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Awnnoranus: Ilycte A, B — nonrpynnsl rpymnsl G u & # X C G. Tosopsar, [uro
A X-nepecmanosowna ¢ B, ecnm Halinercs Ttakoit ssement r € X, yro ABY = BT A.
C uCnoJIb30BaHMEM STOrO IOHATUS JAaHbl HOBBIE XaPAKTEPHU3AIUMU KJIACCOB KOHEUHBLX
pPa3pEelnMBbIX, CBEPXPAa3PEIINMbIX W HAJIBIIOTEHTHBIX I'DYTIIL.

KuroueBbie cJjioBa: CHJIOBCKas MOArPYNIa, J106aBJIeHHe K MOArPYIIe, MaKCUMATHLHAS
MOArPyIIa, HUJIBIOTEHTHAas I'PyIIIa, CBepXpaspelnMasi I'PyIa, pa3pelirMasi rpyIa,
X-nepecraHoBoYHasI MIOArPYIIIA.

1. BBeaeuune

Hamomunm, aro nogrpynmna A rpynnbsl G HA3BIBAETCIMIEPECMAH0804HOU ¢ N00-
epynnot B, ecru AB = BA. Eciu A nepecranoBodna co BeeMu noarpynnaMu u3 G,
T0 A HazbIBaeTCs nepecmanosourol [1] mim keasuHopmanvrot [2] nodepynnot B G.

[TepecTaHOBOYHbBIE TIOArPYIIIBI UMEIOT PsJl MHLEPECHBIX CBOHCTB. Tak, Hampu-
Mep, ecsii H — miepecTaHOBOYHAS TOATPYIIA B HEKOTOPON KOHEYHO MMOPOXKJIEHHON
rpyuie G, to H cybuopmasbia B G [3]. ¢QToTpesyibrar siBisiercs 0600IeHreM
reopembl Ope [2]: Kaxkjasi HepecTaHOBOYHASI MOATPYIIIA KOHEIHOH IDYIIIbI CyGHOD-
majpHa. B japyrom mamnpasiennn pegyiabtar Ope yewmmim Uto u Cen. Onu j1o-
Kazasu [4], 9o s KaxK ol rnepeeraHoBoUHOM noarpynnsl H koHewHO# rpynmst G
dakrop-rpyuna H/Hg uunbnorenraa, B nampaeitimem Maidiep u Hmun nokazasu
[5], aro mpu Takux ycaoBusaxdBepie gaxe, uto H/Hg C Zo(G/Hg).

B pa6orax Keress [6] u HJeckunsa [7] nokazauno, yro noarpyumsl H, nepecrano-
BOYHBIE CO BCEMU CHJIOBCKAMHM MOJAIPYIIAMHA KOHEUHOH rpynnbl GG, HACIELYIOT Psijl
KJIIOYEBBIX CBOMCTB MEPECTAHOBOYHBIX HOArpyIn. B wactHoctu, H moO-IpexkHEMY
cybHopMasibHa, a ‘cekis H/Hg wwibnorenrna. Eciau k tomy ke G pasperiu-
Ma u H mepecraHOBOYHA C CHCTEMHBIMH HOpMaJM3aTopaMu rpymnmbl (G, TO BEPHO
H/Hg C Zo(G/He) [8]. Iocue pabot [6, 7] MHOrHMHI aBTOPAMI HIPEIPHHAMAJIICH
MOIBITKY, MCCJIEIOBAHUSI U IIPUMEHEHUH U APYTUX TUIIOB 0OOOIIEHHO IepeCcTaHOBOY-
HBIX TOATPYIm: 3/1eCh IIPeXK /e BCero orMeTumM paborsl [9-11], rue paccmarpupaiuch
M-NEPECTAHOBOYHBIE NOArPYNNbI [11], T. €. MOArPYIIIBI, II€PEeCTAHOBOYHbIE CO BCEMU
MAKCAMAIbHBIMY HOArpyIaMu, u [12-15|, rae uccienoBasiocs BiusHue Ha CTPOEHUE
PPYAIIBI CHCTEM TIOJIyHOPMAJbHBIX HOATPYII, T. €. HOArpynn H, mepecTaHOBOYHBIX
CQ.BCEMHU HOJAIPYIIIAME U3 HEKOTOPOro jobasienus Kk H [12].

Yacto BeTpedaeTcs curyarust, Koraa noarpynnbl A u B rpynnst G He ABJISIOTCS
[IEPECTAHOBOYHBIME, HO B (G UMeeTCsl TaKOH 3JIEMEHT &, JJIsi KOTOPOro MMEET MECTO
AB* = B*A.

PaccmorpuM HECKOJIBKO TUIMYHBIX CHUTYAIH TAKOTO POJIA.

1. Eciiu G = AB — xomeunast rpymma, A, u B, — CuJI0BCKHe P-IIOATPYIILI B
A u B B cooTBeTCTBeHHO, TO B obmeM ciaydae Ap,B, # B,A,, 1o G nMeer Takoii
sieMent ¥, uro A,Bj = B A,.
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2. Ecmu P u () — XOJIJIOBCKUE TOJIPYIIIbGI KOHEYHON pasperMoii rpynmst G,
TO i1 HEKoTOporo € G umeem PQ* = Q¥ P.

3. Eciiu M — makcumasnbiag nogarpyina B G u |G : M| = p® 1y HEKOTOPOro
IPOCTOTO P, TO JJIsi KaxKJjioil cuiaoBckoit nogrpynnsl P u3d G B G uMeeTcst Takoii
aseMentT x, uro M P* = P*M.

4. Ecniu A u B — HOpMaJIbHO TOIPY?KEHHbIE [IOAIPYIIIbI KOHEYHON pa3peruMoit
rpynust G (em. [1, I, onpenenenne (7.1)]), To cormacro [1, I, (17.10)] A nepecrano-
BOYHA C HEKOTOPBIM B.

[Ipu anasmze curyaruil 1mogo0HOrO poja YI00HO MOJIB30BATHCS CJIEILYIONUMEI
eCTeCTBEHHBIMU Olpeiesenusivu [16, 17].

OnPEJAENEHUE 1.1. Ilyctes A, B — moarpymmst rpymmsl G u @ # X C G.
Torga 6ymeM roBOpUTh, 4TO

(1) A — X -nepecmanosounas ¢ B noarpymua, eciiu AB* = B¥ A jgrsr HEKOTO-
poro x € X

(2) A— nacaedemeenno X -nepecmanosouranc B nonrpynua, eciu AB* = BT A
Juts Hekoroporo x € X N (A, B).

Samernm, 9To 1-11epecTaHOBOYHbIE TOATPYIIIBI — 3TO B TOYHOCTH ITEPECTAHOBOY-
HbIE IOArPYIIbI. B ApyroM npeesibHOM ciiydae Mbl IMeeM 8710 ¢ (G-TiepecTanoBOY-
HBIME [OArPYIIAaMUA. TaKue IMOArpYIIIbl ObIIM BIIEPBLIE,DACCMOTPEHBI B paboTe aB-
TopoB [18], 1 oHU y2Ke HAIIN DsiJi UHTEPECHBIX NPUJIOXKeHUil [19—-22].

OnpEAENEHUE 1.2. Iloarpymna A rpynusl/G saspiBaercs (Hacaedcmeero)
X -nepecmanosounoti B G, ecmu A (macienctBéHHO) X-TepecTaHOBOTHA CO BCEMHI
nojrpynnamu u3 G.

Buavenue noHsTHs (HaCJaeICTBEHHO) | X -epeCTaHOBOYHOCTH CBSI3aHO IIPEIKJIE
BCErO C T€M, 9TO MHOTHE BaXKHbIE KJIACCHBINKQHEYHBIX IPYIII J[OIYCKAIOT TOYHOE OTIH-
came B TepMuHax X-TIEPECTAHOBOYHBIX MOATPYHH. B mammo#l paboTe MBI Ipoe-
MOHCTPUDYEM 3TO Ha IIPUMEPE PABPEMUMbBIX, CBEPXPa3PEIIUMbIX U HIJIHIIOTEHTHBIX

IpYIIL.
Bce paccMaTprBaeMble HUKe MPYIIIBI KOHEYHBL.

2. IIpumeps u 00I11IME cBolicTBa X -IiepecTaHOBOYHOCTH

IIycte G — nekoropast rpymnma u X — noarpymmna B G. Torma cupasemimBb
CJIETYIONINE YTBEPK IEHNUSI.

Jlemma 2.1.51ycrs A, B — moarpynner u3 G u K < G.

(1)Ecmu A (nacaencrsenno) X-nepecranopodna ¢ B, to B (Hac/encrBeHHO)
X-nepecranosouHa ¢ A.

(@WEcan A (macaencreenno) X -niepectanopouta ¢ B, to A* (Hac/e/[cTBEHHO)
X*-mepecranoBouna ¢ B st Bcex x € G.

(3) Ecim A (nacrencrsenno) X -niepecranosouna ¢ B, ro AK/K (macsencrsen-
wo) X K/K-nepecranopouna ¢ BK/K B G/K.

(4) IIyecrp K < A. Torma A/K (maciencrsenno) X K/ K-nepecraHoBouHa ¢
BK/K B TOM u TOJBKO TOM ciay4ae, korga A (maciaencrsenno) X -nepecraHOBOYHA
cB.

(5) Ecoim A,B < M < G u A HacieicrBeHHO X -nepecraHOBoYHA ¢ B, 10 A
racaegcrserro (X N M)-nepecranosouna ¢ B.

(6) Ecim A (macaencrsenno) X-nepecranopoyna ¢ B u X < M < G, 10 A
(naciencreenno) M -nepecranoBouna ¢ B.

(7) Ecoim A X -niepecranobouna ¢ B u X < Ng(A), To A nepecranopouna ¢ B.
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(8) Eciiu F' — nepecranopounasi noarpymna rpyunbl G u A (HacjaeqcrBeHHO)
X -nepecranopouna ¢ B, ro AF (HaciencrBenHo) X -niepecraHoBoYHA ¢ B.

(9) Ecoim A < T, rme T — cybHopmasibHAs HOArpyiia (pa3pernMoii) rpy bl
G, u A G-nepecraHOBOYHA €O BCEMH CHJIOBCKHMH (XOJVIOBCKHMH) HOJIPYHIIAMH H3
G, ro A T-nepecraHoBOYHA ¢ KaXKJI0it CUIOBCKOI (X0J110BCKOI) noarpynmoii uz T .

(10) Oycre G = AT u Ty — noarpynna rpynmnst T. Ipexnonoxnm, yro A (Ha-
caezersenHo) G-nepecranosouna c Ty. Torga A (HacaencrsenHo) T-1iepectaHOBOYHA
C Tl .

(11) Eciim A makcumanbHa B G, T — muaHMaIbHOE jjobaBierne K A B G u A G-
nepecraHoBouHa co Bcemu noiarpynnamu uz T, ro T = (a) — nuKIHIecKas p-rpymnmia
JJIST HEKOTOPOI'O MPOCTOro uucaa p u aP € A.

