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1. BBenenue

PaccmarpuBaroTcst TOTBKO KOHEUHBIE TPYIIBI. BaXKHYI0 pOJIb B TEOPUHU KJIACCOB
IPYIII UTPAIOT CBEPXPa3peIuMble TPYIIbl 1 ux 0006menus. B 1988 . B. A. Benep-
HUKOBBIM [1| GBLIO BBEJIEHO TIOHSATHE C-CBEPXPa3penMoii rpymsl. HamomManM, 91O
IPYIIa HA3BIBACTCS C-CEEPITPA3PEULUMOTL, €CIU OHA 0DJIAIaeT TJIABHBIM PSIJIOM, BCE
¢daKkTOpbl KOTOPOro M30MOP(MHBI IPOCTHIM IpyimaM. Kiacc Bcex c-CBepxpaspelu-
MBIX TDYII, 0003HAYAEMBI B JajbHelneM depes3 1., 00pa3yer HOPMAJIbHO HACIE-
crBernyio dopmamnmio [1]. A. ©. Bacmwises n T. II. Bacunbesa [2] nokasasau, 9To
dopmanus L. KOMIIO3UIUOHHAS, HO HE HACblIeHHas. PobuncoH [3] Hamesn crpyk-
TypHBIe CBOHCTBa c-cBepxpaspenmmmbix rpymn (SC-rpyun, B TepMunosornu [3]) un
UX TIPUJIOXKEHUsI IPU M3YYEHUH TPYIII, JJIsi KOTOPBIX IIePeCTaHOBOYHOCTD HOJIPYIIIL
SABJISIETCA TPAH3UTUBHBIM CBOCTBOM.

B nocnieaue rojibl 60JIbIIoe BHUMAHUE YIEJSETCS 3a/1a9€ HAXOXKIEHUST CTPOe-
HUsI TPYIII, OPEJCTABUMBIX KaK MPOU3BE/IEHNE CBOMX CBEPXPA3PEINMBIX (C-CBEpX-
paspemuMbix) noarpynir. Eme B 1953 r. Xyunepr [4] upuses nupumep necBepxpas-
PEIMMOi TPYTIIIBI, SBJSIONIEHCS TPON3BEICHNEM CBOUX JBYX HOPMAJIHHBIX CBEpPX-
paspemuMbix noarpynn. B 1957 r. Bsp [5] mokasasn, uro rpymma, npeacraBuMasi
B BUJIE IIPOU3BEJIEHUsI CBOUX HOPMAaJIbHBIX CBEPXPA3PENIUMbIX IIOATPYIII, CBEPXPa3-
pelmMa TOrJa M TOJBKO TOT/a, KOTJa ee KOMMYTaHT HUJIbIIOTeHTeH. B 1971 1.
Dpucen [6] ycranosus cBepxpaspemumocts rpyunsl G = HK, rne H u K — Hop-
MaJIbHBIE CBEPXPA3PENIUMbIE TOATPYIIIbI, UMEIOINEe B3ANMHO IPOCThIE UHIEKCHI B
(. Takyke XOpOIIO M3BECTHO, UTO IPOU3BE/IEHNE HOPMAJbHBIX HUJIBIIOTEHTHOU U
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CBEPXPA3PEIIMMOi TOJArPYII CBEPXPA3PEIIUMO. IDTHU Pe3yJIbTaThl CTAJU OCHOBOI
JUIs MHOTUX JTAJBHEHMNX UCCIeJOBAHAN B JAHHOM HAIpaBJICHUU. B wacTHOCTH, B
[2] orMmedenHbIE BbIlIE PE3yJbTATHI ObLIM PACHPOCTPAHEHBI HA [IPOM3BEIEHUs HOD-
MaJIbHBIX C-CBEPXPA3PENIUMBbIX [OIPYIII.

Amnajlorngaablie 387191 pACCMATPUBAJIUCH IPU U3YUEHUN TPOU3BEICHUIT He 00sI-
3aTeJIbHO HOPMAJIbHBIX CBEPXPA3PENIMMBIX (C-CBepXpa3peInuMbix) moarpynn. Hawu-
0oJtee M3BECTHOM SABJISETCS KOHIENINS B3AWMHO ME€PECTAHOBOYHBIX TPOM3BEICHMIA
noxrpynt, npemioxkennast Acaagom n Haanawom B [7]. Ipymma G = HK Ha-
3BIBACTCS NPOU3BEIEHUEM B3AUMMHO NEPecmManosounnr nodepynn H n K, eciu H
mepecTaHoBoYHA ¢ J0boi moarpymnnoit n3 K, a K mepectaHoBovYHA ¢ JIIO00M MO~
rpyunoit u3 H. IlpousBejenus B3aUMHO I[IEPECTAHOBOYHBIX CBEPXPa3PENIUMBIX (c-
CBEepPXpa3peNIuMbIX ) IOAIPYIII UCCIIEI0BAINCH B paboTax MHOIUX aBTOpoB (cM. [8]).
B uacrnocru, B [7,9] usydasuch npousBejieHus B3AUMHO [IEPECTAHOBOYHBIX CBEDPX-
paspelnMbIX U c-CBepXpaspenmmbix noirpymn. Hanpumep, B [9] moaydeno: ecin
rpynna G = AB — mupousBejieHNe B3aMMHO IT€PECTAHOBOYHBLIX moiarpynn A u B,
A n B c-cBepxpaspemumbl 1 KOMMyTaHT G’ rpynmsl G KBa3HHHIBIIOTEHTEH, TO G
c-cBepxpaspermMa; ecau rpynna G = AB — npousBejieHNe B3aUMHO MEPECTAHO-
BOUHBIX moarpynn A u B, A c-cBepxpaspernMa 1 B KBa3UHUIBIOTEHTHA, TO G ¢~
cBepxpaspernMa. lIpuMepbl TpUIIPUMapPHBIX MUHUMAJBHBIX HECBEPXPA3PEITUMbIX
IPYII [TOKa3BIBAIOT, YTO aHAJIOI TeopeMbl PpuceHa JJisi IIPOU3BEIEHUI B3AUMHO I1e-
PECTAHOBOYHBIX CBEPXPA3PENIUMBIX (C-CBEPXPA3PENINMbIX) HOAIPYII HEBEPEH.

B [10] upegiozkeHo emne 0gH0 0600MeHIe CBEPXPA3PEITUMOCTH — IIOHITHE PAC-
IIIIPEHHO CBEPXPA3PENINMOiil IPYIIbI UIH, KPATKO, W-CBEPXPa3PEIIMMON I'PYIIIIbI.
Hanomunm, uro noarpynna H rpynnsl G HasbBaercs P-cybropmanvhoti 6 G (060-
suaqaercs yepes H P-sn G), ecoiu mbo H = G, qubo cyriecTByer Ielb MOArPYII
H=Hy< Hy << H,_1 < H, =G raxas, aro |H; : H;_1| — upocroe aucio
mtst oboro ¢ = 1,...,n. I'pynna G HasbiBaeTcs w-ceeprpaspeusumot, ecin Jodas
ee CHJIOBCKas morpynna P-cyoropMasbaa B (G. BbLio okazano, 94To Kjiacc wil Bcex
W-CBEpPXPa3PEIINMbIX IPYIII SIBJISIETCsI HACJIEICTBEHHON HACBIIEHHO (hopMmarliueit, a
TaK>Ke yCTAHOBJIEHBI CTPYKTYDHbIE CBOMCTBA W-CBepXpaspemmmbix rpymn. B [11,
cirepcrBue 4.6.2] moayden pesysbTrat, IBIIAONIUACI HEKOTOPHIM aHAJIOTOM T€OPEMBbI
Opucena: ecim rpynna G = AB — npousBejieHne B3aNMHO IEPECTAHOBOYHBIX CBEPX-
paspemnmbix oarpynn A u B u (|G : A|, |G : B|) = 1, to G w-cBepxpaspernnma.

OjtHaKo ocTaBajach HEPACCMOTPEHHON CJIe/IyIOIast

IIpo6nema. Omucares crpykrypy rpynnel G = HK, rtne H w K — B3anm-
HO IepecTaHOBOYHBIE C-CBEPXPA3PEIIHMbIE TIOATPYIIIIBI, HMEIOIHE B3AUMHO IPOCTHIE
umgexcsl B G.

