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1. Introduction

All groups treated are finite.

In [2] a new embedding property for subgroups in every soluble group ‘was introduced
and studied. This concept is associated to a saturated formation FCamd 1t is called §-
Dnormality (see Definition (2.3)). It is a natural extension of the ¢lassical normality, which
is recuperated when § = M, the class of all nilpotent groups. More precisely, the §-Dnormal
subgroups are defined in terms of Sylow p-subgroups, for the/primes p in char(§), the
characteristic of §. This allows to introduce the local concept of p'-§-Dnormality, for every
p € char(3F). As in the case of normality, the p/-§-Dnommality is not a transitive property.
In this note we continue with this study and we define W/ 2F-subnormal subgroups for every
p € char(g) (see Definition (3.1)and Proposition (8'3)). They are characterized in terms
of reduction of Hall p/-subgroups in p-soluble groups (Theorem (3.11)). Moreover, we see
that p/-F-subnormality, for every prime p € cha™(F), constitutes a local version of the usual
concept of F-subnormality in the soluble urnityerse (see Corollary (3.14)). Thus we can derive
an alternative proof of the characterization of the F-subnormal subgroups in every soluble
group, obtained by M. J. Prentice 1n,/9], in terms of reduction of complement F-basis, for a
subgroup-closed saturated formation F, with arbitrary characteristic. (See Corollary (3.14)).

Some more results aboutfthébehaviour of p/-F-subnormal subgroups are also obtained.

2. Preliminaires

The reader is assiried to be familiar with the theory of saturated formations of finite groups.
The relevant “definitions, notations and results can be found in [4].
For the(sake of completeness we gather some concepts and results which are needed later.
S denotes the class of all soluble groups. If o C P, the set of all prime numbers, G4
dendtes. theé class of all soluble o-groups. 91 denotes the class of all nilpotent groups.
Henceforth & denotes a satured formation and m = char(F) = {p € P : Z, € §} is
thecharacteristic of §. The canonical local definition of § is denoted by F. We write f to
identify the smallest local definition of 5.
It I is a subgroup of a group G, o(|G : HJ) denotes the set of the prime numbers
dividing |G : H|. (H) denotes the normal closure of H in G and p denotes a prime number.
If G, € Syl,(G), the set of the Sylow p-subgroups of G, we write Gp H to mean that Gy
reduces in H, i.e., G, N H € Syl,(H).

A subgroup H of a p-soluble group G is said to be p'-subnormal in G if every Hall p-
subgroup of G reduces in H, i.e., Gy NHisa Hall p'-subgroup of H. We write H p -snG.

Proposition 2.1. Let H be a p'-subnormal subgroup of a p-soluble group G, let H < K < G
and let N be a normal subgroup of G. Then:

(1) HN/N p'-sn G/N.
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(2)Hp-sn K.
13) 0,(G) < Ng(O*(H)).
»f. The proofs of (1) and (2) are straightforward.

'3) We argue by induction on |G|. Notice that H is also pl-subnormal in HO,(G). If
#0,(G) < G, the inductive hypothesis ensures that

[0p(G), O (H)] < [0,(HO,(G)), O°(H)] < O(H)

we are done. Otherwise, G = HO,(G). Since H is p-subnormal in G, in this ca@
that OP(G) = OF(H) and the conclusion is clear.

ark 2.2. Given a saturated formation §, we recall that F(p) = 6,f(p), fm@ pET,
ver f is an integrated local definition of § = LF(f) (see [4,IV. Pro ?gn (3.8)(a)]).
it is easily deduced that HF®) o -snG if and only if H/®) o -snG \for Jevery subgroup
&' a p-soluble group G. 2
4 mazimal subgroup M of a group G s said to be F-normal m@ G/Coreg(M) € F;
erwise, it is called F-abnormal. A subgroup H of a group G is called §-subnormal in G
her H = G or there ezists a chain H = &by, <5 H oy i @) = G such that H; ., is
F-normal mazimal subgroup of Hj;, for every i =0, ... ’Q) ([4, III. Definition (4.13);

Definition (5.12))). @

Definition. [2, Definition (3.1)] For a prime p\bw = char(§), a subgroup H of a
> G is said to be p'-F-Dnormal in G, if a@a“;’m) C 7 and [HE, HIP] < H, where
= (G, € Syly(G) : G, \(H). In this caﬂv‘:e rite H p/-§-DnG.

