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Показано, что уравнение Шредингера в импульсном представлении для линейного запирающего потенциала для со-
стояний с нулевым орбитальным моментом может быть решено с высокой точностью (намного превосходящей другие 
методики) с помощью специальной квадратурной формулы для гиперсингулярного интеграла. 
 
Ключевые слова: уравнение Шредингера, импульсное пространство, гиперсингулярный интеграл. 
 
The paper is obtained that the Schrödinger equation in the momentum representation for a linear confining potential for states 
with zero orbital angular momentum can be solved with high accuracy (far superior to other methods) using the special quadra-
ture formulas for hypersingular integral. 
 
Keywords: Schrodinger equation, momentum space, hypersingular integral. 

 
 

Introduction 
Advantages of using the momentum represen-

tation for solutions of physical problems (equations 
for bound states, scattering problems et al.) has long 
attracted the attention of researchers. In momentum 
space, in contrast to coordinate, there is no need for 
additional constructions related to the definition of 
the relativistic kinetic energy operator 

2 2 2 2
1 2( ) .T k k m k m= + + +  

It is also relatively easy to obtain the relativistic 
interaction potential with the appropriate amplitude 
of elastic scattering of particles composing the 
system, because the calculation is carried out 
initially in the momentum representation, which here 
arises naturally. 

However, the problem is complicated by the 
use of the momentum space the fact that even the 
simplest form of interaction potentials in the 
momentum representation leads to the integrals with 
singularities. Therefore, the accuracy of solutions for 
a variety of tasks (Coulomb, Cornell potentials) to 
taking into account the current experimental data 

13 14(10 10− −÷  for hydrogen energy) was relatively 
low 4 5(10 10 )− −÷  [1], [2]. In this regard, the need to 
develop methods  that would be relatively simple to 
use and give the results for an experiment with the 
required accuracy. 

 
1 Methods of solution of integral equations 
After partial decomposition the Schrödinger 

equation in the momentum space for centrally sym-
metric potentials, takes the form:  

2
2

0

( ) ( ) ( ) ( )
2
k k V k k k k dk E k

∞

′ ′ ′ ′ϕ + , ϕ = ϕ ,
μ ∫  (1.1) 

where 1 2 1 2( )m m m mμ = / +  is the reduced mass; 

1 2m m,  are mass of the constituents of a bound sys-
tem; k  is the momentum of the relative motion 
( );k=k  ( )kϕ  is the radial part of the Fourier 
transform of the wave function in the coordinate 
representation; ( )V k k ′,  is the operator -th com-
ponent of the partial decomposition of the interac-
tion potential; E  is binding energy.  

However, the description of bound states in the 
momentum representation is complicated by the 
necessity of solving the integral equation (1.1), con-
taining singular terms. So for a linear confining po-
tential ( )V r r= σ  we have that  

 
2 2

2( ) ,
2( )

k kV k k Q
kkkk

′σ +′ ′, =
′′π

 (1.2) 

where function ( )Q y  is Legendre polynomial of 
the 2nd kind. Since the function Q′  hypersingular if 

,k k ′=  then the potential ( )V k k ′,  is also hypersin-
gular. Standard methods of numerical solution of the 
equation (1.1) with the potential (1.2) gives rela-
tively low accuracy of [1], [2]. The numerical solu-
tion of the integral equation (1.1) can be reduced to 
a problem on the eigenvalues, which arises when 
using quadrature formulas for the integrals in the 
equation.  

As a result, the integral equation of the form 
(1.1) can be reduced to the problem  
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( ) ( ) ( )

N N

i j j ij j i
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H k k k H k E k⎛ ⎞
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⎝ ⎠

= =

ϕ = ϕ = ϕ ,,∑ ∑   (1.3) 

where to obtain the eigenvalues and vectors need to 
know the elements of .ijH  And if ,i j≠  the prob-
lem of calculating the elements ijH  for a linear con-
fining potential is not complex, then the i j=  

( )k k ′=  directly to do this is not possible, due to the 
presence of singularities.  