Pemtennro nannoit mpobsieMbl IOCBsINEHa HacTosmas padbora. [las sToro BBO-
JIUTCS TOHATHE PACIHINPEHHO C-CBEPXPA3PEIINMOil I'PYNIBI, 0600IaoIiee oIHOBPe-
MEHHO MOHSATHUS C-CBEPXPA3PENINMOIl U W-CBEPXPA3PEITNMOil TPYIIIL.

Hanomunm [12], uro s HEKOTOpPOro Kiacca Tpymn § riiapHbiil dbakrop H/K
rpymnbl G HasbiBaeTcs §-uenmpanvrowm, ecin H/ KX G/Cq(H/K) € §.

ONPEAEJIEHUE 1. Bynem roBoputs, uto rpymnmna G ABISETCS PACULUPEHHO C-
ceeprpaspeutumoti (KpaTko, CW-ceeprpaspewiumoli) TPYIIION, eciiu ee KaxKIblil Hea-
OesieB rIaBHBIN GaKTOp M30MOPGEH MPOCTOI TPYIITe, a KaXK/Iblil abesieB TJIaBHBIM

daxrop H/K wi-uenrpanen, T. e. H/K N G/Cq(H/K) € wil.

O0603HAYNM KJIACC BCEX PACIIUPEHHO C-CBEPXPA3PEIINMBIX I'PYIIT Yepes HUcy . 3a-
MEeTHM, 9TO JIJIsI KJ1acca BeexX cBepxpazpemmmbix rpy U = U Nwil u U Uwil C Sy, .
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Teopema A. Kiacc Uy, sSIBJISIETCS HOPMAaJIBbHO HACIEACTBEHHON KOMIIO3UI[HOH-
HOH popmarmeii ¥ UMeeT MAKCHMAJBHBIN BHYTPEHHUH KOMITO3HIIHOHHBIH SKpaH h
takoif, 910 h(N) = Yoy, ecim N — mpocras Heabernesa rpynma, u h(N) = N, (G €
S| SeUp—1)uSP-snG mrs roboii S € Syl(G)), ecin N — rpynna nopsiika p,
rjae p — IpOCToe IHCJIO.

Bamernm, uro popMmarus e He sBjsieTcs dpopMmareit PUTTHUHTA, TTOCKOJIBKY
B IIPOTUBHOM CJIyYae TPYIIIa, ABIAIONAICS IPOU3BEIEHNEM HOPMAaJIbHBIX CBEPXPa3-
PEIUMBIX TTOATPYIII, BCErAa Oblaa ObI CBEPXpa3peInMoil, 9T0 HEBEPHO.

CTpyKTypHOE CTPOEHME PACIIHPEHHO C-CBEPXPa3PEIINMbIX IPYIII JAeT

Teopema B. I'pymnma G pacmmpeHHO c-cBepxpa3perinMa TOTga U TOJBKO TO-
1714, KOIJia OHA YAOBJIETBODSIET CJIEYIONIM Y TBEPK ICHUSIM:

1) GS = qu’.

2) ecn G® # 1, To G® /Z(G®) apaserca npsmbm nponsseaennem G-uHBapH-
AHTHBIX MPOCTBIX TDYIIIT;

3) Z(G¥Y) C ZYH(@Q).

Caencreue B.1. Besikasi pacIIUpeHHO C-CBepXpa3peluMasi IPYIIa siBJIsIeT-
cd pacHiupeHneM KBa3WHUJIBIIOTEHTHOH I'PDYIIbI C HOMOIbIO W-CBEPXPa3PEeIInMOH
I'DYIIIBL.

Coruacuo [1] rpyuna G HasbIBaeTCS Ca-C8EPITPA3PEWUMOT, €CIIU OHA C-CBEPXPa3-
permmMa 1 06J1a1aeT IJIABHBIM PSIJIOM, KaXK bl abejieB (DaKTOp KOTOPOI'O IIEHTPAJIEH
B G. B [1] ycraHOBI€HO, UTO KJIACC BCEX CA-CBEPXPA3PENINMBIX TPYIII SBJISETCS
dbopmarmeit @urrunra. Yepes #g obosHaunM [8] MHOXKECTBO BCeX (C TOTHOCTHIO
10 m3oMopdu3Ma) KOMIO3UIHOHHLIX (HaKTOpOoB rpymnsl G U depes J§ — MHOXKe-
CTBO BCeX (C TOYHOCTBIO 70 u30MOpGuU3Ma) abeseBbIX KOMIIO3UIUOHHBIX (haKTOPOB
rpymmsl G.

Teopema C. Ilycre rpynma G = HK — npowusBezieHue B3aHMHO MEPECTAHO-
Bounbix noarpynn H n K. Torma cupaBeayiuBbI CACAVIONIHE YTBEPK ICHUS:

1) ecim H uw K — pacimpeHHO c-cBepxpaspeniuvble moarpymbl rpymms G,
opuaeM KG\XGNHG\HE = &, 70 G — pacHIIpeHHo ¢-CBepXPa3PeIInMast TPYIIIa,;

2) ecsiu H — ca-cBepxpaspemmmMast moarpymna, a K — pacnmpeHHo ¢-cBepxpas-
pemumas noarpynna rpymnabl G, To G — paclImpeHHO c-CBepxpa3pelIuMast IpyIa.

Crieryronuii pe3ysibTaT siBJIsieTCsl AaHAJIOrOM TeopeMbl OprceHa JJIst pACITUPEH-
HO C-CBEpPXpPa3peluMbIX I'DYIIIL.

Caencreue C.1. Eciurpynna G = HK — npousseieHne B3aUMHO I1epeCTaHO-
BOYHBIX PACHIUPEHHO c-cBepxpaspermmbix noarpynn H u K| npuuem (|G : H|, |G :
K|) =1, ro G — pacuiupeHHO ¢-CBepXpa3peniuMas rpymiia.

Permtenne mpobaemer maer

Caenctue C.2. Ecam rpynna G = HK — npon3sBezeHne B3aHMHO ITEPECTa-
HOBOYHBIX c-cBepxpaspernumMbix noarpyma H u K, npuyem (|G : H|,|G : K|) = 1,
10 G — pacHIMpeHHO c-CBepXpas3pelIuMasl rpyIa.

IIpousseneHns HOPMAJILHBIX PACHIMPEHHO C-CBEePXPa3pelIuMbIX OAPYIII OIU-
CBbIBaeT

Caencreue C.3. Eciu G = HK — npowusBeseHrne HOpMAaJIbHBIX PACIIHPEHHO
c-cBepxpasperumbrx noarpynrn H u K, npuyem (|G : H|,|G : K|) = 1, o G —
PAaCITEPEHHO C-CBEPXPA3PEITAMAasi IPYIIIA.
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2. IlpeaBapuresibHbIE PE3YJIbTATHI

HNcrnonpayercst cTaHIapTHAS TEOPETUKO-IPYNIOBas TepMuHOIoTHs 13 [13, 14].
Hamomamm morsaTrs n 0603HaUeHnsA, cylecTBeHnbie B pabore. Uepes P oboznagaer-
Csl MHOYKECTBO BCEX TMPOCTHIX umcest; 1 — exuamanas rpynma; Syl,(G) — mMHOMecTBO
BCEX CUJIOBCKHUX p-TIoArpynn rpyiusl G igig npocroro uucia p; Syl(G) — muoxKe-
CTBO BCeX CWJIOBCKEUX moarpymm rpynmsl G; Mg — saapo noarpynmsr M B rpyrime
G; H N K — nosynpsimoe npousBejsienue rpynn H u K; & — Kijacc Bcex TPYIIIL;
G — kJ1acc Bcex pas3pelmMbIx TPyIr; 34 — KJacC BCeX CBEPXPA3PEIIMMbIX TPYIIIL;
$l. — KJIACC BCEX C-CBEPXPA3PEIUMBIX TPYTIIT; Wil — KJIACC BCEX W-CBEPXPA3PEIINMBIX
rpynm; M — KiIacc Bcex HIIBLHOTEHTHDIX IPyHIr; 91, — KJIacc BCeX P-I'PYIII; j — KJIAcC
Bcex npocrbix rpynm; A(p — 1) — Kiace Beex abesieBbIX IPYII IKCIOHEHTBI, JIeJIsIedi
p—1.

Dopmarueli HA3BIBACTCS KJIACC, 3aMKHYTBIH OTHOCUTEIHHO B3ATUS NOMOMOD]-
HBIX 00pPa30B U MOANPSAMBIX IIpou3Benennii. PopManus § HA3BIBACTCH HACHIUWEHHOTU,
ecm u3 G/®(G) € §F cnenyer, uro G € §; nacaedemsernot, ecu § BMeCTe ¢ KaxK 10
IPYTIOH COMEPKUT BCE €€ TOATPYIIIIBL; HOPMAALHO HACAEICTNEEHHOU, €CTTA § BMECTE
€ KayXKJI0W TPYIIO COMEP:KUT BCE €€ HOPMAJILHBIE ITOIIPYIIIIHI.

