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On Weakly e-Normal Subgroups of Finite Groups

LuiN Zuu, Long Miao, WENBIN Guo

1. Introduction

In [8], Wang initiated the concept of c-normal subgroups and using the c-normality of max-
imal subgroups to give some conditions for the solvability and supersolvability of a finite
group. In [10], The authors replaced the normal condition with the subnofmial condition in
the concept of c-normal subgroups, introduced the concept of weakly c-normal subgroup and
using the weakly c-normality of some subgroups to determine the struetures of some groups.
In this paper, we shall continue to study the weakly c-normality, of some subgroups of &
group G. Some theorems of solvable groups, p-nilpotent groups‘and p-supersolvable groups
are obtained by considering weakly c-normal subgroups.

Throughout this paper, all groups are finite groups. Fotwotations and terminologies not
given in this paper, the reader is referred to [2] and [Tk

2. Basic Definitions and Preliminary Results

Let 7 be a set of prime numbers and 7/ the.complement of 7 in the set of all prime numbers.
Let G be a finite group. We denote by |G| the order of G. We write H << G to indicate
that H is a subnormal subgroup of«, and write M < .(¢ to indicate that M is a maximal
subgroup of G.

Definition 2.1 [10]. Let G%%e a group. A subgroup H of G is called weakly c-normal in
G if there exists a subnormal subgroup T of G such that HT = ¢ and HNT < Hg, where
Hg = NgegH? is the largédt normal subgroup of G contained in H.

In [10], the authors gavesome examples to show that the property of weakly c-normality
cannot imply c-normality:

Definition 2¢2. "We say o group G weakly c-simple if G has no weakly c-normal subgroup
except the identtity ‘group 1 and G.

Let G be a“group. We consider the following families of subgroups:

(GN=M | M < .G with |G : M| is composite }.

FYNGAM | M < -G, Ng(P)< M foraPe Syl,(G)}.

33(G) = Upen(c)3?(Q).

FAG) = F*(G) N F.(G).
and define

S (G)=n{M|Me F°(G)} if 3°°(G) is non-empty; otherwise G°(G) = G.

For the sake of convenience, we list here some known results which will be useful in the
sequel.

Lemma 2.1 [10, Lemma 2.1]. Let G be a group, then the following statements hold.

(1) Let H be a subgroup of G. Then H is weakly c-normal in G if and only if there ezists
a subnormal subgroup N of G such that G — HN and HNN = Hg.

(2) If H is normal or c-normal in G, then H is weakly c-normal in G.

(3) G is weakly c-simple if and only if G is simple.

(4) If H is weakly c-normal in G and H<M<G, then H is weakly c-normal in M.




On Weakly c-Normal Subgroups of Finite Groups 111

(5) Let K < G and K < H. Then H is weakly c-normal in G if and only if H/K is
weakly c-normal in G/K.

(6) Let H be a m-subgroup of G and N a normal 7'-subgroup. If H is weakly c-normal in
G, then HN/N is weakly c-normal in G/N. Furthermore, if N < N¢(H), then the converse
also holds.

Lemma 2.2 [8]. Let G be a finite group. Then G is supersolvable if and only if G =
= &*(G).

Lemma 2.3 [10, Corollary 3.2]. A group G is solvable if and only if every maximal
subgroup of G is weakly c-normal in G.

Lemma 2.4 [3, Theorem VI. 9.9]. let G be a solvable group. Suppose thereedists a

normal series:

such that K; I G and |K;/K;_1| is a prime number, 1 <1 < n. Then G"is supersolvable.

Lemma 2.5 (1) [5, 10.1.9]. Let G be a group and p the smallest prime dividing of |G|.
If G has a cyclic Sylow subgroup, then G is p-nilpotent.

(2) [9, 11.4.6]. Let G be a group and p the smallest prime divisor'of |G|. If H < G and
IG: H|=p, then H<QG.

Lemma 2.6. Let R be a solvable minimal normal subgroup of G and Ry < -R. If Ry is
weakly c-normal in G, then R 1s a cyclic group of prime drder.

Proof. Since R; is weakly c-normal in G, there exists a subnormal subgroup K of G
such that G = R1K and RN K = (R;)g = 1. Heh¢eR = RN (1K) = Rj(RN K) and
RiN(RNK) = 1. Since R is abelian, RN K RK =G. so RNK =1or RNK = R
by the minimal normality of R in G. If R@ K =2 1, then R = R;, a contradiction. Hence
RN K = R. 1t follows that R < K and B; =R, N K = 1. This means that |R| is a prime.