 
2 Quadrature formulas for singular integrals 
Let us to receive quadrature formula for the in-

tegral  

 ( ) ( )
1

1

( ) ( ) ,I z F t w t g t z dt
−

= ,∫        (2.1) 

where ( )g t z,  is function is singular at .t z=  The 
functions ( )F t  and ( )w t  is part of the kernel that 
does not contain the singularities for all 1 1.t z− < , <   

For this the function ( )F t  in (2.1) with the 
help of interpolation polynomial  

 ( )
( ) ( )

( )
N

i
i N N i N

P t
G t

t P

α,β

′ α,β⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟, ,⎝ ⎠ ⎝ ⎠

=
− ξ ξ

        (2.2) 

replaced the expansion  

 ( )
1

( )
N

i i N
i

F t G t F ⎛ ⎞
⎜ ⎟,⎝ ⎠

,=

≈ ξ ,∑              (2.3) 

where i N,ξ  are the roots of the Jacobi polynomial  

 ( ) ( )0 1 2N i NP i … Nα,β ⎛ ⎞
⎜ ⎟,⎝ ⎠
ξ = = , , , .          (2.4) 

Substituting the expansion (2.3) in a ratio of 
( )I z  we find that the quadrature formula for the 

integral takes the form  

 ( ) ( )
1

N

i i N
i

I z z F ⎛ ⎞
⎜ ⎟,⎝ ⎠

=

≈ ω ξ ,∑             (2.5) 

where  

( ) ( ) ( ) ( )
( ) ( )1

1

1 N
i

i NN i N

P t
z g t z w t dt

tP

α,β

α,β ⎛ ⎞
⎜ ⎟ ,−,⎝ ⎠

ω = , .
− ξ′ ξ ∫  (2.6) 

Thus, the calculation of (2.6) will help you find 
the weight coefficients for the quadrature formula 
(2.1), the singular values.  

 
3 The analytical form of weighting factors 
Let us consider the possibility of analytical cal-

culation of the weighting factors for different types 
of singularities that is, depending on the function 
( ).g t z,  

3.1 The singular Cauchy integral 
The most famous option of (2.1) in the litera-

ture is the Cauchy integral  

( ) 1 1 1g t z z
t z

, = , − < < .
−

 

For this case, there is a large number of works 
(see for examples [3]–[5]), which offered various 

options for quadrature formulas. In this case, you 
can get a formula for the weighting factors (2.6) 
direct calculation of the integral  

( ) ( )
( )

( ) ( )
( )

1

1

NC
i

i NN i N

w t P t
z dt

t t zP

α,β

α,β ⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟− ,, ⎝ ⎠⎝ ⎠

ω = .
′ − ξ −ξ∫   (3.1) 

With the help of identity  

( )
1 1 1 1

i N i Ni N z t z tt t z⎛ ⎞
⎜ ⎟ , ,,⎝ ⎠

⎡ ⎤
= −⎢ ⎥

− ξ − − ξ− ξ − ⎢ ⎥⎣ ⎦
  (3.2) 

coefficients (3.1) reducible to the form  

( )

( ) ( ) ( )

( )

( )

( )

if ;

if ;

N N i N
i N

N i N i NC
i

N i N
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z
z

P z
z

z
P

⎧ α,β α,β ⎛ ⎞
⎪ ⎜ ⎟,⎝ ⎠⎪
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⎨
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,⎪ α,β ⎛ ⎞⎪ ⎜ ⎟,⎪ ⎝ ⎠⎩

Π −Π ξ
, ≠ ξ

′ ξ − ξ
ω =

′Π ξ
, = ξ

′ ξ

(3.3) 

where  

 ( ) ( )
( ) ( )
( )

1

1

( ) n
n

P t
z w t dt

t z

α,β
α,β

−

Π = .
−∫           (3.4) 

To calculate the coefficients of ( )C
i zω  with a 

high degree of accuracy to be calculated analytically 
integral (3.4) for a variety of functions ( )w t .  

