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On r-quasinormal and weakly r-quasinormal subgroups of finite groups

V l a d i m i r  O .  L u k y a n e n k o , A l e x a n d e r  N .  S k i b a

Throughout this paper, all groups are finite. All unexplained notations and 
rminologies are standard. The reader is refereed to [1], [3], [5] and [6] if necessary. G 
ways denotes a group. We use tt(G) to denote the set of all primes dividing |G]. For any 
bgroup II of G we put rG(H ) =  {q e n(G)\n(H) \ (\H\, \QG\) ф 1 for a Sylow g-subgroup 
of G'}, where QG is the normal closure of Q in G.

Recall that a subgroup A of a group G is said to permute with a subgroup В if 
В  — BA. A subgroup H  of a group G is said to be n(G)-permutable or 7r(G)-quasinormal 
). Kegel, [7]) in G if H permutes with every Sylow p-subgroup of G for all primes p G n. 
subgroup H of G is said to be с-normal in G (Y. Wang, [10]) if G has a normal subgroup 
such that H T =  G and T  П II <  11 q , where Hq is the normal core of H  in G.

In spite of the fact that the r(G')-quasinormality and the с-normality are quite 
.fferent generalizations of normality, there are several analogous results which were obtained 
idependently for 7r(G')-quasinormal and с-normal subgroups (see Section 5 in [9]). In this 
aper we analyze some of these results on the base of the following more general concepts.

Definition. Let H  be a subgroup of a group G. Then we say that:
(1) H  is т-quasinormal in G if Ii permute with all Sylow g-subgroups of G for all 

€ rG(tf) ;
(2) H is weakly т-quasinormal in G if G has a subnormal subgroup T  such that 

ГГ =  G and Т А  11 <  HrG.
In this definition HTa denotes the т-core of H  in G, that is, the subgroup generated 

у all those subgroups of H  which are r-quasinormal in G.
It is clear that every 7r(G)-quasinormal subgroup and every с-normal subgroup of G 

re weakly r-quasinormal. The following simple example shows that in general the set of 
weakly r-quasinormal subgroups is wider than the set of all n{G)-quasinormal subgroups 
nd the set of all с-normal subgroups.

Exam ple. Let p < r < q be odd primes, Cq be a group of order q and R a faithful 
rreducible C^-module over a field Fr. Let P  be a faithful irreducible ([/?]G?)-module over a 
ield Fp and A =  [P]([R]Cq). Let M(r)  =  ( x, y, z \ xr =  yr =  zT =  1, [x, z] =  [у , z] = 1 and 
x, y] =  z ) — \{x,z)\{y) (see p. 203 in [4]). Finally, let G =  A l  M(r) — [K]M(r), where К  
з the base group of the regular wreath product of G. By [3, A, 18.5(b)], L — P  ̂ is the only 
ninimal normal subgroup of G. Note also that since by [3, A, 18.2], G/P^ ~  (A /P ) I M(r)  
ind CA(P) =  P, then L £  Ф(G) by [6, III, 3.5]. Hence L =  Ca (L).

(1) Cq is т-quasinormal in A, but not tt(G)-quasinormal in A (this follows directly
:rom the fact that RA <  P R ) .

(2) H  =  (x, z) is weakly т-quasinormal in G and H is neither с-normal in G nor
r-quasinormal in G.

First suppose that H  is r-quasinormal in G. Let Q be a Sylow g-subgroup of К . It 
is not difficult to show that r divides |QG]. Besides, Q is a Sylow g-subgroup of G. Hence 
HQ =  QH  is a subgroup of G. Note that since by [3, A, 18.2], G /(P P )a ~  (A/PR)lM(r)  ~  
CqlNKr) and evidently QH{PRf/(PR)*  ~  QH, H <  NG{Q). For any x  e  G, HXQ =  QHX, 
which as above implies Hx <  NG{Q)- Hence H G < NG(Q) and so P <  NG(Q), which implies 
Q <  Cg (L). This contradiction shows that H is not r-quasinormal in G. Now suppose
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that Я  is с-normal in G and let T  be a normal subgroup of G such that TH — G and 
T  П H <  Hq =  1. Then M(r)  — Mir ) П ТН  — H(T  П M (r )) is Abelian, a contradiction. 
Finally note that T  — K(y)  is subnormal in G, TH =  G and ГП  H — 1. Hence II is weakly 
r- quasinormal in G.

