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FINITE GROUPS WITH ABNORMAL SCHMIDT SUBGROUPS

All groups are finite and G always denotes a finite group.

A subgroup H of G is said to be (1) abnormal in G if x € <H, H* for all x € G.

We say that G is an SA-group if G is a non-nilpotent group in which every Schmidt sub-
group is abnormal.

Recall that G is said to be an SC-group if G is soluble and the set of all Carter subgroups
of G coincides with the set of all systems normalizers of G.

We proved the following two results.

Theorem 1. G is a soluble SA-group if and only if G = D x M, where D = G is the
nilpotent residual of G, and the following conditions hold: AN

(i) D is nilpotent, M = «x» is a cyclic Sylow g-subgroup of@?some prime g dividing
|G|, and F(G) = D«x9. Q

(if) For every prime p dividing |D| and for the Sylow p-su@)up subgroup Dy of D we have
(8) Q < Ng(Dp) and [Q, Dp] # 1. O
(b) Dp= (D, Q)™ 8

®; = O(Di—1) forall i = 1,....t, such that [Q, Z] = d [Q, ®i]#1foralli<t.

(d) For every i, the factor @; /®i.1, reg% as a G-module, is completely reducible.

(e) All chief factors H/K of G betwe and P are G-isomorphic with Cg (H/K) = F(G)
and [H/K| = p", where n is the smallest Qﬁe er such that g divides p" — 1.

() G is an SC-group and ZQ is\a Carter subgroup of G and Z = Ng (Q)ND < Z.(G).
Moreover, if Z # 1, then D = Dpis {ﬁ%w subgroup of G.

Furthermore, Conditions\(b); (c), (d) and (e) hold for every p-subgroup P of G such that
Q<Ng(P)and [Q, P]#1.

(iii) A subgroup C of a Carter subgroup if and only if C is a maximal abnormal sub-
group of some SchmidtXtbgroup of G. Moreover, if H is a Schmidt subgroup of G, then a
maximal abnormal subgroup of H is a Carter subgroup of G.

Theorem 2. Assume that G is a non-soluble SA-group. Then the following hold.

(a) G is quasi-simple and |2(G)| e€ {2,4,3,9}.

(b) Every local subgroup Ng(P) of G, where |P| ¢ {2,4,3}, is soluble.

Example. (1) Let E be an extraspecial group of order 3" and exponent 3. Then Aut(E)
contains an element « of order 7 which operates irreducibly on E/Ze and centralizes Z(E) by
Lemma 20.13 in [1, Ch. A]. Let E1 and E2 be two copies of the group E and let P = E1 v Ez :=
(E1x E2)/D, where D = {(a,a ) | a € Z(E)} be the direct product of the groups E1 and Ez with
joint center (see [2, p. 49]). Then « induces an automorphism of order 7 on P and for the group
G1=P x < all Conditions (i), (ii), (iii) and (iv) are fulfilled with t = 1.
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(c) G has normal subgroups Z = &y < d;gg((‘s} Dy < O < @p = Dp (t = t(p)), where
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(2) Let P be a cyclic group of order 293, Then Aut(E c&ﬁains an element . of order 7. Then
Conditions (i), (ii), (iii) and (iv) are fulfilled for the gro% =Pxw witht=3andZ=1.

(3) Let gi: Gi— «w be an epimorphism of Gjontoa» and let G = G1 A G2={(91,02) | gi € Gi,
@, (01) = @, (g2)°} be the direct product of the s G1and G with joint factorgroup <o (see
[2, p. 50]). Then Conditions (i), (ii), (iii) and (i fulfilled for G by Parts (1) and (2).
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