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Abstract In this paper, we study such polyadic analog of an identity of a group as
m-neutral sequence. In particular, we prove that all Post’s equivalence classes of the
free covering group of any n-ary group [where n = k(m — 1) 4+ 1 and k > 1] defined
by m-neutral sequences form the (k + 1)-ary group, which is isomorphic to the n-ary
subgroup of all identities of the n-ary group in the case when m = 2.
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1 Introduction

One of the main results of the paper [1] states that the set of all identities of any
n-ary group (in the case when thus set is not empty) is a characteristic n-ary subgroup
contained in the center of the n-ary group. In the binary case (when n = 2) it s trivial.
But in the case when n > 2 this statement is more informative, since in this case there
can be more than one identity in the n-ary group. Moreover, there are non-one-element
n-ary groups in which every element is identity. Different informations on the structure
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of the n-ary subgroup of all identities of an n-ary group can be found in [2]. Note only
that in the case when n = 3 the following conditions hold:

(1) If a finite ternary group has more than one identity, then the orders of the center,
of the ternary subgroup of all identities of this ternary group, and of this ternary
group itself are even;

(2) If afinite ternary group has more than two identities, then the orders of the center,
of the ternary subgroup of all identities of this ternary group, and of this ternary
group itself are divisible by 4.

Conditions (1) and (2) are special cases of the following result in [3]:

(3) Ifk > 1, pis aprime and a finite (p + 1)-ary group <A, [ ]> has more than p*~!

identities, then the orders of the center, of the (p + 1)-ary subgroup of all identities
of this (p + 1)-ary group, and of this (p + 1)-ary group itself are divisible by p*.

In this paper, we continue to study the polyadic analogs of an identity of a group.
In particular, we show that the main result in [1] is a corollary of the main result of
this paper.

2 Preliminaries
All information of this section can be found in [2,4,5].
Recall that a universal algebra < A, [ ] > with one n-ary operation [ ] : A" — A

(n > 2) is called an n-ary group (Dornte [6]) if [ ] is associative, i.e.,

[lai ...anlanyr .. azp—1]l =1lar...ailai1y ... Gigulaipns - a2n—1]

for all i = 1,2,...,n — 1 and all ay,...,a2,—1 € A, and the equation
[ai...ai—1x;jai+1...a,] = b can be uniquely solved in A foreveryi =1,2,...,n
andallal,...,ai_l,ai+1,...,a,,,beA.

It is evident that every group is an n-ary group, where n = 2.

Remark 2.1 In [7], Post noted that the unique solvability of the equation in Dornte’s
definition can be replaced by the solvability of this equation. Other different definitions
of an n-ary group can be found in [2]. Note only that by definition of Skiba and Tjutin
[81, a universal algebra < A, [ ] > with one n-ary operation [ ] : A" — A (n > 2)
is called an n-ary group if [ ] is associative and either two equations [xa...a] = b

n—1
and [a...a x] = b are solved for any a, b € A or (in the case when n > 3) only one
——

n—1
equation [@...axa...a]l = bissolved forany a, b € A.
— =

i—1 n—i

Remark 2.2 If k > 1, then
[([...[la1...anlans1 ... a2n—1].. Jag-1)-1)42 - - - Gk(—1)+11 = a1 . .. ak—1)+11-
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Since an n-ary operation [ ] is associative, all inner operation in the left part of this
equality can be placed by different ways.

Recall that an element e of an n-ary group < A, [ ] > is called an identity of
<A, [ ]>(Dornte [6]) if

[xe...e]=lexe...e]=---=[e...exe]=[e...ex] =x
S—— S—— S~—— S~——
n—1 n—2 n—2 n—1
forevery x € Aandi = 1,2, ..., n. This definition is an n-ary generalization of the

definition of the identity of a group A as the element ¢ € A such that ex = xe = x
for any x € A.

One more n-ary generalization of an identity of a group is a neutral sequence. Recall
that a sequence ey . . . e5(,—1) of the elements of an n-ary group <A, [ |>, wheres > 1,
is said to be neutral (Post [7]) if [e] ...esu—1)x] = [xe1...e54,—1)] = x for every
x € A.