JIOKA3ATEJILCTBO. Yreepxkaernus (1)—(3) u (5)—(8) oueBuaHbL.

(4) Tpeanomnoxum, uro A/K — (Hacaencrsenno) X K/ K-nepecragoBodHast ¢
KB/K noarpynna B G/K, u nycrs K — npousBosibHBIi ssemenT n3 X K /K (co-
orsercrBenHo v1ement u3 (X K/K)N (A/K, KB/K)) Takoii, 4to

(A/K)(BK/K)™ = (BK/K)™™ (A/K).

Torma AB*K = AB* = B*A. dcuo, uro tK = hK s #ekoroporo h € X, u
[O9TOMY MBI MOXKEM IIpeosaraTh, 4o ¢ € X (coorserérsenno r € X N (A, KB) =
X N (A, B)). 9o 3uaunr, uro A — (HacyueacrsenHo) X -fiepecTaHoBoYHAs ¢ B 10/~
rpyuna B G. C apyroii croponsl, eciau A — (HaceICPBEHHO) X -lIepecTaHOBOYHAS C
B noarpynna B G, To 10 (3) A/K (maciencrsefino), X4nepecranosouna ¢ BK/K B
G/K.

(9) Ilycrs T), — cunosckast p-noarpymapynist I u G — CHIIOBCKAs MOAIPYTI-
na rpymst G, comepxxamiast 1p,. Ilycrs %, & Dpou3BOJIbHBIL deMeHT u3 G Taxoii,
uro AGy = G A. Torna AGj — noarpymmna s G u nosromy AGyNT = A(GyNT) =
(Gy NT)A — moarpymmna B T'. Hé 1oekombky T' cybnopmanbha B G, To Gy N'T —
cuwioBcKag p-noarpynmna u3 1 .Alycts ¢ — snement uz T Takoit, 4To (Gz NT)t =T,.
Torna ) )

AGNT) = AT; = T; A.

AnasornaHo MOKHO lOKA3aTh BTOPOE YTBEPKICHUE.

(10) IIpemnostezkuny uro A HacsexcrBenHo G-uepecranopouna ¢ T7. Torma
cymiecrByer TaKoiissiement x € (A, T1), uro ATY = TFA. Tak xkak G = AT, 10 ¢ =
at nys mexowopnix a € A, t € T m nostomy ATY = AatTit ta=! = aAtTit ta™! =
a(AT})aZ Y — nmoarpymna rpynmuer G. 3unauut, ATY = TIA, rne t € T N (A, Th)
(nmockosbky 7€ (A,T1)). CrnenosarenbHo, A HacjeacTBeHHO T-1epeCTAHOBOYHA C
Ti. Beqm A G-nepecranoBouna ¢ 17, TO aHAJOIHYHO MOYKHO MOKa3aTh, ato A T-
repecrafnoBodHa ¢ 17.

(11) Iycre M — makcumasbHast B T moarpynna. Torga corsacuo (10) ms
nexoToporo t € T mmeer mecto AM! = M!A. Tlockonbky 1 — MuHEMAJbHOE
Jiobasyenne K A B G, o AM # G u nostomy AM! £ G. Tak kak A MakcumajbHA
B G, 310 O3HAuaet, uro M? < A. Tlpeanonoxum, uro B T uMeeTcss MaKCUMAJIbHAS
noarpynna My, Koropast He conpsizkera ¢ M. Torma, Kax u BbIIIe, BUIUM, UTO JIJIsi
nexoroporo t; € T umeer mecro M;' < A. Ionsarno, uro M! # M;' u mosromy
T = (M, M{*) < A, uro Bnewer G = AT = A; nporusopeune. Taxum oGpasoM,
T — nukanaeckas npumapras rpynmna u M < A.

Jlemma 2.2. Ilycte G = AT, rme A — macaegcrBenro G-mepecTraHOBOYHAS
cobcrBerHast moarpynna u3 G u T — HuapnorentHas noarpynmna nz G. Torma G
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HMeeT TaKOH DT
A=To<Th <---<T, <Ty = G,

aro |T; : T;_1| — upocroe umcso jist Bcex i = 1,... L.

JIOKABATEJILCTBO. MbI MOXKeM NpeanosioxkuTh, uro G # DA njs Bcex cob-

crBerHblx noArpymnn D u3z T'. Ilycts 1) — MaxcmMajbHas moarpynna rpymmost 1.
[TI|A] _ [T]]A]
[TNA| [T1]

Homycrum, uro T < A. Tockosnbky T HuibnorentHa u |G| = TO
|G : A| = |T : T1| — upocroe 4ucIIO.

IIycrs reneps 77 ¢ A. Tlo ycnoBuio jyisi HEKOTOPOro siaeMenta & € G uMeeM
ATY? = TFA. Tak kak G = AT, to v = ta, tnet € Tua € A Torma T =
Te. Tockomsky Ty ¢ A% = A, 1o T® ¢ A. Bonee toro, ecin TEA ssnsgros
noarpymmnoit B G, to (T} )“_1 = ThA — nonrpymma B G. cuo, aro T1 Al £AG.
Ipexnonoxkum, uro TNA ¢ Ty. Torma T = T (TN A) < T1 A u nosromy G, —=TA<
T1 A, 9T0 IPOTUBOPEUUT HAINEMY IIPEJIIOJIOKEHUIO O MUHUMAJIBHOCTH 1. 3HAYUT,
TNA<T, rem camem |T N A| = [Ty N Al. CienosaressHo,

T14] |70 Al
[TOA] " T[A]

|TA : T1A| = = |T : T1|

— mpocroe gucno. Ilockomsky |T1A| < |G| u no yciosBuo A — HACIEICTBEHHO
G-nepecranoBounas B G moArpyuia, To 1o Beibopy rpymust G u no jgemme 2.1(5)
zakrogaeM, aro 11 A mveer ps

A=Dyg <Dy <--- <D, 2SWDf = ATh

TaKkoit, uro |D; : D;_1]| — upocroe ducio g 4, =1, ..., n. 10 3aBepIiaeT J0Ka3a-
TEJIHCTBO JIEMMBI.

Crenyromnmue 3jeMeHTapHbIE PUMEDHI JIEMOHCTPUPYIOT OCHOBHOE pa3jimdue
MexKy X-IepecTaHOBOYHBIMY U AIEPECTAHOBOYHBIMU ITOATDYIIIAMHU.

ITpPuMEP 2.3. Ilycre G = Zsywx (Z37Z2), vae | Z;| = i u Z3Z5 — cummMeTpudeckast
rpyuna Ss. fcHo, 4ro Zs He dBJIeTCsH NePeCTaHOBOYHON HoArpyioil B G (Tak Kak
7975 # Z¥Z5 sl BCEX | HeeJMHUYHBbIX 3jeMeHTOB = € Z3). Ho B TO ke Bpems,
0YEBUIHO, o — HACJEICIBEHHO Z3-IIepeCTaHOBOYHAasA noArpymna B G.

I[TPUMEP 2.4.5Paccémorpum 3nHakonepemennbie rpymmnbl Ay ~ D < As. Jlerko
BUJIETD, UYTO B A% JH00ast ee TOATPYIIa Mopsiaka 2 siysiercst Ag-tiepecranoBounoii. C
JIPYTOii CTOPOHDI; IIOCKOJIbKY A4 He SIBJISIETCS CBEXPa3PeIINMOil IPYIIIOLi, TO BCIKast
ee MOArpyIla mopsaka 2 He sBidgercs Aj-niepecranosounoii 8 A4. CliemoBaresnb-
Ho, B As, uMeroTcs As-liepecTaHOBOYHBIE MOAIPYIIILI, HO B TO »Ke BpeMs B As HeT
HACJIGICTBEHHO As-11€pecTaHOBOYHBIX HOATPYIIIL.

IIpmmvep 2.3 moOKa3bIBaeT, YTO B OOIIEM CJIydae HACJIEICTBEHHO X -TIEPEeCTaHoO-
BOUHAST TOArPYIIIA He SIBJIsSeTcs cyOnopMaabHoi. TeM He MeHee ciiemyrornie Hab ro-
JIGHMST TIOKA3BIBAIOT, ITO X -TIepPEeCTAHOBOYHBIE TOATPYIIIBI 00/IAAI0T CBOWCTBAMH,
AHAJIOIMYHBIMU CBOMCTBAM II€PECTAHOBOYHBIX HOAIPYIIL.

ITpengioxxenne 2.5. Ilycre A — mogrpynma rpymnmsr G. Torma cupaBeinBbl
CJIEJIYIONIHE Y TBEP K ICHUS].

(1) Eciin G paspemmnma u A — HacaegcrseHHo G-11epecTaHOBOYHAST COOCTBEHHAS!
noarpynma u3z G, ro G umeer takoi psi

A=Ty<Th < - <Tp1 <T; =G,

aro ungekc |T; : T;_1| siBjsiercst IPOCThIM YHCIOM JUIst Beex © = 1,...,t.
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(2) Eciim A G-nepecranoBo4na co BceMu CHJIOBCKHUMH noirpyinamu u3z G u
cybropmasibHa B G, To ceknust A/Aq paspernMa.

JIOKABATEJILCTBO. (1) Tlpeanosio:kumM, 9TO 3TO yTBEPXKIECHUE HEBEPHO, U
nycTb G — KOHTPIPUMEP MUHUMAJBHOTO MopsiaKa. Ilycrs L — MUHMMaJbHAS HOP-
MasibHas nogrpynmna B G. Ilockoibky G pazpemnma, o L abeseBa. omycrum, a1o
G = LA. Torpa mo jsiemMe 2.2 yTBepKeHue cripaBeyinBo mist (G, 970 IPOTHBOPE-
qur BeIOOpY rpynnbl G. 3uaunt, LA # G. Tak kak |LA| < |G| u A nacnencreeHHo
G-uepecranosouna B LA 1o emme 2.1(5), To o Bei6opy rpynnbsl G 3aKI09aeM, 4TO
LA umeer psif

A=To <N <---<T, LT, =LA

taxoit, uro |T; : T;_1| — mpocroe umcso st Beex ¢ = 1,...,n.
Pacemorpum G/ L. Tlo nemme 2.1(3) AL/L nacnencrsento G/ L-nepectaHoBod-
Ha B G/L u nosromy G/L umeer psig

AL/L =T,/L<Ty1J/L< - <T,_1/L<T,/L=G/L

takoit, uro |T;/L : T;—1/L| = |T;/T;—1| — upocroe uucyio st Bexi=n + 1,...,t.
Bnauut, rpynmna G uMeeT psl IOArPYIIT

A=To<Th < ---<Th 1 <Ti =G

C IPOCTBIMU UHJIEKCAMU. DTO 3aBEPIIAET JOKA3aTebCTBO yTBepKaenus (1).

