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ITycts H — moarpynma koHewyHoi rpynms! G. Byaem roBoputs, uro nmoarpynma A T -kBasuHopManbHa B G, ecnu H mepecra-

HOBOYHA C KaJI0H CHIOBCKo# moarpymmoit Q w3 G, taxoituro (| H|,|Q|)=1 u (H|,|Q°|)#1. B nanmoii paGote momywe-

HO 0000menue Teopems! lllypa-Ilaccenxaysa B TepMHHAX T -KBAa3HHOPMATIbHBIX HOATPYIII.

Kniouegvie cnosa: 1 -k6asuHOpMaibHas noO02Pynna, CULOGCKAs NOOSPYNNA, XONN06a NOO2PYNNGA, PA3PeWUMAds 2pynna.

Let G be a finite group and H a subgroup of G. Then H is said to be t-quasinormal in G if H permutes with all Sylow

subgroups Q of G suchthat (H|,|Q|)=1 and (H|,|Q°|)#1. A generalization of Schur-Zassenhaus Theorem in terms of

T -quasinormal subgroups is obtained.
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1 Definitions and preliminary results

Throughout this paper, all groups are finite.

Let H be a subgroup of a group G. Then n(G)
denotes the set of all primes dividing |G|, H® de-
notes the normal closure of H in G, that is, the
intersection of all normal subgroups of G containing
H. Recall that a subgroup A of G is said to per-
mute with a subgroup B if 4B = BA. A subgroup
H of G is said to be ©(G) -permutable or n(G) -

quasinormal in G (O. Kegel, [9]) if H permutes
with all Sylow subgroups of G. A subgroup H of a
group G is said to be t-quasinormal in G [10] if H
permutes with all Sylow subgroups Q of G such
that (H|,|Q)=1 and (H|,|Q°|)#1. It is clear
that every m(G)-quasinormal subgroup is t-
quasinormal. The Example 1.2 in [10] shows that the
converse does not hold in general.

By Sylow’s Theorem a group G possesses a
Sylow p-subgroup for any prime p and any two Sy-
low p-subgroups of G are conjugate in G. For an
arbitrary set of primes 7 a group G may or may not
possess a Hall m-subgroup and, if it does, it may or
may not be true that any two of them are conjugate
in G. The Schur-Zassenhaus Theorem gives an im-
portant sufficient condition for the existence and
conjugacy of Hall subgroups: If a group G has a
normal Hall n-subgroup A, then G is an E_ -group

(i.e. G has a Hall w'-subgroup). In addition, if
either A or G/ A is soluble, then G is a C,-group

(i. e. any two Hall 1" -subgroups of G are conjugate
in G). Naturally, one can ask whether or not the
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conclusion of the Schur-Zassenhaus Theorem holds
if the Hall subgroup of G is not normal. In other
words, can we weaken the condition of normality for
the Hall subgroup of G so that the Schur-Zassenhaus
Theorem still holds? The results of [5]-[7] give the
positive answer to this question. In this paper, we
prove the following generalization of these results.

Theorem 1.1. Let G = AT, where A is a Hall
n-subgroup of a group G. If A is t-quasinormal
in G and either A is soluble or every ' -subgroup
of T is soluble, then T contains a complement of
A in G and any two complements of A in G are
conjugate.

Notice that the well known Feit-Thompson
Theorem 1.1 of groups of odd order is not used in
the proof of the Theorem.

The reader is referred to [1], [3] and [4] for all
unexplained terminology and definitions if necessary.

2 Proof of the main result

Before continuing, we will need to know a few
facts about t-quasinormal subgroups.

Lemma 2.1. Let G be a group, H<K<G
and L<G.

() If H is t-quasinormal in G, then H is
T -quasinormal in K.

(2) Suppose that H is normal in G. Then EH | H
is t-quasinormal in G/ H for every t-quasinor-
mal subgroup E in G satisfying (H |,| E|)=1.

(3) Suppose that H is t-quasinormal in G. If
HL=LH and n(HNL)=n(H)N7®(L), then HNL
is T-quasinormal in L.



On Hall subgroups of finite groups

Proof. (1) and (2) See [10].

(3) Let O be a Sylow g-subgroup of L such
that g¢n(HNL) and (HANL|,|QO"|)#1. Then
qg¢n(H), so Q is a Sylow ¢ -subgroup of HL.
Besides, 0" < 0" nL<Q"™. Then

(HLIO™ D=1
Since H is t-quasinormal in G, we have that H
is t-quasinormal in HL by (1). Hence HQ = QOH.
Therefore, Q(HNL)=QHNL=(HNL)Q.