IIycts § — nemycras dopmarusa. Yepes GY 0603HaTaETCH F-KOPA KA MDY I
G, T. e. HaNMeHbIMas HOPMaJbHAA TOATpyIa rpymmsl G, a1 Kotopoit G/GY € F.
Yepes Gz obo3Hagaercs §-pajguKas rpynnsl G, T. €. HaHOOJbINAs HOPMAJbHAST §-
noArpymmna rpyums G.

Orobpaxkenne f : P — {bopmanun} HasbIBAETCH A0KAALHOIM dKparom. DopMa-
IUsl § Ha3BIBAETCH A0KAALHOU, €CJIU OHA MMEeT XOTsi Obl OJIUH JIOKAJIBHBIA 3KpaH f
takoit, aro § = (G € 6 |G/Cq(H/K) € f(p) mnns moboro raasuoro daxropa H/K
rpynnsl G u moboro p € w(H/K)), obo3nadaercs depe3 § = LF(f).

Orobpaxenue f : J — {dopmaruu} Ha3bIBAETCA KOMNOZUUUOHHM IKDEGHOM.
Dopmarus § HA3BIBACTCS KOMNO3ULUOHKOU, €CJTA OHA UMEET XOTsI ObI OJTNH KOMITO3U-
IoHHBI 9KpaH [ Takoit, uto § = (G € 6 |G/Cq(H/K) € f(A) mus moboro rias-
noro daxropa H/K rpynmst G u A € Xy ), obosnauaercs uepes § — CLF(f).

Brympenrum aokasorvim akparom hopMaruim § Ha3bIBAETCs TAKOH JTOKAJIbHBIN
skpaH f, uro f(p) C LF(f) nus mo6oro mpocroro ducia p. DKpaH f Ha3bIBAETCS
MEKCUMANDHBIM BHYMPEHHUM NOKAAGHBIM dKpaHoMm dopMmanun §, ecian f ABIseT-
¢ MAKCHUMAJILHBIM JIEMEHTOM MHOYKECTBA BCEX BHYTPEHHUX JIOKAJTHHBIX IKPAHOB
dopmaruu F. AHAJIOIMYHO BBOJIUTCS HOHSTHSI BHYTPEHHETO KOMIIO3UIIMOHHOTO U
MaKCUMAaJbHOTO BHYTPEHHEr0 KOMIIO3UIIMOHHOTO SKPAHOB.

Jlrobag nokaabHas (KOMIO3UIMOHHAs) (hOPMAIIUS UMEET eJUHCTBEHHBI MAKCH-
MaJIbHBIH BHyTpeHHUH sxpaH [13, ru. 1].

B pabote 6yem ucmob30BaTh CIEAYIONIAE PE3YILTATHI.

Teopema 2.1 [10]. Popmanus wil JoKaIbHA U UMeEET JIOKAJIbHbBIA 9KpaH [ Ta-
ko, aro f(p) = (G € 6| Syl(G) C A(p — 1)) g1t s1r060r0 TPOCTOTO P.

JIemma 2.2 [8]. Ilycre G = HK — npousseseHne B3aUMHO [EPECTAHOBOIHBIX
noarpymnin H u K. Torma cripaBeJ/IUBBI CJICIYIONHE YTBEPKIACHHSI:

1) ecim N — makcuMasibHast HopMadgibHast noarpyima rpynmst G, o {HN, KN,
(H N K)N} € {N,G};

2) ecoiu N — HeabejieBa MUHUMAJIbHASI HODMaJIbHASI HOArpynna rpynmsl G, To
{HNN,KNN}C{N,1} u N=(NNH)(NNK);

3) ecoim N — MuHHMAJIBHAST HOpMaJIbHAs noarpynna rpyunsl G, to 6o N <

HNK, 6o [N, HNK]=1;
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4) ecim N — MuHHMAIBHAST HOpMaJibHAsI noarpymmna rpymnb G, ro {HNN, KN
N} C{N,1};

5) ecoin N — MuHHMAJIbHAST HOPMAJIbHAS HOATpyIina rpymbl G, cojepKaliasics
BHuKNN =1, rombo N < Cg(H), mbo N < Cg(K). Kpome Toro, ecmu N
reruksmieckast, To N < Cq(K).

Hanomunwm [13, c. 251], uro rpynna G mopsiaka piipg? ...pom (p; — upocroe
qucio, ¢ = 1,2, ...,n) HasbBaeTcs ducnepcuskoti no Ope, ecim py > pg > -+ > pp 1
G uMeeT HOPMAJILHYIO IOArPYIILY HOpsaka pyips? ... pst s moboro s = 1,2,...,n.

Teopema 2.3 [11]. I'pynna G aucnepcusua 1o Ope Torga u TOJBKO TOLJA,

worma G = HK, rne moarpynnst H w K nucnepcuBabr mo Ope u P-cybrHOpMAIBHBI
B G.

JIemma 2.4 [2]. ITycts § — dopmanms 1 N — MHHHMAJIbHAST HODMAJIbHASI
noarpymma rpynnbl G rakast, uro |N| = p® mjist HekoToporo npocroro aucia p. Ecim
N conepxures B nogrpynne H 3 G uw H/Cy(U/V') € § ans sroboro H-rinaBHOrO
¢axropa U/V rpymmet N, ro H/Cyx(N) € Mp5.

Teopema 2.5 [8]. IIycte G = HK — npousBeJeHne CBOHX B3aUMHO II€DECTa-
HoBouHbrx moarpynn H u K. Torma g = Ky U Hk.

IIpennoxenue 2.6 [10]|. Jliobas w-cBepxpaspeniuMasi IpyIina JAUCIIEPCHBHA
1o Ope.

Teopema 2.7 [10]. Kiacc wil sBisieTcst HACIEACTBEHHON HACBIICHHOH popMa-
IHewHd.

Jlemma 2.8 [8]. Ilycrp § — Hachbimennas popManusi, conepKaiiast BCe CBEPX-
paspermumble rpynnbl, u rpynna G = HK — npowusBejenne CBOHX B3aHMHO Mepe-
cranopounbix nogrpynn H u K. Ilycrs (H N K)g = 1. I'pynna G npunajrexuor §
Tor/ia U TOJIBKO Torja, korja H € § u K € §.

Hawm norpebyercs ciepyromuit pe3ysibrar, BolTeKaomuii u3 aemmbl 4.5 B [11].

JIemma 2.9 [11]. IIycte G = AB, rne A — paspemmMasi HOAIPyIIa, a HOJ-
rpymnmna B nepecraHoBouHa c Jifoboti noarpymmoi u3 A. Torma B P-cybHOpMAabHA B

G.

Jlemma 2.10 [8]. ITycte G = AB — npousBelieHue CBOMX B3aHMHO HEPECTa-
HOBOUHBIX moarpynn A u B. Ecim U — noarpynna nz G, o (U N A)(U N B) —
nogrpynna u (U N A) u (U N B) — B3aUMHO I€PECTAHOBOYHbIE IIOJTDYIIIBI.

Cdopmynupyem stemmy 4.1.10 u3 [8] ay1s B3aMMHO mepecTaHOBOYHBIX TIOAIPYIILL.

JIemma 2.11 [8]. Ilycrs noarpynmer A u B rpynimer G B3aHMHO I€DPECTAHOBOY-
ael 1 noarpymna N sopmasabHa B G. Torma AN/N u BN/N B3auMHO mepecTaHo-
BOYHBI.

3. HokazareabcTBa Teopem A u B

B namnom pazgerie 10Ka3bIBAIOTCS TEOPEMbBI, OTTUCHIBAIONINE CTPYKTYPY PACIIN-
PEHHO C-CBEPXPAa3pENInMOil TPYHIIBI U CBOWCTBA KJIACCA BCEX PACIIUPEHHO C-CBEPX-
pa3penmmMbIX TPYIIIL.
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Jlemma 3.1. Ilycrp § — KoMmmosuipoHHast ¢popMmalust u f — ee BHYTPEHHHIT
KOMITO3UIHOHHBIH KpaH. Ilycts N — enqmHCTBeHHAs MHHUMAJIBHAS HOPMAJIbHAS
moarpynna rpynmnbl G, npuaem N — abeseBa p-rpymnma JIsi HEKOTOPOTO IPOCTOTO
uncsa p. Linasabri pakrop N siBisiercs §-ienTpasibabiM B rpyine G TOrja H TOJIBKO
torga, korga G/Cq(N) € f(p).

