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Finite groups with permutable complete
Wielandt sets of subgroups
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Abstract. Let W be a set of nilpotent Hall subgroups of a finite groupG. We say that W is
a Wielandt set if for each prime p dividing jGj there is exactly one subgroupW 2 W such
that p divides jW j. In this paper, we study the influence of Wielandt sets on the structure
of G. In particular, we give conditions under which a normal subgroup of a finite group is
hypercyclically embedded.

1 Introduction

Throughout this paper, all groups are finite and G always denotes a finite group.
A subgroup A of G is said to be S -permutable if A permutes with every Sylow
subgroup P of G, that is, AP D PA. The symbol GN denotes the nilpotent resid-
ual of G, that is, the smallest normal subgroup of G with nilpotent quotient.

In what follows, � D ¹�i W i 2 I º is some partition of the set P of all primes,
that is, P D

S
i2I �i and �i \ �j D ¿ for all i ¤ j .

If G has a set W D ¹W1; : : : ; Wtº of nilpotent Hall subgroups Wk such that
for any k, Wk is a �k-subgroup, then we say W is a complete Wielandt set of
subgroups of type � or simply W is a complete Wielandt set of subgroups of G.
If W is such that WiWj D WjWi for all i; j , then we say that W is a Wielandt
system of type � of G or simply W is a Wielandt system of G.

In view of [5], the class of all soluble groups having a complete Wielandt set of
subgroups of type � is a saturated formation, for any partition � on P .

Many results are connected with the study of the groups in which some Sylow
subgroups permute with given subgroups of the group. For example, the classic
result in this vein, due to P. Hall, states: G is soluble if and only if it has a Sylow
basis, that is, a complete set of pairwise permutable Sylow subgroups. From the
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famous Wielandt theorems on the products of nilpotent groups (see [12, Chap-
ter VI, Theorems 4.3, 4.9]) it follows that the analogue of this result remains true
if we use the Wielandt systems of any fixed type � in place of the Sylow bases.

In [10], Huppert proved that a soluble group is supersoluble if it has a Sylow
basis S such that every subgroup in S permutes with all maximal subgroups of
each other member in S . In [11] (see also [12, Chapter VI, Section 3]), Huppert
described the group in which every complete set of Sylow subgroups forms
a Sylow basis of the group. Note, in passing, that ifG D PÌ.QR/, where jP j D 7,
jQj D 3, jRj D 2 andQR � Aut.P /, then some complete set of Sylow subgroups
is not a Sylow basis ofG, but every complete Wielandt set of subgroups of type � ,
where � D ¹7º [ ¹3; 2º, is clearly a Wielandt system of G.

The above-mentioned results and many other known results of this kind make
it natural to ask:

Question (I). What can we say about the group G provided G has a complete
Wielandt set of subgroups W such that every member of W permutes with all
maximal subgroups of any other subgroup in W?

Question (II). What can we say about the soluble group G provided every com-
plete Wielandt set of subgroups of G forms a Wielandt system?

Our main goal here is to give an answer to Question (I).

Theorem A. A group G has a complete Wielandt set of subgroups W such that
every member in W permutes with all maximal subgroups of any non-cyclic sub-
group S in W if and only if G D D ÌM is a supersoluble group where D D GN

is a nilpotent Hall subgroup of G of odd order whose maximal subgroups are
normal in G.

Theorem A shows that the class of the groups satisfying the hypothesis in Ques-
tion (I) is very close to the class of so-called PST-groups. Recall that a group G is
called a PST-group if S -permutability is a transitive relation on G, that is, every
S -permutable subgroup of an S -permutable subgroup of G is S -permutable in G.
In view of [1] (see also [4, Chapter 2]), a soluble group G is a PST-group if and
only if G is a supersoluble group such that D D GN is an abelian Hall subgroup
of G of odd order and every subgroup of D is normal in G.

The following result was obtained by Asaad and Heliel (see [3, Theorem 3.1])
by applying the classification of the finite simple groups. Their theorem can be
deduced from Theorem A. We note that the proof of Theorem A only requires the
classification of the finite simple groups with abelian Sylow 2-subgroups and not
the full classification of the finite simple groups.
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Finite groups with permutable complete Wielandt sets of subgroups 193

Corollary 1.1. If a group G has a complete set of Sylow subgroups S such that
every Sylow subgroupP in S permutes with all maximal subgroups of any member
of S , then G is supersoluble.