The most famous variant is the version of the 
function ( )w t  is weight function of the Jacobi poly-
nomial ( )( )

nP tα,β  that is  
( ) ( ) ( ) ( )( ) 1 1w t w t t tα βα,β= ≡ .− +  

Then the integral (3.4) has the form  
( ) ( ) ( ) ( )n nz Q zα,β α,βΠ = ,  

where  

( ) ( ) ( ) ( )
( ) ( )
( )

1

1

1 1 n
n

P t
Q z dtt t

t z

α,β
α βα,β

−

= .− +
−∫  (3.5) 

In the most general case for arbitrary α  and ,β  

the function ( ) ( )nQ zα,β  connected with the Jacobi 

polynomials of the second kind ( ) ( )nQ zα,β  ratio  
( ) ( ) ( ) ( ) ( )2( 1) 1n nQ z z Q zz βα,β α,βα= − − ,+   (3.6) 

where  
( ) ( )

1

2 1

( 1) ( 1)2
(2 2)

( 1) ( 1)
21 1 2 2

1

n
n

n

n nQ z
n

z z

F n n n
z

α,β α+β+

−β −α− −

Γ + α + Γ +β+
= ×

Γ +α +β+

× + − ×

⎛ ⎞× + , + α + ; + α +β+ ; .⎜ ⎟−⎝ ⎠

 

 
3.2 Hypersingular variant  
Consider hypersingular variant the integral 

(2.6), when the function is 2( ) 1 ( ) .g t z t z, = / −  The 
concept of the final calculation of the integrals of 
this type was first introduced by Hadamard (J. Ha-
damard, Lectures he Cauchy’s Problem in Linear 
Partial Differential Equations, Yale University Press 
(1923).) and developed in the papers [6]–[8].  
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The final part hypersingular integral can be 
written as  

( )

1 1

2
1 1

( ) ( ) 1 1f t d f tdt dt z
dz t zt z− −

⎡ ⎤
= = − , − < < .⎢ ⎥−− ⎣ ⎦
∫ ∫  (3.7) 

Therefore, the weighting coefficients of the 
quadrature formula  

( )
( )

1

2
11

( ) ( )
N

H
i i N

i

f t dt z f
t z

,
=−

= ω ξ
−

∑∫         (3.8) 

are related with coefficients ( ref fz3) ratio  

 ( ) ( )H C
i i

dz z
dz

⎡ ⎤ω = ω .⎣ ⎦                 (3.9) 

Then the weights for the integral (2.1) function 
2( ) 1 ( )g t z t z, = / −  can be calculated by formulas  
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( ) ( )

( ) ( ) ( )
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⎜ ⎟,⎝ ⎠

,
⎛ ⎞
⎜ ⎟,⎝ ⎠
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⎜ ⎟,⎝ ⎠

,α,β ⎛ ⎞
⎜ ⎟,⎝ ⎠

⎧ ⎧ ′Π⎪⎪ −⎨
′ −ξξ⎪ ⎪⎩⎪

⎫⎪ Π −Π ξ ⎪⎪− ≠ ξω = ⎬⎨
−ξ ⎪⎪ ⎭

⎪
′′Π ξ⎪

, = ξ⎪
′ ξ⎪⎩

(3.10) 

For the Cauchy integral ( ( ) 1 ( ))g t z t z, = / −  
with 1 2,α = −β = − /  we have  

( ) ( )
1

1 2 1 2

1

( )1 ( )
1 ( )

n
n n

V ttz dt W z
t t z

− / , /

−

+
Π = = π ,

− −∫  (3.11) 

where ( )nV z  and ( )nW z  are Chebyshev polynomials 
3 and 4 of kind, respectively (see [9]).  

Then the quadrature formula for the Cauchy in-
tegral is of the form:  

( )
1

11

1 ( )
1 ( )

N
C
i i N

i

t f t dt z f
t t z

⎛ ⎞
⎜ ⎟,⎝ ⎠

=−

+
≈ ω ξ ,

− − ∑∫    (3.12) 

where  
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π − ξ
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′ ξ − ξ
ω =

′ ξ
π , = ξ

ξ

(3.13) 

Quadrature formula for hypersingular integral 
has the form:  

( )
1

2
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1 ( )
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N
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i

t f t dt z f
t t z

⎛ ⎞
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+
≈ ω ξ ,

− − ∑∫   (3.14) 

where  
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,
⎛ ⎞
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,
,

,

⎧ ⎧ ′π ⎪⎪ −⎨′ ξ − ξ⎪ ⎪⎩⎪
⎫⎪ − ξ⎪ ⎪ω = − ≠ ξ⎨ ⎬

− ξ⎪ ⎪⎭⎪
′′ ξ⎪π

, = ξ .⎪ ′ ξ⎪⎩

(3.15) 

Formula (3.15) to calculate weight coefficients 
allows to them with high accuracy and hence can be 
used to solve the Schrödinger equation with a linear 
confining potential in momentum space. 