Proof of Theorem 1.1. Assume that the theorem
is false and let G be a counterexample of minimal
order. Then a Hall «t' -subgroup of G is not a Sylow
subgroup of G. We proceed the proof by proving
the following claims.

(1) 0.(G)=1.

Suppose that ¥ =0, (G) #1. We show that the
hypothesis still holds on G/Y. Clearly, Y <T and
G/Y=(AY/YXT/Y), where AY/Y = A is a Hall
n-subgroup of G/Y. In view of Lemma 2.1(2),
AY /Y is t-quasinormal in G/Y. If A4 is soluble,
then AY /Y is soluble. If every =’ -subgroup of T
is soluble, then, clearly, every n' -subgroup of 7/Y
is soluble. Thus the hypothesis still holds for
(AY/Y,T/Y) in G/Y. Since |G/Y|<|G|, G/Y
is a C,-group and 7/Y contains a complement
V/Y of AY/Y in G/Y by the choice of G. It is
clear that V' /Y is a Hall =’ -subgroup of G/Y.
Hence V' is a Hall n' -subgroup of G, so G =A4V.
Now let 7, and 7, be Hall =’ -subgroups of G.
Then 7,/Y =(T,/Y)" =T; /Y for some xeG, so
T, and T, are conjugate in G. Therefore the conclu-
sion of the theorem is true for G, which contradicts
to the choice of G. Hence we have (1).

(2) A permutes with every Sylow q-subgroup
of G, where ge'.

Let Q be any Sylow g-subgroup of G for
some prime ¢ e n’. In view of (1), (| 4],]Q% ) #1.
Then AQ = QA by hypothesis.

(3) 0.(G)=1.

Suppose that R = O_(G) #1. We show that the
hypothesis still holds on G/R. Clearly, R< A and
G/R=(4/R)(TR/R), where A/R 1is a Hall
n-subgroup of G/R. If A is soluble, then 4/ R is
soluble. Suppose that every =’ -subgroup of T is
soluble. Let ¥ /R be any 7' -subgroup of TR/R.
Then V=V NTR=(V NT)R. Hence

VIR=WVAT)R/R=(V NT)/(RNV NT)
is a 7' -group. Since R is a m-group, it follows

from the Schur-Zassenhaus Theorem that
VAT =(RNVNT)NE
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for some Hall n’ -subgroup E of V' T. Since by
hypothesis E is soluble, '/ R 1is soluble. Thus
every 7' -subgroup of TR/R is soluble. Now let
QO/R be a Sylow g-subgroup of G/R, where
g €n'. Then for some Sylow g-subgroup G, of G
we have O=G,R. In view of (2), 4G, =G A.
Then
(A/R)NQ/R)=(A/RYG,R/R)=(Q/R)(A/R),

so A/ R permutes with every Sylow ¢ -subgroup of
G /R, where g e . Hence A/ R is 1-quasinormal
in G/R. Therefore the hypothesis still holds for
(4/R,TR/R) in G/R. Since |G/R|<|G|, G/R
is a C,-group and 7R/R contains a complement
VIR=(VT)/ (RNVNT) of A/R in G/R by
the choice of G. Then VT =(RNV NT)XNE for
some Hall ' -subgroup E of V' NT. It is clear that
V' /R is aHall ©' -subgroup of G/R. Hence E isa
Hall =’ -subgroup of G, so G=AE. Now let T,
and 7, be Hall =n'-subgroups of G. Then
T,R/R=T;R/R for some x e G. Therefore by the
Schur-Zassenhaus Theorem, 7, and 7, are conju-
gate in 7,R. Hence the conclusion of the theorem is

true for G, which contradicts to the choice of G.
Thus we have (3).

(4) G is not a simple group.

Assume that G is a simple non-abelian group.
Let Q be any Sylow g-subgroup of G for some
prime gen’. Then by (2), AQ" =04 for all
xeG. Besides, AQ" #G by the choice of G.
Hence G is not simple by [8, Theorem 3]. This con-
tradiction completes the proof of (4).

(5) If D#1 is a proper normal subgroup of
G, then D is a C_-group. If, in addition, T =G,
then A< D.

