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Abstract 
On the basis of the relativistic gauge-invariant approach, the 

solutions of the electromagnetic equations by the covariant method 
of Green functions and the effective Lagrangians the low-energy 
Compton scattering amplitudes are determined. Calculations of 
magnetic and electric quasi-static polarizabilities of spinor parti
cle were evaluated on the based on matrix elements calculation for 
Compton scattering amplitudes. 

Introduction 

At present there are many electrodynamic processes on the basis of 
which experimental data on hadrons polarizabilities can be obtained. In 
this context, there is a task of covariant determination of the polarizabil
ities contribution to the amplitudes and cross-sections of electrodynamic 
hadron processes [1] , [2] . This problem can be solved in the framework of 
theoretical-field covariant formalism of the interaction of electromagnetic 
fields with hadrons with account for their polarizabilities. In the papers 
[3]- [6] one can find covariant methods of obtaining the Lagrangians and 
equations describing interaction of the electromagnetic field with hadrons, 
in which electromagnetic characteristics of these particles are fundamental. 
Effective field Lagrangians describing the interaction of low-energy electro
magnetic field with nucleons based on expansion in powers of inverse mass 
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of the nucleon have been widely used recently [7] . In Ref. [8] on the basis 
of correspondence principle between classical and quantum theories an ef
fective covariant Lagrangian describing the interaction of electromagnetic 
field with particles of spin is presented in the framework of field approach 
with account for particles polarizabilities. 

In this paper, in the framework of the covariant theoretical-field ap
proach based on the effective Lagrangian presented in [8] a set of equations 
describing the interaction of electromagnetic field with hadrons of spin is 
obtained taking into account their polarizabilities and anomalous magnetic 
moments. Using the Greens function method for solving electrodynamic 
equations [9]- [12] , amplitude of Compton scattering on the particles of spin 
is obtained with account for their polarizabilities. Structures of the ampli
tude that are similar to polarizabilities, but are caused by electromagnetic 
interactions, are obtained. The analysis of these structures contributions 
to hadrons polarizability is performed. 

1 The covariant equations of interaction 
of an electromagnetic field with a nucleon 
taking into account polarizabilities 

To determine the covariant equations describing the electromagnetic 
field interaction with nucleon taking into account anomalous magnetic mo
ments and polarizabilities we use the following effective Lagrangian: 

L = --F Fµv + -W iD - m W - - W  iD + m W 1 1- ( - ) 1- ( - ) 
4 � 2 2 . 

The following notations were introduced: 

� a -;j v ieK µvF. . A� 1J = T/av/ d + - (]" µv + ie , 4m 

(1) 

(2) 

t:- +=--a v a ieK µvF. . A� ( ) 1J = I T/av - 4m O" µv - ie , 3 

T/av = gl7V + : [aF17µF/: + f3FaµF/:] . (4) 

If we substitute expressions (2)-(4) into (1 ) ,  the effective Lagrangian will 
have the form: 

1 µv i ,T. +:;}ff• '1';,T. ·T·A�·T· eK ,T. µv.T•F. K eav (5) L = --FµvF +-'I' u 'l' -ffi'l' 'l' -e'I' 'l' - -'l'O" 'I' µv+ av , 4 2 4m 
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where 

We separate the part related to nucleon polarizabilities in the Lagrangian 
(5) 

(6) 

(7) 

Expression for the Lagrangian (7) is consistent with the effective La
grangian presented in [13] . Formula (7) is a relativistic field-theoretic 
generalization of the non-relativistic relation 

which corresponds to the polarizabilities of induced dipole moments in 
a constant electromagnetic field [14] . In the case of a variable electro
magnetic field the signs of polarizabilities in the Lagrangian (in the non
relativistic approximation) will change [15] . However, the structure of 
tensor contraction in (7) does not change. 

In order to obtain the equations for interaction of the electromagnetic 
field with nucleons, we use the effective Lagrangian (1) and Euler-Lagrange 
equations: ( · 8L ) 8L oµ 8 (oµAv) - 8Av = O, 

0 ( 8L ) - 8L = O µ a (aµw) aw ' 
( 8£ ) 8L 8µ 8 (8µ IJ!) - 81J! = 0. 

