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BeegeHue

Mo Teopun TPUrOHOMETPUYECKMX PALOB UMEETCH 3HAYMTE/ILHOE KOMnYe-
CTBO Y4e6HbIX MOCO6MiA, KOTOPbIE OTAIMYAKOTCA MeXAy CO60i KakK CTeneHbHo
nogpo6HOCTH, TakK W BOMPOCaMK, KOTOPble B HUX paccMaTpuBaloTca. Tak B
13BECTHON MOHOrpaduu A. 3urmyHga [5] MHorve Bonpockl psagos dypbe us-
NOXEHbI NoApo6Heid, Yem B Bonee anemeHTapHoM Kypce I'. . Tonctosa [12].
B yHVBepCUTETCKUX Kypcax maTemaTumyeckoro aHanusa Jl. . KambiHuHa [6],
JI. O. Kyapssuesa [8 n A. M. Tep-Kprkoposa, M. L. LUabyHuHa [11] BO MHO-
roM TPUrOHOMETPUYECKMe pafbl Pypbe M3NaratoTcs C TOUKN 3PEHUS J UMb
6epTOBbIX NPOCTPAHCTB, YTO CO3AaeT OnpefeneHHble TPYAHOCTM Npu. X, nep-
BOHaYa/lbHOM W3YYeHUW.

B npegnaraemom nocobuu nogpobHoO 13naraeTcs NoToyeyHas CXoLMMOCTb
TPUTOHOMETPUYECKUX PALOB Pypbe, CXOLUMOCTb B CPeHEM U.CPefHe KBaf-
paTUYHOM, MPW 3TOM 3/1IEMEHTLI TEOPUM TUNILOEPTOBBLIX NPOCTPAHCTB OTCYT-
CTBYIOT. Ha OCHOBaHWM 3TUX CXOAMMOCTEW [OoKasblBaeTcsd Teopema Beliep-
LITpacca 0 paBHOMEPHOM MPUBAVXKEHUM HENPEPLIBHOW (YHKLMKN MHOrO4/Ie-
HamMu. OAHOM M3 COCTaBHbIX YacTei Mocobms fBNSETCA TECHO CBSA3aHHbIE C
pagamn ®ypbe MHTerpan u npeobpasoBaHue Dypbe, MO KOTOPbIM UMEETCH
3HAYMTENbHOE KOIMYECTBO NUTEPATYpbI.

[ns 6onee 0CHOBATE/IbHOIO U3YYEHWUS\MHOIMMX BOMPOCOB PALOB PEKOMEH-
[lyeTca 03HaKOMUTbCS ¢ paboTamu Ax3urmyHga [b], . Xapgu, B. PorosuH-
ckoro [14], P. 9aBapsca [15]). NHTerpan v npeobpasosaHve dypbe € TO UK
VHOV MOSTHOTON M3N0XeHbI, Hafpumep, B pabotax H. BuHepa [2], 1. U. Ka-
MblHUHa [6], M. H. KHasesa[7]wJ1. O. Kyapssuesa [8], A. M. Tep-Kpukoposa,
M. W. WabyHwnHa [11]. s NpakTMHecKoro NPUMEHEHNS N3/TOXKEHHOTO B 1EK-
UMAX MaTepuana pekoMeHayroTcs cbopHuku 3agad b .M. Oemupgosnya [3],
N. A. Kyapssuesa, [10]; A. b. AHToHeBuuYa n A. B. PagbiHo [13], a gnsa pe-
LLIeHUsa 3af,a4 C.UCMO/b30BaHNEM Npeobpa3oBaHus Pypbe MOXHO BOCMO/b30-
BaTbCA cneymanbHbIMU Tabnvuamn npeobpasosaHuii gyHkuuii I BeliTMeHa,
A. 3pgeitna [1], B. A. OutkuHa, A M. MNpyaHykosa [4], I. KopHa, T. Kop-
Ha [9].



Tema 1 TpuroHomeTpuyeckune pagbl ®Pypbe

11 FapMOHUKK
1.2 Psgbl ®ypbe MO TPUrOHOMETPUYECKOW CUCTEME

1.1 FapMOHUKNK

Mpy peleHnn MHOTKX 3afa4y MPUXOAUTCS PeLlaTh 3afadvy O PasoXumMo-
CTN CNOXHON MepuognYeckoil PyHKLMM Ha 60/1ee NPoOCTble FapMOHWKY, T. &
(hyHKUMM BMAA

y = Asin(ux + y»),
roe A, 1B, ip —NOCTOAHHbIE, MPUYéM |A| Ha3bIBAIOT amnANTYAOR~aW ip —
COOTBETCTBEHHO YacCTOTOM M HaYyanbHON (Has3oil.
27
™,
YnpaxHeHue 1.1 lNposepbTe, YTO NPOCTasA rapMOHMUKA VMEET Mepuos,

O'—IEBVI,EI'HO, 4YTO NpOCTad rapMOHUKa NMMEET Nepnos T=

T= -

3
YunTbiBaa 10, YTO
A sin(o;a: + 9 —A (cosusxsintip4+ sinnx cos ),
rapMOHMKY MOXHO MPefCcTaBuTb B BUAE
A sin (lux + <)—acosusx + frsinwx, (1.1)

roe a= Asin<g b= Acos (p.
MycTb Tenepb 3afaHa HeKoTopas PYHKLUUA

f(x) ~ acosusx + bsinwx, (1.2

Torga, nonoxus AN= yla2+ R wu siny> — costp ~n ncnonb3ys (1.1),

nonyunm f(x)s=w.4sin(u;:r f ). ApyruMun cnosamu, BCakKas (yHKUMS BUga
(1.2) aBnsieTcs MPOCTOW rapMOHWKOMA.

M3 cka3aHHOro Bbille CriefyeT, YTO eC/iM Mbl XOTUM PasfoXuTb HEKOTO-
pyto dyHkumio f(X) B CyMMy MPOCTbIX FAPMOHWK (YTO PaBHOCWU/IBHO CyMMe
hyAKn Buga (1.2)), 10 aTa QYyHKUKSA SOMKHA ObITb MEPUOANYECKON.

Lna 2rrnepuognyecknx yHKLMIA 4acTOTbl CNeayeT BblbpaTh Tak, YToObl

Kaxas 13 rapMOHVK MMena yncio 27r CBoUM Neprogom, T. e. uTobbl n -26—

—br,n € Zwm n = 8 3TO roBOPUT O TOM, YTO B PA3/IOKEHNUN AO/MKHbI
ObITb MPOCTbIE FAPMOHMKM C Lie/IbIMUA YacToTamm.

WTaK, Mbl NpULWAM K HEOBXOAMMOCTY NpeacTaBuTb ZMT Nepuoavyeckyto
(hyHKLMIO B BuAe psga (CyMMbl NPOCTEALLIMX FapMOHWK):



3amMeTuM 3[eCb, YTO BCE CNnaraemble B 3TON opMysne UMEOT Nepuog 2.
1.2 Pagbl ®ypbe N0 TPUTOHOMETPUYECKOI cucTeme

OnpegeneHne 1.1 CucTemy yHKUMIA
{1, cosa;, sinx, cos2a:, sin2x,...}
Ha3blBA T TPUrOHOMETPUYECKON CUCTEMOIA.

OnpegeneHve 1.2 TpUroHOMeTPUYECKUMU PALOM Ha3biBAETCA (DYHK-
LMOHaNbHbIN pajg Buaa
00
7+ Y2 (ancosnx + bnsinnx), rae an, t, x 6 K. (2.3)

71=1

Ou4eBUAHO, UTO €CAM TPUrOHOMETPUYECKUI PAL CXOAMUTCA. NOTOUEUHO K
HekoTopoi yHkumn f(x),x £ XK To yHkuma f(x) 6yder DK nepuognye-
CKOWA.

YnpaxHeHue 1.2 [NpoBepbTe, YTO €CM TPUTOHOMETPUYECKNIA psf CXO-
OUTCS NOTOYEYHO K HekoTopoii yHkumm f(x)X € X 1o dyHKuma f(x)
6ynet 27r nepnoanNYecKoil.

Onpegenenne 1.3 MycTb / € B~ w]. TpUroHoMeTpUYECKUil pag
(1.3) HasbiBaeTCA pagom Pypbe yHKuMM f, ecnn KoaUUUEHTbI 3TOro
psfa BbIYMCNAOTCA N0 hopMynam:

1 *
an = —J%(x)cosnxdx,n —0,1,2,
(1.4)
1
b, = —/q f(x) sinnxdx,n=1,2,3,
T-r

3necb uHWKe yepes S[—r; a] 6yaem 0603HauaTh MHOXECTBO UHTErpupy-
embIx 110, PuMaHy (yHKUMiA Ha oTpeske [a; 6].
Koagp@umumeHTsl (1.4) HasbiBalOT Ko3(hpuumneHTamy ®dypbe QyHKUUN /.
ToT (hakT, 4TO TpUroHomeTpuuecknin psag (1.3) aBngetcsa psgom dypbe
ang pyHkunn / G I, ] 3anncbiBaeTcs B CreAytoLWEeM BUZE:
00
[ ~—+ £ >, cosnx + bnsinnx). (1.5)
n=1
OTMeTUM 34eCb, Y4TO OCTOPOXHbIA 3HAK ~ (TUNbAA) B COOTHOLLEHUN (1.5)
ABNAETCS He 3HAKOM PaBeHCTBA, & 3HaKOM conocTasieHus. [puunHa Takoi
OCTOPOXHOCTW BYAET BbIACHEHA MO3XKe.

OnpegeneHne 1.4 TlycTb 33faHbl gge (yHKumm f,g e 3?7ab]
dyHkumM fu g HasbiBalOT OPTOroHaAbHbIMU Ha OTpeske [a; 6], ecnu
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h
J f(x)9(x)dx —O0. Cuctemy dhyHkumii {<n(x)}, n £ N HasbiBalOT, OpTO-
a

roHanbHoii Ha [a; b], ecan niobble ase pasnnuHble (YHKLUMWM 3TOA CUCTEMbI
OpTOroHasbHbl Ha [a; b].

ToT ¢hakT, uTo / 1 g OpTOroHasIbHbI Ha [&; H 3anuckisatoT B BUAE (/, g) =
= 0 Ha [& b].

Teopema 1.1 (06 opTOroHabLHOCTY TPUTOHOMETPUYECKONA CUCTe-
Mbl) TpuroHomeTpuyeckas cucTema (yHKUWA OpTOroHabHa Ha OTpeske
[, 7.

[oka3aTenscTBoO, oJ'IerKO noy4nTb, YTO

- +1 +
(1, cosnx) :[{ cosnxax = Err 2 _ 01 2,

(1, sinnx) = / sinnxdx = 0, n GZ,

-’

(cosnx, cosnx) = J»cosonxax = —1——t—99§—2—'—1—'¥dx =i, n GZ,
(smra, sinnx) = 3} sm’ nxax = '___'__99?_?_”_’_((15( =nnEZ
MycTb Tenepb an n €Zum op;; Tor,u,a
(cosmx, cosnx) = f (cosmx scosnx)dx = i ?(cos(m + n)x + cos(m —
—n)x) <ix = 0, N T
(sinmx, sinnx) = f7r (sinmx 'msinnx)dx — - f (cos(m —n)x —cos(m -}
+ n)x) dx = 0. -
Ecnn ke m, n £:Z 10
(sinmx, sinnx)~= /7r (cosmx -sinnx)dx = - / (sin(m + n)x —sin(rn —

- -
—n)x)dx ="0.
JokasaHHble Bbllle paBeHCTBA M [OKa3bIBAIOT TEOpeMy. «
3amedaHme 1.1 (0 KOMMJeKCHOW ¢opme 3anucu paga Pypbe)

Mycre// € I n pag (1.3) ssnsetcs pagom dypbe 310N (YyHKLMK,
TOrAa MMeeT MecTo KOMM/eKcHas hopma 3anmcu paga dypbe:

+°° . 17
/ ~ A Oel*, rpe 1 -— |/ f(x)e~tnxdx, ne Z
"=-00

[JelicTBUTENbHO, € e BOCMO/b30BaThCS cboplvlynom Jiinepa erx = cosx +
X _ rx

-f rsinrr, TO Nerko NoAy4MTb, YTO COSIT = -----é-----,smx = - T
Pag (1.3) 3anuwerca B BAZE:



— ~ i = A '
2+H—1 2 + bn 21 ) I'I:—GDCHGLU

do du ibn an ibn
e C0O=y,cN= -——---—-Cc N= —-—- 1€ N.

Vicnonb3sys opmynbl KoapduuueHToB dypee (1.4) n dhopmyny Siinepa,
nonyyaem, 4To

s

ai— J f{x)e~tUrdx, n = Qz=1, +2, —

3amevaHue 1.2 Cuctema tyHkumin {e_Tk, n E Zj opToreHanbHa Ha
[ 7]. 3T0T hakT HenocpesCTBEHHO CnedyeT M3 TeopeMbl 06~0PTOroHab-
HOCTW TPUTOHOMETPUYECKON CUCTEMbI Ha [—;TT} 3TO MOXKHO MPOBEPUTL U
HEMOCPeACTBEHHLIMMW BbIYMCIEHUAMN.

Teopema 1.2 Bcsikuii paBHOMEPHO CXOASALUMIACA HA XK TPUroHOMeTpu-
ueckmii pag (1.3) asnaeTcs pagoM Pypbe CBOEA| CyMMbl.

JokasatenbcTBo. B>IycTb
f(x) = —+ ~~"(a,,cospx\+ bnsmnx), i £ E | (1.6)
M=l
NpuU4ém psag CXO4MTCA paBHOMEPHO Ha XK
B cuny TOro, uto (hyHKUMAM ancosnx + Hisin nx HenpepbiBHbI Ha XX ©
pAL cXoomuTcs paBHOMEPHO“Ha XX TO MO Teopeme O HenpepbIBHOCTM CYyMMbI
PaBHOMEPHO CXOAALLErOCA\(DYHKLMOHA/ILHOTO pAja MMeeM, 4To (yHKLms /
HenpepbiBHa Ha R 1, B\JacTtHocTy, /| € 97— >4, YMHOXMM (1.6) Ha coskx,
k=0,1,2,..., nony4”m paBeHCTBO

f(x)coskx= —coskx f ~(a,icosnx + bnsmnx) cosKkx. .7
n=l

Paf,/-cToAWMA B NpaBoi YaCTy 3TOr0 pPaBeHCTBa, ABMSETCA PaBHOMEPHO
cxofaimesa Ha XX [eiicTBuTeNbHO, NycThb S,,(X) — YacTuuYHas cymma psaga
(1.6)."Pap (1.6) paBHOMEpPHO cxoauTcs Ha XX noatomy ansa nw6oro e > O
cyulectByeT N Takoe, 4to g Bcex N> N u gns Bcex X € XX OyAeT BbINO-
HATbCA HepaseHCTBO [f(X) —5,,(X)| < e.

MycTtb an(x) — vacTnyHas cymma paga (1.7). OueBnaHO, UYTO <T, ) —
= Sn(x) coskx. Moatomy BbINONHAETCA HepaBeHCTBO |f(X) cos kx —am(x)\ —
= \f(x) ~ 5n(5)| *|cosfcx| < e ana Bcexn > N u ans Bcex x € XK 310 U
03Ha4yaeT paBHOMepHyo cxoammocTb psja (1.7) Ha K.



Mo Teopeme 06 UHTErpUPYEMOCTU PAaBHOMEPHO CXOASLLEroCs Psifa VMEeM:
n T

J f(x) cosfcrdx = ¥ 5 coskx dx+

+y”~(an / cosnxcoskxdx + bn / sinnxcosfcxdx).

n=i n

Mcnonb3ys CBOCTBO OPTOrOHaNbHOCTW TPUFOHOMETPUYECKON CUCTeMBI
Ha [—; 7], ©3 3TOro paBeHCTBa JIErKO MoJlyyYaeM paBeHCTBa
T

TTaK = /I f{x) coskxdx, k =0,1,2,3___
|

CoBepLUEHHO aHa/IOTMYHO A0Ka3bIBaeTCs, YTO

m

THK—J f(x) sinfexdx, A= 4,2,3__

YnpaxHeHne 1.3 lNposeanTte [OKa3arenbCTBO MOC/MEAHEr0 paBeHCTBa
CamMOoCTOSATE/NbHO.

TakuM 06pasoM, Mbl MOXEM 8anucatb, YTo

()
f(x),~ =+ N (a,cosnx + sinnx),

T. €. TPUTOHOMETPUYECKMNI PAaBHOMEPHO CXOASLLUMIACH psf SBASETCS PSAOM
®ypbe CBOEN CyMMbI. <

3ameuarne /1.3 CneayeT 3aMeTUTb, UYTO He BCSKUIA TPUrOHOMETpUYe-
CKWiA pagiasnseTca pagom ®ypbe 4na cBoeil cymmbl. Mcnonb3ys npusHak
Junpurxse; Nerko nokasatb, 4YTO pag — 7= gaBndeTca cxogAawmmea Ha K,
n=1 N/m
HO,OH/He 6yaeT psgom dypbe cBoeit cymmbl f(x). 3TOT hakT Hamm OygeT
YCTaHOB/IEH MO3Xe.
Jlemma 1.1 MycTe Pp€ I—Zi], Torga: ]
i
1) ecm ip uéTHaa Ha oTpeske [1], Tof (P (X)dx = 2f P(x) dx;
- 0

I
2) ecim ip HeuéTHas Ha oTpeske [ 1], To J ua(x) dx =0.
-1



JokasatenbcTBo. 0 lMycTb tp uéTHad, T. e. P(—x) —ip(x), X €
TOrga, Aenas 3aMeHy X = —t , MeeM:
| 0 | 0 1
J ip(dx = Jip(x)dx+ J ip(x)dx=—3ip—t)dt + J ip(x)dx =
- ( - r 0 i 0
i i
J ip(t)dt +J <p(x)dx = 2J ip(x)dx.

AHaIOTMYHO AN HEYETHOW (yHKuMKM (P yCTaHaBNMBaeTCA YTBepXKae-
Hve 2). 0

YnpaxHeHue 1.4 lokaxuTe yTBepxaeHue 2) nemmbl 1.1.
YnpaxHeHue 1.5 YcTaHOBWTE reOMETPUYECKMIA CMbIC/ fgMMbl 1.1,
M3 nemmbl 1.1 cnefyet cnegytoLlas Teopema.

Teopema 1.3 (0 pagax ®Pypbe AN YETHbIX W, HEYETHbIX (PYHK-
umin) MycTb / € 8—7r;7r], Torga:
1) ecrn dhyHKUmMA /| YéTHas Ha [ 7], Toeépas Pypbe MMeeT BUA:

oo 2
/ ~ )? + A2 awcosnx, an-~ - )_f(x) cosnxdx, n —0,1,2,...,

71=1 n

T.e. pag Pypbe 4ETHON hyHKUMK \Na [T ] He COAEP>KMT CUHYChI;
2) ecnn doyHKUMA / HeyéTHasa Ha [ ], To eé pag Pypbe UMeeT BUA:

2
2_,“nSinnx, | \bn = — }f(x) sinnxdx, n =1,2,3,...,
n=1 mo

m.e. psg ®ypbe HEYETHOI (PYHKLUMW HA [T 7] He COLEP>KUT KOCUHYCHI.

JokasaTenbeTBo. >Ecnn / yéTHas Ha [—oK], To f(X) cosnx YéTHble
(hyHKUMKM Ha [—r;7r], a f(X) sin na: HeYéTHbI 1, B cuny nemMmbl 1.1,
H

an= ~J f(x) cosnxdx, n —0,1,2,...,
0

= —]1 fix) sinnxdx —0, n —1,2,3,
mJ

3TUM U [0Ka3aHO YTBepXKaeHne 1) Teopembl.
Ecnu xe / HeuéTHaa Ha [ 7r], TO /(X) €OS N X HEYETHble (PYHKLUN Ha

10



{7, M), a pyHKummM /(X) sinnX YéTHbl Ha [, =1 W, B cuny neMmbl 1.1,

1 s "
an = Tf /(x) cosnxdx =0, bn=— FIQ(} sinnxdx.

