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Следствие. Если выполнены условия теоремы 1, то матрица ( )F   отображе-

ния Пуанкаре системы (1) на периоде [ , ]   задается формулой 
1( ) ( ) ( ) ( ).F B         

Теорема 2. Пусть для 2   периодической непрерывной на R  матрицы ( )P t  су-

ществует дифференцируемая матрица ( ),t  приводящая матрицу ( )eP t  к непрерыв-

ной, не меняющей своей структуры при всех ,t R  матрице Жордана ( ),J t  т. е. 

( ) ( ) ( ) ( ),eP t t t J t   для которой ( ) .
d

P t
dt


   

Тогда фундаментальная матрица ( )X t  системы (1) может быть записана в виде 

0

( ) ( )exp ( ) .

t

X t t J d      При этом ( )t  есть четная 2   периодическая матрица. 
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SOME RESENT TRENDS IN THE THEORY OF HAUSDORFF OPERATORS 

 

Hausdorff operators were introduced by Hardy on the segment, and by Liflyand and Mor-

icz [1] on the whole real line. Later Liflyand and Lerner [2] considered their multidimensional 

generalizations. Now it is an active research area. It is enough to note that the Google search 

by request "Hausdorff operator" gives more then 1 200 000 results. See also survey articles [3, 

4] for historical remarks and the state-of-the-art up to 2014. 

This note is a survey of some recent results in this theory. We correct also the statements 

of Theorem 2 in [5] and Lemma 2 and Theorem in [6]. 

The n -dimensional Hausdorff operator looks as follows: 
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( )( ) ( ) ( ( ) ) ,
m

f x u f A u x du R  

where : m R C  is a locally integrable function, ( )A u  stands for a family of non-singular 

n n -matrices, nxR , a column vector. 

In [7] the next generalization of this notion to topological groups was proposed. 

Definition 1 [7]. Let ( , )   be a measure space, G  a topological group, : Aut( )A G  

a measurable map, and 1 ( )locL  . We define the Hausdorff operator with the kernel   over 

the group G  by the formula 

,( )( ) ( ) ( ( )( )) ( ).A f x u f A u x d u


    

The classical definition of a Hausdorff operator on 
nR  mentioned above, the Harish-

Chandra transform, and the Delsarte generalized shift are special cases of this notion. 

Hereafter G stands for a locally compact metrizable group. 

The following lemma is a corrected version of Lemma 2 from [6]. 

Lemma 1. There is a left invariant metric '  which is compatible with the topology of G 

such that every automorphism Aut( )A G  is Lipschitz with respect to every left invariant met-

ric   that is strongly equivalent to ' . Moreover, one can choose the Lipschitz constant to be 

,mod
A

L A   

where the constant   depends on the metric   only. 

The next theorem is a corrected version of the main result in [6]. 

Theorem 1 Let a left invariant metric   be as in Lemma 1, the doubling condition holds 

for the corresponding metric measure space ( , , )G   , dimd G , and 
1( ) mod( ( )) .k u A u   For 

1( , )dL k d    the Hausdorff operator ,A  is bounded on the real Hardy space 
1( )H G  and 

1, ( , )
Const .dA L k d  

 ‖ ‖ ‖ ‖  

Theorem 2 [7]. Let F be a locally compact field equipped with the norm (e.g., ,F  R C , 

or 
pQ ). For the Hausdorff operator 

,A
 on the real Hardy space 

1( )nH F  the next estimate 

holds 

1

, Const | ( ) ||| ( ) || ( ).n

A u A u d u




  ‖ ‖  

In [5] and [8] the following definition of a Hausdorff operator over homogeneous spaces 

of groups was proposed.  

For a compact subgroup K  of G  from now on we put :x xK , ( ) : ( (( ))KA x A x   (

Aut( )A G , x G ), and 

Aut ( ) : { : Aut( ), ( ) }.K G A A G A K K    

Definition 2 [5]. Let ( , )   be a measure space, ( ( )) Aut ( )u KA u G   a family of ho-

meomorphisms of /G K , and 1 ( , ).locL    For a function f  on /G K  we define a Hausdorff 

operator on /G K  by the formula 

,
( )( ) : ( ) ( ( )( )) ( ).

A
f x u f A u x d u
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Example 1. One can identify the Lobachevsky plane 2  with the homogeneous space 

(2) / (2)SL SO . If we in turn identify 2  with the upper half-plane in , a Hausdorff operator 

is as follows: 

2

0

cos sin
( )( ) ( ) ( ).

sin cos

z
f z f d

z





  
     

   
  

Several results on the boundedness of such operators were obtained by the author. 

Theorem 3 [5]. Suppose that the conditions of Definition 2 are fulfilled, [1, ]p  , and  

1/

,
.: | ( ) | (mod ( )) ( )p

p A
u A u d u




     

Then 
,A

 is bounded on ( / )pL G K  and 

,, ( ( / ))
.p p AA L G K

 ‖ ‖ ‖ ‖  

Definition 3 [5]. We define the Hardy space 
1( / )H G K  as a space of such functions 

f g  on /G K  that g  admits an atomic decomposition of the form 
1

,j j

j

g a




   where 
ja  

are right- K -invariant (1, )r  atoms and 
1

| |j

j





   . In this case, 

1 ( / )
1

: inf | |,jH G K
j

f




 ‖ ‖  

and infimum is taken over all decompositions above of g . Thus a function f g  from 

1( / )H G K  admits an atomic decomposition 
1

j j

j

f a




   such that 
1

| |j

j





   , and 

1 1( / ) ( )H G K H G
f g‖ ‖ ‖ ‖ . 

