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Abstract

On the basis of the relativistic gauge-invariant approach, the
solutions of the electromagnetic equations by the covariant method
of Green functions and the effective Lagrangians the low-energy
Compton scattering amplitudes are determined. Calculations of
magnetic and electric quasi-static polarizabilities of spinor parti-
cle were evaluated on the based on matrix elements calculation for
Compton scattering amplitudes.

Introduction

At present there are many electrodynamic processes on the basis of
which experimental data on hadrons polarizabilities can be obtained. In
this context, there is a task of covariant determination of the polarizabil-
ities contribution to the amplitudes and cross-sections of electrodynamic
hadron processes [1],[2]. This problem can be solved in the framework of
theoretical-field covariant formalism of the interaction of electromagnetic
fields with hadrons with account for their polarizabilities. In the papers
[3)-(6] one can find covariant methods of obtaining the Lagrangians and
equations describing interaction of the electromagnetic field with hadrons,
in which electromagnetic characteristics of these particles are fundamental.
Effective field Lagrangians describing the interaction of low-energy electro-
magnetic field with nucleons based on expansion in powers of inverse mass
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of the nucleon have been widely used recently [7]. In Ref. [8] on the basis
of correspondence principle between classical and quantum theories an ef-
fective covariant Lagrangian describing the interaction of electromagnetic
field with particles of spin is presented in the framework of field approach
with account for particles polarizabilities.

In this paper, in the framework of the covariant theoretical-field ap-
proach based on the effective Lagrangian presented in (8] a set of equations
describing the interaction of electromagnetic field with hadrons of spin is
obtained taking into account their polarizabilities and anomalous magnetic
moments. Using the Greens function method for solving electrodynamic
equations [9]-[12], amplitude of Compton scattering on the particles of spin
is obtained with account for their polarizabilities. Structures of the ampli-
tude that are similar to polarizabilities, but are caused by electromagnetic
interactions, are obtained. The analysis of these structures contributions
to hadrons polarizability is performed.

1 The covariant equations of interaction
of an electromagnetic field with a nucleon
taking into account polarizabilities

To determine the covariant equations describing the electromagnetic
field interaction with nucleon taking into account anomalous magnetic mo-
ments and polarizabilities we use the following effective Lagrangian:

L= _%FWF“" + EW (zB — m) v — %W (25 + m) . (1)

2
The following notations were introduced:

= oL TeK P
B = Nov” 3 + EU“ F;u/ + 'ZCA, (2)

s ] ~
D= V’decru - E&SU“U}:“W — z'eA, (3)

2m b ol ol
Nov = Gov + m [aFﬂuFu + ,BngF,,] . (4)

If we substitute expressions (2)-(4) into (1), the effective Lagrangian will
have the form:

T3 — - —
lF;,,,F’“’%—%‘I/ E} \1:—mw—e\pAq:—:—”\yaﬂ"\IzF,,u+KdVef’”, (5)
m

L=-—
4
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where
2 ~ ~ — o, D, e
K, =L [aFU,LFf +BFWF5] . e = %w’ gvw, 9v=3v-"9".
m

We separate the part related to nucleon polarizabilities in the Lagrangian
(5) )
1@ = - aF,,Ft + 8F,. Fr] 0,
m

~ ~ 1
FﬂaFW = F;wFW - ‘2‘5§FMFW’ (6)
2
LB = _TE [(a + B) F , F* e — gegF‘me/] ) (1)

Expression for the Lagrangian (7) is consistent with the effective La-
grangian presented in [13]. Formula (7) is a relativistic field-theoretic
generalization of the non-relativistic relation

H= LA = o (aTE)2 + 6ﬁ2) ;

which corresponds to the polarizabilities of induced dipole moments in
a constant electromagnetic field [14]. In the case of a variable electro-
magnetic field the signs of polarizabilities in the Lagrangian (in the non-
relativistic approximation) will change [15]. However, the structure of
tensor contraction in (7) does not change.