STVM JOKa3aHO YTBEPXAEHME 2) TeOpeMbl. @

Nemma 1.2 NycTb dyHkuma ip € St 7] bl nepuofuuHa. Torga

n.va nioboro a 6 M )
aHr

I v(x)dx= Il vWdxe

[oka3aTenbcTBO. > B03bMEM MPOM3BO/bHOE (PUKCUPOBAHHOE 0 £ XK
Ou4eBUAHO, YTO CYLLECTBYHOT L/Ioe YMCo K 1 uncno a G [0p2f].Takme, 4To
a=a + xwx lNoatomy

y<"(x) dx = [x = t+ Xm] = )li'\(<) = J tpftydt+ J tp(t)dt =

= [BO BTOpOM MHTerpane fenaem3ameHy t = z + 21 —

= J tp{)dt + J <p@z+ 2m)dz = Inip(t) dt + J ip{z)dz = J ip(t) dt.<

a —it —ix a—Tc — —r

3ameuaHune 1.4 Jlemma, 1.2 no3sonseT KoapduumneHTtol ®ypoe (1.4) 2n
neproanyeckoin QyHKuumn A € 37—, 7], BbluMCAATb MO hopmynam:
arrT
a,=— . f(x) cosnxdx, n=0,1.2,...,
=R (x)

a—T

<n-r

B —— 1 /(x) sinnxdx, n= 1,2,3,..., a € K,
mJ

a—f
W, \B 4aCTHOCTHU,
ar
a,, = —]J] /(x) cosnxdx, n=0,1,2,...,
Tr} (x)
ar
= 112131_

bn=—_ /(X) sinnxdx, n
T3 (x)



[o cux nop mbl rosopunmn o pagax ®ypbe ana GyHKUNUA C NEPUOLOM 2>K
B obwem cnyvae, Korga 3agaHa 21 nepuofuyeckas QyHKUuA, pagbl Pypbe
OnNpesenslTCs aHanormuHo. KpaTko U30OXMM 3TOT Cyyaid.

Onpegenenne 1.5 Nyctb f E W—, 1\ Torga TpUroHOMeTpUYECKMii
PAA

ocC
20 V5.,
—+ Y \ancos
& 71

=1

HasbiBaeTCA pagoM ®ypee yukumm / 6 St—HI], ecom

T,

7T

P %) (1.8)

X+ p,sm

11 K
an = jI J 1(x) cos—I xdx, n=20,1,2,...
i}
(1.9
B =71fﬂ,x)sm T—tmxdx, n- 1,2,3,.
r

OueBugHo, uTo ecm pag (1.8) umeet cymmy /(X )5 70 hyHKLMA /(X)
21 neprofmnyeckas QyHKLMA.

Teopema 1.4 CucTema TPUrOHOMETPUUEEKNX (PYHKLNIA
moo. T 2K 2
1, cos —X, Sm y X, COS -Y=X,, sMm —X,...

opToroHanbHa Ha [4/].

[okasaTtenscTBo. 0 [JaHHoOe-A0Ka3aTeNbCTBO aHa/IOTMYHO J0Ka3aTeslb-
cTBY TeopeMbl 11 AnA TPUrQHOMETPUUECKOW CUCTEMbI HA OTpeske [—r; 7). <
YnpaxHeHue 1.6. [lokaxute Teopemy 14.

Teopema 1.5 Mycwb. TpuroHome Tpudeckuin pag (1-8) cxoguTcsa pas-
HOMepHO Ha R K dyHkuum /(X). Torga sTOT psag fAsnseTca pagjoMm dypse
CBOEW cymMMbl /(X).

JokasarenscTBo, 0 [laHHOe J0Ka3aTeNbCTBO MOXHO MPOBECTU aHaso-
r'MYHO foKa3aTeNlbCTBY Teopembl 1.2 ana paga (1.8). Ho moxHo cdopmynu-
POBaHHYH-TEOpPEMY MONYUNUTb Kak CefCcTBMe LOKa3aHHOW paHee TeopeMbl 1.2
ana pagos suga (1.3).

B page (1.8) coenaem 3ameHy X —;(t € [ 7, ecnn x E [—l;{]).
Monyunm pag smga (1.3), cymma kotoporo 6yget dyHkumsa F(t) = /(?).
Mo fokasaHHON paHee Teopegnoe l.ZC,OB CWly paBHOMEPHOI CXOAMMOCTM psja
(1.3) K F(t), nmeem F(t) = pais £)I(ancosnt 4 6nsinn£), rae

n=

"

lj Ft)omentdt, n=0,1,2,...,

12



T
b, = —J F(t) sinntdt,n=1,2,3,

Cpenaem B aTux (hopMynax obpatHyto 3ameHy t = — (x E [M], ecnn
i € [ 71]), nonyunm

|
T. e. pag (1.8) ssnsetcs psagom dypbe cBoeli cyMmbl f{x). <

Teopema 1.6 (0 pagax ®ypbe A5 YETHbIX N HEUYETHbIX (PYHK-
umin) MNyctb / E 924;1\ Torga:
1) ecam doyHKUmMA /| yéTHaa Ha [=#J], To eé pag Pypbe UMeeT BUA

00

0]
2) ecm (hyHKUMA ] (HeuéTHasa Ha [4/], To eé pag Pypbe nmeeT BUA

oc

)

[okasaTenbcTBO, G JlJaHHOE [0Ka3aTeIbCTBO aHa/IOMMYHO fOKa3aTe/b-
cTBy-Teopembl 1.3 ana yHKumii / E I «]. <

YnpaxHeHue 1.7 [lokaxuTe Teopemy L1.6.

Nlemma 1.3 MycTb dyHkuna  E 37—} v 21 nepuofpuHa, Torga ans
no6oro o 6 !

a— -1

[loka3aTenbCcTBO. > [laHHOE [J0Ka3aTe/IbCTBO aHa/IOrMYHO [JoKas3aTeslb-
CTBY /IeMMbl 1.2. 0

13



YnpaxHernue 1.8 fokaxute nemmy 1.3.

3amevaHue 1.5 Takke Kak gns qyHkunii / € LL—TF® Mbl MOXeM
yTBEPXKAaTb, UTO KoaghdmumeHTol dypbe (1.9) ans dyHkummn / 6
21 NeproANYECKO MOXHO BbIUMCAATL MO (hopMynam

a+/
1
an = - ff(x) cos%Kx dx, n —0,1,2,.
a—l

. TWK
b= [ fx)sin—xdx n—1,2,3,,

nnn, B YaCTHOCTW.

n
TVK

f(x) cosx ak, n=0,1,2,..(

1r+f . TWK
bn —y / /(®) sin n=412.3,—

3ameuaHue 1.6 B u3noeHHOI Bbite Teopun Mbl Mpegnonaranm, 4To
/ € W—2; 1]. OpHako, BCE ocTaéTcs B\Cune, ecnu Byaem cuntaTb, yto f(x)
abcontoTHO uHTerpupyema Ha [—Z1].

YnpaxHeHne 1.9 lNMpoBepbTe nocneHee yTBEPXKAEHME.

B aToli Teme Mbl paccmaTpvBasvi BOMPOCbI O MOCTPOeHUM psiga dypbe,
MpW 3TOM He MOAHMMa/IA, BONPOC O CXoAMMOCTM paga dypbe QyHKUMmM / no-
TOYEYHO, paBHOMEPHO. ‘B cregytollem naparpade Mbl BBEAEM HOBBIA BUS, CXO-
AVIMOCTM (PYHKUMOHANBHOMO psiga (CXOAMMOCTb B CPeAHe KBaApaTUYHOM) U
N3y4nUM CXOQUMOETb pafa Pypbe B 3TOM CMbICNE (B CMbICNe CXOAMMOCTM B
cpefHe KBaapaTMiHOM).

14



Tema 2 CxogmmocTb pafa dPypbe B cpefHe KBajpa-
TUYHOM

2.1 MNocTtaHoBKa 334a4un

2.2 JKcTpemasibHOe CBOWCTBO YaCTUYHBIX CyMM psaga dypbe

2.3 HepaseHcTBO Beccens a1 TPMroHOMETPUYECKOI CUCTEMbI U ero Clea-
CTBUSA

2.1 MNMocTaHoBKa 3agayn
MycTb 3afaH (PYHKUMOHANbHbIN Psg
()

U,,(x), x 6 X, (2.1)

71=1

7

Sn{x) — fc—lUk{X) -- €ro YacTmyHas cymma. PaHee Mbl paccMoTpenu [Ba

BUJa CXOAMMOCTU (PYHKLIMOHABHOIO psafa (2.1) - NOTeYeUHYI0 1 paBHOMEP-
Hyl0. Hapsgy C aTMy BMAAMW CXOAMMOCTW MONTEM WAW WHBIM MPUYMHAM
Mo/Ie3HO paccmaTpmeatb W Apyrve BUAbl CXOBUMOCTY (ApYyrue onpegesneHus
CX0aMMocCTH). OCTAHOBMMCS Ha HEKOTOPbIX\W3 HUX:

Si{x) + S2(x) + %+ 'Sn(x)

5' nyctb an(x) = cpefHee apugmeTuye-

CKOE YaCTW4HbIX cymm Si, S2, ...,\Sn. Ecim an(x) nmeeT NOTOYeYHbIA Mpe-
gen f(x) gns Bcex x € X, _TO roBOpAT, 4TO (PYHKLMOHANbHLIA pag (2.1)
CXOAMTCA NOTOYEYHO B CPefHE apu(IMETUYECKOM YaCTUYHBIX CyMM Sn(X) Ha
X K

2) ecnn I_l/i\m supM(x) —cn(x)| —O0, To rosopAT, uTo pag (2.1) cxogutcs
°° xex
paBHOMepHO B CpefHe apU(PMETUYECKOM YacTUUHbIX CyMM Sn(X) Ha X K
1(*);
b
3) nyets' X = [a B u Un(x) € 37a b, Toraa, ecnm nIi_rKr)10 Ff(x) —Sn(x)\2 dx,
a
TO/[OBOPAT, 4TO pAA (2.1) cxopuTcs Ha [o; 6] K f(X) B cpegHe KBagpaTUYHOM
(B\.CMbIC/E CpefHe KBaApaTUYHOIO YKIOHEHNS).

B (hyHKUMOHAMbHOM aHaim3e paccMaTpyBatoTCs U Apyrue BUAbI CXOAu-
MOCTU B KOHKpPeTHOM 6aHaxoBOM (HOpMMpPOBaHHOM) mnpocTpaHcTee. ogpa-
Xas o6bueii Teopum, B npocTtpaHcTee K[a; H BBeaéM noHATve HOpMbl. MycTb
/(x) € 37[a; 6], Torga HopMon hyHKLMM / Ha30BEM YMCO

6 \ 172
/ 2(x) dx

15



[aHHoe onpefeneHvie HOPMbl YHKLMK 6YyOeT YAO0BNEeTBOPSATL 06LeMy
OnpegeneHnto HopMbl (C HEKOTOPLIMW OrOBOPKaMW, He CYLLECTBEHHbIMU ANA
HaLLeld Teopun).

ToT ¢hakT, 4To pag (2.1) cxoautcs B cpefHe KBagpaTtuyHom K f(x), mox-
HO 3anucaTb B BUfE

iy 1/ () - 5,06l = ©.

MycTb pyHKumna / € F—m,m un
0
f(x) ~ > (ancosnx - bnSinnx), (2.2)
roe i
a,, —%}T/(x) cosnxdx, n =0,1,2,..4
(23)

1 *
H1 ~ FF/()K) sinnxdx, n = 112,3,...,

O) N
n5nx) = -é---(- g_zl(akcos kx + bkSinkx)/yactuuHasa cymma paga (2.2).

[Janblue Hac 6yayT MHTepecoBaTb CBOWCTBA YacTMYHbIX CYyMM Sn(x) n Koad-
thuumeHToB ®dypee (2.3). 4

2.2 JKCTpeMasibHOe CBOWCTBO YacTUUYHbBIX CYMM psafa dypbe

Hapsigy ¢ 4acTUYHOW cymMmoid S,,(X) paccMOTPUM TPUrOHOMETPUYECKMIA

MHOro4sieH n

sn(x) —ao + "~ ( at coskx + Pxsinkx). (2.9)
k=1
MocTaBum,.3afa4uy: cpefn BCEX TPUTOHOMETPUYECKUX MHOMOUIEHOB SN(X)
HainTL TOT) KOTOPbIA AaéT HaMMeHbLLee KBaJpaTUYHOE YKIOHEHME OT (DYHK-
um(/ 6 3R—r; 7r]. Bonee moapobHO 3Ta MOCTaHOBKA BbIFNAAUT TaK: Haid-
T KO3hMUMeHTbl c*o, ou, mmm an, (3\, /% ..., On Tak, 4To6bl BeNUYMHA
™

Ifix) —5,@)|2 = / (/(x) —Sn{x))'2dx 6blna MUHUManbHa. OKa3blBaeT-
Cs. 3TUM CBOWCTBOM b6na,u,a+m Ko3h(puumeHTsl Pypbe yHKLUUN /(X).

Teopema 2.1 (3KCTpemMasibHOe CBOWCTBO YaCTUYHbIX CYMM psi-
fa ®ypbe) MycTb Sn{X) ecTb YaCTUYHbIE CYMMbI psaga Pypbe PYHKLUK
/| € P[—T; w], asn(x) —Npon3BONbHbLIA TPUTOHOMETPUYECKNIA MHO-
rouneH (2-4), Torga gna noboro gpukcrposanHoro n € N

W(x) - 5,090 [1/(x) - sn()!|

16



WK, YTO SKBUBANEHT 210,
J (/(7) - S,,(x))2dx ~ J (f(x) - sn{x))2dx.

-7r e

JokaszaTenbcTBo, 0 Ana ||/(x) —s,,(X)|j umeem
/(X)) - S,00l2= J (/(x) - S.(x)2dx = J /2(x) dx-

-’ - m

-2 >//(x)s,,(x) dx + J s@(x)dx. (2.5)
Mcnonb3ysa (2.4), uveem
J f(x)sn(x) dx —qo1 /(xX)dx + £ > = J f(x)coskxdx+

-X -’ fc=1 =31

+/2% [ [(x) sinfcxdx) = QUOOTTA, A(afcOfc + /7%6*)7r,
Y, *=
rge a*, bk —koagpduumenTsl Pypbe PyHKUMY /.
Takum 06pa3om,
" B
[ 1(x)s,,(x) dx = 7r(alao + " (a™a™* + /3*6%)). (2.6)
fa
[nsa TpeTbero cnaraemoro us (2.5) nmeem
a * n
[ s2(xX).dx = | (a0 + V”*(afc cos/cx + [7*sin fex))2dx =
-+ —F *1

= | (a0)2dx -f2a0 / /40 4* cosfex + (Bbsin fex) dx+
L
W » \ 2
+ [ I™(ajtcosfex + /3*sinfex) j  dx.
*=j /
BTopoe cnaraemoe B MpaBOil 4acTM MO CBOWCTBY OpPTOrOHANLHOCTW Tpu-
FOHOMETPUYECKOW CUCTEMBI BYAET paBHO Hy/HO, MO3TOMY

YcTaHaea agykaubm s+
Tomenbeo A3dxayHbl yXBepcnpT f< . .
iMa®pa Jblg’\c)cu§¥,|NgtE£5)-|Tr + 272~ | (@jfecoskx + (Xsinkx) :

LBLIBNUATIKA,,  Hml>
17



X (amcos Tx + fansin mx) dx.

WHTerpanbl B CyMMe NPaBoli yacTy 3TOro PaBeHCTBA MO TOMY XKe CBOVi-
CTBY OPTOrOHa/IbHOCTY 6GyAyT paBHbl HY/HO, 33 MCK/OYEHWEM WHTErpasioB

" "
J cos2kxdx - J sin2kx dx = n.
—X - T
OKOHYaTeNbHO VUMEeM
J n

/. SB(x) dx = >K2a% + + Pi))- (2-7)

MopctaBnas (2.6) u (2.7) B (2.5), nonyumm
[11OK) - s, (X)H2=J (fix) - sn(x))2dx =J (f{x))2dx-
n 7 7n
-27r(a0a0+ '""2(®kak + PDK)) + 7r(2a0 + YAXak+ At)) =
k=1 fca
il n
= fif{x))2dx + a*I [(ak- _a*)2+ (oic- ft)7] -
fcH

—5M«4 + M)+ 2i(«0 - 2a0)" - TTy.
jHE
Takum 06pasom,

[f{x) - sn(x)||2= /7(f(x))2dx + Tr[r’]‘ [@* - a/lt)2+ (bk - ft)2] +

N *=
+2(a0* 200)2 - w["(a2+ bic) + . (2.8)
A

Mpaeag yacTb paBeHcTBa (2.8) GyAeT MMeTb MUHUMA/IbHOE 3HAYeHWe, ec-
nn.fiepBasi KBagpaTHast CKOGKa paBHa Hy/0, UTO 3KBUBAMEHTHO YCMOBMIO:

Qq——, Ok —iik. Kk —1,2,...,7, ft bk. k 1,2,...,7L

A 370 03HauvaeT, 4to \\f(X) —sn(x)“ZZ 6yfeT NPpUHUMAaTL MUHUMa/IbHOE 3Ha-
YeHue, ecnn sn(x) = Sn(x). <

18



2.3 HepaBeHCcTBO Beccens gns TPMrOHOMETPUYECKOW CUCTEMBbI

n ero cneacrteuA

Teopema 2.2 (HepaBeHcTBO Beccensa) MycTb / € 3 —=r;1r], TOrga
“MeeT MeCTO HepaBeHCTBO beccens

2+ +0 Mk ax'

[okasatenbctBo. > [na dyHKunu / £ SE[— 7] meeT MecTo paBed-
CTBO (2.8), N0N0XUB B KOTOPOM Sn(X) = Sn(X), Nony4nmM ToXAecTBO beccens
4N TPUrOHOMETPUYECKONA CUCTEMBI:

[1OK) - ~,QN2= f f(x) dx- Tr[*+ £ > f A D)\ (2-9)
K=i
Tak Kak f1eBas 4acTb paBeHCTBa (2.9) 6onblue Mbe/paBHa HyMo, TO U3
(2.9) meem HepaBeHCTBO

L, + S F(X)dx- (2.10)
k=1
310 HEpaBeHCTBO O3Ha4aeT, 4TO, BO3pacTarollad nocneaoBate/ibHOCTb
o2 n
HeoTpuuartesbHbIX 4ucen 1, = E + fg(al + b\) OrpaHmyeHa 4mnCriom

—/ 1 2(x) dx, cnegosaTenbHO, 'OHa UMeeT npeden, T. €. psag J2 (°2+ b\) cxo-
no- k=1
anTcs, W, nepexofs K-npegeny npv N —* 00 B (2.10), nonyyMm HepaBeHCTBO
v 00 1
beccena — + £/ (al+ A) J /2(7) dx. <
2 I T

CnepctBue 2.1 MycTb / E $—7r;7r]? Torpa ana koagdpmumeHTos Py-
pbe

r!%an = Ijli—%f]/ f {xX) cosnx dx —0,
¥

lim bn= lim - J f(x) sinnxdx = 0. (2-11)
700 T

n—*oo0

,ﬂ,OKa&?TeanTBO. > [loka3aTeNlbCTBO 3TOro hakTta cnegyet U3 TOro,
4To pAag b__1(ft2 + 6*) Bcerga CXogmTcs, 1 B CUTy HEOOXOAMMOTO YC/TOBUS CXO-

AMMOCTW YmncnoBoro paga a* —* 0, A0 npu K —00. <
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Cnepcteue 2.2 Myctb / fe Sj—r;r], Torga gna noboro oTpeska
[ B ¢ [ 7] nmeem:
b

b
a) lim f /(x) cosnxdx = lim f f(x)smnxdx =0;
n—KX>t|
b
6) lim v{f(x) sin(n+2-)x dx = 0. (2.12)

[oka3zaTenbCTBO. > [leCTBUTENBHO, pacCMOTPUM (DYHKLMIO

f(x), xela;b],
0, x € [=r;7r\[ab].