As a result we get: 

(8) 
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= -\ileA - !:_ [av (\if,/' Kuv) + ( av\il) 'Y" Kuv] - w �(}µv Fµv · (10) 2 4m 
If equations (9) and (10) above is not limited to members of the second
order frequency of the radiation, they may be represented as: 

where lJ and D defined in (2) and (3) . Anti-symmetric tensor Gµv in (8) 
is: 

Gµv = - 8L(o:,f3) = 47r [(a: + ,8) (FµSpv - pvepµ) - ,88P F ] (11) a ( aµAv) m P P P µv ' 

where EJPV = � (8pv + evp) .  With the anti-symmetric tensor (11 ) , the 
effective Lagrangian (7) can be represented as follows: 

L(o:,(3) = -�FµvGµv . 
4 

If equations (9) and (10) to limit the contribution of the charge and mag
netic moment, we obtain the well-known equation given, for example, [12] . 

To identify the physical meaning of tensor Gµv lets use Gordon decom
position [16] .  Current density jµ of Dirac particles with the help of Gordon 
decomposition can be represented as follows: 

where the notation 
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The components of G6v tensor, which is called anti-symmetric dipole ten
sor, are static dipole moments of point-like particles. With the help of this 
tensor we can define the current 

In the rest frame of the particle, we have the following relations: 

i i i 'k m = -E J Go ·k 0 2 J ' Ji - GiO 
Uo - . 

Components 4-dimensional current can be defined by the dipole moments 

The Lagrangian of the interaction of electromagnetic fields with a charged 
particle with a static dipole moment is: 

L - ·µA l Gvµ F I - -Je µ - 2 O vµ - (12) 

By using Lagrangian (12) , and the Lagrangian L = -iFµvpµv of the form 
based on the Euler-Lagrange equations, we get 

In relativistic electrodynamics is introduced tensor similar to induced 
dipole moments [17] . The current density and moments are expressed 
through cµv the following 

Relations (13) satisfies the tensor form: 

i mµ = -Eµvpa G u 
2 vp a · ( 13) 

In the quantum description of the structural particles induced dipole mo
ments pass to the operator form [18] : 

�µv . 
(; = -

2
� [ ( dµ av - dv aµ) + Eµvpa mp a a] , 
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Gµv 
= 2� [ (8vJµ - aµJv) + Eµvpcr8 crmp] ' 

where Jµ and mµ - operators of the induced dipole moments, which are 
dependent on the electromagnetic field tensor. If you require that the 
low-energy theorem for Compton scattering, then these operators can be 
defined as --::::,µ,v mµ = 47r/3F "iv · 

Thus, the expression (11)  is anti-symmetric tensor of the induced dipole 
moments of the nucleon. In this case, the interaction Lagrangian is defined 
as follow 

L - ·µA 1 GµvF 1 Gµvp I - -Je µ - 2 O µv - 4 µv, 
which implies the Maxwell equation of the form: 

2 Covariant representation of the amplitude 
of Compton scattering on the nucleon, 
with input from the polarizabilities 

We define the contribution of electric and magnetic polarizabilities of 
the amplitude of Compton scattering. To do this, use the method of 
Green's function [10]-[12] .  We represent the differential equation (9) , which 
will take into account the contributions of the polarizabilities in integral 
form: 

w (x) = w<0l (x) + J SF (x - x') v(a,{3) (x') dx', (14) 

where v<a,f3) (x') = -� [av (Kcrv (x') 1"1l1 (x')) + Kcrv (x') 1"8vw (x')] . 
We define the matrix element S1; of the scattering of photons on a 

nucleon. To do this, we turn (14), w�:2) (x) when t -+ +oo we use the 
relation 

J-(r2) ( ) ( ') 3 I ( .) -(r2) ( ') W p2 X SF X - X d X t-++oo = -z W P2 X , 

where 
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As a result, we get : 

S1; = ( -i) j \lf�2) (x') V(a,,B) (x') d4x' . (15) 

Using the boundary conditions and the symmetry of the cross, the expres
sion ( 15) can be represented as: 

( 16) 
Integrating by parts and using the definition of the electromagnetic field 
tensor in ( 16) we get: 