Recall that a normal subgroup E of G is called hypercyclically embedded in G
(see [16, p. 217]) if every chief factor of G below E is cyclic. Hypercyclically
embedded subgroups play a important role in the theory of soluble groups (see
[4, 16, 22]) and the conditions under which a normal subgroup is hypercyclically
embedded in G were found by many authors (see the books [4, 16, 22] and, for
example, the recent papers [2, 9, 15, 17–20]).

On the base of Theorem A, we prove the following result in this vein.

Theorem B. Let E be a normal subgroup of a group G. Suppose that G has
a complete Wielandt set of subgroups W D ¹W1; : : : ; Wtº such that the maximal
subgroups of Wi \E permute with all members of W , for i D 1; : : : ; t . Then E
is hypercyclically embedded in G.

By Theorem B, we may directly obtain the following results.

Corollary 1.2. Let F be a saturated formation containing all supersoluble
groups, and let E be a normal subgroup of G with G=E 2 F. Suppose that G
has a complete Wielandt set of subgroups W D ¹W1; : : : ; Wtº such that the max-
imal subgroups of Wi \E permute with all members of W , for i D 1; : : : ; t .
Then G 2 F.

Corollary 1.3 (see [3, Theorem]). Let F be a saturated formation containing all
supersoluble groups, and E a normal subgroup of G with G=E 2 F. Suppose
that G has a complete set of Sylow subgroups S D ¹P1; : : : ; Ptº such that the
maximal subgroups of Pi \E permute with all members of S , for all i D 1; : : : ; t .
Then G 2 F.

2 Proofs of theorems

We shall need the following known fact.

Lemma 2.1 (see [14]). Let H , K and N be pairwise permutable subgroups of G,
and suppose that H is a Hall subgroup of G. Then

N \HK D .N \H/.N \K/:

Proof of Theorem A. We say that G is a generalized PST-group if G D D ÌM
is a supersoluble group, where D D GN is a nilpotent Hall subgroup of G of odd
order whose maximal subgroups are normal in G.

Unauthenticated
Download Date | 10/8/19 2:43 PM

РЕПОЗИТОРИЙ ГГ
У И

МЕНИ Ф
. С

КО
РИНЫ



194 W. Guo and A. N. Skiba

First assume that there is a complete Wielandt set W� D ¹W1; : : : ; Wtº of
type � of G such that every member of W permutes with each maximal subgroup
of every non-cyclic subgroup S in W� . We show that in this caseG is a generalized
PST-group. Assume that this is false and let G be a counterexample of minimal
order. LetR be a minimal normal subgroup ofG andD D GN the nilpotent resid-
ual of G. We proceed via the following steps.

(1) The hypothesis holds for G=R. Hence G=R is a generalized PST-group.
AsWiR=R ' Wi=Wi \R is nilpotent andWiR=R is a Hall subgroup ofG=R,

it follows that
W D ¹W1R=R; : : : ;WtR=Rº

is a Wielandt set of type � of G=R.
Now assume that WkR=R is non-cyclic and V1=R and V2=R are distinct maxi-

mal subgroups ofWkR=R. Then Vi D R.Vi \Wk/, and so V1 \Wk ¤ V2 \Wk .
Moreover, as Wk is nilpotent and

j.WkR=R/ W .Vi=R/j D jWkR W .Vi \Wk/Rj

D jWk W Wk \ .Vi \Wk/Rj

D jWk W .Vi \Wk/.Wk \R/j;

it follows that .Vi \Wk/.Wk \R/ is a maximal subgroup of Wk . Therefore

.Vi \Wk/.Wk \R/Wj D Wj .Vi \Wk/.Wk \R/;

so
.Vi=R/.WjR=R/ D .WjR=R/.Vi=R/

for all j . This shows that the hypothesis holds for G=R. Hence G=R is a general-
ized PST-group by the choice of G.

