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Factorised groups have played an important role in the theory '@?ps in the
last sixty years. First contributions in this context are the Ito’s Theor %1 products of
abelian groups or the one of Kegel-Wielandt stating th solubility of uct of two finite
nilpotent groups. A well-known result by Fitting states that @uct of two normal
nilpotent subgroups is nilpotent. However, in general, the produ@ o normal supersoluble
subgroups of a group is not supersoluble. To create inter iat€ situations it is usual to
consider products of groups whose factors satisfy certain rel s of permutability. Following
Carocca [14] we say that a group G = AB is the mutually permutable product of A and
B if A permutes with every subgroup of B and vic % If, in addition, every subgroup
of A permutes with every subgroup of B, we say @he group G is a totally permutable

product of A and B. % ;
In this context, we can consider as serqt he following results of Asaad and Shaalan.
Theorem A (Asaad and Sh%n )

(i) Assume that a group G = AB4s the*mutually permutable product of A and B. Suppose
that A and B are finite

subgroup of G, 18 mil

(i) If G = AB is the

groups. Many ributions are made in the context of formation theory in the finite universe

(see (3], |4 15], [16] and [18]). Extensions of some of the above results in the non-finite
universe @& considered (see [10], [11] and [12]).
%now on, all groups considered are finite.

@owing Robinson [19], we say that a group is an SC-group if all of its chief factors

‘@ple groups. Clearly a group is supersoluble if and only if it is a soluble SC-group.

@ not difficult to see that the class of all SC-groups is a formation closed under taking

Q normal subgroups. However it is neither an s-closed formation nor a saturated formation.

Robinson [19] describes the structure of SC-groups. They are characterized in the
following way.

Proposition A. A group G is a SC-group if and only if there is a perfect normal
subgroup D such that G/D is supersoluble, D/Z(D) is a direct product of G-invariant
subgroups, and Z(D) is supersolubly embedded in G, (that is, there is a G-admissible series
of Z(D) with cyclic factors).

The relation between the soluble residual and the soluble radical, i.e. the product of
all soluble normal subgroups, of a SC-group is shown in the following result.

B, then G is sgi .
These res @e e the beginning of an intensive research in the area of factorised
Ciét
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Lemma A ([19]). If G is a SC-group and D is the soluble residual of G, then
Ce(D) = Gs.

The above facts allows us to give some information about totally permutable products
of SC-groups.

Theorem 1 ([5]). Let G = AB the totally permutable product of the subgroups A
and B. Then G is a SC-group if and only if A and B are SC-groups

This work has been continued by Beidleman, Hauck and Heineken in [13].

On the other hand, it is clear that a mutually permutable product whose factors
intersect trivially is a totally permutable one. Thus,in that case, if both factors x
supersoluble, the group is also supersoluble. Taking this remark into account, Alej
Cossey and the author (see [1]) obtained that a mutually permutable product of sup
groups in which the intersection of the factors does not contain non-trivial normal AQ
is supersoluble. ' Q

Theorem 2 ([1]). Let G = AB be the mutually permutable product ﬁé’supersoluble
subgroups A and B. If Coreq(AN B) = 1, then G is supersoluble. 6

It could be natural to ask for a SC-version of the above r This follows after
the analysis of the behaviour of the soluble residuals of the factors i utually permutable
products. That is the main result in [6]. Q

Theorem 3. Let the group G = AB be the mutuq ermutable product of the
subgroups A and B. Then |A, B%] and |AS, B] are containv@ ‘oreg(AN B).

Here A% and B® denote the soluble residuals O@ﬁ B, respectively.

roups

Corollary 1 ([6]). Let the group G = AB be nutually permutable of A and B.
Then A® and B are normal subgroups of G,

As a consequence we have:
Theorem 4 ([6]). Let the group G % be the mutually permutable product of A
and B. If A and B are SC-groups and, Cor NB) =1, then G is an SC-group.
The converse holds with no re§trictions. .
: Theorem 5 ([6]). Let G = the mutually permutable product of the subgroups
Aand B. If G is an SC-group, and B are SC-groups.
‘ Theorem 3 also applie %et results about mutually permutable products of SC-
groups in which one of the is quasinilpotent. These are also contained in [6].
' Theorem 6. Le = AB be the mutually permutable product of A and B. Assume
* that A is an SC-gron is quasinalpotent. Then G is an SC-group.
Theorem 7(5 = AB be the mutually permutable product of the subgroups A and

B.IfA and B @ -groups and G', the derived subgroup of G, is quasinilpotent, then G
s an SC-gro
iCANth

Not, Theorem 6 and 7 are extension of the aforementioned results by Asaad

mig back to totally permutable products, in [8], Cossey and Esteban-Romero and
ihe author studied the behaviour of totally permutable products of two nilpotent groups
proving that totally permutable products of nilpotent groups are extensions of an abelian
9 a nilpotent group. In [9], we are interested to find more information about the structure
of the product of two nilpotent mutually permutable subgroups. In particular, if G is the
mutually permutable product of two nilpotent subgroups of odd order, then we obtain that
s is abelian by nilpotent.

As a first step, the particular case when GV , the nilpotent residual of the group G,
= a p-group contained in one of the factors is analysed (recall that G2? =< g% :g€G>):

Lemma 1. Let G = AB be the mutually permutable product of the nilpotent




12 A. Ballester-Bolinches

subgroups A and B. Assume that GV is a p-group and that GV < A. Then G satisfies
one of the following statements: (a) G? is nilpotent; (b) GV is abelian.

Theorem 8. Let G = AB be the mutually permutable product of the nilpotent
subgroups A and B. Then (GQ)JV is abelian. In particular, if GG is of odd order we obtain
(GN) is abelian.

Abstract. The author gives a survey of results on mutually permutable products of finite

groups. ‘x
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