Recall also that a sequence S of the elements of an n-ary group <A, [ ]> is said to
be inverse for a sequence « of the elements of this group (Post [7]) if the sequences
off and Ba are neutral.

Remark 2.3 The following statements can be proved:

(1) Ifeisanelement of an n-ary group <A, [ ]> suchthat[xe.. .]e] =lexe.. .ze] =
n— n—
x for every x € A, then e is an identity of A;

(2) If ey ...e5n—1) is a sequence of the elements of an n-ary group <A, [ |> such
that for any x € A either [e]...e5,—1)x] = x or [xey...e54,—1)] = x, then
el ...egn—1) is neutral;

(3) If o and B are the sequences of an n-ary group <A, [ ]> such that one of the
sequences «ff or S is neutral, then the sequence f is inverse for «.

Let <A, [ ]> be an n-ary group, F4 a free semigroup over an alphabet A and 64
a Post’s equivalence relation [7] defined on F4 by the rule (o, ) € 64 iff there are
the sequences y,8 € F4 such that [yad] = [yB35]. It is easy to show that A is a
congruence on the semigroup F4 and the semigroup A* = F4 /64 is a group which
is said to be a free covering group [or abstract containing group (Post)] for the n-ary
group <A, [ ]>. The class 64 (¢) is an identity of A, where ¢ is any neutral sequence
of A, and 04 (B) is an inverse sequence for 84 («), where B is any inverse sequence for
a sequence «.

In the future, we use the symbol 6 to denote 6y4.

Foreveryi =1,...,n — 1, we put

AD ={0(a) € A¥|l(@) =s(n— 1) +i,s >0},
where 0 () is a class of the congruence 6 containing a sequence «, /(«) is the length

of the sequence v.
It is evident that A®) = {#(a) € A*|I(a) = i}. In particular, A’ = {6(a)|a € A).

@ Springer



498 A. M. Gal’mak, V. A. Kovaleva

If we fix the elements ay, ...,a;_1 € A, then
AD =1{6(aay...ai_1)|a € A} ={0(ai...ai_1a)|a € A}.

The symbol Ay is used to denote the set A”~D.

Remark 2.4 1t is easy to prove that in the case when n = k(m — 1) + 1, where n > 3
and m > 2, the set A"~V is a (k 4 1)-ary group with (k 4 1)-ary operation

[O(a)f(a2) ... 001 ]k+1 = 0102 . .. oty 1).
If m =2, then k = n — 1 and we get the n-ary operation
[B(ar1)f(az)...0(ay)], =0(a1ay...a,) =0(araz...a,l),a1,az,...,a, € A.

In this case, the map a — 6(a) is an isomorphism of an n-ary group <A, [ ]> on an
n-ary group <A, [ 1, >.
If m = n, then k = 1 and we get the binary operation

[O(araz...an-1)0(b1b2 ... by—1)]2
=0(aiar...an_1b1by...by_1) =0(aiaz...a,_1b11b> ...by_1),

where ay, as, ...,ay—1,b1,b2,...,b,—1 € A. The group < AM=D = Ao [ 1o > is
called an associated group for an n-ary group <A, [ ]> (Post) and denoted by Ay.
Recall that the center of an n-ary group <A, [ ]> [5] is the set

Z(A) = {z € Al(zx,xz) € 0 forall x € A}.
The center of an n-ary group <A, [ ]> can be defined as follows:
Z(A) ={z € Allzx1x2...xp_1] = [x12x2 ... xp—1) forall xy, ..., x,—1 € A}.

Recall also that an n-ary subgroup < B, [ ] >of an n-ary group <A, [ |> is said to
be invariant in <A, [ |> (Post [7]) if [« By] = B for any sequence « of the elements
of A, where y is any inverse sequence for « (see also [2,4,5]).

The center of any n-ary group is an example of an invariant n-ary subgroup.

Finally, note that the invariance is preserved under all isomorphisms of the n-ary
groups.