In order to obtain the equations for interaction of the electromagnetic
field with nucleons, we use the effective Lagrangian (1) and Euler-Lagrange

equations:
- 0L oL

—— — — 0’
O (a(a,,Au)) 94,
oL AL
3 —_——— _—= = 0
g (a (a,,m)) 0w

oL oL
% (50w 5% =°

Bu™ = Y'Y - 8, | U + G|, ®)

As a result we get:
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(i@ -m)u-

= AU — = [0" (Kt ) + Ky 0" U] + — 0™ F,, 0, 9)
2 4m
U <z<5 + m) =

— ~ 1 v (T A0 V) ~C = €k v
= —WeA — 3 [8 (\I"y Ka,,) + (8 \Il) v KWJ — \114—mgl" F. (10)

If equations (9) and (10) above is not limited to members of the second-
order frequency of the radiation, they may be represented as:

(i/B\——m)\II:O, Iﬁ(z’%%—m) =0,

where D and D defined in (2) and (3). Anti-symmetric tensor G* in (8)
is:
oL@A  4x

6" =~y = m (o B) (287 — &™) —perr.] ()

where 6/ = 1 (67 +©""). With the anti-symmetric tensor (11), the
effective Lagrangian (7) can be represented as follows:

(o3 1 v
LA — —ZF#,,G“ .

If equations (9) and (10) to limit the contribution of the charge and mag-
netic moment, we obtain the well-known equation given, for example, [12].

To identify the physical meaning of tensor G* lets use Gordon decom-
position [16]. Current density j# of Dirac particles with the help of Gordon
decomposition can be represented as follows:

— — > —
j* = eUyhl = = Ti ' *T — 8, [—e—qza"ﬂqf] ,
2m 2m
where the notation
e —

Vi i@ Vi o 'Hu
Gy oy YO, G =5 Ui g #0.
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The components of G4 tensor, which is called anti-symmetric dipole ten-
sor, are static dipole moments of point-like particles. With the help of this
tensor we can define the current

b = =8,G".
In the rest frame of the particle, we have the following relations:
my = §€1chojk, dy = G™.
Components 4-dimensional current can be defined by the dipole moments

= (FL), Fo=odos [T

The Lagrangian of the interaction of electromagnetic fields with a charged
particle with a static dipole moment is:

) 1 .
LI = —]5‘4“ b §GO#F,,#. (12)

By using Lagrangian (12), and the Lagrangian L = —%F#UF”" of the form
based on the Euler-Lagrange equations, we get

B FH = ji — §,G¥*.

In relativistic electrodynamics is introduced tensor similar to induced
dipole moments [17]. The current density and moments are expressed
through G* the following

j*=—8,G, & =G"U, mt= %E“VWGVPUU. (13)
Relations (13) satisfies the tensor form:
G* = (d"U” — U*d") + """ m,U,.

In the quantum description of the structural particles induced dipole mo-
ments pass to the operator form [18]:

& L [(@F -2+ ewn,d),
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[ i e TR —
G = L [(50d - 5 e ),
2m
where d* and M# - operators of the induced dipole moments, which are
dependent on the electromagnetic field tensor. If you require that the
low-energy theorem for Compton scattering, then these operators can be

defined as
~p

dr = 47raﬁ“"’y,,, mt = 4w BF  7,.

Thus, the expression (11) is anti-symmetric tensor of the induced dipole
moments of the nucleon. In this case, the interaction Lagrangian is defined
as follow 1 1

Ly=—-jtA, - §G6‘”Fu,, - ZGWF’“”

which implies the Maxwell equation of the form:

8, F* = j* — 9,GM" — 3,G™.

2 Covariant representation of the amplitude
of Compton scattering on the nucleon,
with input from the polarizabilities

We define the contribution of electric and magnetic polarizabilities of
the amplitude of Compton scattering. To do this, use the method of
Green’s function [10}-[12]. We represent the differential equation (9), which
will take into account the contributions of the polarizabilities in integral
form:

¥ (z) = ¥ (z) + /Sp (z — &) V@B (1) gz, (14)

where V(@8 (') = =1 8" (Ko, (2')77¥ (') + Koy (2) 770" (2)].
We define the matrix element Sy; of the scattering of photons on a

nucleon. To do this, we turn (14) [ () when t = 400 we use the

5 ’ P2
relation

/WI(JZZ) (z) Sk (z = ') & |ts400 = (—1) W:,:z) ("),

=(r2) 1 M =(r2) ipat!
U = —— [—TU e
P2 (2‘"_)% E2 (?2)

158

where



As a result, we get:
Spi = (1) / ’\17;’;) () V@A) () d*2. (15)
Using the boundary conditions and the symmetry of the cross, the expres-
sion (15) can be represented as:
5u=(=3) [T @) 0 (K2 @)re @) +
+KZ, ()P e ()} d'e (16)

