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Formations of finite groups with given properties
S.F.KAMORNIKOV AND L.A.SHEMETKOV

Dedicated to Professor Wolfgang Gaschiitz on the occasion of his 80th birthday

Development of the Gaschiitz theory of formations made it possible to pose and solve prob-
Bems of description or enumeration of group classes with given properties. One of such pr x
Jems, posed by L.A.Shemetkov more than 10 years ago, consists in the following: des&
S-closed formations § such that every minimal non-§-group is either a minimal non-nj nt
~group or is of prime order. Local and composition (solubly saturated) formations DQ type
were studied in [1-4].

It was proved in [5] that a S-closed soluble formation § is saturat i&e’ery soluble
minimal non-§-group is either a Schmidt group or a cyclic group of prﬁe)order. It was
seoved in (1] that a S-closed formation is solubly saturated if every nal non-§-group is
sther a Schmidt group or a cyclic group of prime order. In this arti e prove that these
wesults are corollaries of the general theorem.
~ We consider only finite groups. All group classes considg@are non-empty. We use
motations from [6, 7]. A group @G is called a minimal non- up if G is not in § but all
woper subgroups of G are in §. We denote by M(F) tﬁt of all minimal non-F-groups.
G oups in M (M) are also called Schinidt groups. We at a Schmidt group A4 has type
Ye.p) if |[A| = p*¢® and a Sylow g-subgroup of, A\ is normal. 91 is the class of nilpotent
wups, N, is the class of nilpotent 7-groups is aJset of primes), & is the class of soluble
soups. We denote the set of all prime divi orders of §-groups by (). K(G) denotes

set of all groups which are isomo ig composition factors of G. A formation § is

#d to be solubly saturated if G/®(N) &F for a soluble normal subgroup N of G always
n of a compositional formation (see [6, 8, 9]). A

plies G € §. We need also the 1
mmction f : {groups} — {formati is called a composition satellite if K(G;) = K(G,)
ays implies f(G4) = f(Ggﬁ 1is a p-group then we write f(p) instead of f(P). A

Sermation

CF(f)={G (H/K) € f(H/K) for every chief factor H/K of G}
7 called a composi mation with a satellite f. Clearly, every local formation is a com-
sesition formati Baer’s theorem ([7], p.373), a formation is a composition formation
& and only ifit\s'solubly saturated.

m D, ( ') = G if G has no such chief factors. If |A| = p then C4(G) = CP(G). One
man notiee that CP(G) coincides with the €p-radical of G' where €, is the group class in
which every chief p-factor is central.

- We formulate in the form of lemmas some famous results that will be used farther on.
Lemma 1 [5]. Let § be an S-closed formation such that M(F) N6 S M(Myz). Suppose
i § contains a Schmidt group of type (a,p). Then every Schmidt group of type (q,p)
elongs to §.

smma 2 [10]. Let H be a simple group in M(B). Then § = Dy(form(H) U Gypry) is an
-closed formation.

CA(G)%}G s the intersection of centralizers of all chief factors of G which are contained

Lemma 3 [11]. Let X be a group class. Let § =cform(X) be the smallest composition
ation containing X. Then § = CF(f) where f(H) = @ for all simple groups H not in
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K(%X), and f(H) = form{G/CH(Q) : G € X} for every H in KC(X). Furthermore, f is the

minimal composition satellite of §.

Theorem 1. Let § be an S-closed formation satisfying the following condition: M(F) C
MNy5)) UM(S). Then § is a composition formation.

Proof. Let H be a simple non-abelian §-group, and all its proper subgroups are soluble.
Suppose that § # E(H)§, and let G be a group of the smallest order in EH)F\S It
is clear that G € M(F) and G¥ is a unique minimal normal subgroup of G% We have
G¥ = H, x ... x H, where H; ~ H for all 1. It follows from the assumption<fithe theorem
that G € M(6). If G¥ = G, then G ~ H € §. If G¥ # G, then G¥ C4(@). The latter
contradicts G¥ € E(H). Thus, the following statement is true: W\

E(H) = § for every non-abelian simple F-group Hein MI(B). (1)

We take again a simple non-abelian §-group H which is ‘eontained in M(6). Assume
that there exists a group G in M(&) such that G/®(F) #H) We want to prove that G € §.
Let % be the set of all S in M(&) such that S/®(S) ~ HSuppose that H \§ # @ and G is
a group of the smallest order in §\ §. It is obvious that\V = G% is a unique minimal normal
subgroup of G. Since H € §, N C ®(G). Therefore, W is an abelian p-group for some prime
p € n(H). Let [N| = p™. Let P be a subgroup<of order p in H. Then N = P, X ... x P,
where P ~ P for every i. Suppose that H¥\%: H, x ... x H, where H; ~ H for every
i. Consider wreath products W = HrwA(GYGS) and W, = Nwr(G/GS). Obviously, W
contains a subgroup R which is 1somorphic to W,. By the theorem of Kaloujnine-Krasner,
W, contains a subgroup that is isgmorphic to G. Hence W also contains a subgroup which
is isomorphic to . By statement (%), we have E(H)§ = §. Therefore, W € F, and G € 5
because § is S-closed. ‘ |

So, we have proved thé\following statement:

if @ € M(6) and G/®(G) € F, then G € 3. (2)

For each prirge p)in 7(§) we define a set 7(p) = {q € 7(G/C?(G)) : G € F} U {p}. Let
[ be a compgsitioli satellite such that f(p) = Sx(p) for p € 7(F), f(H) = §F for every non-
abelian group, H'in K(§) and f(H) = @ for all simple groups H not in K(F). We will show
that § 2\CH(f). Clearly, ¥ is contained in CF(f). Suppose that § # CF(f). Let G be a
group of minimal order in CF(f)\ §. Since § is S-closed, then G is a minimal non-g§-group.
haying & unique minimal normal subgroup N = G%. We consider two cases: N C ®(G) and
N O9(G).