Remark 2.5 1If < B, [ ]> is an n-ary subgroup of an n-ary group < A, [ ] > such that

[@By] € B for any sequence « of the elements of A, where y is any inverse sequence
for «, then B is invariant in A.
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3 m-Neutral Sequences and Their Properties

The following definition combines the concepts of a neutral sequence and an identity
of an n-ary group.

Definition 3.1 (see [4]). Let <A, [ ]> be an n-ary group, where n = k(m — 1) + 1
and k > 1. A sequence o = e ... e (s—1)+m—1 of the elements of A, where ¢ > 0, is
said to be m-neutral, if [0 ... x ...l = x foreveryx e Aand j =1,...,k+ 1.
——— N
J=1 k—j+1
It is evident that the n-neutral sequences of the elements of an n-ary group are
the neutral sequences of this group. Moreover, every identity of an n-ary group is a
2-neutral sequence and every 2-neutral sequence ej . .. e;(,—1)+1 is either an identity
(in the case when ¢ = 0) or identified with identity [e; . .. e;(,—1)+1] (in the case when
t>1).
The following proposition can be proved by the simple calculations.

Proposition 3.2 Let < A,[ | > be an n-ary group, where n = k(m — 1) + 1. A
sequence o of the elements of A is m-neutral if and only if the following conditions
hold:

(1) For any x € A, the sequences ax and xa are equivalent, that is, 6 ()0 (x) =
0(x)0(a);
(2) The sequence [« . ..a] is neutral.
k

Proposition 3.3 Let o be an m-neutral sequence of an n-ary group < A,[ |>, where
n = k(m — 1) 4+ 1, y any inverse sequence for « and B any sequence from A. The
following hold:

(1) The sequences aff and Bo are equivalent,
(2) The sequences yB and By are equivalent;

B)b(a...apa...c) = 0B) and O(y ...y By ...y) = O6(B) for any j =
Jj-1 k—j+1 j—1 k—j+1
..., k+ 1
Proof (1) This assertion directly follows from Proposition 3.2.

(2) Let § be any inverse sequence for the sequence 8. By Claim (1), 8(«)6(5)
0(8)0 () and so

O(@o@) " = 0)0() ",
@) O™ = @@ 'eE) T,
0(B)O(y) = 0(»)0(P),
0(By) = 0(yB).

(3) By Claim (1), we have

Ola...afa...a) =0(x...x)0(B).
j—1 k—j+1 k
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Since « . . . « is neutral by Proposition 3.2(2),0(« ...« o ...a) = 6(B). Hence

k j=1 k—j+1
Oy ...¥y)0(... )0y .y =0 y)EB)O(y ..y,
(y...v) (oz’ apo ' a)f(y...y =0(y...v)0B0(y ...y
j—1 i1 k=j+1 k= j+1 j—1 k—j+1

Oy...ya...aBo...ay... =0(y... oY)
(y...v ' B ' Y.oV) y...vBy...v)
j—1  J-1 k=j+1 k—j+1 j—1 k—j+1

Since y is an inverse sequence for «, it follows that

Oy ...yBy...y)=0(B).
—— S——
j—1 k—j+1

The proposition is proved.

From Proposition 3.3(3) we get

Corollary 3.4 If « is an m-neutral sequence of an n-ary group < A,[ | >, where
n=k(m — 1)+ 1, y is any inverse sequence for a, then [y ...y xy ...yl = x for

j—1 k—j+1
anyx € Aand j =1,...,k+ 1.

Proposition 3.5 Letr > 1,k> 1, s =krrm=r(l—-1)+1l,n=k(m—-1+1=

s(l—1)+1, B be anl-neutral sequence of an n-ary group <A, [ ]>.Thenaa = ...
———
r

is an m-neutral sequence of <A, [ ]>.

