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Groups with finitely many nonnormal subgroups
N. S. CHERNIKOV

Recently the complete constructive description of groups in which all nonnormal
subgroups generate a proper subgroup was obtained [1]. Using [1], we obtain tNollowmg
proposition which describes infinite groups with finitely many nonnormal s ps.

Theorem. For an infinite group F the following statements are %nt

(i) The set of all nonmormal subgroups of F is finite. Q
(if) The set of all nonmormal cyclic subgroups of F is finite.
(iii) All nonnormal subgroups of F generate a finite subgroup «&'
(iv) All nonnormal cyclic subgroups of F generate a ﬁmte Su
(v) For some prime p,

F=0Gx (1)
where G is a nonabelian p-subgroup and D i @te Dedekind p'-subgroup, and also
&%/

for some central quasicyclic subgroup B of B is finite abelian.

Remind that Dedekind groups are ps in which all subgroups are normal.
Dedekind’s Theorem [2] gives the complete‘description of finite Dedekind groups.

Proof. Clearly, (i)—(ii). %

(ii)——(i). Take any nonno sabgroup T of F. Put § = [ T9. For any a€ T\S,

9g€F
a) 4 F. In view of Lemma 1@ (T\S). Thus T is generated by some nonnormal
cychc subgroups of G. Sin e set of all such subgroups is finite, the set of all nonnormal
subgroups of F is finite t

Also we concl the subgroup of F' generated by all its nonnormal subgroups
coincides with the Swbgroup generated by all its nonnormal cyclic subgroups. Therefore
(i) e—(iv).

Clearly&(iv
(ii) i

(if).

v Take any (9) # F and any distinct primes p,q. Then (g) = (gp)( 7).
Therefor F or (g% 4 F. Consequently, the set of all primes p for which (¢?) 4 G is
infini efore for some distinct primes 7 and s, (g ) (g°). Consequently, (g) is finite.

Th @ the set M = {a : forsomeg € F,a € (g) 4 F} is finite. In consequence of
ietwmann’s Lemma (see, for instance, [3]), (M) is ﬁnite.
Thus (i) (i) (iii )« (iv).

(iii)——(v). In view of Theorem 1 [1], for some prime p, (1) is valid where G and D
are as above but ) is not necessarily finite. Also, by this theorem, for some locally cyclic
subgroup B <1 G and subgroup A of finite exponent, G = AB and A" C B, and also in the
case when B is infinite (i.e. B is quasicyclic), B C Z(G).

Take any (g) A F. Then (g) = (u) x (v) with (u) C G and (v) C B. Clearly, (u) € .
‘Then, with regard to (1), for any (w) C D, (u)(w) 4 F. Consequently, D belongs to the
subgroup T' generated by all nonnormal subgroups of F. Since T is finite, D is finite too.

Further, in consequence of the statement 1 of Theorem 1 |1], the subgroup S = TNG
is generated by all nonnormal subgroups of G.

Assume that there exists h € G\S of order p. Since (h) <G and G is a p-group,
obviously, h € Z(G). Take any (g) £ G. Since (g) C S, gh ¢ S. So (gh) 4G.
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Further, take any z € G for which 9" & {g). For some n € N, (gh)* = (gh)™. So
g°h® = g°h = g"h™ and g7"g" = h""!. Since g™"¢* € S and S N (h)y = 1, h»1 = 1.
Consequently, g* = g" ¢ (9), which is a contradiction.

Thus, all elementary abelian subgroups of G belong to finite and, at the same time,
are finite. Therefore, obviously, all abelian subgroups of G are Chernikov, i.e. G satisfies the
minimal condition for abelian subgroups. ;

Since A satisfies the minimal condition for abelian subgroups and, obviously, is a
Wcally finite p-group, it is Chernikoy (S.N.Chernikov’s Theorem; see, for instance, [4],

. Theorem 4.1). But A is of finite exponent. So A is finite. Then, because of (7 is inﬁni&
. and G = AB, B is infinite. Since B is an infinite locally cyclic p-subgroup, it is quasic w
: Since A is finite and A" C B and G = AB, G'/B is finite abelian. %
[ (v)—{iii). By 0.J.Schmidt’s Theorem (see, for instance, [3], Theorem
“ocally finite. Take any finite subgroup A of G for which G = AB. Let V £

= L:—,lt where ¢ is the exponent of the group A/A”. Then AV is a ﬁnit{@ pof G. In

- wonsequence of Theorem 5 [1], G is not Dedekind and AV contains all ndnnortal subgroups
o' G. By Lemma 4 (1], AVD contains all nonnormal subgroups of &Si. e AV D is finite,

i) is valid. Theorem is proven.
- Note that in the statement 3 of Theorem 5 [1] must be: "B D
Remark. Obviously, G from Theorem is locally finite.

- & for which
| | G = AB. ;@
K is easy to see that : ,

| A'=G cBn (3)
and A/BNA~G/B. é

In view of Theorem 3 [1], for any ﬁni& oup A such that A" C Z(A) and A’ is cyclic

"

any finite subgroup A4 of

- #nd for any cyclic subgroup T of A such (1} A" C T C Z(A), there exists a p-group G such
ic subgroup B of @, relations (2), (3) are fulfilled
= A*B* and B* is a central quasicyclic p-subgroup
ism ¢ of A onto A* such that (AN B)¥ = A* N B,

LR

#hat A < G and for some central quas
~#ad BN A =T. By Corollary 5 (1], 4
- &f G* and also there exists an is

i then G* ~ G.

~ Abstract. The complet e@;tion of infinite groups with the finite set of all nonnormal
- subgroups is obtained.
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