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AHHOTaIIl/lﬂ. Cucrema ypaBHeHHf/'I, OITKUChIBAKOIAA 6e3Maccosy}0 gacTugy CO CIIMHOM 3/2, peuicHa B MUTMHAPUICCKUX KOOp-
JIMHATax mpoctpaHcTBa MuHKOBCKOTO. Mcnonb3yercs 001ekoBapuaHTHbIi TeTpaanblid Gpopmanusm. Ha pemenusx auarosanm-

3UpYIOTCS omepatopsl i0,,.J,,i0,. Tlocne pasneneHus mepeMeHHBIX MONydYeHA CHCTeMa ypaBHEeHMH Ms 16 dyHkumii, 3aBucs-

mux oT nepeMeHoi . [Toka3aHo, 4To moCTpoeHHsIe coraacHo Teopur [laymn — Oupna karuOpOBOYHbIE PEIIEHUS C IMIHHAPU-
YeCKOM CUMMeTpueii, oOpamaroT 3Tu 16 ypaBHeHU# B ToxkaecTtBa. HalineHbl 6 jaMHEHHO HE3aBUCUMBIX PELICHHH CHCTEMbI
ypaBHEHHH, 4 U3 HUX COBHAJAIOT C KaJMOPOBOYHBIMH, J[Ba HE COJEPIKAT KaTMOPOBOYHBIX CTEHEHEH CBOOOJBI U OMHCHIBAIOT
(u3mdecky HabIIFOJaeMble COCTOSIHHUS, OHH BBIpaXkaroTcs 4epe3 (yHkimu Becces.

KuaioueBble ciioBa: cnun 3/2, yurunopuueckas cummempus, 6esmaccosoe noie, mouhble peuleHus, KaioposouHvle cnmeneHu
€c606000L.
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Abstract. The system of equations for the vector-bispinor describing a spin 3/2 massless particle, is solved in cylindric coordi-
nates of the Minkowski space. The covariant tetrad formalism is applied. Three operators, i0,, J;, i0, are diagonalized on the
constructed solutions. After separating the variablessthe system of 16 functions in the variable 7 is derived. It is shown that the
gauge solutions with cylindric symmetry, which_are specified according to the Pauli — Fierz theory, satisfy these 16 equations
identically. There are constructed 6 linearly independent solutions. Four of them coincide with the gauge ones, and two remain
solutions do not contain the gauge degrees of freedoms These two solutions are expressed in terms of Bessel functions.
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Introduction

After the primary papers by Pauli and Fierz [1],
[2], and Rarita 'and Schwinger [3], the theory of the
particle with ‘'spin 3/2 [4]-[25] always has attracted
attention!, The, description of that particle requires
16-component wave function with transformation
properties of vector-bispinor with respect to the Lor-
entz'group. Special interest represents the case of the
massless particle. As was shown by Pauli and Fierz,
there exists specific gauge symmetry, according to
which the 4-gradient over arbitrary bispinor gives
solutions of the massless wave equation. The gauge
states do not contribute to observable physical quan-
tities, like energy-momentum tensor.

In the present paper, we follow the problem of
the degrees of freedom of the massless particle for
solutions with cylindric symmetry. In explicit form
there are constructed two solutions which do not
contain the gauge components. Also we find 4
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solutions of the wave equation, which may be identi-
fied with the gauge ones. The study is based on the
use of covariant tetrad formalism according to gene-
ral method by Tetrode — Weyl — Fock — Ivanenko [19].

1 Separating the variables

The following form of the wave equation for
the spin 3/2 particle (for generality, we start with the
case of the massive particle; see notations in [19]) is
known

e, (), (iD, =My, ¥, =0,
D, =V +T +ied,;
M =mc/2hc stands for the massive parameter. It is
readily proved that in massless case, if the Riemann
curvature tensor for a space-time model equals to
zero, then eq. (1.1) has the class of gradient type
solutions
Y (x)=D¥(x), Dy=(Vy+Iy),

(1.1)
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where @ stands for an arbitrary bispinor field. In-
deed, due to the commutator [19]:

1
(D,Dy—DyD,)D = Ec“ (VR () =0, (1.2)
eq. (1.1) is satisfied identically by this gradient solu-

tion in all space-time models with R, ,(x)=0.

After transition in the field function to the tet-
rad presentation in vector index W, =ef"¥, eq.