(2) D is not a Hall nilpotent subgroup of G.
Assume that this is false. We first show that in this case every maximal subgroup

ofD is normal inG. SinceD is nilpotent, it is enough to show that every maximal
subgroup V of any Sylow subgroup P of D is normal in G. If P is cyclic, it is
evident. Now suppose that P is not cyclic. Let P � Wi and E be the complement
ofP toWi . Then V is normal inWi and VE is maximal inWi , so VEWj D WjVE
for all j ¤ i by hypothesis. Hence

PWj \WjVE D Wj .P \WjVE/ D WjV D V Wj

is a subgroup ofG. Then since V D P \V Wj , we haveWj � NG.V /. This shows
that V is normal in G. Therefore every maximal subgroup of D is normal in G.
Assume that 2 divides jDj. Then D has a maximal subgroup E with jD W Ej D 2.
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Finite groups with permutable complete Wielandt sets of subgroups 195

Moreover,E is normal inG andCG.D=E/ D G. HenceG=E 2 N and soD � E,
a contradiction. Hence jDj is odd and so G is a generalized PST-group by the
Schur–Zassenhaus Theorem. This contradiction shows that we have (2).

(3) G is not supersoluble.
Assume that G is supersoluble. Then D is nilpotent by [12, Chapter VI, The-

orem 9.1]. We now show that D is a Hall subgroup of G. Suppose that this is
false and let P be a Sylow p-subgroup of D such that 1 < P < Gp for some
Sylow p-subgroup Gp of G. Then jGpj > p. Let N be a minimal normal sub-
group of G contained in D. Then N is a group of order r for some prime r . By
(1), G=N is a generalized PST-group, so D=N D .G=N/N is a Hall subgroup of
G=N by the choice of G. It follows that r D p and N D P D D. Since jGpj > p
and G=N D G=NN D G=P is nilpotent, Gp is normal in G. If Op0.G/ ¤ 1 and
R is a minimal normal subgroup of G contained in Op0.G/, then R \D D 1.
Moreover, .G=R/N D DR=R ' D is a Hall subgroup of G=R by (1). But then
P D Gp, a contradiction. HenceOp0.G/ D 1 and thereby F.G/ D Gp. Then since
CG.F.G// � F.G/ (see, for example, [8, Theorem 1.8.18]), Gp 2 W .

Suppose that ˆ.Gp/ ¤ 1 and let R be a minimal normal subgroup of G con-
tained in ˆ.Gp/. Then R � ˆ.G/. If R D D D GN, then G is nilpotent and
so D D 1, a contradiction. Hence R ¤ D. It is also clear that RD ¤ Gp. But as
the hypothesis holds for G=R by (1), we have that DR=R D Gp=R by the choice
of G. Thus RD D Gp. This contradiction shows that ˆ.Gp/ D 1. Hence Gp is
elementary abelian and so Gp is not cyclic since jGpj > p.

Let V be a maximal subgroup of Gp and let Wi ¤ Gp. By hypothesis, we have
thatWiV D V Wi is a subgroup ofG andGp \ V Wi D V . Hence V Wi � NG.V /.
On the other hand, V is normal in Gp. Therefore V is normal in G. This shows
that every subgroup of Gp is normal in G since Gp is elementary abelian. We
may, therefore, assume that Gp D hai � ha2i � � � � � hat i, where hai i is a min-
imal normal subgroup of G and hai D D. Write a1 D aa2 : : : at . Then since
ha1i \ ha2i : : : hat i D 1, we have Gp D ha1i � ha2i � � � � � hat i. Note that ha1i
is normal in G. Therefore from the G-isomorphism Dha1i=D ' ha1i we have
ha1i � Z.G/. Similarly, ha2i � � � � � hat i � Z.G/. Hence Gp � Z1.G/, which
implies that G is nilpotent, a contradiction. The above contradiction shows that D
is a nilpotent Hall subgroup of G, contrary to Claim (2). Hence we have (3).

(4) G is not soluble.
Assume that this is false. Then in view of (1) and (3), R is the unique minimal

normal subgroup of G, R is non-cyclic, R — ˆ.G/ and CG.R/ D R. Let p 2 �k .
Then Wk is a non-cyclic Sylow p-subgroup of G since R � Wk . Hence every
member of W permutes with each maximal subgroup of Wk . Since R — ˆ.G/,
for some maximal subgroup V of Wk we have RV D Wk and E D R \ V ¤ 1
since jRj > p. We claim that Wi � NG.E/ for all i D 1; : : : ; t . Indeed, in the
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196 W. Guo and A. N. Skiba

case when i D k, this follows from the fact that V is normal in Wk . Now assume
that i ¤ k. Then since V Wi is a subgroup of G, R \ V Wi D R \ V D E and so
Wi � NG.E/. ThereforeE is normal inG, which contradicts the minimality ofR.

