the hy-
pothesis holds for (G,R). Therefore R<Z by the
choice of (G,P) and so P/R is not cyclic. Now let
V' # P be any normal subgroup of G contained in P.
Then V<Z. If V£R, then from the G — isomor-
phism

P/R=VR/R=V/VNR
we deduce P <Z, contrary to the choice of (G, P).
Hence V' <R.

2) Q=P=D.

Indeed, suppose that Q < P. Then, in view of
(1), Q<Z. Hence P<Z by Lemmas 1.3 and 1.4,
which contradicts the choice of (G,P). Hence
Q=P. In view of Theorem 3.11 in [9, Chapter 5]
we obtain similarly that P = D.

(3) The final contradiction.
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Let L/R be any minimal subgroup of
P/RNZ(G,/R), where G, is a Sylow p-sub-

group of G. Let x € P\R. Then |<x>| is ether prime

or 4 by Lemma 1.5. Hence |G : N ((x)) | is a power

of p. Hence L/R= =(x)R/R is normal in G/R,

which contradicts (1). O
Lemma 1.7 Let L<N be subgroups of a
group G, where N is normal in G. Then | N : N, (L) |
divides |G : Ny (L)|.
Proof. This follows from
INSNy(D)[FIN: N (L) NN |=
=|NN;(L): N,(L)|. O
Recall that a formation § is a class of groups

which is closed under taking homomorphic images
and such that each group G has the smallest normal

subgroup (denoted by G¥) whose quotient is in .
A formation § is said to be saturated if G e § for
any group G with G/ ®(G) e F. A group G is said
to be a minimal non- § -group if G¢§ but He§

for every proper subgroup H of G. In what follows
we shall need the following result.

Lemma 1.8 [5, Chapter VI, Theorem 25.4]. Let
§ be a saturated formation. Let G be a minimal

non- § -group such that G° is soluble.

(a) P=G?® is a p-group for some prime p and
P is of exponent p or of exponent 4 (if P is a non-
abelian 2-group).

(b) P/ D(P) is a chief factor of G and

(P/D(PYN(G/C,(P/D(P)) ¢

Lemma 1.9 Let p be a prime and G a p-soluble
group. Assume that O,(G)=1. Then the following
Statements are equivalent.

(1) G is p-supersoluble;

(ii) G is supersoluble;

(i) G/0,(G) is an abelian group of exponent
dividing p—1.

Proof. ()= (ii). Since G is p-supersoluble, for
every chief p-factor H/K of G, we have
|H/K|=p and so G/C,;(H/K) is an abelian
group of exponent dividing p—1 (see [1, Chapter 1,
Theorem 1.4]. Since O, (G) =1, the intersection of
the centralizers of all chief factors H/K of
|H/K|=pis O, (G)=0,(G). Hence G is super-
soluble by [1]. By using the same arguments, we
also see that (ii) = (iii) and (iii) = (1). O

2 Proof of Theorem
We have only to prove that if a group G has a
normal subgroup N with p-supersoluble quotient

such that either N is p'-group or p divides |N | and
|G:N;(L)| equals to a power of p for any cyclic
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p-subgroup L of N of order p or order 4 (if p=2

and a Sylow 2-subgroup of NV is non-abelian), then G
is p-supersoluble. Suppose that this is false and let G
be a counterexample with | G|+ | N | minimal. Then

p divides | N |. Let P be Sylow p-subgroup of N.

(1) 0,(G)=1.

Let D=0,(G) and H/D a cyclic p-sub-
group of ND/ D of prime order p or order 4. Then
in view of Schur-Zassenhaus Theorem, there is a
cyclic subgroup H, of G such that |H,|=|H/D]|
and H D=H. Since (|H,|,|D|)=1 and H, <ND
we have H,<N. Hence |G:N,(H,)| equals to a
power of p by the hypothesis and so
|G/D:Ng,,(H/D)| equals to a power of p.
Therefore the hypothesis holds for (G/D,ND/ D).
If D#1, then G/ D is p-supersoluble by the choice
of |G|+]|N|, which implies the p-supersolubility
of G. Thus D =1.

(2) N is p-supersoluble.

Suppose that N is not p-supersoluble. Then p
divides | N|. Moreover, N =G, otherwise N is p-
supersoluble by Lemma 1.7 and the choice of G.

(a) For any subgroup H of G we have
O,(H)<Z,(H).

By Lemma 1.6, O,(G) < Z,,(G). Let P=0,(H)
and H be a cyclic p-subgroup of H of prime order or
order 4 (f p=2 and a  Sylow
2-subgroup of N is non-abelian). If P is not a non-
abelian 2-group we use Q to denote the subgroup
Q,(P). Otherwise, Q=Q,(P). By Lemma 1.1,
H <0,(G). Hence

Q<Z, (G NnH<LZ,(H)
andso P<Z,(H) by Lemmas 1.2 and 1.4.