(1.1) takes on the form
Ve [i(D,), - My, 8, |%, =0, (13)
where we use the extended derivative operator
1, ,
D,=¢" @, +ieAa)+E<cs”“ ®I+I® j” )Yy, (14)

can

Introducing 6 matrices & = (u“J)!, we can re-
write eq. (1.3) as follows

Yy 1D, -My,8, W, =0 (1.5)
Allowing for the summation formula

ny.D, =y, 0¥ —y,D,¥]+
+ Wy, DY =y, D1+ 1y DY —v, Dy 1+
+u 5y, DY —y, DY +
+u DY -y, Dy 1+ u y DY -y, D),

or (taking in mind that the matrices p'“! act on the

vector index)
W“ly.D, =

_ (yl ®u[01] +Y2 ®u[02] +Y3 ®u[o3]jD01P +
+(YO ®H[Ol] """/2 ®H[12] —Y3 ®M[31]]D1‘P +
+ (yo ®“[021 +y3 ®P-[23] _,Yl ®H[12] DY+
+ [yo ®H[O3] +Yl ®“[31] _yz ®u[23]]D3‘I",
and the other summation formula
MWD vy, 2y, Y=
={(ror —170) WA, Y, —127,) © T +
+(Yo¥s —V3Y0)® Hm] (Y, Y5 —Y5Y,) ® Mm] +
+ (Y3Y1 - 7173) ® HBI] + (Y1Y2 _Y2Y1) ® Hm] } Y=
= {Sm ®u""+ S ® TRa Sp3 @ TR
*s,, & ;,Lm] +5, ® },LBI] +5,® ;,L[m} Y,
wearrive at the detailed form of the basic equation (1.5):
[,Yl ®H[Ol] +Y2 @H[oz] +’Y3 ®M[03]jDO\P+

+y'@uM +y? @u -y’ @ DY +
+(y° Qu» +y’ @u* —y' @u jDZ‘I’ +
+y' @™ +y' @t -y @ | Dy +
+iM {50, @™ + 50, O 5, @ pi™ +
5, @ 45, @ 45, @ W =0, (1.6)

Let us search solutions with cylindrical sym-
metry. For cylindrical coordinates and tetrad

20

ds* =dt* —dr’ —r’dy’ —dz’,

2 (1.7)
x* =(tr,0,2), 4, = B; ,

10 0 0 1 0 0 0
y (x):o Lo oo (y):o -1 0 0|
@ 00 1/r o “P 0 0 —r 0f
00 0 1 00 0 -1

the Ricci rotation coefficients are

1
Yaro =05 Yt =05 Vizg ==V, = +7: Yaps, = V-

The components of the derivative operator D" are

determined by the formulas
D, =4, D =4, (1.8)

D, =1(a¢ J1eBr” J+l(cu ®+1'® ), D, =0..
r 2 r
Thus, eq. (1.6) takes on the form
{(yl ®u[01] +YZ ®“[02] +Y3 ®M[°3])5,‘1’ i
i (yo ®H[Ol] +y2 ®H[12] _ys ®H[31])ar\y i
i (YO ®H[02] +Y3 ®M[z3] _Yl ® M[lz])DZ\P +
£ MU+ @u -y @0 ¥ +

wiM {s,, @ 45, @' 5, @p'® +

+5, OuP 45, QU 45, @UW =0, (1.9)
where s, =(y’y' —v'y’)/4 and so on. We need

cal .

expressions for 6 matrices p!

000 O 0 0 0 O
000 O 0 0 01
o1y _ [02] _

H 000 —" 0 0 0 o
001 0 0 -1 0 O
00 0 O 01 00
00 -1 O 1 0 00

(03] _ (23] _

%o 1 0 o' Tloo o o
00 0 O 00 00
001 0 0 0 01

el 0 0 0O u[12]_0 0 0 0
1 00 0O 00 0 O
0 0 0O 1 0 00

and expressions for Dirac matrices:
0 01 0 00 0 -1
o 1000 0 1/ , |0 0 -1 0
Y = 9’Y = b
1 0 00 01 0 0
01 00 1 0 0 O
0 0 0 i 0 0 -1 0
, 100 = 0 , |0 0 0 1

Y = . T = 5
0 i 0 O 1 0 0 O
i 0 0 O 0 -1 0
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- 0 0 0 00 0 0
Glzzlo i 0 0 j12200—1o
210 0 =i o 01 0 0
0 0 0 i 00 0 0
02 0 0 0 -2
20 0 0 200 0 0
Sop =~ > S =~ ’
00 0 -2 0 0 0 2i
00 2 0 0 0 -2i 0
20 0 0 0 -2i 0 0
0 2 0 0 2i 0 0 0
So3 =~ » S = ’
0 0 20 0 0 0 -2
0 0 0 2 0 0 -2i 0
0 2 0 0 2i 0 0 0
2 0 0 0 0 2 0 0
S31 = > Sp = . .
0 0 0 2 0 0 -2i 0
0 0 2 0 0 0 0 2i

We apply the substitution for cylindrically
symmetric wave function (assuming & > 0):