A subgroup H of a group G is said to lﬁf— ormal in G if H is p’-F-Dnormal in G, for

iy p € 7. We write H §-DnG. J

} particular, the normal subg %& group are exactly the 9-Dnormal subgroups.
wusly p'-§-Dnormality is n sitive property. The dihedral group of order 8 is an

example of this fact.

- The following results (g true for arbitrary groups without changes in the proof.
ssition 2.3. [2 sition (3.3)] Let p € 7 = char(F) and let H be g P'-§-Dnormal

w of a grou tH<K<Gandlet NIG. Then:

G/N and L/N p'-§-DnG/N, then I, P’ -§-DnG.

-9 2.4. If M is a mazimal subgroup of a soluble group G, then M is F-normal in G
only if M is §-Dnormal in G.

- Notice that for arbitrary finite groups this result is not true. Take for instance, the
wied formation § = LF(F) given by F(p) = f(p) = S35y, for p € {2,3,5}, and
b= 8,, for everyq e P\ {2,3, 5}. Then Alt(4) is F-Dnormal in Alt(5) but Alt(4) is a
smal subgroup of Alt(5) which is not F-normal in Alt(5). (Alt(n) denotes the alternating
of degree n).

osition 2.5. [2, Proposition (3.5)] Let H be a subgroup of a soluble group G. Then H
F-subnormal in G if and only if there exists a chain H=H, < H, < ... < H, = G such
H, §-DnH,,,, for everyi=1,... ,n—1.
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2.2. Definition. (See [11, Definitions (3.1), (3.7)]) Let G be a soluble group. Let % =
{Gy : p € P} a complement basis of G, i.e., G is a Hall p'-subgroup of G, for every prime
p. (Obviously, if p does not divide |G|, Gy = G).

The complement F-basis associated to ¥ is the set

Y ={GyNG'P G, : pemgeP\7},

where f is an integrated local definition of §.

(By [11, Satz (3.2)], £z does not depend on the choice of an integrated f).

Assume moreover that f(p) is subgroup-closed for every p € P. Let U be4 Subgroup of
G. We say that the complement §-basis of G reduces in U, if

YN U ={GyN Uf® GynU : pem, ge B\
is a complement F-basis of U.

M. J. Prentice proves in [9] that a subgroup U of a soluble group G is §-subnormal in G
if and only if every complement F-basis of G reduces in U, When 9 C §. :

3. p'-F-Subnermality

3.1. Definition. Let p € char(F) and let\G Be a group. A subgroup H of G is said to be
p/-F-subnormal in G if either H = G or there exists a chain H=Hy< H, < ...< H,=G
such that H; is a p’-§-Dnormal magimal subgroup of Hj .y, for every 1 =0,...,n — 1.

Proposition 3.1. Let p € cher(§) and let G be a group. Let H< K < G and let N <G.
Then: :

(1) If H p'-§-snK apd K-p'-§-snG, then H p'-§-snG.
(2) If H p'-§-snG, theén HN/N p'-§-snG/N.
(3) If N < H'apd H/N p'-§-snG /N, then H p'-§-snG.

Proof. (1)/Tt is\obvious from the definition of p/-§-subnormal subgroups.

(2) (Wé\argue by induction on |G|. Obviously we can assume HN # G. Since H is
p-Fésubnermal in G, there exists X a p'-F-Dnormal maximal subgroup of G containing H.
IF NN 'X, then HN/N is p'-F-sn in X/N by the inductive hypothesis and clearly HN, /N
i%p2%-sn in G/N. Otherwise, G = XN and consequently G/N = X/(X N N). By the
inductive hypothesis we have that H(X N N)/(X N N) is p'-§-subnormal in X/X N N, but
H(X N N)/(XNN)= HN/N which concludes the proof.

(3) It is clear from Proposition (2.4(3)).