OueBupgHo, uto F G §[—r; 7], n B cuny cnefcteusa 2.1

F(x)

lim j /(x) cosnx dx = lim J/ F(x) cosnx dx=0;

0 ™

n“—%/l /(x) sinnxdx = nll_)ngnj F(x)isinnxdx —m0.

[na nokasarenscrea 6) 3aMeTuM, 4TQ
1(x) sin(n + -;))x = /‘(x)“(sﬁrmrmmcos)zS + cosnx s‘ln)gj =

/i(x)sinnx + /o(x) cosnx,

roe
li(x) = [(x)cos| G3—-7r], [2(x)=/(k)sin| e I—r;m]
6 6
B cuny a) umeem lim I/ x(x) sinnxdr = lim f /r(x) cosnxdx = 0.
rroo £ rc->00 n

OTKyfa v BBITEKAET yTBepXAeHue 6). <

3ameyvanue 2.1 dopmynbl (2.11) n (2.12) n3 cneacteuii 2.1 n 2.2 Ans-
t0TCA-4aCTHbIM cyyaem 6onee o6LLein neMmbl PrmMaHa.

Jlemma 2.1 (Pumana) MNycTb dyHKUMA /(X) abCoMoTHO UHTErpupy-
emMa Ha KOHe4yHoM unu 6eckoHeyHOM UHTepBase (a; b). Torga
b b

AI%:‘{ /(x) cosAx dx = A:»na“/ /(x)sinAxdx = 0.

3amMeyaHue 2.2 B aTom naparpage Mbl pacCMOTPENM TOT C/lyyail, Koraa
| € 3JA—r; ). Bcé ckazaHHOe UMeeT MeCTO M 4S8 Go/ee LUMPOKOro Knacca
(hYHKUWIA, cocToALLero M3 abconloTHO MHTErpupyemMbiX (PYHKLUWIA, KBagpat
KOTOpPbIX ABAAETCA UHTErPUPYEMOIi B HECOBCTBEHHOM CMbICe (hYHKLMEA.

20



YnpaxHeHue 2.1 NposepbTe MnocnegHee yTepXaeHue.
3amMeyaHune 2.3 BepHémca K 3amedaHuto 1.3 M pacCMOTPUM TPUTOHOMET-

o IS, sinnx .
PUYECKUii psg 2 — T=, KOTOpbIiA, KaK Mbl OTMETU/IN, CXOAUTCS A/151 NH0GOr0
n— vn
i £ 1 k HekoTopoi pyHKuUMmM f{x). MoKaxeM, 4TO 3TOT psAg He ABNAETCA ps-

fom dypbe cBoeit cymmbl f(x). [eicTButensHo, gonyctus, uyto / £ Fm 7]
(v uTto f(x) — abconoTHO VlHTerpMpyeGMDaABn/leCTeJ(I:_o CBOUM KBapaToMm),

nonyyMm no HepaseHcTBy beccens, uto V] - ~ — T f 2(x) dx = const, HO
n=1 T_n

3TO HEBEPHO B CUNY PacXOAMMOCTU rapMOHWYecKoro paga. Mpotusopeune

[l0Ka3bIBaeT, yTo / T, (wm gaxe f(x) —He abconoTHO UATErpu-

pyema BMecTe CO CBOMM KBafpaToOM), T. €. UCXOAHbIV psij He ABNseTes psagom

®ypbe cBoeit cymmbl f(X) B OTMEUEHHBIX Bbille Kiaccax hyHKLUWA,

3ameyvaHue 2.4 [na abCoMOTHO MHTErpupyembiX BMEECTe CO CBOWM
KBagpaTtoM (yHKumin (B Tom uucne n gna / £ 50— 7])~Ha camom pene
MMeeT MEeCTO He HepaBeHCTBO beccend, a paBeHcTBO [apcesans-CTeknosa
2 , N
J + XXal+ Hl) =*“ [ [20x)dx.
=1

[JlokazaTenbCTBO 3TOr0 (hakTa TPeByeT \ONOMHUTENbHbIX UCCNeL0BaHUI
1 6yfeT NpoBeseHo B Teme 5.
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Tema 3lMoTOYEYHAA CXOL4UMOCTb TPUTOHOMETPUYECKOTO
pafa ®ypbe

3.1 ViHTerpanbHoe npeacTas/ieHe YaCTUYHBIX CyMM psaga ®Pypoe, a4po
Oupnxne

3.2 MNpuHUMN nokanusaunm PrumaHa

3.3 Mpu3Hak [AMHN NOTOYEYHOI CX0AMMOCTM paga dypbe

3.4 TpM3HaKy NOTOYEYHON CXOAMMOCTU psgoB dypbe

B aToM pasgene n3yymMm BOMPOC O MOTOYEYHON cxoaMmocTu psga Pypee
4Na QYHKUMW 7 £ 33[- 7r; 7]

31 MHTerpanbHoe npeicTaB/eHUEe YacTU4YHbIX CyMM psja
dypbe, aapo Aupunxne

Myctb dyHkums / 6 3?[-7r; 7] v 21r nepmoanyHa Ha M TMycTb 5,,(X) =

= %n--b f (aklcos kx + bk sin kx) — yacTnuHble cymmblpaga ®ypbe QyHKLUU
K=
/. B aToin hopmyne

—J f(t) cosktdt,\k~ 0,1,2,...,
-x

™

MoacTtaBnsAs B CyMMbL'S,,{X) 3HaueHus KoahdmumeHToB Pypbe gt U kX,
noy4nMm
n
sn(x)’= =1 m I+ Y | coskxcoskt + sinkx sinkt dt
nl 2 ti

dyHKumio Dn(u) = —;+ K_\cos KU1 HasblBaloT agpom Aupuxne. Takum 06-

pasoM, UMeeT MECTO MHTEerpasibHoe MPeACTaB/eHNe YaCTUYHOW CyMMbl psja
dypbe
yp T

(3.1)
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Mpeo6pasyem sapo Aupuxne Dn(u) K Bugy, YA06HOMY 415 fafbHERLINX
nccnegoBaHuiA. Mivieem

2sinon(u) = 2sin’4 + AT\os ku) =

A
= sin Sin(A: + -)u —sin(A: —i)w sin(n + -)u.
JA
OTkyga
sin(n + -)u
Dn(u) = ONA BCeX U ( DK

2sin -
CsolicTBa sagpa Anpuxne.

CeoiictBo 3.1 ®PyHkumio Dn(u) MO>KHO cuMTaT b HenpepbiBHOW Ha K.

[oka3aTenbcTBO, 0 [eicTBMTENLHO, ecim U,/ "2irk, TO yTBEPXAEHNE
o4eBMAHO. PaccmoTpuM Touku 2nK, K E b. AagpyHkuum D,,(u) caenaem
3aMeHy U = z + 2TTK UMeeM

sm(n+™)z +N& () fesin(n + ~)z
Dn{u)
2sin(- + &) (-DR2sin|

sin(n + -)z j

Torga "QI DJu) = 9‘8 ""2"5'i-r-1|q)_ =n+s

Takum 06pa3oMm;) ‘PYHKLUMIO MOXHO AOOMNPedeMTb B TOYKaX DKK
(k =0, £1, +2¢7%.). N0 HEMPEPLIBHOCTK, T. €. MOAOXMTb, 4T0 Dn(2nk) —
1

=n+
Cepowncreo 3.2 \Dn(u)\ <n +
JoKa3zaTenbCTBO. > 3TO CBOWCTBO cregyer m3 Toro, 4yto \Dn(u)\ =
-+ I|<E:1(I)«ku
CaoiictBo 3.3 Dn(—u) —Dn(u) gm Bcex u £ IR
YnpaxHeHue 3.1 [lokaxunTe cBoiicTBO 3.3.

CaoiictBo 3.4 Dn(u+ 2K —Dn(u) gna scex u £ K.
YnpaxHeHue 3.2 [lokaxuTe CBONCTBO 3.4.

o T
Csowncteo 3.5 \Dn(U\ < —y ana 0 < n| < TTr
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JokasaTtenbctBo. t Monoxum ip(x) = §_|;r(1___ x £ (0; —] PyHKLMA
T, xcosx —sinx
<p(x) MOHOTOHHO y6biBaeT Ha (0; —f, Tak Kak <p' (x) o
— COSX())((—l—_——I—q)—(—) N 0 pna Beex x € (0; —] B cuny ybbiBaHus QyHKLUK
sinX T
2(X), ) = L 1= <0 GO, —
y?(X), Meem <P(2—) - N i NO) ons B(;exxSin(é()
" N AN
CDyHKu,vm (p 4éTHaa Ha ’ 22 n03T0|\/|y = « 1 pns Bcex
T
X £ {— ,0). OKOHYaTeNbHO MMeeM —< >K|_ < 1panaBcex 0 < \x\ 2 5
ﬂ,l‘lﬂ Dn(u) nosyyaem OLEHKY:
sin(n + b« simign -3
\Dn{up\ = ---------- F— = —“"“H——““< | oy ,\0< |u < jt<
sm2— sm— >

Csoiictaa agpa Oupuxne Dn{u) no3sonaiOT MHTErpasibHOe npeacTasne-
Hue (3.1) 3anucatb B MHOM BUge. B hopmyne’ (3.1) caenaem sameHy t—x = u,
nonyynm

S,,(x) =~ J, f(X + u)Dn{u)du. (3.2

B nocnegHem paBeHCTBE“MbI“YUYnn CBOMNCTBO YETHOCTM Dn(u) v nemmy
1.2. fanee npeactasum S,;(x) B Buge

0 i

sn(x) =<{J f(x + u)D,,(u) du+ J f(x + u)Dn(u)du\.

ChenaB B NMepBOM WHTErpase 3aMeHy V = —1, OKOHYaTe/lbHO MOyYnm
VHTErpaibHOE MpPeACcTaB/ieHre YaCTUYHBIX CyMM psja ®ypbe:

T

Sn(x) =~ J (f(x +u) + f(x - u))Dn{u) du. (3.3
0

Ecrm f(x) ~ 1, To nerko BuAaeTb, 4to S,,(X) = 1, nostomy u3 (3.3)
rnosyyaem T

2a
1 T’J Dn{u) du gns Bcex n £ N. (3.4)
0
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3ameyaHue 3.1 ViHTerpanbHble npeactasneduns (3.2) u (3.3) uveroT me-
CTO 1 AN17 abCONOTHO MHTErPUPYEMbIX Ha [—r; 71 PYHKUWIA.

3.2 MpuHumMn nokanusaunn PumaHa

Teopema 3.1 (nNpuHUUN nokanusauum Pumana) MNycTb dyHKUMA
/ 6 S n nepuoanyHa Ha E. Torga cxogMMoCTb WKW pacxogu-
MOCTb paga Pypbe PyHKumK f(X) B TOUKE xq 38BUCUT TONBKO OT NOBe-
JeHns pyHkuum f(X) B OKPECTHOCTU TOUKU xq.

JokaszaTenbcTBO. > Bocnonb3yeMcs WMHTErpasbHbIM NpPescTaBneduem
(3.2). MycTb 6 € (0,7). Torpa

-S S
(3.5)
B dopmyne (3.5) paccmoTpum BTOpOAMATErpan
PyHKUMA (p(1) = M X° € 7]
2sin —
PaccmoTpum_dhyHKLMIO
Q@uesupaHo, yto F(u) 6 97—, 7.
[le-cnepctauto 2.2 (hopmyna (2.12), 6)), nonyyaem
lim In= b(n) sin(n + -)udu = F(u) sin(n + -)u du = 0.

-

CoBepLLEHHO aHA/TIOTUYHO NOJyYaem, YTo



Takum 06pa3om, CXOAMMOCTb MU PacXoanMocTs Sn(xo) (3.5) 3aBucuT ot
b6
TOro, CyLLEeCTBYeT /i KOHeuHbln lim f f(xo+ u)Dn(u)du, T. e. 3aBMCUT OT

noBefeHns QYHKUMN / B OKPECTHOCTU (X0 —6; X0+ <5
3ameyvaHune 3.2 CyulectBoBaHve B Qopmyne (3.5) uHTerpana

[ f{xo+ u)Dn(u) du, He rapaHTUpyeT Ham €Ll CYLLEeCTBOBaHWE KOHEYHO-
S

ro npegena lim Sn(xo), T. e. He rapaHTUpyeT CXOAMMOCTb psja Pypbe B

Touke x0- CyLLeCTBYIOT NpUMEPbI MEPUOANYECKO HEMPEPbLIBHOW (hYHKUN,
pag Pypbe KOTOPO pacxoamuTcs Ha CUETHOM MHOXECTBe Touek, a pag ®y-
pbe MHTerpupyemMoii no Jlebery yHKLMN MOXET PacXoauThCA BO BCEX TOUKAX
(npumep A. H. Konmoroposa).

[Janee 6yayT ykazaHbl HEKOTOPbIE JOCTATOUHbIE YCI0BUSA.CXOAUMOCTH Psi-
fa dypbe.

3ameyaHwue 3.3 MpyHLUMN NOKaM3aLmMmn MMeeT MECTO-U 415 abCOMOTHO
WHTErpUpYeMOoin Ha [T, >K yHKUMK,

3.3 MpusHak AnHN NOTOYEYHOI cxofumocTn psaja Pypbe

OnpegeneHuve 3.1 MNycTb GyHkuma-fi(Xx) nepuogmuHa ¢ nepuogom 2k
Touka X0 HasblBaeTCA PeryMpHOi TO4KOA dpyHKumn f(x), ecnm:
1) cywecTBYIOT KOHEYHble AEBbIA 1 MNpaBblid Npegensl, . Ii)r(nof(x) —
—AXoH

= f(x0zx0),

g)/ u  _ /(xo+ 0YH.n A - 0)

3ameyvaHune 3.4, Flyctb (yHKumus f(x) wumeet nepuog 21, n nyctb /
HenpepbIBHa B TO4KE Xq, TOrAa ToUKa X0 6yAeT perynspHoi TOUKOWA (yHKL UK
/. 9T0 cnepyer N3.TOro, YTO AN HEMPEPbLIBHON (YHKLMM B TOUKeE XO /IEBbI U
npasblil npegensl pasHbl f(x0), T. €. /Oko + 0) = f(x0-0) = f{xo0). Moatomy

Teopema 3.2 (Npu3HaK AMHKU cxogumocTn paga Pypbe B TOUKE)
MycTb dyHkuma f(x) umeeT nepuog 2K f(x) € 3E—n; >4, n Touka x$ GK
—perynapHaa Touka yHkuum f(x). NycTb dyHkuua f(X) yaosneTsopseT
B TOYKE X0 YCnoBuAM [IMHU: CyLecTBYOT HeCO6CTBEHHbIE MHTErpabl
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Torga pag dypbe (yHKUMM / B Touke Xo MMeeT cymmy /(xo), T. e

nI_irxr)wO Sn{xo) = f(x0).

[JokaszaTtenbcTBO. > 114 yacTMuHoOl cymmbl Sn(x) psaga ®ypbe uMeet

MeCTO MHTerpasbHoe npeacrasneHune (3.3)
mn
S,.{x0) =i J (/(xo + n) +f(x0- u))Dn(u) du.
0]

[MOCKONbKY TOYKa X0 — perynapHasa Touka, 10

\ /(x0+ 0)+/(x0- 0)
A*o) = g ’

1 B cuny paseHcTBa (3.4),

T
f(xo) =i J(f(xo+ 0)+ /(k0- o)Dn(u) du.
0

Torga nveem

Sn(x0) - f{xo) = -"{)(/(x0+ m- f{xo+ 0))4,(n) ofu+

H7\/O(/(x0- M) =) /(x0- 0)A,(n) fz

(36)

OueBnaHO, YTO Teopema OyaeT JoKaszaHa, ecnu JOKaXeM, YTo 06a uHTe-
rpana B hopmyne (3.6) WMMelOT npejesbl Npy N —>00 paBHble 0. PaccMoTpum

MEePBLIA MHTErpan
T
In(xo) = / (/(x0+ K) - /(x0+ 0))4,(n) du.
o

BTOuke X0 BbINOHSAETCS YCN0BME JUHWN: CXOAWUTCS HECOOCTBEHHBI MHTErpan

J [(Bp+v) - [(xo+ Q) A

(0]

Moatomy ana nwo6oro e > 0 cywecteyer 6 € (0,h) Takoe, uTO

L/(*o+ *)-/(*0 + 0)1" | e

-
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Mo BbiGpaHHOMY € > 0 u 5 >0 mHTerpan 1n npeactasum B Buge 1,,{x0)
= An(x0) + Bn(xo), rae

v

n

An(xa) =J (f(xo+ n) “'f (xo+ 0))Dn(u) du,
0

s

L (*0) -/(/(x0 +u) - f(xo+ 0))Dn{u) du.

PaccmoTpumM cHavana Vicnonb3ys oueHky [E>n(u)| < -L, ansuioéoro
n £ (0; 7r) (cBoitictBo 1.5 Agpa Aupuxne), noayyaem, YTo

!/INE( o +14 A/ (io + {]'I)I/)Ifl'll ,,/(I\l{I)/\K - U(xo+ w) ~/(T0+ 0)]
2 7
ana scex n £ (0; S).
Moatomy
tr 0 + n)==L(ro+ 0)| e

Mepeiigém K oueHke nHTerpana Bn(xo) npu n —»oo. [ns 3TOro BBeféM
(DYHKUMIO

/(XO + VI) - 4}(X0+ 0) d'<"or/\"u AT,

F(u)=<{ 2sin
Oy _ﬂ—l\ M <5.

. 1
®yHkuna F(u) £ 82— v 4,(x0) = /n F(u)sin(n + -)udu. llo
cnegetsuo 1.2 (popmyna (2.12) 6)) nonyqaeM,quo HQDB”(XO) = 0, a ato
03HaY4aeT, YTO AN1A BbIGPAHHOr0 paHee MPOM3BOMLHOIO € > 0 cyllecTByeTt
HaTypanbHoe N Takoe, 4TO Ans BCeX N > N BbIMOMHAETCH HEPaBEHCTBO
Iar(xo)| < |.

TaknM 06pa3oM, Mbl NOKasanu, 4to Ans nwoéoro £>0 cywecteyeT N Ta-
Koe, UTO Ana Bcex N > N BbINonHseTca HepaseHCTBO \IN(xO\  |/1,,(x0)| +
+ \Bn(xo)\<e, T.e. "%E In{x0) = 0.

CoBepLLUEHHO aHaNorM4yHO A0Ka3bIBAETCS, YTO M BTOPOIA MHTerpan u3 (op-
My/bl (3.6) UMeeT paBHbIA Hy/KO Mpefen nNpyu N —»0o.

YnpaxHeHune 3.3 [JoKaxuTe rnocnesHee yTBep>KaeHue.
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Mepexops Tenepb K npegeny B (3.6), nonyyum rIIim Sn(xo) = /(xo0). <

3ameyaHue 3.5 MNpusHak JvHun cxogumocTy paga ®ypbe B TOUKE UMeEeT
MeCTO U ANns abCoMOTHO UHTErpUpYemoii Ha [—r; ] dyHKUMK.

YnpaxHeHue 3.4 [posepbTe yTBEPXKAEHME 3aMeyaHus 3.5.

YKa3blBas Knacchl PYHKLUWIA, 418 KOTOPbIX BbINOAHAETCA YCoBMe JuHu,
Mbl TEM CaMbIM YK&XXEM MPU3HaKL CXOAMMOCTW paga Pypbe B perynsapHoi
TOUKe X0 K f(xy).