\I_{A(n) _e—zst imd lkzq)A(n)(r)
fo KoL S
[q)A(n)]:(D(r)z ‘ 1 S
hy hohh
dO % d2 ‘%

It should be noted that in the basis of cylindrical
tetrad, parameter m stands for eigenvalues/of the
third projection of the total angular momentum, so

takes on the half-integer values m =+1,%3,...." Al-

lowing for the above substitution, we reduce the
equation to the form

—is(yl Qu +y* @u ™ty ®p[°3]J(D +
+ (yo Qu + 7y’ @uie ®p[3”]di(1) +
r
+(y° Qui™ £y° @uP! —y! ®u[12]]D O+
+ik(y° Qu +y' @uP —y? @ ui*! j
+iM {sm QU +5, @u™ +5, @u™ +
+.5,, Qu!*! +55, Qut +s,, ®},L[12]}CD =0, (1.11)
where
D, =%(im+ci]2 ®+1® ;). (1.12)

The main equation may be re-written in a shorter
form

—ieB,® + B, diq) +B,D,¥ +ikB,® +

+1M{sm®p +55, U 45, @™

+5,@uP 45, @u +s12®u"]}q>=o. (1.13)

First, we calculate the terms:
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—~ieB,® =
0 +e(d,—ih,) +ie(h —d,) +e(-d, +id,)
|0 +e(=hy+id,) +ie(=d, —h) +e(h +ih,)
0 —e(gy—ify) —ie(fi—g;) —e(-g +ig,) '
0 —e(-f,+ig,) —ie(=g —f;) —e(f,+if)
+hy +id; 0 —h,  h+id,
d | =dy=ihy 0 —di—d; d)-ih
dr ' |=fi-igl 0 —fi-f fl-ig
&Hfy 0 gi—g &+
B,D,d =
~@u-Dh + | | L= D +
T =Cp-=Dx1 @
+2u+1)d; — | O% +2pn+1)d, -
. xChy =hy) o .
—2ih, ! K~ —2ih,
TQu+bd, +1 L 1T —Qu+yd, +
(2u+1) P (2u+1)d,
+Q2p—-Dh, + 1 101 +2u—-Dh, —
. po<(d, £d;) || .
i +2ld2 | | | —2ld2
=TT Ao S T“I‘“(é“‘ﬁ;;- ,
2u—1) fim —Qu-1)f -
2r| Cu-DA i Qu-1)x i i n-1/
-Cpthg, + 10 -C2p+l)g, -
\ UX(fo+03) 1 .
21 Lo 2,
B RN I T
Dol -@u+Dx i !
“Cp-1f - 10 —Q2u-Df, -
. 1 X(8o— &) 1 .
—2ig, | Lo g,
ikB,® = (1.14)
k(d, —id,)  k(d,—ih)  ik(-d,+h) 0
| kG-h =ik k(=hy—id)) k(= +d,) O
~k(g, —ig,) —k(g,+if,) —ik(-g,~f) 0
—k(=fi=ify) —k(=f,+ig,) —ik(=f,—g) O

For massive term we get
+iM {sm QU +5, @™ 45, @u™
(1.15)
+85,, O+ 5, U 45, @ }CD—

Cilfitg)-g -8t &)

|

|
___________ [P o S
—if+ fhtig | iy tifi+ g

=2iM|—-—-==---"—+ oo —

—i(d, —id, +h,) | —id, +idy+h, !
ild =Rk, T =d, —i(hy+h)
Sogzg | Thrinte
hohme | L
—~d, +d,~h | =i(d, ~id, + )|
d +hy+h i_ (d, +h1+zh)

Collect all summands in the equation together:
0 +e(d,—ih) +ie(h—d,) +e(—d, +id,)
0 +e(-hy+id,) +ie(=d, —h,) +e(h +ih,) .
0 —e(gs—1fy) —ie(fi—g) —e(-g +ig,)
0 _8(_f3 + igz) _is(_gl - fs) _8(](1 + lfz)

21



A.V. Ivashkevich

+hy+id; 0 +hy—hy +h+id;
. —d,—ih;, 0 —dj—d; +d,—ih N
—fmign 0 —fi=f +fig

+g+fy 0 +gy—gy +gi+if,

—Qu-Dh+ | |
+2u+1)d, ~2ih, | ~@u=Dh =h) |
S

o +<_2_t52_1>f;_)_;_2_ff@_;__fi _________ |
+ - | |

o IRENPS RICTEUVEYAY
T+ f)'gf'"T ___________ i

2u+1)(g, —g3) |
~Qu-Df,-2ig, | (2u+1)(g g)i

' —(2M+1)81 @u-1/f - 2lgz
+k(d, —id,)  +k(d,—ih,) +ik(=d,+h)
+k(=h —ih,) +k(=h,—id,) +ik(=h,+d,)
—k(g —ig,)  —k(gy+ify) —ik(=g,— /)
—k(=f,=if,) —k(=/, +ig2) —ik(=f, — &)
lfz T8 +8&; I

S o o O
+

+h, +d id, :+zh +d, dﬂ

—d, + Iy ihy | —idy Ry + |

i(f 8~ gg) .+f0 g1+lgz

i(d, +h +h) | —d h,—zh

Further we will follow only the massless case.