Proposition 3.2. Let p € char(F) and let G be a p-soluble group. For a subgroup H of G
the following are equivalent:

(z) H is p'-§-subnormal in G.
(#3) There ezists a chain H =Ly < Ly < ... < Ly = G such H; is p'-§-Dnormal in H;,,

for every i =20,...,t— 1.

In particular, p'-F-Dnormal subgroups are p'-§-subnormal.
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“roof. 1t is obvious that (i) implies (44).

For the converse, we suppose that H is p-§-DnG and we prove that H satisfies (4). Then
= result is clear. , 1 :

~ We argue by induction on |G|. Taking Proposition (2.4) and Proposition (3.2) into
secount we can assume that G = HN , for every normal minimal subgroup N of G.

~ If H # G, then there exists a maximal subgroup M of G containing H.

- Let N be a minimal normal subgroup of G.

- If Nisap'-subgroup, then M p/-F-DnG. In this case the result follows again by inductiogox
- If N is a p-group, then H is maximal in G, which implies that H is p’-F-subnormal i

smark 3.3. The hypothesis about the p-solubility of the group can not be dispens h in
above proposition. Take for instance the saturated formation § = LF(F) wi nical
definition F' given by F(3) = F(5) = G35y and F(q) = S, for every prime q # 3,5.
e G = Alt(5) and H a subgroup of G of order 3. Then H € F(5) =\f(5) ‘and so H is

#-Dnormal in G. But it is not difficult to prove that no mazimal s up of G containing
53'-F-Dnormal in G.

. ma 3.4. Let p € char(§) =7 and let H be a mazimal sub %of a group G such that
& - H|) C . The following are equivalent: @;

' s H is p'-F-Dnormal in G. &

$5) Ifp € o(IG : H|), then (HIP)) < H.

- It is easy to deduce that (¢i) implies (7 A
o the converse, we argue by inductionn the order of . Assume that p € o(|G: HJ).
¥ be a minimal normal subgroup ofi@. If & < H, then the results follows by Proposition
| and the inductive hypothesis. > can assume that G = HN. Take G, a Sylow
sgroup of G which reduces in en G, = (G, N H)(Gp, N N). Since G = (H, Gy,
@ve that G = (H,G, N N) rticular, [H,G, N N] I G. If [H,G, N N] = 1, then
EH(G,NN) and obviousl@"))(;) < H, because H is p'-§-Dnormal in G. Otherwise,
gase 1 # [H,G, N N] plies that [H,G, N N] = N. But for every h € H and

=n"'n" € (G,NN)(GENN) < HE. Consequently, N < HE.
, it is clear that ((HL®)¢) < H.

3.5. I ypothesis of the above lemma, if § is such that f () = ) ( for

, then H is p'-F-Dnormal in G if and only if H satisfies the following

B if
g&‘: HY|), then H < G.

| 6. Let p € char(§). If H is a p'-F-Dnormal mazimal subgroup of a p-soluble
G, then HY®) s o/ -subnormal in G.

Ep| |G : H| then (HIMG) < H, by Lemma (3.5). Consequently, HL®) is
Bee=al in G. In particular, HL?)| and also H"®, are p'-subnormal subgroups of G. If
- & s ap-number, then H, and also HF () are p’-subnormal subgroups of G.

stion 3.7. Let p € char(§) and suppose that § is such that F(p) is subgroup-closed.
= e a subgroup of a p-soluble group G. If H is p'-§-subnormal in G, then HF®) g
al in G.
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Proof. Assume that H < G and let I = Hy < Hi <...< H, = G a chain of subgroups
in which each H; is a P'-F-Dnormal maximal subgroup of H;,,, for j = 0,...,n—1. We
argue by induction of n, the length of the chain. If n = 1, the result holds by the previous
lemma. If n > 1, since H is p'-§-subnormal in H,_,, the inductive hypothesis ensures that
HT®) is y'-subnormal in Hy_1. Moreover, (Hn-1)F®) is p'-subnormal in G, by the previous
lemma. But H*® < (H, )F® because F(p) is subgroup-closed. Consequently, HF(®) ig
p/-subnormal in G.