Let N C ®(G). Then by the condition of the theorem, G is either a Schmidt group or
a group in M(&). Let G' be a Schmidt group. Then N C Z(G) (see theorem 26.2 in [6]).
From this it follows that G/N is a Schmidt group. Now by lemma 1, G /N € § implies
G €. So, G € M(G). Then it is clear that G/N € M(S). By (2), G/N € § implies
G € §. Contradiction.

Let N ¢ ®(G). Then by the condition of the theorem, G is either a Schmidt group or is
of prime order. If |G| = p is a prime, then from G € CF(f), n(CF(f)) = (%) and §F = SF
it follows that G € §. Contradiction.

Let G be a Schmidt group. Since ®(G) = 1, then G = [N]Q where IN| = p°, Q| = q.
Since G € CF(f), then G/Ce(N) = G/N =~ Q € f(p) = Sn(p)- Therefore, ¢ € m(p). From
the definition of 7(p) it follows that there exists a group R in § such that R/C?(R) contains
a subgroup @, = M/CP?(R) of order q. Let {H;/K; : i € I} be the set of all R-chief p-factors
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. of C?(R). Then C = NierCr(H;/K;) contains CP(R) (we set C = R if I = ). Since
Q.| = ¢ is prime then either M N C = CP(R) or M C C. Let first M C C. Let L/C?(R)
Be an R-chief factor of C. Since L is contained in C, all R-chief p-factors of L are central
. = L. Clearly, L = C?(L). Since L is normal in R, L is contained in C?(R). Contradiction.
- Now we suppose that M N C = C?(R). It means that @, acts non-trivially on H;/K; for
- some j. Since Q| = ¢ then Cq,(H;/K;) = 1. Consider [H,;/K;]Q,. By lemma 3.32 in
- 8, [H;/K;]Q: € §. By Maschke’s theorem H;j/Kj = L x ... x L, where L, is a minimal
- &s-admissable subgroup of H;/K;,i=1,..,1. Clearly, there exists r {1,...,t} such th@
Co.(L,) =1. Let D = [L:]Q;. Obviously, D is a Schmidt group of type (p,q). Since M
- & subgroup of §-group [H;/K;]Q,, D € . By lemma 1, every Schmidt group of ty
| Belongs to §. Hence G € §. Contradiction.
So, § = CF(f). Theorem is proved.

Corollary 1.1 [1]. Let § be an S-closed formation such that M(F) C A(‘TI)%S Then §

)

% a composition formation. '

Corollary 1.2 [5]. Every soluble S-closed formation with the condz’t@%({y’) C MMy 5)
= local.

Corollary 1.3. If§ is an S-closed formation and M(F) C Mé@%m; then § is a composition
Theorem 2. There ezists S-closed formation § satisf@ Jollowing properties:
- Y MEF) NG C M(Myy); 1

- 2) § is not a composition formation.
wof Let H = PSL(2,7). By lemma 2, § ﬁ)‘ m(H)UG337}) is an S-closed formation.
N

widently every soluble minimal non—i{y roupyls a group of prime order p not in {278, 7}.
ppose that § is a composition formaﬁ@y. § =cform(§). By lemma 3, § = CF'(f) where
i)

=form(G/CH(G): G e F), f m(G/CP(G) : G € F)for every p € {2,3,7}, and
?) = @ for all R not in K(F). Si (G) = Guxr where K is the set of all simple groups
in (H), then for every gro in § we have G/CH(G) € form(H). Since C?(G) = Ge,,
e €, is the class of gr which every chief p-factor is central, then for every group
&,we have G/C?(G) ¢ G237} It means that f(p) C G237

& I § and every p €
B any p € {2,3,7}.
Suppose that f( {237y for some p € {2,3,7}. Let S be a group of minimal order in

7\ f(p). T as a unique minimal subgroup N. Since S is soluble, N is a g-group
some pri {2,3,7}. Suppose first that ¢ # p. Then by the well-known result
¢,’lemma 18.8 in [12]), there exists faithful irreducible F,S-module V. Let
® Dy = CP(G) =V then from D € F it follows that D/F,(G) ~ S € f(p).
: Hence ¢ = p, ie. N is a p-group. Let V) be a faithful irreducible F, S-
adule for some r € {2,3,7}, r # p, and V5 is a faithful irreducible F,[Vi]S-module. Let
F = [[V2]V4]S. Since Fe,, = CP(F) = Va, we have F/V, =~ [Vi]S € f(p). It follows from this
at S € f(p). Contradiction.
- So, we proved that f(p) = Gio3,7 for every p in {2,3,7}. Thus, § = CF(f) where
S H) = form(H), f(p) = G237 for any p € {2,3, 7}, and f(R) = & for every simple group
zot in K(§). Evidently, SL(2,7) € CF(f). Therefore, from § = CF(f) it follows that
s {2,7) € §. But it is not like this. Theorem is proved.

Fesome. PaccmarpuBaloTes TOmsKO KOHeYHLIe rpynmer. Jlokaza®o, 4ro wmemyctas S-
wEEyTad QopMalms paspenmmo HACBIIIEHA, €CIIV Ka)kK/as MHUHMMAJIbHAS He S-rpymnmna
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ABNAeTCd 00 NMUKINIeCKO Tpynno#t mpocroro mopsanxa, 6o rpynno#t Illvunara, u6
MHUHUMAJIbHOW Hepaspenmmmoi TPYIIOHN. '
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