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AHHoTanus. B mannoil pabote: G — KOHeuHas Ipymmna; o ={c,|i€/} — HeKOTOpoe pa3OHeHHEe MHOXECTBA BCEX IPOCTHIX
gyncen P; [1co; o(n)={c,|o,"nn(n) =} (n— uenoe uncio) u o(G)=o(|G|). I'pynna G HasbiBaercs: (i) o-npUMapHOii,
ecmn G sABIAeTCA G, -TPYNION myis HekoToporo i€ /; (ii) o-HMIBMOTEHTHOMH, ecin G — MpsAMOE MPOM3BEACHNE G-MPHMAapPHBIX
rpynm; II-rpynnoii, ecnu o(G) < I1. Iloarpymma 4 koneunoii rpynmsl G HaseiBaeTcs: (i) o-cyOHOpManbHOH B G, eciu B G
cymiectByer nemnb noarpynn A=A, <A <---< A4, =G rakas, uyro ;mbo 4, < A4, mibo A4 / (A‘_I)AI SBJISETCSA G-IPMMAapHOMH
rpymmoif g Beex i=1,...,¢ (ii) xomroBckoil II-moarpymmoit G, ecmu A sBiusercs Il-rpymnoit u o(|G: 4|)NIT=(.
Mbi roBopHM, uTo noarpynna H rpynnsl G ABISETCS cTPOro G-cyGHOpManbHOM, eciu HY / H,, ABISETCS G-HWIBIOTEHTHOM

rpynmoil. B nannoit pabore MBI JOKa3bIBaeM, YTO MHOXECTBO BCEX CTPOTO G-CyOHOPMANBHBIX HOATPYIII, IIePECTAHOBOUHBIX
¢ xoJutoBoii I1-moarpynmoit koHeyHOH rpynnsl G, 00pa3yeT noApemeéTky peméTku Beex noarpynn L(G) rpymmst G.
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Abstract. In this paper: G is a finite group; oc={o,|iel} is some partition of the set of all primes P; Ilco;

o(n)={o,|o,nn(n) =T} (n is an integer) and o(G)=o(|G|). A group G is said to be: (i) o-primary provided G is a
o, -group for some i € /; (ii) o-nilpotent if G is the direct product of c-primary groups; a II-group if o(G) < I1. A subgroup 4
of a finte group G is said to be: (i) o-subnormal in G if there is a subgroup chain 4=4;< 4 <---< 4, =G such that either
A QA or A4 /(AH)A’ is o-primary foralli=1,..., ; (ii) a Hall IT-subgroup of G if 4 is a II-group and o(|G: 4|)NII={.

We say that a subgroup H of G is strongly c-subnormal if H°/H, is c-nilpotent. In this paper, we prove that the set of all
strongly o-subnormal subgroups which permute with a Hall TI-subgroup of a finite group G forms a sublattice of the lattice of
all subgroups L(G) of G.
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Introduction
Throughout this paper, all groups are finite and

order of G; o(n)={c,|c,Nn(n)=J}
o(G)=o(|G ) [1]-[4].

and

G always denotes a finite group. Moreover, P is the
set of all primes and o= {c,|iel} is some parti-
tionof P; I <o and IT' = c\II.

If n is an integer, the symbol n(n) denotes the

set of all primes dividing n; as usual,
1(G)=mn( G|), the set of all primes dividing the
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A c-property of a group [1]-[4] is understood
to be any of its properties that depends on o and
which does not imply any restrictions on G.

Before continuing, let us recall some of the
most important concepts of the theory of
c-properties of a group.

A group G is said to be [1]-[4]:



On a class of sublattices of the subgroup lattice of a finite group

(1) o-primary if G is a o, -group for some i€/;

(ii) o-nilpotent if G is the direct product of
G-primary groups;

A subgroup A of G is said to be [1]-[4]:

(1) o-subnormal in G if there is a subgroup
chain

A=4,<A4 <---<A4 =G

such that either A4_, <4 or A4/(4.), is

c-primary for all i =1,...,n;
(i) o-permutable in G provided G is o-full,
that is, G has a Hall o, -subgroup for all i € / and 4

permutes with all Hall o, -subgroups of G for all i.

We use H¢ to denote the normal closure of
the subgroup Hin G (so H¢ is the intersection of all
normal subgroups of G containing H), and H is
the core of H in G, that is, the subgroup of H gener-
ated by all normal subgroups of G contained in H.

Let us recall that a subgroup H of G is strongly
c-subnormal in G [6] if H® / H,, is c-nilpotent.

If o(H) < I1, then H is called a [1-subgroup of
G. A Il-subgroup H of G is called a Hall
-subgroup of Gif 6(|G: H|)NnI1={.

In this paper, we prove the following result.

Theorem 0.1. Let G be a group. If H is a Hall
[-subgroup of G, then the set of all strongly
c-subnormal subgroups of G which permute with H
forms a sublattice in L(G).

Taking in Theorem 0.1 H =G, we get from
this theorem the following two results.

Corollary 0.2 (AN. Skiba [6]). The set of all
strongly o-subnormal subgroups of G forms a
sublattice in L(G).

Corollary 0.3. Let G be a group. If H is a Hall
-subgroup of G, then the set of all strongly
o-subnormal subgroups of G which permute with H
forms a sublattice in L(G).

Let us recall that G is said to be: (i) a D_-group
if G possesses a Hall m-subgroup E and every
n-subgroup of G is contained in some conjugate of
E; (ii) a o-full group of Sylow type [2] if every sub-
group Eof Gis a DU’_ -group for every o, € o(E).