2 Massless field
We have the/system

b +id] + 2ir[—(2m —Dh +Q2m+1)d, —2ih, |+
+k(d, —id,) =0,
~di — il + Zir[+(2m +1)d, +(2m—1)h, +2id, |+
+ k(=h, —ih,) =0,
~fi=igi o[ H2m = f - Dg, + 21] -
— k(g —ig,) =0,
g+ 4 [-m+ g~ @11, ~2ig, ] -
—k(=f i) =0;
+e(d, —ih,) +2Lr[—(2m —1)(hy — )]+

@.1)

22

+ k(d, —ih,) =0,
+e(=h, +id,) +2L[(2m +1)(d, +d)]+
r
+ k(=h, —id,) =0,

~e(g, —zf2)+2ir[<2m—1)m 1))~ k(g +if,) =0,

. I
—e(—f; +ig,) —;[(2u+ (g, —23)]-
—k(—f, +ig,)=0;
+ie(h —dy)+h) —h; +ik(—d, + k) =0,
tie(—d, —hy)—d. — d. +ik(~h, +d{) =0,
—ig(f, —g3)—f0'—f3'—l'k(—g0 = /H).=0,
—ie(-g, = f,)+ & — & — k(= fo=81) = 0; (2.3)
+e(—d, +id,) +hy +id, +

(2.2)

+2ir[—(2m Dk +Qmsbyd, - 2ih, | =0,
+e(hf wihy)+d; —ihy +
+2ir[—(2m +1)d, +(2m—1)h, —2id, ] =0,
se(-g +ig,)+ f —igo +
+2ir[—(2m—1)f1 —(2m+1)g, -2if,] =0,
—e(fi +ify)+ g +ify +
+2Lr[—(2m+l)gl -@2m-1)f, -2ig,]=0.

Let us verify correctness of the system by sub-
stituting the gauge functions into it. The gauge solu-
tions with cylindrical symmetry are determined by
the formulas

(2.4)

\T]n = an)’ Dn (n)au +%Gk1ykln’
K, (r)

K,(r)

K (r)|
K,(r)

_iex® i itz
D = e iex eznz¢ez

| (2.5)
D, =—(9, +c%), D,=0_;
r

so they are given by the matrix (exponential multi-
pliers are omitted)
j 1
—ieK, K, i(m——] K, kK,
r 2
. [ 1 .
-ieK, K, m+§ K, kK,

L
P
. i 1 .
—-ieK, g's —|m—-—|K; ikK,
r 2
i

-ieK, k', —(m+le4 ikK,
r 2
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Spin 3/2 massless field, solutions with cylindrical symmetry, eliminating the gauge degrees of freedom

fo fi [y fs
g & 8 & 2.6)
ho hi h> hs

670 Jl 672 673

It is readily verified that all 16 equations are satis-
fied by these functions. It should be especially noted
that any explicit form of separated gauge functions
K,,K,,K;,K, does not matter.

To proceed with the system, let us transform it
to the new variables

fi+ify=Fy fi-if, = F,
fi=3y(F+F), o= (R =)
g +ig, =G, g -ig, =G,

6 =5(G+Go), g =G, -G
h +ih,=H,, h—ih,=H,,

h Z%(Hl +H,), h, Z%(Hl —-H,);
d, +id, =D, d —id, =D,,

d, Z%(D] +D,), d, :Zii(D] -D,);
fo+ fy=Fp fo—fi=F,

fy =5 (4 E), fi=5 (R~ R
8 +8& =G g&—-& =0,

8 =36, +Gy). g =(G, -G
hy+h, =H,, hy—h, =H,,

h, =%(H0 +H,), h, =%(H0 - H,);
d,+d,=D,, d,+dy=D,,

%:%U%+DQ,@=%U%—Qx @7)

in this way we afrive at new equations, which may
be divided into two unlinked groups, each of 8 equa-
tions. It is_convenient to apply special notations for
two operators:
d 142m d 1-2m
+ , b + .