(2) Beuygy temmbr 2.1(4) MBI MOKeM IIpEJIIONALaTh, 910 Ag = 1 u A He sBisteT-
cs1 mpuMapHoil rpynmnoii. Ilyers R — HauMeHbIIAS HOPMAJIbHAS TOATPYIIA IPYIIIHI
A ¢ paspemmmoii dpakTop-rpynmnoiit. ScuopurosR = R'. IlpeanonoxnMm, uro A e
sBysercd paspertumoil rpymmoit. Torpa R # 1. Hycrs p € 7(G) u Gp — cunosckas
p-noarpymnna u3 G raxas, aro D = G,A4 = AG,. Ilycrs () — cunoBckas ¢-moarpymnma
rpymmnsl A, tiae g # p. Torma ogueBuHO, 9T0 () — CUJIOBCKasi ¢-TOArpytma u3 D.
Tak kaxk A cybHopmanbHa B G¢To A cybnopmanba B D u Q° N A — cumoBckast
g-nonrpymna uz A s Beexdr e\D. 3mauur, L, = (Q° | x € D) C A. Hcuo,
uro Ly, < D. Ilycrs L — npeussejieHue Bcex noarpymn Lg, rje g npoberaer sce
IIPOCTBIE JeauTesn Hopsaka rpyuubl A, orsmunsie ot p. Torma L < D. ITockosbky
LR/L ~ R/LNRu Dy —p-rpyuna, ro R C L. ITycts R1 — HauMeHbIasi HOPMAJIb-
Has moArpynna u3 4., pakTop-rpyIa mo KoTopoii pazpemmma. Torga Ry char L < A
u nosromy Ry s A. ‘Tockonmbky L/R; paspemmma, 10 Ry C R. Ho R’ = R u Tem
cambiM Ry =.Rchar L < D. Cremosarensno, Ry < D, 1. e. G, € Ng(R). Beuny
IPOU3BOJILHOIO BbIOOPa p 3akiodaeM, 4To R < G u moatomy 1 £ R C A. Tonyuen-
HOE TIPOTUBOPEINE 3aBEPIIAET JIOKA3ATEIHLCTBO JAHHOTO YTBEPIKICHMUS.

Chemytoruii mpuMep MOKa3bIBAET, 9TO cyOHOpMasbHast B (G IOJrpyIIa, KOTOpast
X-TlepecTaHOBOYHA CO BCEMU CHJIOBCKUMU TOATPYIIaMu Tpynibl G, B 00IIEeM cirydae
MOZKeT He OBITH [IEPECTAHOBOYHON CO BCEMM CUJIOBCKUMU MOArpyImnamu u3 G.

I[TpuMEP 2.6. Ilycrs p — HedyerHoe npocroe yuciao u A = (z,y | aP’ = yP =1,
¥ = z'*P). Pacemorpum L = (y). Ilycrs g — masomonus 8 Aut L u B = [L]{g).
ITycrs o : B — Sym(p) — TpaH3UTHUBHOE HOJCTAHOBOUHOE MIPEJCTABJICHNE CTEIICHN
p. Ilycre Takke G = Al, B = [K|B — cuuterenue rpyiin A u B OTHOCUTEJIBHO (v, Tjie
K — 6aza A, B. Ilycts R = L (MBI ucnonssyeM 3j1ech TepmuHosiornio u3 [1]), n
nycts N = Ng(R). Tousatno, uto BC N u NNK = (Na(L))%. Tak xak |[A| = p u
Na(L) # A, 1o N4a(L) — abenesa rpymma u nosromy N N K rakxke gBisgercs abere-
Boii rpymumoil. Slcuo, yro R G-1lepecTraHoBOYHA CO BCEMH CHUJIOBCKMMU IIOAIDYIIIIAME
rpyunsl G u R cybnopmanbua B G. Homycrum, uro R mepecTaHOBOYHA CO BCEMHU
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cuwiioBckumu 2-nioarpynnamu u3 G. Torpa juis kaxznoro ¢ € G umeem (g)* C N.
CutesioBaTesIbHO, 18 HopMasbHOTO 3ambikanust (g)¢ moarpynmet (g) B G umeer Me-
cro L C {g)¢ C N u nostomy B¢ C N. Ilyers teneps M = {(a1,...,a,) | a; € A
ua...ap € A'’}. Torma no [1, A, (18.4)] nomyuum B¢ = MB. CienosaresnHo,
M C N. Ho ecqom a3 = +++ = ap, To a) C A’ n mosromy M comepKuT moarpym-
my, u3omopduyo A. Dto ozuagaer, yro N N K He sBiseTcs abeseBOil IPYIIION.
[TomydenHoe mpoTHBOpEUNE MOKA3LIBAET, UYTO R HE IEPECTAHOBOYHA C HEKOTODOi
CUJIOBCKO# 2-110/irpymoii rpymmst G.

3. XapakTepusanuu pas3penmMbIX,
CBepXpa3penInMbIX U HUJBIOTEHTHBIX TPy

HoBrple xapakTepmu3anum paspemimmbix rpyim. Kiaccudeckasi weopena
XoJuta 0 HAJIMYUK B PA3pPeNIMMbIX I'PYNIaX XOJUIOBCKUX cucreM [23] jomycKkaen, cie-
JYIOIILYI0O WHTEPIIPETAINIO B TEPMUHAX X -TI€PECTAHOBOYHBIX MO PYIII.

Teopema 3.1. ['pymnma G pa3pernma TOrga U TOJBKO TOIasKOIIa JIFOObIE ee
JIBE XOJIJIOBCKHE HoArpyHiibl (G-11epecTaHOBOYHBI.

JTOKA3ATEJBCTBO. Eciu rpynma G paspemuma u A, By— HeKOTOpbBIE €e XO0JI-
JIOBCKHE TOAIPYIIIBI, TO JJjis HEKOTOporo & € G umeer Mecto AB* = B* A, IOCKOJIb-
Ky A u B — 3jileMeHTBI HEKOTOPBIX XOJUIOBCKHUX CHGIeM Epyinbl G u Jiobble JBe
XOJUIOBCKHUE cucTeMbl Ipymibl G conpsizkensl [1, I, (4.11)]. C apyroit croponsl, ecian
JIIOOBIE JIBE€ XOJIJIOBCKHE IIOATPYIIbI rpyibl G G-nepecraHoBOYHbI, TO B G nMeeTcst
p'-XOJI0BCKaA NOArPYIIa JJId JII060Tr0 IPOCLOro, AejiTesd p IopaaKa rpyinsl G u
nosromy G paspermma coriacHo [1, I, (3.5)].

HanoMuuM TakzKe CIemayIommii pe3yabTaT:

Teopema 3.2 [24]. I'pymnna G_pa3pernumMa Torja 0 TOJBKO TOLIA, KOLJA J0bIe
ee sBe cuytoBckue noarpyiisl G-A1epeCTaHOBOYHBL.

Ciremyromue e JIEMMbLXODPOWIO U3BECTHBI.

Jlemma 3.3. Ecuit G = AB u p — mnpocroe 4ucjo, TO CyUIeCTBYIOT TaKHe
cuioBckue p-noarpyuisl Ap B, u G, B A, B u G coorsercrserto, 4ro G, = A, Byp.

Jlemma 3.4. Allycrs A, B — cobcrsennbie nogrpymnibt u3 G u G = AB. Torza
G = AB® u G # AA® juis Beex © € G.

Hamoms#iyv, 9TO HEeHWJIBIOTeHTHas: Tpynna G ABJISeTCS KBAa3WHUILIOTEHTHOM
TOrJA ¥ FONBKO Torya, Koraa G /Z. (G) siBisiercst IpsIMbIM IIPOM3BEIEHIEM HEKOTO-
PBIX IPOETHIX HeabeseBbix rpyml (eM. [25, reopema 13.6]).

[Iycre /™ — Kacc Bcex KBa3UHMILIOTEHTHBIX rpynn u G — rpymma. Torma
cuvpoom G 0603HAYAIOT TIEpecedeHne BCeX HOPMAIbHBIX B G moarpymn N ¢
KBA3UHUILIOTEHTHON hbakTop-rpymmoit G/N.

Jemma 3.5. ITycrs N < G. Torma (G/N)”* " =G“"N/N.
JIOKA3ATEJIbCTBO. DTO HElOCPeACTBeHHO cieayer u3 (25, 13.3] u [26, I, 2.4].
Jloka3aTeIbCTBO TEOPEMBI 3.2 HCHOJIB3YeT KJIaCCH(MUKAIUIO IPOCTHIX Heabee-

BbIX I'pymin. OmIHAKO IPU HEKOTOPBIX JAOIOJHUTEBHBIX YCJIOBULAX 3TOMO MOXKHO U3-
0exKaTh.

Teopema 3.6. ITycts G — rpymma, X = G nY = R(G”") — pazuxau,
T. e. HAHGOJIbIIAA paspelMas HopMasbias noarpyia B G- . Toraa caeryiommue
VCJIOBHSI PABHOCHJIBHBL.
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(1) I'pyna G pasperuma.

(2) I'pyma G umeer paspemiuMyio MaKCUMaJbHyIo noarpymiy M, u kaxkmas
cusioBckast noarpynna u3 G sipisiercst X -iiepectanoBodHoi ¢ M 1 Kazk10i CHITOBCKO
noarpyimo rpymmel G.

(3) Kaxxnas makcumasibHast noarpynna rpymisl G'Y -niepecraHoBo4Ha €O BCeMU
custoBcKuMU 1oarpymmamu G.

JIOKA3BATEJIBCTBO. (2) = (1). IIpeamosoxum, 4To 910 HEBEPHO, U IycTh G —
KOHTPIIPUMEP MUHUMAJBLHOTO NopsijKa. I[Iycrs p — mpocroit jpenmrens unuekca |G :
M| u P — cunosckast p-oarpynna u3 G. Ilo ycinosuo jyist Hekotoporo & € X nmeeM
MP* = P*M. dcuo, aro G = M P* u noatomy jjist HeKOTOporo a € N nmeer Me€To
|G : M| = p®. Ilycrs H — MunuMaiibHas HopMasibHas moarpyima uz M. Tlockosbky
o ycaosuio noarpymma M pazpermuma, 1o H — g-rpymma Jjis HEKOTOPOro HPOCTOro
q. Ilycre My — cunosckas g-noarpynna n3 M. Ecmm g # p, To My —{ cunoBekas
g-noarpynna u3 G 1 MO3TOMY 110 YCJIOBUIO CYIIECTBYET JIeMeHT Yy € X FaKoi, 9To

MYpP* = P*MY. Caenoarenvno, G = MP*MY u nostomy coriacno jemme 3.4
1 1

umeer mecro G = M(P*MY)Y = M(MYP*)Y ~ = M (M R™._")." Scno, uro
HC M, C MqP‘”yil. Ilockombxky H < M, TO HG — HMMP™ ' — HMP '
u nmosromy H C (Mquy_l)G. 3HaYnT, TOCKOJIbKY KaXKJiag OUTIpUMapHas IPyIIa
paspemmuma, 1o G umeer abejieBy MUHUMAJBHYIO HOPMAJBHYIO mojarpymmy. Fcin
¢ = p, TO I HEKOTOPOH CHMIOBCKOIl p-moarpynmbl Gy u3 G nomyunm H < Gp,.
[ousrHo, uro a1st Hekoroporo x € G umeer meero MGy = Gy M = G u cornacno
aemme 3.4 G = MG,. 3maunr, HY < HMSG “\H% < G,. Cnenosarennho, B
JroboM cirydae G umeer abejieBy MUHUMAJIBHYK HOPMAJIBHYIO MOJIPYIIILY, CKaXKeM
R. Ecm R € M, o G/R = RM/R\>2 M/RN M — paspemmmasi Tpynma u
mosromy (G pazpenmMa, 9To MPOTUBOpednT Bbibopy rpymmnbl G. CienoBaresbHo,
R < M. Cornacuo jgemme 2.1 xaxnmas cuiosckas moarpymnmna u3 G/R (X R/R)-
nepecranoBouna ¢ M/R u ¢ Kaskgoii ciiosekoii moarpymmnoi uz G/ R. Kpome Toro,
1o semme 3.5 mmeem (G/R) M. =G R/R = X R/R. 910 n0Ka3bIBaeT, 4TO YCIOBHS
TeopeMbl BoinosHeHsl g, G/ Ry Tak kak |G/R| < |G|, To mo Buibopy rpynust G
rpyuna G/ R paspermuma.| Suaunt, G paspenmuMa; IpoTUBOPEIHE.