3.4 Mpun3HaKN NOTOYEYHOW CXOAMMOCTU psafoB dypbe

OnpegeneHne 3.2 T0BOPAT, 4TO (yHKUMA /(3K) YAOBNeTBOPSET B
Touke MO ycnosuio énbaepa, ecnu:

1) cywecTBYT OAHOCTOPOHHWE KOHeuHble npegensl f(x0+.0);

2) cywecTByloT uncna M >0, a € (0,1] n 6 > 0 Takue, 4ToO

[/Ok0+ 1) - /Oko + 0)|  Mua,
|/(xo —un) —/(x0o —0)| » Mua pgna noGero un € (0;5). n

YUucno a HasbiBaloT nokasaTenem Enpaepa Flpua = 14acTo rosopsaT,
yTo f yaoBneTBOpPSET YCnoBuO Junwwinua,

MpoaHanu3npyem faHHOe Onpefencnue:

1) ecnm f(x) HenpepbiBHa B TOUKe X0 Torga /(ko+0) = /(ko—0) = f(x0)
1 noatomy ycrnoswe (3.7) 3anuwetces B Buge \f{xo £ n) —f(xo)| * Mua ans
Bcex n € (0, 5);

2) hyHkumsa f(Xx), yaoBeTBopstoLLas ycnosumio (3.7), MOXeT UMeTb B TOY-
Ke X0 pa3pbIB NepBoro poga, korga f(xo+ 0) & f(xo0—0). Takoii dhyHKUWel
asnsetca, Hanpumep, f(x) = signx B Touke »0 = 0.

YnpaxHeHue/3.5 AokasaTb, 4To (yHKuma f(x) — signx B Touke

= 0 wmeer pa3pbiB NepBOro poga W npu 3TOM YA0B/IETBOPAET YCNOBUIO
(3.7) B 3TOI TOUKe.

Mpughak 3.1 TycTb yHkuusa / € 37[~7r;7r] v 2n nepuoguyHa, U
ToykaNO6 E AsnseTCA perynsapHoil TouKoii ana dpyHkumm /(k). Ecnam /()
B/TOuKe MO yaoeneTBopseT ycnosuto [énbgepa, TO pag Pypbe DyHKLUuM
[(X) cxognTca K/ (o).

JokasaTenbcTtBo. ¢ B cuny nepuognyHocTt /(3K) MOXHO CUMUTATb,
yto #0 6 [ A (nouemy?). W3 ycnosumii énbaepa (3.7) cnegyeT, 4To

— /(xo™ Q1 ~ .ma oA Bcex m N (0, K), noatomy Hecob-

/(k0£n) -/(x 0%0)]

(0] n
€T, UTO B TOYKE MO BbIMOMHEHO YC/OBME JUHW, W MO Mpu3Haky [AuHu pag

dypbe cxoauTes K /(3k0), 0

CTBEHHbIE UHTETPasibl P

aun cxopAarca. A 310 03Hava-
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Cnepcteue 3.1 Ecnm / HenpepbiBHa Ha R, 21T nepuofuyuHa, U B TOYKe
X0 £ XX BbInonHeHo ycnosue Ménbaepa, TO pag Pypbe yHKUMKM [ cxoanTCes
K /(x0).

Cnepacteue 3.2 Ecnm / 2w nepuoanuHa, f £ L—1cT 1 Touka xq
ABNSeTCA TOUKOW paspblBa MepBOro pofa, B KOTOPOW BbIMOMHEHO YCNOBWE
Iénbpepa, To pag Pypbe diyHKLMM f(X) CXOaUTCA B TOUKE XO K

f{xp+0)+/(xo- O
2

Pacumpwvl onpeaeneHne 0A4HOCTOPOHHMX NPOM3BOAHBLIX, Nonaras

f+(xo +0) = lim /(1°+ %) - /(1+0),

Vv 0)= Lﬁgﬂo n

MpusHak 3.2 MycTb yHKuna / £ S{—R 7] v 21 neprogunyHa, Torga:

1) ecnm xo —perynapHas Touka yHKunY f*, 1 B TOYKE XO CYLLeCTBY-
10T OJHOCTOPOHHWE Mpou3soaHble f+'(x@+ 0), /~'(xo —0), To pag Pypbe
pyHkumm f(x) cxoguTces K H{xo) = — 21-

2) ec/m B TOYKe XO CYLLeCTBYeT KOHeuHas npoussofHas /'(xq), To pag
®ypbe pyHkuuy f(x) cxoaumcs K f(x o).

[oKaszaTenbCTBO. t> PaccMOTPUM MepBblid cydaid. MOCKOMbKY Cyliie-
CTBYIOT KOHEUHblE Npeaensi

U l-te )r Ne (H) =
U

n-=+0

f(xoxmn)~ /(xo = 0)
"

T0 QJyHKLI,I/IVI OorpaHn4YyeHbl Ha HEKOTOPOM WMHTEpPBane

(0,/r), T.6. cywecteyeT M > 0, Takoe 4TO —U— —X°. N M,
"

- - ° AN M pngaecex u 6 (0,/r). Moatomy yHKUMA /(X)

B TOUKe X0 YAO0BMEeTBOPSET ycnosuio énbhepa ¢ nokasarenem a = 1. Cne-
[0BaTeNbHO, MO NePBOMY MPU3HAKY CXOAMMOCTW psga Pypbe B TOuKe, paf
®ypbe pyHKummM [ Byget cxogutbes K /(X 0).

BTopoii cnyyali npusHaka 3.2 Nerko criefyer U3 nepeoro cnyyas. 4ns ato-
ro HY>XHO 3aMeTWUTb, YTO W3 CYLLECTBOBAHUA KOHEUYHOW npou3BogHoi /'(X0)
CleflyeT CyLLECTBOBaHME KOHeYHbIX Npou3BoaHbIX f£(xo+ 0) {f+'(xo+ 0) =
= /-'(xo —0) = /'(x0)), 1 TouKa Xo ByAeT TOUKOIA HeMpPepbIBHOCTK, O

30



OnpepgeneHuve 3.3 Ecim doyHkums f{x) Ha oTpeske [a b] umeeT, 6bITH
MO>KET, KOHEYHOe YMCNO TOYEK paspblea MepBoro pofa: a —x\ < X2 < mm
. < Xn= bTakK, 4To And noboro xk € (a, b) CywecTBYOT NpefeNbHbIe
3HaueHus /(x*x0), n Ha nHTepsane (zfc-v xk) yHkumsa /  audpepeHumpy-
eMa, a B TOYKax XK CYyLLeCTBYOT KOHEYHble OfHOCTOPOHHNE MPOM3BOAHbIE
f£'(xk+ 0), TO Takylo (DyHKLMIO Ha3bIBAT KyCOYHO-AUDdEepeHLmMpyemoli
Ha oTpeske [o, 6].

3 npur3HakKa 3.2 nerko nosy4vyaem cnegyroulee cneacrsne.

Cnegcteue 3.3 (NMpU3HaK cxoAnMMoCcTuU psaja Pypbe 4719 KYyCOYHO-
anddepeHunpyemon pyHKunm) Ecam dyHkuma f(x) 2 nepumoguyna Ha
R ¥ KycouHo-gudhthepeHumpyema Ha [—r;7r], Torga psg dypbe yHKuUun /
CXOAMTCA K 3HayeHwto f(X0) B TOUKe HENPepbIBHOCTU X0 W/ K \CpesHemy

f(xo+ 0) + f{x0- 0)
apupmeTnYeCKOMy B TOUYKe pa3pblBaxaq:

3amevaHue 3.6 MpusHaky 3.1, 3.2 MMEHOT MECTO M ANS abCOMOTHO WH-
Terpupyemoi Ha [, ] yHKumm.



Tema 4 PaBHOMeEpHaa CXoAUMOCTb pafa ®Pypbe

4.1 PaBHOMepHasa cxogumocTb psga dypbe A4NA AuddepeHumMpyemoi

(hyHKUMK
4.2 PaBHOMepHaa cXoAMMOCTb pafa ®Pypbe AN KyCOYHO-AnddepeHUn-

pyemoii (pyHKLM

4.1 PaBHOoMepHasa cxoguMmocTb paga  dypbe
ana  ounddepeHympyemoin  PyHKLUMK

Teopema 4.1 (0 paBHOMepHO cxogumocTu psga Pypoee). [ycTo
thyHkums f(x) 27T nepuognuHa u gudbdepeHuMpyeMa B KaXkaoii “Touke X £
£ 1, a nycTb dyHkuua f'(x) € —m 7. Torga pag ®Pypve yHkuum /
cXoaMTCAa paBHOMepHO Ha XK K dyHKuum f(x).

JokasatenbctBo, 0 B cuny npusHaka cxogumoct-psaga ®dypbe ans
KyCOYHO-andpepeHLpyeMoin yHkuumn, pag ®ypbechyHkumn / BygeTt cxo-
antecs K /(x):

00

ML

Mokaxxem € MOMOLLBIO Npu3HaKa BeliepluTpacca, YTO yHKLMOHAbHBbI
pag (4.1) pasHomepHo cxoguTca Ha K. YuutbiBaa, uto f £ 3i[—; 7], uHTe-
rpypys Mo 4acTam (a 370 BO3MOXHO), MOMy4YnM, YTO

ST T

[lockonbKy sin(£7ro) = 0, B cuny NepuoguyHoOCTVM (yHKUmin f(x) u
cosnx umeem /(Tr) cos7rn = / (—r) cos(—nn), Toraa

an — Ib_ln &1—”,77.——1,5(,...,

rae

1 " "
an 7rJ f(x) cosnxdx n bn=—J f{x) sinnx dx

-
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Tak Kak ons nobblX yncen a, be E MMeeT MecTo HepaBeHCTBO \ab\

<2 (a2+b2)>T0 UMEOT MECTO OLEHKM:

o
Pag, KO 2+ KO 2) cxogmTca B cuny HepaeeHcTBa beccens, NOCKO/Ib
y HEP Ky

0 |
P € 54—, 7r]. Kpome TOro, psag ~0 TakKxXe cxogurca. oatomy '8 cuny

71=1 T1

HalnX OUEHOK, CXOANTCA U pag
mY + T Xbl +|b).
™H

3ameuas, uTO0 |a,cosnx +eénsinnx| ~  la, - j |, no npusHaky
BeilepluTpacca paBHOMEPHON CXOAMMOCTM (YHKLMOHAMbHBIX PALOB, MOMy-
Yaem paBHOMEpPHYH cXoaMMOCTb psaga (4.1),K.coeit cymme f(x). <

4.2 PaBHOMepHaa cxoAMMOCTbL pAga  dypbe
ONA KYCOYHO-aM(depeHUMpyeMon yHKLNN

Teopema 4.2 MycTb f(X). HenpepblBHa Ha K, 1 cyllecTByeT He 6onee
KOHeuHoro uucna Touek {x*} (k = 1,2,... ,TI_)I, A NXxi<X2< .. <

< XN T Takux, 4yTe g scex X £ (—r, a)\ lg:EX&} CYLEeCTBYET KOHey-

HOA npon3BogHafP(x), npuuem f € 81> Torga pag Pypbe yHKUUM

[ cxognTcs,paBHOMEPHO Ha O0Tpeske [ w1 K diyHKumm /(K).
Jokasatensctso. t>I1ycTb

00
/| ~ —+ "7 (a,, cosnx + bnsin nx). 4.2)
n=1
COBepLUEHHO aHa/IOMMYHO 40KA3aTeNbCTBY NpefblayLuell TEOpembl, C y4é-
TOM TOrO, 4YTO p & JF—; 71, Nonyyaem



[Janblue, NOBTOPAS paccyXfeHns u3 npeabigylleli TeopeMbl, NOMyYaem,
yTo pag dypbe yHKUMM [ (X) CXOAMTCA PaBHOMEPHO K HEKOTOPOW Hempe-
PbIBHOM M 2N nepuoguyeckoi yHKumMm S(X), ANs KOTopoi psag (4.2) Takke
ABNAETCA PALAOM Dypbe.

MokaxeM, uto S(x) = f(x) ana Bcex X € [, 7). Tak Kak Ans noboro
X o Xk(k = 1 , 2 , 3 , cywecTByeT KOHeyHasa npoussogHaa fix), To
cymma paga ®ypee (4.2) byget pasHa f{x), T.e. S(x) = f(x) mns nwoboro
X ® Xkm®PyHkuma cp(x) = S(x) —f(x) Oymet HenpepbiBHa Ha K, TakK Kak
f{x) n S(x) HenpepbiBHbI, Kpome TOro, (p(x) = O pns Bcex X € [r;1r,
X ® Xk (k = 1,2,3,...,7). OueBMAHO, YTO B CUSTY HeMpepbIBHOCTU ip(X)
XIim ip(x) —ip(xk) = 0, T.e. S(xk) = f(xk), n noatomy S(x) = f(X)\Ha

[r; 7]. Takum o6pasom, psag (4.2) paBHoMepHO cxoamTes K f(x)-had K. <

Cnegcteue 4.1 MycTb f(X) 2n nepuogmuHa, HenpepblBHa Ha XK u
KycouHo-auddepeHumpyeMa Ha [—arpd, npuuem /' € 31w, Torga pag
dypbe yHKumn f(X) CXOAMTCA PaBHOMEPHO K HenpepbiBHOWM KyCOYHO-
ancbdhepeHumpyemoii dyHkumn f(x) Ha R.

JokasaTenbcTBO, 0 JloKas3aTensCTBO Cefyer i3 TOro, YTo HenpepbIs-

Hasl KycO4Ho-guddepeHuvpyemas QyHKUmMa f(x)\y40BNeTBOPSET BCEM YC/IO-
BUAM MpefblayLueii TeOpembl. <3



Tema 5 MpubnmxeHne QyHKLUMA

5.1 PaBHOMepHOE NPUBAMKEHNE KYCOUYHO-TIMHERHOW (PYHKLUM TPUFOHO-
METPUYECKUM MHOFOY/IEHOM

5.2 PaBHOMEPHOE NPUBAMKEHNE HEMPEPbLIBHOM (DYHKLMM MHOFOUY/IEHOM

5.3 MNpubamkeHne NHTErPUPYEMON (YHKLMUM KyCOYHO-IMHENHON (PYHK-
Lveld B CpeHeM M cpefHe KBafpaTU4HOM

5.4 TpubnwmwkeHne WHTErpupyemoii (yHKUUM TPUTOHOMETPUYECKUMU
MHOrO4/1IeHaMW B CPeAHEe KBapaTUYHOM U B CpeaHeM

5.1 PaBHOMepHOe NPUGAMKEHWNE KYCOUHO-TMHEMHOM \PYHKL NN
TPUTOHOMETPUYECKUM MHOTOYJIEHOM

OnpegeneHue 5.1 HenpepbiBHyto yHKUMIO 1(X), 3agaHHylo Ha [a, b\,
6yeM HasblBaTb KyCOYHO-NMHENHOM, ecimn CyLecTBYET pasdumeHne oTpeska
[ab\:a=x0 <X\ < X2 < m. <XT'\ <XT= 6 Takog, YTO Ha Ka>KI0M
13 oTpe3koB [xk~i,Xk\ (yHKLMSA nnHeliHa.

Teopema 5.1 (0 paBHOMEPHOM NPUBAVPKEHNN KYCOUHO-NTMHEAHOW
OYHKLUM TPUTOHOMETPUYECKMMUN MHOTo4YleHaMmn) MycTb Ha OTpes-
Ke [—7r;71] 3agaHa Kyco4HO-uHelHasa yHKumsa 1(x), npuyém W(—m) = 1(m).
Torga ana noboro e > 0 cylecTBYe T “FPUrOHOMETPUYECKUIA MHOTOUNEH

T(X) —— # cos kx + /Xsin kx)
2 \ 1

Takoi, yTo \I(x) —T,,(&).< e gna Bcex x e [T, ]

JokaszaTenbcTBO. >0ueBMIHO, 4YTO 1(X) ABNAETCA KYCOUHO-AnddhepeH-
LMpyemoil 1 HermpepbIBHONM Ha [—r; 7r]. Mpogomknm 1(X) neprognyeckum o6-
pa3oM Ha BCHO4MCE/IoBYIO Mpsamyto. C yyétom Toro, 4to 1(—) = 1(w). npo-
LJOMmKeHHast PYHKLUMA, KOTOPYH onsTb 0603Haumm yepes 1(x), 6yaeT Henpe-
pbiBHOW. ‘Ha K. Mo Teopeme 0 paBHOMEPHOIi CxogumocTu psaga dypbe ans
HenpepbIBHOW KyCcouHO-auddepeHumpyemont hyHKumn psag dypbe yHKLUN
1(x)\6yneT paBHOMepHO cxoauTbea K /(.r) Ha K. 3To 03HayaeT, 4T0 4Ns Ya-
CTUYHBIX CYMM

T{x) =~ + cos kx - Pksin kx)
k=1

paga ®ypbe dyHkumn I(x) OymeT BbINOMHATLCA YCNOBME: A5 /IHO6Oro
e > 0 cywectsyeT N Takoe, yto Ans Bcex 1 > N u gna scex X G [ 4]
Oy[eT cnpaBefiMBo HepaBeHCTBO |E(X) —Tn(x)| < e. [oka3aTensCcTBO TeO-
PEMbl 3aBEPLUMTCS, ECAN Mbl BO3bMEM (PUKCMPOBaHHbLIA MHOrouneH Tn(x),
06nagaoLWmiA yKasaHHbIM cBoiicTBoM. <
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5.2 PaBHOMepHOe NpPUONMKEHUE HEMPEPLIBHOW (QyHKUMN
MHOT0YJ/IEHOM

Teopema 5.2 (BTopas Teopema BenepliTpacca 0 paBHOMEPHOM
NPUGAKEHUN HENPEPbIBHON PYHKLMN TPUTOHOMETPUYECKMM MHO-
rouneHom) MycTb f(Xx) HenpepbiBHa Ha [—;#] u /(—) = /(1r). Torga
4ns nboro e > 0 cylwlecTBYeT TPUTOHOMETPUYECKMIA MHOFOUNIEH

n

Takoli, yTo \f(x) —Tn(x)\ < e anda Bcex x £ [ T].

[dokasaTenbcTBOo. t>B cuny HenpepblBHOCTU QYHKUUNFIX) Ha [K>K
no Teopeme KaHntopa f(x) 6yaet paBHOMEPHO HEMNPePbIBHON Ha [ T]: ans
nto6oro £ > 0 cywecTtsyeT 6(e) > OTakoe, 4To Ans NKO66IX X\, X2 £ [T 7],
YAOBNETBOPAIOLNX HEPABEHCTBY P —xN\ < 4, BbIMOAHSETCA HEpPaBEHCTBO
[f{x\) - f(x2)| < -. 3agukcupyem e > 0 n Js> 0, 1 BO3bMEM pa3bueHune
oTpesKka [—7r;>] P Takoe, 4To —K= X0 < Xk </ X2 < ... < Xmri < Xm= >C
anameTpom \(P) < 6. MoCTpoMM HenpepbIBHY KYCOYHO-TUHERHYO (DYHK-
umtio 1(x), KoTopas 6yfeT NMHeHa HA“KaXKA0M U3 OTPE3KOB "B
Toukax XK nonoxum 1{xy = f{xk) 1o noctpoeHnto pyHkumna 1{x) Henpe-
pbiBHa Ha [, 7] n /(—K = L(:5K —/(T) — 1pR. Ana noboil Toukm
X £ MMeeT MEeCTO OLEHKa

1{x) - 1(xkM)\ CRxK) - 1(xk-D\ = [F(xk) - F{xk-)\ < ~.

3agmkenpyem {npom3BonbHoe X £ \—>KOK. Touka X NPUHAANEXUT
KaKoMy-TO OTpe3KY pa3bueHna P, nyctb x £ [xfc-i; xH, Torga

If(x) - 1)\ = If(x) - f(xk-1) + I(xk-2) - I(x)I<
< Ifix) - f(xk-2)| + \I{xk-1) ~ I(x)j < |.
MockonbKy PyHKUMA 1(X) yLOBNETBOPSET BCEM YCNOBUSM Teopembl 5.1,
TO/CYLLECTBYET TPUFOHOMETPUUECKUIA MHOTOUNIeH Tn(X) Takol, 4To ANd fto-
60ro x £ [—>K>{ BbINONHAETCA HEPABEHCTBO

IT,.{x) - 1{x)I < |.