Tdr 2r Tdr 2
First, let us consider the first subsystem:

2.8)

ial, +iaG, —i(b+lsz =(e+k)G,,
r

ibG2+ibFO—i(a+l)G1 =(e-k)F,
r
iaG, =(e-k)G,, ibF, =(e+k)F,
i(a—ljFO =F,(e—k), i[l)—le3 =G, (e+k),
r r

ibF, = F.(e—k)— G, (e + k) + G, (e — k),

Problems of Physics, Mathematics and Technics, Ne 1 (50), 2022

iaG, =G,(e+k)-F,(e-k)+ F,(e+k). (2.9)
With the help of equations 7 and 8 we can exclude
the variables F,,G, in equations 1 and 2:
iaF, —F,(e—k)+ F(e+k)—-i(b+1/r)F, =0,
ibG, -G (e+k)+G,(e-k)—i(a+1/r)G, =0.
Further, with the help of equations 3, 4, 5, 6 we ex-
clude the variables F,F, and G,,G, :

- abF, —F,(e-k)+F,(e+k)+
cin b y(e—k)+ Fy(e+k)

TN P
(e—k) r r

aG, -G, (s +k)+ @, (c—k)*

b

(e—k)
J{erj ! (b—le =0,
r)(e+k) 7

@b+&—kﬂg%;=

= (b+l)[a—lJ+sz _e | o ,
B r r le—k
G

[ba+82—kz]ﬁ=

= (a+lj[b—lJ+sz—k2 G
i r r Je+k

Taking in mind the following identities
2 _ 2
abz(b+¥ﬂ?—l):d Ld =2,

r r dr’*  rdr r

ba =(a +lj(b—lj =
d g (2.10)

2 2
Frd e
ar*  rdr P

we get two 2-order equations:

{d_ﬁliim—“z)z}( f_F jo

dr* rdr r e-k e+k
2 2
4 1d @R G 6o
dr-  rdr r e—k e+k
We will impose constraints of two types:

4 L Ee =+ R =10,
e+k e—k 2.12)

or

1 1
mGs(”) _+EG°(F) =g(r);

B, ()= F,0) = [0,
et &= (2.13)

1 1
mGs(r) __JGO(F) =g(r).

In the case A, egs. (2.11) are satisfied identically,
and the functions f'(r),g(r) may be arbitrary. Be-

low we will see that the case A corresponds to the
gauge solutions.
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In the case B, the functions f(r),g(r) obey
the following equations

a 1d , , (m-1/2) o
FOsts|:W+7E+8 —k _r—z f(r)=0;
G,,G,,
d 1d m+1/2) (2.14)
[W+;;+82—k2—¥i|g(l’):0;

and all remaining functions can be found by means
of the formulas

F=—"F =iy,
(e+k)
R e a1y,
e—k
G, =G _iv-1/rg,

etk 2.15)

ia .
G2 ZEGO =lag.

Let us prove consistency of restrictions B with
the complete system of equations. To this end, in all
equations we should take into account the con-
straints

1 1
B, —F,(r)=——F, (),
B ()= F ()

1 1
8—G3(V) ——EGO(V).

+k
In this way, eqgs. 3, 4, 5, 6 from (2.9) lead to
ib ila—1/r)
et i)
i(b-1/ ]
6TV G 1 S
(e—k) (e&k)

Let us follow the remaining four equations\from (2.9):
1
iaF, +iaG, —i(b+—sz = (e k)G, =
r.

. s+l]§G0_

—i(b+ljl(a_l/r)f7(') _ e+k aG, =
e—k (e—k)

[ab+(bx1Fr)(a—1/r)]F) =2i(e+k)aG, =
abF, = i(e+k)aG,,

next
bF, =i(e+k)G,;

ibG, +ibF, —i(a+lj G =+E-kF =
r

ib—2 G, +ibF, +i(a+lj—l(b_l/r) G, =
(e—k) r) (e—k)

=—(e=k)

ib

F,
e—k °
[ba+(a+1/r)(b-1/r)]G, =2i(e—k)bF, =

baG, = i(e - k)bF,,

24

next
aG, =i(e—k)F,;
ibFy = F(e-k)-G,(e+k)+G,(e—k)=
ibF, = —ibF, — (e + k)G, — (e +k)G,,

that is
ibF, =—(e+k)G, ;

next

iaG, =G,(e+k)-F,(e-k)+ F (e +k)=

—ia%GO =
= (e +k)—2— G, +(e+k)F, + Fy& +k),
(e—k)

that is

iaG, = —(e—k)F.