- 27ri J [( ) ( (2) . µv (l) µv) eer 
S Ji - -:;;;- a + /3 Ferµ F(1) + Ferµ F(2) (21)v + 

(17) 
If we consider the wave functions of the nucleon and the photons in the 
initial and final states, the expression ( 17) takes the form: 

( 18) 

where in M in the amplitude ( 18) is as follows: 

M = :  u(r2) (P2) (a + /3) { [k2ei.X2) - k2µe<.X2)] [ki (e(.Xrlp) - (k1P) e(.Xi)µ] + 

+ [k� (e(.X2lP) - (k2P) eC.X2)µ] [k1ei.Xr ) - k1µe<.Xr)J } + 

+m/3 [k2µe�.x2) - k2vei.x2>] [kie(.Xr)v - kr eC.Xi)µ] uCrr) (pi) . ( 19) 
We now define the amplitude ( 19) in the rest frame of the target and limit 
in M members are not higher than the second frequency radiation. In this 
case, we have [19] : 
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If the amplitude of M along with the contribution of the polarizabilities 
a: and (3 take into account the contribution of the electric charge, then M 
can be represented as follows: 

M = x(r2 l+ [ (-� + 47rw2o:) (et(.\2 let(>" l ) + 

(20) 
Differential Compton cross section, for example at an angle e = 0 , com
puted using (20) has the form [19] : 

h e2 w ere O:e = 47r . 

dO" ( O:e ) 2 O:e ( 2 
drl 

= 
m 

- 2 
m 

a: + (3) w ' 

3 Quasi-static polarizability of particles 
spin � in QED 

We find the quasi-static polarizability structureless fermions, which ap
pear in the Compton scattering due to higher orders. In general, the AKP 
T forward (B = 0) and backward (B = 7r) up w2 can be written as: 

>..' a' 2 T.\,; (B = 7r) = 8Jrm1w (o:E - f3M) A.8-.\ybr;,-r;' · 
On the other hand it is possible to calculate the matrix elements, respec
tively, the amplitude of Compton scattering in the framework of QED, 
including next to the Born-order perturbation theory in the coupling con
stant O:QED (see, e.g. , [20] , [21] ) .  In [22] developed a method of calculating 
the polarizabilities of fermions in the framework of quantum field models 
and theories by comparing the corresponding matrix elements. The out
come of this procedure in this case is the ratio: 

q-s (3q-s O:�ED 1 1  So:�ED l 2w 
a + = -- - + --- n -E M 37rm} 6 37rm} m/ 
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where the parameter A is an infinitely small mass of the photon. 
As follows from (21) and (22) in addition to the quasi-static polariz

ability of the permanent members and contain non-analytic terms ""' ln w, 
which differ in the Thomson limit w --+ 0. This property was the reason 
that the work [23] , [24] structure (21) and (22) were identified quasistatic 
polarizabilities. From (21) and (22) it is easy to find the electric (o:'r8) and 
magnetic (/3'J;;8) quasi-static polarizability and assess their contribution to 
the polarizability of the " Dirac" proton (point of zero fermion anomalous 
magnetic moment) :  

The experimental values [25] : 

o:'rs + /3'J;;8 = (13, 8 ± 0, 4) · 10-4 Fm3. 

Numerical estimates are consistent with estimates of [26] . 

Conclusion 

(23) 

(24) 

In the framework of the gauge-invariant approach we obtain the covari
ant equations of motion of a nucleon in the electromagnetic field, taking 
account of its electric and magnetic polarizabilities. Based on the deci
sion of electrodynamic equations of motion of the nucleon obtained by 
the Green's function, it is shown that the developed covariant formalism 
of Lagrange interaction of low-energy photons with nucleons is consistent 
with the low-energy theorem of Compton scattering. Based on an original 
technique reproduced the known result for the combination of quasi-static 
polarizabilities o:'rs + /3'J;;8 in QED framework and obtain a new expression 
for o:'r8 - f3'J;;8 •  The apparent advantage of method of defining "polariz
abilities" referred to in Section 3, is its relative simplicity. This approach 
opens up more opportunities for the study of the internal structure of 
nucleons and can be applied in various quantum field theories and models. 
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