(3) = (1). IpemiesozkuM, 9TO ITO HEBEPHO, U IyCTh (G — KOHTPIIPUMED MU-
HUMAJIBHOTO Topstka. [Tycrs L — MunuMasibHass HopMasibHas noiarpynmna B G. ITo-
ckonbky R(G% )charG*" u (G/N)”*" = G*"N/N, o YN/N < R((G/N)"*")
u nosromy/cornacHo semme 2.1 yenosue (3) Haciemyercs daxrop-rpymmoi G/ L.
CanenoBatensro, G/L — paspemuMast rpyrna. Takum o6pasoM, L — eauHCTBeHHAs!
MUHAMAaJbHAsA HOpMaJibHasg noArpynmna B G u Y = 1. Ilycts p — npousBOJIbHBIM
pOCToii nequrens |L| n L, — cuioBckas p-noarpynna B L. Ilycts P — cuioBckas
monrpynna B G, cogepxkamas Ly, u N = Ng(Lp). Torna P < N u nockoiabky L
uneabenea, To N # G. Ilycte N < M, rne M — makcumajibiasi B G oArpymia.
Coruracuo nemme @partuan G = LN u nosromy L € M. 3Bnaunt, Mg = 1. Ilycrs
¢ — UPOU3BOJIBHBIN HpocToii genauress |G @ M| u ) — cuiioBcKast ¢-oArpynna B
G. Torma Q € M wu nostomy MQ = QM = G. Ilycrs Teneph R — cuiioBckast
r-noarpynmna B M, e r # q. Torma R sBisieTcst cuiioBekoit oarpymmoit B G u 1mo-
9TOMY COTJIACHO YCJIOBUIO Jijist Beex © € G mmeer mecto RY < M. Bnaunt, Mg # 1.
[TosydyenHoOe pOTUBOpEYNE TIOKA3BIBAET, YTO TpyMia G paspernimMa.

(1) = (2), (3). Ipemmomnoxkum, uro rpyuna G paspemmmMa. B arom ciayuae X =
Y = G, rae A — Kiacc Bcex HUIBHOTEHTHBIX Tpymi. IIycrs M — mpousBobHast
MakcuMaJibHas noiarpynna rpynnsl G. [Tokaxkem, uro M X-niepecTaHOBOYHA CO BCe-
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MU CHJIOBCKUMU moarpyminaMu u3 G 1 9To Jiobble JiBe CUI0BCKUe o Arpyns u3 G X -
nepecTaHoBOYHEL IlycTs |G @ M| = p® u ) — 1pou3BoJIbHASI CUIIOBCKAsI ¢-TI0rPYIIIa
B G. Ecimm p = q, To ans mekoroporo x € G umeer mecto QM = MQ* = G, a
suaqant, QM = MQ. Ilycrs ¢ # p. Ilycre Taxke M, — CHIOBCKasi p-IIOArpyIIa B
M. Hcno, aro M, = Q% mis wexkoroporo z € G. Torna M = MQ* = Q*M. Beuay
[1,1, (4.11)] gyt mekoTOpOro crucreMHOro HopMmasuzaropa N rpyunsl G UMeeT MecTo
N C Ng(Q). Ucnonbays [1, 1, (5.6)], Bugum, aro G = NX u nosromy x = nd Jygist
HexoTopulx n € N u d € X. Cuegosaresnsno, MQ% = Q?M. Kpome Toro, u3 sToro
CJIeJIyeT, 9To JJIsi JIF0OOro IPOCToro Jeinrels ¢ nopsiaka |G| rpynusl G jobble g1se
CUJIOBCKUE (-TIO/INPYIIIBI TPYIIIbI (G COMPSIZKEHBI TPU TOMOIIIA HEKOTOPOTO 3JIEMEHTA
u3 X. CrnemoBarenbHo, () X-epecTaHOBOYHA CO BCEMH CUJIOBCKUMU HOJATPYIIAMA
rpyumsl G.

Hosbie xapakTepu3aruu cBepxpa3penimMbiX rpymmn. B paboreXymmepra
[27] mokazamno, yTo paspemmmas rpymna G gBJseTCd CBEPXPA3PEIUMOLL IPU YCJIO0-
BHHU, YTO BCE MAKCHMAJbHBIE MOJAIPYIIILI CUIOBCKUX MTOJIPYIII EPECTAHOBOYHBI CO
BCEMU YJIEHAMM HEKOTOPOH (DUKCHPOBAHHON CHJIOBCKOI cucTeMbiIpynmnbl G. I1oT
PE3YJIBTAT JIAJI TOTIOK OOJIBIIIOMY YUCIY UCCJIEIOBAHUMA, B KOTOPBIX M3y YaI0Ch BJIH-
AHUE MaKCUMAJIbHBIX IOATPYIII CUJIOBCKUX IOJIPYIII HAa CTPOEHIE OCHOBHOMN I'DYII-
bl (cM. 0630p B [28]). Cremyromas TeopeMa B JAHHOMHAIPABIECHAH JTA€T TOYHOE
OmmCcanue CBepxpaspemnMerx rpynt G Ha ocHOBe ycnoBug F(G)-riepecTaHOBOIHOCTH
MaKCUMAJIbHBIX HOJIPYIII CUJIOBCKUX ITOJINPYIII ¢ MAKCUMAJIbHBIMU ITO/NPYIIIIAME U3

G.

Teopema 3.7. Ilycre G — rpymna u X SE(G) — noarpynna @urrunra rpyi-
bl G. Torma ciexyrolque yTBepKICHHUS, DABHOCH/IbHBI.

(1) G cBepxpaspeninma.

(2) Kaxkmas makcumaJgbHas nogrpynna w3z G spisercs X -1epecTaHOBOYHOIN
BG.

(3) Kaxxnas MakcuMasIbHAS WOAIrDYIIIA JIIO60H HEIUKINIeCKOH CHIIOBCKO 0/
rpymnbl m3 G, He uMeromasscBepxpaspemumoro gobapiaenuss B G, spisercss X-
11epeCcTaHOBOYHOM C KasKA0H MaKCHMAJIbHOH moarpyimnoi u3 G.

st foKa3aTeILEIBa 9TOH TeOPeMbl HAM ITOHATI00ATCS CJIeIYIONINE JIEMMBL.

JIemma 3.8.[29, uiemma 3.1]. IIycre N < G u L — HOpMaJIbHAs MOATDYIIIa B
G. Ilpemuonoxkum, yro P/L — cunosckas p-nogrpynna 8 NL/L u M /L — makcu-
masibHas neArpynua B P/L. Ecin P, — cuinosckas p-nogrpynna 8 PN N, o P, —
cuioBcKad p-riogrpynna 8 N, D = M NN N P, — makcumaJpHasg noarpymma B Py, o
M = EDx

Creayromas jJeMMa OYeBUIHA.

Jlemma 3.9. Ilyctp P = Py X - - - X P, — smemenrapuast abejieBa p-rpyIima, e
|Bf=p,i=1,...,t ut > 1. Ecim n — KOJIHIECTBO BCEX MAKCUMAJIBHBIX HOATDYIIII
rpymsr P, ton > t.

Jlemma 3.10. Ilycre G — rpymma, p,q — pasJddHbIe IPOCThIE JEJTUTEJH TI0-
psaka |G|, P — nenukjmmdeckasi custoBekasi p-nioarpyia u3 G. Ecim Bce MakcuMaib-
#ele noarpymisl u3 P (kpome, BO3MOXKHO, 0JHOIT) HMEIOT ¢-3aMKHYTOE JI06aB/IeHHEe
B G, to rpynma G ¢-3aMKHYTA.

JIOKA3ATENBCTBO. Ilycrs |P| # 1 u {M,M,..., M;} — MHOXKeCTBO Makcu-
MaJIbHBIX Hoarpyui u3 P rakux, aro My N---N My = &(P) (em. semmy 3.9). Ilycrs
T; — g-3amkuyTOe jnobasyienue Kk M; 8 G, i =1,... t.
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ITycrs Q — cunmoBekas g-noarpynma B 11 . TloHaTHO, 9TO () SIBIASIETCS CUIOBCKO
g-noarpynnoit B G u @ < T;. Tak kak P jeficTByeT TpaH3UTUBHO HA MHOYXKECTBE
CUJIOBCKHX ¢-TIOArpym rpymusl G, 1o st Kaxkiaoro ¢ € {1,...,t} B P Haiigercs
TaKoii aJIeMeHT Z;, 9To Q¥ — cusoBckas g-noarpyuna B T;. Kaxnomy i € {1,...,t}
COIIOCTaBUM HEKOTODBIII IIOJIHBIIT HAOOD Giy , - - . , G4, LIPEJCTaBUTEIEH JIEBBIX CMEKHBIX
KJtaccoB 1o moarpymnme M; B P, Bce asemeHTH! KOTOporo mpunasmiexkar 1;. Ilycrs,
KpoMme Toro, S — o0ObeIMHEeHNEe BCEX TaKUX HADOPOB.

Bamernu™, 9T0 HOCKOIbKY Q¥ < T}, TO KaXKIBIil 9JIEMEHT U3 i, , . - - , §j, AMEET
Bug g%, rne g € Ng(Q). fcno, uro mogarpymmna P HOpoKIaeTcs MHOKECTBOM S.
Tax xak mpu 3ToMm g~ g% € P’ C ®(P), To B AeHCTBATEILHOCTH P TIOPOMXKIaeTCst
HEKOTOPBIM Habopom ssiemeHToB U3 N (Q) u nosromy Q < G = MTy. Jlefima
JTIOKA3aHA.