 
4 The calculation of the energy spectrum for 

a linear confining potential with 0=  
The Schrödinger equation with a linear confin-

ing potential  

2

2

2
0

2

( ) ( ) ( ) ( )
2

2

k k Q y k dk E k
k

k ky
kk

∞σ ′ ′ ′ϕ + ϕ = ϕ ,
μ π

′+
= ,

′

∫
(4.1) 

is reducible to the form  
2

2
0

1( ) ( ) ( ) ( )k Q y k k dk kk
k

∞

′ ′ ′ ′ϕ + ϕ = εϕ
π ∫  (4.2) 

with the help of replacements  

( )
2

1 32
2

k k E /β
= β , = ε, β = .μσ

μ
        (4.3) 

Using the mapping  

0 0
1 1
1 1

z tk k
z t

+ +′= β , = β ,
− −

          (4.4) 

we find that the equation (4.2) is transformed into  
1

2
0 1

2
0

( )1 1 ( ( ))
1 (1 ) 1

1 ( )
1

t dtz Q y t z
z t t

z z
z

−

ϕ−⎛ ⎞ ′ , =⎜ ⎟πβ +⎝ ⎠ − −

+⎛ ⎞= ε −β ϕ .⎜ ⎟−⎝ ⎠

∫
 (4.5) 

For the case of 0=  the equation (4.5) after 
simplifications can be written as follows:  

( )
1

2
0 2

0 1

2
0 0

1 1( )1
1 ( )

1 ( )
1

t dttz
t t z

z z
z

=
−

=

+
− ϕ =−
πβ − −

+⎛ ⎞= ε −β ϕ .⎜ ⎟−⎝ ⎠

∫
    (4.6) 

Thus, for a linear confining potential we have 
hypersingular kernel 21 ( )t z/ −∼  and therefore for 
the numerical solution it is necessary to use weight-
ing factors (3.15). Function ( )w t  naturally chosen in 
the form  

1( )
1

tw t
t

+
= .

−
 

As a result, the matrix for eigenvalue problems 
takes the form:  

22
0

0

1
1

1

H
j i Nj N

ij ij i N
j N

H
⎡ ⎤⎛ ⎞

⎜ ⎟⎢ ⎥,, ⎝ ⎠ ⎛ ⎞⎢ ⎥⎜ ⎟⎢ , ⎥⎝ ⎠
⎢ ⎥,⎣ ⎦

ω ξ⎛ ⎞+ ξ
= β δ − − ξ ,⎜ ⎟⎜ ⎟− ξ πβ⎝ ⎠

 (4.7) 

where i Nz ,→ ξ  and ,j Nt ,→ ξ  i N,ξ  are zeros of the 

polynomial ( )NV t  and matrix H
j i N

⎛ ⎞
⎜ ⎟,⎝ ⎠

ω ξ  is calculated 
using the (3.15).  

For a linear confining potential in the 0=  it 
is known that  

 1 2 3nz n …ε = − , = , ,                  (4.8) 
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where nz  are the zeros of the Airy function ( ).Ai z  
Therefore, it is possible to compare the results of 
numerical calculations of the matrix (4.7) and accu-
rate values (see, table 4.1). 
 

Table 4.1 – Relative error of δ  of the solution 
of equation (4.7) 0( 0 9999)β = ,  

N  1n =  2n =  3n = 4n =  5n = 6n =

50 223 10−⋅  204 10−⋅ 173 10−⋅ 153 10−⋅  148 10−⋅ 122 10−⋅

80 335 10−⋅  292 10−⋅ 261 10−⋅  243 10−⋅  224 10−⋅ 203 10−⋅

100 392 10−⋅ 351 10−⋅  321 10−⋅  314 10−⋅ 285 10−⋅ 266 10−⋅

150 544 10−⋅ 508 10−⋅  475 10−⋅ 431 10−⋅  426 10−⋅ 396 10−⋅
 
Conclusion 
Thus, the choice of weighting coefficients in 

which the singularity treated analytically and func-
tions ( )w t  associated with interpolating polynomials 

( ) ( )NP tα,β  allows us to solve the equation (4.1) for 
0=  in momentum space with high accuracy. The 

accuracy of calculations of many orders of magni-
tude higher than similar to calculations in momen-
tum space [1], [10]–[13].  
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