Remark 3.8. The hypothesis on F (p) being subgroup-closed is necessary toxobtain Propo-
sition (3.8). Take for instance the saturated formation § = LF(f) localiyYdefined by the
Jormation function f given by: f(p) = (1), for every prime p # 2,3, afid f(2) = f(3)=(G 2
G s a soluble group whose Carter subgroups are 2-groups). Notice that F(2) is not subgroup
closed.

Let G = Sym(4) be the symmetric group of degree 4 and take H = ((1,2,3)) < G. Notice
that the subgroup K = ((1,2,8), (2 3)) belongs to [(2), whighwimplies that K is 2'-F-Dnormal
m G. Consequently, the chain H < K < G ensures that H s 2'-F-subnormal in G. But
H = H"® is not 2 _subnormal in Q.

Proposition 3.9. Let p ¢ char(§) = w. Let H-HK4 subgroup of a p-soluble group G. If
HY®) s o/ subnormal in ¢ and |G : H| is a m-fRumber, then H is p'-F-subnormal in G.

Proof. Arguing by induction on |G|, and takipg Proposition (2.1) and Proposition (3.2) into
account, we can assume that G = N & sfOr every minimal normal subgroup N of G.

If one of these subgroups, N say, i’ a p'-group, then it is easy to deduce that H is
P'-F-subnormal in G,

If N is a p-group, then His 2 maximal subgroup of G with Coreg(H) =1 and G is a
primitive group of type 1.

Since H'®) is p/gubnofmal in G, it follows from Proposition (2.1)(3) that
[0,(G), HF®)] < HF®YThis implies that H¥® <@ and consequently I € F(p). Moreover,
H € f(p), because Op(HF) = 1. Therefore H is p'-§-subnormal in G.

As a conseqtience of Proposition (3.8) and Proposition (3.10), we can state the following
result:

Theorem 3/10. Let p ¢ char(¥) = 7 and suppose that § is such that F(p) is subgroup-
closed\ Let H be g subgroup of a p-soluble group G. Then the Jollowing statements qre
equipalent:

¢) H is p'-F-subnormal in G.

(i1) H'® 4s o' -subnormal in G and o(|G': H|) C «.

As a consequence of this result, it follows that the p-MN-subnormal subgroups are exactly
the p'-subnormal subgroups. Thus Satz (4.6) of [1], appears now as a particular case. Notice

that the p’-M-subnormal subgroups coincide with the p-subnormal subgroups such as defined
in [1, Definition (4.4)] for soluble groups.

Corollary 3.11. Let P € char(§) and suppose that § 15 such that F(p) is subgroup-closed.
Let G be a p-soluble group. If H < K < G and H ?'-§-sn G, then H P -F-snK.

Proof. 1t follows easily from Theorem (3.11) and Proposition (2.1).
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Remark 3.12. (1) The ezample in Remark (3.9) also proves that the above corollary does
hold without the hypothesis on F(p) Notice that in this ezample H is not 2'-F-subnormal
Ali(4).

Ips
We
us -

at (2) From Remark (2.2) it follows that F(p) can be replaced by f(p), for any integrated
us stion f of §, in Lemma (3.7), Proposition (3.8), Proposition (3.10) and Theorem (3.11).
is

ollary 3.13. Assume that § is a subgroup-closed and let H be a subgroup of a soluble
» G. The following are equivalent:

- 1) H is §-subnormal in G. 60
f 1) H is p'-F-subnormal in G, for every p € char (). $
- (i) Every complement F-basis of G reduces in H and o(|G : H|) C char(g):

smal subgroup of a group is p'-F-Dnormal in the group, for every (F).
- The equivalence between (ii) and (iii) follows by Theorem (3. .
- Assumed that (44) holds. We are proving (i) by induction on 1@Let N be a minimal
gmal subgroup of G. We can deduce from Proposition (3.2) @the inductive hypothesis
@t HN is §-subnormal in G.

¥ HN < G, again the inductive hypothesis and C @ y (3.12) provides that H is
smormal in HN and so H is §-subnormal in G.

¥G=HN , then H is maximal in G. Conse uen@y is §-subnormal in G.

- If (4) is assumed, then (i4) is easily deduced taking into accot@k&yan $-normal
char

ark 3.14. (1) The above result provide
characterization of §-subnormality osed by Prentice in [9)].