3."Main Results

Lemma 3.1. Let P be a Sylow p-subgroup of a finite group G. If P is a weakly c-normal
subgroup of G, then G is g-soluble group.

Proof . By hypotheses and Lemma 2.1, there exists H < 4G G such that G = PH and
HNP = F. If Eg'% 1) then G/P; satisfies the hypotheses and G/Pg is p-soluble by
induction. So G jsyp-soluble since Pz soluble. If Pg = 1, then H is Hall p/-subgroup. Since
H is subnormalin G, then H < G. It implies that G is p-soluble.

Theorem 3.2, Let G be a finite group. Then G is solvable if and only if M is weakly
c-normal in GYfor every non-nilpotent mazimal subgroup M in F*° .

Proof/Since the necessity part is straightforward by Lemma 2.3. We only need to prove
the Sufficient part. For this purpose, we suppose that the theorem is not true and let G be
a minimal counterexample. If §* = @&, then G = §°(G) is supersoluble by Lemma 2.2, a
contradiction. Now assume that F* # @ and M € F*. If M itself is nilpotent, then, by the
well-known Tompson’s Theorem [5, Theorem 10.4.2], M must be a group of even order. By
[6, Theorem 1], My (the 2'-Hall subgroup of M ) is a normal subgroup in G. Trivially, the
hypotheses of the theorem is quotient closed. If My # 1, then by the minimality of G and
Lemma 2.1, we have that that G/M, is solvable and consequently G is solvable since My is
nilpotent. Hence we may assume that M, = 1 and therefore M is a Sylow 2-subgroup of G
if M € §* and M is nilpotent.

Let p be the largest prime of 7(G) and P is a Sylow p-subgroup of G. The choice of
G implies that Ng(P) < G. Hence, there exists a maximal subgroup L of G such that
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NelP) € L. X Lo # 1, then G is of course not simple. Now assume that Lo =1 If
G:Ll=gqisa prime, then, G = G/L is isomorphic to a subgroup of Sq» where S, is the
symmetric group of degree ¢. Thus, |G| | ¢!, and q is the largest prime in (G). It follows
that p = ¢. Hence |G : L] is not divided by p since P < L, which is a contradiction. If [G: L]
is composite, then since L is not nilpotent by the above proof, we have, by our hypotheses,
there exists a subnormal subgroup K of G such that ¢ — LK and LN K = Lg . This
implies that G is not simple. By using induction and in virtue of the fact that if there are
two minimal normal subgroups N, and Nz of G, then G can be embedded in G[Nyr)G/N,.
We can easily see that G has a unique minimal normal subgroup N and G/N-is solvable.
Obviously, NV is not solvable and Ce(N) =1.

Let g be the largest prime of m(N) and Q; € Syly(N). By our chdice of G, we have
@1 < N and @, is not normal in G. Hence there exists a maximal subgrotp L of G such
that Ng(Q;) < L. By using Frattini argument, we have G = NNg(Q,) = NL. Now,
consider Q) € Syly(G) with Q; = QN N. Then, for any z € Ne{Q), we have Q7 = (Q n
NNF =QNN = Q. It follows that Ng(Q) < Ne(Qr) £<I) ¥ G L] = r is a prime,
then, since Lg = 1, we have G = G/Lg is isomorphic to a subgroup of S,, the Symmetric
group of degree r. This shows that |G| | ! and 7 is the laxgest prime of 7(G), thereby we
obtain r = p. As [G: L] = [N : NN L], it leads to 218 a prime factor of |N|, and hence
P=g¢. By Ne(Q) < Ne(Q1) < L together with Q €5yl (G), we infer that q is not a factor
of |G : L], in contradiction to that [G: L] = g. On'the other hand, if |G : L| is composite,
then L € g*c. If L is nilpotent, then, by thetabove proof, L is a Sylow 2-subgroup of G.
Hence ¢ = 2 and thereby N must be a 2-subgroup, contradiction to @1 < N. This shows
that L must be a non-nilpotent group and 7 Je §*. However, by our hypotheses, there exists
a subnormal subgroup K of G such’that G=LKand LNK = L = 1. 1t follows that
|G: L| = |K|. Let A is a minimal subnormal subgroup of G contained in K . It is clear that
A is a simple group. If A Z N, then ANN =1, But N C Ne(A) by [1, Theorem A, 14.3],
s0o NA = N x A. Hence A € Cc¢(N) = 1. This contradiction shows that A C N. Since
N=A; x4, x...x% Ay wltere Ay o Ay~ oo~ Ay is a simple nonabelian group, and since
A << N, we have 4 ¢ {4, 4,, - - 'y At}. We may assume that A — A; and P; be a Sylow
g-subgroup of A;. Then |Q;| = |P1[*. Hence ¢ divides |Ai|. But then g divides K| =|G: L.
This contrary to that Ne(Q) < L. Therefore, there is no counterexample and this completes
our proof.