OKOHYaTe/lbHO UMeeM: 415 1o60ro e > 0 CyLlecTBYeT TPUrOHOMETpUYe-
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YTO M [0Ka3blBaeT TeopemMy. <

Teopema 5.3 (nepBasi TeopeMa BeWepliTpacca 0 paBHOMEPHOM
NPUOGAMKEHNN HenpepbiBHON PYHKLUU MHOro4vsieHoM) MycTb f(X)
HenpepbiBHa Ha [a, b]. Torga gns noboro e > 0 cywecTBYeT MHOrOYIEH

PT{x) = a0+ a\X + m.. + aTXT

Takoii, uyTo \f(x) —PT(X)\ < e ans Bcex x € [a, b\

JokasaTtenbcTBO, 0 MycTb cHavana [ab] —[0,7]. MpogomKum yHK-
umto /(x) Ha oTpe3ok [—,0] 4éTHbIM 06pa3oM, Npu 3TOM GydemM NMEeThb, YTO
[ (—r) = [ (). MNo BTOpOI1 Teopeme BeiiepliTpacca gns no6oro e >, 0 cylle-
CTBYET TPUTOHOMETPUYECKUIA MHOrounieH Tn(x) Takoii, uto |/(x) &~TIn()\ <
< £anq Bcex X e [r;#]. ®dyHkumn cosfee, sin kx, Bxogawme’B Tn(x), pac-
KNaAblBalOTCS B CTEMEHHON psaf € paguycoM cxoammocT R —+00. Moatomy
yHKUMA Tn(X), KaK MHeiHas KOMOUHaLWSA 3TUX PYHKLMI, packnaiblBaeT-
€Sl B CTEMEHHOW paf, cxoaswuiica Ha K 1 paBHOMepHO cxoasluiics Ha nto6om
oTpeske [a; /3] C XX A 3T0 03HavaeT, 4To Ans nobore’r > 0 cywectsyer
Takoe, uto \Tn(x) - P,n(x)\ < - ansa Bcex x €, [0y&], roe PT{X)  uyacTuu-
Has CyMMa CTEMeHHOro psja, B KOTOPbIA packKnagbiBaeTcs yHKLuMa Tn(x).
Torga

1/(i) - PT(X)| < |/(x) - Tu®) + [Tn(x) - PT(x)| <e

ansa nobéoro X £ [0, 7]
MycTb Tenepb / HenpepblBHa Ha [a, 6]. PaccMoOTpUM PyHKLMIO

F(t) f(a+ -(b-a)), t£[0,7]

B cuny HenpepbiBHocTM F(t) Ha [0,7] no fokasaHHOMY Bbille €& MOXHO
paBHOMEPHO NPU6BIN3NTL HEKOTOPLIM MHOroYieHoM Qm(t) Takum, 4To

|[F(t) —Qm{t) 1< £ pgns moGorot 6 [0, 7.

Oenas 3a|v|eHy B 3TOM HepaBeHCTBe X = a+ —(b—a) 0603HaumB PT{X) =

X—
= le"-—% nonyuum, 4to |f(x) - Pm(x)| < £ gns Bcex X€ [a, H. <

5.3  Mpu6AmKXeHNe MHTErPUPYEMOW (hYHKL MW KYCOUYHO-NTMHENHO
yHKUWEW B CPeAHEM U CpefjHE KBagpaTUUYHOM

Teopema 5.4 MycTtb /| E ;7). Torga gns moboro £ > 0 cy-
LWeCTBYeT HenpepbiBHAsA KyCOYHO-NMHeHasa GyHKumsa 1(X) Takas, 4To
™

Y—m) =/(M) = 0m f |/(x) —I(x)\dx < e.

37



[OokasatenbcTtBo, 0 lMockonbky / £ 3H[—r;#], To oHa 6ygeT, BO-
MepBbIX, OrpaHWYeHHON tyHKumel: |/(x)| ~ M ana Bcex X 6 [—r; 7], rge
M = sup |/(X)|; BO-BTOpPbIX, B cUNy KpuTepua [apby WHTerpupyemoctu

[-Trirl
(YHKUMM HO PUMaHy vmeeM, 4To Ana noboro e > 0 cyLecTBYeT Takoe pas-
oneHne P : —r = xo < x\ £< Xr< .. <X,_i< Xxn= ToTpeska [ 7],

yto J2(MK - AXK < -, tgae Mk = sup f{x), mk = _inf /(x),
J2(Mk - Ty An B T ol 10
Axk = xk- xk-i, k=1,2,.
MycTb 700 = fmlm |p,>|<*| > 0 nmnyctb 0 < 1] < mln(-—NI "2)
HenpepbiBHYO hyHKUMIO 1{X) noCTpoum cnegyrowmnm obpa3om:
K, ecnmvx££>|{&<_~\+p,x1<- P},K: 1,2{...5m,

0, eCMN X = x7r,

7/

1= < NWHElHa, ecnu X £ [)K*— XK+ Zﬁ' U [—'lT,—W+ Ju

w7 —|,77], k = 1,2,. . 7150 1
M3 nocTpoeHns dyHKumm /() cnegyet, 4T0

[/(x) - Z(X)] < MK-T K pnsa nogore’x £ [xk-\ + v xk- A

[/(x) —I(K)| < [/(X)] + |ZX)|'< 2M pna Bcex x £ T

MoaTtomy, 0603Hau4MB
a* = XK- - (K=.1)2,...,ra), [?*-=xfci+ - {k=1,2,...,r3),

«0 = Tr, /?7n+1 =TI,

MNONYUNUM OLEHKY

n n a* n+l *

L UE@RA@ dx= YT ) - B0l YA i)~ J() s

n nfl
SANJMK-mKAxk+2My~(/?jt-afei) » ~2Mrar? < 1+2Mra--*—=e.
fc=i *=j A 2 4raivy
A

Takum obpasom, J |/(x) —/(X)| dx < e.
-T
Cnepcteue 5.1 Myctb f £ 3i[—r;r]. Torga gns. nwboro e > 0
CyLLIECTBYeTi HenpepbiBHAsA KyCOYHO-IMHEeMHaA yHKumMa 1{X) Takas, yTo

1(-m=/mm=0wn||/- N2= 1T |I(x) - Z(X)|2dx < e.

-
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JokasaTenbcTBO, t>/1eiCTBUTENLHO, B CUY NpefblayLlei Teopembl 4115
n6oro £ > 0 cyLlecTBYeT HenpepbiBHAasA KYCOYHO-NMHeRHas QyHKumna 1(X)

Takasa, 4to /(—K = 10K = 0 wm ijf(x) - I(xX)\dx < i roe M —
—r Z1VI

= sup |/(x)|. Kpome Toro, no noctpoeHuto |/(ar) —Z(x)] ~ 2M pgns Bcex
[—rm]

™ ™
Xe [T 7r, noatomy f \f(x) - Z(x)|2dx < 2M [ |/(k) - Z(X)[cfc < e. ¢

5.4 MpnbnuxeHne nHTerpupyemolr QyHKLUN TPUTOHOMETPUYE*
CKMMW MHOro4sieHamu B CpefHe KBafpaTUYHOM U B CPefHEM

Teopema 5.5 Ecnn / £ $t—; 7], T,0 ans nmo6oro £ > 0 cyulecTByeT
T

TPUroHOMe TPUYECKMin MHorouneH Tn(x) Takoi, yTo f M (X)—Tn(x)\2dx <

-

<e

JokasaTtenbcTBo. > Mo cneactsuto 5.1 ang mo6oro e > 0 cyulecTsy-
€T HernpepbiBHas KyCOYHO-NMHelHaa (yHKUus |1fX) Takas, yto £(—K =

10 =0wm J (/(x) - I(x))2dx <
—T
B cBolo ouepefb, Ana yHKUMM 1(X), ‘N0 BTOpOi Teopeme BeiepluTtpac-
ca 5.2 cyulecTBYyeT TPWUIOHOMETPUYECKMIA MHorouneH Tn(X) TakoW, uTO

n(x) - Tn(x)| < —== ana Bcex-X £ [—;>4. Torga nMeeT MecTo OLEHKa

I}‘(I(x)-Tn(x))de" 2Tr~07|_:

) T

4

[anblue/Bocnonb3yeMcsi HepaBeHCTBOM (a + 6)2 < 2(a2+ B2). Nmeem

s m

J (L) ~ Tr(x))2dx = J[(F(x) -1{x)) + (I(X) - Tn(x))fdx <

r

<2d v - 10)20K+ 2d (06 - TAX)FAX 27 + 2% = ¢
- ¥

3ameyaHue 5.1 [lokazaHHas TeOpeMa HOCUT Ha3BaHWe TeopemMbl O Non-
HOTe TPUFOHOMETPUYECKOI CUCTEMBI 1, COSX, Sin X, ... B CpefHe KBagpaTny-
KOM.
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Teopema 5.6 (0 MOSTHOTE TPUTOHOMETPUYECKOWN CUCTEMbI B Cpea-
Hem) Ecnu / G 3E[—;%], To gns noboro e > 0 cywlecTByeT TPMUrono-
™

MeTpuYecknin MHorounieH Tn(x) Takoi, uTo f |/(X) —Tn(x)| dx < s.
¥
[okasaTenbcTBO. t/[l0Ka3aTensCcTBO 3TOM TeOpPeMbl BMOSHE aHaIor Y-

HO [0Ka3aTeNbCTBY MpedblayLleli TeOpeMbl, €CNM BOCMO/b30BaTLCA Teope-
Mol 5.4 1 anemMeHTapHbIM HEPaBEHCTBOM |a + B |a] + [6]. <

YnpaxHeHue 5.1 [lokaxuTe Teopemy 5.6.
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Tema 6 CxogumocTb paga Pypbe B CMbICNe cpefHe
KBagpaTnU4HOro

6.1 PaBeHcTBO lNapeeBansi-CTeknoBa (CBOWCTBO 3aMKHYTOCTU)
6.2 CxofmMocTb paga ®dypbe B CpefHE KBapaTUUYHOM
6.3 O eAMHCTBEHHOCTU psaga Pypbe ANA HENPEPbIBHOW PYHKLMM

6.1 PaBeHcTBO MapeeBansa-CTeknoBa (CBOMNCTBO 3aMKHYTOCTW)

Teopema 6.1 MycTb f € S—; 7). Toraa MMeeT MeCTO paBeHCTBO
MapeeBansi-CTeknosa (CBOMCTBO 3aMKHYyTOCTW TPUrOHOMETPUYECKON
CUCTEMDI)

2 (0] 1 K
y + +hbl) = -3 f(x)dx. (6-1)
*=1 —F

JlokaszaTenbCcTBO. t Mo Teopeme 5.5 0 NONHOTE.TPUTOHOMETPUYECKOM
CUCTEMbI B CpefHeM KBagpaTUYHOM A5 Nboro£>.0 cyLecTByeT TPUTOHO-
"

MeTpuyeckuii MHorouned Tn(x) Takoi, utos/ \(f(X) —Tn(x))2dx < e.
P o

B cuny 3KCTpeManbHbIX CBONCTB.. KO3PULMEHTOB Pypbe (YHKLUM
[ € SR—; 1] (Teopema 1.6) umeeM OLEHKY

J(f(x)~ Sna(x))2dx < J(f{x) - Tna{x))2dx < e. (6.2)
—n- —r

rae S,,0(x) —uw, yactmyHas cymma psaga ®ypee ¢yHkumm /. Janbwe BoOC-
nofb3yeMcsi OCHOBHbIM TOXAecTBOM beccens (2.9):

[ (OK).- Sn(x))2dx= ff20)dx- F[* + (at+b)\  (63)
i K *=1

Wenonb3ya (6.2), nonyyaem, 4to

n no
O< [ f{x) dx- Tr[y + ]I (af + bR)} < s.
k=1

O‘-IEBM,CLHO, 4TO ANsa BCex N > LW, UMeeM

J f2{x) dx - T + N(af + ER)\ <
*:1
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r n2 Mo
Y f(x) dx- mM—+ (<4 +b\)} < £
- K=1

Takum o6pasom, 415 no6oro £ > 0 cyLlecTBYeT L, Takoe, YTo ANs BCeX
M > L BbINOMHAETCS HEPaBEHCTBO

ON Y /20k)dx- Tr[*+~ (4 + R} <e,
-Tr k=1
a 3T0 03HayaeT, yTo
p 2 00
/f{x) dx = 7r[ + ]I (a] + 6])].
fca

6.2 CXoaumocTb psga dypbe B cpefjHe KBagpPaTUUYHOM

Teopema 6.2 Ecnu dyHkums /| £ IR M 2T NepuognyHa, TO
psag dypbe yHKUUKM / cxoguTcsa B cpegHe.KeagpaTuyHom K f(x), T. e

lim / (f(x) —Sr(x))2dx = 0.

JokasatenbcTBo, o Ana qyHkyun / £ 8§°[—m; M MMeeT MeCTO paBeH-
cTtBO (6.1) Mapeeans-Cteknosa=Bocnonb3yemcs Toxxgectsom beccens (6.3),
nepexofs B KOTOPOM K mpefeny npu rc —>00 ¢ y4étom (6.1), nonyumm Tpe-
6yemMoe CBOICTBO, O

3ameyvaHune 6.1 Kak Mbl OTMeYanu paHbllue, MOTOYEYHOW CXOAMMOCTU
paga ®Pypbe BO BCex,TOUKax K f(X) HeT faxe 415 HEKOTOPbIX HENPEPbIBHbIX
(hYHKUWIA. [JoKasaHHas Teopema rapaHTUpyeT Ham CXOAMMOCTb psaga dPypbe
B CpeAHe KBafpaTM4HOM Ans QyHKuuid / £ 3?2[—r;Tr].

6.3'@eanMHCTBEHHOCTU paja Pypbe Ana HenpepbIBHOM PYHKLNN

Teopema 6.3 MycTb dyHkumm f\{x) 1 /r(X) HenpepbiBHbI Na [—f; ], 1
* o
fk(x) ~ + Y ~(a” cosnx + sinnx), k= 1,2.
ML

— psAgbl Dypbe yHkumii f\(x) un /r(k). Torga fi(x) = /r(x) Ha [r;T]
Torga U TOMbKO TOrga, Korga

al) - 42 v 0.1.2,.... B®=1%\ n 1.2.3.... (6.4)
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JokasaTtenbcTBO. > Heo6X04MMOCTb O4YEBMAHA, €CIM 3aMeTUTb, YTO NpK
fi(x) = /2(2) Ha [; ] no dhopmynam dypbe ans KoshpuumneHTos Pypbe
OyJemM UMEeTb paBeHCTBa:

<Ne=<$, n=20,1,2,..., 6™ =6®, n=1,2,3—

[ocTatoyHocTb. TlycTb MMeHT MecTo paBeHcTBa (6.4). PaccmoTpum
dyHkumo <p(x) = fi(x) —/r(x). KoapduuneHtsl ®Pypbe GyHKUUN >p(X),
04YeBMAHO, OyAyT paBHbl HyMO, TOrga u3 paeeHcTBa [lapeeBans-CTeknoBa

m T
6yget cnegoBath, uto f (p2(x) dx = f (fi(x) —/2(x))2dx = 0.
- -1

MockonbKy ip2(x) >0 1 42(X) HenpepbiBHA Ha [—IT; 1], TO U3 NOCNEAHErO
paBeHCTBa MO COOTBETCTBYIOLLEMY CBOMCTBY MHTErpanoB PUMaHa-nonyyaem,
yTo tp2(x) = 0 Ha [—r;r], T. e. fi(x) = /r(x) Ha [T, -m. 0

CnegcTtne 6.1 MycTb dyHKums f(x) HenpepblBHA ¥ 2T NepuognyHa
Ha M 1 o

/(*) -—--F£ (ancosnx + bnsin nx),
71=1
npuYém psaf CXOAWTCS pPaBHOMEPHO Ha [—75/7r], Torga cymma 3Toro psga
S(x) cosnagaeT Ha [—; M ¢ dyHKumMeR-f(X).
JoKa3aTenbCcTBO, 0 PaHee Mbl JOKa3anun, YTo paBHOMEPHO CXOAALLUIACS

TPUFOHOMETPUYECKUI psg ABASETEs pagom Pypbe cBoeil cymmbl S(X) (Teo-
pema 1.2), T. e.

oc

S(X)="—+ L (ancosnx + bnsinnx).
71=1

TakK KakKsS(x); f(X) HenpepbiBHbI, 1 OHX UMEKOT OAHM W Te Xe psabl
®ypbe, TO O Teopeme 6.3 S(x) = f(x) Ha [—IrTr]. 0
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Tema 7 [OuddepeHumMpoBaHue U UHTerpupoBaHue
pafoB Pypbe

7.1 TouneHHoe gnhdepeHupoBaHme pagos dypbe
7.2 TlouyneHHoe NHTErpupoBaHue pagos dPypbe

7.1 MouyneHHoe andepeHumpoBaHne psagos dypbe

Teopema 7.1 NMycTb yHKUMA /(X) HenpepbiBHa Ha [—r;Tr]. Ecnm na
[—7r; 7r] CyLLECTBYET
f(x) E 3R—mm],

f(x) cosnx + bnsinnx), (7.1)
n=1
Torga f'(x) nmeeT psag Pypbe
oo
~ + E(-na,sinnx + (n6, + (-1Y") cosnx), (7.2)

71=1
rge ¢ —r!|_r1100(—|)n+1nb,,.

Joka3zatenbcTBO, 0 Tak Kak /'(X)\€,3?[—T; 1], To gns f'(x) cywecTBy-
et pag dypoe

oo

I'"~ -y + cosnx + /?,sin nx).

71=1

B biuncnum KO3DPUUMeHThl ' ®ypbe hyHKLmm /'(K).

a0= L f(x)dx = Y/ (x)| §-BH_/(TN
m mv I-1r/ m
-
WMHTerpupoBaHMeM HO YacTAM Mofyyaem:
m ™
an=-—J f'(x) cosnxdx = —|V(x)cosnx + nJ f(x)smnxdxj

-T -T

IM = (=)0 (1) + n6, = (-1)nc + ne,,

re ¢ = IM - [(-Tr)

T

Pr = J f(x)sinnxdx = —"/(x)sinnx —n\] f(x) cosnxdx'j = —han.
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Takum o6pasom,

0
/'~ Can ( —na,, sinnx + (nbn+ (—)nc) cosnx),

n=1
rﬂé c= Z_M___:__Z_(,_'__ZD.
m
Tak Kak no cBoicTBaM KO3((hULUEHTOB Pypbe Iin*goan = limsen=Q
n—= n-»oc *

10 lim (n6,, + (—)nc) = 0, oTkyga ¢ = lim (—1)&1n6,,
n—>00 n—>00
Monyyaem

[~ 3 + z7_/{—r|ansmnx + (nbn + (—)nc) cosnx);

71=1
=i + <
rae rII_|n>go(—1)n nbn.

Cneacteme 7.1 Ecnm B ycnosuax TeopeMbl MOTFpe6oBaTh LOMOAHU-
TenbHo / (—f) = / (&), TO /' nmeeT pag Pypbe smia

r B —nansin nx“/nbncos nx),
M1

T. e paAg dypbe yHkumm f  riogyvaeTca npyv NOMOLUM (DOPMasIbHOrO
MoYIeHHOro AnddepeHUMpoBaHus pata Pypbe yHKUNUM /.

JokasaTenbCcTBO. > [lgnciButensHo, ecam [ (—t) —/(Tr), Toc = 0. 3

3ameuyaHue 7.1 Eciw pag (7.1) cxogaTca MOToYe4HO K /(X), TO pAag
dypbe (7.2) ana /', BoOWe rosops, He 0643aH CX0ANTLCS K /'(X) NOTOYEYHO.