Note that many results in which one of the conditions "to be a c-normal subgroup" 
or "to be a n (G )-quasmorraal subgroup" is involved can be non-trivially generalized on the 
base of the weakly r-quasinormality. The following our theorem serves a partial illustration 
for this.

Theorem . Let IF be a saturated formation containing all supersoluble groups and 
G a group with a normal subgroup E such that G/E G T . Suppose that every non-cyclic 
Sylow subgroup P  o f F*(E) has a subgroup D such that 1 < \D\ < |P| and every subgroup 
II of P  with order \II\ =  \D\ and every cyclic subgroup of P  with order 4 (if \D\ =  2 and P  
is a non-Abelian 2-group) are weakly т-quasinormal in G. Then G G IF.

The proof of this theorem consists of a large number of steps. The sketch of this proof 
is concluded in following lemmas.

Lem m a 1. Let G be a group and II < К  <  G, L < G. Then:
(1) If H is т-quasinormal in G, then If is r-quasinormal in K .
(2) Suppose that LI is normal in G and rr(K/H) =  n(K). If К  is т-quasinormal in 

G, then K j I I  is т-quasinormal in G j  I I .
(3) Suppose that H is r-quasinormal in G. If HL — LH and 7г(ЯПТ) =  7г(#)П7г(Т), 

then II П L is r-quasinormal in L.
(4) Suppose that H is normal in G. Then the subgroup ЕН/II is т-quasinormal in 

G/H for every т-quasinormal in G subgroup E satisfying (|Я|, |P|) =  1.
(5) If II is т-quasinormal in G and H < Op{G) for some prime p, then H is it(G)- 

quasinormal in G.
(6) Suppose that H and L are r-quasinormal in G. If HL — LH and ir(H П L) — 

r(H) — 7t(L), then H  П L is т-quasinormal in G.
Proof. (1) Let I\q be a Sylow (/-subgroup of К  such that q ф iг(Я) and (|Я|, | К/ / |) ф 1. 

Then for some Sylow (/-subgroup Q of G we have K q — Q П К . Since K q <  Q °  П К  < QG, 
(|Я|, |QG|) ф 1. Hence q G rG(H)  and so LIKq -  H (Q D K )  =  HQ ПК =  ( д п Я )Я  -  I<qH.

(2) Let Q/H be a Sylow ^-subgroup of G/II such that q ф тг(К/Н) — 7г(К)  and 
(\К/Н\, | (д /Я )^ /я )|) ф 1. Then for some Sylow (/-subgroup Gq of G we have Q =  GqH. 
Since (д /Я )(° /я )  =  q g / h  =  (GqH)G/H =  Gg H/H ~  Gg /(Gg П Я ), (\K\, \GG\) ф 1. 
Hence q e  t g (K)  and so (.K/H)(Q/H) =  KQ/H =  K G qH/H =  (Q/H)(K/H).

(3) By (1), II is r-quasinormal in HL. Let Q be a Sylow (/-subgroup of L such that 
q ф 7Г(Я П L) and (jЯ  П L\, \QL\) ф 1. Then q ф тг(Я), so Q is a Sylow g-subgroup of HL. 
Besides, QL <  QHL D L <  QHL. Hence (|Я|, \QHL\) ф 1 and so q 6 tHl { H) .  Therefore, 
Q(H  П L) =  QH  П L =  (Я  П L)Q.

(4) Let Q/H be a Sylow (/-subgroup of G/H such that q ф тг(ЕН/H) — r(  E) and 
(\EH/H\,\(Q/HYGW\) Ф 1. Then for some Sylow (/-subgroup Gq of G we have Q =  GqH. 
Since (Q/H)Wn)  =  QG/H =  GGH/H ~  Gg/{Gg П II), (|Я|, \GG\) ф 1. Hence q e  rc (E) 
and so (EH/H)(Q/H) =  EQ/H  -  EGqH/H =  (Q/H)(EH/H).

(5) Let Q be any Sylow (/-subgroup of G, where q Ф p. Suppose that IIQ ф QH. 
'Then by hypothesis, QG < OvfG ) .  Hence Я < Op(G) < Cg (Q), a contradiction.

(6) Let Q be a Sylow g-subgroup of G such that q ф ix (H П L) =  ж (Я ) =  it{L) 
and (| Я  П L\, \QG\) ф 1. Then (| Я  j, \QG\) ф 1 and (|L|, |<5G|) ф 1. Hence q G t q (H)  and 
q G tq(L).  Therefore, Q(H  П L) =  QH  n QL =  (Я  П L)Q.