Proof Since f is an [-neutral sequence of < A,[ ] >, Bx and x8 are equivalent in
<A, [ ]> forany x € A in view of Proposition 3.2(1). Then the sequences ... 8 x
——

r
and x ... p are also equivalent, that is, «x and x« are equivalent. Moreover, by
——

-
Proposition 3.2(2),

ﬁ...,B=ﬁ.../3=ﬁ...,3...ﬁ...,3=a.}.{.oz
K kr r . r

is neutral in < A, [ ] >. Thus « is m-neutral in < A, [ ] > by Proposition 3.2. The

proposition is proved. O
Proposition 3.6 For any m-neutral sequences o1, a2, ..., Qk+1 of an n-ary group
< A,[ ] >, where n = k(m — 1) 4 1, the sequence ¢« = a3 ...+ Iis also
m-neutral.
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Proof Letl(aj) = tj(n—1)+m—1bethelengthof the sequence o, j =1, ..., k+1.
Then the length of the sequence ¢ is l[(a) = t(n — 1) +m — 1, where t = (11 + ...+
tr+1 + D(m — 1) + m — 1. Moreover, by Proposition 3.3(1) and the definition of an
m-neutral sequence, we get

lo...axa...of
—_—— ———
=1 k—j+1
= [0 . O] - OO e O ] X QO e o O] - - OO oo Ot ]

-1 k—j+1
= [0kt Qg1 ---lar...onfo)...a1xar...o1]on...on]. . 0yt - g1 ]
—_——— —— —— — e e N

j—1 j—1 j—1 k—j+1 k—j+1 k—j+1
= [okt1 .. Qht1 ... laz...onx .. an]. ... kgt ... 0k+1]
— —_— —
j—1 J=1 k—j+1 k—j+1

v =[Okt o O] X Ot - Ogr1] = X

j—1 k—j+1
Hence « is neutral in < A, [ | >. The proposition is proved. O

Remark 3.7 If in Proposition 3.6 we put m = 2 and m = n, then we get respectively
the following known facts:

(1) The set E(A) of all identities of an n-ary group < A, [ ] > is closed under n-ary
operation [ ], thatis, < E(A), [ ] > is an n-ary subsemigroup of <A, [ ]>;

(2) If @ and B are the neutral sequences of an n-ary group < A, [ | >, then the
sequence «f is also neutral in < A, [ ]>.

Denote by N (A, m) the set of all m-neutral sequences of an n-ary group < A, [ ] >.
It is evident that E(A) € N(A,2) and N(A, n) is a set of all neutral sequences of
< A, [ ]>. The equality E(A) = N(A, 2) is true only in the case when there are no
identities in < A, [ ] >. Moreover, in the case when E(A) is not empty, for every
identity e of A, ey ...e;(—1)+1 € N(A,?2), where e ...e;(n—1)41 is any equivalent
sequence of length t(n — 1) + 1 fore,and ey ...e;(u—1)+1 ¢ E(A) fort > 1.

Ina (k 4+ 1)-ary group < AT~ [ 114 >, select

N(A™ D) = {0(a)|e € N(A, m)}.

It is evident that N(A") = E(A’). Since every n-ary group contains the neutral
sequences, N(Ag) = N(A”~D) is not empty. Furthermore, since any two neutral
sequences are equivalent in the sence of Post, N (Ag) consists of the single class 0 («),
where « is any neutral sequence, and 6 () is an identity of the free covering group A*
(that is, N (Ag) = E(Ap)).

If m # n, then N(A®~D) may be empty. In particular, N (A’) may be empty.

Since for every element 6 («) of the non-empty set N(A”~D) we can choose a
sequence « of length m — 1,

N(A™ D) ={0(@)|e € N(A,m), () =m — 1}.
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In particular, N(A") = {#(a)|a € E(A)}.
From Proposition 3.3(3) we get also the following

Corollary 3.8 Let < A,[ ]| >be an n-ary group, n = k(m — 1) + 1,U €
NAM DYV ¢ A=D Then ([U... UVU...Uls1 = Vand [U ... UV
—_—— —— — ——
j—1 k—j+1 j—1
—1 1 _ . 1. .
U ..U k1 =Vforallj=1,...,k+ 1,where U™ is an inverse element for
k—j+1
U in the free covering group A*.

From the first equality of Corollary 3.8, we get the result about the connection
between the m-neutral sequences of an n-ary group < A, [ ] >and the identities of a
(k + 1)-ary group < A"~ [y >.