(5) If at least one of the two subgroups Wi and Wk is non-cyclic, say Wi , then
WiWk D WkWi . (This follows from the fact that every maximal subgroup of Wi
permutes with Wk .)

(6) Suppose that the smallest prime divisor of jGj belongs to �.W1/. Then
W D W1 is not cyclic. (In view of the Feit–Thompson Theorem this directly
follows from Claim (4) and [12, Chapter IV, Theorem 2.8].)

In view of (6), the set W� contains non-cyclic subgroups. Without loss of gener-
ality, we may assume thatW1; : : : ; Wr are non-cyclic subgroups and all subgroups
WrC1; : : : ; Wt are cyclic.

(7) The subgroups E D W1 : : : Wr and W1Wk are generalized PST-groups for
each k > r .

By Claim (5) and Wielandt’s theorems [12, Chapter VI, Theorems 4.3 and 4.9],
both E and W1Wk are soluble groups. Hence Claim (4) implies that both these
subgroups are proper subgroups of G. The choice of G implies that E and W1Wk
are generalized PST-groups.

(8) The subgroup R is a non-abelian simple group.
By (1),G=R is a generalized PST-group. Hence in view of (4),R is non-abelian.

It follows from (7) that R — E. Therefore for some prime p dividing jRj, there
is k > r such that p 2 �.Wk/. But Wk is cyclic, so a Sylow p-subgroup of R is
cyclic. This implies that R is a non-abelian simple group.

(9) The subgroup R has a Hall ¹2; pº-subgroup for each p dividing jRj.
It is clear in the case when p 2 �.W1/. Now assume that p 2 �.Wi / for

some i > 1. Claims (5) and (6) imply that B D W1Wi is a soluble Hall subgroup
ofG. Hence B has a Hall ¹2; pº-subgroup V and V \R is a Hall ¹2; pº-subgroup
of R.

(10) A Sylow 2-subgroup R2 of R is non-abelian.
Assume that this is false. Then by Claims (8) and (9) and [13, Chapter XI,

Theorem 13.7], R is isomorphic to one of the following groups:

(a) PSL.2; 2f /,

(b) PSL.2; q/, where 8 divides q � 3 or q � 5,

(c) the Janko group J1,

(d) a Ree group.

But with respect to each of these groups it is well known that the group has no
Hall ¹2; rº-subgroup for at least one odd prime r dividing its order (see, for
example, [21, Theorem 1]). Hence we have (10).
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Finite groups with permutable complete Wielandt sets of subgroups 197

(11) If q 2 �.Wk/ for some k > r , then q does not divide jR W NR..R2/0/j.
By (7), B D W1Wk is supersoluble. Let P be the Sylow 2-subgroup of W1.

Then there is a Sylow q-subgroup of Q of B such that PQ is a Hall ¹2; qº-sub-
group of B . Hence W D PQ \R D .P \R/.Q \R/ D R2.Q \R/ is a Hall
supersoluble subgroup of R with cyclic Sylow q-subgroup Q \R. By [12, Chap-
ter VI, Theorem 9.1], Q \R is normal in W , and W=CW .Q \R/ is an abelian
group by [7, Chapter 5, Theorem 4.1]. Hence

R2CW .Q \R/=CW .Q \R/ ' R2=R2 \ CW .Q \R/

is abelian and so .R2/0 � CW .Q \R/. Hence Q \R � NR..R2/0/.
Final contradiction.
In view of (11), R D .E \R/NR..R2/0/. Hence

..R2/
0/R D ..R2/

0/.E\R/NR..R2/
0/
D ..R2/

0/E\R
� E \R:

But by (7),E \R is soluble. On the other hand, Claim (10) implies that .R2/0 ¤ 1
and so R is soluble, contrary to (8).