Theroem 313. Let G is a group and p is the smallest prime dwiding the order of G. If
all the mazimal subgroups of every Sylow p-subgroup are weakly c-normal in G, then G is
p-nilpotent,

Proof> Let P be a Sylow p-subgroup of G' and P; a maximal subgroup of P. If P, = 1s
then P’is a cyclic group and by Lemma 2.5(1), G is p-nilpotent. Now, we assume that
B # 1. By our hypotheses and by Lemma 2.1, we know that there exists a subnormal
subgroup M of G such that G = AM and PLNM = (P)g. It follows that P = P(Pn M)
and PN M is a Sylow p-subgroup of M. It is clear that (PNM)/(P)e] = p.

Case 1. If (P1)¢ = 1, then |PN M| =p. Hence M is p-nilpotent by Lemma 2.5(1). Let
M, be the normal Hall p'-subgroup of M, then My char M. It is clear that My is a Hall
p'-subgroup of G as well. But M, < G since My char M <<G. So G is p-nilpotent.

Case 2. If (P))¢ # 1, then [PAM : (P)g] =p. So M/(P1)¢ is p-nilpotent by Lemma
2.5(1). Let H/(P;)¢ be the normal Hall 7/-subgroup of M/(P))¢ , then we have H < M and
(Py)c is Sylow p-subgroup of H. Also by Schure-Zassenhaus theorem there exists a Hall p/-
subgroup K of H. It is clear that K is also a Hall p/ -subgroup of G. By Frattini argument, we
arrive that M = HNy(K) = (P1)eNu(K) and hence G = PINg(K) = PNg(K). Therefore,




On Weakly c-Normal Subgroups of Finite Groups 113

Np(K) = PN Ng(K) is a Sylow p-subgroup of Ng(K). If |G : Ne(K)| = |P: Np(K)| > p?
, then we can let P, be a maximal subgroup of P such that Np(K) < P,. By our hypotheses
and Lemma 2.1, we know that there exists a subnormal subgroup M; of G such that G =
= BM; and My N P; = (P,)g. It follows that P = P(P N M) and PN M; is a Sylow
p-subgroup of M;. It is clear that [(P N M;)/(P)g| = p. We know that M,/ (P)c is p-
nilpotent since p is the smallest prime. Let H,/(P;)c be the normal Hall p'-subgroup of
M,/(P2)c . Then we have H, < M; and (P,)¢ is a Sylow p-subgroup of Hy, same above
proof, we have M, = (P2)gNu, (K1), where K; is a Hall p'-subgroup of G. Observe the
following group series
1<(Pl)e<H<M<G

It is clear that the above series is a subnormal series and every factor in the series isweither a p-
subgroup or p'-subgroup, hence G is p-solvable. Thus, there exists 9 € P suchthat K{ = K
and consequently Ng(K;)? = Ng(K). Then, G = PoNg(K1) = P,Ng(K)?= P,Ng(K)
since P, is normal in P. It follows that P = Py (PN Ng(K)) = P;Np(K). But Np(K) < P,
and therefore P = P, a contradiction. Thus, we obtain |G : Ng(K9)| =P : Np(K)| < p.
Suppose that |G': Ng(K)| = p. Then, Ng(K) must be normal id & by Lemma 2.5(2). It
follows that K < G and therefore [G : Ng(K)] = 1, a contradiction. This shows that K < C
and G is p-nilpotent. The proof is complete.