Proposition 3.9 If « is an m-neutral sequence of an n-ary group < A, [ | >, where
n = k(m — 1) + 1, then the class 6(«) is an identity of a (k + 1)-ary group
<A™ [ fiy1> and N(A™=D) € E(A™=D),

In general case, the converse inclusion E(A™~D) € N(A™~D) is false (see
Example 5.3 below).

Proposition 3.10 Let < A,[ | >be an n-ary group, n = k(m — 1) + 1,U €

NA™ DY v e A" and ¢ be an automorphism of an (k + 1)-ary group
(m—1) ¢ ¢ ¢ ¢ — -
<A kw1 > Then [U? ... U VU? ... U lgx1 =V foral j=1,...,k+1
j—1 k—j+1
and N® (Am=Dy c E(AMm—D),

Proof Since V¢~ € A™=D_it follows in view of Corollary 3.8 that

¢! _ yo!
[U..UV® U.. Ul =V? .
j—1 k—j+1

Hence

¢! b _ (yo N\
([U...UV® U...Uls)? =(V? H?,

j—1 k—j+1
¢ by NG 170 ¢ _
we...v°we® Yu?.. U=V,
j—1 k—j+1

we..u°vu?.. U =V.
— ———
j—1 k—j+1

The last equality means that U is an identity of a (k+1)-ary group < A=V [ 11 >.
Hence N?(A™—D) c E(A™=D) (it follows also from Proposition 3.9). The propo-
sition is proved. O
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Proposition 3.11 Let o be an m-neutral sequence of ann-ary group < A, [ 1>, where
n=k(m—1)+1and Z(A) is not empty. If ¢ is an automorphism of a (k + 1)-ary
group < Am=D | lk+1>and U = 0(a), U = 0(5), then § is an m-neutral sequence
of <A,[]>.

Proof Let x be any element of A and cy, ..., ¢;—2 be fixed elements of Z(A). Let

V =0(xcy...cn-2).SinceU = 0(a) € N(A” Dyand V e A™~D by Proposition
3.10,

.. .u°vul.. U =V.
—
j—1 k—j+1

Then, in view of ¢y, ..., cn—2 € Z(A), we get

[005)...0(8)0(xct ...cm—2)0(8)...0) kst = O(xcl ... Cn2),
S———— S————

j—1 k—j+1
0(...6xc1...cp—296.. 5) =0(xcy1...cp—2),
j—1 k j+1
0(5...6x 8 bcCt...cpen) =0(xct...cm-2),
j—1 k —j+1
9(8 5x6. 8)0(c1 Cm2) =0(x)0(c1...cm—2),
j—] k— ]+1
(5 .8x4. 8) =0(x),
j— ] k— j+l

6(18...8x8...8) = 6(x),
j—l k j+1
[5...8x8...8] =x.
~—— ——
J—1 k—j+1

Hence § is an m-neutral sequence of < A, [ ] >. The proposition is proved. O

4 Main Results

In view of Proposition 3.9, N(A™~D) c E(A~D) for any n-ary group <A, [ ]>,
where n = k(m — 1) 4 1. The following theorem shows that in the case when Z(A)
is not empty the converse inclusion is true.

Theorem 4.1 Let <A, [ |>be ann-ary group, wheren = k(m—1)+1and N(A™~D)
is not empty. Then:

(1) <NA™ D) [ kg1 > isan invariant (k+1)-ary subgroup of < A=V [ 1ty >
and N(A™M=Dy c Z(Am=D)y,

(2) Ifthe center Z(A) is not empty, then < N(A™=Dy [ lk+1> is a characteristic sub-
group of < A"V [ iy1>and < N(A™™ D) [ Jig1 >=< E(A™ D) [ Jeq1 >
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Proof (1) Let 6(ay), 0(a2), ..., O(axs1) be any elements of N(A™~ D). Put « =
o102 ...y and U = [0(a1)0(2) . . . O(dtk4+1)]k+1. Since

[O(a)0(a) ... 0@k D)]k+1 = 0o ... apy) = 0(a),

it follows that U = 6(«). Moreover, since o1, o2, . .., k41 are m-neutral, « is also
m-neutral by Proposition 3.6. Therefore U = 6(«) € N(A"™~V). Hence N(A™~D)
is closed under (k + 1)-ary operation [ Jp41.