JOKABATE/IBCTBO TEOPEMEI 3.7. (1) = (2) IIycte M — MakeuMajbHAS
moarpynna B G u T — nupousBosibHas moarpynmna u3 G. Ilokaxkewm, garo M X-
nepecranoBoyna ¢ T. Ilycrs |G : M| = p. Eciu {M;,...,M;} — cunosekas 6a-
3a rpyunst M u {T4,...,T;} — cuinoBckas 6aza rpynust T, TosBuuy,[1, I, (4.8),
(4.12)] G nmeer cunosckue 6aspl X = {Py,..., P} u ¥ = {Q1, L. %@, } Takue, uro
M, = P,NM mnsa Becex i = 1,...,tuT; = Q; NT nna séex ¢ = 1,...,l. Bosee
TOr'0, CHCTEMBI X H X COLpsiKeHEBI, T. €. (G UMeeT TakQil'‘aleMeHnT z, uro Q7 = P;
JUIst BCex ¢ = 1,...,n. Be3 orpannvenuss OGIIHOCTU MbI MOZKEM TIPEIIIOIOKATD, ITO
Py — cunosckas p-noarpynna u3 G. Torma My = B, .\, My = P;.

Honycrum, uro TY C M;. Torma T C M1 Py.. P, = M, nosromy TOM =
M= MT?*.

C npyroit croponst, ecan TF ¢ My, @owuswroro, uro |G : M| = p, caenyer
| Py @ My| = p unosromy Py = Ty M. Ozciona T°M =T5 .. . TFTTM My ... M, =
T8 .. . IfPPy ... P, =G=MT".

ITycrs teneps N = Ng(2;). Torga mo [1, I, (5.6)] N mokpeiBaeT Bee IEHTPAIIb-
Hble TyiaBable pakTopsl rpynnbilG. Holmo yenosuio G cBepxpaspenmma 1 I09TOMY
G’ C F(G). Caenosarensro G =\F (G)N. 3uaunr, = fn,rme f € F(G)un € N,
u osromy MTS = T M.

(2) = (3) D10 HpAMO BHITEKAET U3 JeMMbI 2.1.

(3) = (1) Jomyctun, 9T0 9T0 yTBEPKIEHUE HEBEPHO, U IIyCTh (G — KOHTPIIPUMED
MUHUMAJIBHOTO MOPS KA

(a) G/N ¢Bepxpasperuma Jisi KaXk0i HeeAUHUIHON HOPMAJIbHOI IIOATDYII-
e N.

[Mycre W P/N — Henukndeckas cuiioBckas p-tioarpynna uz G/N, Py /N — mak-
cumajbiag B P/N nonrpynua u M/N — npousBosibHas MAKCUMAJIbHAS HOAIPYIIIA
rpymusy, G/N. Ecmu G, — cmwioBckas p-noarpynna us P, To G, — Herukmde-
exas, cuIoBcKas p-noarpymna u3 G u G,N/N = P/N. C apyroii cropoHsl, mo
aemme 3.8 P N G, — MakcuMasbHas noarpymna u3 G, u P = N(Py N G,). Ec-
air Py N G, umeer cBepxpaspentumoe gobasienue T 8 G, o TN/N ~T/T NN —
cBepxpaspenmmoe gobasienue Kk Py /N B G/N. B uporusuom ciaygae P, NG, X-
nepecranoBogta ¢ M. 3uaunt, o semme 2.1 Py /N X N/N-uepecranosouna ¢ M/N.
Tak kak XN/N = F(G)N/N ~ F(G)/N N F(G) — HuIbIOTEHTHAs] HOPMAJIbHASL
noxrpynna B G/N, ro P;/N F(G/N)-uepecranopouna ¢ M/N. CienoBaresnbHo,
yeaosue (3) cupasemso s dakrop-rpymnsl G/N. Ho mockonsky |G/N| < |G|,
to G/N cBepxpaszpenuma 110 Bobopy rpyumnst G.

(b) G umeer eAUHCTBEHHYI0O MUHUMAJIBHYIO HOPMAaJIbHYT0 noarpymiay H, u X =
H = Cg(H) = 0,(G) = F(G) € ®(G) mrz mekoroporo mpocroro p # |H|.
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[Iycts H — munMMasbHasi HOpMaJjbHas noirpymnna rpynmasl G. Ilockosbky
KJIACC BCEX CBEPXPA3PENIMMbIX IPYIII siBJIsieTCsl HAChIIEeHHO dopmarumeit (M. [26,
c. 43]), o BBuny (a) ®(G) = 1 u H — eIuHCTBEHHAs MUHUMAJIbHAsI HOPMAJIbHASI
no/irpyimna rpymuns G.

ITpeanonoxum, uro H — neabesesa rpyumna. Torna X = F(G) = 1. Ilycrs p —
HAMMEHBIIHI IPOCTON JesnTenb nopsaixa |H| u Hp, — cuIOBCKasi p-LOArpyINa U3
H. fcno, uro H, He aBnsercsa nukandeckoil rpymnmnoit (eM. [30, IV, teopema 2.8]).
IIycrs P — cuoBckas p-nogrpynma u3 G rakas, uro H, C P. Ilycte N = Ng(H,).
Iockomeky H, = HNP 4 P, o P < N. Tak xak H neabenesa, To H, # H u
mosromy N # G. Ilycre M — makcmMasibHas HOArpymnna rpynnbl G Takas, 9To
N C M. Torma P C M, tem cambim p { |G : M|. Ecam Bce MakcHMasbfible
no/rpynnsl u3 P obJiasaioT cBexpa3penuMbiMu JobasyeHusiMu B (G, TO COMIAGHO
sgemme 3.10 rpymna G g-3aMKHYTa, TJie ¢ — HAHOOJIBIINI IIPOCTOM IEIUTEh ITOPSIKA
|G| rpyunsr G. Ho torga F(G) # 1, 970 IPOTHBOPEYHT HAIIEMY IIPEIIIOTIOKEHUIO
o rpymne G. Takum obpaszom, B P mMmeercs Takas MaKCHMaJbHas HOJArpyarna P,
KOTOpasl TepeCcTaHOBOYHA CO BCEMH MAKCHUMAJLHBIMEU HOArpynnama, rpynmnsl G. B
qacTHOCTH, 11 Beex © € G mmeem PyM® = MPP;. Ho p t |G S\M?| n mosromy
P, < M?* pnsa Bcex x € (G. 1o Baeder To, uro Py < Mg m Tem cambim H C M.
ITo nemme @parruau G = HN u torma G = M; nporuBopeuve. 3Haunt, H —
P-IPYILIIA Jyisi HEKOTOpOro upocroro p. Beuay (a) G paspeniyMa U 103TOMY BBHILY
[1, A, (10.6), (15.6)] X = H = Cq(H) = F(GQ) = Op(H). deno rakxe, aro |H| # p.

(¢) CumoBckast p-moarpyma rpymsl G He gBIIETCsT HOPMAJIbHOH HOATDYIIIIOH.

Hormycrum, uro cuioBeckasd p-oarpynna &) us'G nopmassna B G. Torga coryiac-
uo (b) H = G,. Ilycrs M — makcuMasbHag IoArpynna B G takas, aro G = [H|M.
Torma |G : M| = |H|. IIycrs H; — makeunMaibHas noarpynmna u3 H. Ilo yciosuio
u jiemme 2.1 moarpynmna Hy mbo umeér ceepxpasperntumoe gobasienue T B G, 1ubo
H{M = MH;. B nepBoMm citydae fo-Bbibopy rpymmsl G umeer mecro T # G u 1o-
sromy G = [H1|T, 9T0 NpOTUBOPEIUT MUHUMAILHOCTU HOArpyHibl H. AHasoruduo
[IPUXOAUM K [IPOTUBOPEUHIO 80 BTOpoM ciyuae. CiesoBaresbHO, MeeM (c).

(d) Hucsio p He sBAstercss HanboOIbIIIM IPOCTBIM jesmreneM |G|.

JeficTBUTEIBHO, £CIH P % HanGOABIIMI IpocToil Jesmressb |G|, To cornacHo (c)
u (a) umeer mecto,Op(G/H) # 1, uro nporusopeunr (b).

3aKII0IHTETBHOE TPOTHBOPEIHE.

[Mycts M +=s/makcumajbHas moarpymmna rpynnel G takas, aro H ¢ M. To-
ria G = [H|M, Ilycrs M, — cunosckas p-noarpynna u3 M u P — cuioBckas
p-noarpyna, rpymnsl G, conepxkamas M,. Ilycrs Py — MakcuMasbHas IOATPyIIa
rpymubt P, rakas, uro M, < P;. Ilockonbky |H| > p, rpynna P He sBJISeTCS [UK-
JIAUECKOl. 3HaUnT, coryiacHo ycsaosuio u euy (b) smbo naiinercs x € G Takoe, 4TO
Dy=P, M* = M?*P;, mubo P; umeer cepxpaspemumoe gobasnenve T B G. Tlpen-
[TOJIOZKUM, 9TO MMeeT MecTo mepBoe. Torma mockoibky G = H M, umeem x = ba, rjie
a € Pube M, nnosromy D = PLM®. Tak kak P; < P, To Mg C P;. [Homycrum,
aro D = G. Torma P = PN PIM® = Py(P N M*®) = PLM; = Py; nporusopeune.
Buauut, D # G u tem cambiv D = M®. Ho torma P, < M®. U3 sroro ciemyer
|G : M?*| = |G : M| = p = |H|, aro uporusopeunr (b). CnenosarenbHo, nMeeT Me-
cro Bropoe. Ilycre T, — cunosckas g-noarpynmna B 1', rae ¢ — HAHOOIBIIHIA IIPOCTOI
nemurens |G|, Torma T, < T u Ty aBisgeTcs CUIOBCKON ¢-IIOArpymmoil rpymnust G.
IMousitHO, uTO Mist HEKOTOpOrO = € G mmeer mecro Ty I M* = Ng(Ty). Cuenosa-
resbHo, T < M* u nosromy G = Pi'T = PLM*® = Py M, aro Bneuer P = P;. Tlomy-
YeHHOE [IPOTUBOPEYNe 3aBePIIaeT JoKa3aTe bcTBo nMiumkamu (3) = (1). Teopema
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JOKa3aHa.

Caencreue 3.11. I'pynma G cBepxpa3speruma TOIJa U TOJBKO TOLAA, KO
Kaxas MakcuMasbHas noarpymma u3 G asaserca F(G)-nepecranopounori B G.

Caencreue 3.12. I'pynma G cBepxpa3speruma TOIJa U TOJBKO TOLAA, KOLIa
KaXKjiasi MAKCUMaJIbHAS OJATPYIIIa JIF000H HEIUKINIECKOH CHIOBCKOH IIOATDYIIIBI
u3 G F(G)-nepecranoBodna co BceMH MaKCHMAJIbHBIME OArpyinamu rpymuibl G.

Bynem rosopurs, uro nogrpynna M rpynnsl G umeem HENPUMAPHbI urdexc
eciu |G : M| nenurcs 1o KpaiiHeil Mepe Ha /1B Pa3JIMUHBIX [IPOCTHIX ducia. llom
rpynna H rpynmst G HA3BIBAETCH 2-MAKCUMAALHOT N002PYNNOT STON TPYIIIBI, €CHH
H gBisiercss MaKCHMAJIbHON HOJAIPYIIION HEKOTOPOH MaKCUMAJIBHON moarpymmst M
rpyumsl G.