JIOKA3BATEJIBCTBO. Ilycte G/Cq(N) € f(p). Pacemorpum nosynpsimoe 1po-
m3Beneane R = N X\ G/Cg(N). 3amernm, uro N — eJMHCTBEHHAS MUHAMAJbHAS
HOpMaJsbHas noarpynna rpynnsl R u Cr(N) = N. Torma R/Cr(N) ~ G/Cg(N) €
f(p) € §. Bmauur, R € §, 1. e. rnaBHbii dakTop N rpymust G siBisiercst §-
[EHTPAJIbHBIM.

I[Iycte N — F-nenrpasbubiil TiiaBubiil dakrop rpynmsr G. Torma R = N X
G/Ca(N) € §, tne N — eIuHCTBEHHAsT MUHUMAJbHAS HOPMAaJbHAS MOATPYIIa B
R u Cg(N) = N. Otrciona crenyer, uro R/Cr(N) ~ G/Cq(N) € f(p). Jemma

JIOKa3aHa.

Jlemma 3.2. CnpaBequBbI CJAEIYIONIHE Y TBEPIKICHUS:

1) xnacc rpymn X = Ny(G € 6| S e UAp—1) u S P-snG g moboii S €
Syl(@)) stastercst popmarnmei;

2) siokaabHBIH 9KpaH f Takoit, aro f(p) = X m1st 106010 IPOCTOrO P, SBJISETCS
MaKCHMAaJIBHBIM BHYTPEHHHM 9KpaHoM popmarmn wil.

JIOKABATEJBLCTBO. Jlokaxkem yrBepxkienne 1. CoryiacHo Teopeme 2.1 Kjacc
rpymn Q) = (G € & | Syl(G) C A(p — 1))N wil siBastercs: hopmarmeit. 3amernm, 4To
X =N,9Y. Cnenosarenspro, X Takke dopmanusa. YTBep:KaeHne 1 10Ka3aHo.

YcraHoBUM CIIPpaBEJINBOCTD yTBepzkaeHus 2. U3 Teopemsr 2.1 u TOro, 4ro
f(p) = X C wil, ciremyer, 94To JIOKAIBHBII 9KpaH f ABJISETCSH BHYTPEHHUM 3KPAHOM
dbopmarun wil. IIpumensis Teopemy 3.3 B [13], mosydaem, 4To JOKaNbHBIH 9KpaH f
SIBJISIETCS MAKCUMAJIbHBIN BHYTpEeHHUM 3KpaHoMm ¢dopmarmu wil. Jlemma mokasaHa.

Jlemma 3.3. Kiacc ey SIBJISTETCST HOPMAJIBHO HACJIEICTBEHHOH (DOPMAITHEH.

HOKABATENBCTBO. Ilycts G € Uy 1 N < G. [okazkeM, 4T0 paKTOP-IpyIIia
G/N rakxe gBisiercd iqy-rpymmoii. Pacemorpum riiaBHbiil psa rpymnsl G, mpoxo-
ISyl gepes moarpyy N

1=G1 < <G =N<Gi1<--<G,=G.

Torma mo6oit rnasuslii daktop Gjy1/G; aBagercsa wil-IeHTPAIbLHBIM, €CIIH OH
abesieB, 1 U30MOPGEH IPOCTOi TpyIIe, ecin HeabeaeB. PaccMoTpuM TyIaBHBIN Ps,
rpymust G/N:

N/N:Gi/N<Gi+1/N< <Gn/N:G/N

B cuny G-uzomopduzma daxropos (G;+1/N)/(G;/N) ~ G;41 /G, moboit rnas-
bt paxrop (Gj11/N)/(G;/N) nubo wil-menrpasen, nmu60 m30MOpdeH IpocToil
rpymme. Caenoarensao, G/N — Uy -Tpymma.

ITycte G/Ny1 € Uew u G/Ny € Yoy, N1 < G u Ny 4 G. U3 memmbr 1.3
B [13] caenyer, aro Jo6oii roasublil dbakrop rpyunst G/(N1 N Na) G-uzomopden
Jubo HEKOTOPOMY IIaBHOMY (akropy rpyiibl G/Ni, b0 HEKOTOPOMY TJIABHOMY
dakropy rpyunst G/Na. Orciona cienyer, aro G /(N1 N Na) € Uy

CiieioBaTebHO, K1ace ey sBjsieTcst hopMalueii.

Hokaxkem, uro ecit G € Ueyy 1 N < G, To N € Uo. Paccmorpum riraBmbIit
pan rpynnsl G, npoxonamuii gepe3 N, ¥ yIJIOTHAM €ro JI0 IJIABHOTO PsiJjia TPYIIILI
N. Ilycrs H/K — rnasubiit dakrop rpymst N storo paga. Torma B < K < H <
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A < N jgist HekoToporo riaBHoro dbakropa A/ B rpynnet G. Ecin A/ B neabenes, To
A/ B uzomopden npocroii rpyuie u A/B = H/K. peanosoxum, uro A/B abeses.
Torna A/B — wi-tieHTpaJibHbIi (DAKTOP U P-IPYyIIA JJisi HEKOTOPOTO IIPOCTOrO P.
Dopmarmst wil kommosuionsast. 1o gemme 3.1 G/Cq(A/B) € f(p). Tak xak f(p)
— nacaencrsertas dopmanusi, N/N N Cg(A/B) ~ NCg(A/B)/Ca(A/B) € f(p).
N3 NNCg(A/B) < Cn(A/B) nonyaaewm, uto N/Cn(A/B) € f(p). U3 Cy(A/B) <
Cn(H/K) cnenyer, uro N/Cn(H/K) € f(p). Ilo nemme 3.1 H/K saBnsercsa wil-
nmeHTpaabHBIM dakTopoM. Beumy Teopembr 2Kopmama — [émpaepa N € Uey,. UTax,
dopmarus Uy, HOPMATHHO HACTEICTBeHHAs. Jlemma mToKa3aHa.

JIOKABATEJIbCTBO TEOPEMBI A. Ilyctb h — KOMITO3UIIMOHHBIN 9KpaH TaKOM,
o 1y J1i060i poctoit rpynusl N 6yzer h(N) = Uey, eciiu N — neabesieBa mpocrast
rpyma, 1 h(N) =N,(G € S| S € UAp—1) u S P-snG gna moboit S € Syl(G)),
ecoiu N — rpymma nopsiika p, rae p — upocroe duciao. [omoxum X = CLF(h).
ITokazkem, aro X = Ucy.

Ipeamnomnoxknm, aro MEOXKecTBO X\ Hemycro, u BbiGepeM B HeM rpyniy G
HAWMEHBITero nopsaka. Tak kak X u ey sBisiorcs dopmarusavu, B G nMeeTcst
eIMHCTBEHHAs MUHUMAJIbHAS HOpMaJbHas HOArpyIia N, KoTopas cOBIaIaeT € Uey-
KOpaauKasoM rpymnsl G, 1. e. N = G¥ew,

IIycte N — meabeneBa rpynma. Ecau N = G, to G — npocras rpynma u G €
$ew; mporuBopeune. Bymem cuurarh, aro N # G. Samerum, aro Co(N) NN < G.
3 neabenesoctu 1 MmunnmasabHoctu N caenyer, uro Cg(N) = 1. Tak xak G € X,
10 G/Ce(N) ~ G € h(N) = U¢w. Hoayunam nporusopedre ¢ BbIGOpoM rpymibl G.

[Iycts N — abeneBa p-rpyiia Jjisi HEKOTOPOro mpocroro uucia p. I3 G € X
cnenyer, uro G/Cg(N) € h(N). Ilpumenss jgemmy 3.2, moaydaem, aro h(N) =
N(GeB|SeUAp—1)uS P-snG gna moboit S € Syl(G)) C wil. ITo memme 3.1
dakrop N wil-nenrpasnen B G. Orciona u uz G/N € ., noaydaem, 9ro G € ey
910 nporuBopednt Boibopy G. Takum obpazom, X C LUy .

