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A new property of local formations of finite groups
D.V.KOROTKEVICH

Dedicated to Professor Wolfgang Gaschiitz on the occasion of his 80th birthday

tocal formation § consists precisely of finite groups in which each Sylow subgroup is &i
2 normal §-subgroup or else a F-normal §-subgroup. %
All groups considered are finite, and all group classes are non-empty. Deﬁ% ns of a
formation and a local formation are due to W.Gaschiitz [1]. Let § = L a local
formation where f : {primes} — {formations, @}. By the definition, ists exactly of
groups G having a f-central chief series G = Go DG D..DG AL > 0, in which
&/C6(Gi-1/Gy) € F(p) for every prime divisor p of |Gioy : G|, T ticular, if f(p) = (1)
for every prime p, then § coincides with the class 91 of nilpotent ms.
- We use standard notations [2, 3]. Recall that a chief factor@A‘k’ of GG is called f-central
i G if G/Cq(H/K ) € f(p) for every prime divisor p of |H/ - normal subgroup N of G
s called f-hypercentral if all its G-chief factors are f—@ n (7. Following [2] we denote

In this paper we introduce a new definition of a §-normal subgroup and prove tha@
er

Z!(@) the product of all f-hypercentral subgroup of\6. P¢ = (P* : x € G), Py is the
product of all normal subgroup of G contained in P$

smma 1. If K is a normal subgroup of G Oﬁ%Zf(G) N K coincides with the product of

sl f-hypercentral subgroups of G containedn K.
Froof follows from the Jordan-Hélder theorem and the fact that the product of two f-
Sypercentral subgroups is f-hypercentral as well.

Definition. Let A be a subgro 2" We denote by Z/(A, G) the largest normal subgroup
of G such that Ag C Z7/(A4, and all G-chief factors between A and Z7(4, G) are
f-central in G. Set Né(/@ /(A,G)Ng(A). We call 4 a f-normal subgroup of G if
Ne(A) # G but NL(A)= If §=LF(F) and f = F is the largest integrated function
then we say F-norm '{s%ad Jf-normal and write Z¥(4, G) and N¥(G).

We note that 2 )/Ag is f-hypercentral in G. Moreover, by lemma 1, Z/(A, G)/Ag

‘eoincides with ZA(@%Ag) N AC /Ag.

The follo mma is well-known.
t P be a Sylow subgroup of G, and N a normal subgroup of G. Then
N (P o(P)N.

Pmof%vidently, Ng(PN) D Ng(P)N. Let z € Ng(PN). Then PN = P?N and P® = pv
for some y € PN. Therefore zy~! ¢ N¢(P) and we have z € Ne(P)y € Ng(P)N.

‘Lemma 3. Let A be a subgroup of G and N a normal subgroup of G. Then the following
- sfatements hold:

1) if N C A then Nf \ (A/N) = NL(A/N);

2) if A is f-normal in G then AN is either normal or f-normal in G;

3) if A is f-normal in G, then AN/N is either normal or f-normal in G/N.

Proof. Since N C Ag, the statement 1) follows directly from the definition of Né(A). Prove
2. Let A be f-normal in G, i.e. BNg(A) = G where B = Z7(A,G), Ng(A) # G. Suppose
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that AN is not normal in . Let H/K be a G-chief factor such that B D H > K‘Q Ag. Bs
the condition, H/K is f-central. Consider

HN/KN ~ H/HNKN = H/K(H N N),

Clearly, this factor is either identity or G-isomorphic to H /K and f-central. Therefor
we have that BN/AgN is f-hypercentral in G/AgN. Since AcN C (AN)g<ahd BN
A®N = (AN)®, then BN is contained in Z/(AN, G). Now from BNg(A) = Gand Ng(A)
Na(AN) it follows that ZI(AN, G)Ng(AN) =G, i.e. AN is f-normal in-G"

Statement 3) follows from 1) and 2). Lemma is proved.

Theorem. Let § = LF(f) be a local formation. A group G belorgs t0v§ if and only if eve
Sylow subgroup of G is either a normal §-subgroup of G or a f-normal &-subgroup of G.

Proof. If G € § then Zf (G) = G and it is clear that everysSylow subgroup of G is eith
normal or f-normal in G and belongs to F.

Conversely, suppose that G is a group such that eyesy Sylow subgroup of G belongs
§ and is either normal or f-normal in G. Evidently,if G is nilpotent then G € §. Suppo
that G is non-nilpotent. Let N be a minimal nermmal subgroup of G. By lemma 3
has the same property, i.e. every Sylow subgreup, 6f G/N belongs to § and is either norm
or f-normal. By induction, G/N € §xand we have that N = G% ig a unique minim
normal subgroup of G. Let P be an arbitrapy non-normal Sylow subgroup of G. If N is n
contained in P, then Pg = 1 and tHersfore 7/ (P, G) = Z/(G) n PY. Since P is f-norm
ZI(P,G)Ng(P) = G. From this it follows that Zf(P,() # 1, i.e. G has a f-central minim
normal subgroup. Since N is the unique minimal normal subgroup it follows that N i
f-central. From this and G/N. &F we have € §. Theorem is proved.

Pesronme. Pacemarpupaidtcs tombko KOHEYHEIe TDYIIIIHL.
HOPMAaJIbHOI TOArpyhIs! 1 MOKA3BIBAETCA, 4TO ecmn §
COCTONT B TOYHOCTH, M3 BCex TPYTIN, B KOTODBHIX Kaskna
00 HOPMATBHOM, 160 S-BOpMahHOM S-noarpymmoi.

BBogures nosoe onpesesieRne
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