Thus, restrictions B ar¢ consistent with the sys-
tem (2.9), only when the following four equations
hold

abF, =i(e+k)aG,, baG, =i(e—k)bF,,
bF, =i(e +K)G,, aG, =i(e-k)F,; (2.16)
we can see that only two equations are independent
bEy=li(e+k)G,, aG, =i(e-k)F,. (2.17)
In theé formulas F, =—(e—k)f,G, =—(e—k)g, the
multipliers before fand g may be hidden in new no-
tations:

F=—(-kf=F, G =—(c-k)g=G; (2.18)

correspondingly, egs. (2.17) are written as follows
bF =i(e+k)G, aG=i(e-k)F. (2.19)
This 1-st order equations assume the above equa-
tions (2.14):
bF =i(e+k)G,
aG=i(e—k)F,
abF =i(e+k)aG =—(e+k)(e—k)F,
baG =i(e—k)bF =—(e—k)(e+k)G.

Existence of the constrains (2.19) means that
the system of 8 equations with restriction B de-
scribes only one solution, because the constrains
(2.19) permit us to fix the relative coefficient be-
tween the variables F(r) and G(r).

To follow the consequences from the other 8
equations, let us write down both subsystems and
compare them:

the first is

iaF, +iaG, —i(b+1/r)F, = (e + k)G,,
ibG, +ibF, —i(a+1/r)G, = (e —k)F,
iaG, = (e—k)G,, ibF, =(e+k)F,,
i(a-1/r)F, = F,(e-k), i(b-1/r)G, =G,(e+k),
ibF, = F(e-k)-G,(e+k)+G,(e—k),
iaG, =G, (e+k)-F,(e-k)+ F,(e+k); (2.21)
the second is
iaH, —iaD, —i(b+1/r)H, =—(e—k)D,,
ibD, —ibH, —i(a+1/r)D, =—(e+k)H,,

(2.20)
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—iaD, =—(e+k)D,, —ibH,=—(e—-k)H,,
—i(a-1/r)H, =—(e+k)H,,
—-i(b-1/r)D, =—(e—-k)D,,

—ibH, =-H (e +k)—D,(e—k)+ D,(e+k),

—iaD, =-D,(e—k)—-H,(e+k)+ H,(e—k). (2.22)
We can immediately notice that eqs. (2.22) follow
from (2.21) at the changes:

Fl :>H1’ Fz 3H2, E) :_Hp F3 :_How
(e+k)=—(e—k),
G =D, G,=D,, G=-D,, G, =-D,

"(2.23)
(e—k)= +(e+k);
further we derive the rules
= —f, + " __
—(e+k) —(e—k)
E+k) =k (2.24)
_D3 Do

= + =—
—(e+k) —(e-k)
Therefore, the final equations from the first subsystem
iaG =—(e—k)F, (A_+€& —k*)F =0,
ibF =—(e+k)G, (A, +&*—k*)G=0 (2.25)
transform to those for the second subsystem as
shown below

iaD=(e+k)H, (A_+&*—k>)H =0,
ibH = (e—k)D, (A, +&’ —k*)H =0. (2.26)

3 Gauge solutions
Let us collect together the results of solving the
system of 16 equations for the case A:

E) :(S_k)fv FI :ibf’
Fy=i(a~1/r)f, F, = (+k)/}
G,=(e-k)g, G =i(b=1/r)g,

G, =iag, G, =(etk)g,

H, =(e—k)h, H =ibh,

H, =i(a-1/mh, H, =(e+k)h,
D, =(e#k)d, D, =i(b-1/r)d,

D, =iad, D, =(e+k)d.

In fact, heré,we have four independent solutions,
determined by four arbitrary functions

(#70,0,0); (0,2,0,0), (0,0,A,0), (0,0,0,d).
Instuen, let us transform the above gauge solutions
(2.11) to similar variables, so we obtain

_ . — d m-1/2
Fo=—i(e-k)K,, F, =(—— / jKl,
dr r

3.1)

F =(i+’”‘1/2j1<1, F =—i(s+b)K,

dr r
_ . — d m+1/2
GOZ—Z(S—k)Kl, Glz[__ / sza

dr r

62 = [i"'ijz’ (_;3 = —i(8+k)K2
dr r

Problems of Physics, Mathematics and Technics, Ne 1 (50), 2022

H,=-i(s-k)K,, H, =(%—’”‘rl/2j1<3,

i, :(i+ m—l/zst’ H, =—i(e+k)K,
dr r

D, = -i(e-k)K,, D, =(%—m+1/2)1<4,

r

(3.2)
D, - (i+ ’"”/2)19, D, =—i(e+h)K,.
dr r
We can readily see that the matrix of gauge
solutions coincides with the matrix (3.1) of selutions
for the case A (up to the multiplier 7).