JIemma 3.13 [31, reopema 3]. Ilycte A u B — noarpynmnst rpynisr G rakne,
uyro G # AB u AB* = B A mist Bcex x € G. Torma G umeer takyr cOBCTBEHHYO
HOpMaJibHYI0 1oarpyiity N, uro u6o A < N, ymbo B < N.

Jlemma 3.14 [32, reopema 3.4|. I'pynna G paspemmuma, ecin G = AB, rae A
cBepxpaspermmuMa, a B — HUKJIMYeckas rpyIa He9eTHOO IOPSAIKA.

Teopema 3.15. Ilycte G — rpynma, X = F(G) MG"u ¥ — mabop Bcex Ta-
KHX 2-MaKCHMaJIbHBIX noarpynn E rpynnst G st K0tepeix paxtop-rpymna G/ Eg
CBepXpaspernnMa u JIJisi HEKOTOporo npocroro uciaa’p mmeer mecro |F(G/Eg)| =
|Op(G/E¢)| > p. Torma G cBepxpa3periuMa B TOME/TOIBKO B TOM CJIy1ae, KOLa
JIST KasKi08 2-MakcuMaJ ibHON moarpymiel, BEyepyimber G, uMmerorneii HermpuMapHbIi
HHJEKC U He npuHajiexkamer ¥, B G Haiaercs, muciepcusroe o Ope jgobasiienue
K E, Bce moarpynmer koroporo X -niepectanoBodHbI ¢ F.

JOKABATEJILCTBO. = llpeanosiokmm, 9TO 3TO yTBEPKIEHHE HEBEPHO, U
myctb G — KOHTPIPUMEDP MUHUMAJBHOLO IOPSIIKA.

(1) I'pynna G He mpocras

ITpeanonoxkum, yro¢G —upocras neabesieBa rpynna. Torma F(G) = 1 u
X = F(G) NG’ = 1. HockonpKy rpymna G He sBJSETCS PA3PENIMMOii, TO COMIACHO
[26, rur. 5, Teopema 26:3|\B rpynme G mMeeTcs HecBexpaspelmMas MaKCUMAaJIbHAsT
noarpymnmna, ckaxkeMuM . TIpeamonoxum, uro ungeke M He sBiASeTCs IIPUMAPHBIM, U
nycrtb T — makecuMasibhas B M nogrpynma. CorsacHo yejaoBuio B G Haliiercst Takast
noarpynna/A, wre,T'A = G u Bce nmoarpymmsl u3 A nepecranoBodnsl ¢ 1. 3amernm,
aro M = MNTA = T(MNA) unosromy corsacto jgemme 2.1(11) |[M : T| — upocroe
qucsiof TakuM 06pa3oM, WHIEKC KaXK 10l MaKCuMaJ/IbHOM moArpymnsl u3 M mnpocr, a
3HAYATY, 10 Teopeme Xymmepra M — cBepxpaspemumas IpyIna. DTO MIPOTUBOPEYNE
mokasbiBaer, uro |G : M| = p® mia mekoroporo mpocroro p. IloHgrHO, 4TO IS
HEKOTOPOil Makcumasibuoil B M nonrpynusr T' umeer mecro (p, |M : T|) = 1. Co-
rfacHo yesoBuio B rpytne G umeercs Takas mogarpymmna A, aro TA = G u kaxjgas
noarpymnmna u3 A nepecranosoutna ¢ 1. He Tepsist 06NIHOCTH, MBI MOYKEM CUATATD, YTO
A — muanMasibHOE jgobasiienue K T B G. Ilycrs ¢ € G, u niycth A; — cobcTBeHHASA
moarpymmna rpynnsl A. Torma T'A; — coberBennast B G nmoarpynmna u = at, rje
teT uaec A 3Bnaunt, T(A;)* = (A1)*T, u nosromy ((A1)°T)" = (A1)*T — nmom-
rpymmna rpynnsl G. Ho Torma cornacuo jemme 3.13 rpynna G He SIBJSIETCS TIPOCTOM.
IMosryuenHOe NPOTUBOPEYHE 3aBEPIIACT JOKA3ATEIbCTBO yTBepKaeHus (1).

(2) @akrop-rpynna G/N cBepxpasperiuma Jist 0605 MEHIMAJIBHOH HOPMAJIb-
noit noarpynnsr N n3 G.
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Hocrarouno nposepurb, 4ro yciaosue Bepuo st G/N. Ilycrs E/N — upo-
U3BOJIbHASL 2-MaKcuMaJibHas noarpymma u3 G /N, umeromas HenpuMapHbIi UHIEKC.
Torga cornacuo ycioButo B G mMmeercsi Takas noarpynmna 1, aro G = ET u jro-
6as noarpyuna uz T X-uepecranosouna ¢ E. Ilycrs Teneps D/N — npousBoJib-
nas nogrpyuna u3 TN/N. Torma D/N = (DN T)N/N un nosromy no Jjiemme 2.1
noarpyuna D/N X N/N-uepecranosouna ¢ E/N. 3uauur, nockoibky X N/N =
(F(G)NG')N/N < F(G/N) u G'N/N = (G/N)', xaxzas noarpyuna uz TN/N
ssisiercst F(G/N) N (G/N)'-uepecranosounoii ¢ E/N.

(3) B rpymmie G mmeercs: JIMNIb OJ[HA MUHHMAJBHAS HOPMAJbHAS IOJAIDYIIIA,
ckazkeM L ( 910 1psiMo BbITeKaeT u3 (2) u Toro ¢akra, IYT0 KJIACC BCEX CBEPXPA3Pes
MIUMBIX TPYIIT 3aMKHYT OTHOCHUTEIHHO 00PA30BAHUS TOIPSIMBIX TPOU3BEICHUI).

(4) I'pynna G paspemiuma.

B cuuty (2) HEoGxomuMO Jniih oKa3arh, yto L — abesesa rpynmua. | IIpemitoso-
JKUM, 9TO 9TO He Tak, u uyctb L < M, tne M — maxcumasibHas B G NQUFPYIIIA.
Torma cornacuo (3) F(G) = 1 u nosromy X = 1. Cornacuo (2).JG : M| = p —
mpocroe gncyio. llokaxkem, 9To Jjist HEKOTOPO# MakcuMasibao# B M) moarpymmet T'
opuospemenno umeeM M = LT u (|M : T|,p) = 1. JeficTBUEEIBLHO, IIPE/IIOIOKIM,
uro p genut |L|, n mycrs L, — HEKOTOpast CUIOBCKAs p-oArpyuna B L, P — cuios-
ckas HoArpynia rpynust G, xoropast comepxkut L,. Torma™P < N = Ng(L,). Ilo
aemme @parrunu G = LN, cneposarensuo, M = MWGN = L(M N N). Tak kak L
He siBJisieTcst abesieBoit, To N #£ G u mosromy N1& M (V'N £ M. Ilycrs T — max-
cumaibHag B M noarpynua, comepxkainas Ni. Torma/M = LT u (|[M : T|,p) = 1.
Teneps npexnonoxum, aro (|L|,p) = 1. Homgrto, uro L ¢ ®(M) u nmosromy
JIJIsl HeKoTopoit MakcuMmasabuoit B M moarpyunst 1 umeem M = LT u p He neut
|M :T|=|L|/|LNT|.

Cortacuo rumnoresze B rpymme, G ‘umeercss takas mogarpymmna A, aro G = TA
u KaxkJas noiarpymnmna n3 A mnepecranosouna ¢ 1. He Tepsis obmmocTH, MoOXKeM
cunTarb, 910 A — MuHHMaJBHOE, jobasiaenne Kk T B G. Torma ANT C $(A).
IMockomsky M = M NTA =" (M N A), cornacuo aemme 2.1(11) |M : T| = q jya
HEKOTOPOro npocroro ¢ 7 p. Tem cambiv |G : T = pg = |A: ANT|. D10 o3uavaer,
qro A — {p, q}-rpymuay, Ilyers A, — cmioBckas p-moarpynmna rpynmnst A. Torma
D =TA, — nmoarpynmuanrpynust G takast, 4ro |G : D| = ¢. Ilockonbky |G : M| =p
uM = LT, suguvgy awo L € D. Torma Dg = 1 u nosromy G u3omopdHa HEKOTOPOit
HOJAIPYIIIe CHMMETPUYECKOH IpyIIbl S, Ha ¢ CUMBOJIAX. O3Ha4IuT, D — XOJUIOBa
¢-mogrpyufia B\G, u G = DZ,, tne Z, — rpyuna nopsaka ¢. Bsumy yciaoBus
TeoOpeMBI 9T0,03HATAET, ITO /I JTI000H MakcuMaabHo# B D moarpynnsl E naiimercsa
rakag nojrpynmna A, aro D = EA u jobas noarpymna u3 A mnepecraHoBOYHA C
E4 Tlpumensisi teneps jemmy 2.1(11), Bugum, 4ro rpynna D cBepxpasperriMa u
esTOMY corjiacHo jiemMe 3.14 rpymma G pazpermmma. DTO IPOTUBOPEYNE 3aBepIaeT
JI0KA3aTeIbCTBO (4).

(5) st HekoTOpOro npocroro gucaa p umeer mecro X = L = Cg(L) = F(G) =
Op(G) u |L[ > p.

CoruacHo (4) rpynna G paspenmima. Kpome Toro, cornacHo (2) dakrop-rpynmna
G/ L ceepxpasperinma. IT0CKOJIBKY KJIACC BCEX CBEPXPA3PEIINMBIX TPYIII sIBJISIETCS
HacelmenHoit dopmanueit, L ¢ ®(G). 3mauwt, sBumy [1, A, (10.6), (15.6)] mis
HEKOTOPOro mpoctoro 4ucia p umeer Mecto L = Cg(L) = F(G) = O,(G). Honsrro
rakxe, 910 |L| > pu L = F(G) < G'. Cnenosarensuo, L = X.

3aKJII0YATEeIFHOE IPOTHBOPEIHE.
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[Iycts E — makcumasbHas B G noarpynma takas, uro L € E. Torma G =
[L]E u nosromy cornaceo (2) noarpynua E csepxpaspemma. Ilycts ¢ — npoctoi
nequrens |E|, otnuunstii ot p. Torma F comepKUT MaKCUMAJBHYIO TOArpyIy Fi,
st kKoropoii |E @ Ei| = q u (E1)g = 1. Coracuo yciosuio B rpynne G umeeTcst
takas gucnepcuBaas mo Ope momrpymma T, uyro G = F7T u Kaxkjas 0OJArpyIma
n3 T X-mepecranoBouna ¢ Fy. He Tepsiss obmHocTr, MOXKeM CIATATL, ITO 1T —
MUHIMAaJIbHOe nobasienne K B B G.

IIpeamonoxum, uro E1 = 1, uw nyctb L1 — MakcumasibHasg B L ToArpyrma.
Torma L1 umeer Henpumapublit ungeke B G u Ly ¢ 3. CietoBaTesibHO, [0 YCJIOBUIO B
G maitnercs Takas noarpymmna V., aro G = L1V u kaxnas nogrpyimna u3 V sasisieTca
[IepecTaHOBOYHON ¢ L1. DTO, B YACTHOCTH, O3HAa4YaeT, 4To L1 IepecTraHOBOYHA C
HEKOTOPO# CUJIOBCKOI ¢-moarpymmoit () rpynnbr G. Ho @@ — makcumasibaast BNG
noarpymna u nosromy |G : Q| = |L| = |L4|. Iloxydentoe npoTuBOpeyne IOKa3BIBALT,
aro By # 1.