First we show that D is a C_ -group. In view
of (1) and (3), 1 AN D = D. Itis clear that AN D
is a Hall m-subgroup of D. If A is soluble, then
AN D is soluble. Suppose that every n' -subgroup
of T is soluble. Since every n' -subgroup of D is
contained in 7 N D, then every m' -subgroup of D
is soluble. Besides, by Lemma 2.1(3), 4nD is t-
quasinormal in D. Thus D is a C_ -group by the
choice of G. Now suppose that 7T=G and 4 ¢ D.
Let N=N, (AND). In view of (3), N#G. Since
D isnormal in G and G = DN by the Frattini Ar-
gument, we have that A< N. Then by Lemma
2.1(1), 4 is t-quasinormal in N. Besides, since
every 7 -subgroup of N is a =n’-subgroup of
T =G, we have that the hypothesis still holds for
(4,N) in N. Since |N |G|, N is a C_-group
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and N contains a complement N, of 4 in N by
the choice of G. It is clear that DN_ #G. Since
ADN_, = DAN_, = DN = DN _ 4 and
ANDN_ =(ANDYANN_)=AND

isa Hall m-subgroup of DN_, then 4AND is
T-quasinormal in DN_ by Lemma 2.1(3). Hence
DN_ is a C_ -group by the choice of G, in particu-
lar, DN, has a Hall n’ -subgroup, which, evidently,
is a Hall ' -subgroup of G. Now let 7, and 7, be
Hall =’ -subgroups of G. Then D, =7 nD and
D,=T,nD are Hall «'-subgroups of D. Since
D isa C,-group, D, and D, are conjugate in D.
Hence N.(D,)=N;(D,)" for some xeG. Since
T, <N,(D) and T, < N,(D,), T, is conjugate with
some Hall n’'-subgroup of N,(D,). Hence 7, and
T, are conjugate in G, so the conclusion of the
theorem is true for G, which contradicts to the
choice of G. Therefore we have (5).

(6) T has a Hall 7' -subgroup.

Suppose that this is false. Then ANT #1.
Since A4 is a Hall m-subgroup of G, ANT is a
Hall m-subgroup of 7. By Lemma 2.1(3), ANT is
t-quasinormal in 7. Hence the hypothesis still
holds for (ANT,T) in T. If T#G, then T is a
C_ -group by the choice of G, in particular, 7 has a
Hall 7" -subgroup, which, evidently, is a Hall =’ -sub-
group of G, a contradiction. Now suppose that
T =G. Then in view of (4) and (5), G has a proper
normal C_ -subgroup D such that 4 <D. Let D,
be a Hall 7'-subgroup of D and N =N.(D,).
Then D=4D, and by the Frattini Argument,
G=DN=AN. If AnN-=1, then N is a Hall
n' -subgroup of T =G, a contradiction. Suppose
that AnN #1. Since 4 is a Hall m-subgroup of
G, ANnN is a Hall n-subgroup of N. In view of
Lemma 2.1(3), AN N is t-quasinormal in N. By
(1), N#G. Hence N isa C, -group by the choice
of G, in particular, N has a Hall =n’-subgroup,
which, evidently, is a Hall =’ -subgroup of G=T, a
contradiction. Thus we have (6).

In view of (6), we may assume without loss
that 7 is a Hall ©’ -subgroup of G. Hence similarly
as in the proof of (1) and (3) we obtain that

(7) If D=1 is a proper normal subgroup of
G, then G/ D isa C_-group.

Final contradiction.

In view of (4), G has a proper normal sub-
group D #1. By (5) and (7) both groups D and
G/D are C,-groups. Hence G is a C, -group by
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[2]. This contradiction completes the proof of the
theorem.
Note that the G = 4, shows that under condi-

tions of Theorem 1.1 the subgroup A is not neces-
sarily normal in G and G is not necessarily -
soluble or = -soluble, where m is the set of all
primes dividing | 4.

Corollary 2.1. If every Sylow subgroup of a
group G is T-quasinormal in G, then G is soluble.

Proof. In view of Theorem 1.1, every Sylow
subgroup of a group G has a complement in G.
Then by [3], G is soluble.

The example of the symmetric group G =S5,

shows that under conditions of Corollary 2.1, the
group G is not necessarily supersoluble, p-closed or
p-nilpotent for any prime p € n(G).

Corollary 2.2. If every Hall subgroup of a
group G is t-quasinormal in G, then G is soluble.
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