In view of [8, Theorem 1.2.14], every Sylow
permutable subgroup of G is strongly subnormal in
G. On the other hand, if G is a o-full group of Sylow
type, then every o-pemutable subgroup is strongly
o-subnormal in G by Theorem B in [2]. Therefore,
since the intersection of any set of sublattices of a
lattice is a sublattice of this lattice, we also get from
Theorem 0.1 the following two known results.

Corollary 0.4 (Kegel [9]). The set of all Sylow
permutable subgroups of G forms a sublattice in

L(G).
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Corollary 0.5 (AN. Skiba [2]). If G ia a o-full
group of Sylow type, then the set of all c-permutable
subgroups of G forms a sublattice in L(G).

1 Lemmas used
Lemma 1.1 (AN. Skiba [2]). The class 91_, of

all o-nilpotent groups, is a hereditary Fitting forma-
tion.

Lemma 1.2 [5, Ch. A, Proposition 1.6]. Let
A,B and H be subgroups of G. If AH = HA and

BH = HB, then (A,BYH = H(A, B).

We use O"(G) to denote the subgroup of G
generated by all its II'-subgroups, where
IT'=0c\IT; Oy(G) is the product of all normal

[1-subgroups of G.
Lemma 1.3 (AN. Skiba [2, Lemma 2.6]). If A
is o-subnormal in G and o(|G: A|) < I1 -number,

then O"(4)=0"(G).

2 Proof of Theorem 0.1
Proof. Let us assume that this theorem is false
and let G be a counterexample of minimal order.

Let £ be the set of all strongly c-subnormal

subgroups L of G which permute with H.
Let A,Be L andlet K =(A4,B), V=ANB.

First we show that K is strongly c-subnormal
in G. By hypothesis, 4°/ 4, is c-nilpotent. There-
fore, in view of the isomorphisms

A°(A,B,)/ AgB; ~ A° 1 (A° N A,B,) =
=A%/ 4;(A° " B,) ~
~(A°/ 4;)/ (4;(A° "B,/ A)),
we get that
A°(A,B,)! A;B; €M,
since the class 91 is closed under taking homomor-

phic images by Lemma 1.1.
Similarly, we can get that

B°(A4,B,)/ A,B, M.
Moreover,
A°B° | A,B, =

= (AG (45B5) / AGBG)(BG (458;) / A4;8;)

and so, we have
A°B°/ A,B, eM,

since the class 91_ is a Fitting formation by Lemma
1.1.

Next note that (A4,B)° =A4°B° and
A;B; <(4,B);. Therefore we get that

(4,B)° /{A4,B), €M,

since the class O is closed under taking homomor-
phic images by Lemma 1.1. Hence (4,B) is
strongly o-subnormal in G.

Moreover, in view of Lemma 1.2,
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(4,B)H = H(A,B)
since AH = HA and BH = HB by the choice of 4
and B. Therefore K € L.
Now we show that ' € L. First note that
(ANB); = A4, N B,.

On the other hand, from the isomorphism
(A°NB°)/ (4, "B°)=
=(4°NB%)/ (4, "B N A%) ~
~ A (B°NA%) A, < A° ] A4,

we get that
(A° B9/ (A, "B)eM,
since the class 91_ is closed under taking normal
subgroup by Lemma 1.1. Similarly, we get that
(B A%/ (B, nA%)eM,.
But then we get that
(A°NB%)/ (A, "B,)eMN,
since the class 91, is a formation by Lemma 1.1.
It is also clear that
(ANB)’ < A° N B°.
Therefore we get that
(ANB)° /(ANB), eN,.
Therefore 4N B is strongly o-subnormal in G.

Finally, we show that ' = 4" B is permutable
with H. Let us assume that this is false. Then G is
not a [1-group, since otherwise we have H = G and so

G=(ANB)H = H(ANB).

First, let us assume that R := (4N B), #1. Then
(A/R)° /(A/R), =(A° I R)/ (A, I R)~ A%/ A,
is o-nilpotent, so A/ R is strongly o-subnormal in
G/R. Similarly, B/R is strongly c-subnormal in
G/R. It is also clear that HR/R is a Hall
[T-subgroup of G/R and A/R and B/R permute
with HR/ R, so the choice of G implies that

((ANB)/R)HR/R) =
=((4/R)n(B/R))(HR/R)=
=(HR/R)(A/R)N(B/R))=

=(HR/R)((ANB)/R).

But then

(ANB)H = (AN B)HR = HR(ANB)= H(ANB),
which is a contradiction.

Thus, (AN B), =1, so (AN B)’ is c-nilpo-
tent and hence (4N B)° =V xW, where W is a Hall
II-subgroup of (4N B)°. Then W < H. It is also
clear that AN B =LxK, where K is a Hall IT-sub-
group of AN B and that K < H. Moreover,

L=0"(4NnB)=0,(ANB).

Now we show that H < N (L). Indeed, we
have H < N_,(0"(4)) and H<N_(O"(B)) by
Lemma 1.3,s0 H < N,(O"(4)nO"(B)).
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Now observe that 0" (4)NO"(B) is normal
in AN B and from
(ANB)/(ANO" (4)NB)~ (AN B)0" (4)/ 0" (A)
and
(ANB)/ (BNO"(B)N A) ~ (AN B)O"(B)/ 0" (B)
we get that

(AN B)/ (0" (A)NO"(B)) =
=(ANB)/ (ANO"(A)NBYN(BNO"(B)N A))
is a [I-group. Hence
L=0,(ANB)=0,(0"(4)n0"(B)),

so H<N;(L).

Since ANB=LxK, where K<H and
H <N, (L), we have

(ANB)H =(LxK)H =LH = HL =
=H(LxK)=H(ANB),

a contradiction. Therefore V' € £, so £ is a sublat-
tice of the lattice £(G). a
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