IIycre D = E1NT u D, — cunosckas p-noarpymmna 8 D. Torna nockombKy |G :
E,| = |L|g, mmeem |T'/D| = p°q, rze |L| = p* > p. Ilycts rr — HanGOMLILMIL IPOCTOM
nequrens |G|. Ipeanosnoxum, uro r = p. Torma nockosbKy gaktep-rpymia G/ L
cBepxpaspemnmma 1 B cuity (5) umeer Mecto Op(G/L) = 1, L “\cuoBckasi moarpymia
B G. 9o Bieder L < T. Ilycrs L; — marcumasibHashg| L moarpymnma. Torma
cormacuo yenosuio A = L1Ey = E1Ly. Jlerko Bugets, uro, |G : A| = pg u Ag = 1.
CuenoBarenbho, B rpymnne G uMeercs takas noarpyimady, yro AT; = G u kaxas
nojarpynna uz T sBisercs L-niepectanoBounoii ¢/A.» [lycts @ — cuyioBckas -
moarpymmna B 17. Torma nys mekoroporo x € L mmeet mecro B = QA = AQ*. Ho
|G : B| = p unostomy LB = G. Creposateiproy |L| # |[LNB|#1uLNB G,
9TO MPOTHBOpeYInT MuHUMaIbHOCTH L. TaxumieOpaszom, He Tepsis OOIIHOCTH, MOXKEM
[IpeIIoJiaraTh, 4ro r = .

ITycrs K — makcumasbHast B noprpynna rakast, 94ro |1 : K| = p. ITockoibky
rpyuna G paspemumva, T — {pjg}-rpytma seuay munumasasaoctu 7. Ho p < g u
nmosromy noxarpynmna K sBistercs wopmasbraoit B 1. Ilpenmonoxum, uro D ¢ K.
Torma KD = T wu nosromy Gh= F1T = E1DK = E1K. Ho 310 HEBO3MOXKHO,
MOCKOJIbKY 1 — MuHuMaJjbhOe nobasienue K Fy B G. CiemoBarensuo, D C K.
IIycre © — ayement w3 Ly 1y koroporo V = EyK* = K*FE;. Tak xak G = E4 T,
T0 T = te, re e € Byt €T, unosromy Y = V¢ = E,K' = K'E, = F, K. Ilycrs

Y, — cunosckast p-moarpynna B Y, (G, — cuioBckast moarpymmna u3 (G, KoTopast
conepur Yo" Towga |Gy = Yp| = (([Ep||Tp])/[Dypl) = ((1Ep|[Kp])/[Dpl) = p, tre Ep —
cuiIoBCKast p-iofirpynna B Fp. Teneps 3amernum, 9o nockossky |G : LEj| = ¢, To

|Gp| ='|L||Ep| uw mosTromy L € Y u LNY # 1. Ho torna G = LY u moarpymnmna
Y N L'wopmasbia B G, 910 poTHBOpEeYnT MUHUMAJIbHOCTH L. Takum o6pazom, Mbl
JOKHBI 3aKJ/II0OYNTH, 9TO rpyina G cBepxpa3pernmma.

< IIpeamnosoxum, aro G — cBepxpasperumMast rpyiia. VIcrouab3yst HHLyKIHIO
10 |G|, moKazkeM, 4To it KazK 1ol 2-MaKCUMaabHO! noarpymbst M rpymnst G, ume-
ToIeil HEIPUMAPHBIA WHIEKC U He MIPUHAJJIEXKAINEH X, U [JIsi KaXK/I0T0 MUHUMAJIb-
Horo jobasyenus T moarpynnsl M B G cupaseaymso, uyro M G'-nepecTaHOBOYHA CO
Bcemu noarpynnamu rpymmst 1. Ilyers T — noarpymnma B 7.

[Ipexne npeanooxum, aro Mg # 1. Tlo unayKnuu 1oKa3bBaeMoe yTBEPKIe-
uue Bepuo s G/Mg. 3amerum, uro T'Mq/Mc — Munumasbaoe o6aBjeHue K
M/M¢ B G/Mg. Heiicrurensro, eciu Ty /Mg < TMg/Mg n (To/Ma)(M/Mg) =
G/Mg, 10 To = To N McT = Mg(To NT) u nosromy ToM = G = (To NT)M.
Caenosarensuo, T' C Ty. Buauur, To/Mg = TMg/Mg — MunuMaibHOe 106aBIIe-
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mne k M /Mg B G/Mg. Taxkum obpasom, noarpynna M /Mg asnaerca (G/Mg)'-
nepecranopounoit ¢ Ty Mg /Mg. Ho (G/Mg) = G'Mg/Mg u 1039T0My COIIACHO
sgemme 2.1 M G'-nepecranosouna ¢ T7.

Teneps upennosnoxum, uro Mg = 1. Ilycrs |G : M| = pq, tue p > q. Iycrs
m = w(F(G)) — MHO)kecTBO Beex npocrbix gequrereil |F(G)|. Ecm |7| >2u R —
cwioBckas d-noarpyuna B F(G), tue ¢ # d # p, 10 R < Mg, 9T0 1pOTUBOPEYHT
pasenctBy Mg = 1. 3uauur, 7 C {p,q}. Iockoubky rpynna G ceepxpasperiuma,
CHJIOBCKAsl r-TIOJNPYIIa HOpMaJjbHa B G, Tjie 7 — HAUOOJIBINNIA IIPOCTOH J1euTe b
|G|. Buauur, r = p.

IIpexne npexnosnoxkum, uro |F(G)| = p. B stom ciayuae G = [F(G)|E st
HeKOTOpoit MakcuManabHol noarpyiusl E rpynusl G u Cq(F(G)) = F(G). Cae-
JoBaTeabHO, F — muKImYecKas rpymma. He Tepsis OOITHOCTH, MBI MOXKEM | ITPel-
nonarats, uro M < E. Tlokaxem, ato M G'-mepecranoouna ¢ T;. Ecia Aw—
xosoBckast p'-noarpymma B 11, To Ty = PA, tne P = T) N F(G) — canosekas p-
noarpymna B Ty. g wekoroporo © € F(G) = G’ umeer mecto A* C E watosromy
MT? = M(Ty N F(G))A® = (Ty N F(G))A* M.

IIycrs renmeps |n| = 2, F, u F; — CHJIOBCKas P-LHOATPYNIANE CHUIOBCKAS (-
noarpyma B F(G) coorsercrsenno. Ilomarno, aro G =¢F(GYM. Ilycrs R —
cuoBckas r-noarpymia B F'(G). Ilpeamonoxum, uro |R| < n. Torna D = RNM #
1. Tockompky R — xapakrepucrmieckas noarpymma B K(@), R mopmanbha B G.
IMonsitHO Takxke, uro |R : D| = r. CaenosaresnbHos D{HopMmanbha B G 1 109TOMY
D = 1, mockonbky Mg = 1. Takum obpasom, |E(G)|.= pg. Ipexnonoxum, 4to
q nemur M| u aro q, p nensr |Th|. Ecau {Maw. 54} — Hekoropast cuiioBckast
6aza rpyunst M u {D1, D2} — Hekoropast cuIOBCKas 6a3a rpyiubl 11, TO COMJIACHO
[1, I, (4.8), (4.12)] G obmamaer Takumu cuieBekumu Oaszamu L. = {P,..., P} n
¥ ={Q1,...,Q¢}, uro M; C P, nusi BCeX & = 2,...,t u D; C Q; nyst © = 1,2.
Bousee Toro, naiinercsa snement x £ G Takoil, uro )7 = FP; nuda Beex ¢ = 1,...,t.
[TousitHo, uro P, = D1 — cusoBckas p-nioarpymmna B G u My = P, ..., My = P;.
Eciu D C My, ro Th'"M =/PiM = MT?®. C npyroii croponsl, eciau D & Mo,
To BBUY pasenctBa |G : M|%= pq mmeem |Py : Ms| = ¢ m mostomy Py = D3 M.
Buaunr, TTM = G ="MT}. 3amernm, uro cormacuo [1, VI, 11.10] umeer mecto
G = G'Ng(X1) u nogromy & = fn, tne f € G’ un € Ng(¥1). CaenosarensHo,
M Tlf = Tlf M. Amajoruduo paccMarpuBaroTcs ciaydau, xKorpa jaubo (|M|,q) = 1,
aubo (|T1|,p) =1.

Hakonen,otsiernm, 9To mockosbky rpymma G ceepxpaspemmma, G < F(G) n
nostomy X = G'." Cnenosarensuo, M X-nepecTaHOBOYHA CO BCEMH IOJTPYIIIIAMA
u3 T'. Teopema’tokazaHa.

3amernm, 9To B cBepxpasperumoil rpynmne G = S3 X Z3 UMeeTcsl MOArPYIIa
MOPSIIKA 3, KOTOpAasl He TePeCTAHOBOYHA HU ¢ OJIHON MOJrPYIIIol mopsaka 2. Takum
06pAa30M, YCJIOBUE <«UMEOIIeil HepUMAapHBIA MHIEKC U He NMpUHAJJIeXKamei Y» B
Teopeme 3.15 He MOKeT OBITH OILYIIEHO.

HoBble xapakTepusanuyu HUJIbIOTEHTHBIX rpymnn. Hamomumm, 9To mom-
rpynma H rpynnst G HassiBaeTcst abHopmanvrol, ecan ¢ € (H, H*) st Beex © € G.
Cuieyomas JieMMa OUeBHIHA.

Jlemma 3.16. Eciim K < G u H — abHOopMmaJipHas noarpynna B G, To crpa-
BEIJIMBBI CJICJYIOIHE YTBEPIK ACHUS:

(i) HK/K a6ropmausna B G/K;

(ii) ecim H < T < G, o H abropmaJbHa B T
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(iii) H = Ne(H).

Teopema 3.17. I'pynna G HUJIBIIOTEHTHA TOLAa U TOJIBKO TOra, Koraa G ume-
€T HUJIBIIOTEeHTHY0 abHOpMaJIbHYI0 Hoarpyiiry X Takyro, 9To JIFoObIe JIBe CUIOBCKHE
moarpymnmbl u3 G X -11epecTaHOBOYHBI.

JIOKABATEJIbCTBO. [locTaTo4vHO JUIIL MOKA3aTh, YTO €CJIU JIIOObIE JBE CHJIOB-
ckue noarpymmnbl u3 G X-nepecranoBounbl, T0 G HWIBIOTEHTHA. lIpemmnosioxmm,
YTO 9TO yTBEPXKJIEHUE HEBEPHO, U yCcTh (G — KOHTPIPUMED MUHUMAJIBLHOI'O HOPSI/I-
Ka. Torna

(1) G/N HmiabmoTeHTHA JJIsl KAXKI0H HEEHHHIHON HOPMAJIBHOH HOAIDYIIIBLAN,

u3 G.