Jokazkem obparHoe BKIoUeHue. [IpeaiioioKum, 910 MHOXKECTBO ey \ X Herry-
CTO, U BbIOEpeM B HeM rpyiiny G HauMeHbIIero mopsiaka. Tak Kak e, 1 X — dop-
MAaIliN, MOYKHO CUATATh, 9TO B G UMEETCs eIMHCTBEHHAS MUHIMAJIbHAS HOPMAJIbHA
noarpymna N Takag, uro N — G*.

ITycre N — neabenesa rpyuna. Torna Cqg(N) = 1. U3 G/Cq(N) ~ G € Uy, =
h(N), cienyer, uro raasublii pakrop N sasisierca h-nenrpansibiM B G. Orciona u
n3 G/N € X nonyvaem, aro G € X. Ilporusopeune ¢ BeiGopom G.

IIycte N — abeseBa p-rpymnma st HeKOTOpOro mpocroro p. U3 G € .y, BbITe-
KaeT, 910 N sBJsieTcs Wil-TIeHTpabHbIM TJIaBHBIM (pakTopoM rpynnsl G. ITpumenss
aemmel 3.1 u 3.2, nonyuaem, uto G/Cq(N) e N,(Ge S| SeUAp—1) u S P-snG
qutst roboit S € Syl(G)). Orcroma u us G/N € X cnenyer, uro G € X. D10 nporn-
Bopeunt BeIOOPY G. Utak, Uy, C X, Tem cambiM paBeHCTBO X = iUy, YCTAHOBJIEHO.
Teopema mokaszana.

Jlemma 3.4. Ilycte G siBisieTcsi pacIiUpeHHO C-CBEPXPA3PENIuMON IDYIIIOH.
Torya cripaBeINBBI CJAEAYIONHE Y TBEPXK ICHHS:

1) G° < Ca(Ge);

2) (G®)s < Z(G®).

JIOKABATEJBCTBO. Jlokaxkem yrBepxkieHue 1. OueBHUIIHO, 4TO BCe IJIaBHbIE
dakropsl rpyunsl G, Haxoxdmuecs HuxKe noarpynnsl Ge, wil-nearpasbabl. Coie-
JioBaTe/ibHO, moarpymmna Gg wil-runepreHTpajibHa W, TAKUM 00pa30M, SIBJISI€TCSI
O/ITPYIIIONR W-CBEPXPa3PENINMOro TUIIEPIEHTPA Z;"OH(G). B cuny cremcrBusa 9.3.2
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B [13] G < Cq(Z¥*Y(@)). Orcrona u u3 npeajoxenust 2.6 3aKIodaeM, 4TO
G® <G < Og(Ge).

Jlokazkem yTBepkaenme 2. Ilyers R = (G®)g. Us R char G® < G crenyer,
gro R < G. Tostomy R < Gs. Baumy yrsepxkaenns 1 gemmbr G < Cg(R).
OTKyza cieayeT cupaBeJIMBOCTb yTBepxKaeHns 2. Jlemma jJokasaHa.

JOKABATEJILCTBO TEOPEMBI B. O6o3naunm yepe3s K pas3pemuMbiii KOPaim-
ka1 G® rpymmer G.

I[Iycte G — pacmmpenHO c-cBepxpaspemmmasi rpymmna. Hemm rpynna G pas-
pemmmma, To K = 1 u G w-cBepxpaspemuMa. llosroMmy yTBepKjaeHusi 1—3 BBIIOJI-
HSIIOTCsI. DBysieM cumrarsb, yro rpynna G He paspemmumasi. Torma K # 1. Beuay
nupegoxenus 2.6 G/ G ¢ wil C 6. Cuenosarensuo, K C GVY. Tax kak ey
apagercsa dbopmaimeii, G/K € .. B cuiny paspemmumvoctn G/K mosydaem, 4ro
G/K € wil. 3maunt, G** C K u K = G"Y. YrBepxkaenue 1 BuIoTHAETCA. 3ane-
THM, 9TO BCe IIaBHbIe (pakTOph! rpymisl G, nexarne Huxke 1eHrpa Z (K), abenesbl,
a 3HaunT, 1 wil-nearpanbuabl. CrenosarenbHo, nentp Z(K) wil-runepriearpases, u
yTBEPKIeHNE 3 BBIIOJIHSAETCSI.

IMokaxkem, uro K/Z(K) sBusierca npsiMbiM 1pou3sBejieHreM (G-UHBAPUAHTHBIX
MIPOCTBIX TPYIII.

Ipeamonoxkunm, aro Z(K) = 1. Iycrs N7 — MUHMMAJbHAST HOPMAJbHAS IO/~
rpymna rpymmsl G, copep:kaiasicss B moarpyme K. Eciu Ny abeseBa, To u3 N <
K 1o yreepxkaenuto 2 jgeMMbl 3.4 nomyuaeM, uro Ny < Z(K) = 1. 3nauur, N;
— neabesnieBa rpymmna. Tak kak G € U, N1 sgBiIsieTcst npocToil rpymmoit. 3a-
meruM, uro G/Cq(N7) uzomopdua noarpyume rpymibl aBroMmopdusmos Aut(Ny),
a N1Cg(N1)/Cq(N1) uzomopdua rpynne BHyrpeHHux asromopdusmon Inn(Ny).
CiiesioBarelibHO, (DAKTOP-TPYIIIA

G/N1Cg(N1) ~ (G/Cq(N1))/(N1Cc(N1)/Ca(N1)

)

nzomopdHa noarpymme u3 Aut(Ny)/Inn(Ny). Ucxons u3 crupaseyIiBOCTH TUIIOTE-
3pl [paiiepa, 3aksogaeM, uro G/N1Cq(N7) paspemmma. Torma K < N1Cq(Ny),
ciepoBaresibio, K = N1Cq(N1) = N1Cg(N1), npudem N1 N Ck(N7) = 1. Eciu
K = Ni, 1o yTBep:kaeHne 2) BbINOJHsIeTcsl. 1IpeamonoxkuM, uto K He siBisiercst
npocroii. Ilostomy Cx(Ny) # 1. B cayuae, korma Ck(N1) — mpocrasi Tpynia,
yTBep:KieHne 2 BoinogHsiercsi. [Ipennomnoxnm, aro Ck (N1) He sBIsieTcs: MPpOCTOii,
nyctb Ny — MUHUMAJIbHAS HOPMAJbHAs MOJArPYINa rpymnbl G, comepKamasics B
Ck(N7). Tak xkak Z(K) = 1, BBuny yrBepxKienus 2 jsemMbl 3.4 Ny — upocrag
Heabesiea rpynmna. Ilo mokasanromy Bbime K = NoCg (N2). To Toxkmecrsy Jene-
KHH/Ta CK(Nl) — CK(Nl) mNQCK(NQ) — NQ(CK(Nl) mCK(NQ)) — NQCL(NQ), riae
L = Ckg(N1) N Ck(N2). Torna K = N1N2CL(N3). TlpumMensist JOKa3aHHOE BBIIIE K
Ck (N2) u 1. 1., MOXKEM 3aKJII0UUTh, 9T0 K = N7 X Na X - -+ X Ny 9BJII€TCS IPAMBIM
MMPOU3BEJIEHIEM MMPOCTHIX MUHUMAJILHBIX HOPMAJIbHBIX TOArpyil rpynnsl G. Takum
obpa3oM, BEpHO U yTBepKIeHUE 2.

ITycrs Z(K) # 1. Tak kak G/Z (K ) — paciiupeHHoO ¢-CBepXpa3pernnMast TPYIIIa
u (G/Z(K))® = K/Z(K), nna G/Z(K) yreepxaenus 1 u 3 pemommsorcs. O60-
snaunMm T/Z(K) = Z(K/Z(K)). Torma T — HOpMaJbHast pa3pelinMasi HOrPyIIa
rpynnst K. ITo nemme 3.4 T copeprkurces B nienrpe Z(K). Iosromy Z(K/Z(K)) = 1.
ITo nokazanuomy Bbimte Jist G/Z(K) yTBep:KJieHNE 2 BBIIOTHSETCS.

OO6paTHO, TPEIIOJOKUM, 9TO JJid Ipynnbl G CIpaBeJINBLI YTBEPXKICHUS 1—
3. IIposemem riaBHBIA psax rpymnnbl G depes moarpynmy K. 3amerwm, 9To BCe
rjaBHble (DAKTOPHI, JexKarue Boie K, abenreBbl n wil-mienrpanbibl. [lo yTBepKIe-
nuto 2 dakrop-rpynna K/Z(K) saBigercs UpsaMbIM [IPOU3BEICHUEM MUHUMAJIbHBIX
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HOPMAJIbHBIX ToArpyn rpymisl G/Z (K ), koropsie Oymyt npocrbivu. Himke Z(K)
Bce ryiaBHble (haKTOPbI rpynnbl G Wil-TleHTpaIbHBI IO yTBEPAK AeHno 3. B cuity Teo-
pembr 2Kopaana — Iénpaepa syis rpynm ¢ onepaTopaMu u onpejeneans 1 rpymmna G
paCIIMPEHHo c-cBepxpaspenmma. Teopema Joka3aHa.