“ 2} From Corollary (3.12) and ggr l 14) it is easily deduced the following result:

' G 15 a soluble group and H S G such that H §-snG, then H §-sn K. (In fact,
result was proved by Forster i r finite groups).

d (i) in Corollary (3.14) is not true for finite groups.
(t(4) satisfies (ii) in Alt(5) but it is not F-subnormal in

sorem 3.15. Lg% ar(§) and suppose that F is such that F(p) is subgroup-closed.

me that one owing conditions holds:
He) G = 4

ternative proof and a slight improvement

31 The equivalence betwee
e ezample of Remark

-soluble group with A and B subgroups of G'. Let H be a subgroup of
DB suc is p'-§-subnormal in A and H is p'-§F-subnormal in B.

B G- -soluble group and for every prime q dwiding |G|, there ezists a Sylow q-
wwp'Gy of G such that the subgroup H is P'-§-subnormal in (H, Gy).

“ep H is p'-F-subnormal in G.

- (a) Assume that the result is not true and let G be a counterexample of minimal
- Consider the pairs (.X,Y) of subgroups of G such that G = X Y, for which there
mets 2 subgroup Z satisfying Z p/-§- snX, Z p-F-snY but Z is not p/-F-subnormal in G.
sng all these pairs we choose a pair (A, B) with |A|+ ‘B| maximun. Let H be a subgroup
& that H p'-§-snA, H p'-F-snB but H is not p'-F-snG.

We claim that A and B are maximal subgroups of G. We assume that A is properly
fained in a maximal subgroup M of G. Then M = A(M N B). By Corollary (3.12) and
= choice of G, we conclude that H is p/-F-subnormal in M. But G = MB. Therefore, the
we of the pair (4, B) implies that H is p'-F-subnormal in G, which is a contradiction.
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Let N be a minimal normal subgroup of G. Assume that N < A. By Propositidn (3.2)

and the choice of G, we have that HN p/-§-snG. Since HN < A, then H is p/ -F-subnormal
.n HN and consequently H is p’—&—subnormal in G, a contradiction.

Consequently, we can assume that Coreg(A) = Coreq(B) = 1. In particular, G = AN.
If N is a p'-group, then A is p/-F-subnormal in G. Then H is p/-F-subnormal in G, a

contradiction.

Assume that N is a p-group. In this case, G is a primitive group of type 1. Since G 1s

p-soluble, it follows that A and B are conjugated in G, but +his contradicts that G = AB
and proves (a).

(b) We argue by induction on |G|. Let N be a minimal normal subgroup of & Taking

‘nto account Proposition (3.2) and the inductive hypothesis, we can obtain that™H N p'-3-
snG. If N is a p-group, then H N < (H,Gp). By the hypothesis and Cordllary (3.12), it
follows that H p’-3-snHN and then H p-F-snG. If Nis a p'-group, thex H.p'F-snHN and
again H p/-§-snG. ( >

Remark 3.16. (a) For a subgroup-closed saturated formatz'ow%éand a soluble group, @t 18
casily deduced from Corollary (3.14) that Theorem (3.16) is also true if the word “p'-§-

subnormal” is replaced by “x_subnormal”.

2, 7.7.1]) and by Casolo in [3], respectively.

- E-R L
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Pesome. PaccMaTprBatOTCH LOABKO koueunsie Tpymmbl. Vccrenyercda 060b1menne HOpMaJib=
HOCTH, CBA3aHHOE C HacHilTenHOH (dopmalyed. Vzyuaembie 0DOOIEHHO HOpMaJIbHBIE TOJL
IPYNTIH XapaKTePH3YIOICE B TePMAHAX PeJLYKI[AH XOJJIOBBIX p/-TOJrpy TN B P-Pa3PeITiMEbl
rpymHax. YCTaHABJHMEBAETCA CBASD ¢ F-cyOHOPMAJILHOCTBIO.

12 M.Arroyo-Jordd and M.D. Pérez-Ramos, On the lattice of %F-Dnormal subgroups @

For subnormal subgroups in finite groups, these resulis were considered by Wielandt (see

(b) Theorem (3.15) also provides information,_about p'-subnormal subgroups by taking
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