Theorem 4 [8] If G K  the space 
1( / )H G K  is nontrivial and Banach. 

Thereafter we put  

1( ) : mod ( )k u A u  . 

The following theorem is a corrected version of the Theorem 2 in [5]. 

Theorem 5 Let a left invariant metric   be as in Lemma 1 and the doubling condition 

holds for the corresponding metric measure space ( , , )G   , dimd G . Under assumptions of 

Definition 2 let ( , , )q   be a  -compact quasi-metric space with positive Radon measure  . 

Then for the operator 
,A

 the next estimate holds 

1 1, ( ( / )) ( )
Const .dA H G K L k 

 ‖ ‖ ‖ ‖  

Theorem 6 [8]. Let   be  -compact quasi-metric space with positive Radon measure 

 . Let G  be a locally compact group with left Haar measure   and a left invariant metric 

as in Lemma 1 and the local doubling and approximate midpoint conditions hold. Let the family 

( ( )) Aut ( )u KA u G   satisfies ( )k u C . Then for 
1 1/( , )rL k    ( (1, ]r  ) the Hausdorff 

operator 
,A

H


 is bounded on the real Hardy space 
1( / )H G K  and for some constant 

, 0C 

the next estimate holds 
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1 1/,, ( , )
.rCA L k  

  ‖ ‖ ‖ ‖  

Until 2019 all known results on general Hausdorff operators refer to the boundedness of 
such operators in various settings only (exceptions are several papers in which some spectra 
were calculated for special cases in the one-dimensional setting). In particular, multidimen-
sional normal Hausdorff operators have not been studied. Below we describe spectral represen-
tation for such operators. In [9] and [10] the notion of a matrix symbol of a normal Hausdorff 
operator was introduced and the following theorem proved. 

Theorem 7 [9], [10]. Let ( )A u  be a commuting family of non-singular self-adjoint n n

-matrices, and 
1/2 1| det ( ) | ( ) ( ).A u u L     Then 

(i) the Hausdorff operator 
,A

 in 
2 ( )nL  with matrix symbol   is normal and unitary 

equivalent to the operator M  of multiplication by the normal matrix   in the space 

2 2( ; )
nnL  of 

2n

-valued functions; 

(ii) the spectrum of 
,A

 equals to the spectrum ( )   of   in the matrix algebra 

2
Mat ( ( )),n

n

bC  

,( ) { : inf | det( ( )) | 0};
nA

s
s


      

(iii) the point spectrum 
,( )p A  of 

,A
 consists of such complex numbers   for which 

the closed set  

( ) : { :det( ( )) 0}nE s s      

has positive Lebesgue measure. The residual spectrum of 
,A

 is empty. 

Corollary [10]. Let the matrices ( )A u  be positive definite. Then the operator 
,K A

 is 

unitary equivalent to the operator of coordinate-wise multiplication by a function ( )n

bC  

(the scalar symbol  of 
,K A

) in the space 2 2( , ).
nnL  In particular, 

(i) the spectrum, the point spectrum, and the continuous spectrum of 
,K A

 equal to the 

spectrum (i. e., to the closure of the range of  ), to the point spectrum, and to the continuous 

spectrum of the operator M
  of multiplication by   in 

2 ( )nL  respectively, the residual spec-

trum of 
,K A

 is empty; 

(ii) , sup | | .K A  ‖ ‖  

The problem of compactness of Hausdorff operators was posted in [3]. There is a conjec-
ture that a nontrivial Hausdorff operator on Lebesgue space is non-compact. In [11] we formu-
lated the more strong conjecture that a nontrivial Hausdorff operator on Lebesgue space is non-
Riesz and proved the following. 

Theorem 8 [11] Let ( )A u  be a commuting family of real self-adjoint n n -matrices  

( supp( )u  ), and 
1/ 1(det ( )) ( ) ( ).pA u u L     Then every nontrivial Hausdorff operator 

,A
 in ( )p nL  (1 p  ) is a non-Riesz operator (and in particular it is not a sum of a 

quasinilpotent and compact operator). 
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ОБ ОДНОМ УТОЧНЕНИИ НЕРАВЕНСТВ И ТЕОРЕМ ТИПА БЕРНШТЕЙНА 

ТЕОРИИ РАЦИОНАЛЬНОЙ АППРОКСИМАЦИИ 

 

В настоящее время рациональные приближения являются одним из наиболее акту-

альных и интенсивно развивающихся разделов математического анализа. В этом направ-

лении, начиная с классических результатов Д. Джексона и С.Н. Бернштейна, были полу-

чены прямые и обратные теоремы теории приближения функций для различных функ-

циональных пространств, причем сейчас многие из них носят окончательный характер. 

Данная заметка посвящена одному уточнению аналогов обратной теоремы теории 

рациональных приближений в пространстве Бергмана. Для формулировки соответству-

ющих результатов приведём необходимые определения. 

Пусть 2m  – плоская мера Лебега в комплексной области C . Для 0 p   через 

 pL D  обозначим пространство Лебега комплексных функций f  на  : 1D z z  C  

относительно плоской меры Лебега с обычной квазинормой 
 pL D

f  (нормой при 

1 p  ). Именно,  pf L D , если  

   
1/

2( )
p

p
p

L D
D

f f z dm z
 

   
 

  при 0 p  , 

   sup
pL D

z D

f ess f z


      при p  .  

1H

1H

1H
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