Integrating by parts and using the definition of the electromagnetic field
tensor in (16) we get:

2me 2) v Y 09
Sy = - [(a +5) (Féu)F(‘i) + F(,(L)F(‘;)) et
+8 (F,S,%)F('f)') @?21)/)] d'z’. 17)

If we consider the wave functions of the nucleon and the photons in the
initial and final states, the expression (17) takes the form:

_imd (k1 +p1 — k2 — p)

S i ’
d (27T)2 Vv 4&)10}2E1E2

where in M in the amplitude (18) is as follows:

(18)

M= %’rﬁ‘”) (72) (a+ B) { [Rael — k802 [kt (PIP) — () O] +

+ [k;‘ (e(xz)fp) _ (szp) e('\z)ﬂ] [’];1891) _ klué('\‘)] } +

+mp [k2uex(/)\2) _ k2u€f;\2)] [k{‘e(/\l)" _ k'{e('\l)“] U(r) (?1) ) (19)

We now define the amplitude (19) in the rest frame of the target and limit
in M members are not higher than the second frequency radiation. In this
case, we have [19]:

M = 4dnw?y )+ [a (;)(m;*(m) + 8 ([732?(,\2)] [71?@1)])} ¥,
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If the amplitude of M along with the contribution of the polarizabilities
a and [ take into account the contribution of the electric charge, then M
can be represented as follows:

2
M = X(T2)+ [(—e— + 47rw2a> (?(AZ)?(M)) +
m

Ham?B ([ 209) [712O0])] 1. (20)

Differential Compton cross section, for example at an angle § = 0 , com-
puted using (20) has the form [19]:
do ag\?2 _a. 9
@ (o) —2mernt

2
where a, = §-.

3 Quasi-static polarizability of particles
spin % in QED

We find the quasi-static polarizability structureless fermions, which ap-
pear in the Compton scattering due to higher orders. In general, the AKP
T forward (f = 0) and backward (§ = 7) up w? can be written as:

Ti;al (0=0)= 87rmfw2 (ag + Bar) Oaxbo0,

Y (0 = 7) = 8tmsw? (ap — Ba) A_apbo .

On the other hand it is possible to calculate the matrix elements, respec-
tively, the amplitude of Compton scattering in the framework of QED,
including next to the Born-order perturbation theory in the coupling con-
stant aggp (see, e.g., [20], [21]). In [22] developed a method of calculating
the polarizabilities of fermions in the framework of quantum field models
and theories by comparing the corresponding matrix elements. The out-
come of this procedure in this case is the ratio:

- a2QED1_1 8agpp 1n2_w
3rm} 6 3wmi  my’

ol + 81 (21)

2 2
- - apep b9 4o 2
aqu_IBg/Is__ QED QEDI W

- _37rm§ 6 37rm§ "N (22)
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where the parameter \ is an infinitely small mass of the photon.

As follows from (21) and (22) in addition to the quasi-static polariz-
ability of the permanent members and contain non-analytic terms ~ Inw,
which differ in the Thomson limit w — 0. This property was the reason
that the work [23], [24] structure (21) and (22) were identified quasistatic
polarizabilities. From (21) and (22) it is easy to find the electric (a% °) and
magnetic (83, °) quasi-static polarizability and assess their contribution to
the polarizability of the ”Dirac” proton (point of zero fermion anomalous
magnetic moment):

o} + Bl ° ~ 5,8 107 Fm®. (23)
The experimental values [25]:
of " + Bl = (13,8 £0,4) 107 Fm?. (24)

Numerical estimates are consistent with estimates of [26].

Conclusion

In the framework of the gauge-invariant approach we obtain the covari-
ant equations of motion of a nucleon in the electromagnetic field, taking
account of its electric and magnetic polarizabilities. Based on the deci-
sion of electrodynamic equations of motion of the nucleon obtained by
the Green'’s function, it is shown that the developed covariant formalism
of Lagrange interaction of low-energy photons with nucleons is consistent
with the low-energy theorem of Compton scattering. Based on an original
technique reproduced the known result for the combination of quasi-static
polarizabilities af °+ 8%, ° in QED framework and obtain a new expression
for o} — B3, °. The apparent advantage of method of defining ”polariz-
abilities” referred to in Section 3, is its relative simplicity. This approach
opens up more opportunities for the study of the internal structure of
nucleons and can be applied in various quantum field theories and models.
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