Teopema 7.2) (0 ckopocTu y6bIBaHUA KO3(PULMNEHTOB Pypbe)
MycTb yHKUMS /(X) 2 nepuogmyHa n umeeT K —1 HenpepbIBHYO Npoms-
BOAHYH AN -1\ (x), n f(Kx) € 3?°[—r; 7], Toraa gna koadhdmumeHToB Pypbe
PYyHKUUUY ™~ MMEIT MECTO OLEHKM:

an=0(~*)’ b1~ 0(~) npun °°

JokasaTenbCcTBO. > lMockonbKy yHkuuu /', /", ..., f(K' /® ygo-
BMIETBOPSOT YCNOBUAM TeOpembl 7.1 W B CUIY MNEPUOLMYHOCTU YCOBUHO
fU{SR - /@) = 1,2,...,A), To nocne hopmanbHOro fe-KpaTHOro
anddepeHymposanms paga (7.1), nonyuum psag ®ypoe dpyHkuun f ke

[ (©)(x) ~ + X («ncosnx + bnsinnx)) =
Ml
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= };;\](nkan cos(nx + A7:E) + nf6, sin(nx + J'Il)).

n=1
T .
Tak Kak cos(nx + fc—) ¢ TOYHOCTbIO 40 3HaKa paBHO cosnX An6O sin nx,

a sin(nx + K~) C TOYHOCTbIO 40 3HAKa paBHO sinnx AM6o cosnx, TO € TOY-

HOCTbIO A0 3HaKa yucna nkan v nkb1 ecTb KoaPpuuneHTol Dypbe PYHKLMM
[(*)(x) € 3R—; 1], 1 No cBoicTBaM KO3IPHPULNEHTOB Dypbe MHTErPUPYEMON

hyHKLUN Jll%nKan =0wu _Ai_%nkb'l =0,T.ea,= K?b /) nb, = of1 /) <

7.2 TlouneHHoe NHTerpuposaHue pagos dPypoe

Teopema 7.3 MycTb f(x) HenpepbiBHas Ha [—T; A] u 21C.Nepueamyeckas
thyHKupMs, Torga ans nboro x € K cnpasefivMBo paBeHCTBO

X
aoXx smna: 1——COSI’1XX (0]
f(t)dt-"-+22( N— 4 bt T, (7.3

n=I

rae psg B NpaBoil yacTuW MonyyeH POPMasTeHbIM MOYNIEHHbIM MHTErpupoBa-
Huem psga Pypbe yHkumm f(x).

[Joka3zatenbcTBo. > Paccmotpum: pyHkumwo F(x) = J f(t) dt —
0

KoTopasi 6yaeT auddepeHuupyemoii Ha K ¢ npomssogHoii F'(x) = f(x) —
—N € P, T]. Kpome, 10roy, F(X) 2-n nepuogmnyeckasn, Tak Kak

K+27T

F(x + 2m-~_F(x) = J /(f) dt - oqtt = J f(t) dt —anir = 0.

X -7r

MocpedHee paBeHCTBO crnefyeT U3 onpefeneHns KoahduumneHTa ao- Ans
AnddepeHUnpyemoii 27T nepuoauyeckon gyHkuumn F(x) umeeT mMecto pasfno-
XeHue

[e]e]
F(*)=i1 + cos nx + /31sin nx) (7.4)
71=1
3ameTum, yto F'(X) € R|—T;, T 1, BOCNOMb30BaBLUMCH DOPMYNIOA NHTE-
rpypoBaHMna Mo Yactam, nonyyuum npu n ~ 1

a = =f Fix) cosnx dx 1 ) T —(F iX)'§mr'1'a"Ed5<\l
TJ ifl B oer n J
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ﬂlﬂ] w-u) sm|'|xélx=—|_I

" T

. COS nNXx cos nx

m

cosnxdx = —

PaBeHcTBO (7.4) mmeeT mecTo ans Bcex X E R, B yacTtHocTm gngx| = O

nonyymm
y 04]

F(O)=0=f +X >
71=1
OTtkypa £3 ~ = ) MopcTtaBnss HaligeHHble an, Pi u 5 B hopmyny
n=i n
(7.4), nonyumm Tpebyemyto opmyny (7.3). €

3ame4vaHue 7.2 [JokazaHHbIe B 3TOM NMyHKTE'TeOpeMbl OCTAlOTCS BEPHbI-
MW, €C/IN BMECTO TPe6OBaHNs UHTErPUPYEMOCTM COOTBETCTBYIOLLUX (YHKLWIA
noTpe6oBaTh MX abCONMOTHYO UHTErPUPYEMOCTb.
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Tema 8 HTerpan ®dypobe

8.1 OnpegeneHne nHterpana ®ypoe
8.2 Mpwu3Hak uHU cXoAMMOCTN NHTerpana dypbe
8.3 VIHTerpan dypbe B KOMNIEKCHOI hopme

8.1 OnpegeneHne nHterpana Pypoe

B psgax ®ypbe 6biiM yKa3aHbl 4OCTATOUYHbIE YC/I0BUS, NPU KOTOPbLIX MNe-
puoguyeckas QPYyHKUNUS MOXeET ObiTb PasfioXKeHa B CXOAALLMIACA pag Dypse,
TO €CcTb MpeacTaByMa B BUAE CyMMbl FapMOHWYECKUX KonebaHuid. Jdanblie B
3TOl TeMe MOomMbITaeMCs NMEepPeHeCTM 3TU PacCyXAeHWUs Ha Hemepuogmnyeckue
(hYHKLMM, HO Y)Ke He C MOMOLLbIO psiga, a C MOMOLLbO MHTerpana (MHTerpana

dypbe).
OnpegeneHuve 8.1 HecobcTBeHHbIN MHTerpan suga
+00
J (a(A) cos Ax + 6(A) sin Ax) dX, “x € X (8.1)
0

Ha3blBa€TCA TPUTOHOMETPUYECKUM MHTEIPa/IOM.

+00
MycTb Tenepb /(x) abcontoTHO MHTErprpyemMaHa R, Toectb J |/(x) jdx
-00

N

< +00. B cuny oueHok |/(x)e0sAX| N |/(x)| n [/(x)sinAXx]| < |/(x)], no-
ny4yaeM, 4TO BCerga CXoAATea VKTerpanbi

~ 400
a(A) = —/ f(t) cos Xtdt.
(8-2)
6(A) = —f f(t) sin Xtdt.
't—e0

dopmyabl*(8.2) ABNAKOTCA aHanorom KoapguumeHtos ®ypee (1.4) B Teo-
pun pagos dypbe.

OnpepeneHue 8.2 MycTb /(X) abconoTHo HTerpupyema na R. Tpu-
FOHOMeTpuYecknii uHTerpan (8.1) HasbiBaeTCA MHTerpasioMm dypbe Ans
dyHKumn /(x), ecnn dyHkuum a(A) n 6(A), A 6 [0;+00) BbluMCNEHbI MO
hopmynam ®Pypbe (8.2).

MTakK, KaX40in abCoNOTHO MHTErpupyeMoin Ha R yHKLMM / Mbl MOXEM
CONOCTaBUTb ee MHTerpan dypoe:

I ~ J (a(X) cos Ax + 6(A)sin AX) dX, x £ R,
0
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rae a(A) n 6(A) BbluncnaTes no opmynam (8.2).

Tak Xe, KaKk U B Teopumn psgoB ®ypbe, Ana uHTerpana ®ypbe QyHK-
umun / BO3HMKAIOT BOMPOCHI O CXOAUMOCTU MHTerpana ®ypbe, 0 CXOAUMOCTH
ero K f(x). Hwxke 6yayT ykasaHbl YCNOBMS, NPU KOTOPLIX MHTerpan ®dypbe
f(x +0)+/(x-0)

cxoanTes K /(X) nnm

3ameyaHue 8.1 dopmanbHo, nogctasnas gopmynel (8.2) B (8.1) n npe-
06pa3sys Mony4YeHHoe BblpaXkeHne, Noayynm
+00
/l(a(A) CosAX + 6(A) sin Ax) dX =
0
+oc -foe

—J d\'J f(t) (cos At mos Ax + sin At *sin Ax)'dt=

+00 +00
I 1 dx1 m cosA(t—x)dt,
0 -00

TO ecTb MHTerpan dypoe QyHKUMM /(X) LONYCKaeT npeacTaBneHme

f~ —3 d\J {t)cos x(t —x) dt. (83)
0 -00

HanoMHuM, 4TO yHKUWS,/ B TOUKe XO YAOBNETBOPSET YCNOBUAM [UHK,
€C/IN CYLLEeCTBYHOT KOHeYHble OAHOCTOPOHHWE Npegesbl Iim+0f(x) —f(xox

+ 0), n cywecTByeT.h> 0 Takoe,uT0 CXOAATCS HeCOBCTBEHHbIE VHTErpasbi

f f{xptun)-f(xpx0)d"

8.2 I'pusHak JuHKN cxogumocTu nHTerpana ®Pypbe

Teopema 8.1 (npusHak AWHU CXOAUMOCTU MHTerpana dPypbe)
MycTb /(x) abcontoTHO MHTerpupyeMa na K, n B Touke xo € K BbINOMHSA-

toTCcA ycnosmsa AuHun, Torga uHTerpan ®dypoe ana yHkumm f(x) cxoguTces

f{x + 0) + /(x - 0)
B TOUYKe X0 K TO eCTb MMEET MECTO pPaBeHCTBO

+H0 +H0
wij dXJ /(f) cosa(t —xo) dt —

0 —e0
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/ (xqg + 0) + /(.Tp —0)
€CIN xgq — T O0YKa paspbliBa /, (8 5)

2
f(xo), €C/IN X0 —TO04YKa HenpepbiBHOCTW /.

[Joka3aTenbCcTBO. « Cxema [OKa3aTenbCTBa 3TOM TEOPEMbI aHaNOrny-
Ha [0Ka3aTe/bCTBY COOTBETCTBYIOLLEN TeopeMbl 418 pafos dypbe.
MycTb

U +00
/dXJ /(t)cosA (f —xo) dt, w6 [0;+00). (8:6)
[0} -00

|+ 0) )/(x0-/0)
; )
N3MeHsAs nopsaok MHTErpupoBaHnus B MHTerpane (8.6),MMeEM

ﬁ . /b
aM HYXXHO AokasaTb, 4To lim j (w?—
1B—+00

oo X=LO
e s T sinA(i —Xo) ot =
t-x o
A0
t-00
sin Lo(t—xo
( )dt:
VT ty Xo
(), {t —0)
sinu;(f=xq sinui{t —Xo
dt
f-m t -x0 I t . dt
Lo

=[B nepBoM uHTerpane 3ameHa t —xo = U, a BO BTOPOM —f —x0 ——# ]=
+00
= ~J (f(xo+ n)+ /(xo_ b)) SV Udu.
0
TakuM o6pasom,

+00

yw=-J (/(xo+ D+Ff(xo- r)); dt

Vi3meHeHMe nopsijka MHTerpupoBaHus TpebyeT 06bACHeHMsA. B cnydvae
HenpepbIBHOCTW (yHKLMKU /(X) 3TO 060CHOBAHO TEOPEMOI 06 MHTerpmpoBa-
HWN HecOBCTBEHHOrO MHTerpana No napaMmeTpy OT HENpPepbIBHON (PYHKLMM
/(f) cos A(f —xo0), Tak Kak, B cuny oueHku \f(t) cosA(t —xo)| » \F(t)\ gna
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noéoro AG [0; +00) 1 abcontoTHoM UHTErpupyemocTy f(t), No Teopeme Beii-
-foo

eplTpacca BHYTpeHHuIA uHTerpan J /(t)cosA (t —xqg) dt cxoamTcs paBHO-
-0

mMepHo no A e [0;+00). B obwem cnyyae cnefyet BOCNO/b30BaTbCA TeOpe-
moii 3 n3 [6, cTp.228], nnbo Teopemoii 7 n3 [11, cTp.681], KOTOpblE MOXHO
chopMynunpoBath B BUAE CNeAytoLLeil TeOpeMbI.

Teopema 8.2 (0 HenpepbIBHOCTU, ANDPEPEHLUPYEMOCTU U UH-
TErpMpoBaHMN B KOHEYHbIX Npejenax HeCo6CTBEHHOr0 MHTerpasna)
MycTb yHkuma f{x, y) HenpepbiBHA 1 OrpaHMyeHa Ha MHO>XKeCcTBe [a, 6]'X
x [0;00), a qyHKumsa a(y) abcomoTHO MHTerpupyema Ha [0;00). Torga
pyHKLMA

+00

F{x) - J 10k, y)gy) dy, x €[a b]

06nafaeT CnefyloLMM CBOMCTBAMN:
1) HenpepbiBHa Ha [a, b\;

b fo00 -boo b
2) Vdx J f{x,y)a{y) dy= f g(y)dyf /(x,\y) dx;
a 0 0 a

f
8) ecnM, Kpome TOro, CyllecTByeT. i/ HenpepbiBHA df Ha [a; Hx

x[0;+00), npnyem O—/:t(x,y) N M\ ana n6oro [x,y) € [a;b] x [0; +00),

1

' +0C QJ
T gna Beex X G [a; b] cywecTayeT F (K), u F (X) —

I -(x,y)-g(y)dy.

MocnepHsas copmynaus 3) 6yaeT MMeTb MECTg N Mpyu YCNoBuAX:

alx-{x,y) N M(y)sana néoro (x,y) 6 [a; B x [0;+00), 1 dyHKUUSA
y mi(y) abcontomrHOMHTerpupyema Ha [0;+00).

MepBas v TPETbA YaCTb YTBEPXAEHUSA OYAET MCMONb30BaHA MO3XKE.
Takum, 06pa3om 3aknouveHne 2) Teopembl 8.2 rapaHTUpyeT HaM 3aKOH-
HOCTb_W3MEHEeHNs nopsgka UHTerpuposaHus B (8.6).
[anee Bocnonb3yemcs uHTerpanom Aupuxne
4-00

2 I sinuxt
dt=1, 4>Q
T ) t

0TKyfa

4-00
/(®0+0)+ f(x0- 0) _ 1/ /(X0i0) /(0 0) sintot



Moatomy

0~/{m5\1+' /(*o + 0) + /(xo0 - 0)

=~ J [/(x0+ t) - f(x0+ °)] (8-7)
0]

- - oy &t

PaccMOTpUM MepBblil MHTerpan u3 (8.7) 1 3anuLiem ero B BuAe

+00

J /(go + t)~ f(xo+ 0) esinwtdt =

(0]

O\

dt.
t

MepBbli UHTerpan M3 nPaBoi 4YacTu paBeHCTBa (8.8) cTpemuTCcs K
Hynl npu w —> +00, NO. feMme PumaHa 2.1, Tak Kak (QyHKLUS

f(xo+1) - 1(x0*0) abCo/IOTHO MHTErpupyema B CUAY YCOBUiA ,&VIHVI.

BTopoit nHTerpan 8.(8.8) no Toi e nemme PumaHa CTPEMUTCA K HY/O Mpu
. f(xo+ 1]

iv —+ 00, TaKk Kak/B 3TOM cfiyyae PyHKUNSA .............. abCoNTHO MHTErpu-
pyema Ha, [1,+00) ~ /(xon+ t) ™ |/(x0+ f)| ). HakoHeL, B TPeTbEM WHTE-

rpané cienaem sameHy v = uit, Torga

+00 +00
smut sinm .
/ ——————— dt= [ -——- du —0 npu w—>+00,
t J "

+2sinu T
TakK KaK uHTerpan Aupuxne 6] —————— du = 7FIB}'IF|6TCFI CXOAALLMMCS.
"

Takum 06pa3om, neBasi 4acTb B (8.8) CTPEMUTCA K Hy/O MpU L —» +00.
CoBepLUEHHO aHa/IorMYHO L0Ka3bliBaeTCs, YTO BTOPOW MHTErpan us nesoi
yacTtu (8.7) TakxKe MMeeT npeden pasBHbl HYMO Npy LW —* +00.
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MpegenbHbIi Nepexof Npu W—>+00 B (8.7), C y4eTOM CKa3aHHOTO BbILLE,
1 [lOKa3bIBaeT Teopemy. <

3aMmeyaHue 8.2 B oTnuume ot psgos Pypbe Ana uHTerpanos dypbe He
MMeeT MecTO MPUHLMK NoKanusauuy PrMaHa, NOCKO/bKY YCOBMe abCcomtoT-
HO MHTErpupyeMocTu yHKUMM / He SBMSETCS NIOKaNbHbIM YCOBUEM.

Tak e Kak 1 B Teopuu pagos dypbe, yKasbiBas Knaccbl QyHKLMUA, ans
KOTOpPbIX 6yAyT BbINOMHATHCA YCNOBUA JUHW, Mbl MOAYYMM Krnaccbl yHK-
LWiA, ANa KOTOPbIX 6yaeT MMEeTb MECTO PaBeHCTBO (8.5).

YKaXeM 3TN KNacchl.

Cnegcteue 8.1 NMycTb yHKUMA /() abCONOTHO UHTErpupyeMa wu
HerpepbiBHA Ha R, 1B NGO TOUKe X BbINOMHAeTCS ycnosume [efbjepa To-
rga mHTerpan ®dypoe yHKUMKM / cxoguTcesa K /(Ok) Ha K, T. €

+00 +00
I0k) =i [ d\'J f(t)cosX(t —x) dt gns no6orowL K. (8.9)
o -00

JT0T haKT cnegyet u3 npusHaka AunHu 8.1, cxoaumoctu nHTerpana ®y-
pbe, ecnn 3aMeTUTb, YTO, BO-Nep.bIX, /(K )/HERpepbiBHA Ha K, a, BO-BTOpPbIX,
B KaXA0M Touke X € R BbINONHAOTCA YeN0BUS OuHK (CM. f0Ka3aTenbCTBO
npusHaka 3.1).

Cneacteue 8.2 Ecnn pyHkumns (k) abconoTHO mHTerpupyema Ha K
n mmeeT na K T (T > 1)/HEnpepbIBHbIX MPOW3BOAHLIX, TO MMeEET Me-
cTO (8.9).

CnepctBue 8.3 Ecam yHKuma /() abcontoTHO MHTerpupyema Ha R
N KyCOYHO-HenpepblBHa\ Ha nto6om oTpeske [0, 6] C K, mpuuem gna nwoboro
X G R nnbo cywecTByeT KOHeYyHast Npou3BOAHasA, M60o CyLlecTBYOT 06e
KOHeYHble OAHOCTOPOHHME MPOM3BOAHbIE /+(K+ 0) B pacLUMPEeHHOM CMbIC/e
(NpusHak 3:2), 0 umeeT MecTO dopmyna (8.5).

Cneactbue 8.4 MNycTb yHKUMA /(k) abCONOTHO WUHTErpupyema wu
HenpepsiBHa Ha K, 1 B Ka>K[oi Touke X € XK BbIMOAHEHbI YCOBMA AUHWN.
Torga nHTerpan ®ypbe cxoguTcsa K /() 1 umeeT MecTo (8.9), npuyem:

a) ecm yHKUmA /(K) —ueTHas, TOo

+00 +00
/(k) = ~ ./ cosJbkdX J f(t) cos Xtdt gna no6oro x G R;
0 0

6) ecnm yHKUMS /(OK) —HeYyeTHasA, TO

I0k) = ~ | cos/bkdX J f(t) sin Xtdt gns no6oro x G R.
0
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JTOT (hakT cnegyeT us Toro, 4to ecnm f(X) —uyeTHas, 1o 4ns Bcex A O

+00 +00
a(l) = 1 / f(t) cosXtdt = —J f (t) cos At dt,
—00 0

-foo
6(A) = ~ J f(t)sm\tdt = 0,

ecnu xe f(x) —HeueTHas, To gnsa Bcex A™ O

+00

a(Xx) ——J f(t) cosXtdt = 0,

+0C +00
b(X) = | / f(t)sinAtdt = —J< f(t)sin Xt dt.
—00 0

8.3 NHTerpan dypbe B KOMNAEKCHON hopme
Mpexae yem 3anucatb MHTerpan ®ypbe B KOMMIEKCHON GopmMe caenaem
HECKOJIbKO 3aMeyvaHuii.

3ameyaHue 8.3 Huke 6yaeT MCNOML30BAHO eLle OAHO MOHATME WHTe-
rpana.