From Lemma 1 we directly have
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Lem m a 2. Let G be a group and H <  К  <  G. Then the following statements hold:
(1) If H is a p-group for some prime p, then HtG is a т-quasinormal subgroup o f G 

and Hg <  Htg -
(2) Нга <  HTK.
(3) Suppose that К  is a p-group for some prime p and H is normal in G. Then

K tg/H <  (K/H)t(g/h)■
(4) Suppose that H is normal in G. Then EtqH/H <  (ЕН/# ) r (G /t f)  for every 

subgroup E satisfying (|#|, \E\) =  1.
Lem m a 3. Let G be a group and H <  К  < G. Then
(1) If H is т-quasinormal in G, then II is weakly т-quasinormal in G.
(2) Suppose that К  is a p-group for some prime p and H is normal in G. If К  is 

weakly т-quasinormal in G, then К/H is weakly r-quasinormal in G/II.
(3) If II is weakly т-quasinormal in G, then H weakly r-quasinormal in К .
(4) Suppose that II is normal in G. Then the subgroup Е Н /H is weakly r-quasinormal 

in G/H for every weakly r-quasinormal in G subgroup E satisfying (| /7 j, | E\) — 1.
(5) Suppose that H is a p-group for some prime p and H is not r-quasinormal in G. 

Assume that H is weakly r-quasinormal in G. Then G has a normal subgroup M  such that 
]G : M \ = p  and G — HM.

Proof. Statement (1) is evident.
(2) Assume that for some subnormal subgroup T  of G we have K T  — G and T'HK <  

K rG■ Then by [3, A, 14.1 and 14,4], ТН/H is subnormal in G/H. Besides, (TH/H)(K/H) — 
G/H and (TH/H ) П (K/H)  =  {ТН  П K)/H =  (T П K)H/H <  K rGH/H =  KrG/H <  
(К/ H)t(g/h) by Lemma 2(3). Thus K/H  is weakly r-quasinormal in G/H.

(3) Let T  be a subnormal subgroup of G such that IIT =  G and Т П Н  < HTc ■ Then 
К  ~  К  П HT — H (K  П T). By [3, A, 14.1], К  П Т is subnormal in K.  By Lemma 2(2) we 
also know that (К  ПТ) Г) II < HtG <  Нтк • Hence H  is weakly r-quasinormal in K.

(4) Assume that for some subnormal subgroup T  of G we have ET =  G and 
T П E < Etq . Clearly, H < T  and by [3, A, 14.1], T/H is subnormal in G/II. Besides, 
(T/H){EH/H) =  G/H and (Т/Н)П(ЕН/Н) =  (ТПЕН)/Н  -  (TnE)H/H < EtGH/H <  
(ЕН/Н)т(с/ н) by Lemma 2(4). Thus ЕН/II is weakly r-quasinormal in G/H.

(5) By hypothesis G has a subnormal subgroup T  such that H T — G and T  П H < 
HrG ^  II . Hence G has a proper normal subgroup V such that T <  V. Since G/V is a 
p-group, G has a normal maximal subgroup M  such that I IM  =  G and |G : M\ — p.

Recall that a formation is a homomorph T  of groups such that each group G has a 
smallest normal subgroup (denoted by G^) whose quotient is still in IF. A formation F  is said 
to be saturated if it contains each group G with G /Ф(G) € F . In view of Lemma 1(5) and 
2(1) the following two observations are corollaries of Lemmas 2.11 and 2.12 in [9] respectively.

Lem m a 4. Let N be an Abelian normal p-subgroup o f a group G for some prime 
p. Assume that N  has a subgroup D such that 1 < \D\ <  | jV] and every subgroup H of N 
satisfying |Я| =  \D\ is weakly т-quasinormal in G. Then some maximal subgroup of N is 
normal in G.

Lem m a 5. Let T  be a saturated formation containing all nilpotent groups and G 
a group with soluble F-residual P  =  Gr . Suppose that every maximal subgroup of G not 
containing P belongs to F . Then P  is a p-group for some prime p and if every cyclic subgroup 
o f P  with prime order and order 4 (if p — 2 and P  is non-Abelian) not having a p-nilpotent 
supplement in G is weakly r-quasinormal in G, then |Р/Ф(Р)| — p.

Lem m a 6. Let V =  A x В be a subgroup with order 4 o f a group G such that 
\A\ — \B\ — 2 and A, V are r-quasinormal in G. Then В is r-quasinormal in G.
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Proof. Suppose that this .lemma is false. Then G has a Sylow g-subgroup Q such that 
q Ф 2, 2 | |QGj and BQ ф QB. By hypothesis, VQ — QV  and AQ — QA. Hence Q is normal 
in VQ. Therefore BQ =  QB, a contradiction. This completes the proof.