(b) G is not soluble.
Assume that G is soluble and let A be a mini-
mal non-p-supersoluble subgroup of G. Let § be the

class of all p-supersoluble groups. Then § is a satu-
rated formation by [3, Chapter VI, Theorem 8.6].

Hence by Lemma 1.8, P = H? is a p-group and P is
of exponent p or of exponent 4 (if P is a non-abelian
2-group). Moreover, P/®(P) is a non-cyclic chief

factor of H. But from Claim (a) we deduce that
P<Z,H), so |P/®D(P)|=p. This contradiction
shows that we have (b).

(c) O'(G)=G forall primes q # p.

Suppose that for some prime g # p we have
0’ (G) # G. The hypothesis is true for (O?(G),0(G))
by Lemma 1.7, so OY(G) is p-supersoluble by the
choice of (G,N)=(G,G). Since O,(0(G)) a

characteristic subgroup of O?(G), it is normal in G.
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Hence in view of (1), O,(0(G))=1. Therefore

C,(H/K) is supersoluble and C.(O(G)) is an

abelian group of exponent dividing p—1 by Lemma

1.9. Therefore by Claim (a),
0,(0°(6)=0,(6)<Z,(G)

and so G is p-supersoluble. This contradiction shows

that we have (c).
(d) 0,(G)<Z,(G).

In view of Lemma 1.1, O,(G) #1. Let H/K
be any chief factor of G below O,(G). By Claim
(@), |H/K|=p. Hence G/C;(H/K) a cyclic
group of exponent dividing p—1. Suppose that
C,;(H/K)# G. The for some prime g # p we have
0(G)#G, which contradicts (c¢). Hence
C;(H/K)=G for each chief factor H/K of G
below O, (G).

The final contradiction for (2).

Let H be a minimal non-p-nilpotent subgroup
of G. Then, by [3, Chapter IV, Theorem 5.4],
H =PXQ is a Schmidt subgroup of G, where P is
a Sylow p-subgroup of H and Q is a Sylow g¢-
subgroup of H for some prime Moreover, P is of
exponent p or of exponent 4 (if P is a non-abelian 2-
group). By Claim (a), P<Z,(H), so | P|= p. But
then by Lemma 1.1 and (d),

P<LZ (G)nH<Z (H),
so H is nilpotent. This contradiction completes the
proof of (2).

(3) O,(N) is a Sylow p-subgroup of N and
O0,(N)<Z,(G).

By (1), O,(N)=1, so N is supersoluble and
O,(N) is a Sylow p-subgroup of N by Lemma 1.9.
On the other hand, O,(N) is characteristic in N and
hence it is normal in G. Finally, O,(N) < Z,(G) by
Lemma 1.6.

Final contradiction.

Every chief factor of G below of N either is cy-
clic or is a p'-group by Claim (3). Hence G is p-
supersoluble since G/ N is p-super-soluble by hy-
pothesis, contrary to the choice of G. O

REFERENCES

1. Weinstein, M. Between Nilpotent and Solv-
able / M. Weinstein. — Polygonal Publishing House,
1982.—231 p.

2. Bercovich, Ya.G. Indices of elements and
normal structure of finite groups / Ya.G. Bercovich,
L.S. Kazarin // J. Algebra. — 2005. — Vol. 283, Ne 1. —
P. 564-583.

3. Huppert, B. Endliche Gruppen I / B. Hup-
pert. — Springer — Verlag, 1967. — 808 p.

65



IM. Dergacheva, E.A. Zadorozhnyuk, 1.P. Shabalina

4. Buckley, J. Finite groups whose minimal 7. Gagen, T.M. Topics in Finite Groups /
subgroups are normal / J. Buckley // Math. Z. — T.M. Gagen. — Cambridge University Press, 1976. —
1970. - Vol. 15. - P. 15-17. 85 p.

5. Shemetkov, L.A. Formations of algebraic sys- 8. Skiba, A.N. A characterization of the hyper-
tems / L.A. Shemetkov, A.N. Skiba. — Moscow: cyclically embedded subgroups of finite groups /
Nauka, Main Editorial Board for Physical and Mathe- A.N. Skiba // Journal of Pure and Applied Algebra. —
matical Literature, 1989. — 257 p. 2011.—Vol. 215, Ne 3. — P. 257-261.

6. Doerk, K. Finite Soluble Groups / K. Doerk, 9. Gorenstein, D. Finite Groups / D. Goren-
T. Hawkes. — Berlin — New York: Walter de Gruy- stein. — New York — Evanston — London: Harper &
ter, 1992. - 901 p. Row Publishers, 1968. — 519 p.

Hocmynuna 6 peoakyuro 12.04.19.

66 IIpobnemvr usuxu, mamemamuxu u mexnuxu, Ne 2 (39), 2019



