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Introduction. All groups under consideration are finite. By Gaschiitz [1] a formation is
class of groups which is closed under taking homomorphic images and subdirect products.
formation § of groups is said to be saturated (p-saturated) if it contains an agbitrary grou
G that has a normal subgroup N such that G/N € § and N C &(G) (N O 0,(G) N (G
respectively). ‘

Remind that a one-generated saturated (p-saturated) formatiofi [2] is such a saturate
(a p-saturated) formation § such that § = (6 where § ranges over all saturated (all
saturated) formations containing some fixed group G € §. The formations of that kind were
first introduced by Gaschiitz in [3] and they play a very ifnpertant role in the classificatio
of formations (see Chapter 4 in [2] and Chapters 2-5 in [4]).

The product 9 of non-empty formations M and\§ is the class (G | G? € ) whe
G is the intersection of kernels of epimorphismsef*G onto groups in §.

It is well-known ([1], [5]), the product 901§ &f anhy two saturated formations 90T and ) is
a saturated formation. In the papers of Vedernikov [6] and Vorob’ev [7], the first exampl
of saturated formations of the form § < 9% were constructed, where both factors 9t and
$) are non-saturated formations. In this connection the following result of Skiba is ve
interesting:

Theorem 21 ([8]). Let § 2N be a one-generated saturated formation where I and §
are formations. If § # $4 then’IN is a saturated formation as well.

In this paper weshalliprove the analogoues result for p-saturated formations.
We use standarditérminology [2, 9, 10] and some definitions and notations from [11].
Every functionwof the form

f:{p,p'} = {group formations}

is callled\ap-local satellite. Following [11] we denote by G4 the largest normal in G' subgroup
all'eomposition factors H/K of which are pd-group (i.e. p | |H/K|). We put Gpg = 1if G
has no factors with that property.

Let f be a p-local sattelite. Then

LE,(f) = (G | G/Gya € f(p') and G/EF(G) € f(p) if p] |G).

If a formation § is such that § = LF,(f) for some p-local satellite f then following [11]
we say that § is a p-local formation and f is a p-local satellite of that formation.

Let

fform(G/F( H|GeX) ifpen(X)
) l@ if p ¢ n(X%).

A p-local satellite f of the formation § is called the minimal p-local satellite of § if

f(p) = §(Fp) and f(p') = form(G/Gpa | G € X).
The symbol [, form X denotes the intersection of all p-local formations containing X.

X(Fy
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Lemma 1 ( [12]). 4 non-empty formation § is p-local of and only if it is p-saturated.

Lemma 2 ([2]). Let A € form G,m=|G|. If H/K is a chief factor of the group A, then
H/K| <m.

We use 41 B to denote the regular wreath product of groups A and B,

A, 15 the first copy of Ain K. Let L, be a minimal normal subgroup in A,. If L,

Lemma 3 ([8]). Let G = A1 B = [K]B where K = [locrn A% is the base group 0f§§ and
1)7
then L = [T,cp L} is a minimal normal subgroup in .

Remind that a p-local formation § is called a minimal p-local non-$j-f %n [11] if
S Z 9, but F, C 9 for each proper p-local subformation &1 in §. Q

Lemma 4 ([14]). If a p-local Jormation § ¢ NN, then F has g mz’@ -local non-9,N-
subformation.

Lemma 5 ([14]). A p-local formation § is o minimal p-local™adn-N,MN-formation if and
only if § = I, form G where G is 4 monolithic group with q @cvlith R =G"" and either
& is ap'-group or R is q non-abelian pd-group.

Theorem 22. [et M, 9 be formations and 5= MMH %gdne—genemted p-local formation. If
D FF, then M is a p-local Jormation such that all al subformations of it are hereditary.

Froof. Assume that the formation M is nou%cal. Then, by Lemma, 1 there is group A
such that for some normal subgroup L inQit L € 0,(A) N ®(A4) and A/L € 9 we have
AZ0M

First suppose that for each simple group M € 9 we have |M| = p. We shall show that
i this case the equality § = § i Clearly $ C & Assume that §  $ and let D be
& group of minimal order in S et P = D be the $-residual of the group D. Since
D € §, we have P ¢ 9. isN¢lear that P is a minimal normal subgroup of the group
D. Hence P = A x A@i X Ay where 4, ~ Ay ~ .. ~ Az is a simple group. But

re

'Al,Az,...,AtEZDZ.H 1!=’A2‘==i14g'=p
Let B=A/L, E LD and B; = A1 D. Let K be the base group of E and K, be the
Base group of B,. ly B9 C K. We use B; to denote the first copy of Bin K. And let

F be the projeaﬁhj E® in B,. Suppose that §' — B,. Then E¥ is contained subdirectly

g Q K=]]B}eom

deD

Let e the first copy of the group A in K,. And let Ly be the subgroup of A; such that
L, " where 7 is an isomorphism from A to Ay Let R = Iluep L¢. Then there is an
#pimorphism ¢ : E; — E such that Kerp = R. It is clear that R C Op(E1) N ®(E,). But