Theorem 3.4. Assume that G is solvable and every magitnal subgroup of Sylow subgroups
of F(G) is weakly c-normal in G. Then G is supersolvabie.

Proof. We prove the theorem by induction on |G|, 4We distinguish the following two cases

Case 1. ®(G) # 1. Then there exists a prime% such that p | |®(G)]. Since ®(G) < F(G),
it follows that p | |[F(G)|. Let P; be a Sylow g-subgroup of ®(G). Since P, char ®(G) < @,
we have that P, < G and F(G/P,) = F(G)WP;. Let P, /P, be a maximal subgroup of the
Sylow p-subgroup of F(G)/P,. Then Pyis a maximal subgroup of the Sylow p-subgroup of
F(G). By hypotheses P, is weakly-chormal in G, we have that P,/ P is weakly c-normal
in G/P; by Lemma 2.1. Let (Q2#, WP be a maximal subgroup of the Sylow g-subgroup
of F(G)/P, (p # q). Then Qg %s a‘maximal subgroup of the Sylow g-subgroup of F(@).
Q2 is weakly c-normal in G byhypotheses. We have that (Q2P1)/ P is weakly c-normal in
G/Py by Lemma 2.1. Herice &/P; is supersolvable by induction on the order of G. Since
(G/P1)/(®(G)/P1) = G/2(E), we have G/®(G) is supersolvable.

Case 2.  ®(G)=N. Let P be a Sylow subgroup of F(G). Since P char F(G) < G, we
have that P < G/andso ®(P) < ®(G) = 1. Hence ®(P) = 1 for every Sylow subgroup P of
F(G).

Since Gds\solvable and ®(G) = 1, then F(G) = R; x Ry X --- X R, where R; are
(elementaty abelian) minimal normal subgroup of G. Clearly, we may assume that R; < P,
where P is Sylow p-subgroup of F(G). We shall now prove that R;s(i = 1,2, -m) are all
cyclie groups.

If Ry = P, then there exists a maximal subgroup P; of R; = P. By hypotheses, P is
weakly c-normal in G. By Lemma 2.6, R, is a cyclic group of prime order.

If By < P, we can assume that P = R; X Ry - - - X Ry(t < m), where R;(i = 1,2, - ,t) are
minimal normal p-subgroup of G. Let R;; be a maximal subgroup of R; , then Ry; x Ry X
X+ Ry = P, is a maximal subgroup of P, and so P, is weakly c-normal in G by hypotheses.
We let T' denote the normal subgroup Ry X -« - x Ry of G, then P, = Ry;T. We claim that
(P)e = T. In fact, it is clear that T < (P2)a - If (P))g > T, then (Py)e N Ry > 1 by
(P)e = (Po)e NP2 = (P)e N (RuT) = T((P2)e N Ryp). Hence we have that 1 < (P2)g N
NRy £ (P)eNR; < Ry and (P)e N Ry < G. This contrary to the minimal normality of
R] ind.
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Since P, is weakly c-normal in ¢ , by Lemma, 2.1 there exists g subnormal subgroup K of
G such that G = P,K and PRNK=(P)¢=T,andso T < K. RN K is normal in R\K
since R1 is abeh’an, but (7 = PQK = R11TK == RnK = R]K, SO Rl ﬂKﬂG. If Rn NK 76 1,
then 1 < RiNK < Ry, contrary to the minimality of R; of G. Hence RinNK =1. Since
G = PRK = R)yTK = RnKand RyyNnk =1 = (Ri11)c. Hence Ry, is weakly c-normal in
G. By Lemma 2.6, Ry is a cyclic group of prime order. With the same discussion as above
proof it is clear that Ri(1=1,2,---,t) are all cyclic groups of prime order. '

Set Ki=Ry x Ry x - -« » XRe, where 1 =1,2,... »m. Consider the chain

IZQ(G)SK1SK2S"‘SKm:F(G)-

Clearly K; < G for each i and |Ki/K;_1|is a prime number. Applying Lemma 2.4, we obtain
that G is supersolvable. The proof of theorem is completed.

Abstract

A subgroup H is called weakly c-normal in g group G if there exists a subnormal subgroup
T of G such that HT' = G and H N T < Hg, where Hp, i5 the largest normal subgroup of
G contained in H. In this paper, we investage the influence of weakly c-normality of some
subgroups on structure of fnite groups. '
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