ITycrs P/N u Q/N — cuioBcKast p-OATPYIIIA U CHIIOBCKAs ¢-ToArpynnas.G /N
coorBercTBeHHO. IlycTh Takxke G, — cuioBcKas p-noarpymna B P u G, — cuiioBekas
g-moarpyuna B (). Torna G, u G4 — cunosckue noarpynms: rpymmst G. Tlo yemosuio
G)p u G4 X-11epecTaHoBOYHEL, 09TOMY 110 JiemMe 2.1 P/N (X N/N)-nepecraHoBodna
¢ Q/N. Tlockonbky X N/N ~ X/N N X — uusbnorenTHas noarpyuia 8 G/N u o
aemme 3.16 X N/N abuopmasibia B G/N, yciaosue Teopembl cupaBeiinso st G/N.
Taxk xak |G/N| < |G|, To 1o Bbi6opy rpyuisl G daxrop-rpyrnaG/N HUIbIOTEHTHA.

(2) G = Ng(P)X mist kazxk0ii cuioBckoit noarpyniisl P rpymmer G.

CorutacHo ycJIOBHIO JijTst Kaxka0ro & € G cymeeTByeT, Takoit ajement h € X, 1aro

P(P*)" = (P*)"P u nostomy wh € N = Ng(P)s, Seauur, G = NX.
(3) G — paspennmasi rpyia.

ITycrs p — npocroit gemurens | X | nX, —scmnosckas p-nogrpymia u3z X . Ilycrs
P — cunosckas p-noarpyuia u3z G. Cermacdo (2) G = NX, rue N = Ng(P), nosro-
My 1o jemme 3.3 PX, = X, P. 3uaunr, X;, < P < N. Tak kax X HUJIbIIOTEHTHA,
to X, < X u mosromy XpG = XIJJVX = Xlﬁv < P. 3uagur, G umeer abejieBy MUHU-
MAaJIbHYI0 HOpMAaJbHYy0 moarpyiuys, Beuny (1) rpyuna G pasperuma.

(4) G = |R|M, e M —NumabrmorenTHas MaxcuMaJbHAasg noarpymma uz G u
R = C¢(R) = Oy(G) - MunmMmanbHas HopMaibHasg noarpynna u3 G, rae p | |R).

Buay (1) u cBolicEs ‘kKiacca BCeX HUJIBIOTEHTHBIX IPYII BUuauM, 410 G uMeer
eJIMHCTBEHHYI0 MUHAMAJIBHYIO HOPMAJbHYIO HOArpylLy, ckaxeMm R, u R Z ®(G).
Takum obpazomy (4) caenyer us [1, A, (15.6)].

3aKJII0UATEbHOE TPOTHBOPEIHE.

[16 yenoBuio X abnopmasbia B G 1 TOITOMY corjiacHo jemme 3.16 umeer mecto
Ng(X) = X. Takum obpasom, X — kaprepoa noarpynmna B G. Zcao, aro M
TaK¥KE dBJIsieTCs KapTepoBoil noarpynmnoit B G. CieoBaTebHO, J1jIsi HEKOTOPOTO
x€'G umeem X = M7. Ilycrs Tenepb () — cuioBckasi g-noarpymmna B M, roe g —
upocroii gesurens |M|, orunaneiit ot p. Torma M = Ng(Q) u nosromy BBuy (2)
G = MX = MM?%, aro nporusopeunt Jjiemme 3.4. Teopema mokazaHa.

Caencrue 3.18. Paspemumasi rpynna G HUJIBIIOTEHTHA TOLAA U TOJIBKO TO-
11a, Korja Jiobble ee JBe CHJIOBCKHE MOATPYIIIbI X -IIepeCTaHOBOYHBI, Tae X — I0J-
rpynna Kaprepa rpynibr G.

Teopema 3.19. Ilycte G — rpymna u X = F(G) — noarpynna @urrunra
rpymmst G. Torga G HUIBIIOTEHTHA B TOM H TOJIBKO B TOM CJIy9ae, KOTAA JJIsT KaXK 05
2-MakcuMaJIbHOH noarpymmnsl E rpymnsr G, umerorneit nenpumaphbiii naaexc B G, B
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rpynne G HaieTcss HUJIBIMOTEHTHOE JobaBienne K F, Bce CHIOBCKHE MOJIDYIIIBI
KoToporo X -niepectaHoBO4YHEI ¢ F.

JOKABATEJIBCTBO. I[lpeamnosiokum, 9TO st KaXKJI0H 2-MaKCUMAaJIbHOU IOJI-
rpynnbl F rpynnel G, uMeromieil HempuMmapHbIl uHiekc B G, B rpymme G Haii-
JIeTCsI HUJIBIIOTEHTHOE fo0aBienne K F, Bce CHIOBCKHE MOATPYMIIBI KOTOPOro X-
nepectanoBounbl ¢ F. Ilokaxkem, 910 B 3TOM ciydae rpynma (G HUJIBIOTEHTHA.
[Ipeamnosokum, 9T0 9TO HEBEPHO, U IMycTh (G — KOHTPIPUMEDP MUHUMAJBHOIO I10-
psiaKa.

(1) I'pynna G He mpocra.

IMpeanonoxum, uro G — npocraga Heabenesa rpymmna. Torma X = F(G) =1
IIycrs M — npousBosibHas MakcuMasbHas B G moarpynma u 10 — HeKoTopasg MaK-
cuMasibHas noarpynna 8 M. Ilpeamosnoxkum, uro M umeer HenmpuMapHbIH ‘UHACKC.
Torpa cormacuo ycinosuio B G HafiieTcss Takasi HUILIOTEHTHAs oarpyfma Ay aro
G = TA u Bce cwioBckue moarpymnmsl u3 A mepecranoBounst ¢ 1. ITlycoe P —
IPOU3BOJIbHAS CHIIOBCKas noiarpymnna rpynmnsl A. Tlousrtro, uro PT = TP # G.
[Tokazxkem, aro s Bcex © € G umeer mecto PPT = TP*. Ilycte @ = dt, tne a € A
ut e T. Torna P*T = P*T = P!'T =t~ !PTt = t 'TPt =Ft~'Pt = TP* n
noaromy corsiacHo Jemme 3.13 rpynmna G ue upocra. Takum 06paszom, |G : M| = p°
JUIST HEKOTOPOTO TPOCTOro p. I[IOHATHO, 9TO JJIst HEKOTOPOH MakcumMmaabHOH B M
noxarpyumstl T umeer mecro (p, |M : T'|) = 1, uro, KaRwu/Bblille, IIPUBOJUT K IIPOTHU-
BOPEYHIO.

(2) B G umeercst jinine o/1Ha MHHUMAJIBHASINHOPNIAJIBHAS IIOATPYIINA, CKAXKEM
L, u ¢paxrop-rpymuna G/ L aumpnorenTHa (CM.MOKA3aTEILCTBO TeopeMbl 3.15).

(3) I'pynna G pasperuma.

B cuiy (2) HeoGxoaumo sk nokasarh, yto L — abesesa rpynma. IIpesmmoso-
JKUM, 9TO 9TO HE TaK, U IycTh Ls<M, rne M — maxcumasibHas B G IOArPYyIIIA.
IMousTHO, uro X = F(G) = 1,“Cornacuo (2) |G : M| = p — upocroe aucio. s
HekoTOpo#t Makcumasbuoit BLM mearpymmsr 1 ommoBpemenno mmeem M = LT nu
(|IM :Tl|,p) =1 (cMm. gokasarenbeTBo TeopeMbl 3.15). CoriacHO yCaoBHIO B IpyIie
G umeercs Takasi HUIbIIOTEHTHAs noarpynmna A, aro G = T A n KaxK/iast CHJIOBCKast
noxrpynna u3 A nepeeradosouna ¢ T. ITockoneky M = M NTA = T(M N A), B
A HaiineTcst Takas CUAOBEKAsI IOAIPYIIIa, CKaXKeM CUIOBCKasl ¢-oarpymma A,, 4ro
Ay < M u Ay T. Bnaunt, M = TA,, wnosromy |G : T| =pg® = |A: ANT].
IMycrs A, #“emnosckas p-mogrpymma rpynnst A. Torma D = T A, — noarpynmna
rpynusl Glrakasi, 9ro |G @ D| = ¢*. Ilockombky |G : M| = pu M = LT, Bu-
aum, gro. L € D. Torna Dg = 1. Ilycre E — makcumasibHas B D moarpyiia
rakagparor (|D : E|,q) = 1. Ilyctb A — HmwibnorenTHasi noarpymna rpyuus G
takasd, 910 G = FA u kaxkJas CUJIOBCKas HOArpymmna u3 A mepecranoBouna c¢ F.
IMoexosvky D = DN EA = E(D N A), B rpyune A maiijercs Takas CUIOBCKas
noprpynmna R, yro D = RE. 3amerum, uro tak Kak G = DA u R HOpMaJibHA B
A, 1o RS = RPA — RP < D. 3maunr, Dg # 1. DT0 npoTuBOpeune 3aBepaer
JIOKa3aTe/IbCTBO (3).

3aKJII0OYATEeIFHOE [IPOTHBOPEIHE.

[Iycts L — munHmMasibHast HOpMaJbHas noirpynna B G. Torga paccyxias,
KaK ¥ OpU JI0KA3aTeJbCTBe TeopeMbl 3.15, MoxKHO 10Ka3aTh, uro G = [L|E, rue
E — HWIbmoTeHTHAsT MaKcuMaJjbHas B G MOJAIPYIIIa, U Jijisi HEKOTOPOTO IIPOCTOrO
p umeer Mecto L = Cg(L) = Op(G). Drto, B 9acTHOCTH, O3HA4aeT, 4T0 L — cu-
JoBcKast noArpynna B G. IloHsaTHO, YTO HAWyTCsA IPOCTOE ¢ 7 P U MaKCUMAJIbHAS
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B E moarpynna E; takue, yro |E : Ej| = ¢. CilenoBaTesibHO, COINIACHO YCJIOBUIO
rpynna G mMeer HWJIBIIOTEHTHYIO noarpymmy 1 takyto, uyro G = E;T. 3amerum,
qro TaK Kak |G : Ei| = p®q, rue |L| = p*, ro L < T u nosromy T < L = Cg(L).
DTO MPOTUBOPEYNE 3aBEPIIAET JOKA3ATEIHCTBO JJAHHOTO YTBEPKJICHUS, & 3HAUUT, U
JIOKA3aTeIbCTBO JIAHHOM TEOPEMbI, MOCKOJIbKY B HUJIBIIOTEHTHON I'PYIIIE BCAKAs ee
2-MakCcUMaJbHAs TO/IMPYIINA, UMEOIIasi HEMPUMAPHBIA WHJIEKC, HOPMAJIbHA.

ABTODBI BBIPasKAIOT UCKPEHHIOIO 0JIarofapHOCTb PEIEH3EHTY 3a II0JIE3HBbIE 3a-
MEYaHUS.
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