OnpepeneHne 8.3 MycTb yHkuus f(t) onpegeneHa Halll n nHTerpu-
pyema Ha nto6om oirpeske [, 1] C R. Ecnu cywlecTByeT, KOHEYHbIA npeaen

y
Ji § 103t
-V

oo

T,0 ero HasblBalOT rNaBHbIM 3HayeHnem mHTerpana f f(t) dt n obosHauva-

T v.p. | f{t)dt.
Takum o6pa3om, no onpegeneHunto
+00 Y
v.p. J/ f(t) dt = 4!1%10 J/ /(£) dt.
—@® —
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+00
3ameTuMm, 4TO npun onpepeneHnn Heco6CTBEHHOI 0 MHTErpana
—00

\
paccmaTpuBaeTcs npegen );gnnj'f(t)dt. B onpegeneHnn ke MHTerpana B

CMbIC/Ie [N1ABHOTO 3Ha4YeHUsi TpebyeTcs NMWb CYLLeCTBOBaHME YKa3aHHOro

npegena Ans 4YactHoro cayvas £ = —yu n —>+00.

OTctoga cnegyeT, 4TO €CM  CYLLECTBYET HECOOCTBEHHbIA WHTerpan
+00

+00
f /(f) dt, To cywecTByeT v.p. f f(t) dt, n OHM paBHbI Mexay COBOA.
-00 -00

CoBepLUeHHO aHanorM4yHO BBOAUTCA MOHATWME UHTErpana B CMbICAENF1aB-

HOro 3Ha4YeHMs B N30/1MPOBaHHOM 0coboli Touke ¢ € (0, b) ansa GyHkLum /(£):

.6 rc-S b
v.p. J f(t) dt = Nim® \] I(E)dt+J f{t) dt
a c+E
+00 12
B kayecTBe npuMepoB paccMoTpuM MHTerpaisl I x dx n F—dx. Kak

-1 x
HECOBCTBEHHbIE OHU He CYLUECTBYIOT, HO B\EMbIC/e TNTaBHOTO 3HA4YeHUs1 OHU
CYLLECTBYIOT U paBHbl HY/IHO.

3ameyaHune 8.4 [Janblwe HaM TPUOETCA pacCcMaTpuBaTb KOMIM/EKCHO-
3HauHble QyHKuUMM wf{t) = u(t)-+ iv(t) AeiAiCTBMTENbHOrO MEPEMEHHOrO t.
1pon3BogHyto QyHKLMK w(t) ‘enpegenum no gopmyne w (t) = u (t) + iv (t),
ecnm u'(t) nv (t) cywecTByor.

Hanpumep, ans dyHkuwn elai = cosat + isinat nmeeM Npou3BOAHYHO
(ew) = —asinat +sacosat —ia ee‘at.

AHaNorMyHo ofipefensoTCs Y MHTErpasibl: COOCTBEHHbIA, HECOOCTBEHHBI,
B CMbIC/Ie TNaBHOMQ 3HaYeHns oT yHKLMM w(t)

0 0 0
J w(t) dt = J u(t) dt + iJ v(t) dt, —

Teopema 8.3 (MHTerpan ®ypbe B KOMMJIEKCHON hopMe) TMycTb
f(x) abcontoTHO UHTerpupyemMa W HenpepbiBHA Ha K, uB 060 Touke
X € R BbINOMHeHbl ycnosus AuHu. Torga nHTerpan ®dypbe ana GQyHKUMU
/ cxognTcea K f(x) Bclogy, N nmeeT mecTO opmyna Pypbe MHTerpana
dypbe B KOMMIEKCHON hopMe:

A*) = ~v.p. f J f(t)e tHt~x)dt d\ gna scexx £
-0
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[ okasaTenbcTBO. > B cuny ycnoBuit TeOpeMbl MMeeT MecTo opmyna
dypbe

+00 -boo
f{x) = ~/ dXJ fit) cosA{t —x) dt.
(0] —00

+00
OTctoaa cnegyeT, UTO CyLLeCTBYET HeCOBCTBeHHbI nHTerpan / ip(X)dX,

roe 0
A +00

Pa) = J f(t)cos\{t-x) dt.

dyHKuus (piA) obnagaet cnegyowmMmMm CBONCTBaMU:

1) y>(A) —ueTHas, T. e. P(—A) = y>A) ana noboro A€ K;

2) nHTerpan ip{A) cxoguTcs paBHOMEPHO MO NpuU3Haky BeepluTpacca,
Tak Kak \f(t)cos\(t —x)| ~ \f(t)\, u/ abconoTHO UHTErprpyema. ®yHKLms
/(f)cosA(f —x) HenpepbiBHa Ha K X 1, nostomy. i/2(A) HenpepbiBHa Ha XX
HO TEOpeme O HenpepbIBHOCTU HECOOCTBEHHOLO\MHTerpana, 3aBUCALLEro OT

napameTpa;
3) / <piX)dX =2 f (p(X)dX B cuny-yeTHocTn <NA).
—00

Hapsaay c (*]yHKLI'VIBVI <AA) paccMOTpUM YHKLMIO
+00

UX) = [ i(f)sinA (f —x)dt.

dyHKkums ipX) HenpepbiBHA Ha XX N0 TeEM Xe MNpuunMHam, 4To u <NA).
Kpome Toros ipiX) — HeueTHasi, MO3TOMYy BCerja CYLLECTBYeT WHTerpan
Y +00

f ip(X) dX|=,0. CnegoBatenbHo, v.p. J  X)dX —O0 (XOTS HECOOCTBEHHbI
)

+00
nurerpan J ipiX)dX mMoxeT n He CyLLecTBOBaTb).

—0cC

Torpa n3 hopmynbl dypbe MMeeM

+0 +00 +00
fX)=-J WMIX-  J XX ~ vp. J ~a)OX=
0] -00 —00

+00

=~ v-Pa) @W - WX))dx =

-0C
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(o] +00

—V.p. J IJ f(t) [cos A(t —x) —i sin A(t —x)] dtj dX
- @

+03 +00
=hwpJ f fhedxt o

3ameyaHune 8.5 Ecnu / abcontoTHO UHTerpupyema Ha M u umeeT Henpe-
pbIBHbIE MPOU3BOAHbIE 1, TO MOXHO NOKa3saTb, MHTErpupys no 4a-
cTam, uTo ip(A) n t(X) TakxKe abCcoNOTHO UHTErpupyembl Ha K, 1 nostomy
thopmyny ®ypbe MOXHO 3anucatb B BUe

+00r- +00

=hJ J et =

—0 w00

rae BCe UHTerpasbl MOHNMMAKTCA KakK Heco6CTBEHHbIE.
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Tema 9 lNpeob6paszoBaHue Pypbe

9.1 OnpepgeneHne npeobpasoBaHus dypbe

9.2 O6paulieHne ans npeobpasoBaHna Pypbe n gna obpaTtHOro npeobpa-
30BaHus Pypbe

9.3 CgoiicTBa npeobpasoBaHnsa dPypbe

9.1 OnpepeneHne npeo6pasoBaHna Pypbe
[nsa abconoTHO MHTerpupyemoli u HenpepbiBHOW Ha R dyHKuuy f(x),

LNS KOTOPOWM B KaXAON TOUKe BbINOMIHEHbI yCoBuUA AuHu, opmyny
dypbe 3anuilemMm B BUae

+(I)_|0 r +HO 1
[ ex | f(t)e~iMdt d\,X's M
:]00 L-00

OnpegenumM hyHKLMIO P(A) paBeHCTBOM

+00

()= J me-ixd, 1)
-

Torga
f{X)-_- i—\/.p.j O(A)erm A . 9.2)
-

3ameTum, uTo (papmyna (9.1) cnpaseanvea Ans N060ON abCONOTHO NHTe-
rpupyemoin gpyHkumn f(x).

OnpegeneHne 9.1 Ecnan dyHkums f(x) abcontoTHO MHTerpupyema na
R, To dyAkuusa ®(A), onpegensemast paBeHCTBOM (9.1) HasbiBaeTCSA Npeod-
pasoBafuem ®dypbe yHkummM f(X) 1 o6o3HavaeTca P[/] nam /(A), Takum
o6pa3om,

%00

ALY = 1(A) = | f(he tMdt, ans mioGoro A€

Mpumep 9.1 Haligem npeobpasoBaHne ®ypbe QyHKLUN

. ecnn P M a,
1(*) ecnm x| > a
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Torga

-foo a
OA) = J f(t)e~ixtdt = J e~idXxdx =
—00 —a
elXa—e~IXa 2sin Aa
= iX = A

3TOT NpuMep MOKa3bIBaeT, YTO X0Ta PyHKUMs f(X) abCcoNtOTHO NHTerpu-
pyema Ha M, Ho /(A) He AiBNseTCSA TaKOBOW, T. . 0To6paxeHue F :/ —»/ He
MepeBoAMT NPOCTPAHCTBO abCOMOTHO MHTErpupyemMbixX OYHKLUUIA B cebs.

3ameyaHue 9.1 dopmyny (9.2) HasbiBalOT (HOPMY/ION 06paLLeHNs BNs
npeobpasoBaHua Pypbe. Mexgy dopmynamu (9.1) n (9.2) cywecTByet dop-
MafibHOe CXOACTBO — BTOpas M3 HUX OT/IMYAETCS OT NepBOit JINLL" 3HAKOM
B MoKasaTene CTEMEHU Y MHOXMWTENEM > nepes vHTerpanom.)OfHako npu
BCEM BHelLUHeM cxoAacTee opmynbl (9.1) u (9.2) coBepLteHHO pas3fiMyHbl Mo
cylecTBy: B popmyne (9.1) HTerpan cyLLecTBYeT B,HECOBCTBEHHOM CMbICe,
Tak Kak / abcontoTHO nHTerpmpyema Ha K, a B popmyrne (9.2), BoobLe roso-
ps, UHTErpan cyLecTBYeT IMLUb B CMbIC/e FNaBHOro 3HayeHus. Kpome Toro,
topmyna (9.1) ectb onpegeneHune yHKUUnA(A), a dpopmyna (9.2) npea-
CTaBnsieT coboi MHy0 3anucb HopMynbitDypbe, T. €. COAEPXUT YTBEpXAae-
HVe, YTO CTOAWMI TaM chpaBa MHTEeRrpan. paBeH MCXOAHOW (yHKLMK [ npu
[OMOSTHUTENbHBIX YCNOBUAX (HENPEPBLIBHOCTb, BbIMO/IHEHME YCN0BUIA OnHN),
HaslaraeMbiX Ha abCoOMTHO MHTErPUPYEMYIO (PYHKLMIO.

Onpepenenmne 9.2 TlycTw hyHKuMA 4(X) onpegeneHa Ha XX. O6paTHbIM
npeobpasoBaHreM DypbeslyHKLMN g Ha3blBaeTCA PyHKLNSA

Lx) - —v.p. J g(\)eixxd\,

Mpv YCMOBWUM, "4TO [NlaBHOE 3HAUEHVE MHTErpana CyllecTBYeT.
0O603Haynm obpaTHoe nNpeobpasoBaHue dypbe cregyoWnM 06pa3om
+00
F~I[o\{x) = * VP J g{X)elxxdX
-0

3ameyaHue 9.2 Ecnm g —abCcontoTHO UHTErpupyemas Ha E (yHKUNS,
TO 06paTHOE npeobpazoBaHme ®ypbe HYHKLNN g BCErfa CyLLEeCTBYET, U KpoMe

TOro
+00

F-Uod) = a{X)eixxdX,

—00
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T. €. VHTEerpan cywecTByeT B HeCO6CTBEHHOM CMbICTE.

9.2 OobpaweHne gns npeobpasoBaHus dypbe n gns obpaTHOro
npeobpasosaHna Pypbe

Teopema 9.1 (obpauwieHns gna npeobpasoBaHus dypbe U 44
obpaTHoro npeobpasoBaHusa dypbe) MycTb yHKums f(x) abconoTHO
WHTerpupyema, HenpepbiBHa Ha R, 1 B 060l Touke X € R BbIMNO/HEHb]
ycnosusa AuHu. Torga UMeeT MecTO paBeHCTBO

F-1[F[f}] = F[F_1[1] = 1.

JokasaTtenbcTBO, 0 lMockonbky ans QyHkumn f(x) BbINONHEHbI Bce
ycnoBus Teopemsl 8.3, To no hopmyne ®Pypbe B KOMMIEKCHOW hopMe MMeeM

<M —o0 —00

3T0 paBeHCTBO paBHOCUNLHO crnegywowemy f —F 1[F[/]].

OcrTanock gokasatb, 4to F [F _1[/}}.="/.

Ansa atoro gopmyny ®ypbe B\KOMMAEKCHOM BUAe 3anuilem HEecKO/bKO
nHave. dopmyny dypbe ana f(x), B cuay YETHOCTM PYHKLUN KOCMHYC, pac-
CMOTPUM B BUAE

4-00 4-00

-00 -00
MoCKONbKY. (YHKLMUA CUHYC HeuyeTHas GyHKLMS, TO

4-oc 4-0c

(cMm. poKa3aTenbCTBO TeopeMbl 8.3).
M3 nocnegHUX ABYX paBeHCTB nonyyum gopmyny ®ypbe, 3anmMcaHHyo B
Apyrom Buge

OTcroga
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+00 I- 1-00

t00 = vp. J e = ] f(teimat d\ = FF-1[f],

npuyem 3gecb npeobpasoBaHe Pypbe MOHUMAETCs KakK COOTBETCTBYHOLLWI
VHTErpan B CMbIC/ie TTAaBHOTO 3HAYEHMS, O

9.3 CsoiicTBa nNpeobpaszoBaHnsa Pypbe

Teopema 9.2 (nuHenHOCTb NpeobpaszoBaHnsa Pypbe) MycTb yHK-
uum f\ 1 /2 abcontoTHO uHTerpnpyembl Ha K, a, /3 G XK — npon3B0oabHble
yucna. Torga mMeeT MECTO CBOWCTBO SIMHEHOCT M npeobpasosaHus dypbe

F[afl+0Oh]=aF|[fl] + OF[fZ]

nnn

(aK+P LW A= aMx) + /3/2(11).

JTa Teopema cnefyeT' HenocpeCTBEHHO U3\ CBOWCTBA NMHENHOCTN MHTe-
rpana.

Teopema 9.3 (0 HeNPepPbIBHOCTU,\OFPAHUYEHHOCTN U yObIBaHUN
Ha 6ecKOHeYHOCTM npeobpasoBaHna dypbe). MycTb GyHKuMKN f(X)
abCcoNTHO UHTEerpupyema Ha XK Torga:

1) /(A) HenpepbiBHa HaXK;

2) lim |/(A)] = 0;

A—»00
+ 00

INFWN A [ M(D\ dt, gna noboro A G K.

-00
JokasatenbcrBo, > Ana fokasaTenbcTBa 1) 1 2) 3anuiueM (QyHKLUUIO
/(A) B BUAE

+00 +00
OA) = | f(t) cos Atdt —iJ f(t) sin Atdt.
-00 -00
+00 +00
dyHkymm a(A) = j f(t) cosXtdt n 6(A) = f f(t) sinXtdt 6ygyt

—00 —00
HenpepbiBHbI 414 no6oro A € XX no nepsoMy 3ak/tOYEHUIO TeopeMbl 8.2
0 HenpepbIBHOCTU, AND(epeHLNPYEMOCTM U UHTErPUPOBAHNN B KOHEUHbIX
npegenax Heco6CTBEHHOrO MHTerpana, Tak Kak / —abCoNTHO NHTErpupy-
ema, a jcos Ail » 1wm |sinAi| A 1. HenpepblBHOCTb (hyHKUMIA a(A), 6(A) 1
[lOKa3blBaeT HenpepbIBHOCTbL /(A).
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BTopoe yTBepXAeHMe TeOpeMbl CiefyeT M3 TOoro, 4to no nemme Puma-
Ha 2.1 gyHKunn a(A) —»0 1 6(A) —0 npu A —+clo.
TpeTbe yTBEPXAEHME OYEBUAHO:

+00 "TOO

I(A)K | \f(t)\-\e-M\dt= j |/(i)] dt.o

Teopema 9.4 (0 npeo6pasoBaHMu dypbe NPoM3BOLHONR) TycTb
hyHKUMKM /(>k) abcontoTHO MHTerpupyema u auddepeHumpyema na R, npu-
yem / (X) abconOTHO UHTerpupyema, Torga

FI/1=iXF[f) (/'(A) = iA/).

[Joka3atenbcTBo, 0 Ana QyHKUMM [(K) WMeeT,/Mecto ¢opmyna
HbloToHa-JTelibHMLa

X
f(x) = f{0) + J f(t)dt,
o}
N MOCKOMbKY / (k) aGCOMOTHO UHTErPUPYeMa, TO CyLLEeCTBYeT

l[m IOK) = [(Q)+ [ fit) dt=1

Mokaxem, uto 1 = 0, JonycTuMm, 4To Xllm [/0k)| = |/] > 0. Torga cyuye-

cTBYeT Takoe a£ /1 , “uTO.Npn X > a BbINONHAGTCA HepaBeHCTBO |/(K)[ > —,
OTKYfia M0 MPU3HAKY CpPaBHEHUS 415 HEeCOBCTBEHHbLIX WHTErpanos Cregyer,

+00

uto f \f(x)\dx-pacxogmTcs, 4TO NpPOTMBOPEUMT abCONMOTHOM UHTErpupye-
0

MocTh (yHKuhm / Ha R.

AHI0MMYHO [0Ka3bIBAETCA, YTO IimOO/(>K) = 0.
X —%~

PaHee Mbl NMokasanu, 4To = —iXe~M, NoaTOMy, UHTErpupys no
yacTaM, Mosy4aem

+00 —f%o
ff\t)-e~iXdt = f(t)-e~iX - / f(t)-(-iXe-M)dt
J J

—00 -0 ~00

iXJ f(t)-e~iMdt = iXF[f}.<
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CnegcTtene 9.1 TlycTb CywecTBYHOT HeNpepbiBHbIE MPON3BOAHbIE
f(kx) Kk = 1,2,...,00, mgna T —0,1,2,...,K dyHKyun f(m\x) a6co-
NIOTHO MHTerpmpyeMbl Ha K, Torga

F\fMl= (M)TT  (/55(A) = (FIT/(A)).

Teopema 9.5 (0 cBA3M rN1agKoOCTU (PYHKLUMN N CKOPOCTU YObI-
BaHUA Ha OeCKOHeYHOCTU ee npeobpasoBaHus Pypbe) MycTb Cy-

LLECTBYIOT HenpepbiBHble npou3BofgHble fA(X) K = 1,2,...,00, w\ans
T =0,1,2,..., K doyHKuun fAm\x) abconoTHO nHTerpmpyemol Ha K, “To-
roa

1/(AL= o (pjjt) TPUIAL °°-

[JokasaTenbcTBO. > B ycnoBuax Teopembl No cneacteuio 9.1 vmeem
[(*)(A) = (iX)kF(X). MockonbKy yHKLMS abCoMOTHO MHTErpupyemMa, To

no Teopeme 9.3 umeem |/~ (A)| —0npu |Al %00, T.e. |/(A)| = — —

Onpu |Al —»o00, T. e. [/(A)| = 0

Cnegcteue 9.2 MycTb yHKUMS | GeckOHeUHO AndichepeHUMpyemMa Ha
R, 1 yHKUMM abCcoNTHO UHTerpupyeMbl Ha X, T —0,1,2,...,.

Torga pyHkums /("*)(A) abcoMOTHO MHTerpupyema Ha R, npuyem fAmh A)

ybbiBaeT npu |A| —00_ 6bICTpee M06OIA CTeneHn (k=1,2,...,).

Teopema 9.6.(0'CBA3M CKOPOCTW Y6bIBAHUA PYHKLUUM Ha 6ecKo-
HEYHOCTU N FNafKOCTU ee rnpeobpasoBaHna dypbe) MycTb f(X) n
xf(x) abcoatoTHE UHTerpupyemsbl Ha M. Torga yHkums /(A) HenpepbIBHO
andhepeHuUmpyema Ha R, npuyem

I'(A) = F[~ixf(x)] n/'(A) -» 0 npwu |A -> oo.

JloKa3aTenbCTBO. ¢ B cuny ycnosuii Teopembl CyLLecTBYeT npeobpaso-

+00

BaHue /(A) = J f(t) mel'm dt, npuuem / HenpepbiBHa Ha E. Mocne cop-

MasibHOro AnddepeHLMpoBaHNs No AHecoO6CTBEHHOTO MHTErpasa crnpasa no-
NYYUM CReaytoLmnii MHTerpan,3aBucsaLWnMii 0T napameTpa A

—rJ tf(t) se~lAtdt.