Conversely, assume now that G D D ÌM is a generalized PST-group where
D D GN. We show that the group G has a complete Wielandt set of subgroups
W� D ¹W1; : : : ; Wtº of type � such that every member of W permutes with all
maximal subgroups of any non-cyclic subgroup S in W . Let � D �.M/. Since G
is soluble, for any i , there is an element xi 2 G such that a Hall �-subgroup of
Ei D .Wi /

xi is contained in M . Then Ei D .Ei \D/.Ei \M/. Now consider
a complete Wielandt set of subgroups E D ¹E1; : : : ; Etº of type � in G.

Let V be a maximal subgroup of a non-cyclic subgroup Ei . Clearly, jEi W V j is
a prime. Assume that jEi W V j D p 2 � . Then V D .V \D/.V \M/ and V \M
is a maximal subgroup of Ei \M . Hence Ei \M is normal in M since M is
nilpotent. Therefore for any subgroup Ej D .Ej \D/.Ej \M/, we have

EjV D .Ej \D/.Ej \M/.V \D/.V \M/

D .V \D/.V \M/.Ej \D/.Ej \M/

D VEj :

This completes the proof.

Proof of Theorem B. Assume that this theorem is false and let G be a counter-
example with jGj C jEj minimal. Then:

(1) If S is a Hall normal subgroup of E, then the hypothesis holds for .G; S/
and for .S; S/. Hence E is supersoluble.
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198 W. Guo and A. N. Skiba

Let V be a maximal subgroup of Wi \ S and let T be the complement of
Wi \ S in Wi \E. Then V T is maximal in Wi \E, so V T Wj D WjV T for
all j D 1; : : : ; t . Hence

SWj \ V T Wj D Wj .S \ V T Wj /

D WjV.S \ T Wj /

D WjV.S \ T /.S \Wj /

D WjV

D V Wj :

Therefore the hypothesis holds for .G; S/. Similarly one can show that the hypo-
thesis holds also for .S; S/ and in particular for .E;E/. Hence E is supersoluble
by Theorem A.

(2) The hypothesis holds on .G=R;E=R/ for any non-identity normal sub-
group R of G contained in E. Therefore the choice of G implies that E=R is
hypercyclically embedded in G=R.

It is clear first of all that

W D ¹W1R=R; : : : ;WtR=Rº

is a complete Wielandt set of subgroups ofG=R. Let V=P be a maximal subgroup
of

.WiR=R/ \ .E=R/ D R.Wi \E/=R:

Then for some maximal subgroup S of Wi \E we have V=R D SR=R. By
hypothesis, S permutes with Wj , so V=R permutes with WjR=R for all j . There-
fore the hypothesis holds for .G=R;E=R/. The choice of G implies that E=R is
hypercyclically embedded in G=R.

(3) The subgroup E is a p-group.
Let p be the largest prime dividing jEj and let P be a Sylow p-subgroup of E.

Then Claim (1) and [12, Chapter VI, Theorem 9.2] imply that P is characteristic
inE, so P is normal inG. Assume that P ¤ E. Then (1) and the choice of .G;E/
implies that P is hypercyclically embedded in G. It follows from Claim (2) and
the Jordan–Hölder Theorem for chief series that E is hypercyclically embedded
in G, a contradiction. Thus E D P .

(4) We have that ˆ.E/ D 1. (This directly follows from [6, Chapter IV, Theo-
rem 6.7], Claim (2) and the choice of G.)

Final contradiction.
Let R be a minimal normal subgroup of G contained in E. Then E=R is hyper-

cyclically embedded in G=R by Claim (2). Hence R is not cyclic. Without loss of
generality, we can assume that E � W1. Let V be a maximal subgroup of R such
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Finite groups with permutable complete Wielandt sets of subgroups 199

that V is normal in W1. Claim (4) implies that R has a complement S in E. Let
W D VS . Then V D R \W and W is maximal in E. Thus by the hypothesis,
WWj D WjW is a subgroup of G. Then by Lemma 2.1,

RWj \WjW D Wj .R \WjW /

D Wj .R \Wj /.R \W /

D Wj .R \W /

D .R \W /Wj

D V Wj

D WjV;

and V D R \ V Wj is normal in V Wj . Thus Wk � NG.V / for all k D 1; : : : ; t .
This implies that V is normal in G and so V D 1. This contradiction completes
the proof.
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