4. /TokazarenabcTBO Teopembr C

B namnOoM paszieiie paccMOTpHUM CBOMCTBa IMPOU3BEIEHUI B3aUMHO II€pPECTaHO-
BOYHBIX C-CBEPXPA3PENTNMbIX I'PYIIIL.

Jlemma 4.1. Ilycrs rpynna G uMeeT eAHHCTBEHHYI0 MHHHIMAJIBHYTO HOPMAaJIb-
myto moarpymiy N = Ny X - - X Ny, rae N; — nzomMopgHbIe IpOCThIe HeabeIeBbI IPYII-
bl 1st Bcex © = 1,...,t. Ecim N < H, rme H — pacHIupeHHO c-CBepXpa3periamMast
noarpyia rpymnsl G, o N; < H st Bcex i = 1,...,t.

JIOKA3BATEJIBCTBO. Ilycre @ € {1,...,t}. Paccmorpum HOpMaIbHOE 3aMbIKa-
e N = <Nf |z e H > moarpymmsl N; B H. 3amernm, uyro N; — cybHOpMaIbHAS
noarpymmna rpymnsl G. CraenoBaresnbpHo, N; — cyOHOPMAJIbHAS MOATPYIIA TPYIIIBI
H. Cornacuo Teopeme 2.46 u3 [15] NiH SIBJIsIeTCS MUHUMAJIbHOI HOPMAaJIbHOU IIOJI-
rpymmoit rpynmel H. Tak Kak moarpymmna NiH HeabeieBa U U30MOpPGHA TJIABHOMY
dbakTopy pacmmpenno c-csepxpaspenmmoit rpymmsr H, to N — mpocras rpymn-
ma. Torma B cuity cyonopMmaabuoctu N; B NZ-H nMeeM NZ-H = N;. CaenosaresbHO,
N; < H ma moboro ¢ = 1,...,t. Jlemma mokazaHa.

JIemma 4.2. ITycrs X = N,(G € 6| S € Alp—1) u S P-sn G s soboii
S € Syl(GQ)). Ilycrs rpynna G = HK — npounsBeieHue B3aHMHO H€PeCTAHOBOYHBIX
noarpymn H w K. Ecin H — p-rpynma u K € X, ro G € X.

HOKABATEJIBLCTBO. Ilycrs G — KOHTpOpmMEp HAMMEHBIIETO MOPsIKa. 1ak
kak H n K pazpermmmel, o jgemme 2.9 H n K aBasgiorca P-cyOHOpMAIBHBIMA IO
rpynmamvu B G. o npesoxennto 2.6 noarpynma K aucnepcusra mo Ope. Ilo Teo-
peme 2.3 rpymma G gucnepcusHa o Ope. Ilyers N — MuHMMAaJIbHAST HOpMaJIbHAS
noxrpynna rpymisl G. Beuay semwmst 2.11 daxrop-rpynmna G/N = HN/NKN/N —
[IPOU3BEIEHNE B3AUMHO nepectanoBounbix noarpyin HN/N u K N/N. U3 roro, uro
HN/N ~H/HNN — p-rpynmua u KN/N ~ K/KNN € X, no seibopy G 3aKiiio-
qaeM, uro G/N € X. Ecau R — MuHuUMa/IbHAST HOPMaJIbHAS HOArPYIIa rpyuibl G
takast, ¥to N # R, o G/R € X. Orcrona BBy semmbl 3.2 G € X. Tomayunin
nporusopedre ¢ Bbibopom G. Ciremosarenbro, N — eJIMHCTBEHHAs MAHUMAJIbHAS
HOpMaJbHas mofarpymma rpynmsl (. Torma N — abeseBa g-rpymnmna, rae ¢ — Hau-
Goubiuii pocroit genurens |G|, upuaem q # p.

ITo u. 4 nemmer 2.2 mmeem {H NN, K NN} C{N,1}.

Cayaait H N N = N HeBo3MOXKeH, Tak Kak H — p-rpynna, N — ¢-rpynna u
q7p

IIyctre HNN = KN N = 1. Ilycrs () — cutoBckasi g-ioAarpymnma rpymmst G.
Torma N C Q. Tak xak H — p-rpynma, 3akiodaeMm, 9to Q¥ C K st HEKOTOPOTO
z € G. Buaunt, N = N* C Q* C K, yro nporupopeunt K NN = 1.

Ocramnocs paccmoTpers ciaydait, Korma HNN =1u KNN = N.

IIpemmonoxkum, uro Ca(N) # G. Ilo m. 5 aemmer 2.2 mbo N < Cg(H),
mbo N < Cg(K). Tosromy mubo H < Cg(N), mubo K < Cg(N). Orcroozna
no toxkaectBy Henekunna mu6o Co(N) = Co(N)NHK = H(Cg(N) N K), mubo
Ce(N) = (Ca(N)N H)K. Beuxy semmbl 2.10 Cg(N) — npoussejieHre B3aUMHO
nepecranoBodnbix moarpymi. Ilo seibopy G 6ymer Co(N) € X. Uz O,(Ca(N)) =1
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crenyer, aro Cg(N) € (G € &S| S € A(p—1) u S P-sn G mua moboit S € Syl(Q)).
Torna N € (p — 1). Ioaygwiu nporusopedune ¢ TeM, 910 g > P.

Ipemnonoxkum, uro Cg(N) = G. Orciona u uz G/N € X caenyer, 4uro
Op,(G/N) = N/N. Tlostomy G/N € (G € 6| S € dp—1) u S P-snG mua
moboit S € Syl(G)). Torma p we memur |G/N|. Bnaunr, H = 1u G = K € X.

[Tosyunu nporuopeune ¢ Boibopom G. Jlemma jrokazaHa.

Ilpenmoxxenune 4.3. Ilycre rpynna G = HK — npou3BeieHne B3auMHO IIe-
pecraropounbix nogrpynn H u K. Ecinm H — mmaenorenrHass moarpynmna, a K —
W-cBepxpasperuMast noarpymima, 1o G — w-cBepxpa3perrnMasi TpYyIIa.

JOKABATEJBCTBO. Ilycrs G — rpyiia HAaUMEHBIIETO MOPSIIKA, JJIsi KOTOPO
YCJIOBUS IIPEJIJIOXKEHUs HE BBINOJHSIOTC. [lycth N — MUHMMaJIbHasT HOpMaJibHasI
noarpynua rpymnst G. 13 gemmbr 2.11 HN/N ~ H/HNN € Mu KN/N ~ K/KN
N € wil, o Beibopy G 3akmogaeM, uro G/N € wil. Tak kak wil — HacbleHHAS
dopmarust, N — eJUHCTBEHHAS MUHUMAJIbHAS HOPMAJIbHAS MOArpyna rpymisl G,
®(G) = 1u N = Cg(N). Hoarpynnst H u K paspemvMbl 1 JUCIEPCUBHBI 10
Ope. Bsuuay semmbr 2.9 u teopembr 2.3 rpymnmna G aucnepcusHa mo Ope. Torma
N — afeneBa p-rpymuna, rjae p — HauOOJbIIHNH npocToil neauress |G|. Cunosekas
p-noarpyuua rpynnsl G nopmasnbia B G. [pumensa aemmy 3.9 us [13], noayuaem,
aro N € Syl,(G).

B coorBercTBUE ¢ JIeMMOit 2.2 TOCTATOYHO PACCMOTPETD CJIEIYIONIHE CIIyYam.

1. llyctrs HNN = KN N = N. Torma N C HN K. U3 auapnorentaoctn H
u N = Cq(N) < H caeayer, uro H = N. Paccmorpum npou3BoJibHbIi K -TiiaBHbII
daxrop U/V rpymner N. Tax xak K € wil, to K/Cx(U/V) € f(p), toe f —
MaKCHMaJIbHBIN BHY TPEHHUI JIOKAJIBHBIN 3KpaH ¢popMmarmu wil. Torma no semme 2.4
umeeM K/Cg(N) € N, f(p). Takum obpasom, G/Cq(N) = KCq(N)/Ca(N) €
N, f(p). Orcioma u w3 G/N € wil cienyer, uro G € wil. ITosmyumin nporusopetne
¢ BeIOOpoM G.

