M3Bectust ['oMeIBCKOTO MOCYAapCTBEHHONO YHEBEPCHTETA MMEHH
@.Cxopunsl, 3(16) Bonpocsr anrebpsr (2000), 179-181
2000 Mathematics Subject Classification: 08A30

Minimal formations of universal algebras
A.D.HODALEVICH

Dedicated to Professor Wolfgang Gaschiitz on the occasion of his 80th birthday

The definition of the formation of algebraic systems was first introduced by L.A.Shemetkov
in [1]. L.A.Shemetkov and A.N.Skiba posed a quesion if any finite formation of algebrai
systems possesses minimal subformations (problem 5.15 in [3]). We consider that pro
for formations of universal algebras belonging to a Mal’cev variety. A variety is
Mal’cev variety if it consists of algebras in which all congruences are permutable.

All necessary definitions and notations may be found in [3]. Further wetonsi niversal
algebras from some fixed Mal’cev variety. Symbol O4 means the least elemént ofthe lattice
of congruences on A.

Definition. Let d; be congruences on an algebra A such that @...an = [ and
(0 ... qi10yy .. con) (Vg = Oy for any ¢« = 1,...,n. Then we that 8 is the direct
product of congruences «; and write 8 = a; X ... X ay.

Remind that a non-one-element algebra A is called simple, if @hs no congruences, different
from trivial ones. ‘é

simiple algebras Ap, Ag, ..., An, o; be
,-:alﬂ...F]ai_lﬂai+1ﬂ...ﬂan.

Lemma. Let an algebra A be the direct product
the kernel, corresponding to the projection A oy
Then:

1) a;=p1...8i-1Bis1...Bn 18 theT;I}aa:iT congruence on A;
2) Bi is the minimal congruence o dA2=p8 %X...X B

3) for non-trivial congruence m % * following decomposition holds:
=2

is ‘a simple algebra, «; is a maximal congruence on A. It is
mutation j of numbers 1,2,...,n such that equality (1) holds:
at is why it is enough to point out that w, = 152 ... OBp-1.

Qi = ﬂjlﬂjz---ﬁ,@
Q BBz ... B :(a2ﬂ-.-ﬂan)/32...ﬂn_1:

QQ) 2= (azﬂa3ﬂ...ﬂan)(alﬂcx3ﬂ...ﬂan)ﬂg...ﬁn_l =
= (ag(cxlnagﬂ...ﬂan)ﬂagﬂ...ﬂan)ﬂ3...,6n“1 =
(agﬂ...ﬂan)ﬂs...ﬂn_l = ...=oz,,_1(a1ﬂ...ﬂanyzﬂan)ﬂan e,

2) The factor A?/«; = B;a;/«y; is perspective to the factor 8;/8; (i = B;. Hence §; is
the minimal congruence on A. Since

B BicrBiss - -Bu[ ) Bi = ai[ ) Bi = Oa,

XY X oo XY

where v; € {B1,... , Bn}-

Proof. Since A/o;
obvious that there i

12

so we have

A% =B, x ... X B
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3) aiN...Nan = O4. Consequently there is at least one maximal congruence o; s
that 7 € o; = Bi---Bi1Biy1...B,. Let us mark Y = Bi; where iy,... i, € {1,... 58
™1 ...% = A% and 77y, .. Yi-1Yigr Y[ Vi=O0q forany i =1, ,t. Now we show & '
T )...N % = O4. It is obvious that T(Ym = O4, and let us suppose that it was prow
that 7)1 ...7—1 = O4. Then ‘

Wﬂ%---%QW’Yl---%-—lﬂ% M=

= (.. - Vt-1 ﬂ’Yt)’)’l s V-1 = Y1 Y1 Q’
Consequently 7(\v,...7, = O4 and 42 = 7 x M X ... X . Lemma is p «@- :
Remind that form 4 means the formation generated by an algebra, A}é@c 15 shown in

[1], form A = HRy(A). Here HX denotes the class of all homom rphie images of X-syste
and RyX denotes the class of all 1somorphic copies of finite subdi products of X-sy

Theorem. Let A be a simple algebra, containing one-eleme balgebras. Then form A

no proper non-one-element subformations. %

Proof. Let § be a non-one-element formation and S <&§; A. Then for any algebra B &
)i

we have B ~ H,, where H is the subdirect produ % omorphic copies of the algebra 4
is a congruence on A. According to Lemma 3. :I

H=A x..x A,

where A; ~ A for any i =1,... ,n, the lemma it follows that

H? =) X X Bin =X iy X X By

Denote B, = B, Bj1...

Yy @Bjt...fin1 = 7. Then H? = yx B = 7 x 3 2
H/t € §. Let E be

ement subalgebra of the algebra H. Then K = BE =
subalgebra, of the al , coinciding with some equivalence class of B on the algebra
Since 78 = 78 {H wwe have vK = 7K = H. And since YO8 =7NB = Oy, so wel
H/y =~vK/v Aand Hit =7K/r ~ K € §. Consequently, A € § and § = for
The theorem, is,proved. i

The formation’§ is called minimal if from & C $ C § it always follows that § = 5, whe
is the‘one-element formation of algebras.

ollary. Any formation § of the universal algebras possessing the condition of maxima
g ngruences and containing one-element subalgebras has the minimal subformations.

esome. PaccvaTpuBatorca yHEBepCasbHBIe aredphl U3 (DUKCHPOBAHHOTO MAJIbIess
MHOT00Obpasua. Jlokasano, qro dopmauua, nopokeHHHAS TpOCTO#t asnrebpoi, mues
O/THOSJIEMEHTHBIE TIOJAIreOPhl, He MMEET COBCTBERHBIX HEOMBOSIEMEHTHEIX nondopman
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