4 Solving the second order equations, taking
into account the constraints
Let us find solutions of two'equations

2 2
d2 1d 82—k2—(m+12/2) G(r) =0,
dr® rdr r

|:d—2+£i+82 i —M}F(n =0.(4.1)
r

In the variable ‘& = \/&* —k” r, they have the form of

Bessel equations:
d> 1d P’
—+——+1-=|G(x) =0,
[dx2 x dx x’ *)

s, —p=m—s
p > p 5

d 1d s?
[—+——+1—7}F(x):0,

e’ xdx (4.2)
s:m—lzp—l, —-s=-m+—=—-p+1.
2 2
Their independent solutions are
Gy (0) = J,(x), Gy (x) ~J_, (x);
Fy(x) ~J(x)=J,,(x), 43)

Foy(x)~J (x)=J_,,(x).
Below we will consider only solutions which are
regular in x = 0. First, we assume positive values of
m. Let us transform the constraints

aG =i(s — k)F, (i+m+l/2jG:i(g—k)F;
dr

bF = i(e+ k)G, (di—m_l/z)F:i(s+k)G
r

to Bessel form. The first constraint gives
Vet+k (di+Ll/2jG =ive—kF,
X X

G, =pJ

r?

Fyy =oJ

p-1

that is
Je+k (%+§] BJ, =iNe—kat, . (4.4)

The second constraint gives
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e—k

i—m_l/sz:i\/s+kG,
dx X

Fh) = 0("],;719 G(1) :BJ,,,

so that

Je—k (di—”—_l) al, =iNe+k BJ,. (4.5)
X X

Further, taking in mind the known properties of
the Bessel functions

d p d p-1
R v R

we derive two algebraic relations which determine
coefficients o and f3:

Je+kp=iNe—ka, VJe—ka=—ie+kp=
a=~e+k, B=ive—k.

Therefore, the needed solution is

El)(x) =Ve+ ka—l (x),

(4.6)
G, (x)=iNe—kJ ,(x), m>0.
Similar solution at negative m has the form
F(x)=ve+kJ_ (x),
@ o 4.7)

G, (x)=iNe—kJ_,(x), m<O0.

In accordance with the above noted symmetry
between two subsystems, we get similar results for
functions H(x) and D(x):

H(l)(x) = VS_ka—l (x),

48
D, (x)=iNe+kJ,(x), m>0; <X
H(z)(x) =~ S_k']-p+1 (x),
4.9)

D, (x)=iNe+kJ_,(x),, m<O0.

Conclusion

The wave equation for the massless spin 3/2
has been studied in cylindrical coordinates of Min-
kowski space. After separating the variables, the
system of 16 equations was derived. There are con-
structed 6 independent solutions. Four of them coin-
cide with the gauge ones, two solutions do not con-
tain the gauge components and describe physically
observable states of the particle.

REFERENCES

WPauli, W. Uber relativistische Feldleichun-
gen von Teilchen mit beliebigem Spin im elektro-
magnetishen Feld / W. Pauli, M. Fierz. — Helvetica
Physica Acta. — 1939. — Bd. 12. — S. 297-300.

2. Fierz, M. On relativistic wave equations for
particles of arbitrary spin in an electromagnetic field /
M. Fierz, W. Pauli // Proc. Roy. Soc. London. A. —
1939. - Vol. 173. - P. 211-232.

3. Rarita, W. On a theory of particles with half-
integral spin / W. Rarita, J. Schwinger // Phys. Rev. —
1941.—Vol. 60, Ne 1. — P. 61-64.

4. Ginzburg, V.L. To the theory of particles of
spin 3/2 / V.L. Ginzburg // Journal of Experimental

26

and Theoretical Physics. — 1942. — Vol. 12. —
P. 425442,

5. Davydov, A.S. Wave equation for a particle
with spin 3/2, in absence of external field / A.S. Da-
vydov // Journal of Experimental and Theoretical
Physics. — 1943. — Vol. 13. - P. 313-319.

6. Bhabha, H.J. Relativistic Wave Equations
for the Elementary Particles / H.J. Bhabha // Re-
views of Modern Physics. — 1945. — Vol. 17, Ne 2-3. —
P. 200-216.

7. Gelfand, .M. General relativistically invari-
ant equations and infinite-dimensional representa-
tions of the Lorentz group / .M. Gelfand,»A:M:, Yag-
lom // Journal of Experimental and “Theoretical
Physics. — 1948. — Vol. 18, Ne 8. 4P. 703-733 (in
Russian).

8. Fradkin, E.S. To the theory=of particles with
higher spins / E.S. Fradkin// Journal of Experimen-
tal and Theoretical Physics. -1950. — Vol. 20, Ne 1. —
P. 27-38 (in Russian).

9. Fedorov, F:I, Geneéralized relativistic wave
equations / F.I. Fedorev:// Proceedings of the Acad-
emy of Scienceshof the USSR. — 1952. — Vol. 82,
Ne 1. — P. 3740 (in Russian).