2. lIyctrb HNN = KN N = 1. 9710 nporusBopedynt tomy, uto G = HK n
N € Syl (G).

3. llyctre HNN =N u KNN = 1. Ilyctb N — nukiangeckas rpymnmna. lorma
G/N — nukimdeckasi Tpynna mopsiika, jgessimero p — 1. 3aaqaut, G € 4 C wil.
D10 nporuBopeunt BbIOOPY G. IlycTh Teneps N — Henukaudeckas rpymma. 1o m. 5
agemmbl 2.2 N < Cg(K). Torma K — p-rpynmna. Ioayumin npoTuBopedne ¢ TeM,
aro N € Syl,(G) u KN N = 1.

4. Myecrb HNN =1u KN N = N. Beuay 1. 5 gemmer 2.2 mbo N < Cq(H),
mi6o N < Cg(K). Ecru N < Cg(H), o H < Cg(N) =N < K. Torma G = HK =
K € wil. 970 uporusopeunt Boibopy G. Ilycrs N < Cg(K). Orciona u uz N < K
zakaiogaeM, ato N = K. U3 m. 5 gemmbr 2.2 3akimodaeM, 910 N — IUKJIAIECKAS
rpymmna. Temeph, Kak B paCCMOTPEHHOM BBIIIIEe cirydae 3 npeioxkenust, G € U C wil.
ITonyaunu mpotuBopeune. [Ipemioxkenne noka3aHo.

JTOKA3ATEJBCTBO TEOPEMEI C. Jlokakem yrBepxkaenue 1. [lycts G — rpym-
a HAUMEHBIIIEro TOPSJIKA, i KOTOPO#l YCIOBUS YTBEPXKIEHU 1 TeOpEeMbl BBITIOJI-
usoresd, Ho G ¢ Uy O603HaUnM depe3 N MUHUMAJIbHYIO HOPMAJIbHYIO HOATPYIILY
rpyunsl G. Ecoiu N = G, to G — mpocras rpymma, ciaenoBaresbHo, G € Ugy.
IIycrs N # G. Torpa no gemme 2.11 G/N = HN/N - KN/N — npoussejieHne B3a-
UMHO TiepecTanoBouHbIX noarpynn HN/N u KN/N rpyunst G/N. 3amerum, uto
HN/N ~ H/HNN € Yoy u KN/N ~ K/KNN € Y. Cornacuo reopeme 2.5
XS/N\X;}N/N ﬁji/éf/N\%/I?N/N = &. Takum obpaszom, g G /N ycioBust TeopeMbl
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semosastores.  Cruepoarensro, G/N € oy, U3 nemmbr 3.3 cremyer, uto N —
€IMHCTBEHHAs] MUHUMAJIbHAST HOPMAJIbHAS MOArpyIa rpymmnsl G.

IIycts N — meabenenBa moarpynma. Torma N = Ny X --- X Ny, tme N; — u3o-
MOpdHBIE IpoCcThie HeabeseBbl rpynnsbl, ¢ = 1,. .., t. CornacHo jJemme 2.2 10cTaTou-
HO PACCMOTPETH CJIEJYIOIIHe CJIyIau.

1. Ilyetro HNN = KNN = N. Torma N C HNK. Tak xak H u K —
PACITUPEHHO c-cBepxXpas3perninmbie moarpynnbl © N = Ny X - -+ X Ny, no jemme 4.1
N, < Hu N; < K. Orciona u ud G = HK, cienyer, uro N; < G 1151 Bcex
i = 1,...,t. B cuay Toro, uro N — equHCTBEHHass MUHUMAJIbHAS HOPMAJIbHAS
noarpynua rpyumnst G, mosydaem, uro ¢ = 1 u N — npocras rpynna. 13 G/N € Uy,
caenyet, 9T0 G € ¢y . Homyannmm nporuBopedne.

2. Illyetre HNN = KN N = 1. Torma mo m. 2 jsieMMbl 2.2 moJiydaeM, 4To
N =(HNN)(KNN) = 1; uporusopeune ¢ BbIGopoM N.

3. llyert HNN =Nu KNN =1. Torma N C H n o . 5 jileMMbI 2.2
N < Cg(H) umu N < Cg(K). Tak kak N < H u N ueabenesa, ciaydait N <
Cq(H) mesosmoxen. 3uaunt, N < Cg(K). Iockombky N = Ni X --- X Ny, TO
N; < Cg(K) mas kaxmoro ¢ = 1,...,t. I3 N; < H no aemme 4.1 mosygaem, 4to
N, < H s gaxkpgoro ¢ = 1,...,t. B cuny G = HK umeem N; < G. Tak kax
N — MuHEMAaJIbHAST HOPMaJibHas moarpymmna rpymnsl G, 3akaodaeMm, ato N = N;
u N — upocrag rpyuna. B cuny G/N € Uy umeem, uro G € Hey. IMomyamwin
npoTuBopeyne ¢ BoibopoM G.

4. Cnywait HNN = 1u KN N = N OpuBoIUT K IPOTUBOPEYUIO BBUILY
CUMMETPUYIHOCTH yCJIOBUM, HAJTOXKEHHbIX Ha H n K.

IIycts N — abeneBa rpymma. Torma N — p-rpyiima Jjisi HEKOTOPOTO TPOCTOTO
qucna p. O6oznaunm C = Cg(N). CormacHo seMMe 2.2 TOCTATOYHO PACCMOTPETH
CJIEJIYIOIIME CJIyYan.

1. Ilycte HNN = KNN = N. Torma N C HNK. PaccMorpuM MakCHMAJTbHBIIH
BHYTPEHHU KOMIO3UITMOHHBIN 9kpan h dopmarun L.y, . CormacHo Teopeme A

h(p) =M, (Ge&|SeUp—1) u SP-sn G mna moboit S € Syl(GQ)).

ITo nemme 3.2 h(p) C wil. ITycrs U/V — mo6oii H-raasusbiii akrop rpymmst N. Tak
Kak H € Uey, To H/Cy(U/V) € h(p). N3 semmbr 2.4 moaygaem, aro H/Cy(N) €
MN,h(p) = h(p). Amanormuno nokassisaercs, uro K/Cx(N) € Myh(p) = h(p).
Pacemorpum dakrop-rpynny G/C = HC/C - KC/C. Bosbmem B G/C n10b6yio
cuwioBckyto nonrpynny P/C. B cuy Toro, aro '%/Ga/c\%/I?C/Cm'%/Ga/C\%I?C/C =g,
u npejioxkenns 2.6, moaydaem, uro qubo P/C < HC/C, nmubo P/C < KC/C.
IIycrs P/C < HC/C. Torma us HC/C ~ H/Cyx(N) € h(p) cnenyer, uro P/C €
A(p —1). Ecau P/C < KC/C, ro anamornuno noxyvaem, uro P/C € A(p — 1).
Tak kak HC/C u KC/C paspemmwmsl, no temme 2.9 HC/C n KC/C aBnsorcs P-
cybunopmasbibivMu noarpynnamu B G/C. Orciona u uz HC/C € wilu KC/C € wil
ciepyer, uro P/C P-sn G/C. 3uauur, G/C € h(p). Beuumy nemm 3.1 u 3.2 daxrop
N wil-nearpasen B rpyune G. Otciona n u3 G/N € iy, nonyaaem, ato G € ey
9T0 npoTUBOPEYUT BHIGOPY G.