Now we show that the equation

[O(a1)...0(xi—1)x0(@it+1) ... 0+ 1)]k+1 = 0(B)

issolvedin N(A™~D)foreveryi =1, ..., k+1,wheref (1), ..., 0(ai_1), 0(ai11),
o B(@s1),0(B) € N(A™™D). Let W = 0(yi—1...71BVit1- .- Vi+1), where
Y1y -5 Vi1, Yi+ls - - - » Vk+1 are the inverse sequences for the sequences oy, . .., 1,
Uitl, ..., Ay, respectively. It is evident that W is a solution of our equation. Let
T = ¥%—-1---Y1BVk+1---Yi+1. In view of Proposition 3.3(2), m-neutrality of 8 and
Corollary 3.4, we get

[t...tx1...7]
——— S——

J-1 k—j+l
=it VIBYVkt1 - Vit - Vil - - VIBVk+1 - Vi1 X
-1
X Yiel oo VIBYk+1 o Vitl oo Vil -+ VIBVit+1 - - Vi1l
k—j+1

=Wkt1- Vk+1--- 2o el oonilBo o Bx B Blyr-ovilva o val oo Vikn - Vit ]
——’ e e el —

j—1 i1 i1 Jo1 k=4l k=4l k—j+1 k—j+1
=Wk+1-- - Vat1 -2 venioovixvicoonlva o2l Vi - V]
—_— —— e\, et s st —_———
j-1 j-1 j-1 k—j+1  k—j+1 k—j+1

=[Vrt1 - Var1 -2 2 x 22l Vet - Vit ]
—————— —— ——— ———

j—1 j—1 k—j+1 k—j+1

= [Vk+1 -+ Vh+1 X Vil - - Vi1l = x.

j—1 k—j+1

Hence t is m-neutral, W = 6(r) € N(A" D) and the universal algebra
<NA™ D) [ L1 > is a (k + 1)-ary subgroup of a (k + 1)-ary group
<AMD [ Qg1 >

Let U = 6(ay)...0(x;) be any sequence of < A=D1 > Vo=
0(B1) . ..0(B;) aninverse sequence for U in < A=D [, > and 0 () any element
of < N(A™=D) [ lk+1 >. Then, in view of definition of a (k4 1)-ary operation [ Jx+1,
Proposition 3.3(1) and m-neutrality of the sequence UV, we have

[UO0()V ]ir1 = [O(ar) ... 0@)0(@)0(B1) ... 0(Bj)k+1
=0(a1)...0(a)0(@)0(B1)...0(8))
=0(@)0(ar)...0()0(B1)...0(8))
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= [0(@)0(1) ... 0@)OPB1) ... 0Bkt
= [0(@)UV]it1 = 0(a) € N(A™ ),

hence [UN(A™ D)V ]i41 € N(A™=D). Therefore, < N(A” D), [ lry1 > is
invariant in < A=V [ Jk+1 >by Remark 2.5.
In view of Proposition 3.3(1),

[0(@)0(B1) ... 0(B)]kv1 = 0(afr ... B) = 0(Brapz ... Bi)
= [0(BDO(@)0(B2) ... 0(Bi)]k+1

forany 0(a) € N(A"=D), 0(B1),...,0(Br) € A"V Therefore, 0(a) € Z(A" 1)
and so N(A™—D)y c Zz(AMm—D),

(2) If U € N(A"™™D), then, by Proposition 3.11, U? € N(A™~D) for any
automorphism ¢ of < A~V [ 1441 >. Hence N®(A™~D) € N(A™ D). In par-
ticular, N~ (A1) < N(A™=D). Therefore, (N~ (A”=D))® < NP (Am-D)
and hence N(A"~D) < N?(A™=D), Thus N?(A"=D) = N(A™~D) and so
<N(A™=Dy [ Jk+1 > is characteristic in < Am=D [ Tkt1>.