Lemma 7. Let V  =  (x) be a cyclic subgroup with order 4 o f a group G and V is 
r-quasinormal in G. Then (x2) is r-quasinormal in G.

Proof. See the proof of Lemma 6.
The following lemma is well known (see, for example, [8]).
Lemma 8. Let H be a p-subgroup o f a group G for some prime p. Then H is ir(G)- 

quasinormal in G if and only if Op{G) <  Nr;(H).
In this paper we use U to denote the class of the supersoluble groups; ZuiG ) denotes 

the U-hyper center of a group G, that is, the product of all such normal subgroups of G whose 
G’-chief factors have prime order.

Lemma 9. Let G be a group, p an odd prime and P  Ф l a  normal p-subgroup of G. 
Suppose that every minimal subgroup of P is n(G)-quasinoirnal in G. Then P  < ZU(G).

Proof. Suppose that this lemma is false and consider a counterexample (G , P ) for 
which |G||P| is minimal. First we show that P < Op(G). Indeed, assume P  ф Op(G). Then 
jPnO p(G)| < |P|, so PnOp(G) < Zu(G) by the choise of (G, P). On the other hand, from the 
G-isomorphism POp{G)/Op{G) ~  P/PnOp(G) we have P/PnOp{G) < Zu (G /PnO p{G)). 
Hence P < ZU{G), a contradiction. Therefore P < Op(G). Let Gp be a Sylow p-subgroup of 
G. Consider the series 1 < fli(P ) < Sh{P) < . ■. < 0 4(P ) =  P. Since all members of this 
series are characteristic in P, the series may be refmemented to G'p-chief series of P

l =  P o < P i < - - - < P n  =  P- (*)

By Lemma 8 and [2, 1 (i)] every factor O j(P )/fh -i(P ) is elementary and by [9, 2.4] every 
subgroup of Gi(P)/Qi-i(P) is normalyzed by every /У-element of G. Hence the series (*) is 
a chief series of G, so P  <  Zu{G). This contradiction completes the proof.

Lemma 10. Let P  be a saturated formation containing all supersoluble groups and 
G a group with a normal subgroup E such that G/E € P  ■ Suppose that every non-cyclic 
Sylow subgroup P  o f E  has a subgroup D such that 1 < |D| < \P\ and every subgroup H of 
P with order \H\ =  \D\ and every cyclic subgroup o f P  with order 4 (if \D\ — 2 and P is a 
non-Abelian 2-group) not having a supersoluble supplement in G are weakly r-quasinormal 
in G. Then G £ P .

Lemma 11. Let G be a group and P  a Sylow p-subgroup ofG, where p is the smallest 
prime divisor o f \G\. Suppose that P has a subgroup D such that 1 < jD| < |Pj and every 
subgroup H of P  with order \H\ =  \D\ and every cyclic subgroup o f P  with order 4 (if 
\D\ = 2 and P  is a non-Abelian 2-group) not having a p-nilpotent supplement in G are 
weakly т-quasinormal in G. Then G is p-nilpotent.

Finally, note that main results of many papers are special cases of our Theorem (see 
Section 5 in [9]). In particular, Theorem 1.3 in [9] is a corollary of the theorem.

Abstract. Let G be a finite group and H a subgroup of G. We put tg {H)  — {q £ tt(G) \ 
n(H)  | (|#|, |QG|) Ф 1 for a Sylow g-subgroup Q of G}. We say that: (1) H  is r-quasinorrnal 
in G if H  permute with all Sylow g-subgroups of G for all q E tg(H)\ (2) H is weakly r- 
quasinormal in G if G has a subnormal subgroup T  such that HT  =  G and T  П H <  Htq. 
where HrG is the subgroup generated by all those subgroups of H which are r-quasinormal in 
G. Our main result here is the following theorem: Let T  be a saturated formation containing 
all supersoluble groups and G a group with a normal subgroup E such that G/E £ P. 
Suppose that every non-cyclic Sylow subgroup P of F*(E) has a subgroup D such that
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1 < jD\ < \P\ and every subgroup H o f P  with order \H\ =  \D\ and every cyclic subgroup 
of P  with order 4 (if \D\ — 2 and P  is a non-Abelian 2-group) are weakly т-quasinormal in 
G. Then G e T.
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