2. Iyer HNN =KNN =1. TornraN ¢ HNK u (HN K)g = 1. Ecm
H® =1uK® =1, ro H u K paspemmmer. ITostomy H € wilu K € wil. IIpumensia
teopemy 2.7 u jemmy 2.8, momydaeM, 9yto G € wil C U,y DTO mMpOTHBOPEUUT
BeIOOPY G. 3Haunt, Ge3 moTepyu OOIMHOCTH MOXKHO cunmTark, uro H® # 1. Tlo
crencreuio 4.3.6 B [8] H® < G. Torma N < H®. Orcioma N < HNN = 1;
IPOTHBOPEIHE.
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3. Hyetrb HNN = Nu KNN = 1. Ilyctrb N — Henukindeckas MIOATrPYII-
na. Io . 5 gemmbr 2.2 N < Cg(K). Torma K < Cu G/C = HC/C - KC/C =
HC/C ~ H/(CNH)=H/Cyg(N). Tak kak N < H u H € Y.y, 10 aemme 2.4
H/Cuy(N) € h(p), rie h — MaKCUMAaJIbHBIH BHYTPEHHUH KOMIIO3UIMOHHBIN 9KPaH
dbopmarun Uey,. Ilockombky N abenera, To h(p) = f(p), tae f — MakcUMadb-
HBIH BHYTPEHHU JIOKAJbHBIN SkpaH dopmariun wil. Ilo semme 3.1 dpaxtop N wil-
nenrpasiel B G. 3uaunt, G € iUy [omyammm nporusopeune. [Iycte N — nukimte-
ckag rpymna. Torga N — rpymma npocroro nopsiaka u G/C — nukindeckas IpyIa
nopsaaka, gengmero p — 1. 3naunt, B G/C mobas CuIoBCKas MOArPYIIIA IIPUHAJ-
sexur A(p — 1) u asasercs P-cy6ropMaabHOit oarpynmnoit. Iostomy G/C € h(p).
Orcriona u u3 G/N € ey crenyer, uro G € ey D10 mpoTHBOpEUnT BHIGODPY G.

4. Cnywait HNN = 1u KN N = N OpuBoIuT K IPOTUBOPEYUIO BBUILY
CUMMETPUIHOCTH YCJIOBU, HajtoxkeHHbIX Ha H K. YrBepxKiaeHue 1 qoKa3aHO.

VYcraHoBUM CIIpaBEJINBOCTD yTBep:KaeHus 2. IIpemmosoxum, yro G — rpyuima
HAMMEHBIIIETO MOPsIIIKA, JJisi KOTOPOI yTBepzKeHue 2 He BbimosHsercsa. Torma B G
WMEETCsl eJIMHCTBEHHAsT MUHUMAJIbHAs HOpMaJbHas moarpynna N takas, aro N =
GHew,

IIycte N — abesieBa rpymma. 3Hadnt, N — p-TpyIma Jjisi HEKOTOPOTO IPOCTOTO
quCiIa p.

Coruracuo jeMMe 2.2 JOCTATOYHO PACCMOTPETH CJIEIYIONINE CIIyIau.

1. llycts HNN = KN N = N. Tak kak K € Uy, I1sI MAKCIMAJILHOTO BHYT-
PEHHEr0 KOMIIO3UITMOHHOrO 3KpaHa h dopmanun ., u godoro K-rimasHoro ¢akTo-
pa U/V rpymnust N umeem K/Cx(U/V) € h(p). Torma mo nemme 2.4 K/Ck(N) €
MNyh(p) = h(p). Iockompky H sIBisteTcst ca-CBEPXPA3pPEILINMO IPYIIIOH, [JIsl JIIo-
6oro H-rnasaoro daxropa U/V rpyunst N nomyuaem Cy(U/V) = H. Crano
6eith, H/Cg(N) siBasiercss p-rpynmnoii no semme 2.4. Takum o6pasom, G/Cq(N) =
HCg(N)/Cq(N)-KCk(N)/Ck(N),tne HCq(N)/Cq(N) — p-rpynmnan KCg (N)/Cx(N) —
h(p)-rpymna. Ipumensis semmy 4.2, nonyuaem, uro G/Cq(N) € h(p). Dro o3naga-
er, uTo ryasHEll dpakTop N — G gpngerca wil-nenrpansusiM B G. Tem cambiv
npuiu K nporusopednio ¢ G ¢ Uey.

2. Iyer HNN =KNN =1. TornraN ¢ HNK u (HN K)g = 1. Ecm
H® —1u K® = 1, ro H amsnorentna, a K € wil. Ilpumenss npemtoxenue 4.3,
nostydaeM, 9ro G € wil C .. D10 mporuBopeunt BeiObOpy G. 3HauuT, 6€3 moTepu
OOIITHOCTH MOYKHO CUYHTATH, UTO HS # 1. Tlo caeacreuo 4.3.6 u3 [8] HS < G.
[Tosryunau nporuBopeune ¢ TeM, 9o N — eJMHCTBEHHAsI MUHUMAJIbHAsT HOPMAaJIbHAS
moarpymma u N N H = 1.

3. llyetre HNN =N u KN N = 1. Ilycre N — Henukangeckas MOAIPYIIIA.
ITo u. 5 nemmer 2.2 N < Cg(K). Torna

G/Ca(N) = HCz(N)/Cg(N)-KCa(N)/Ca(N) = HC(N)/Ca(N) ~ H/Cy(N).

Tak kax N < H u H — ca-cBepxpaspemmMas rpymmna, mo jgemme 2.4 H/Cpx(N)
apngercsa p-rpynnoit. Caenosaresnsuo, G/Cq(N) € h(p), rme h — MakcuMaIbHbBLI
BHYTPEHHUI KOMIIO3UITUOHHBIN 3KpaH dopmarun .. Ilockompky N abeseBa, u3
gemm 3.1 m 3.2 ciemyer, uro N — wil-1leHTpaabHBIN TIaBHBI (akTop rpymms G.
Torna G € U¢w. Iomyummu nporusopeune. Ecim N — mukimdeckas rpyiia, TO
IN| = pu G/Cg(N) — uukaudeckas Tpymna mnopsiaka, neismero p — 1. Torma
G/Ca(N) € h(p). Caenosarensuo, G € iey. [Momyumwin nporuBopedne ¢ BLIGOPOM
G.

4. llyetre HNN =1u KN N = N. Ilycre N — Henukangeckas MOAIPYIIIIA.



Koneunbre paciiupeHHO c-CBEPXPa3pPENTHMbIe TDYIIITHI 615

ITo u. 5 nemmer 2.2 N < Cq(H). Torna H < Cg(N) un
G/Cg(N) = HCg(N)/Ca(N)-KCg(N)/Cq(N) = KCg(N)/Cq(N) ~ K/Ck(N).

Tak kak N < K u K € Uy, 10 tevme 2.4 K/Cx (N) € h(p), tae h — MakCUMAJIbHBIH
BHYTPEHHUI KOMITO3UITMOHHBIN 3Kpan dopmaruu Ue.,. V3 abeneBoctu N ciemyer,
qaro h(p) = f(p), tae f — MakcuMaIbHBI BHY TPEHHU JIOKAJIBHBIH 9KpaH (dopmanuu
wil. ITo slemme 3.1 paxrop N wil-tiearpasen B G. Ciyqail, korma [N — IUKIXYIECKAST
TPYIIa, JOKA3BIBAETCS AHAJIOTHIHO CIIyJIao 3.

Homycrum, aro N — neabesnesa rpymma. 1o n. 2 semmbr 2.2 {HNN, KNN} C
{N,1} u N = (NN H)(N N K). Orciona crexnyer, aro caydait HNN =K NN =1
HeBO3MOXKeH. 3ameruM, 910 N = Ny X --- X Ny, tme N; — uzomopdHbIe IPOCTHIE
neabeJieBbI IpymIbl, ¢ = 1,...,t.

IIycte HNN = N. Tak kak H — ca-cBepxpaspernnmasi, a CJIeI0BaTeIbHO, Pac-
IMIIPEHHO C-CBEpXpa3permMas Ioarpymma, mo jgemme 4.1 mogrpymnma N; HOpMaIbHA
B H. Eciu KNN = N, o no semme 4.1 noarpynma N; wopmasbaa B K. Suauut, IV,

HopMaJibHa B G 1jist Jjiroboro ¢ = 1,...,t. Ecom K NN = 1, To BBUy HeabejeBoCTH
N u N < H nonyaaem 1o 1. 5 semmbl 2.2, ato N < Cg(K). Torma K < Cg(N;) n
N, vopmasibia B G jjist jioboro ¢ = 1,.. . t. IlockosibKy N — eMHCTBEHHAS MUHU-

MaJjbHas HOpMaJibHas noarpymma rpymnst G, N = N; — npocrag rpynna. Orcroma
Beugy G/N € .y 3akimouaeM, 910 G € Ucy. Ilomyunim nporusopedne ¢ BEIGOPOM
G.

Ectu KNN =N wu HNN = 1, To, KaK BblIllle, TOKa3biBaeM, 910 N = N; —
mpoctas rpymmna u G € Y.y, 9To nporuBopeunt BeibOpy G. Teopema mokazaHa.

ABTOpDBI BBIparKaioT HJArOIAPHOCTD PEIEH3EHTY 3a TIIATEIHHOE YTEHHE PYKO-
IIMCHU U TI0JIE3HBIE 3aMEeYaHUSI.
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