Let x be any element of A and ay, ..., a,—; fixed elements of Z(A). If a class
U = 0(w) is an identity of < Am=D [ lk+1>, then

[U...UOxar...am—1)U...Uls1 =0(xay...am—1)
j—1 k—j+1

forany j =1,...,k+ 1. Since ay,...,an—1 € Z(A), it follows that

[O(x)...0(@)0(xar...am—1)0(x)...0@)]k+1 =60(xa;...am—1),
— —

Jj—1 k—j+1
Ola...axay...ap—1a...c0) =0(xay...a;,—
( 1 m—1 ) (xay m—1)
j—1 k—j+1

Ola...axa...aay...ay—1) =0(xay...am-1),
=1 k—j+1
Ola...oxa...a)f(ay...ap—1) =0(x)0(ay...am—1),
j—=1 k—j+1
Ola...axa...a) =0(x),
=1 k—j+1
O(la...axa...a]) =60(x),
j—1 k—j+1
l...axa...a] = x.
— ——
=1 k—j+l

Hence « is m-neutral in < A,[ ]>and so E(A” D) € N(A™ D). In view of
Proposition 3.9, it follows that N(A™~D) = E(A™~D). The theorem is proved. O
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Note that the equality < N(A™~ D), [ lr41>=<E(A™ D) [ Jx41 > is also true
for some polyadic groups < A, [ ] > with empty center (see Examples 5.4, 5.5 below).

Let <A, [ ]>be an n-ary group (n = k(m — 1)+ 1) and ¢y, .. ., ¢;,—> elements of
A. Define in A a (k + 1)-ary operation [ lx+1,¢,...c,,_, Such that

[a1a2 .. -ak+l]k+l,c1...cm,2 = [a101 . Cp2dnCl...Cpyp—2...4dgC1 ... Cm_zak+1].

It is easy to show (see, for example, [4]) that <A, [ lk+1,¢;...c,,_» > 15 @ (k + 1)-ary
group. Moreover, the following lemma is true.

Lemma 4.2 [9, Lemma 3]. Let <A, [ ] >be an n-ary group (n = k(m — 1) + 1) and
Cly...,Cm—2 € A. Then the map : A=) 5 A such that T (0 (ac . . .Cm—2)) =ais
the isomorphism of a (k + 1)-ary group < A=Y [ 141 > on a (k + 1)-ary group
<A, [ ]k+1,cl...cm_z >.

For the fixed elements cy, ..., ¢;,—2 of an n-ary group < A, [ | >put

N(A,c1...c;m—2) ={a € Alacy...cm—2 € N(A, m)}.

It is evident that

N(A,c1...c;m—2) ={a € Alf(acy...cm—2) € N(A(m—l))}

and

N(A™ Y ={8(acy ...cm—2)lacy ...cm—n € N(A, m)}.

Therefore, the set N(A, ¢ ...cu—2) = NT(A™™D), where 7 is the isomorphism
from Lemma 4.2.

Denote by E(A, ¢y ...cn—2) the set of all identities of < A, [ Tk+1.¢1...cppn > 1t
is evident that E(A, | ...cp_2) = ET(A™D), where 7 is the isomorphism from
Lemma 4.2.

In view of Lemma 4.2, we get the following isomorphic copy of Theorem 4.1.

Theorem 4.3 Let < A,[ | >be an n-ary group, where n = k(m — 1) + 1. If
N(A,cy...cm—2) is not empty, then:

(1) <NA,c1...cm=2). [ lkt1.¢1...co,p > Is an invariant (k + 1)-ary subgroup of
<A, [ lk+1.cicnn>and N(A,c1...cm—2) € Z(A);

(2) If Z(A) is not empty, then <N (A, c1 ...cu=2), [ Ik+1,c1...c,_n > I8 a characteris-
tic subgroup of <A, [ Ik41,c1..cnn > and <N(A,c1...cm=2), [ lktl.c1.emn >
=<E(A,cr...cm2), [ ]k+l,cl..‘cm_2 >.