Since B, € §, we have EP € 9. Note that E? = ((E\)")%, K¥ = K and B9 is contained
" subdirectly in K. Therefore EY is contained subdirectly in K. Thus there is an epimorphism
fom EJ onto the group A, and so A € M. This contradiction shows that F C By. Since
£7? is normal in E, F is normal in B). By Lemma 3.1.9 [4] the group (B1/F)1D belongs to
the formation $). Let M be a normal subgroup in B, such that Bi/M is a simple group. It
= clear that B; /M € 9%, and so B\ /M is a group of order p- It is also clear that the group
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T = (B,/M)1D belongs to §. By Theorem 18.9 [10], D ~ E; C E = P} (D/P) where Ey i
a subgroup of P (D/P) such that EyF(E) = E. By Lemma 1.4.4 [4], Ey € form E. Hen
D € form E. It is clear that

E € Ro(Z,1(D/P)) C form(Z, 1 (D/P))
where Z), is a group of order p. Therefore
D ~ Ej € form E C form((B;/M)1D) C $.

This contradiction shows that § C . So § = 9. But, by hypothesis, $.3% . Thus there i
a simple group X € 9 such that | X| # p. We shall show that § is an‘abelian formation.

Let § = [, form G and |G| = m. Assume that X is an abelian ggroup. Let I, be the fiel
with ¢ elements and let F, be the algebraic closure of IF,. And let M be a non-abelian grou
in ). Then there is a simple F, M-module T with dimg=T > 2M6€t D be the external tens

product (see § 43 [13]) of m copy of the module 7. Then the F, M-module D is simple (s
§ 27 [14]) and dimg-(D) > 2™. Hence there is a simple F, M™-module L such that D is
direct composed of L (see § 29 [13]). Hence diudw, L) > 2™. Since M € $ and L is

elementary abelian g-group, we have R = [L]M"/c'§. It is clear that L is a minimal norm

subgroup in R and |L| > ¢*". But then the.group R/R,, has a minimal normal subgrou
LRyq/ R,y of order

ILde/de| & ‘L/deﬂ L’ = ’L| Z q2m > m.

Since R € §, we have
BBy € £() = form(G/Gra)

where f is the minimal p-local satellite of §. This contradicts to Lemma 2. Thus X is
non-abelian simple groyp.*

Consider the group D= A M™ where M is a non-identity group in $). Then by Lemma
the group D is mohelithic and its monolith I, coincides with the base group of D. Hen
L] = |A|MI" £ 1htt is clear that D € §, and so

D ~ D/Dyy € f(p') = form(G/G,pq).

A contradiction. Thus §) is an abelian formation.

Now let £ = A D for some non-identity group D € §. Let K be the base group
Evand A, be the first copy of A in K. Let F be the projection of E in A;. Assume th
P # Ay. Then the group (4,/F)1D € $, and so

D C Z(E) C Cy(K).

This contradiction shows that 7' = A,. Now as above we can show that the group A belon
to the formation 9. This contradiction shows that 9 is a p-saturated formation, and so
is p-local, by Lemma 1.

Now we shall show that 9t C 91,9. Assume that it is false. Then, by Lemma 4, § h
a minimal p-local non-91,9-subformation §,. By Lemma 9, §1 = l,form A where A is
monolithic group with the monolith R = A" such that either R is a p-group or R is a
non-abelian pd-group. Let A be a soluble monolithic group with the monolith R = A%
such that R is a p’-group. As a product of two local formations N, and N, the formation
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I, is local as well. So R ¢ ®(A). Let M be a maximal subgroup in A such that RM = A.
Then R(M =1 and

?0 is
nce

Ca(R) = Ca(R)( | RM = R(Ca(R) (1M)=R, =R

Consider the group T = Ay (D™) = [K](D™) where D is a non-identity group in $ and
H is the base group of T. Let A, be the first copy of A in K and R, be the monolith of A
If 5 is an abelian formation then, like proved above we can show that 7' € F. So «OX

T >T/Tp € f(p') = form(G/G,q).

 is

: By lemma 3, the group T is monolithic and its monolith I, = Iicpm RE ane |L| >
ald - R,|™ > m. This contradicts Lemma 2. Hence me may suppose that the tion £ is not
up abelian. From stated above we obtain that in this case for every sivlér%o'up X in M we
or Bave | X| = p. We shall show that in this case I=5.

It is not difficult to show that N,H = 9H. Clearly $ C F. Let @5'and let B be a group

ee
' ~of minimal order in § \$. Let L be the monolith of the group B. Theén from B € § = 9§ we

Bave L € MM, and so L is a p-group. But L = B?, Hence B 29 = §. This contradiction
ZI; ~shows that § = §. But, by hypothesis  # §. Hence 91 »M. Using the result from [15]
|

we see that in the formation 90 all p-local subformati are hereditary. The Theorem is

proved. ¢ ]

Pesrome. [Joxkazano, 4ro ecim OJHOTIOPO HH%H dbopmanua §F xoneunnrx TDYHTT P-JIOKAJTh-

=2, §=IMHn F # H, To popmanua "% ATbHA.
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