-00
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Tak Kak jff(t)-e~M\ = Ansa Bcex Au ¢ a pyHkuums tf(t) abcontot-
HO MHTErpupyema, To npu ycnosum, uto /(f) HenpepbiBHa Ha R, N0 Npu3HaKy
BeliepwTpacca nHTerpan 6yaet paBHOMEPHO CXOAUTLCA MO A 1 Mo Teopeme
0 AnddepeHLMPOBaHNN HECOBCTBEHHOIO MHTErpasa OT HEMPEPbIBHbIX YHK-
Luin nmeem
+00
I'(A) = -i \] tfit) me~ttdt = F[-ixf(x)\.

- 00

B obwem cnyvae, T. e. npu ycnosuu, uto f(x) u xf(x) Tonbko a6eo-
NIOTHO UHTerpupyemsl Ha K, topmyna crnegyeT U3 TPETbero yTBEPXKAEHUS
Teopemsbl 8.2. <

Cnegcteue 9.3 MNycTb yHKUuM xmf(x) abCOMOTHO MHTErpMpyembl
HaMnpn T = 0,1,2,..., kK, Torga /(A) aBnseTCAa K pa3.HenpepbIBHO And-
thepeHLMpyemoin 1

1> >A) = F[(-ix)mf(x)],
npuyem
|[/(m>(A) =0 npu |Al—»+00.
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Tema 10 CBepTKa (hyHKLUN

10.1 OnpegeneHne U OCHOBHble CBOMCTBA CBEPTKU
10.2 MpeobpasoBaHne dPypbe CBEPTKM

10.1 OnpegeneHne N OCHOBHbIE CBOMCTBA CBEPTKMU

B pa3nnuHbIX BOMpocax MaTeMaTWKW, B OCOGEHHOCTV MaTemaTU4ecKol
(hM3MKKN, YAcTO UCMOMb3YETCA NOHATUE CBEPTKM PYHKLMIA.
Onpegenenne 10.1 MycTb yHkumm f(x) n a(x) onpegeneHbl tna R,

+00

a HecobCcTBeHHbI nHTerpan J f(t)g(x —t) dt cxoamTcs npuiBcex x £

£ M. Torga yHKUMSs, 3a4aBaemMasi 3STUM UHTErpasioM, Has3blBaeTCs CBepT -
KON hyHKUMA / 1 g 1 obo3HavaeTcsa f * 4. Takum o6pasom,

+00

(10.1)
)

[Janblwe Hac 6yayT WHTepecoBaTb CBOWCTBA CBEPTKM.

Teopema 10.1 (0 HenmpepbIBHOETW, OrPaHNUYEHHOCTM N abcontoT-
HOW MHTErpupyeMocTun CBepTKM).IMycTb dyHKkumm f(x) u g(x) Henpe-
PbIBHbI, OrpaHNYeHbl 1 a6CoMTHO MHTerpupyemsl Ha K. Torga cyuiecTBy-
eT ceepTKa (/ *4)(X), Npuyem OHa HemnpepbiBHa, OrpaHU4YeHa 1 abcontTHO
nHTerpmpyema Ha K.

JokasaTtensctBon>MycTb |/(X)| » Mb \g(xX)\ » M2 gns Bcex a £ K,
Torga u |<AX—4)’< ans scex x, t £ K.

MockonbKy/ /™~ abCcoNtOTHO MHTEerpupyema, TO M0 Npu3HaKy Beiep-
LITpacca HecoOCTBEHHbIN MHTerpan (10.1) cxoamTcs abCcoNOTHO M paBHOMEp-
HO no & £ K. YunTbiBas 3T0T (haKT U TO, YTO NOAbIHTErpanbHas PyHKLMS
f(t)g(x =t) HenpepbiBHa, N0 TEOPEME O HEMPEPLIBHOCTU PaBHOMEPHO CXOAS-
Lerocs MHTerpana nofyyaem HemnpepbIBHOCTL cBepTKM (/ * g)(X) Ha M

OrpaHmyeHHOCTb cBepTKM (/ * a) (X) cneayeT n3 OLEHKU

[(/*3)(*)]= Jf(t)g(x—t)dt < I\f(t)\-\g{x-t)\dt"
'OO —00

-00
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Jokaxem abCcontoTHY nHTerpupyemocTs ceepTku (f*g){x}Ha K. Nmeem

/\(f*9){x)\dx: J ax J rmgix-tar < J dx | \F(t)g{x-t)\dt =

- 00 - 00 00 - 00 - 00
+00 +00 +oo +00
- J \f{t)\dtJ \g(x - t)\dx = j \f[t)\dtJ \g{s)\ds < +00. (10.2)
- 00 - 00 - 00 -00

Mockonbky PyHKuMn fa g abcontoTHO UHTErpupyemsl Ha E, To 13, 0LeH-
Kn (10.2) cnefyet abcontoTHasAs UHTErPUPYEMOCTb CBEPTKU | * .

OcTanocb 060CHOBaTb 3aKOHHOCTb M3MEHEHMS MOpsAAKa HTerplpoBaHns
B (10.2). 370 cnefyeT U3 Teopembl O NepecTaHOBKe MOPSAKA WHTerpupoBsa-
HWSA B MOBTOPHbIX HECOOCTBEHHbIX MHTErpanax, Tak Kak,/BO-fEPBbIX, HECOO-

+o0

CTBeHHbIN mHTerpan [/ |f(t)g(x —t)\dt paBHOMepHO cxoAmTca Mo X Ha E,

+00 +00
BO-BTOpPbIX, 13 (10.2) cneayeT, 4YTo NOBTOPHbIA MHTErpan J dt J \f(t)g(x —
-0 -0

—I\ dx cywecTtByeT, B-TpeTbux, MHTerpandf, dt J \f(t)g(x —L\ dx pasHo-
- 00 - 00
MepHO cxoauTcs Ha fitobom oTpeske [ii;'4r] C E. [JokaxeM 3To.

Ham JoCcTaTOUYHO [0Ka3aTb PABHOMEPHYIO CXOAMMOCTb Ha l060M 0Tpe3sKe
+00 (0]

[fi;f2] C E kaxporo u3 unterpanos / [f(t)g{x - t)\dx n [/ |f(t)g{x -
(0] —00

—f)| dx.
MpoBegem paccyXfgeHua onsa nepBoro MHTerpana (4 BTOPOro aHano-
rmyHo). Tak kak Af(x)\ ~ M\ gnq Bcex t € E, n 4 —abCcoNOTHO MHTErpu-

pyemasi, To ANs~A0O0ro oTpeska n ans nwboro t 6 [fi;i2] nmeem
X2 X2 X-o-t
JONe g (x ~ t)\dx = [/(01/ DB(x ~ t)\dx < Mx | |$(s)|ds <
ari x\—t
X2- tit
<Mi \] lg{s)\ds. (10.3)
X -2

MocnegHee HepaBeHCTBO C/eAyeT U3 TOro, YTO OTPe3oK [xi —t; xj —t\ C
C W\ —t2' X —t{\ gna nwoboro t £ [ti;£2], n HEOTPMLATENLHOCTU NOAbIHTE-
rpanbHON (hyHKLMW.

Mo kpuTepuio KoLwm cxoanmMocTi HeCOBCTBEHHBIX MHTErPaioB MeeM: A4
noboro e > 0 cyulecTByeT xq > 0 Takoe, 4To Ans Bcex x2—h > x\ — > xj
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t\ g
nvmeem J |f2(s)|ds S — a noatomy Ansa Bcex t € [tijt] nonyvaem u3

X:

(10.3), utoO )/« lg(x —t)\dx ™ e. B cuny kputepuns Kowm paBHOMEPHON Cxo-

AVMOCTN HECOBCTBEHHbIX VHTErPanoB, 3aBUCALLMX OT NapameTpa, Noayyaem,

+00

YTO HecobcTBeHHbI nHTerpan / \f(t)g(x —1)| dx cxoanTcs paBHOMEPHO Ha
0

ntobom oTpeske <

3ameyaHue 10.1 MNpu cgenaHHbiX B TeopeMme MpPeLnONOXeHUAX Aas
thyHKumMin fu g (HenpepbIBHOCTb, OFpaHNYeHHOCTb 1 abCONOTHAA UHTERPUPY-
eMOCTb) CBepTKa / *f 06/1agaeT TeMU Xe CBOMCTBaMU (HEMpPePbIBHOCTL, Orpa-
HWYEHHOCTb M abCoMOTHAsA UHTErpupyemocTsb). B yacTHOCTU, B 3TOM Cnydae
[N5 CBEPTKM BCerfa CyLecTByeT npeobpa3oBaHne Oypbe, MOXHO-IPUMEHNTb
onepauuio cBEPTKN pyHKUMiA f * 4 1 HEKOTOPOI HEeMpepbIBHOMA, OrpaHnYeH-
HO/ M abCONOTHO MHTErpupyemoit hyHKLMK h Te. onpegeneHa yHKUMA
(/ *9) *h.

3ameyaHune 10.2 Onepaunsa cBepTKM QYHKUMUIANKOMMYTaTMBHA U acco-
LMaTMBHA B Kfacce abCcoMOTHO MHTErpUpYyeMbIX; HenpepbIBHbIX, OrpaHUYeH-
HbIX yHKUMA Ha K, T.e.

1)f*9~9*f (KOMMYTaTUBHOCTb);

2) (f *p) *h=1f *(g*h) (accoynatmBHOCTb).

10.2 MNMpeobpaszoBaHue Pypbe CBEPTKU

Teopema 10.2 (o npeebpasoBaHun Pypbe CBEPTKU) MycTb PyHK-
umm f(x) 1 a(X) HenpepblBHbI, OrpaHNYeHbl U abCoMTHO UHTErpupyemMsl Ha
K, Torga

W =9= F\f] -Flg].  ((f7~9)(A) = /(A) m(A)),

TakuM 06pasoM, npeobpasoBaHue Pypbe CBEPTKU ABYX (DYHKLMIA paBHO Mpo-
n3BefieHNI0) NpeobpasoBaHnii Pypbe 3TUX GYHKLUUIA.

JokaszaTtenoctBo, 0 ®yHkuun f(x) u a(x) HenpepbiBHbI, OrpaHuye-
Hbl M @bCOMOTHO UHTErpupyembl Ha R, noatomy mo Teopeme 10.1 ¢yHKUUA
(/7 p)(X) HenpepbIBHA, OrpaHNYeHa 1 abCoNOTHO UHTErpMpyemMa, u N Hee
CyLLecTBYeT npeobpasoBaHne dypbe

+00 I +o00
-

FIFg}(A) = J e-idt J f(s)g(t-s)\ds .

MeHsisi B 3TOM MHTerpase nopsiAok MHTErpupoBaHus (3aKOHHOCTb 3TOV
onepaLum JoKasblBaeTCs PacCy)XAeHUAMU aHaIOTMYHBIMM TeM, KOTOPbIE MpK-
BefieHbl N1 060CHOBAHMS 3aKOHHOCTY M3MEHeHMsl NopPsAKa MHTErpupoBaHus
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B npeobpaszoBaHumn (10.2), ¢ yyeToM TOro, 4to \e *Aff = 1) K genas 3aMeHy
t —s —z, nonyumm

+00 +00
Flf*g\W= J f{s)ds J g(t- s)e~IXdt =
—a@ -@®
+00 +00 +00 +00
- J fe)ds J gl e-ixtsydz = J f{s)e-Ixsds- ] gfz)e~ixedz =
—0 —00 —60 —60

= FUI(A)-FL<?)(A),

t.e. f*g(A) =/(A) -g(X). <

PaHee Mbl oTMeTwUnmM, 4to, ecnnm /| — abCONMOTHO MHTELPUpyema, To /,
BOOGLLEe roBops, TaKOBOW He siBnsfeTcs. MocTaBuM 3afady QMMcaHWs KNaccos
(hyHKUMIA, KOTOpble nepeBoAATcs npeobpasoBaHneMm dypbe F :/ —»/ camu
B cebs. CBolCTBa PYHKLMIA, BXOAALWMX B TaKue Kiacchl, cnefytoT u3 Teope-
Mbl O CBSA3U MEXJY CTENeHbto rNafKoCTU (YHKUMUM U CKOPOCTM Y6bIBaHMSA Ha
6eCcKOHeYHOCTM ee npeobpa3oBaHMs Pypbe M\TEOPEeMbl O CBA3WN MeXAYy CKO-
poCTblo y6bIBAHUA (YHKLMUM Ha 6ECKOHEYHOCTU W CTEMNeHblo rNafKoCcTu ee
npeobpasoBaHuns dypbe.

Onpepenenne 10.2 dyHKuus\/', onpefeneHHas Ha K, HasbiBaeTcCs
6bICTPO YybblBatOLLEN Npn X —% 00, ecim gns nwbeix k,m = 0,1,2,... cy-
WwecTByeT nocTosiHHasa Cs.T Takad, 4To

@+ \WXOKF{mM()\  Ckm/Ons scex 1 6M. (t0.4)

Uepe3 S 0603Ha41M COBOKYMHOCTb BCEX ObICTPO YObIBAOLMX PYHKLNINA.

3amevaHwne 10.3 W3 onpepgeneHus cnegyet, yto, ecam /| G S, 10/ -
6eCKOHEYHO AnthdepeHLMpyeMas QYyHKLNA.

3ameuaHue 10.4 Ecnu Ha MHOXeCTBe S BBECTU CTaHAapTHbIE onepauuu
CROXEHUA PYHKUUIA N YMHOXEHNA PYHKLUUKU Ha YMCNO, TO S CTaHeT INHei-
HbIM MPOCTPAHCTBOM.

K knaccy 6bICTpo y6biBatoWmx QyHKLMIA OTHOCUTCA, HANpUMep, PYHKUNS

e
3ameydaHune 10.5 N3 oueHkmn (10.4) cnepyeT, uto [/~ (*) 1 ~ (l’liﬁr?)*'

MosTomy no Teopeme cpaBHeHUs (K N 2) CXOAUMOCTU HECOOGCTBEHHOIO UHTe-
rpana cnegyet, 4yto gyHkymn fAmx) (ra = 0,1,2,...) abCcoONOTHO WHTe-
rpypyembl, W, B 4aCTHOCTM, S SABNAETCA MOAMPOCTPAHCTBOM MPOCTpaHCTBA
abCoMTHO UHTErpUpyemMbIX OYHKLWINA.
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Teopema 10.3 OTobparkeHne F :/ —»/ onpegeneHo Ha S, npuyem
F(S) = S n oTobpa>keHne F 6MeKTMBHO N3 S Ha S.

[oka3atenbcTBO. > TOT (hakT, UTO 0TO6paxeHne Pypbe F onpegeneHo
Ha S, cnepyet u3 3ameyanuns 10.5. [lokaxxem paBeHCTBO F(S) = S. OHo bygeT
[l0Ka3aHo, ecim Mbl Nokaxem, 4to F(S) C S un S C F(S).

CHavana [OKaXeM nNepBOe BK/KOYEHUE, T. €. JOKAKEM, UTO (PYHKLMS
I(A) = F[/1(A) € S ans nwob6oin gpyHkumm / G 5. N3 oueHkn (10.4) gna
K, T=0,1,2,... UMEeM HepaBeHCTBO

@+ PRD*I(T(X)] ~ Cx+2,T{L + N )-2 gnsaBeex i e R,

oTKyfa
\xkf m{X)\ < Ck+2 {1+ M)-2 Ana scex 1 6K,

KOTOpoe NnokasbiBaeT, 4To GyHKuun XKF'm){x) abcontoTHO MHTEFPUPYEMbI Ha
K (no Teopeme cpaBHeHUs AN HECOOCTBEHHBIX MHTErPasoB) Wy B YaCTHOCTH,
6yayT abcontoTHO uHTerpupyembl gpyHkumm xkf(x) (k £0,4,2,...). Mo Teo-
peme 0 CBA3M MeXAy CKOpOCTbO y6OblBaHWUSA (YHKWUWM Ha 6ECKOHEYHOCTU U
CTeneHbHo rNagKocTy ee NpeobpasoBaHns Dypbe umeeM, 4To /(A) 6eCKOHEUHO
andgepeHumpyema. C Apyroil CTOpoHbI, Tak’ Kak cama ¢yHkuus f(x) 6ec-
KOHeuHo anddepeHumpyema (3amevaHune 10.3),/a6C0NIOTHO MHTErpMpyema u
abCcontoTHO MHTerpupyemsl ee npoussogHelesf mix) (3ameyaHne 10.5), To no
TEeopemMe 0 CBS3U MeXAY CTeMneHb MMafKoCTh PYHKLMU U CKOPOCTbIO YObI-
BaHWA Ha GecKOHeYHOCTU ee npeobpasoBaHua Pypbe nonydvaem, uto /(A) =

= F[/I(A)=0 ~ ) >A=0Q1,2,....

-
[anee npoussogHash (Xkf(x))("™) = Cm(xk)™ f(m~s\x), ou4eBMAHO,

Oynet abCcontoTHO UHTEerpupyemoii cpyHKu,l;leM. MprMeHUM K Heli npeobpa-
30BaHUe dPypbe

ELOC /(%)M = (X)mFIxhE()} = (i\)mikfw(\).

B(nepBomM paBeHCTBe Mbl NpuMeHUNY cnefctene 9.1, a BO BTOPOM —cCnej-
CTBMe\9:3.
OTKyfaa, C y4eTOM TOro, 4To npeobpasoBaHne Dypbe abCOMOTHO UHTE-

rpmpyemoin yHKumm (Xk/(X)Y T>ecTb QYHKLUA OrpaHUYeHHas, Meem

AN/C(A)] = [FIxkEx) ™

N OKOHYaTE/IbHO NoNny4um

@+ |AITIMNA) ECI|A r7 WA <X;cs,iAr-*i/{f(A)i<
N *=0
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T

A Y 1CmBm-§k = BTk
80
Takum o6pasom, yHkuma /(A) ypLoBneTBopseT BCeM TpeboBaHWUAM
(hyHKUMKM 13 npoctpaHctBa S, T. e. /®(A) 6 S n -F(S) C 5.
Jokaxem Tenepb BkAoueHne S C F(S). Myctb 4(A)  nobasa GpyHKuma

n3 S. Kak OTMeYeHO Bbille, ANA Hee OMpefenieHo npeobpasosaHue dypbe
+00

a(x) = J g(X)e~%dX E S.
-00

+00
Paccmotpum Tenepb yHkumio /(x) = a(—x) = f a(X)elDkdX | ®yHk-
- 00

ums /(x), oueBnaHo, n3 S. Ana dyHkuum 5(A), B cuny ee 6ECKOHEYHON And-

(hepeHLMpPYeMOCTH, BbINOMHEHO YCOBME JMHM, NO3TOMY Mo((opMyne o6pa-
LLEHUs UMeeM

4-00 +00 +00

QA =~ J gxeidXxdx = ~ J f(-x)eiXxdx == J f(x)e~Xxdx =

-00 - 00 -00

=" Ne ):A<A

WTak, ans no6oit pyHkumm A(X) "G S cyuiectByeT (yHKUms — /(X)

Takas, 4To F\z_7le] = A. A 370 n-o3HavaeT, 4to S C jF(S). Takum 06252301\4,
F(5) = 5.

[okaxem 6MeKTUBHOCTb OTobGpaxeHusa F : S —5. Myctb / n €€ S,
npuyYem OHK, Kak BbII0 0TMeYeHO paHee, 6yayT 6eCKOHEUYHO auddepeHLmnpy-
eMbl U, CnefoBaTesIbHO, A5 HUX BLIMOSIHEHO ycnoBue [uHu, kpome Toro,/
N 4 abCcoMTHO UHTerpupyemsl. M03TOMy A8 HUX MMeeT MecTo (opmyna
obpaweHus. flyctb Tenepb F[f] —F[<?], T. e. F[f —g] —O0. Mo Teopeme 06-

paweHus F~IF[f—a\ =/ —a = 0, T.e./ = [, 4TO 1 03Ha4yaeT GBUEKTUBHOCTb
oTobpakeHmsa F. <
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