5 Corollaries and Examples
If in Theorem 4.1 we put m = n, then we get the statement about trivial subgroup of

agroup Ag = A,
If in Theorem 4.1 we put m = 2, then we get
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Corollary 5.1 Let < A, [ ] >be an n-ary group such that N(A’) is not empty. The
following statements hold:

(1) <N(A"), [ 1n > is an invariant n-ary subgroup of an n-ary group < A’, [ 1, >and
N(A") € Z(A%);

(2) If Z(A) is not empty, then < N(A"), [ 1, > is characteristic in < A’, [ 1,, >and
<N(A), [In>=<E(A), [ 1n>.

Since the center of an n-ary group with identities is not empty and the map ¢ :
0(a) — a is isomorphism of an n-ary group < A’,[ ], >on an n-ary group <
A, [ 1>such that (N(A"))Y = E(A), from Corollary 5.1 we get the following

Corollary 5.2 (Gal’mak [1,2]). If E(A) is not empty, then < E(A),[ 1> is a char-
acteristic n-ary subgroup of an n-ary group < A, [ 1>and E(A) C Z(A).

Corollary 5.2 follows also from Theorem 4.3 in the case when the sequence
C1...cpm—2 is empty (that is, m = 2).

If in Theorem 4.3 we put m = n, then we get the statement about trivial subgroup of
agroup <A, [ I2,¢,...c,_, > With binary operation [a1a2]2,¢,...c, , = laic1 ... cn—2a2].

In view of Theorem 4.1(2), if the center of an n-ary group < A, [ | >(n = k(m —
1)+ 1) is not empty, then < N(A(m_l)), [rs1>=< E(A(’”_l)), [ Jx+1>. Therefore,
if we want to get an n-ary group < A, [ ]>for which E(A™~D) ¢ N(A"™=D), then
we must consider < A, [ ] >such that Z(A) is empty.

Example 5.3 Let B3 = {(12), (13), (23)} be a set of all odd permutation of the set
{1,2,3}, < B3, [ ]>a 7-ary group with 7-ary operation derived from operation of the
symmetric group S3. It is easy to see that Z(B3) is empty. Since 7 = 33 — 1) + 1,
we can consider the 3-neutral sequences in < B3, [ ] >. Moreover, in view of Remark
2.4, there is a 4-ary group < Béz), [ 14 >. Since every sequence of length 2 of <
B3, [ ] > is equivalent to one of the sequences A = (12)(12), u = (12)(13) or
v = (12)(23), BYY = (8(1), 6(w), 6(»)}. Itis not difficult to show that every element
of < B, [ 14> is an identity, that is, E(B{") = B, and N(B{”) = {6(2.)}. Thus
N(BY) # E(BY).

The following two examples show that there are polyadic groups < A, [ ] >(n =
k(m — 1) 4+ 1) with Z(A) = @ such that <N(A™ D) [ Jry1 >=< E(A™D),
[ Jkt1>.

Example 5.4 Let < B3, [ ] >be a 7-ary group such as in Example 5.3. Since 7 =
2(4 — 1) + 1, we can consider 4-neutral sequences in < B3, [ ] >. Furthermore, in
view of Remark 2.4, there is a ternary group < B§3), [ 13 >. Since every sequence of
length 3 of < B3, [ ] > is equivalent to one of the sequences A = (12)(12)(12), u =
(12)(12)(13) or v = (12)(12)(23), B = {6(1), 6(10), 6(v)}. It is not difficult to
show that there are no identities in < B§3), [ 13 >and the set N (B3(3)) is also empty.
Thus N(BY) = E(BY) = 2.

Example 5.5 Let Bz be a set such as in Example 5.3, < B3, [ ] > a 5-ary group
with 5-ary operation derived from operation of the symmetric group S3. It is easy
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to see that Z(B3) is empty. Since 5 = 2(3 — 1) + 1, we can consider 3-neutral

sequences in < B3, [ ] >. Moreover, in view of Remark 2.4, there is a ternary group

< BP [ 13 >. As in Example 5.3, we get B> = {6(1), (1), 6(v)}. Furthermore,
2 2

N(B{) = E(BS) = {0(0).
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