10y Eeinberg, V.Ya. On the theory of interac-
tionsof particles with higher spins with electromag-
netictandsmeson fields / V.Ya. Feinberg // Proceed-
ings‘of the Lebedev Physics Institute of the Acad-
emy of Sciences of the USSR. — 1955. — Vol. 6. —
P.269-332 (in Russian).

11. Petras, M.A. Note to Bhabha’s equation for
a particle with maximum spin 3/2 / M.A. Petras //
Czechoslovak Journal of Physics. — 1955. — Vol. 5,
Ne 3. —P. 418-4109.

12. Bogush, A.A. Equation for a 3/2 particle
with anomalous magnetic moment / A.A. Bogush //
Russian Physics Journal, 1984. — Vol. 1. — P. 23-27
(in Russian).

13. Pletyukhov, V.A. To the theory of particles
of spin 3/2 / V.A. Pletyukhov, V.I. Strazhev // Rus-
sian Physics Journal. — 1985. — Vol. 28, Ne 1. —
P. 91-95 (in Russian).

14. Pletyukhov, V.A. On the relationship be-
tween various formulations of particle theory with
spin 3/2 / V.A. Pletyukhov, V.I. Strazhev // Proceed-
ings of the Academy of Sciences of the BSSR. Phys-
ics and Mathematics series. — 1985. — Vol. 5. —
P. 90-95 (in Russian).

15. Johnson, K. Inconsistency of the local field
theory of charged spin 3/2 particles / K. Johnson,
E.C.G. Sudarshan / Ann. Phys. N.Y. — 1961. —
Vol. 13. - P. 121-145.

16. Bender, C.M. Peculiarities of a free mass-
less spin 3/2 field theory / C.M. Bender, M. McCoy
Barry // Phys. Rev. — 1966. — Vol. 148. — P. 1375
1380.

17. Hagen, C.R. Search for consistent interac-
tions of the Rarita-Schwinger field / C.R. Hagen,
L.P.S. Singh // Phys. Rev. D. — 1982. — Vol. 26. —
P. 393-398.

Ipo6remvr uzuxu, mamemamuru u mexnuxu, Ne 1 (50), 2022



Spin 3/2 massless field, solutions with cylindrical symmetry, eliminating the gauge degrees of freedom

18. Loide, R.K. Equations for a vector-bispinor /
RK. Loide // J. Phys. A. — 1984. — Vol. 17. —
P. 2535-2550.

19. Red’kov, V.M. Particle fields in the Rie-
mann space and the Lorentz group / V.M. Red’kov. —
Minsk, Belorusian science Publ, 2009. — 486 p.

20. Pletyukhov, V.A. Relativistic wave equa-
tions and internal degrees of freedom / V.A. Ple-
tyukhov, V.M. Red’kov, V.I. Strazhev. — Minsk,
Belaruskaya Navuka Publ. — 2015. — 328 p. (in Rus-
sian).

21. Elementary particles with internal structure
in external fields. 1. General theory. 11. Physical
problems. /| V.V. Kisel [et al.]. — New York: Nova
Science Publishers Inc. — 2018. — 404 p., 402 p.

22. Fradkin Equation for a Spin 3/2 Particle in
Presence of External Electromagnetic and Gravita-
tional Fields / V.V. Kisel [et al.] / Ukr. J. Phys. —
2019.—Vol. 64, Ne 12. —P. 1112-1117.

23. Ivashkevich, A.V. Zero mass field with the
spin 3/2: solutions of the wave equation and the
helicity operator / A.V. Ivashkevich, E.M. Ovsiyuk,

Problems of Physics, Mathematics and Technics, Ne 1 (50), 2022

V.M. Red’kov // Proceedings of the National Acad-
emy of Sciences of Belarus. Physics and Mathemat-
ics series. — 2019. — Vol. 55, Ne 3. — P. 338-354
(in Russian).

24. Spherical solutions of the wave equation
for a spin 3/2 particle | A.V. Ivashkevich, E.M. Ov-
siyuk, V.V. Kisel, V.M. Red’kov // Doklady of the
National Academy of Sciences of Belarus. — 2019. —
Vol. 63, Ne 3. — P. 282-290.

25. Spin 3/2 particle: Pauli — Fierz theory, non-
relativistic approximation |/ A.V. Ivashkevieh,
Ya.A. Voynova, E.M. Ovsiyuk, V.V, Kisel]
V.M. Red’kov // Proceedings of the National*Acad-
emy of Sciences of Belarus. Physics and, Mathema-
tics series. — 2020. — Vol. 56, Ne 3. 4P. 335=349.

Tocmynuna ¢ pedaxyuro 11.08.2021.

HUndopmanus 06 aBTopax
Hsawkesuu Anuna Banenmunosna— aciipanT

27





